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An alternative construction of the Hermitian unital
2-(28,4, 1) design

HE
BB N — 2 K% (k-inoue@teac.paz.ac.jp)

1 FANE

JEiR{b 72 Hermite B X% D Fy := Falw] (w? +w +1=0) ED 3 W~ Z MLVERV I, (T
BORIE (e1,e2,e3) IZX U T (e1, ez, e3,wer,wea,wez) ZHJE L T2 Fy ED 6 IRIERT M IVZE[H]
VIERIRTIENTEEHN, 61T

Q) = h(z,z), s(x,y) == h(z,y) + h(y,z) (Vz,y€eV)

Lo TERIND V' LD 2R Q 1F, RO Witt 882 (Wb b~ 1 F M) TH
D, TOMIEAN s 1275, ZHEI=XVEEU(3,2) »SHEZE 0 (6,2) KoL 5N b L %274
RLUTHED, FEEIZU(3,2) 13 07 (6,2) DMKREIHTH D, —7, AutFy DAIE 2 DIt 0 5] &
FLZ AL 0 &, U(3,2) AVERT B8 TU(3,2) DI 3 DMARE XU (3,2) 1%, Chevalley
B Go(2) DMKEABECH B, F72, 2DDH 07(6,2) : 2 & Go(2) Fe iz v TV o514y
IR Sp(6,2) DMKRIAHTH D, TN DOHEKIZK 1 D@D THD, —IFMREIBEEZ,
IR E, S6(2) 1E Sp(6,2) 2#FS, S, Fx [5]1ETUB,2) 52 505 0 (6,2) 2%
BIET, Go(2) 2MKT 2 Z M TER,

So2
B - OO
057 G2=U3):2
4 y
a2 o
3 =

1 Sp(6,2) DR

PAF, Sizflifiizd 572012 8R 7 PVERTRR ST 20, RAT MVERTHETS I
T& 5 (BIAIE, Taylor [§, Chapter 10]), 7z, (fl&1) 7V A1 VOERIZELD, 2 DSHE
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HEHHDT (HIZIX, Cameron & van Lint [2]), £5 62 LIz,

2 Hermitian unital design

BRI K = TF (q: BIAE) D 3WGE~2 MVERV = K312 (JE8467) Hermite R

3

EEHT D, TIT, x:=(21,22,23), ¥ := (y1,92,y3) THY, Aut (F2/F,) D (7271 20D)
PEL2 DIT O IZH LT A=A (VA €F,2) &h <, NV =\ D3 D a2,
V O 1 IRGGE 320 (x), 2 RoeHm 22 (x,y) & FNE NG FHm PG(V) O EHR & A
zU,
[z] :={Az [ A € K7}, [z,y] = {lyl} U{lz + Myl | A € K}

YRAET 5, [2] & (W ICELT) BRT B AL Mk% [o]F TR
2] = {[2] | h(z,2) = 0}
PG(V) @ isotropic point &% , mnonisotropic point &A% Q THJ:
Q:={la] [ h(a,a) = 0}, Q= {[u] | h(u,u) # 0}.

1 =¢+1, |Q =¢* — @+ @ PEYID, 51, MOEHIFLLHMSNTWD (B2,
Taylor [8, Chapter 10, p.123]).

EE 1. fEAME H(g) = (0 {Qnu* | [u] € Q}) & 2-(¢* + 1,¢ + 1,1) design TH Y,
AutH(q) = PI'U(3,q) TH» %,

FR 2. 20 H(q) | Hermitian unital design & XN 5, Kz, H(2) 1 2-(9,3,1) de-
sign, T2 BN 3 D Affine FHTH 5, H(3) FXRBEEIZH NS 2-(28,4,1) design TH D,
PI'u(3,3) (=Us(3) : 2 &5 <) 13 G2(2) L AEITH 2 Z L HHILGNT WD,

G. Holz [@] 1% H(3) 12 252 fH D 4-arc (i.e., £¥D 3ffH% collinear T\ Q D 4-subset) % A
T, 2-(28,4,5) design 2L 7z, Z D design ® M A RALEEE (Us(3) : 2 TIx7AR<) Sp(6,2) 12
%%, Z®D design @ 1 xUZBIF % derived design 1-(27,3,5) &, J. A. Thas [0] IZ&>T (—&
INZFAES B) A%k (2,4) D generalized quadrangle TH 5 Z L AR I N7z, X 512, Cameron
et al. [0] 1X, Z® quadrangle ® (TH A e UTD) LAV —EHNTHDI a2 R Lz, ZOD
quadrangle 1&, Oy (2)-geometry (231 % 27 D singular vector & 45 fEHdD totally singular line
ko TRlREIND A, EANE TR L 51T Us(2)-geometry 75 Og (2)-geometry % FEL S
5ZeMTEDENS, HZlE Us(2)-geometry IZEHH L7z,

BDAF, =28 UF;=Fw (W+w+1=0) 53,
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R 3. PG(V) @ line 3R D 2 FEFIZ Hhh 5:

e hyperbolic line

3D Qome, BRTE 20 Q0xrEas, Ut (u] € Q) D
ExELTW3,

e parabolic line

LED Q Dyt e, BEWZIEER R 4D Q Dz B, [at ([ € Q)
D%ELTW5D,
L7=D35 T

Q <L hyperbolic line 44k,

Q &L parabolic line 44k
ANEARVACH

3 H(3) DRI

Z DETIE Us(2)-geometry 7*5 H(3) @ cross characteristic construction # 52 %, H(2)
DT RTD parallel class (4 lHD 203, Tho%E Fy, Fy, F3, Fy &35, 72720, H(2) D78y

2Nt & ul e QERA—HT S, FEFOED2TEERLTVWS, #IZ, BERLTWS 21H
DQDTIFEE 12D F ita&ENnD,

H() = F1UF2, I‘j() = F3UF4
e e, Whed PG(V) D hyperoval 12725, PG(V) @ hyperoval &1, £® 3% collinear
THRVWE6 MEEGDIZETHY, PGV) DEED line & 0 £721E 2 TR LDEWVWHIHEZE D,

Vo :={a €V |[a] € Q} (isotropic vector 2K) & U, Q 3 [a] = {a,wa,w?a} % Vy D 3-subset
AN, Kiahd

D = (V,Q)
1 1-(27,3,1) design 12725, 512, a € Vp IZHLT

B(a) :={z € Vo | h(a,z) = 1 and [a,z]" € Ho}
&

B(a) := {x € Vo | h(a,z) =1 and [a, z]* € H—o}

ZEHL, DIZFLWH oo HiLnwray 2725

B:= {B(a),B(a)}
a€Vy

AR ZMiGHEEZ D* &9 5,

fRE 4. D* 13 2-(28,4,1) design TH 5,

BREEBA. Vo DHELBRZ ML a, b #H 5,
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D) [a] =[] D&%, {a,b} 245 D* DTy 2% [a] U {oco} D&,
ii) A(a,b) =10, &, c:=a+beVy TH5,
) la,b]* € Hy D& &, {a,b} C B(c) TH 5,
(i) [a,b]t € Hy D& %, {a,b} C B(c) TH 5,
iii) h(a,b) € {w,0} D& E, a:=h(a,b), (u) = {a,b)* £BL,
(i) [a,b]t € HyD& &, [ul€e Hy THY, 5 N€F L Te:=aa+ab+ I uel
B, {a,b} C B(c) TH 3,
(i) [a,b]F € Ho D& &, [u]€ Hy THY, BN FIZ{HLTe:=aa+ab+ I ucVp
LB, {a,b} C B(c) TH 5,

PlEIZ&Y, 2826070y 00300 es 1lH2ZLAREINED, br58 1lbsI L
Lhhd, O

|AutD*| 3Kk 27-012, HRMZEEZLELT D,
0(x) = (Z1,Z2,23) (Vo :=(x1,29,23) €V)

Lo TEHIND V LONMLEE O &, 2=X VB U(3,2) WERT BR% T'U(3,2) &b
E, 0 L= R VB SU(3,2) WWERT BREE DU(3,2) EhL 2 EITThIE, &4 DREDAE
3R 10@EYTH S,

it P

T'U(3,2) | 1296

U(3,2) | 648

XYU(3,2) | 432

SU(3,2) | 216
#1

BB 5. (LED)B I ZU(3,2)-FETH B,
T 6. D* & H(3) LA TH 3,

BREEBA. YU (3,2) & D* IZ/EHLTWAh 6, |AutD*| 1d 432 Df58TH %, Kreadinac [6] A3
FEHHALEHCRMEG%Z S D 2-(28,4,1) design Z 3 FL TW5d, TOHBIZ LXK, 432 DFFET
HDHDIFZ 1 DOU»%L, |Us(3):2| %5, LzA>T, AutD* ~U3(3): 2 THbH, D*
i H(3) LA TH S, O

FER 7. {1, Fy, F3, Fy} 20> TV 2 DD 2-subset (2431 % ik %(3) =3O H BN
5, Hy & Hy DMOEZDMLSH 3LD HoT, TNFNIHLUT LD BE2EHT LI LMNT
x5, TNOE B, By, Bs LT, [BiNB| =0 (i#7) THY, I'U3,2) D3 DIz &>
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TBLES S, DITB; (i=1,2,3) 2 IMATHR SN D 2-(28,4,1) design I&H T [H AT
R5,

D* #5tefbLC, H(2) o7uy 7% 0MA 5L, (—EWIZFEET 5)3-(10,4,1) design (9
mbH, Witt design Wig) 3505,
[a] € QTR LT

Bla] :={[z] | = € B(a)} & Bla]:= {[:r] |z € B(a)}
ERET 5,

% 8. Mitid

(Qu{aﬁ,{Bu{agB:bbd“ﬁfuanJLJ{BMLBm§>

[a]leQ

1 3-(10,4,1) design T»H 5,

Us(2)-geometry 128513 Hy & Hy OfilIE, O (2) % Go(2) KARSHBEHDHIXTHS &
>iBbha, MTF, Ga(2) % HCBEC D REFM M A EHIEY srg(36,14,4,6) & GH(2,2)
DR E 52 5,

4 srg(36,14,4,6) DRI

ZOHiTI, Ga2(2) % HARBBIZH DMIEA 2 F 7 srg(36,14,4,6) DRlfER%EZ 5 2 5, &IE
HIZ"Z 7 (strongly regular graph, &L T srg) DE#HIEE < A%, Cameron & van Lint [2] 72 & %
ST N0,

Vi:={u eV |h(u,u) =1} (nonisotropic vector 1K) & L

W:={ueVi|[ueHy} & W:={ueV,|[u € Hy}
REHTDH, Vi=WUW (FEZH), [W|=|W| =18 TH 5,
WEY. WUW 2THAEARICEDS 57 ADUEGRRD LS IZEDS:

(1) w,o € W £1F u,v € Wi h(u,v) € {0,1} D& ZIZR 0 BT 2,
(i) ue W & veWikh(u,v) € {w,o} D& XITWOBEET 2,

IDEE, Aldsrg(36,21,12,12) THH, AutA~ G,(2) TH 5,

(vL{{mu}e<?>|smﬂo:o}>

BEEEBR. 275 7
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FEAFRBEEDY Og (2) : 2 & 725 s1g(36,15,6,6) THD I EDVHSNTWDS, ZIT, sldmfl
DR=VTEHBUERRIEATH S, s(u,v) =0 h(u,v) € {0,1} KEBTHE, ZOT7I7370D
W IZB89 % switching graph (¥ B D A 272D, A idsrg(36,21,12,12) (275 Z L b h 5,
7z, Spence [[d] 1£ 36 s ED srg #23FL TS, TORFEIZEINE, LD 22075713
A MR TN T WS U switching class (No.1) (2B T2 6, AutA ~ Go(2) &7 5, O

% 10. ADHZ T 7 Aldsrg(36,14,4,6) TH O, HORMEEX Go(2) THD., X617, WELIX
WD ESI245:

(1) w,v € W £7F u,0 € W iE h(u,v) € {w,@} D& TR0 BEET 2,
(i) ueW &veWiEh(u,v) =1 (0138 DL ZIZHOBEET 3,

5 GH(2,2) DRI

ZOHiTIE, G2(2) % HEREEIZE D generalized hexagon GH(2,2) DRIk % 5 2 5,
partial linear space S := (P, L,I) ® incidence graph I" 2%##&E, E% (diameter)6 3 & O'HJE
(girth)12 A7 L, BoO&MERS T 1 VBN 3T, K51 VOHA N3 THDEE, S I
# (2,2) O generalized hexagon & IEiXh, GH(2,2) RS NDd, ZHhD—MHINRERIZDOWV
Tl Van Maldeghem [[0] 72 & & S 720, #HlZIX, Fano FHORES L T 1 VHEEDHIE
G [RES]I LU, #ALTWaERETI VOMlekzE T4 VES] bEHETNE, 20 IR
FEl & 1940 V8EA] 13 GH(L,2) 243, GH(2,2) XA L W (e, S D& TA VE AN
A, WEEYIZLEED) ZRWT—RITFET 5 Z PS5 TS (Cohen & Tits [B]).

a € Vo izxLT

L(a) ={x e W |h(a,z) =0and a+x € W} U{a}
&

L(a) == {:UEW|h(a,x):0anda+x€W}U{a}

BREHT S,
i 11, FAhhd

(V\{O}, U {[aLMa)i(a)})

a€Vy

I% GH(2.2) TH 5,

6 HENE

Chevalley # G2(2) % H CRIBEEIZS D 3 DDNREXMN LA S DERIEY 2-(28,4,1) design,
srg(36,14,4,6) B £ U GH(2,2) DRlMER Z R T NIVEMF; O ML2bTRBRTESD L5112
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7257z, T 51T, Hermitian unital design H (3) OH#ALT Witt design Wi BFoN7zZ 83
(B B FAIE>TI) BN TH o7z, H(3) LHEUL/NNT A—X%EEDHIERM A design &
U T, Ree unital design & IFEN2EDNH 5, ZHNORERIE, X7 MVEMFS OX2Z bz
LTI ND Z EWERITR ST VDD, TNOHCHEBE LyR): 3y TV o7 1w 78
S6(2) DWRIABETH D Z &n o, AXD 1-(27,3,1) design D DHLRIZE D Bons -5, *
DB, XU (3,2) DALEL 18 DIBIIHE (~ ZTHMAE D1g) IZEHT 5 Z L1205 A, T OBFRIEIZIRD
oL THBEONS: ELXHE O (2,8) I 18 D _HEH L FETH D, O (2,8)-geometry
(Vyq) (q: A FABD 2ER) 26, q DI RZE b & LT

Q(z) = q(x) + q(2)* + q(2)*,  s(w,y) = blz,y) + by, 2)* + bz, y)* (Va,y € V)

Lo TEHRIND 2R Q 1F, FERAAD Witt HEE 2 (Wb 2L~ F2H) THD, ZD
WA DS s 12725 DT, O (6,2)-geometry DRI ND, X7 MVERFZ (L7213 FS) o~
FV72B TRIB T E 725, cross characteristic construction (2725 0 S5HEHWE S IZBZ 5, 7
72U, $RFEE PG(2,8) A hyperoval £ & 5> TWR\\ 28 KOS HEMRE, 63 fHD
nonisotoropic point 2 5K T B Z L W TEX B DT, cross characteristic construction 2372\
TR,

Z5 3Rk
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FED Jacobi ZIHR  ZOEE T A > ~ADIHH

Al

1 FC®IC

1997 FI/PBEERKIC L D EAINT, FTFED Jacobi ZHA L WHWMENH S 8. ZhETZ
 DIfFEE DY Jacobi ZIARZ FFEHERICIOH TR RZITR - TE . FTHRDBENZINDT-DIE
A. Bonnecaze KHIC XA ELSL/(ONIHEE T A VOFEMDHETH . A. Bonnecaze K5
¥, Molien %= Jacobi ZIHR DRI, Type I HFEOEISHZEARICEHL, FE5VOMHEET
YA V2RO rOYEEEE X, EBIHEE T A 2R L. X512, A. Bonnecaze X5
I colored t-design ¥ WHOBERZEA L, Z4 fFB L Fs FFHIIHE X, Jacobi ZHHR % FWT colored
t-design ZHER L7z [1, 2, 3]. F£7z, 2022 Fi2iX, Chakraborty K& BEBOFSEE% W5 Jacobi %
HAOWRZEAL, Cameron KAEF L7 ML t-design NDISHZ R LT [6].

ARGTIE, F, EORFZIT0 LTt Jacobi ZHHADHWERZEAL, 50518505 colored t-design
DIFTEMZHET 25642525, ZHUI/DBEERRKIC X 52755 D Jacobi ZIHN ZHL0E L 728 L WBER
THd. FrETIIHEETVA VLeHBOERTEAT 5. 5§ 3 BTIIERICEKNRFSZHWT,
colored design Z 3 % /TEEMNT 5.

2 HgETHTI>

HEE T4 AR OMEE K 2 KEGHHEDO—> & LT 19 Hidicitd L, 20 HidEDHZ L D
BAEL-bPEmERBEIRTER F1ETE, AT 1 Y oMEEHHET 2. RHEREEH
L7212, MEFEroMEaE T4 Y EMKTE2 2 2Rd. £, fEE T A V5 Jacobi ZIH
RICL-THETESZZLEMNT 5.

{{

2.1 HEETH1AI>DOERCH
EUDIC, HEETIAL Y OERRHELZ D HHHT 3.

EE 2.1 (t-(n, k,\) design). X ={1,2,...,n}, BC (k

X) £9%. (X,B) D t-(n,k,\) design TH 5

Z@,E%@Te(f)mﬂbf,

A=|{BeB|TCBY

D—EIRXELELILTHS.
* BRRH KA RGBT 258, reina.i@suou.waseda.jp
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fil 2.2.

X = {1,2,3,4,5,6, 7},
B= {{172’4}7 {273’5}’ {3’4’6}’ {4’5a 7}5 {5567 1}7 {67772}7 {77 173}}7

zx<a,&%@T6<§)mﬂuf
{BeB|TCB) =1

XoT, (X,B)1&2-(7,3,1) design TH 3. ZHUE, EEDO_ODHFDOM (e ()2()) MRE1DFE—o0D
W ECHN D Z 2 ITnT 5.

2.2 fIshoBESNIEEETTFTY
t-design IFEEHVTHNT 2 2 e TE 2. HERERT DD, NI VIHEMERCERT 3.

EE 2.3 (NI VR, 2= (21,...,20), y = (Y1, yn) €EFPITHL, NIV THREdy(2,y) ZULT
TERT .

=1
L,
0 i — Yi
d(zs,ys) = ) )
1 (fUz # yi)
Bl 2.4.

dr((0,0),(0,1)) = 1.
ERE 2.5 (W), C(# {0}) HFr OFDZEHT, dim(C) = k 208/ ¥ ZHfE diin (C) = d(#£0)
DD DL &, [n,k,d, MEFETHZL 05, 2T, RNV dwn(C) 21X, 5 C O
HERZRTZ PVORNINI VIO Z 2 THS. n%k C D length &5,
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il 2.6.
C ={(0,0,0),(1,1,0),(0,1,1),(1,0,1)}

13 (3,2,2], MRS TH 5.
REROE, BEX LT{(1,1,0),(0,1,)} BendDTdim(C)=2ThHb. £,

dH((O,O,()), (17 1;0)> = dH((O’O’O)v (07 1, 1)) =d
=dy((1,1,0),(0,1,1)) = dg((1,1,0),(1,0,1))
=dy((0,1,1),(1,0,1)) =2
&0, d=dnin=28715%.
BB, BMEHAS C DILc=(c1,...,cn) & C DFBF/EL V.

EE 2.7 (MBS ONE). [n,k,d), WERASOFSE 2 = (21,...,2,), y= (Y1,...,yn) ODNEZXT
ERTS.
T Yy =T1Y1 +T2y2 + -+ TpYn

BB, z2-y=00r %, z, yl XEXT S0,

T 2.8 WIS, WIS CL OEBOIEEN C OEBOREELERT 3L %, CL 1 [0k, d],
SRS C OMHEFETH 2 LS. Thbb, WHFEELFCERSN 2.

ct ={rel, |z -y=0,VyeC}.

EE 2.9. C & [n,k,d, WEFSL L (k=dim(c), fiBiEce C & c=(c1,ca,...,c,) ELTEZE, DL
TZERT 5.

e supp(c) := {i | ¢; # 0},
e wt(c) := [supp(c)|,

o Cp:={ceC|wt(c) =1¢}.

TDB, supp(c) BEFFEEE c O 0 A OERZ b OEBIEDOES, wi(c) IZFF5iE c D 0 LSO EED
B, Cold 0 AN DERE (O XS BFSHEORETH 5.

% 2.10. C = {(0,0,0),(1,1,0),(0,1,1), (1,0,1)} IOV,
supp((0,1,1)) = {2, 3},

wt((0,1,1)) = 2,
Cy = {(1,1,0),(0,1,1),(1,0,1)}.

EE 2.11 (Type II f¥5). C % [n, k,ds EFE LT 5. C 23 Type Il 52X, C =Ct 2o TE
DeceCITHLT wt(c) =0 (mod 4) iz T & ThH5.



5l 2.12 (length 8 ® Type II ¥5).

H OERAT5
10 00
G 01 00
0 010
00 01
3 GG' = 0 %iflile3OT H=H* (HCHHT) TH

%72, H1%(0,0,0,0,0,0,0,0),

2 ULDICHEED ce HITNLT,
EE 2.13 (Type U1 F5). C % [n, k,dz BEFE T 5. C 23 Type Il fF5 1%, C =

DceCITHLTwt(c)=0 (mod 3) 27T 2L TH5.

(1,1,0,1,0,0,0,1)
(0,1,1,0,1,0,0,1)
(0,0,1,1,0,1,0,1)
(0,0,0,1,1,0,1,1)
(1,0,0,0,1,1,0,1)
(0,1,0,0,0,1,1,1)
(1,0,1,0,0,0,1,1)

H (#:K Hamming [8,4, 4], 775

— O =
L=
— = = O
O = =

5.

(1,1,1,1,1,1,1,1) L LR OFFBEEIHKS.

(0,0,1,0,1,1,1,0)
(1,0,0,1,0,1,1,0)
(1,1,0,0,1,0,1,0)
(1,1,1,0,0,1,0,0)
(0,1,1,1,0,0,1,0)
(1,0,1,1,1,0,0,0)
(0,1,0,1,1,1,0,0)

21

)& Type I 5 TH 5. FEEE,

Bl 2.14 (length 4 @ Type III £F5).

C =1{(0,0,0,0),(2,0,2,2), (2
(0,1,1,2),(1,2,0,2), (1,1,2,0),(0,2,2,1)}

wt(c) (=

Oordor8 =0

¥ Type IIl fFE5THB. FEE, C DERKITH

1 GG?

— Q%72 L, Vee C & wi(c)

o1
o1 1 2

=0 (mod 3) TH 3.

(mod 4) TH 5.

C+ hofEE

71707 1)7 (27 27 170)7 (1707 1’ 1)7

EE 2.15 (Type IV FF8). C % [n, k,d), SERFEL T2, C 2 Type IV fF521%, C=Ct »ofEE
D ceCITMLTwt(c) =0 (mod 2) Zii/z3T L TH5.

5 2.16 (length 4 @ Type IV f55).

={(1,1,0,0), (o, o, a2, a?), (a, @, @, @), (v, v, 1, 1), (e, @, 0, 0),

2

(
(a?,02,02,0?), (a?,
(

a27a7 a)’ (a2’ a27 ]" 1)’ (a27 a2’ 07 0)7

0,0,a%, a?),(0,0,a,a),(0,0,1,1),(0,0,0,0), (1,1, a?),

(1,1,a,), (

1,1,1,1)}

) ) )

X Type IV fF5TH 5. EBE, ts DERITH

X GG?

G:

=0 &7z TDTC =Ct. Ve ety 13 wt(e)

1100
0 0 11

=0 (mod 2) TH 3.
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E& 2.17 (fF50 61E3 t-design). X = {1,2,...,n}, B(Cy) := {supp(c) | c € C,wt(c) =4} £BL. T
DEECZEFGERE, (X,B) & t-design 1272 5.

f5ll 2.18.

C =1{(0,0,0),(1,1,0),(0,1,1),(1,0,1)} C F3,
Cy ={(1,1,0),(0,1,1),(1,0,1)},

X ={1,2,3},

B(C2) = {{1,2},{1,3},{2,3}},

3152,E%@Te(ﬁ)zggngLagz@}mﬂuf
H{B € B(Cq) | T C B} =1.

5T, (X,B(Ca)) & 2-(3,2,1) design TH 5.

5l 2.19.
1 000110
0100101
G =
0010011
0001111

ZAEBATI E § 5775 H(Hamming [7,3,4] ff%5 ) % 2 5%. H %, (0,0,0,0,0,0,0), (1,1,1,1,1,1,1)
ELURD Hy & Hy B85

(1,1,0,1,0,0,0) (0,0,1,0,1,1,1)
(0,1,1,0,1,0,0) (1,0,0,1,0,1,1)
(0,0,1,1,0,1,0) (1,1,0,0,1,0,1)
(0,0,0,1,1,0,1) (1,1,1,0,0,1,0)
(1,0,0,0,1,1,0) (0,1,1,1,0,0,1)
(0,1,0,0,0,1,1) (1,0,1,1,1,0,0)
(1,0,1,0,0,0,1) (0,1,0,1,1,1,0)

Hs = {c|wt(c) =3} Hs={c|wt(c)=4}

X =1{1,2,3,4,5,6,7},
B(Hs) = {{1,2,4},{2,3,5},{3,4,6},{4,5,7},{5,6,1},{6,7,2},{7,1,3}},
X

ZT%Z,E%@TG(Q

) MU T{BeB|TCB} =1 (X,B(Hs)) & 2(7,3,1) design TH 5.

2.3 Jacobi ZIER L HEETH 1V

Jacobi ZIHXZHWB 2 C 55 YD X 5 72 t-design DE SN2 D Z YK TE 5. Jacobi ZIHI%E DL
TOXIWCERT 3.



EFE 2.20 (Jacobi ZHHR). C % [n, k,d), WEMRE, T C{1,...,n} =[n] &5 3.

JC,T(«T07 1, Yo, y1) — Z xgno(c)x?;ll(c)yga(c)y?l(c).

ceC
Z Z°T,
mo(c) :={i|¢c; =0,i € T},
mi(c):={i|c; #0,i €T},
no(c) := [{i [ ¢; =0,i € n]\ T},
ni(c) :=[{i| e #0,i € [n]\ T}

il 2.21. [4,2,2), $ETFS
C ={(0,0,0,0),(0,1,0,1),(1,0,1,0), (1,1,1,1)}

DT = {1} D Jacobi ZIHXIILU T TH 5.

1030, 1012, 0.121,.0.103
Jor(®o, 21,90, Y1) = ToT YY1 + ToTiYoYi + ToT1YoY1 + ToT Yoy -

FE 2.22. FEOT C{1,...,n} (|T|=t) XL, Jor D—EBHNEEZ LT 5.

WAL Cp (#0) 13 t-design TH 5.
@J 2'23' C = {(07070)3 (17 170)? (1707 1)’ (07 17 1)}7 T C {172a3}7 ‘T| = 2 XT%'

o T={1,2}

Jor(zo, 21,90, 1) = 28y0 + yo + Toz1y1 + ToT1Y1 .

o T'={1,3}

Jer(xo, 21,90, 1) = 5y + ToT1Yo + T1Yo + ToT1Y1.

o T'={23}

Jer(xo,x1,90, 1) = 23yo + ToT1Yo + ToT1Y1 + T1Yo-

o THERED £12DWT, Cy(# 0) 1 2-design TH 5.

X =1{1,2,3 )
72 LI { { ) ERAUL (X, B(C)) 1 2-design TH 5.

fB(6'2) = {{17 2}7 {17 3}’ {2a3}}

23

DrE, EEDL

Bl 1.12. 128 WT, 23y DI all 0 DFFFEICHIET 2. EDEICT ZEDTD 1y DRI 1T

B, BERFEINT all 0 DIFEEEEL I ERLTVS,

2.4 Jacobi ZIAT M MacWilliams 18Z
RIZ, Jacobi ZHRN—EMTH % Z & R HGHINRTHIEEZEN T 3.
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WE 2.24. CH [n,k,d), HOWNFFE (C = CY) %7613 dim(C) = g Th%.
(E%&%ﬁﬁﬁ@dm«ﬂ):n—k:&mmnzkib,k:gfﬁé.)

EIE 2.25 (Jacobi ZIHK D MacWilliams HEX). C 2% [n, k, d]s SEFEDO & Z, IR D LD,

1
Jor r(xo,71,90,y1) = @JC,T(xO + 1,20 — 21, Y0 + Y1, Yo — Y1)-

Kz, C23Type I FE5D L &,

Je,r(xo, z1, Yo, Y1) _JCT<xO+x1 To— 2 Bt h to— b
A 5 P 5 A \/§ 5 \/5 5 \/5 5 ﬁ
Jor(zo, z1,y0,11) = Jer(zo, vV—1z1,90,vV—1y1)

DD A0,

) 2.26. Type 11 fFE2 ¥ LT H (3K Hamming [8,4, 4], 78) %E 2 5. HI3, (0,0,0,0,0,0,0,0),(1,1,1,1,1,1,1,1)
ELUROfFSEEN 6 5.

1,1,0,1,0,0,0,1
0,1,1,0,1,0,0,1
0,0,1,1,0,1,0,1

( ) (0,0,1,0,1,1,1,0
( )
( )
(0,0,0,1,1,0,1,1)
( )
( )
( )

( )
(1,0,0,1,0,1,1,0)
(1,1,0,0,1,0,1,0)
(1,1,1,0,0,1,0,0)
1,0,0,0,1,1,0,1) ( )
0,1,0,0,0,1,1,1) ( )
1,0,1,0,0,0,1,1) ( )

0,1,1,1,0,0,1,0
1,0,1,1,1,0,0,0
0,1,0,1,1,1,0,0

T={1}t¥%. ZOrx

Jor(To, 71, Y0, Y1) = Toyo + Txoyay! + Tysyias + yix1,

1
= TG(JSO — 1) (y1 —yo)"
L
16

Je <$o+$1 To—T1 Yo+ Y1 yo—lh)
TUVveE V2 Ve e
(2o + 1) (Yo + y1)*(y1 — yo)*

7
+ E(Jﬂo — 1) (yo + y1)* (1 — yo)*

1
+ TG(SCO + 1) (yo +y1)”

= 2oy§ + Txoyoyl + Tyoyiz1 + yiz1,

Jer(xo, V=121, 90, V—1y1) = moyd + Tzoyayl + Tyoyiazy + yiz1

£D, 2L,

JCT(fo 1,90 yl)—JCT<x0+x1 To— X1 Yo+ Y1 Yo— Y1
) » 415 Y0, , \/§ , \@ , \/i , ﬁ
= JC,T<x07\/j1x1’y0,\/jlyl)

= zoyg + Troypyi + Tyoyiar + yia,

D AIRYASN



% 2.27. OB Type I fFB5D L &, C D Jacobi ZIEMUIRDEE G I T3 AERTH 3.

1 1 0 0 1 0 0 0
G:<11—100 0ﬁ00>
vV210lo o 1 1|’'lo o 1 0 '
0 0 1 -1/ o 0o o0 V=1
EE 2.28 (Molien fH%X).
o0 n
Mg (u,v) = Z Zdim((C[J;o,xl,yo,yl]G)i,n_iuiv"_i
n=0 =0

% Molien i VW5, Z 2T,

M; i - = (Clao, 21, Y0, 1] )i
={f € Clzo,z1,90,11] | Vg € G, gf = {,
f D xg, w1 DIED 4,
I D yo,y1 DRED n —i}.

TEIE 2.29 (Molien). KAWL T 3.

1 1
)= @ Z det(I — ug)det(I —vg)
geG

(RN}

il 2.30. Mg (u,v) ZHWS &, LIND X 5 ICHERANC t-design DIFTED DD 5.

Mg (u,v

1 1
M = —=
6w v) G| Zg; det(I — vg)det(I — ug)
ge

1B g6 920 032 4 9,40
+ (10" 4+ 0" + 202 + 303 + 303 + - )u
+ (105 + 201 4 3022 + 4030 4+ 5038 + .. w2
+ (1% 4 ud 4 -

w WTHIET B2 ARERDZER My 7 DXRITIZ 1 THS. £oT, [T|=1D %
Jor(zo, 1, y0,y1) € M1z
Thh, H2ZHEAOERMBTEES. Thbb, FEOT(IT]=1) 12\ T
Jor(zo, 1,90, Y1)

EIARICEES. EoT, EED LICKL, Hy i3 1-design TH B L \VZ 5.

FRRIC u?0S € Mag, ubv® € M5 DRBIDI 1 TH2 Z &h 5 2-design & 3-design 23055,

25
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3 BHEFESETYIY

ARETIIH 1 ETHRNALHEE TV A V20N X design IHEERT 2. A EHEGE T AV ODER
2R THA LR, 500 Ihelfa HiEzidRS. £z, —Mk Jacobi ZIHX OB ZZEA
L, B EHERTY A Y 2HET 2 HEEZHAT S, &R, Type IV fF51C MacWilliams 1E X -
Molien DEHZEA L, 1§50 7 Af % design ZHNT 5.

3.1 BHFHEEETHI OERLH

EE 3.1 (g-colored t-design).

X =A{1,...,n},
Col =F, = {z1,...,24},

(1)

p: X xB— Col(Jz72L, BIIZEHEED),

3%, D= (X,B,p)» g-colored t-design TH 3 ¥ 1%, FED P c (c:z) (ZEHES) LT, X
DAp DEEDLZELTH 5.

VT € (f),|{BEB|P—p(T,B)} =Ap

Thbb, LEOT e (f) 2 ET B e B OMAp DI D,

#l 3.2. X ={1,2,3},
B ={{1,2},{1,3},{2,3}, {1, 2},{1,3},{2,3},{1,2},{1,3},{2,3}
{1,2},{1,3},{2,3}, {1, 2}, {1,3},{2,3}, {1, 2}, {1, 3}, {2, 3}
{123, {1,3},{2,3}, {1, 2}, {1, 3}, {2, 3}, {1, 2}, {1, 3}, {2, 3} },
Col = {e,0, 0},
p(T,B) =
{123, {1, 3},{2,3}, {1, 2}, {1,3},{2,3}, {1, 2}, {1,3}, {2, 3}
{123, {1, 35, {2, 33, {1, 2}, {1, 3}, {2, 3}, {1, 2}, {1, 3}, {2, 3}
{1,23,{1,3},{2,3}, {1, 2}, {1, 3}, {2, 3}, {1, 2}, {1, 3}, {2, 3} },
Pe <C20€> = {{o,0},{0,0} {0, 0} {0 0o} {00} {0e}} LT5. ZOLE FEDPIIHNLTEAR
T e )2( BEATH \p B—ETHS. £oT, D= (X,B,p)!Z 3-colored 2-design TH 5.
T & P OBRIILINICRS.

7 N

P
T {.’.} {.,.} {.7.} {.’.} {.,.} {.,.}
(1,2 | 1 2 2 1 2 1
1,3y | 1 2 2 1 2 1
2,3} | 1 2 2 1 2 1
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3.2 fEHLSELSNIBMATHEETF 1Y
colored t-design IFFFE 0 H1E2 Z DI TE 5. FF502 5155 g-colored t-design ZRD X S ITERT 5.
E&E 3.3 (fF50 5155 g-colored ¢-design).

C : [n, k,d S,

Col =Fy ={z1,...,24},

ng, ={j|c=(c1,...,cn) € Coc5 = a3},
Clingyrnag) ={c€C | cITEFEND w; DED ny, },
X =A{1,...,n},

B={Xc | Xe=X,c€Cluyyrm)):

p: X xB—=Col;(i,X.) = ¢,

v 5. D= (X,B,p) A g-colored t-design TH 2 213, FED P e (Y1) LT, KD \p PEX 2
rTh3.

VT € (f), {BeB|P=pT,B)} =p.
ZHUIISED colored t-design & AERNIC—HT 5.
Bl 3.4. X ={1,2,3}, CELLRDO Fs B LT 5.
C ={(0,0,0),(1,0,2),(2,0,1),(2,1,0),(0,1,2),
(1,1,1),(1,2,0),(2,2,2),(0,2,1)}.
BT, Cuiy CCEBRTEDD.
Caay = 1{(1,0,2),(2,0,1),(0,1,2),(2,1,0),(1,2,0), (0,2, 1)}.
ZZT,
B ={{1,2,3},{1,2,3},{1,2,3},{1,2,3},{1,2,3},{1,2,3}}

TH3. Zorx, FE0 120 P e (V12 LT, YoksrEET e (123) 2%ATY
Ap =2 T—ENDT, 3-colored 1-design TH 3.

P
T

{1}

{2}

{3}
Caan = {(1,0,2),(2,0,1),(0,1,2),(2,1,0),(1,2,0),(0,2,1)} i& 3-colored 2-design TH H 3. 7¥7%
5, fEED 2200t P e (M0 extl, voksmEET e ((M2%) 2#ATH A\p = 0,2 TET

H%.

10
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Nl oy e o0 02 @
{1,2} | 0 2 2 0 2

L3

{23 | 0 2 2 0 2

3.3 —k Jacobi ZIAR L/ HETH 1>

—fft Jacobi ZIHXE W5 &, fF55 5 colored t-design BE SN0 > 0 kY cx 5. —fkt
Jacobi ZHHKEZRXD XS ITEHKT 5.

EE 3.5 ([7, —Mft Jacobi ZHH]). C 2R n D F, MMEFRE, TCn],ueC,u=(ui,...,up) &F
5.

CJC T({xamya}aEIF Z H mna T(U) na \T(u)

ueC acF,
zZT,
na,r(u) = |{i|u; = a,i € T},
a7 (u) == [{i | u; = a,i € [n]\T}].

5l 3.6. C X 4 0 F3 $#EG5,

¢ ={(0,0,0,0),(0,1,1,2),(0,2,2,1),
(1,0,1,1),(1,1,2,0),(1,2,0,2),
(2,0,2,2),(2,1,0,1),(2,2,1,0)}

&35,
T={1,3} Dk %,

Cloy 1 (w0, w1, T2, Y0, Y1, Y2) = ToYs + 1Yoyt + T3Y4Ys + ToT1YIYS
+ x{Tayoyr + ToT3Y; + ToTIY1 Y
+ T 15 + 1Ty Ys-
5l 3.7. length 4 @ Type IV 15
={(1,1,0,0), (o, 0, 0*,0%), (a, 0, v, ), (@, 0, 1, 1), (@, 0, 0, 0),
(?,0”,02,02), (02, 0%, a,a), (0%, 0%, 1,1), (0%, a%,0,0),
(0,0,02,02), (0,0, a, ), (0,0,1,1),(0,0,0,0), (1, 1,02, ?),
(1,1, a,a),(1,1,1,1)}

11
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EZAH. T={12}Dt %,

CJiy (20, 1, Ty Ta2, Y0, Y1y Yor Ya?) = T1Yg + Tz + ToYs + 2oy}
+TLYp + ToaYne + Thaya + T2yl
+alayy + 20yle + 2oy + 23yt
+xoys + xiyae + 2iys + atyi.
T 3.8. fEED T (|T] = 1) iZ2WVWT Clor B HACE LSR5, EED B(Cln,, . n.,)) (#0) &
g-colored t-design TH 5.

5l 3.9. HiDFID 3-colored 2-design DFF =
C = {(0,0,0),(1,0,2), (2,0, 1), (2,1,0), (0,1,2), (1,1,1), (1, 2,0),

(2,2,2),(0,2, 1)}, Cany = {(1,0,2), (2,0,1), (0, 1,2), (2. 1,0), (1,2,0), (0,2, 1)}
ERHWS.

T =112\,
e I'={1} Dt %
1,11

CJc .1 (X0, X1, X2, Y0, Y1, ¥2) = Z1YoYa + T5Y0Y1 + TaYoU1 + ToY1Ys

+ 21yhys + TYiys

= 220y1 Y3 + 221Y0ys + 225Y0 Y1 -

e T={2} Dt

CIoy )T (X0, X1, X2, Y0, ¥1,¥2) = ToY1¥a + Toy1¥s + T1YoYs + T1YoYa
+ T5Yhu1 + Tayout
= 2a0y1ys + 2T1Y0Ys + 2T5Y5Y1-
«T-{3Or=
CJoy 1)1 (X0, X1, X2, Y0, ¥1,¥2) = Z3Yoy1l + T1YoY3 + oY1 Ys + T3Yoy1

+ ToY1Y3 + T1YoYa
1,11

= 224y1 Y3 + 221Y0Ys + 225901 -

FoT, IT|=1%2FEDT T Clor H—H3T25DT, 3-colored 1-design DFFE5TH 5.

£7, |T|=21220WT,

e T={1,2} DL %

o111 1.1.1 1.1.1 1.1.1
CJC(l,l,l),T(QCOa95179527.@0711/1»y2) = T TpYs + TaZoYy + LT Y2 + T2T1Yg
1.1.1 1.1.1
+ X1TYo T LTy

o111 11,1 11,1
= 2zqx1Y5 + 2212y, + 22520y -

12
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e I'={1,3} D=

o111 1,11 1,11 1,11
CJC(LU)’T(:UO,xl,m%yo,yl,y2) = T1TaYy + T2T1Yy T TpTaY1 + T3x1Yp
1,11 1,11
T X1TpYp T ToT1Ya
11,1 11,1 1,11
= 2x21Ys + 22120y, + 22520y -
e T'={2,3}Dt =
1,11 1,11 1,11 1,11
CJCO,M),T(IO’xl,$2790a917y2) = Tyxy1 + o2 Y2 + 123y + T1TYs
1,11 1,11
+ ToToY1 + TaT Y

= 20g71Y3 + 22120y + 22520Y1
£oT, |T|=2%2FEDT T Cler D—HT5DT, 3-colored 2-design DFFS5TH 5.
3.4 Type IV fF5® MacWilliams [EET

TEIE 3.10 (Type IV 5D MacWilliams 1H53). C 23 Type IV fF5D & &, R D 7D,

Clor(xo, 21, Za, Ta2, Y0, Y15 Yar Ya2 ) = Clor (Xo, X1, X2, X3, Y0, Y1, Y2, Y3.)

Z 2T,

XO:xO+x1+xa+xa27 Y0:y0+y1+ya+ya27
2 2

X1:950+9L’1*ﬂfafﬂfoﬁ’7 leyo+y1*yoz*ya27
2 2

XQZxO—xl—&-xa—xaz’ Yzzyo—y1+ya—ya27
2 2

ngwo—:r1—2xa+xa27 Ygzyo—y1—2ya+yaz.

% 3.11. Type IV fF5D— Mt Jacobi ZIHIX Clo (20,21, Ta, Ta2, Y05 Y15 Yo, Yoz ) AT OHE G IZBE
LTHRETHS.
G=(A1 DA, A2 ® Az, A5 D A3, Ay ® Ay) .

=L,
1 1 1 1 1 0 0 0
1/r 1 -1 -1 0 -1 0 0
Al =3 ;A2 = ’
211 -1 1 -1 0 -1 0
1 -1 -1 1 0 0o -1
0 1 00 1 0 0 0
1 0 0 O 0 0 10
A3 = 7A4 =
0 0 0 1 0 0 0 1
0 010 01 0 0

Z 2T, Ap ¥ MacWilliams THEI, A 1& Type IV S5 DEREDFFEEE ¢ D wt(c) EETH L Z &,
Az BEEDFFSREIC all 1 XZ PR MR TFFERE, 2L T Ay BEROREIEIC a 20 ¥ 53522
nENIGT 5.

13
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FI 3.12. CLV 1% 2-design TH 3.

Proof. |T'| = 2 T Jacobi LR —BMICEF 3 Z L 2R T, #D G IZ2WTD Molien HEIFLL T
DEITHS.

Mg (u,v) =1+ v +ot + 200 ...
+ (v 402+ 20° + 607 + - u
+ (14207 4+ 30" + - )
4

u?ot DRBUTIERT 5L, 3 THS. THOE |T| =2 D Jacobi ZHAIZIE 3 DDORIK f1, fo, f3 DIFLE
35,

f1 = R(z3y5)
fa = R(x3yiy2)
f3 = R(zozayoy1y2)

I,

1

R(x) = @

Z g(*) (Reynolds operator).
geG

WE, [T =2® C{V 1ot 2 — Rk Jacobi ZIHNIE 3 DDOEEZ FHVTRD X 5 I1THKE 5.

CJCéV,T(IOaxlvxa7xa27y03yl7ya7ya2) = alfl + a2f2 + a3f3'

o To
::VC\’ S - {$1,$a7$a2}’—>$1
Yo > Yo
W1, Yar Yoz } = 11
&35 IO E
S(CJCGISV,T)('TO7$17CCOM$a23y07y17ya>ya2) = JCéV,T(xO7$13yO7y1)
DI D LD,

Clawv r=aifi+axfo+asfs TS ZEHSELD DI

S(Clawv ) = arfi +asfo+asfs
= 3022y + 902t .92 + 72020732 yoys + 54022225 y?
+ 54022592 (1)

14
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* 7,

S(Claw r) = Ai(Je,0)
= 5dayiet + 108a1y8x3xi2 + 126a1y8x§2 + 6agyarl
+ 12a2y§xixi2 + 78a2y§xi2 + 6azyprt — 12a3y§xixiz
+ 6a3y3zi2 + 144a1y0y1:17ixaz + 1008a1y0y1xax22
— 48asyoy1 T2 T oz + 48a2YoY1Ta T2 + 192a3Y0y1 Ta T2
+ 18aryiah + 756a 722 2%, + 1242a,1y3xts + 18agyis?
+ 180a2yfxixiz + 90a2yfxi2 — 6a3yfxi + 108a3yfxixiz

+90azyizas. (o (C5Y)ol& 2-design) (2)

T,

1 oP oP

N5 —
n To Jdrq

fE > Tt (1), (2) DERBCR Holk L CROENT AR IS Ko

EBIT ygad, ygada, yoyad .. DR HES 2 &,

a??

18a1 + 18ay + —6a3 = 0
144a; — 48a5 =0

H—ERE s, Claw WB—ARITEXDZ b5,

FHER 3.1 ([7]). FFRDTFIET Type IV FFEIT & % 4-colored t-design 23T D & 511§ 51 7.

length | t | (no,n1,na, Ne2)( BEZOANEZT) | |B]
4 |1 (2,2,0,0) 2
6 |1 (2,2,2,0) 15
E (4,4,0,0) 14
6 |2 (2,2,2,0) 15
8 |2 (4,4,0,0) 14
8 |3 (4,4,0,0) 14

Bbbic

AT, F, EOFBEH L T—MIL Jacobi ZIHROMZEZEAL, FHED LGN X design DFFTE
MEHEST 250525272, #R, Type IV 5D colored t-design 122\ T MacWilliams 5% % &
AL, Molien DEFZEH T3 Z & T colored design DIFEMZEL Z ¥ A TE /.

SHROBEL LT,

1. fthod F, fF5202 6 ¥ D X 5 7% colored design DR HN 202 ERKT LI L,

15
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2. —f&At design B &k ¥ —f&1k colored design #FF 50 HMEKT 2 Z &,
3. Jacobi ZIHR ¥ Jacobi JERDEEHR%E —#L Jacobi ZIHRICBWTHRT 2 Z &,

4. F@SC [5] 1T CTHAM Tutte ZIERXEZEA U223, Zhxk—{b L T Jacobi-Tutte ZIHIX, Jacobi-
chromatic ZIHAZEA T 5 Z &,

BRENETOND.
BRIZIED £330, BHOKR 2 WV R NOSEFERReA:, BEMEeE, HEReA, e
RIS, REEGN A ICEH P L BT £,

SE Xk
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[6] H.S. Chakraborty, T. Miezaki, M. Oura, and Y. Tanaka, Jacobi polynomials and design theory
I, to appear in Discrete Math.
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Jacobi polynomials and harmonic weight
enumerators of the first-order Reed—Muller codes
and the extended Hamming codes

SRBC 5L
(= BRI & o 2 [FIFE)

39 MBI A YRS Vv ARY T A

1 F

T, HEHSA PVICH B OWTHHAT S, m 2 IEOBEEL, V=Fr %
2GR Fy D m RILR 7 bV E$ %, First-order Reed—Muller code RM (1,m)
X, RTCEZRINDIEZ 2", Rotm + 1 DHIEFETH 5,

RM(1,m) = {(A(x) + b)aev | A € V*, b e Fo} CFY

7272 L, V*=Hom(V,Fy) \& V OBSZEMITH 5, BHIHH» 2 K91, RM(1,m)
DIFFEED I BEHAVPEIDL 19 L5y, 2F)2n L h2Lk9%b0Dy F—
MEV OT7 74 Vil TH %, ZNDINDOFFFEEL 0 & all-one X7 F L L7
ZEDS, RM(1,m) DEAELEAIZ

am=1 gm-1 2m

"+ (27— 2) P 4y (1)

ThH b,
0 —fic, BICFSLIITF OB REZIETI L L T4, £/, B0
(< nlZx LT

Cy={ceC|wt(c) =1},
B(Cy) = {supp(c) | ¢ € Cy}.

EEFT S, Lo TRIZC =RM(1,m) (EZIEn=2m) 1L Tk
B(Com-1) 1ZV =F O 7 7 4 VHFRIEEHEOES

1
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Ei%, K{AIGNTWE XKIHIL, TOEHFE-THIY O FAYYI OELEICKES
TWw3,
22T, QEHBRES, (D) % Qo kSRR EKOmE T2 EE, BoES
BC () Bt-TFHLY0 TAVIOEGTH S L, Q DIERD t 3D % —E B
DBDAVN—IZEENTELEERZV), L BC) B t-THFA D70y 7D
HBHETHDEE, FUCC, 3 t-THA v 2HIR—KT 3, L) Licd 3,
—#IZ, RS n Offs C OMMFRFS & 13

Ct={ycFy|(x,y) =0forallz € C}

TEFK I N5, First order Reed-Muller code RM (1, m) DRFF5 RM (1, m)* 1ZHER
NSVIFE LLTAGNTV S, COFREZFMLT, HENS VY ITFZOEA
BELHADVHETE 2 Z LI X (AL NT VS, ZHUIRD MacWilliams 655
ZRHTESL 2 LICk 5,

—wWt(cC wt(c 1 n—wt(c wt(c
Zﬂb te)y t():|_C’Z(x+y) ) (g — )W),

ceCt ceC

5 & 794 v oBRICOVLTIE, ROEHPEHLTH S,
EHE 1 (Assmus—Mattson [1]). C Z2E X n D5 & L,
d+ = C+ DIR/NEA

E7%, bL{L1,2,...,n—t} DHFIZC DR FEFHEOEADEGL d- —t LRV ET
&, Co=0THROVEBIZC I t-THFAL 2T R—1FT 5,

FROEHE1%Zn=2",C =RM(1,m),t=3 & L CHEHAT 2, d" 1ZIEENT ¥
IR FDR/NEAT, ZNUIA4THEZEIEFLILHMOENTVEDTI —t=1Th
%, EE, {1,2,...,n—t}={1,2,...,2" — 3} DHIC C DFFFFEDOEAIZ 271 D
ARTHD (1) ED) 26, EHIDREVPALZIN, C,=0TRVEDIXC,1F3-T
PA 2T R—1+7T 3,

2, EHOMEZC =0 THEWIE DX IR L 22\ D3, Miezaki-Nakasora
6] IC&>T, FFECt <t/ , 040 TCHFt-THFA Y LI FE—=FLEVLDIZCp i
t-THAL 2T R=—FT3, IR RBINTSE, 2O Eix, THI1BTY
AVDEIE L THRDBODHDZ VOB E LTHLTWEIDbITERWI 2R
WL TWwW35,

ZOFHETIE, C = RM(1,m),RM(1,m)- XL T, C, # 0 THBRHIX3-T
PAVESR—=1LT23H0D, WhrHRIGAHD 4TFA V2T R—FLARVILE
Jacobi I %2 I L 72 /5% & SFE AL IHAZ I L 72 5150 2 38O /55T
NG ZENTERLZEZ2HET S,
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2 FED Jacobi ZIET

CEREInOfFFEL, TCh={1,....n} £T2%, CDTIZEHT % Jacobi %
1= WP
Jor(w, z,x,y) Zwmo &) grmale)grole)ymle) -7
ceC

(c)=1{jeT|c¢ =0},
mi(c) =[{j €T |c; =1},
no(c) = {j € [/]\ T | ¢; = 0},

(c)=W{jen\T[c =1}

Vc\%%g h%o Mg, M1, No, N1 @%ﬁ%&iﬂ?@iﬁ!ﬁ b °

molC

C

ni\c

[n] T n]\ T
c (0---01---1 0---01---1

mo(c)  mai(c) no(c) ni(c)

T/ =t THHLE, JorlZEBIT5 22" DIFREUL, TZIFA—MEUEI %
B ORSHEOBEETHLOT, T T e (M) IcowTETH2 I LD, O
Wt-THA V2 R—FT22 L EMEFITH S,

ROEHTIEZ, C=RM(1,m) D 2" HMOEREDLEENV =Fp TH-o7-Z Lzl
WHTHERDH 5, CI1ZXR7 FILVEMV OB TAETH L2056, ROEHIC
BOTHEEOWMDEATIE, 06T £%5bD0DAZEZIUITITH S I LICHER
LTEL,

TE2 m ZIEOBEEL, C=RM(1,m),T={0,u,uus} € (%) £T5&
(1) U1+U27AU3 &%Oi

Jer(w, z,z,y) = (277 — 1)(z4x27%1y2m*1*4 + w4xZM71’4y2m71)

_ m—1__ m—1__ m—1__ m—1__
+ 2m 1(21)321'2 3y2 1 +U}23I2 1y2 3)

_ m—1__ m—1__
+32m 2w222$2 2y2 2

2m—4 m—4

+ wiz —i—zy

(11) Ul + Us=U3 2513

Jea(w,z,,y) = (277 = (2 p et

m—1 m—1
+32m 1w222:1:2 2y2 -2

+wta? T 2

3
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ST, C=RMA,m) IZHLT, Comr DX4-THFA v EFR—FTE0ICO0T
i, Jor ICBT B 242" 2" DREE R BREDRH B,

T n)\ T

[n] 11 1---1
~~ —— —
4
z

—_
—_
(e
(@)

2m—1 2m—1 —4
T Yy

2%h, 20T e (W) 29 R—bicEGL k) REA 2 O SEOEETH 5,
ﬁfEZ GCJ:Z/LCi\T = {O,Ul,UQ,Ug} 0:3(‘3[‘[/‘/(

2)

; (273 — 1)2422" 2" T iy + upFus,
or = m—1 om— :
(272 — 1) 2%y e ifug 4 ug=us

ERHSTWVWAHEDT, ZHUTT O HFIHEIFT 5, L7eDS>T Oy (FRLT4-T
YA v EFR—FLAR,

RIZ, TOMRPZE > T EEM2 DT ) IOV TDOA, atHZ5 25, EH
2 DEALRAHIX [5] 2SN w, £7, C=RM(1,m) ZildLET &

C = {()\(.ﬁlﬁ) + b)er | A€ V*, be FQ}
VU (V1)
={0}U{1} U (V{0 U((V"+1)\{1}).

A om—1

ERBDT, Jor SBT3 22y o

#{c € Comr | supp(c) 2 T}

= #{c e (V?\{0H) U((V* + 1)\ {1}) [ supp(c) 2 T'}
= #{c e (V'+1)\ {1} | supp(c) 2T}

= #{c € V" \{0} | supp(c) N'T = 0}

= #{c € V" \ {0} | Ker(c) 2 T'}

{
—#{We[m_l

—_ 2m—dim(T> 1.

[1wam)

o T Q) PRET,
RIZ, JREANS VRS O = RM(1,m)t DY K=+ T 27Y 4 V2L 70
IZ, Ozeki IZ X % MacWilliams [HZEOHEPUCE KT 5,
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EE 3 (0zeki[7]). C RS nDfFHEL, TCn&95E,
1
ch_’T(’U),Z,(L’,y) = WJC,T(U) + Z,W—=z,T + Y, T — y)

C=RM(1,m), Te () ICNLTER2T Jor BT TICDLL>TR5DT, EH
3IC& 5T Joup RIETE S, 20 2200%HAUTE LT 242" 2" '~ OREDS
EH2ICH 2 2B D T I L THRZ-> TS I EDHERTEIL, CfF 234-TV A4
VEYR=—FLBEVIEDLBDLLLEDTH D,

3 AMESBEZIER
BEO<k<niHLT, BI%f: (V) - RPFMBIFCH2 L1

Vy € (k[ﬁ]l) xe(z[g)f(x) =

2y

DI oL FE T, AR EOESERTET,
Ihm%:ﬁlC?)%R[fﬁ%m%ﬁ}

FRE S () - R O@REEILREL TRO [ 2 EHT 2.

f: o2l R
u ZIEOZ]) f(a:)
zCu
22Tk [n]) DREEHERT,
EEnoffsC L, @B f: () > RISHLT, fIKBIT5 C ORMEHK
EZIAW we IR TEEI NS,

wa T y Zf Supp i wt(c )th(C)_
ceC

EIE 4 (Delsarte [4]). FEtDE 5D T, 0<£<n&¢%k<yﬁtfﬁ4y%ﬁ
R—= T 20BN DEFMEED f € Harmy, 1 <k <t ISR L Twep(z,y) ICEIT S

"yt DIREL )
> Fsupp(c))

ceCly

MOERBHILETH S,
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ST, M4 %2 C=RMQA,m) BT 27012, UCV =TFp % 3XILikT
ZMET5, $5L, C=RM(1,m) 2EEOES U ICHIBL TRONL5F51E
RM(1,3) ICAMTH Y, ZHFZDOBNFFTTLH RS 8DIENI VI L
HRAETH 5,

EBES. feHamy %, ()\())DLTf=0%2aTHMNEKET2, 0L E,
C =RM(1,m) IR LT

m— m—1 m—1 ~
wep(z,y) =272y Y fla)
a€Hg
wt(a)=4

LD 37,

FaxDHBUZ, Comr D4A-THA VEZTR—FLAEVWIEEZRTIETHS, ZOD
72023 f € Harmy % & 208035 505, ZDWED 7 DI

B = {supp(z) | z € Hg, wt(z) =4}

BHEZD, WENI VIS Hg I2BWT, (Hg)y = RM(1,3)4 13 3-F9 A v %4
A—FT2DT, BER3-THA D70y 7 0EATHS, FE, RO ye (§) 1
xf LT

Y (@) =z eBlr 2y} =1

ve(})
Yy

BRI D, AICZENBZ B CEIWZTHHD D, ZEZ L1 UD2oOD
JERE R AN Z 5 IR CH D, TN6DI En5

f=1p— 15" 3)

XS EHATHZ Z B2 S, Thbdd f € Hamy, THH, ISITEHS DK
ExHRT, |IBOAB|=6&D, 2O fIZRLT

wC,f(ﬁa y) _ 2m—3x2m—1y2m—1|8 \ B’Tl — 2mx2m—1y2m—1

ER5DT, EM4 XD O 1F4-THFA VZHFR—F LA,

RIS, L= RM(1,m)- 1220w Th, TRTOEATLTIAL v E2FR—F LA
W I & 2R AREEL A % > TR, Jacobi ZIHADYE & [FERIZ, MacWilliams
TSP BN 72 5,

EIE 6 (Bachoc [2]). C ZEI n Dff 5L L, fecHam, £ 9%, ZDEX
wer(2,y) = (2y)* Zo (2, y)

6



40

BT, Zogpldn - 2k REAXRLHA T

2n/2 Ty x—y
ZCL,f(l‘ay) = (_1)k ‘C| ZC,f ( \/5 ) \/5 )

B ATT,

C=RMQ1,m) £¥ 5 &, 3) TEBEINL fITHLTEHS Tuwey BT TICD
o TRBDT, EH6IZE>T wer ; DRI TE S, wer f DRBSCH #0753
0<l<nIRTIZOVTOTHENI EZ2MEPDZEIZLD, IBENI VYIRS CF
L TOF DB 4-THA V2T R—F LRI EDROPEDTH S,

SE 3R

[1] E.F. Assmus, Jr. and H.F. Mattson, Jr., New 5-designs, J. Combin. Theory 6 (1969),
122-151.

[2] C. Bachoc, On harmonic weight enumerators of binary codes, Des. Codes Cryptogr.
18 (1999), no. 1-3, 11-28.

[3] W. Bosma, J. Cannon, and C. Playoust. The Magma algebra system. I. The user lan-
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Construction and Characterization of LCD Codes

R B

=

LCD 551, 2010 ERDEZED SHEEBCIED 2N LWFED 7 5 2T
HhH, BEHGPETFTSHERADOIHAMONTWS., RXFETIX, LCD F5DHEA
FIMEE R TI 2, HEOMZEE & HITHNT 5.

1 RENSOBREDE

ZOHITIE, LCDF5DEANCLER, (FSHEmOERNZHEHEZHIT 5.

1.1 HBEMas

qZRBNEL LT, F, T g OARAKZERT. [0, k], (F5 L&, Fy Ok RICHIT%E
MT®5. [nklg 5 EF, LD n kB HEINE. NTX—Z n kIZZRZN, FF
FORE, fFEORTLEMIEINS. XT Ml x = (z1,29,...,1,) € Fp D3 v JEAIE,
wt(z) = |{i | z; # 0} TH 3. 5 C ODRPNEAIZ A(C) = min{wt(z) | z € C, z # 0,}
TH5. NEABATH n, k5%, [nk d, fF5LEL.

1.2 EXRBIRE1L . 8

NI RX=BZn, k, g LT, [n, k|, FFF3EEEFET 5. RORZRNEAZ HD [n, k],
75 % optimal 2545 £ WS, optimal RFF 51X, RNEAVPRKTH S Z &H HHFIIZ
BRI, EHREEANDISH LB FEHTH 2 Z eI TWS. ZD7HIT, optimal
IR % BARINCKD 5 2 e BFSHEROHEANLHEEDO—D ko T 3.

1.3 BXHERE2: 9%

FEFMER T 5 OEf e KD 25t 2 1 WS, 22T, f55 C,C' BRETH 5 i3,
BHBHIETHI M PFELTC =CM ={cM | c € O} THB I x®\S. ORI,
optimal 72fF5 D AZXRIZIT I HEEDNZ V. ZOHHIX, optimal Z2fF5 R BLBR N
Zt &, optimal DHlFIEFR X R WIGEIHNEDLTATRERIZ EICFEDEBEBIZ N & D 2
ONREZHLNS.

ALK Z R ERBA R (T 980-8579 EIIRMIAT T EXTEFHIE 6 & 3 5 09, E-mail:
keita.ishizuka.p5@dc.tohoku.ac.jp)
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2 LCDfistld
2.1 TE

EE 2.1. [n, k], T C OXWRAFFZECH = {z € FI | (x,y) = > 1 @iy = 0 for all y € C}
TERINS.

B 2 1E C DIERZEMTH 5. FEDORY M AZEEOERZEMIIMZERTH 5. —
73, ARREIEERERZ RO 7012, PONFFSI33 L S %I 5720, IO h3%2
HTH2 LS BFEHLCDFSTH 5.

Bl 2.2. O+ PHEETHRWITS C OFl%EZETF 5. C = {(0,0),(1, )} X2, 1], F5TH 3.
C+=1{(0,0),(1,1)} BOT, C=C*+Th5.

T2 2.3. [n, k], F5CHCNCH = {0, } %Ziifi7=Fh, C % LCD 5 (linear complementary
dual code) ¥ FES.

IFZQ WET 2R Mg,y DILI— AR (z,y), = > ziy] THS. BEHENED
KoYz LI - AEEZHVWT, T — PN ESBLUOTLI— 1 LCD fFE80NESH
3.

EE 2.4. [n, k] 5 C DIV — FIGHFRE CH = {2 € Fl, | (2, y)n = 27 wiyf =
0forally e C} TEFRIND.

T 2.5. [n, k2 178 O A CNO = {0,} %738, C%IA3— LCDIFE LILA,

2.2 FE$

LCD fF513 1992 FFITEA Sz [12] 23, BEAWHZEDN R SN2 K5I8 572D 2010
ERBPETHS. DU, LCD FEOEHEEREITMRZ IR S. LCD FF51%, Massey [12] 1
Ko TEFES N, Carlet, Guilley [2] IZX 5T, Fo D LCD fFE IS SMEHICISHT =
% Z e hRE NIz, Lu, Li, Guo, Fu [11] 12k > T, Fy Loz 3 — b+ LCD 7513 H 5
DEFIFDOMBUTHILD Z L AVRENTz. Carlet, Mesnager, Tang, Qi, Pellikaan [3] {1 &
ZLUROEMIIFHCEETH 5.

EE 26. (i) ¢ >30T, F, FOFEOFKEIILCD HSICFETH .

(i) ¢ > 222V TC, Fp EOERDOFFZIETNLI— b LCD FFSIKFAMETH 5.

2.3 EXRME

fF5DRIRZITRY S MCUNRTATIE, FF5DERITIIE WS, LCD 5122\ T,
Massey [12] 1IC &K 2 AT ORHED I BEARNTH 2. ZOEHIEDSWT, LCD F5DOHE
BAEBATINCIRA S B TITS 2220,

EI 2.7. C % n k535, UNIFEETHS .
(i) CIXLCDHETH 3.
(i) Co Ct =TFy.

(iii) det GGT #0. 7272L G & C DAERATHI.

2
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F2 L1759 G OUREITIIR CHEITIZ 2h2eh GT RO G THKF. =L I— 1 LCD
FFZTOWT B8 2.7 L FBRDAERDWILT 5 [4].

I 2.8. C % [0,k WEL T 5. UTFREAMTHS
(i) CldTLI—F LCDHETH 3.

(i) CoCHr =T,

(iii) det GG #£0. 7272 L G & C OAERITHI.

2.4 self-dual 5 & D&

C =Ct 72375 C % self-dual fFF5 2 WS, self-dual 151, HAEEROMDIE £ D
BENZEORIN T WBEERIFSTH 5. LCD 15, self-dual fF51kZhzh, CNCE
DRTEDITD, BRDFETH 2. CNCHIEEFEO Hull FEHENR, Hull(C) THRILIN3.
Hull iI2&H LT LCD 35 & self-dual 75 % BHE 1T 201382 LT, [6] 23D 5.

3 LCD ff8® punctured fF5 ¥ shortened fF5 DLV T

ZDHITIE, LCD fFBIZOWTOMFENEZHHNT 5. LCD fF5 D punctured 5 &
shortened fF5 12 DWW T DI/ THFEICED S WHFETH % DT, punctured fF5 & U shortened
O, FEITHROHHZIToTHr o HEORRZANS.

3.1 punctured fF5 KU shortened fF&5

C%ZF, LD n k5, TC{l,2,....n} £35%. RTDiecTIXDOVTCDE i D
ZHIFRS 24E% C @ T I1ZOWTD puncture £W 5. ZORRIGOLNBFFZI1EXC DT I
DWT O punctured fFF5 I, CT TREXND. OT) = {(c1,¢9,...,¢n) € C | ¢ =
0 for all i € T} & C DFHFZEMTH 5. C(T) % T 1Z2WT puncture L 72F5R1G 5N B 5F
BE, C D TIZOWTD shortened 55 L MHIN, Cpr TRENS. T = {i} FEHE, B
KU Cpy 222N C" RO C; EMEFES 5. puncture O shorten i, 51203 5 HEA
B OEBERIBEETH 5. HilZI1X, Assmus Mattson DEFDEEIAIZ, punctured FF523H
WHALTWS.

3.2 Bouyuklieva IC & % &1THAZE

Bouyuklieva [1] 1 Fo @ LCD £7%5 @ punctured f5 & U shortened fF51220W\WT, LA
TD &5 BT 21T o 7.
EE 3.1. ClEFy D [n, k] LCD BT, d(C),d(Ct) > 2 %%/ T 55, TED1 L
i<niZOWVWT, C'EREC,DEELL—HDANPLCD FETH 3.

E’ 3.2. C1ZFy £ED [n, k] LCD 5T, d(C),d(Ch) > 2 %7z 3 5. ChevenfiF
BTHHLE, POZORKIRY, FED1<i<niZOWTC'BLCDHFSTH 3.

EIE 3.3. ClEFy kD [n, k] LCD fF5 T, d(C),d(Ct) > 2 %ifil=3 2§55, CH odd ¥
P01, e CTHDILE, POZORICRD, (FED1<i<niZ2W\WTC; 2 LCD F5
TH3.
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EHDFRICBWT, d(C),d(Ct) >2 L WHRENFRHAIEDNZ 2D Lz, L
2L, UROHEHED»S, ZOREZERRDIDTHS 1 d(CH) =1ThH5 &5 RHFE O3,
EREDRZ P (c1,...,c) ECITDOVT e; =0THBXIREE i 2EL I A SNT
W3, ZFOEIRTERX, FIC0TH2 X5 REEEE TRV ICEEEZRINL TE LN
272912, d(C1) = 1R 2/5 C EELZOMNRD G L THREIZRV. C i Ct ot
FERDT, FAROHERD» S d(C) =1 K275 C 2ERDOMNED SR LT BB,

3.3 HMREANE
DIRD &5 BV EEFR—> 3 v LTHZERITY, ROFEREHZ [8].
(i) Fo LM OHRE LD LCD 5T [1] & FFEDRERIZA D SO DD
(ii) T/ I — N LCD fF5T [1] & FAREDFERDEL D LD D,

EIE 3.4. ClEFy LD [n, k] TV — 1+ LCD 5T, d(C),d(CH) > 2 %ifilzz3 5 5.
FED1<i<niZoWVWT, C'¥ERFC,DELELP—HDANTNLI—k LCD F5T
H5.

#78 3.5 (Ken Saito). C #Fy LD [n, k] =L 3I— P LCDHFELF 3. C ERITHIG T,
GG =1, T b OPEET 5.

EH’ 3.6. CI1ZFy LD [n, k] T3 — bk LCD 5T, d(C),d(CHh) > 2 2ifil=3r ¥ 5.
G % C DEBITHIIT GG = I, 2355128 b, , TG OHE i fEHET. ¢ BT
I— FLCDHETH M, »OZORICED, wi(l) 3MEMTH 3.

% 3.7. CldF, LD [n, k] T3 — b LCD FHFET, d(C),d(CHh) > 2 %7=FrF5. G
% C DERITHIT GG = I, 273 E5128 D, LTCOHEiFEESF. CHILI—
F LCD fF5TH 2K, 2oZDRICRY, wt(l) Z&FHTH 5.

fi7d 3.5 1% Saito (private communication, Dec. 31, 2021) 12Kk 5. fli/d 3.5 ZHWT, &
B 3.6 REND. R 3T7I1E, TH34Yr EH36H0HEBIINS.

4 SEROMROAME
ZOFITIE, LCD FFBIZDWTO PHERHIARMES 2B S,

4.1 HEBREOBEOHE

EM2612&D, Fy,F3 LD LCD fFERUF, EDTL I — b LCD fF5 DA DR
e B s REEERE S Z e AbhroTWS, %72, Fy FOLCD HEKUTF, O
VI — b LCD fFEideheh, BEMmNCETFRHSHERADISHIIRENTWS [3,11].
oT, BHZFy FOLCD FFE KU Fy FDO T I — F LCD 55 DRSS X JED R AN
Thbhitnwad. BHOMKE 2BEOMIEe LT, [7,9,100 2Z1F 5.
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4.2 LCDf{SD&/NEHICEAT SFHE

d(n, k) = max{d(C) | C : [n, k] LCD code over Fy} £ EF* 3 5. Bouyuklieva [1] I, DL
TOFEELTT.

FH 4.1 FEDO 1<k <niZOWVWT, dn+1,k) =d(n,k)+1 F72Edn+1,k) = d(n, k)
DAL T 5.

[5] 12 & UE, —ROBIEFFZICB VTS Lo PROKFIER DD o> TRV, ZD7
b, —fROMEFZICOVWTH KL T 2@mErd Lkw., L, —RoIEREICBW
THALT 5 Z2h, LCD FFSDOAIR - THMD T2 WS DIFERENE EZ TV 5.
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Abstract

Delsarte theory links coding theory and design theory as dual concepts through
Fourier analysis. This theory provides a fundamental tool for studying codes and de-
signs. This paper presents a formulation of Delsarte theory for probability measures.
This paper is based on joint work with Takayuki Okuda (Hiroshima University).

1 Introduction to Delsarte theory for finite subsets

We present some well-known facts about the Delsarte theory for finite subsets on homogeneous
spaces corresponding to the Gelfand pairs. The Delsarte theory links coding theory and design
theory by spherical Fourier transforms. So, We also introduce coding theory and design theory.

1.1 Coding theory

In this paper, let M be the homogeneous space corresponding to a compact Gelfand pair
(G,H), T be the orbit space of the diagonal action G ~ M x M, R: M x M — Z be the
quotient map in topology and ig € Z be the diagonal set of M x M.

For a non-empty finite subset X C M and a subset A C Z, if R(X x X) C A, then we call
X an A-code.

Example 1.1 (Regular hexagon). Let G be the orthogonal group O(2) in dimension 2 and
H be O(1). Then M = S' ¢ R?, T = [~1,1] and R is the inner product. And let A :=
[—1,1/2]U {1} and X be the vertex set of the regular hexagon. Then X is an .A-code with

the maximum cardinality.
£

* nakada-aki@hiroshima-u.ac.jp
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1.2 Design theory

We denote by C(M) the set of all continuous complex functions on M, and s the pushforward
of the probability Haar measure on G by the quotient map G — M. We note that uys is a
G-invariant probability Radon measure on M. The L?-space on M with respect to s is
denoted by L?(M). It is well known that C(M) can be realized as a dense subspace of L?(M)
with respect to the L?-norm.

Throughout this paper, we define J as the set of all irreducible subrepresentations of the
unitary regular G-representation G — U(L?(M)), and Vj as the space of all constant complex
functions on M. Then Vy € J. The set J will be regarded as a discrete space. According to
the Peter—Weyl theorem, for each V' € 7, the dimension of V' is finite, and V' C C(M).

For a non-empty finite subset X € M and a subset 7 C J with Vi € T, if

[ = e 3 1w

peX
forall V € T and f € V, then we call X a T -design.

Example 1.2 (Regular triangle). Let (G, H) = (O(2),0(1)). Then M = S!' C C, uy
is the canonical probability measure and J = {V,, == (2",2");, | n € Z>o }. And let T =
{Vn|n=0,1,2} and X be the vertex set of the regular triangle. Then X is a T-design with

the minimum cardinality.
‘

1.3 Delsarte theory

Fix a non-empty finite subset X C M. First, we define the Z-distribution aX € Cz of X as
follows:

x . #RU(NNX x X
GO T XX

aX = (CL;-X)Z‘GI € Cs.

(i € 1),

Where Cz is the vector space generated by the set Z. Therefore, (a:X); = 0 for all but finitely
many ¢ € Z.

Then, for a subset A C Z, the following two conditions are equivalent:

(1) X is an A-code,

(2) aX =0forallig¢ A
This equivalence links coding theory and Z-distributions.

Second, we define the linear map px as follows:

px: C(M)— C
fr ;X > )

peX
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And we define the J -distribution b* € C (J) of X as follows:
W J = C
Vs b o= [lux: (Vi [l=ly) = CII2,-

Then, for a subset T C J with Vj € T, the following two conditions are equivalent:

(1) X is a T-design,

(2) b¥=0forallVeT—{Vy}.
This equivalence also links design theory and J-distributions.

Third, We introduce the spherical Fourier transforms that link the Z and J-distributions.
For each V € J, there exists a unique continuous map Qv : Z — C that makes the following
diagram commutative, since the universality of quotient maps in topology.

M x M
K
Rj \
T----5---- »C

We call this Qv the spherical function for V. Using this, we define the spherical Fourier
transform F: Cz — C(J) as follows:

Fla)=a:J —C
Vi) ai-Qui).

1€T

Then F is a linear injection and the MacWilliams identity aX = bX holds. To summarize
the above, we link coding theory and design theory by the spherical Fourier transform.

And finally, We introduce the bound on the cardinality of X, called Delsarte’s bound. If
X is an A-code and a T-design, then for every feasible solution of the dual problem of the
following linear programming problem, the bound on afg € R is obtained.

Find a vector a € Cz,
that minimize or maximize a;,,
subject to a >0,
a =0 on A,
a>0,
a=0onT —-{W},
a(Vp) = 1.

As a corollary, we obtain the bound on the cardinality of X since afg = 1/#X. The optimal
bound obtained in this way is called Delsarte’s bound.

2 Delsarte theory for probability measures

We generalize the Delsarte theory introduced above to probability measures. In this paper,
the set of all positive unital bounded linear functionals on C (M) with respect to the uniform
norm is denoted by P(M), and we call an element in P(M) probability measure on M. Tt
should be remarked that by Riesz-Markov-Kakutani representation theorem (see [16] for the
details), P(M) can be identified with the set of all probability Radon measures on M.

3
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2.1 Coding theory

Using the fact that the support supp ux C M of measure px coincides with X, we generalize
the coding theory to probability measures in a natural way. Specifically, for a probability
measure p € P(M) and a subset A C Z, if R(supp p X supp i) C ‘A, then we call p an A-code.

2.2 Design theory

We also generalize the design theory to probability measures in a natural way. Specifically,
for a probability measure p € P(M) and a subset T C J with Vy € T, if up(f) = p(f) for
all V € T and f € V, then we call u a T -design.

2.3 Delsarte theory

Fix a probability measure u € P(M). First, we define the Z-distribution a* € P(Z) of p by
a’ = R.(pu ® p) using product and pushforward of measures. Note that we have not defined
an equivalent for aX. This is because if ai* is generalized to a!' in a natural way, a}' = 0 in
most cases.

However, coding theory for probability measures and Z-distributions are linked by the fol-
lowing proposition:

Proposition 2.1. For a subset A C I, the following two conditions are equivalent:
(1) w is an A-code,
(2) suppat C A.

Second, we generalize the [J-distribution to the probability measure p as follows:

. J —=C
2
Vi by = s (Vo =1lp) = CIIG,-
Then design theory for probability measures and J-distributions are also linked by the
following proposition:

Proposition 2.2. For a subset T C J with Vo € T, the following two conditions are equiva-
lent:

(1) wis a T-design,
(2) suppb* C T°U{Vo}.

Third, we also generalize the spherical Fourier transform to probability measures as follows:
Fla)=a:J = C
V- G(Qv).
Then F: P(Z) — C(J) is a linearly injection and the following main results are obtained:
Theorem 2.3 (MacWilliams identity). a” = b

To summarize the above, we link coding theory and design theory for probability measures
by the spherical Fourier transform.

And finally, we will consider the generalization of Delsarte’s bound to probability measures.
It is necessary to consider the “cardinality” of a measure. Thus, we will consider a real-valued

4
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continuous function ¢ € C(Z) and, if a*(¢) # 0, we call 1/a*(p) the p-cardinality of y. Then
the following proposition holds:

Proposition 2.4. Let X C M be a non-empty finite subset and ¢ € C(I) satisfy p(ig) = 1
and = 1(0)° N R(X x X) = {ig}. Then the p-cardinality of ux and the cardinality of X
coincide.

R To describe Delsarte’s bound,Awe fix our notations as below: the spherical Fourier transform
Y € C(J) of ¢ € O(T) denotes (V) = a"™ (¢-Qy )/ dim V, the transpose 1p " € C(Z) denotes
¢ ([p,q]) = ¥([q,p]) and CF (Z) denotes { ¢ € C(Z) | p =1 =T }. Then the other of the

main results are obtained:

Theorem 2.5 (Delsarte’s bound). Let ¢ € Cg (Z). And we put

SC:z{weC£(2>m@<CQv $>00nTe, ¢—¢zOonA},

VeJg

Sd::{weCﬂg(Z)ﬁ@CQv IZSOOTLTC, <p—w§00n.,4},

veJg

¢ == sup a"M(5°),
d := inf a"™ (S?).
Then we have bounds ¢ < a*(yp) < d for p € P(M) that is an A-code and a T -design.

As a corollary, we obtain the bound on the y-cardinality of u. The optimal bound on a*(¢p)
obtained in this way is called Delsarte’s bound.

3 Examples of 1-designs on the 2-dimensional sphere

In this section, let (G, H) := (O(3),0(2)). Then M = §? Cc R?, T = [~1,1], R is the inner
product,

homogeneous harmonic polynomial }

J = { Harm,, (S?) := { n € Zso }

functions of degree n

and @, is constant multiple of Legendre polynomials of degree n. In particular Qo(t) =
1, Q1(t) =3t (t € [-1,1]). Andlet A:=Z, T ={0,1} C J and ¢(t) =1t/2+1/2 (t €
[—1,1]) € C(Z).

According to Delsarte’s bound, for any p € P(M) that is an A-code and a T-design, -
cardinality of p is 2.

Example 3.1 (Antipodes). Let X := {(1,0,0),(—1,0,0) } € M. Then ux € P(M) is an
A-code and a T-design. In fact, p-cardinality of pux is 2.
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Example 3.2 (Great circle). Let up € P(M) be the canonical probability measure on
{(0,cosf,sinf) |0 € R} C M. Then pug is an A-code and a T-design. In fact, p-cardinality
of g is 2.

Example 3.3 (Small circle). Let py/2 € P(M) be the canonical probability measure on
{(1/2,v/3/2cos0,/3/2sin0) | § € R} C M. Then -cardinality of p 2 is 8/5 < 2. In fact,
fi1/2 is not a T-design.

4 Summary

By replacing finite subsets with probability measures, we generalized coding theory, design
theory and Delsarte theory to probability measures on homogeneous spaces corresponding to
compact Gelfand pairs. Table 1 lists the corresponding terms that appear in Delsarte theory,
both for finite subsets and probability measures.

Table 1 Correspondence of terms appearing in Delsarte theory

Finite subset Probability measure
Object Finite subset X of M Prob. measure y on M
A-code RXxX)CA R(supp p x supp ) C A
T-design pne (f) = px (f) par (f) = p(f)
a; #R7IE)NX2/#X? %
Z-distribution a~ | (a¥);er € Cz R.(p®p) e P(I)
by, lnx: V = CJ2, s vV = CJ2,
J-distribution b= | V — b§ V = b,
a Vi ierai-Quv(i) Vi a(Qy)
SFT F Cz — C(J) P(Z) = C(J)

Three problems remain. First, there is no ¢ € C(Z) such that Delsarte’s bound on the
p-cardinality are consistent with that on the normal cardinality. Second, ¢ is assumed to be a
continuous function that takes values in the unit closed interval [0, 1]. We do not know what
such a function means in terms of applications. Third, we do not know the good presentation
of the image of the spherical Fourier transform F: P(Z) — C(J).



52

References

[1] C. Bachoc, E. Bannai and R. Coulangeon, Codes and designs in Grassmannian spaces,
Discrete Math. 277(2004), 15-28.

[2] C. Bachoc, R. Coulangeon and G. Nebe, Designs in Grassmannian spaces and lattices, J.
Algebraic Combin. 16(2002), 5-19.

[3] E. Bannai and E. Bannai, A survey on spherical designs and algebraic combinatorics on
spheres, European J. Combin. 30(2009), 1392-1425.

[4] E. Bannai and S. G. Hoggar, On tight t-designs in compact symmetric spaces of rank one,
Proc. Japan Acad. Ser. A Math. Sci. 61(1985), 78-82.

[5] H. Cohn, A. Kumar, S. D. Miller, D. Radchenko and M. Viazovska, The sphere packing
problem in dimension 24, Ann. of Math. (2) 185(2017), 1017-1033.

[6] P. Delsarte, An algebraic approach to the association schemes of coding theory, Philips
Res. Rep. Suppl. 1973.

[7] P. Delsarte, J. M. Goethals and J. J. Seidel, Spherical codes and designs, Geometriae
Dedicata 6(1977), 363-388.

[8] H. Kurihara and T. Okuda, Great antipodal sets on complex Grassmannian manifolds as
designs with the smallest cardinalities, J. Algebra 559(2020), 432-466.

[9] V. 1. Levenshtein, On bounds for packings in n-dimensional euclidean space, Dokl. Akad.
Nauk SSSR 245(1979), 1299-1303.

[10] O. R. Musin, The kissing number in four dimensions, Ann. of Math. (2) 168(2008), 1-32.

[11] L. Nachbin, The Haar integral, D. Van Nostrand Co., Inc., Princeton, N.J.-Toronto-
London, 1965.

[12] Y. Nakata et al., Quantum Circuits for Exact Unitary t-Designs and Applications to
Higher-Order Randomized Benchmarking, PRX Quantum 2(2021), 030339.

[13] A. M. Odlyzko and N. J. A. Sloane, New bounds on the number of unit spheres that can
touch a unit sphere in n dimensions, J. Combin. Theory Ser. A 26(1979), 210-214.

[14] A. Roy, Bounds for codes and designs in complex subspaces, J. Algebraic Com-
bin. 31(2010), 1-32.

[15] A. Roy and A. J. Scott, Unitary designs and codes, Des. Codes Cryptogr. 53(2009), 13-31.

[16] W. Rudin, Real and complex analysis, McGraw-Hill Book Co., New York, 1987.

[17] M. S. Viazovska, The sphere packing problem in dimension 8, Ann. of Math.
(2) 185(2017), 991-1015.



FEZH ELOEBLHEA L NSERDOBRICOWVT

B P (IKERFRFEBER T RBEEIISER)

ABSTRACT. AR TIIHFEES OSSR OMR S 2 1
HirdA, FEZEM EOBEROER L2 SHEHROMHATE W
Z BRAABEMNT 5. AR (LEXR), RERIBEK (A5
K) & OFEFEHFFLDONFICHE L.

1. &

G ZRffay Xy e L, FE G 220 X &2 5. G OHERGE
IRET 2FHE G Z2EE X OAfEERE (discontinuous group) TH % &
i, T O X OEHPEMERNER (properly discontinuous), 2% b, £
BD e X IZO\WT, 2 DD BifE C BEELT,

{yel|y-CNC#0} = {e}

YB3 h FELeld G ORNITERT.

DX ONERHAFTH S e Z, BEHR 7 X - D\X 13 T FH, K
FHIWEGS 725, ZOXSICLTRON %M IN\X 2HHE G Z=H
X O CliffordKlein JE & XX, K12 G 25V —HTH 25HE1E, I\ X
(G, X) BRI N SRS, X ITEE 2 G NERFEE
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2 YL FEsE (IR RFPRFBECER TRBIAITTER)

fieRe, FERDS 2 ML EDPRAY —~ v (BEFEio 2 > o827 + Clifford-
Klein JE & A72¥ %) ORMMEEDLLZF] 5 X1 b I 2 7 —ZEH DM
O L LWRRENETHNS.

Lo LFEZEM X OB ROEEER D #NIEa > o7 M THB5E
WX, EE X X GAERER R . £, G OIFa v oss M
R L IZOWT, X AD L OERIZERTH 2 I3RS R v NS
HRDDH L. T KD RIEa VT N REECERDEE T R0 S E 22
EoEfeREEm, Clifford-Klein JEEB & OEA R EEAEH O RGN 205
W, IRITIRIC X B 1980 SERELFD 6 0 —HDEEH ([, B, 9]) 1%
ZFHT 5. T OWTII/ PRI X 2 g3 [0, 2] 2SSz,

—F T, B ETIERS, SRR, BROSHBE R S 1o RS 5 5%
HEA LOFBMmE, HEEMOEELR T L THRELR T T
7o, ARROHINE, THETHIA OB E L THREL T X L5 E2Y
[ L oAsdiRtm & FEES oS, S ZOSELHWT
FUDF2 2 TH2E. Z20HE—HL LT, ARTEFEES LofE
BEMICHRM Y OR R 2 R b IA AL, FHZEM FOREHOEE 215
HEROMHATE VIR 2 AN T 5.

2. FHES LofF=Hm, FHZMH EoREHEH

AECIREFERS Lo SHMmB L CFE 22 M EOEE REHEH O
BEHFRZED 5.

2.1. FEES, FETH. FIARTHVWS “FHER BLU “FH
2 IZOWTORGEEZED LS.

DR #BGEEETS. ME2EELL, GO M OB IEH
p:GXxM— M ZEELRE Z, ARETIEM (M, p) 2FH G EEL
X2 7% (9,p) € G X M IZDOWT,

gop:=plg,p) €M
YELM DEHE pIZOWT, G OERE

G’ ={9g€G|g-,p=0p}

% p IZBIF3 G OEEEEDHEE (isotropy) & K&, & p,g € M I1ZD
W, 26 DFEELESEE GP, G4 1E G OWNERE AN X b B
WWHEATHZ Z L IERLTEBL.

T8 G OEOH H REE L = FIREES G/H XBRKR
BEHTHH G £85rAakLE, ZOFHESDOEZLITBIT B EEE D
X, G oW ECRAICOWT H &R0 e 725, 2 kb
FHGCEEEEZD Y, G DETHOMBEHEEZ 2 221X (L
MBHNEREET) FMTH 5.

IR G DBRATa>y 7 VAT AL INEBTH GE2EZ 5.
AFETIX, M DSEFTa > %7 gy 2 ROV 7R TH b | #HERH
REEH p: Gx M — M PEHETHH, 5K pe M IZTDOWT

m G—=M, g—g-,p

o4



SFHEZEM L oBEEREER  FEEROBERICOWT 3

DBEBRICRZ e & /M (M, p) 28 G Bt Iz ricd s, FE
G ZER (M, p) 1IZDWT, FrilZ B 2 EEMTAHIE G OPHGR D #E
5. Iz G O H ZEET % & =, FIRBEZEM G/H (I
MNIFENIAE) X BALRER CEHE G 3. ThihFHHE G ZEH
BEZLHZLE, G OMEAHORBEEEZ S ZLIZ (LIrEAINERE
KT) FMTH 5.

22 FEESLEOFSER. MUK, G 2R L, (M,p) 2%FH G &5
L35, ANETIE M Lo “FBIERFE T OfGEREDTEL.

BERES M x M 12 p OFET 20MMA7% G ERZED, Z0OfEE
BRI ELZLICTS. %7

R:-MxM-—T
EHEEMH/L TS, 22T Mx M OEDES
io :={(p,p) € M x M | pe M}
WEHE—ONA GUUEERRT 72D, i €T 275 I IIERLTEL.
AFETIE M DEREE Y 1220\ T,
Ry =R(Y xY)CZI

YBLY BETRVWED iy e Ry L2 IHR. %72, T D&
DEE F with ig € F IZOWT, “FEIENE WO HEEZUTORE
RTHWA:

Definition 2.1 (FZ5ERFEY. F %2 T OFSHES withig € F &3
5. M OEDIEE Y 23 FERILFFS (F-free code) TH % 13,

Ry NF C {Zo}

ﬁilﬁbﬁolttj‘% Zﬁ&i ryl,yg ey 737§ U1 # Yo T%ézﬂ%
R(yl,yg)Q/FJ CIBZ i S,

LUNTRAT 5 £ 512, IFEESG Eo F RIS w5 g
DETIERS, V)RR, BRFCER R SIS — M2 Aa 2 5 2 5.

Example 2.2. FEER G = 6, x (G)" OFHAKS M = {0,1}"
WOWTEZRS. 127201, G OEITEE 6, 1& M = {0,1}" IZRTD A
NEBEZELTEHLTWS23D2 L, K0 S, n lH 5 ) &
M ={0,1}" i “bit-flip” £ LTHERATIAIEHLTWEdDET 5. Z
DEENA GHEES T En+1 SEA {0,...,n} LE—MHEN, £
72855 R & Hamming FERERSEL -

R:{0,1}" x {0,1}" = {0,...,n}, (x,2") — #{i | z; # '}

EARBRTIENTES. £ bidfl—fIZBWT ii=0THs. ZZ
TI OHDEAF % {0,1,...,22} ELTCEETS. ZOr & F %%
B EIX, EX n D e iR D ETIEERFE MR & 70,

D ETIERF B OFMICOWTIIH 21X [13] R ¥ ESIRI A0,

LEp r X v “F 2 FE OFZEOREEMIBELTVWET.

25
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Example 2.3. n REXH G =0(n) OFEEETHS n—1 XK
HM=5""1(ZZTER OFEFAFDOLOHEMIKA LTHEHEEAT
WEHDETE)IZDOWTERS. ZOLExA G PSS 7 136
XM [-1,1] eFA—HfEh, EE/R R & R BT 2 NHE

R:S" 1 xS —10,1], (z,2") = (x,2")gn = Za:zx;

YABESL, ZORHRICBVWT ig=1 THAZLITHEE. ZZT7ZT
DEFEE F ZXH (1/2,1) e LTED D &, F ZIEfFE X, Svt
2B 2 REVIBCE MR 5720,

FBVE O ¢ LTE [B] 2, F7-3RE_EO— B2 /= HEmC
DWTIX [IR] %721 (I, 19, Chapter 5] ZZ I 7z,

Example 2.4. n JGEEHE G = O(n) x R® OFELEETH S n KT
A—7 Yy NEM M =R" 2EZ5. ZOLINMA G HPERE T3
X Rso = [0,00) ERI—HEN, BEHR R ER" IKBF22—27Vy
I BRAERE &Y

R:R" xR" = [0,00), (x,2') = /[lw =g = [> (2 — )2
YAHREED. ZOR—HIIBVWT =0 THBILICHFERE. ZIZTT
DEES F 22X [0,2) L LTED D &, F ZILfFS X, R ICE
B BABRTEHEO L RE S IR S .

EROTHEE O — R Rt e LTI H Cohn 12X % B Z2RaN
72\, F72 M. Viazovska ZHUDE UTMFFE 7V — 712 & B ERFIERTE
WOWTOFEDE S RNEHERE ([6, 7)) 12D2WTIE, [T < H Cohn
KX BEHE @] BRI EDONS.

b9 D FRIFEDOHIZZETTEL:
Example 2.5. G ZNEBERE 0(2,2m) ¢ L, G ODFHES v L

TAREMY 7 A< Y M = Grgn (R**™) (the set of all (2,0)-subspaces
in B2 REZ D, COL EA G HIE%R T 1

{aeR?|a; > ay >0} CR?
rR—HEN, BEG R &
R:MxM—=Z, (V,Va) = (—log A1, —log As)
THERABND. 172L, 2T Vi, Vs € Grppg(R¥™) IZH LT,
v, L R22m _ R2:2m
2V, NOERHE (s=1,2) L, £z <\ <1 BRRELET
(pvi opwa)lva : Vi = Wi
DEFEEE T 5. ZOFR—HIZBWT i; = (0,0) TH5.
I OEREEF % {aa =0} £33, ZDLE M = Grpp(R*™™)

DFNEEY B FRIEFETHE 2L, Y DEEORLZ IV, Vs
WKOWT, VinVy =0 BRH DI LEETHZ. ZDE5K F
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BIEF5 0l U TIEIANEMEBEZR S 7 A< Y = Grg ) (CH™) (R**™
WZIE F B IEHERIREZEME T 12DV, the set of all J-stable (2,0)-
subspaces of R?*™ = Clm & L7zdb D) REDHB. FEE, 2O Y IZ
DWNT

RYI{OQIOQ} cl
DY =Grog(Ch™) X F RIEFETHE 20 0h 5.

Remark 2.6. G BEREFTH 25 5121F, (M, R) & schurian associ-
ation scheme ZEDS. —fROT YV > T — a Y AF—LIZBIT 5%
SHEEICOWTIE [, 19] IZFEL V.

2.3. EETHMLOBEBLREER. A/NHITIE G ZRFTa> "7 bl
TR RVTZAMHEEEE L, (X,0) 2 20 TEDERDOEFEEH G ZEM &
T5. 20 X IZOWTOZRDEEERTHITIIEa L T N TH B
EbdHhH525krT 5.

G OMEIEE L ZEELZ 2, LIZ X 2o I2EkoTEHT 3. &
DIEHD 0 DILBTERITIL T2, Ffiary 7 b L ORFTa >
7 2R X NO#EKBHER o DEH (proper) TH 5 kiE, X OEE
DavRy VERGHEE C IR LT, L DF9HES

Lo:={lcL|(l,C)NC #0}

MaARZ PNeRBIEZWVD.

FH G = X OBROBEEH IR I THEE X, %
7203 G OB L 3a> 7 b THBE =X, L O X NDOIEH
BEETHS. LrL X OFROEEERTEHNIEa L 7 v THD,
L 3dIFar "7y THEEGEICX, L O X ANOIERDBEETH 255
b, Z3THRVEELDH 5.

Example 2.7. 77 74 ¥# G = GL(n,R) x R* OFHEZE/M L LT7
77 AVEM X =R"%2F2%. X=R" D r=0 2@EET 5L,
ZDEEERDEE H := GL(n,R)x {0} £723%. 2Ot & G O
SEEL = {(I,,v) |ve R} 1& X NEBIEHT 3. L7305
MLl TL =H=GLn,R)x {0} 2&Fx%t, ' ® X OERHIXE
BTV,

Example 2.8. G = SL(2,R) OFHZM X = R?\ {(0,0)} &2\ T
EZ5. X OR = (1,0) ZEET 5 &, ZDEEMTTEIE

()

i3, D&, G DIEa Ry NEEREE

b {(5 2| oer)

F X ANOERIZEE TRV, 2o, $XTO L #iEE X 128
FZEEETH21ICHEHLST, L EASEETIERVE WS DI
HoTW5.,

of



6 WA B (REARFRFHCE I TR RV ETER)
ROMEEE Z %:

Problem 2.9 (EHMHIEME). Rra o7 MG OFEZEM X
B G OBEPEE L ZEET2. 2O & L O X NOIEFADE
BTHE0E2HER K.

HH G M X opik—oREL, TOREEE EEY H v ELZ
YIZT B, (X,L) IZDWTOLL FOUEHFIEFEETH 2 2 & 2 5
NTW5:

(1) FEZ=M X = G/H 2B % L OIERADES.

(i) FHEZEM G/L BT % H OERAMES.

(iil) EAEZEM G/H x G/L 2B 2 G ONAERDES.

(iv) G DERD a7 MEGERE C1, Cy I2DWT, G DEfDEE
BLNC,-H -Cy' av_r Mikb.

L7=3oT, LRt DEEHEHEREIZLI IO X 5 2B FliTH 5:

Problem 2.10. Jfijffa > 87 Mt G OFETHOM (H, L) ZEET
2. ok E UTROLHE (x) BT ohriEe X

£t (x): G DEBEDa Y 7 MEHES C1, Cy 1IZOWVWT, G D
WS LNC,-H-Cyt BAav Ry MZk?.

COMEEZ H L BAEbobIEar 7 FTHBHEEITITRICIE
fHETIIRWV. L L G BRRIERER Y —BETH 2358121, /MAMETT
X, Y. Benoist KiZ & 2 fliiBHZHEEHBH SN TV 5:

IR, G ZiEMHN Y —8#r 32, G ofika >y 7 Vit K 2[EE
L M=G/K tEE pp=eKecM 2BVWTBL. £ M D GAH
V- VEREEEL, FEIND M LOFEEREEE d 235 (Z
DEE MIFY —< INFRZEM &IN5 22/ 872 5). M x M DXt
i G WUEZER T 1B\, HHEE ¢ %

d*: T x T — Ry,
(il, 22) — 1nf{d(21, ZQ) ’ p e 1'1, q € 22}
CREDD. DXL THELN S HEREZER (Z,d5) & “up to finite

cover (FHAllIE)” T2 —2V v FZERICBIT 2HAMNEEFRTHL L
BHIoHhTWS. £z,

p:G—TI, g R(po,g-po)
AN R UL XN 120 R:Mx M —TI3EEBReT5.

Theorem 2.11 (EHEMHEEH: T. Kobayashi [7, 1], Y. Benoist [2],
F7: B BRIV, FEERERBWT, G ORED# (H,L) O
FIZoOWT, LFOZSHIIFEETH 5 -
(i) (H,L) 135 (x) i3 (24U L © G/H ~OIERHE
EThHsrZ L FMHE).
(11) 2O TEEDOIFEEE r > 012DV T, Z OEBES n(L)N
N, (u(H)) FER, 2770 T ORI HES S BRUIEAELK

— — — —
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FHZEM LB REHER L TS EEm ORI OV T 7
r \ZDWT,
N,.(S) :={acay|d*(a,s) <r for some s € S}
CEDD.

Example 2.12. G Z NEMEERZEE O(2,2m) &5 5%. G ORI >3
JMREELT K =0(2) x02m) 2EESTS. 2otz M =G/K
BAEMES 7 A< M = Grigo) (R**™) (the set of all (2,0)-subspaces
in R2*M) ¥ AIRE D, R0NA G PuEZER T (3P

{a €R*| oy > ay >0} C R?

CERICFE—HEIN, BB R & Evample 23 TR L2 TEZ 5
nas.
LUR, NEMEEREE G = 0(2,2m) OFHE 24

X = {l’ c R2’2m | (I,I)Q’Qm = 1}

WZOWTEZRS. ZOZ%EM X 35 (1,2m) © G AZEREY —~< Vit
BEREDBILITED, BV —~ M (MRS —E ) Oz
o, £/ X Ofiz0=(1,0,...,0) E LTCEET 3 &, ZDEELH
SERE H = 0(1,2m) 72 5.

G DT REE LTAREMEL=RVEE L =U(1l,m) 2&EZx%. ZD
L E,

u(L) ={a1 = as},
p(H) ={az = 0}
5. FIEED reRIZOWT
(L) NN (u(H)) = {o1 = az <1}

WWERTH. EEMHHEEHED (H, L) 3&M0 (x) 2L, Fric
L=U(1,m) ® X NOIERHREETH 2. £/, 2D L OIfEHIER=
YR N, DFED I\NX 3aY T NMIRBZZEDPHSNTED, K
L DIRNDL R 7 VHRERDRE T 23R Z 22 T E X OR
a YRy S RAEERE Y 72 5. FRT Clifford-Klein JTE T\X & LTa v
X7 MRFFE (1,2m) OFEY —< Y ZEMERFICAS.

3. FURATAIRE S 2 HIRE D W

BE RITKHIE O — R EFEME 2 ED 7 b D 22 L v,
22 % D P 5 B R MM e v S L AETTIHR IR T 5 %
FHFEZEDTEL.

3.1. fEMEE, MHZER. A/NEITIIMERE S X CHZEMIZOWTOHGE
ED .

DR, QZzEAEL, QOREESZ PQ) tELZERTS. Z

ZT

Endy(P(Q2)) :={FE: P(Q) — P(Q) | E preserves any unions}.
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LBL. L “E P — P(Q) preserves any union” & IIMEED
UCPQ)IZTDNT,

E(|Ju)=J E®W)

Ueu veu
M DIIDZ T 5.

Remark 3.1. EfEES QO x Q ORZELSE POxQ) HELZ kI
T2, Endy(P(Q)) ZLLTOXIG E— &5 12k D, BARIZ P(QxQ)
E—R—IZMIET % % E € Endy(P(Q) I2WT, dp Cc QA xQ %,

Cp ={(z,y) € 2 xQ|ye E({z})}

YIEDD.

J. Roe [16] DHRETIX P(Q x Q) OSETHBTEZDEHENE
RINTWVD. ARTHNT 2 HEMZEDOHEZ, Eidrtic X b&H
itz Endy(P(Q) DEETEEZMALDDTH 5.

Endy(P(Q)) BEHRDERIZOWTE/ A FERZLTWS. BT
WBEEFG idpo) THS. $, LFD L S57%% Endy(P(Q)) LoXE
BLUOR¥HEZEDTEL.

o % E € Endy(P(Q)) I22WT, 20 “#£fE” ET € Endy(P(Q))
%

ET . P(Q) = P(Q), S {zeQ| E({z}) NS £0}.

ELTEDS. BREIZE/ A F Endy(P(Q) BT 20E
EEDDL. ThbE (EoF) = FT o ET BMEED EF €
Endy (P(Q)) iIZDWTHK D 32D,

e £, F € Endy(P(Q)) I22WT, “E C F” TH3 i, E(S)C
F(S) DMEE®D S € P(Q) KOWTHDHILDZ T3, 20D
TIHBR “C” & Endy(P(Q) LOYIEFZED, X512 b
W (join semi-lattice) IR > TW5%. % E,F € Endy(P(Q)) I
DWVWTD join &

EUF:P(Q) = P(Q), S+ E(S)UF(S)

THALNS.
RE Q LOKREE (coarse structure) ZLL R TE®D 5:

Definition 3.2 (fi#dE, FZER). Endy(P(Q)) OFDEE € 2 £E
Q LOMBETH 2 21, UNOHSKEDPEDIDOZ 2T 5!
(4) THFFE idp) on P(Q) 1& € DIL.
(i) EWFEBICOWTHL S, D% D EioF, € £ PMERED ), F, €
ETOWTH DD,
(i11) £ WFHERBEICOWTEHL %, 2D ET € £ DMEED Ee€ £ 12
DWTHL D ILD.
(iv) € X join WCDOWTHL %, 2%D, BELUE, € £ BMMEED
Ei,Ey € E1TDOWTHD LD,
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(v) & FFIMEFES Endy(P(Q)) D lower set TH 2, 2%, £
BO Eecé BXUOERED F € Endy(P(Q)) IZ2WT, FCFE
TH27%5 Fe& DD,

ZorE, M (Q,8) ZHZEM (coarse space) NS, FTARTIE, £
DETTE HIEVERZE (controlled operator)? & K XRZ &IZT 5.

HZERICBT 2 TERESG) OMRZU T TERT %:
Definition 3.3 (FR&ES). (0,€) ZHZEME T2, Q OFWIESE B
DERTHZLE, B=0TH2», $-3H20reQ BLXUDS
HIEWERR Ec & PIFELTBCE({x)) 7223 5.
Example 3.4. (Q,d) ZEREZER 5 2. Q LOMMEE
& ={E € Endy(P(Q)) | E C N, for somer > 0}

Z BERERERY d DED 2 HFHRMEIE (bounded coarse structure) & K.
272U, & r>0122WT, N, € Endy(P(Q)) %

N, :P(Q) = P(Q), S {x€Q|d(x,s)<r for somesc S}

Y LTEDS. HZEM (Q,E) KOV TOERES X, i d 122w
TOERELSDZ iz sz,

F 7=, FHZER OE RS ORI LT “Bl-pair” 2 W5 HEZELIRT
EDTEL.

Definition 3.5 ([14] in preparation). (2,€) ZH2ZEf & 5. Q OFF
DEADR (S,5") B3 BI (bounded intersection) T % &%, FEE D
HYEHZR E € £ 1220\ T, H@ir SN EW) »AfRTHL L L
5.

Bl-pair O#&1X P(Q) B 20072 ZIHBGRE ED S, DF D,
(S, Y DBl ThHaZry, (5S) Bl TH2ZLIIFEMETH 3.

3.2. #HER, HEEER. —2o0HMoBOBHIcOWTOEMEAHRE
ZURTEDTEL: MR, (2,&) (i =1,2) ZFHZEHE L, 0 : Q) — Qs
2EBRr35.
¥3, UMD EZEAT 5.
@it P() = P(2), S = ¢(9),
0" P(Q) = P(Q), S o ().
DFED o, BEBREZRL, o FTHBEERTDOLETS.

Definition 3.6 (fl—HRER). BB ¢ : Q1 — Q DB (coarsely
uniform ¥ 721% bornologous) TdH 5 &1, (EEDOHIEEARE £ € & 12
DV, .0Bog" € Endy(P(()) AR, DE D p.0Bop* € &
LBl 5.

2HRE 6] TIRFIEES (controlled set) ¥ MHIN TV BEERICHIET 2.
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Definition 3.7 (MEIEER). BB o : O — Q PHHEE (coarsely
proper) T®H % &k, FEDOAREE B in (Q, &) 1IZOWVWT, #Hig

Definition 3.8 (fHE&). B ¢ : O — Qy D (coarse) TH 2 &
&, B> OMERTHE LT 5.

Definition 3.9 (HHFEIMEGR). GiR ¢ : Q1 — Qo PHHFEME (coarsely
equivalent) TH 5 &1k, L NOFRHG 2 AT LT 5!
o © IJHEBL.
L4 *ﬂg{% w : QQ — Ql VG\%OT, (p* OQ/}* S 81 D '(ﬁ* ogp* € 52
ERBHDDVHFET 5.

Example 3.10. R B X f Z 22 2udHE OERED & 8 % 2 G5
MGz E 2, =M ART. ZOL &

¢o:R—>Z, r—|r]
GHEEE S 5.
FHZERIC 1T % Bl-pair 2B L TROEMDIAL D ALD:

Theorem 3.11 ([I4] in preparation). fFMEEARIZ Bl-pair Z{RD.
ThDb, ¢ Q) — Q PHEEEHRTHD, 5,5 Cc O £ THLE,
IR O S FFRETH % -

(i) (o(S), #(S) 1& BIin (0,65).

4, FEEES FOMITSER

Hip2 OFETEZS. AEHTIE “F BIEFFE” o—fbkr LT, «
HF2BIERTE OS2 EATS.

DUR, »H G WUEES T 1S € 2 EDTEL. T DBETES
F with iy € F12OWT, M1 F 2R IE755” 2R TERL X O
Definition 4.1 (f F Z51L755). F % 7T OO ES withic € F &
5. M DODHEDEREY PH FRBIEFETHZ LE, T OETEED
H (Ry,F) 7 BI, $72b5, (LEOHIEWERR £ c £ 122V T, Hil
5 Ry NE(F) 7 (T,E) TBWTHERTHZ LT 3.

Remark 4.2. F B (Z,£) TBWTERTH 255121, $XT
D M DIEFTEEFMHE F 2525,
Remark 4.3. . 73 T EOBERGHAME, D% D

gdisc - {E S EndU<7D(Q>> ’ E C ldP(Q)}

DEEWE, M F RIS R, Siz2icBirs FREEFEDZ I
7z 520 (ZDFE, (T,6qs) KBTI ERESG L, —HESE
WBZERETERT 2 Z 2 ICHER).
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Example 4.4. Example 2 DFFE L LT, NEMEERE G = O(2,2m)
DEFEHEGL LTNEMET T A< Y M = Grpo)(R**™) (the set of all
(2,0)-subspaces in R*?™) & 2 5. $£70M G YuERE T ZFAMHE
{a € R?|a; > ay >0} CR?
CRIL, BRICE X 2R & tEHES it s. 2o db
WZOWTD I FOBFFRMEMEE Ez £EL 22T 5. £z Example
23 LRSI OEAERE F %
F={ay=0}CT.

ELTHEET 3.

T T Ezample Z3 THHEM L7 M = Grp)(R**™) OFTHRE L
LTAREMBERT T ATV Y = Grg(Ch™) 2FZ 5. 2O Y IZD
WT

Ry:{alzag} cZ
72278, Erample Z12 DRFDFEMICE D, Y = Gr 0 (CH™) &
HEFRIEFETH BT h5.

5. HHEZEM EORHER OEE M & FAT S
REITIX G BRIV N7 AT 2RIV IR EE T 5.
5.1. A AFEAVCEEHHEEE. ¢ Lo “mfila > 7 MHE
& ZLIRTEDTEL:

Definition 5.1 (Hiffll= > <2 MBS on G). RiATa o7 MMk
G LS ELYG) AN TED, AT G Lomiflla > <7 b
L SERABNE NNt R

EXNG) .= {E € Endy(P(G)) |
EC E'ghc2 for some compact subsets Cy and Cy of G}
722U, G DEFERE C1, Cp WOV, EE, ¢, € Endy(P(G)) %
Eghc2 :P(G) = P(G), S—C,-S-Cyt

WEDEDS.

Section P23 THASM L EH L HHELREZERICI DI IOZ &
MWD 5%:
Proposition 5.2. (H,L) & G O #HOME T2, 2o 2R
DHGFMFEIFRETD 5

o HHZEM X =G/H ZBWJ% L OIEADESR.

o HHZER G/L 128 S H OIEHMES.

o [EFEZER] G/H x G/L 1ZBF 3 G OXMIERDEER.
o (H,L) 135t (x) stated in Section 223 %725 .

e (H, L)X Blin (G,EX(Q)).

» ~ept

% 7= Theorem B0 DIFFE & L TUTNDEHDL D 7D:
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12 B B (R RFABECER T RFIAF SR
Theorem 5.3 ([14] in preparation). (Q,&) ZMZEEE L, ¢ : (G, EXE(G)) —

» Cept
(2,8) zHAES®RE 5. G OFTHEEDM (H,L) 125V T, XUF
D =SMEFME:

(1) (H, L) 135&t% (%) stated in Section 223 %723 .

(i) (H,L) & Bl in (G,ELHG)).

(#id) (p(H), (L)) t& Bl in (,€).
Z OEHIIM T OEMCEAMHEEH 11 O—&biz/ > TWn5b:

Theorem 5.4 ([I4] in preparation). G Z#HJEHEIHI Y —HEL L, Section
Z3 CTHNLEERTOINVEZVHE 1 G -1 2EZS. IO X
p SHZER (G, EEN@)) & (T, €x) DHOHFEERE 52 5. 7272

L & ZIERE F OED 2 T LOBEFRMHMEERT.

5.2. HASIBROREATOEWVMEZ. XD EEHIZ Theorem b3
IS HMOMHAICEHE 2D TH L. LR THELLLBENT 3.
M = (M,p) #FE G ZERTH-> T, FROEE(IBDEED a > %
M THEHDE T3, Hig2 LFEFRIC, M x M O G #HLEESL
T, 55 R: M xM—T rEL.
D ZLURMALD D!

Proposition 5.5. 7 EOMMEE ELF(T) TH o T, UT D&M Ziii7
THDODE—DFET 5
& M DIEED S p 122\,

op: G =1L, g—R({p,g-pD)

LB, ¢, & (G,ELRG) 7B (T,ELR(T)) ~OMFRIEE
Bris.

IR, M Dfipy Z—2[ELTBE,
7:G—=M, g g-,Dp0
YBL. G DOBETES S ITOWT, I DEIES Fy &
Fs := Ra(s) = R(w(S5), 7(5))

Y LTEDS.
(H,L) 78 G QTR EEOMTH % &\ 5 & E R T Theorem b3 %
(Q,8) = (Z,EEX(D)) WEA T2 Z itk D, AROERRTH LT

DEMEE5:

Theorem 5.6. (H,L) & G OFETHOME T 2. ZOLELTD
HEFIRFRETH % -

(1) FFHZEM G/H 28125 L OERESR.
(u) FHEZEM G/L 2B 2 H OfERIIRES.
(i) (H,L) & Blin (G,ELHG)).
(i) M DERDEE 7(L) (&M Fr ZAERFS with respect to (I, ELH(T)).
(v) M OFIEE n(H) 13K F, ZAEFFS with respect to (T, ELX(T)).

» ~cept
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Example 5.7. Example -4 DFXE L LT, NEMEERE G = 0(2,2m)
O)%g%é\t LT$%@7?X’? v M= GI‘(Q@)(RQ’Qm) %%i,

I:{QGR2|O[1ZO[QZO}CR2,
WEFHHEEZ ANTBL. I OHDHEE F %
F={a,=0}CT.

2_)_ j_% . ZD Z % M = GI'(270) (R2’2m) @%Bﬁ\%é\ Y = GI‘(L()) (Cl,m) Ci
HF RIS 5DTHo 7.

Ot & I ORFMMEEIR L TEDMEME ELHT) L —HLTw
% (by Theorem p4). ¥7= M OFERE LT

x = Span{(1,0,...,0),(0,1,...,0)} e M
EEDTELE, G=0(2,2m) O EEDH
(H,L):=(0(1,2m),U(1,m))

WHLT, Fg=F 22 n(L)=Y &7%%. ZH&D Ezample 212 THI
N7 X =G/H 2B % LIEHOEENZ, AREOFEH Theorem
L DG ARTIEHTES.

Concluding Remarks: 75D H 135 H 2214 _E O A E#b i
YEEES OB RO EEEHWTHEUDIT S
CeTholz. &bz 3EELEMEEOREROEE M % AT
SHEROMHATHAT 2 Z IR LI EZ 30, 5t
WELURD & 5 REEICE D fHA T

SRR 1 B ) — BN O B E: TS OREESAR D
FEM BRI FEIFERFAaL (7 MEG BLUFEH
G HBE& M (BRI E a7 M) IZOVWTERDH
L5HDIZI>TWVWBEELTWEYN, EFEIZHRFATIE G
DERETERNI Y — B THh 2588 X0 G P EEFHDIGET
LOERDOD 202> Twhwv, ¥ G 7 7 4 V#f
THAHEGERE O, WAWARHIZRL 720,

R 2: HFSOERLDORE: ARMORETIE M I3H K
ZEHERTH AP, T IQFHMEZ ANE WS ERIE
THFEDEREDTTbA TV, M IZHHEEZED
ZOMNERTH D Bbde, 20 &5 kEAbizon
THEZ 20,

HE 3. HEASIEFICH TS Delsarte IBiRDEH: GIR%E
BEAEBLIO 7Y T —YaryRAx— L OSSR
BWTIX Delsarte Blgm e WO N REEDNH 2 (Hl 21X
(M, 9] Z2Z8). MF5HEERICH T 5 Delsarte BERHIZDW
THEEZITVIZW.

FRE 4: RAVNT b BREGEOHARICOWVWTOIGA: i

BREmIC B W TR BEERME T —~D—D2L LT, 5
ZHNEEHE G 22 X 1I2oWT, &Ra v o827 AR
BRTFET 2060 HER L L WORELRD L. ZO/
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

YL FEsE (IR RFPRFBECER TRBIAITTER)

BUS DWW, M S 2 JOH 3 5 T TlF 5 O Jik23 T
FUIEEZATVD.
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The number of connected bipartite graphs with given
Betti numbers: its asymptotic behavior and generating
functions

Satoshi Yabuoku (National Institute of Technology, Kitakyushu College)*

Abstract

We consider the number of connected bipartite graphs whose Betti number
is k and its bivariate exponential generating functions (e.g.f. for short).
By solving recurrence partial differential equations which e.g.f.s satisfy, we
obtain the explicit form of e.g.f.s and derive the asymptotic behavior of
their coefficients. We also introduce a family of basic graphs to classify
connected bipartite graphs and give another expression of the e.g.f.s as
the sum over basic graphs of rational functions of those for the number of
labeled bipartite rooted spanning trees. This is a joint work with Taro Hasui
(IMI, Kyushu University) and Tomoyuki Shirai (IMI, Kyushu University).

1 Introduction

Let G = (V, E) be a simple (i.e., no self-loops and multiple edges) bipartite graph
with bipartition V' = V; U V,, and we call it a bipartite (r,s, k)-graph if |V;] = 7,
|Va| = s and |E| = r+ s — 1+ k, which is also considered as a spanning subgraph with
k-cycles in the complete bipartite graph K, g, see Figure 1.

8 13 ‘110
2 70
11 6 21 23~.” 25 ig
%\.? \ 8 .—47,, 15 014 ;)5 \.G 3 @ 0 Z/O
™ TN . 2~ o 6 ~
O e o @ 10 Q 20/‘\ ~_ 19
& ° | o "~
- ’4 24 }gﬂ" ~ 2
| 177 o—@ Q—
/ 13 5" |26 L2
o o o
(a) (6,9,2)-graph. (b) (12,15, 3)-graph.

Figure 1: Example of bipartite (r, s, k)-graphs.

Let Nypi(r, s, k) be the number of connected bipartite (r, s, k)-graphs whose Betti
number is k, the number of independent cycles. We focus on the values Ny;(r, s, k) for
given Betti number k and the asymptotic behavior of sum of Ny;(r, s, k) with r+s = n.
For k = 0, connected bipartite (7, s,0)-graphs are spanning trees in K, ,, and it is well
known [3] that

Nyi(r,5,0) = 751" (1)

which is the bipartite version of Cayley’s formula.

*e-mail: yabuoku@kct.ac.jp
This work was supported by JSPS KAKENHI Grant Numbers JP18H01124 and JP20K20884, JSPS
Grant-in-Aid for Transformative Research Areas (A) JP22H05105, and JST CREST Mathematics
(15656429). TS was also supported in part by JSPS KAKENHI Grant Numbers, JP20H00119 and
JP21H04432.
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Note that when k = 1, connected bipartite (r, s, 1)-graphs are unicycles in K, ; and
discussed in the context of cuckoo hushing by [2].

To analyze Nyi(r,s, k), we consider the bivariate exponential generating function
for Ny;(r, s, k) defined as follows: for £ =0,1,...,

. Nyi(r, s, k) s
Filw,y) = 3 220y
r,s=0 o

For simplicity, we write the exponential generating function for spanning trees in
(1) by

sflsrfl

- r r,,S
T(z,y) = Fo(z,y) =v+y+ Z e Py
r,s=1 .

We introduce the following functions of x and y:
.=, T,=D,T, Z=T,+T, W=1T,T,

where D, = 20, and D, = y0, are the Euler differential operators.
By a combinatorial argument, we have recurrence equations for Ny;(r, s, k), and we
obtain the recurrence linear partial differential equations for {Fj}x—o.1. . as following.

gooe

Proposition 1.1. For k= —-1,0,1,2,...,

(Dy + Dy + k) Fiia

k1
= (DyDy — Dy — Dy+1—=k)Fe+ Y  DoFy - DyFipi, (2)
1=0
where Dy = 20, and D, = y0,,.
Now we can solve the equation (2) inductively and obtain Fi, k= 1,2,... in terms

of the known function 7.

2 Derivation of F),

From Proposition 1.1, we have the explicit forms of F; and Fj as functions of Z
and W.

Proposition 2.1. The function F\(x,y) is expressed as Fy = f1(W) with fi(w) =
—1(log(1 — w) + w), i.e.,

1
Fi(z,y) = —§<log(1 ~T,T,) + TzTy).

Theorem 2.2. The function Fy(x,y) is expressed as Fy = fo( Z, W) with

w2

fa(z,w) = m{@ +3w)z + 2w(6 — w)}.

From Proposition 1.1, we also have the explicit forms of F3, Fyy,... and so on. For
k > 2, by using another expression for Fj, discussed in Section 4, we have the following
expression for Fj.
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Theorem 2.3. For k > 2, the function Fy(z,y) is expressed as Fy, = fi.(Z, W) with

9 k-1

w .

Ji(z,w) = A w1 D a(w)?,
=0

where qi j(w) is a polynomial in w.
We remark that Fy(x,y) has no logarithmic term for k£ > 2.

3 Asymptotic behavior of the coefficients of Fj.(z,x)

From Section 2, we obtain the asymptotic behavior of the coefficients of the diag-
onals Fy(z,z). Let (x")A(x) denote the operation of extracting the coefficient a,, of
2" /n! in an exponential formal power series A(z) = Y07 a,%;, ie.

(xMA(x) = ay,.

The coefficients of (z")F(z,z) counts the number of connected bipartite graphs with
Betti number k over n vertices, or equivalently, the total number of connected bipartite
(r, s, k)-graphs with r + s = n. We denote it by

Nis(n k) == (@) Fp(w,0) = Y (Z) Ni(r, 5, k)

r+s=n

= #{bipartite (r, s, k)-graphs with r + s = n}.

Let N(n, k) be the number of connected graphs whose Betti number is k& on the
complete graph K. For k > 1, the asymptotic behavior of N(n, k) was shown in [4],
and we obtain the following results.

Theorem 3.1. Forn=4,5,...,
n!

n—1 .
Nis(m, 1) =" ) (n — 2k)In2k

2<k<n/2
~ \/gnnl/2 ~ N(n,1) (n— o0).

Hence, the asymptotic behavior of the number of unicycles in K, ; with r + s =mn
coincides with that in K&,.

n 3 4 5 6 7 8 9 10 11
N(n,1) |1 15 222 3660 68295 1436568 33779340 880107840 25201854045
Npi(n,1) | 0 6 120 2280 46200 1026840 25102224 673706880 19745850960

Figure 2: N(n,1) and Ny(n,1) for n =3,4,...,11

Theorem 3.2. Asn — oo,

Y 1
Nbi(n, 2) ~ @nnﬂ ~ §N(n, 2)
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n 4 5 6 7 8 9 10 11
N(n,2) | 6 205 5700 156555 4483360 136368414 4432075200 154060613850
Npi(n,2) | 0 20 960 33600 1111040 37202760 1295884800 47478243120

Figure 3: N(n,2) and Ny(n,2) forn =4,5,...,11

Hence, the asymptotic behavior of the number of bicycles in K, with r +s =n
coincides with one half of that in K.
For general k, we have the following asymptotic equality.

Theorem 3.3. For k>0, as n — oo,

Nbi(n, kﬁ) ~

92k—1 N(n’ k) (3)
Remark 3.4. We can show that the spanning trees in K, ; for some (r,s) with r+s=n
are in two-to-one correspondence with those in K,,. Therefore, we obtain the following
equation:

Nbi(nv O) = 2N(TL, 0)7

which gives (3) for k = 0.
4 Another expression for Fj,

Roughly speaking, for each connected bipartite graph G = (V| E), we can obtain a
simplified graph B(G), which is called basic graph, by deleting leafs and its adjacent
edges of G and contracting their paths. We give an example of obtained basic graph
B(G) in Figure 4.

O14 27
) o °1’3’,’)f S
° ,‘ 16 o ’/2

Q I d-edge
\‘ 4 ,,,026 ° 9
[ ) 24 107 ° 22 1

S 9 2

15 526 ‘o

(a) (12,15,29)-graph G. (b) (3,4,9)-basic graph B(G).

Figure 4: Example of G and obtained basic graph B(G).

Note that the Betti number of B(G) is equal to that of G. By the combinatorial
argument developed in [4], for given B, we reconstruct connected bipartite graphs, and
we have the another expression of Fj,.

Theorem 4.1. For k > 2, Fy(x,y) is decomposed into the sum of rational functions
of T, and T, over basic graphs as

Fk(x7y>: Z J8<x7y)

BeBGy
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with
T:t‘?VﬂTz‘/VQl
g5(1 = T, T, )N k1=
where Vi UV, is the vertex set of B, g is the number of automorphisms of B, Ny, and
d are the numbers of vertices with degree > 3 and d-edges in B, respectively.

Jp(x,y) =

For example, if we take B as the above B(G) in Figure 4, we have

Ty 137

J, = = .
B(l‘, y) 98(1 — TmTy>Nsp+k—1—d 2<1 _ T$Ty)4

For definition of d-edge and more details, see [1].
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Equiangular lines with common angle arccos(1/3)

I
IR TR T2

1 EL®IC

AR T B A B arccos(1/3) DFEMEREDIERICEE T 2 FR 23
¥3. FAERERE ZEWVIRHTAN—ETH S &5 RIEAZ] %6E$§@%Q’C“3§5. Bz
X, K1 IEAE «/3 0OFAEMREOHTH 5. IEEE I LT, dXjt1—2 Y v RZE[N

1: 220t —2) v NZERNOAE 7/3 DFAEFRED U &>

DA arccos(a) DEFEMEIMED HRAIRE N, (d) I FBAIHIEINTE . ZOEHIE 1940
FERBIIWCETHMS. Lemmens K& Seidel [Kid d RITZEEPNC B W THEMA E arccos(a) DEF
AEMBEDORED n > 2d 2723201 1/a lFEGHTH 2 Z e Rt L 7 [4]. £D7®, «
DEROTBOGEDFLRHFANR L 725, FHI—HHEHZ o = 1/3 DAL, Lemmens K&
Seidel [ [4] 23 Z —KZEALT Ny s DETOEZRE L. ZDRLIES LT, LD

# 1 d RoTZERIN OB AL arccos(1/3) DA ERRED e KA [4]

d | 34 5 6 714 15
Nyjs(d) |2(d—1) 10 16 28 2(d—1)

M HEAE arccos(1/3) DEFMEAIEDHITIMHE o 7. £3 . FABEMELZ Z0R/DDZEH
DRIL%E Z DR PR, Z LT, P d 2 oF@ M E arccos(a) DFEMEMBED R AIEE %
Ni(d) e 32L&, de{8,... .11} ITH LT N 4(d) < 28 = Njy(7) Z/RENTV S [2]. &

5ICLin K& Yu RIE NY5(8) = 14 [5] &R L, B8 THIBARL arccos(1/3) 22 OE 14 OF

AEREE—ETH S Z e DR LTV [5]. AFRTHE T 2 FHARTIER WD, Meng-Yue Cao

IX, Jack H. Koolen X, “REMHSAR L OIEFEBIFUC LD d > 8 R BHIX NY 5(d) = 2(d — 1), »

DX TRVEE NJjy(d) = Nyjz(d) Z/RL TS [1]. KERTEMAZILH AL arccos(1/3)

DEMERBEORE L WS X DFFMRMARE 52 T0WS. TZETTHNLE XS BRAKNZ
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WEMEMRROWIFN D 5 —)7 T, FAERBEOEBBERZBIR L MRS H5. Zhzeifn
TBLDICETROERTIL T ZEAT 5.

EE L FFEBEITNLT, wn) % 7 RITZEMA D@ A arccos(1/3) D n ADEFAE
IEOMEE T 2. F7z s(n) ZHICHBEARE arccos(1/3) D n KOFHBEREDMEE L T 5.
BB, I TOMBBFEREBREZDZVTHATVS

Szoll6si Kk & Ostergard Kl w(n) ICBT 2R 22527 (7]. 2hk /7713582
ORI o TWVD Z IO, L, ML w(6) & w(22) X120 8RS, A

# 2: w(n) OfE

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 13
w(n) | 0 1 1 2 3 5 9 16 23 37 54 70 90 101 103
n 28 27 26 25 24 23 22 21 20 19 18 17 16 15
wn) | 1 1 1 2 3 5 10 16 23 37 54 70 90 101
T S I I T T R
100 | allm |
=
3 50 s
0 T DDDDHHH I A HHHDDDD T

!
2 6 8 10 12 14 16 18 20 22 24 26
n

2: w(n) OWI 57
TN T 2ERO 1 O THZROEH 21EZONFMEEFHAL D DOTH 3
FE2. ne{0,...,28}\ {6,22} i LT w(n) = w28 —n). £z w(6)+1=w(22).
F7z, 51 s(n) /MW n OFPATIEPC THIELRIZEZTWS. ARETHENT S 2
7 3: s(n) DA

| n [3 456 7 8 9 10 11 12 13|
[s(n)[2 3 5 9 16 25 40 58 75 96 108 |

DDDIERTHZEHIEITARTD s(n) 252 5.
3. JFEEH n T LT
w(n) iftn <7,
s(n) =< wn)+n—=6 if8<n <12,
wn)+ 5] +1 if13<n.
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2ODFERIZTVTND [I] TEASINZAL v F 7N — b 2HOWTESN S IL— FMEFIC
FoThHEoNE., 20D, TI%EME L THEHANRHELZEAT 3.

2 %

X3 0 TIEN KDY £1 TH 2 0TI H A TILTF eI S, 220004 7
MTEN S & S BRAYFUIRMETH % 21X, H2 +1 A TH] D & BEATH] P B1FAE L
TS = (PD)S"(PD)T DD TH3. F/ZDLES ~, S EEE, [§]:= {5
P A TAATH] | S~y S’} LED .

777 TR LTHA TALTH ST) %2 ST) :i=J -1 -24D) k> TEDS. 72751,
A 77 7T OBMEATIIRR L, JEEAGPETLOTFERT. X612, S(G) DEHHE
DEHATFTIEBELIER. £, 220077 7T 2 AKLT, ST) & S(A) DAL vF
VIRMETHZ L E, 20D 7 73 RAYFUOIRETHL WS, FITT LRL v F v
JTfl7 77 7 2% ] TRT.

BREHENTH 208 n DY A FTAATHSITH LT, ri=rank(A\ - 5) £BL. Dk
E, [ - S/ANFFEMETH 2005507 bl uy,...u, € RTHFEELT

(I = S/N)ij = (ui, uj)

Ziti7zs. 2070, {Ruy,...,Ru,} FFEB r 22 DMEL arccos(1/)\) DFMEMRETDH 5. #
I DEMERRGED S AL v F ¥ ZRER RV TTIEO Y 4 TOAUATINIMETENS. Lo TR
WFEEABERBEDORD DI A TIUTH], NI ZFEDRA v F 27075 2% FIHKS.

3 JL—FEF

AT FRIETERTFTHLLTE. EXV2DRZ FLEL—FEWVW, L—FT
AN TEL— METFEWS., BEL— METIXRD XD ICHEEIN5.

A, ={veZ" | (v,jy=0} (n€Zs),

D :={veZ"|(v,j) €2Z} (n€ Z>4),

Eg := Dg LI (j/2 + Dg)

E7 :={veEs|(v,e1 —e2) =0},

B¢ := {vE€Es|(v,e1 —e2) = (v,ea —e3) = 0}.

FREL, e 35 i BRAH L THOMSMEZ0THEAZ FLE L, JRESDRTLIONRZ b
TH5.

A= MEFLOYA LR W(L) £EL. ZLT, 2000 — MEF L M OOSEEEHS
ROEE % Hom(L, M) ¥H<. X512, Fuel tve ML T, Hom((L,u),(M,v)) :=
{f € Hom(L,M) | f(u) =v} ¥ 3. HFEEHITOVTIEIROEIHZHIFIL VS,

IR 4 ([6]). FEE S LINDEEIL— + L ZEL%. |W(Eg)\ Hom(L, Eg)| DIEFEIX L 25 Ar 721
Ds LABEDEEL x5 2THD, ZHTRVEEZ1THS.
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4 RAyFTIL—F

757 G LT, ZO#MIZGTEIN, GIHFLVEZENMLTZDEE GOETDH
PREATTELZ S 7 LTERINS. TOEEDD & TR IO,

EES TEDOZ 77 GIIHNLUTUTNIFRMETH 3.

(1) ¥4 FTUTH] S(G) DIRKEEHEIZ3UATTH 5.

(2) #t G DBHEITY A(G) D/ NEHEIZ 2 ETH 3.
WIFNHBEE D LA, rank(3] — S(G)) + 1 = rank(A(G) + 21) 23 D 37D,
ZOEHICE > TRDEFRNTI £LARZ MADEND ZED0H 5.

E&6. FA FNVRAKEGHEILL TN DZ57 GRS, R Mlug,...,u, & AG+2I)
277 MIHNCFEOb D T35, 2ok E, BL— MET AG) := (ug,...,up) BEE 3.
CDEIHEFRIED L ZD ug ZRAYF T IL— kLIRS,

1B ZOERICBVT AG) = A(H) (H € [G]) IR Do, Bl [1] 2BRE -0

5 TFIE 2 OSEEHDEIRE
ARETITEH 2 OFEFHOMIE * 5.2 5.

EE 7. JEAEH n 2H5. BRKEHMED 3LUITDOY A X n DA FIALTHIREDESE ST
ELL RV — METLICHLTS™(L) := {S(G) e S™ | A(G) =L} tEDB. %7,

QM = | ] SM(L)
L: 8 RITLA N OBEH L — M ST

eBL.

EREEHS 25 s(n) = |SMW| L whn) = QM| THE. ZLTA() DEHRDLSRXDES
ns.

ffHiRE 8.
S(n)/ ~sw— |_| S(n)(l-)/ ~sw
L: BEf9L— Mg
TRED, s(n) ZHET 3121 SM(A,) ¥ SM(D,,) ZHETHIEZRWV. LALIHIEZFA,
X Dy, Db— MIBHRICHEIATE 2D TROMERERNE LN, BEHITEH 2 0ES.

WRE9. BHn > 31T LTSM(Ay)/~ew lE@m =n+1 DX X {[S(K,)]}, %5 Th\E Z2T
H5. BHn > 4L TS (D) e E2m—2) >n>m—1D 8 Z {[S(Dpm_2n-mi2)]},
ZOTRVWE ZHTHB.
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6 TEIE 3 DIFFADELRS

%5, QU IZBRKEGMWD 3 LR rank(3] — §) < 7 DA FIAATH S BIRDLTHEE
rHT 3D THo . HuZ, QW r Q) ORNCEMSEES Z 8 TEM 3 DR TH B0
EZ RS 5.

L= BT EsDL—+2k%2 Re#EX L— 2 12FEELrc RT3, ZOL X,
N(Eg) :={ue R|(r,u)=1} £BL. ZHIZ R LOFRERERK~ %

u~v:<e= u=vE~LiZu=r—v
TEDD. ZDr 254

o WE)NE) = )~
W(Es){[ur],.... [un]} —  [S(G)].
2 AG)+2I DSuy,...,u, DF T LITHNCHR D G TERT 5. 20D well-defined 12725 Z &

WFHA S 2Tl 0D, HARICHEDRD D Z e TE L. ZOEMRITE LU TRBE D VLD Z & ZFE
BT, MRS, 2HE

W(Es)\(VEY) W (Es)\ (V5E™)
W(Es){[u1],...,[un]} +— W(Es)r (N(Eg)/ ~)\{lu1],-. ., [ual}).
DRHDLOTEHIDPELIIHD.

FEIE10. IEEEE n £ 6 1N LT o, ZEHFTH S, F/EMH ¢ 1K 2 [S(Ke) IFEE2D
Higr bbb, ZOEPOMREIITRTEELITDH 5.

Proof. ETWGEEEZ RHMEETRL, ZOKZOMEELEZ 2. LEIC QM ~y DTE[S(G)]
EWB. ZOLE, AG)+20 %77 MTINHFONZ Moy, ... v, BEIS. 7B, AG)
FZINEDNY FATERINZ V= MEFTH o, £ LTI[S(G)] DG

{W(Es)rf({[val;- -, [va]}) | f € Hom((L, vo), (Es, 1))}, (6.1)

LETB. UAVEEW(ER) 13— b 21K RICHEBINIZIER T 2 DT Hom((L,vo), (Es,r)) &
Hom(L, Eg) DN HARRFRIMFET 3. LEd>TEH4IDAD) DA 2 DsDEB S B[H
TGN L %, W05 (6.1) DIEEEIZ 1 27125, T A(G) 23Dy L@ ¢ %% Hom((L, vo), (Es, 1))
DILL 755 BARW72 2 DDBEG 72D, Wi (6.1) 2 ET 2 e BRIEBEES 100 5.
RIBRICAG) DA, bR X, £T(G) =Kol £725 229 h 5. ZL T, EgDHIC
A LEBIIETDH 2582052 Z 2 FHHNTED, W (6.1) DRENH x5 2DT
HDZEDHES. O

EHTEF

YRS AMIBOVWTHREHROE L2 52 T B s =HFEAN - BGRE 0BT IS
7-LET.
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Rank-Metric Codes and Matroids

WA &S
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keisuke@kumamoto-u.ac. jp

1 Codes and Matroids

SEHBUEALL, p:25 - Z2BIET 2. KD 3 O0ZM %R TITNS M = (S, p)
ZIROAK (cf 21]) £V,

(1) XCSHEBIE, 0<p(X)<|X|TH53.
(2) X,)YCSPDOXCY &6, pX)<pY)ThH?.
(3) X, Y CS%&oIE, p(XUY)+p(XNY)<p(X)+p(Y)ThH5.

F, % ¢oufk &35, F, ED [n k]-f55 C LAERDOEWAEA X C S = {1,2,...,n} ITH
LT,
p(X)=dimC\ (S — X)(=dimC —dimC(S — X))

LEFET S, 220, EEOY CSIKNLT, C\Y XY IZX2 punctured f52E L,
C(Y):={xeC : supp(x) CY}

£E95. ZDEE, Mo:=(S,p) 3 LD 3FM2WT DT, Mcld~vrtuaAfFEks,
v haAg N M=(S,p) DBELBREEZRD L) ITERT .

R(M;z,y) := Z xp(S)—p(X)le\—ﬂ(X)
XcCs

1976 41 Greene ([18]) 1, F, LD [n, k]-f55 C DN v TEALGEHA Wo(z,y) & MIBT %
2 buA N Mo DBEBRBIBOBRZ TR TRXD L Ao N7 [EEX (Greene’s identity & 5
bnTwb) ZitH L 7,

Wola,y) = 5"~ (@ — y) "™ R(Mes 22—, =)

Y

rT—y Y

FRIOFRDIGH E LT, 5o v 7REALHKXICEHT 22y 774 ) 7 4 XEER
DA RWEEHZ 5 2 T3 (cf. [28]). DL, 5 &~ tuA FORERICET
%% K D XRS5 ([2, 3, 4, 25, 5, 8, 26, 27]).

1
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2 (g,1)-RYUThOA R EREBBELK

DI, Mat(n x m,F) Ik D F, EDn x mTHI22M2 £ T, F, LOY A XA nxmD
(Delsarte) PEEKBERERTS C ([10, 11)) &1, Mat(n x m,F,) ® F -2 2EMTH 5.
E:=Frtl, DS<ETDREDMOEMTHE I L2RT L LT L, EREDEHTZERM
J<EIZXWLT, R2EELET 5.

C(J) == {MeC|col(M)C J}
Jt = {yeF|z-y=0 "z J}

22T, col(M)d MDF, EoFIZEM%Z LT,
Lemma 1 C(J) %, Mat(n x m,F,) D F, -FRIEHI2=MTH 5.

()& D, EDOEREDOEITZER J DR TOMTZEMEZ T,
ZIT, (¢gr)-RYy~tuaA Fe~badg P (E#ECE-RY2baA ) o NE L
T, RDEXIICEET 5 (cf. [22]).

Definition 2 (¢,r)-IRY MAA K (ZRD 3 DD5M2iiifc§ X7 PVERE =F? L
Bop: 2(E)—=Z*U{0} DIEFN P = (E,p) TH5 :

(R1) ASE%®RGIE, 0<p(4) <rdimATH5,
(R2) A, B ED»DACB#%65IE, p(A) <p(B)Th5.
(R3) A, B< E%5IE, p(A+ B)+ p(ANB) < p(A) + p(B) TH 5.

22T, (RS p({0}) =0THD, (¢,1)-£V=buf FIZHIC T RO RESHN
TWw5,

Proposition 3 C Z Mat(n x m,F,) NOREBEEEERTZ & L, p: S(FE) = ZTU{0} 2{EE
D EDETER JICN LT, RDLIIELT 3.

p(J) := dimy, C — dimg, C(J*)
ZDLE, Po=(Ep) % (¢m)-FV~tuaAf FThH5.

%%, v buA PO P E BBEREERT 5 OBIRIC O W TIE, EFEIGFIICOTZEDN R S
NCTw5, BIRDYH 54715, [19, 24, 14, 6, 17, 20, 15, 1, 7, 16] FEx S I 11720,

(q.r)-BV = buA FP=(E p) ORBBREBERD L) IERT 2.

Rp(Xi, Xo, X3, Xy) = Z fP (X1, X0)g™™ P (X, Xy)
DeX(E)
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220, [LED E OIRYZER Tkl T,
fg(X7 Y) = XP(E)—P(J)Yrdim J—p(J)

EL, BEDOIFEE I c 2t U {0} ITXL T,

-1

g(X,Y) =[x —¢'V)

1=0

A

Proposition 4 fEED (¢,r)-FV~ v A FP=(E,p) LEED E D722 J IR LT,
RDE ) ICBAZED B,

p*(J) == p(J) +rdim J — p(E)
ZDLEE, HFR P = (E,p*) &, (¢,r)-FY~taA FTdH3,

S5l (¢r)-RV~=buaA FP=(E p DREBEBEE Rp(X1, X2, X3, Xg) IZHR LT, X
DLIAZFTIERT 5

Rp(X1, X2, X5, Xa) = > fF (X1, Xa)g™™ P (X5, Xu)

DeX(E)
ZOEE, (¢r)-K) 2 buA FORBEIBEICO BT, KOBERE S 3.
Theorem 5 P = (E,p) % (¢,7)-FV~bruAf FETE, ZOLE,
Rp-(X1, X3, X3, X4) = Rp(Xs, X1, X3, X,)
DIRANLT B,
2201751 M, N € Mat(n x m,F,) DNL—RBEZRXD L) ITED 5,
(M,N) := Te(MNT)
22T, TridfiloNAame 5,
C % Mat(n x m,F,) NORBIHMA S L T2, COMRAFEEZRD L HITERT 3.
C*t:={N € Mat(n x m,F,) : (M,N) =0 for all M € C}
CDLE, ROMEPH SN T 5 (Lemma 5 in [23]).
Lemma 6 ([23]) BEBEEHERT S C, D € Mat(n x m,F) IZH LT, XD EDHT 5.

3
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(1) €H)*+=cC

(2) dimg, (C*) = nm — dimg, (C)

(3) CND)t=Ct+D+, and (C+ D)t =CctnD+

Proposition 7 C Z Mat(nxm,F,) NOEEDEBEERER & L, P = (E, p) % Proposition

SCHIML 72 & 9 ATHTC LB (q,m)-KY 2 AL FETS, ZOLE, P = P
Th3.

Definition 8 (cf. [13, 23, 9]) C & Mat(n x m,F,) NOBEEIEMT S & T2, C ORSEEHS
D% {A(C)icns, T 5. 22T,

A;(C) = {M € C : rank(M) = i}|

TH5., COBBEHSERNZRD L ) ITEXKT 5.

min{n,m}

WC I~ y Z A mln{n,m}—iyi

DUFDS, AREFDOEMETH 5. (¢,r)-FV > FuaA FEBEBEREER S 12X % Greene
MEEXD—-FTHD LEEX 5.

Theorem 9 C % Mat(n x m,F,) NOEEDREEEEIERT 5 & L, P = (E,p) % Proposition
STHIRL 7 £ 9 A TFHETChBBRoNT (gm)- KU oA FET2, 22T n<m &
T35, ZDLE, ROEXDVRLT 5.

1

W (x,y) =y "™ Rp, (qy'/™, g’ )

3 YvI97414 )7 LXEEXANDIHA

AFETIE, Theorem 9 DJFHD 12 & L THBHRRERT 5D~ v 77 4 V) 7 o ABUEEAZ
¥/ 3 %, Theorem 9, Proposition 7 & Theorem 5 Z A G b 5 2 & TRDOEXDEEH
TE 5,

Proposition 10 C Z Mat(n x m,F,) NOEEOREEEHT 7L 5. DL &,
1 "I —dimS] [n—j 41 N
W = — Ac( —1)! (3) mG—1), 3 n—i
LR SO 35 i Kl B AR NS E R
Sex(E) =0 1=0 q q

PIRALT 5. 22T, [[] BIFEER 6, b D g- 2HRBERT,
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Proposition 10 (& & 2 EOBEEIEF SO~y 774 ) 7 A AREER L B2 2 L3 TE
%ﬁ,ﬁ%wﬁ%ﬁ%®%6’ﬁmﬁf%ﬁ¢%k IZ, B2EELT[12, 13 THVwLHNT

Definition 11 ([12, 13]) a(z,y;m) = >_._jai(m)z""y" & b(z,y;m) = Z _obj(m)xs Iy
723?% REEXE TS, a(z,y;m) & b(z,y;m) D ¢-T& (x,y, m) ZRDRE (r + s) DIEA
REHEAXTERT 5.

oz, y;m) = alw,y;m) * b(z,y;m) =Y cu(m)z" "y

(Y
(Y
A

= Z qa;(m)b,_i(m — 1)

TH5H. n>0ICNLT, alz,y; )@q-ni’% AR D L ) IZEFET 5,
a(z,y;m)? = 1
a(z,y;m)" = a(e,y;m)"xa(z,y;m), n=1,2,..

Definition 12 ([12, 13]) a(z,y;m) = >_i_,ai(m)z" "'y O ¢-FH 2 R DIEFREHK TE

#£75.

r

a(w,y;m) ==Y ai(m)yt 2

1=0

ZDEE, ROEADVHRINLT LI EBTH 5.
a a—1 a—1 a—1 a—1
bq b . b—lq b . b—lq
chq b—cq c ‘

(3) {a} _ qz‘(a—b—n—f—i) {n] [G—ﬁ] ., n=0,1,...,a
b q l q b—'l q

=0

0 (3= ()l

INFToEmEHAGOE S 2 LT, BEHEN S oMoRELETOYy 774 Y T LR
RESAR RSN 5,

Theorem 14 C % Mat(n x m,F,) NOEEDORBEEERHT S £ 9%, 22T, n<m &¥ 3,
ZDLE, ROEADILT 5.

Wel (z,y) =
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TEAARB EOMEED Y 27— « 7 4 VEINON 4

B — 8] (SUTER T AE)

1 ELC®IC

HA (TFHZE) REUE, 2—r ¥y 4y PROBHRS 2 RouttE5 MR O B E
b % B & LT 1986 i Borcherds[4] IZ &> TEHA XN HLWREKRTHS. V
ZHANRE, Gz VoBHCRABELAELE, GIZEoTHEHEEZNS V OTOL(K
VE={acV |EEDgeGITMNLTga=a} 3V OESRE L 22, BEEHDIEL
VEmENE, XOHEZE S OTEARKOBEADICHY H 2720, ZO7HOEERMS
MR RoTW2, flziE, Borcherds[5] Ik % L —> v 4V FROMBRTIEN R
Rl Lo —r v 4 VHAFRAZNAE 4, 14] &, 8IS 2 THAREDEE
HoaRE e zomEEE W THEREATWS. VE IMBEORIFRIC B W TEARR 72 M8,
VIR G L OBIRTH 5. V IIBHIBERC VO B 2508, V B VC ke
DRI E TR T 2 72D121%, V MBEOILETH % twisted V MBS L 2 5. Py
FEZLZTHO—HERICEIT S .

FR 7). V IFHEMRESEARAE, GLEzoBERo BRI 3 5.

(1) EEDOBE VE BN, & 287 g-twisted V IIEE (g € G) DERDIBETH 5.
(ii) R V MBS 513, TR VE b 25 Th 5.

Z 2T l-twisted V INBEDSEHE D V MEETH 5. [EHEICE, ZOFHEIVEOFHITH
5 [7) ONEDO—E%Z, HRIEHZERBOSETHERZLDDTH D, HAMFHRMARKICY
DX BEHEMFIEZPICEHLTEREESNDH L. 2 ZTREIREAIBRO» > TViRWVE
HfE»s, THM) WO RFOAEZRELTWS. &2 LY@ LT, TV IdEM»D
FRIZTEAERAZRRE 372858055, ZoTHOBRICOWVWTIE, [6, 11] F%2 5K
v, 22T, TOTHEOHBRBTH 2 ROMEEZEZ 5 T (1) IKEALT, %
b Z b BN twisted V IEEOHICEERN VE MBEDIZ WV > TWB DD, B2 W0Ed - Ll

RORE 1. V MEILTEAMEAZEARE O & =, % twisted V IIEE M 13522008 VE

1
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B? oFh, M ZE VE MBEEOEMCKR s TWAHR?

Z ORI T 2 RAIIAZEIX, Dong—Mason[10] IZ & - TE#DH SN, Z Z T G 23]
fREET M =V OEGAEPEENCHRRINTZ. 20K, GOB—HROBRETM =V Ok
X9, M2V mEfo & = [13], EINCIE [17) THE 1 ZEEMCR IRz, 2o
RO M=V OBEDOICHE LT, BMEREHARRE Lo a7 EarnEhTtns
[9, 10, 15].

T4, Heisenberg THRARBDOEETH 7R LD KR AL v &5 —TIBERI 55 B D 7344
[20] Z—D2DZMEE LT, EEHTRELOMEDORBEAFALHIGZ 20D % (cf.
(1,2, 12]). 2 ZCEME 1 eBwT MEAERAZEREL & MMEX T oHAREL 1
EHELIZDD, OFD

IRE 2. V B EIOTOESAREO & &, BHR twisted V INEE M 1 Z5E2AH
VE gD

DEZONTNWS. FHT [12] TIZZ DEDHIBRTH S [g 28 G DHIDICA>TWBE
BB g-twisted V INBE M X520 VE IMBECH 21 ZedR&Eh, GHE L
THHMESRE Lo e 7stsBd o Ttns, MMEHEERZERE 2 MESREy g
HLTH, DLOTHPHE 1 PERERT I EHLIATED - 28, HARK LD
AL LT, TEAERZRRE EOMERCR L THWSRT & Zhu R Y o)
BAEDEZ 72725728, DANIHAFREIERICHE LW EbATW0TH 3. K,

25 EICHoTER. SENEZ DM - T, ME 2 DERICHRER 2 & 2l
T 5.

2 JER (1ERx) R EOmE:
AR L 2 OB R E BV THL.
T 2.1. ROKMEIHLT (VY1) 2TFARKE S

(1) VIx C LoxZ b VZER.

LA L\ S SeHEENC Shur OWE (4 twisted V ATBE M ISH LT Endy M = C) DBET
BB IDIREIN TS,
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(2) = BIHRIERE LT, V 13554

Y(,x): V@cV —=V(x)
W W
a®br—=Y(a,z)b

ThH3. Y(a,2)b= > a;br™ "1 vEREEL.
i€z
(3) 1eVTY(1,2) =idy (V LOEEFER). 2% 0,1 =idy & 1; =0 (i # —1).
72, a € VITHLT, Y(a,2)l=a+> . , a; 1z~ € V|[x]].

(4) a,b,c e VIIXHLT, Y(a,b,clz,y) € V|z,y|llz=ty™t, (z —y) Y DIFELT
tayY (a,b,clz,y) =Y (a,2)Y (b,y)c € V(@) (y)),

ty2Y (a,b,clz,y) =Y (b,y)Y (a,z)c € V(y))(2)),
ya—yY (a,b,clz,y) =Y (Y(a,2 —y)by)c € V(y)(z —y)).

0
0
A

Vil = > vpa' vy €V (i=0,1,...)},
=0

Vi, gl = Y vupe'y’ | vy €V (6,7 =0,1,...)},

,7=0

V(x) = {Z vt | vy €V (i € Z) T vy = 0(i < 0)},

FTDD. 1pyf &, flz| >y CRoTERANCEALEZSDTHS. 1ya, oy d
[FFRICED D. DFED, a € VITHLT iy y(a) =tyq(a) =ty s—y(la) =a T, jkleZ
WAL T IERERM 2 W T

(P —)) =3 (D)0t e @,
e (@9 (& — 3)!) = Z (1) iy eiat® € (),
e e =) =3 (V)0 - o i@ e

YED S, THAMAE VK L THEIT (Virasoro Jt) w DFEEFRL, WL 2h D&%
BANL 72 % O 2 THRIEHZERE (cf. [14, 16]) W5

3
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EE 2.2. (VY1) 2THEARKT, weV 232, XOLKHhEHLTeE, (V,Y,1,w)

(1) ¢y € CHTFELT, i,j € ZITHLT

ii-1)(i-2)
12 v

[wi, wi] = (i — Jwitj—1 + dirj—2,0 (2.2)

i3, EH1I2ac VIIHLTwia=a_91 27%%5.
(2)ieZWXHLT, Vi={acV |wa=ia} £BLL, V =d;eV; LEMDHET
5. XKL TdimeV; <oo TV, =0 (i <0).

DIV IZESRBE L, ROEKMERMLZT w eV DFETSE L E2IET 3.
(%fF) EED a € VIZH LT woa = a_»l.
ZDEMHEDOTRTV OMEEERD XS ITED 5*2.
E& 2.3. (HRRE o) RoE22 T3 (M, Yy) 2 V gL v,

(1) M3 C Eo~xZ bLZER.

(2) Yu(,z): VeocM-—M(z) &CHEER. Yyu(e,z)u=> aqur !
w w 1EZL
a®ur—Yy(a,z)u
CERZES.

(3) YM<1,£I:) = idM.
(4) a,b e Viue MIZNLT, Yu(a,bulz,y) € Ml[z,yl]lz~",y~ 1, (x —y) =] 377
fELT

tayYar(a, b, ulz,y) = Yar(a, 2)Yar (b, y)u € M((2)) (),
by,2 Y (a, b, ulz,y) = Yar (b, y) Yo (a, x)u € M((y)) (),
Lyz—yYar(a,b,ulz,y) = Yo (Y(a, x — y)b,y)u € M((y) (= —y)

5.

HRABOECRM g e AtV IZHLT, Vi ={a eV | ga=e 27V 1/l9lg} (r =

lg|—1
0,1,....0g|—1) £BL. V=@ V' iCEET 3.
r=0

2w OFERRER TITMBEOEREIBND & 23K 25, BRRERE G2 2 7DD LRI B E
THoDEMWKT 5.



90

TH 2.4. (FEAE L0 g-twisted MEE) g € Aut V 2 HRGMOECFAMEL T2, KO
SR RT3 (M, Yay) % V IIBEL W 5.

(1) M 13 C EORZ b ILZER.
(2) Yu(,2): V& M-—M(z) &CESR Yy(e,z)u= Zzaiux—i—l
w w e
a®ur—Yy(a,z)u

YIEREEL. X2 ac VT DL E, Yy(a,x)u e M)z /19 ¥ 75T W3,
DED, i €r/T+Z %5 au=0%2%%oTW5.

(3) Yu(1,z) =idp.

(4) a,b € V,ue€ MIZRHLT, Yu(a,b,ulz,y) € Mz, y]][x= /19, y=1/19 (2 — )71
DIFAEL T

Ly Y (a,b,ulz,y) = Yar(a, 2)Yar (b, y)u € M((xl/lgl))((yl/lg\)%
Ly Yar(a,b,ulz, y) = Yar (b, y)Yar(a, 2)u € M((y*/19) (19,
by —yYar(a, b,ulz, y) = Yar(Y(a, & — y)b,y)u € M(y"'9)(x — )

L7%%. FoEAOREMI (2.1) LFERICED 5.

Remark 2.5. 2 DORZZ 2 (RN EOBECHE g,h € AwtV BEZohict X, g-
twisted V NEE M ¥ h-twisted V EE N OEFM M & N &, twisted MEDER 2.4
(2) 1, —MHCIE twisted MIBHCT BN E L ICHEET 5. D% D, HOFRBARR 2
twisted MIFHZEF TP L TWRW. ZHUIMEERICE W TIERB@MNERETH D, FHEE
FEATIHSE (12, 13] TIEAS B EHER (B 3.4) %2, V IMBACHIR L/2ETLRT 2D
HkRZeh o 72, twisted MMEEEZEFMTEAL 2 X3 RT3 2 2HWE LT, EEHNDL
Al (2015 ) BA L7 DHRD (V,T) B [19] TH 3. BAASHOERZ AL
TEALZDI TRV, EM 3.4 (V,T) MEOHEARNETH 2 /8 3.6 ZHVT,
BFOMHATEBICEEAKR 2. U (V,T) oo BEREEZRL TV 5.

& 2.6. (V,T) ) T zIEOEK LT 5. ROFKHErL2THLTH (M, Yy) %
(V,T) Itz w5,

(1) M 13 C EoRZ b IL2ER.
(2) Yyu(,2): V&cM-=M((2Y") ZCEE®R. Yy(a,z)u= >  aur” !
W W 1€(1/T)Z
a®ut—Yy(a,z)u

CEMEE <.
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(3) YM(l,x) = idM.
(4) a,b € Viue MATH LT, Yu(a,b,ulz,y) € Mz, y"/T][z= VT y= VT (2 -
Y)Y BEEL T

b gV (a,b,ulz,y) = Yar(a, 2)Yar(b y)u € M(@/T) (7)),
1y (a,b,ulz,y) = Yar (b,9)Yar(a, 2u € MM D) (7)),
by Yor(a b, ul, y) = Yar (Y (@, — )b, y)u € M) (@ — y)

5.

Remark 2.7. (1) T.T' Z2=2O0QIEDEE, T % T,T' ORfEEr35. (V,T) it
My (V,T')EE N e b2 (V,T") it zh, SHEM Mo N & (V,T")
e 23, ZOEKT (V,T) MEHIEMTHE TV 5.

(2) (V,1) IiBDERIZ V IBOERE —HT 5.

(3) BERMEOHCHE g € AtV &, |g||T &7 2 EDEE T 12X LT g-twisted
V mERE (V,T) it 72 5.

(4) twisted fIFEE (V,T) MEfL OBV, EFK 2.4 2) FOFXMFETHZTa e VT DL &,
Yar(a,z)u € M((2)z="/19) 2855 2 270023 TH 5. —RLTHE HENIR
WEIICEZ BH, twisted MBEL L LT (V,T) IMBFEFANR S Z L I135EDICHE L
{725, twisted B a € VT LU LT, HIHE 27/19Y) (0, 2)u € M((2)
L BILICEDBEARE M(2) DTS 2 LAk B A, (V,T) MEHZZ S
HR W Z e BRI TH 5.

RDFEFRZ, (V,T) INEED twisted MMEFDIRIRICIZ > TVWB I ZRLTWVWD !

fiieE 2.8. [23, Lemma 2.4] V ZHMLRTHRNRE, g,h € AwtV ZHRMEDH R,
T % |g|, |h| DGR, M % g-twisted V EE, N % h-twisted V L T5. 2Ot ¥,
(V,T) ML LT MXN TH27=DI2E, g=h»D g-twisted V IIBEE LTM 2N
TH2IePRETITTHS.

Remark 2.9. FOMETHARBEDIBEME WO RERPETH L. V 2TESARE, M

EZOMBEL L, V=V & MISKCHEAREEE2 AN,
Yv(a,z)b a,beV,
: ) Yu(a,x)b acV,be M,
Yy (a,z)b = e“TYr (b, —x)a a€ M,beV,
0 a,be M.
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V34 F7N M 2ok, BHITIZRW. ge AwtV %, gy =idy,gly = —idy
TEDZ. EEPOEHEIH B ILED, Yola,x) (a e V) %2 M LCHBTZZ 212
b, MIZV BRI g-twisted V MBS R -oTLES. ZOFI»SSH3 L5102,
twisted MIBEE D B (V,T) MEED G HREE L LTHRATHZ e 0h 5.

RV PHREHZERETH2 L &, VIIOEREZHNT 2. V BIHREHZRAR
DA, HREHZERE LTo V inkte, HEREE LTo V IBHIERL R
5 LIIERET 5.

E&E 2.10. (HREAZERB LomE) V 2EHSEARREE T2, E#% 23 0%&HF
(1)*(4) e i (M YM) Z)S‘, M = @ MmMz = {U eM | wiu = Zu} e w1 D [

ieC
BRI ORL, S5

(5) EED i e CIZMLTdime M; < oo TH5.
6) fFEDO A€ CIIMLT, My, =0,Z25n <0 72oTWV5.

LE MZEVMBELLS.

V BWEAEFEHRZERBTH % & =, HAFHAZEREE LT g-twisted V I, LOE
PO HEFK23) 2 EF241 1, Zon<0) % N(1/|g)Z>n <0 ITEELTHE
#35. HAEAZERKE LTo (V,T) IEEDFMICERT 5.

3 FEHCZIR ALG, S) X%

DUF, TIREESWZEOEB Y35, (V,T) Mty (VC,T) nkte %, ©% 3.3 TFE
2 PHM C ZI08R AL (G, S) 2B L THRUDIT 5. CZILIR AL(G,S) 13k y 7RRET
HEEIN TN D [3, 8, 18] ZIHAFHZERB LONMHOSHETEZELLLDTH S
[13]. ZZTE&D—Mmk (V,T) IBEDHEHER L TR 2. JLRIGEHIATS 5.

EE 3.1. G<AWV, S % (V,T) Lok 2E5 T 5.
(1) (V,T) ho# (M, Yn) & o € AtV IiTHf LT, (V,T) IEE (M o 0, Yaeo) %,
Moo=M, Yyoesla,z)=Yy(ca, )

TEDS.
2) TEDoceGMeSIKHMLTNeESHHEELT Moo !N k22 E D
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FONRZ MLVEME LTORB ¢(o, M) : M — N DFELT
¢(o, M)Yny(a,z) = Yn(oa,z)p(o,M),a € V (3.1)

Y3 E SEGRETHILWVS. ZOrE NeSHBM-o7' Iz
123 5.

Remark 3.2. M 7 g-twisted V IIEfD ¥ &, Moo i ogo~-twisted V It 72 5.
M e SHBE (V,T) it e %, 0,71 € GITMNLT, ay(o,7) € CHEELT
¢(o, M -7 (1, M) = ap(o,7)d(oT, M). (3.2)
3. XbiZo,1m,pe GIIHMLT
Qpfp—1 (0-7 T)QM(UT7 p) = aM(Ja Tp)OéM (7—7 :0) (33)
DI D LD,
DIRE, GiF Aut V ORRMGEOERTHE, SIXIERRLRBER (V. T) MEEH» 5725 G ZiE
BAMREELTS.

EE 3.3. CAZ MR AL(G,S) =ClG] @ ( @ Ce(M)) kit
MeS

(c@e(M)) (T®e(N)) =dmrnan(o,T)oT @ e(N). (3.4)

BERLT AL(G,9) 13 MM C 2tk k5. T TCIGBHBTHD, @ Ce(M)
Ze(M),M €S, #8KL T 57 MEMTH 3. ne
S=UO0; % Goffilicks Sonfed5. j € JIKMLT, O DRFEIT
M7€é§CS)%#OTOEELT£<.@HﬁMﬁAJKﬂLT,GM:{JG
G| Moo =M} eBL. MecSITHLTay = algy,xay &Gy D2a¥ L4270
YD, 2% A 20 ay HBET B Gy D twisted BEERE COM Gy TRLTHL.
Comi [G ] DERIMBEOFRIAME 2K E A, TRLTHL. FHifl C 208, AL(G,S) O
BEIMBE O RRHO 2 2RERIEZ, A= {(,\) |j€ A€ A} 2 LT{W] | (5,\) € A}
EL KD,

M= P B, FH ALGS)~ M ZXRTEDD . M,Ne S, ue N,cg e GIZ
;m;c MeS

o®e(M) -u=dyno(o, M)u. (3.5)

8
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C 278 AG,S) BFHMTH2H, 5, % () € AcNLT M =
Homy, (o)W, .#) By, M 3BER (VE,T) Eten, 5@

M= P M oWy (3.6)
(J:AEA

DDLD. ZD A DIRICET 2 ROFERBFERRTDH 5 !

EIE 3.4. [23, Theorem 1.1] T 2 [EORE, V & B ] HIOTOTEANRE, G < AutV
AR O BCREE, S ZIEMMRE (V,T) IN#E» 5755 G RERARES L T
%. 5 (3.6) \CBE L TRAE D LD,

(1) & (J,\) € ATHLT, M} #0T, 512 M) EEE (VE,T) MBETH 5.
(2) (ji, M), (2 d2) € AISHLT, ML = M & (ji, A1) = (j2, o).

Remark 3.5.

(1) M % {EEOWR (V,T) Mt Lzt %, S=({Moo | o e G} DREHDTS
RER) L BWTEM 3.4 ZHEA TR, M 32N (VE,T) METchs b
WM 5.

(2) S C U (g-twisted V INEE) DAL, & M I1ZVE B 5.
geG
(3) Remark 3.2 X b, 3% g € GHBFEIEL T S 2 g-twisted V NMEFED AP S5

72D, g G OHFDICA>TVWE Z e BREFSTHS. ZOL EF A 1%
g-twisted MAEFE 2270, (V,T) IitzHis M5B E8i3mw. o5& [12) T
BlicthbiTEh, 2ok 2i3&EH 3.4 13 [12, Theorem 7.4] 12— T 5.

(4) [19, Example 2.3] I twisted B TR WEEN (V, T) MEFOHIZZEF TV 5.

EH 3.4 DFERHIE, (twisted)V HiEEZ (V,T) MIFICE 2422 T [12, Section 7] Difkam %
ZOEFHEATIRINRS. EELREDE, ZoimsEATKS X5 ICHER (V,T)
MEDROWNEZ RS I TH .

78 3.6. [23, Lemma 2.7] M ZTHARE V LoE, N 2 M OBRRITH I 22MH,

a,beV,m,n € (1/T)Z 95, 2Dk %, HREFN Z Na;b, N\, € C i))ﬁﬁ—:bf, EED
1EZL

u€ NITHLT

Ambpu = Z Ai(@ib)mtn—iu

1E€EZL

&%,
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Remark 3.7. @EDOE A LOMEE M 12BWT, la,b € A2 ue MIZXLT
(ab)u = a(bu)) BNEEOERO—HTH 5. HE3.6132ho (V,T) BB 5H0
TH 50, FEALRINUILS R WEHTH 2. £z, twisted V MEHTBVWTE, Th
WX LLHLNIAERTH S (cf. [16, Proposition 4.5.7]).
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Explicit constructions of regular expander graphs of general
degree and their applications

1ErT PV (RRASRE) *

1 &

ARMTEIZEARCN—THFHF L1277 725, WINX, T ANA—0 57 i3 #EEEO R R
R=RRT I 7% BKRT 5. ZOHEMEEOE S HWIRR TN T 202 MEZHOEERY b7 —2
LT, e & BE T 2 BRI O R CHEERI R R SN T & 2— AT (2] B Y), A=A
MO D 5 BIREE ) 7 4 MERS (LDPC £75) O ¥ O ([20] 72¥) T b BB X
NTWD. X 5IEETIE, MitE AR S OB 2 AEEGES 2 Y OBV Ty, #fr
FREMHIR S 7 7 DL 7 280 B —MICH D KEEZEM ANy ¥ 2 B BRI TB Y (8] &k Y),
IOARYR—=T5 7DFEHEIZEABE > TWS. — T THHCBWTY, kDR Y OBEBGEHRD
W5e (1) 2 ), 777 LD S v Zav =2 DIRENE ([24] 2 E) Ay P A THR ([16] 2 ) Lo
FHERRBOWIIE R Y TH LY AR R =275 ZIIMERNEE HD BTN RE Lo TW3.

IR RE=T T 7DXRTIE, nTHRZ S DV T 7 G OEFEEIZLL T TEZR XS Cheeger &

— . 0(9)
ME) = scvie) |9
1<[8]<n/2

7L OS) I, 1R SIEL, 5 1EMNSOIMINCEST 2 K574 G oAeRoEEERT. 797 G
PHEETH B 2 L W(G) HIETH B Z L EABETH D, h(G) BARZTIUTKEVEY G ORI
e EREW®T 5. FICd-IERIZ 7 7 (BRTEHEDS & 5 ¥ dARDA HERi$ 5277 71) 1B VT, Cheeger
ERNE, 77 7 OBHEITH A(G) D 2 FHICKEREFMHE A\ (G) 2D T LI RD Cheeger R
A oH LN TVS.

h(G) > M
2

L7235 T, Aa(GQ) AV T HUZ/INZWIE Y Cheeger BRI K Z W 212k D | #8AEEN BN Z & 235D
3. —hT, 77 7DANR=2AME, B—D 275 71 LTED, L LATEHAEI KT 2 L5875 7
DIEFRRFNH U TEMEE b D, FHCEIE XN 7B d 1t LT d-1ERIZ 7 7 DRRGEE 2 2 &, 34
DEDTEEBDIE A — X —T Lo BEXZ 2B TEL LW EKRT, AR—2AE2R2 2T
32 2D XS RERRINCBVTEX, BT 2TED 77 712R LT Cheeger EEA (TEASBUSHIEL 2
W) IEOEMT R H BT 26N 0EPIEEMNIFARARBEE 2 5. DIRTIE, 8HWERZZ 7
DIERRINCERZ K > Talix D 5.

& T, Cheeger NMERZ R 2 &, Mo (G) 15 5 NP EEER LM LT E3 5. ERITE, Alon-
Boppana A&FR & JIZN AL R FRIIREINTWS.

* T 860-8555 HEAIRAEAT AR X BLEZ 2-39-1 REAKE: EUK - 79 XU EE B MO AR
E-mail: shohei-satake@kumamoto-u.ac.jp

UAREIITIERRWA, 1 D00 — 73T 2 THAORBIC 1 HOERT 2 L&D 5.

2L DR TER I DFE & — & — % FE| 2 HEIERRINCB T 5 277 73— BICHFE TlER W, TRV E—=75
7 DXMRTIFEERZ 72 S 720,
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FEIE 1 (Alon-Boppana RN (1] 2 Y). (FEOEIE ENEE d > 3 & d-1ERIZ S 7 DR {G,}i>1
(27201, n; == |V(G;)| = o0 (i — 00)) IR LT,

Ao(G )>2ﬁ—0(

log, n; )

& 51Z Alon-Boppana NEXZZEK T 2 d-1IERI 275 7 OIER RIS FFED d 128 U THH/RINICHERL
ENTVWE. ZDX57% 77 7% Ramanujan ¥ 5 7 ¥ XX, Cheeger 1553 D BIK T fid 22 844 1
HIRAEXNS.

E#& 1 ((one-sided) Ramanujan 77 7). d-1IERIZ'Z 7 GIZR LT, X\a(G) < 2V/d— 1 DD LD L F|
G % (one-sided) Ramanujan 77 7 & K&\

— 5T, BEWHERICREBEINZE S VE LTI 7D 7 LD XL +— 27 DIRER
F'BEJ@uHﬂﬁSﬂ;t d-IERIZZ 7 G2 LT, M (G) £ 03t L s (arEoHT)2 FHICKE REGHEE
RFLUTFDNG) KEHT 3.

MG) :=max{|\| | A: |\ #d %3 AG) DEHHE }.
2D NG) ML TH Ramanujan 77 72 ERT LI EHNTES.

& 2 ((two-sided) Ramanujan 77 7). d-IEAIZ'Z 7 GIZH LT, AM(G) < 2/d -1 DB DD L %,
G % (two-sided) Ramanujan "5 7 & X5

5 A A two-sided Ramanujan 77 7 1% one-sided Ramanujan 277 7 C% ® D, Cheeger T
515515 Cheeger ERDFHEICE L TIEME & bR L FRE 52X 5. £ ZTLFTIE, Ramanujan 27
Z 713 two-sided Ramanujan 7’7 7 %2$535 ¢ 3 5.

—fi, d-1IERIZZ 7 OEFRYIC Cheeger EX(23 (]E)ﬁ%lkﬁ?%&h\) IEEBE 225D 0, FICHRE
7% Ramanujan 77 7 QERF|OMBIIEELZMERECTH L. 22T, HEHMEEZMLT 7 7 7 MR
B (explicit) TH % & 1%, ZDIELE n @%Iﬁiﬁﬁf‘ﬁf’l%i%ﬁf:?ﬁi 7 2T ATEER T VT Y X
LT 2 Z R EKR L, 5888 (strongly-explicit ¥ 721 fully-explicit) TH % & 1%, AT, 5
HLATTHRICH U TRHE T 2THR B & logn DZIHA — X — DI TEHHRETZ 2MEEN 7 LT Y X 4
SFET S I 2 EH®KT 54

FERRZ, 2D L5 7% (58) HRNR T ARV X =75 713 L o@Er v b7 —7, fF5, BEEF#H
Ny ¥ 2R EORGHIBWTREAARTH D, BB 3 SBIEFIZC 54 C b BEO LT
IZB89 % Babai O T ([3]) %, 7YX LY+ — 2 O L B OO R 2 72 AT ([24] 72 E) LW o MBI
XIRCTEETHS. 51T, 77 7HERIIBWTE, B, RO, B2~y F Y 7OFRENRED 757
DAZ & DFHliCHEEHOREBECRENEZ RS 5 A TS () HRINRZ 7 A0 X =75 7I3EE
RBEEI R LT (15 RY). Lo L, REITIHENRS X512 (5) AR Ramanujan 275 7 O
FRINIZBARZIC 1 2R 2TED ﬁﬁlkﬂbf LG5 ZoNTES T, BIE S YT B OEELRMIHR
Yo TW5a. — /T, (1) R Ramanujan 7' F 7 OIERFID G 2 & TORWREL (JERICTE
1f£3 51) Uﬂ,ﬂi TE2RTANG)H2v/d—11C v ETESZA6ND X5 d-1EHIZ S 7 G
(near-Ramanujan 7 5 7) Ol E HIETHANZ R EINTER. ZOERDMXICL > TRES
A, AR TIIUTOERZRHT 5.

E#&E 3 (e-near-Ramanujan 7’7 7). e >0 & d-IERIZ 57 GIZX LT, AMG) < 2V/d — 1+ ¢ 23K
DILD¥ &, G % e-near-Ramanujan 27’7 7 & L.

AR TlE, ¥£3 Ramanujan 277 78 X Uf near-Ramanujan 277 7 O () BRI B3 2 Se1 T
FERWHR L7056, RFICBY 2 E#kE LT, ST 2 — BRI % near-Ramanujan
77 7 OMBIEORRMR TG 2, BE T 2 THEZIERT 5.

SIRARBEOFETIE, 797 GHE2HNTHZ 2 HETS. 0 E —d i3 AG) DEAMEICERD 2R\,
MG) = max{|A| | A: A £ d B3 AG) OEFE} 2725,

T BIHA B R RN IR LAWEES (BIZ SNy & 2 BBRETEAR S 7 7D DT Y XAy 4 =2
EWOGERY) TEETH 5.

SYMRIZE 2T, MG) < 2+ e)Vd— 1 DYDY &, G % c-near-Ramanujan 7’7 7L XX &b H 3.
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2 (58) BBREY7% (near-)Ramanujan 7' 2 7 (CE8 9 3 F{THAZE

B SATIIE 2 HHT 212H7= D, £ 3 Cayley 77 72 EHKRT 5.

EE 4. BT 1 2D OB T e WTICBAL TR UZZBTROVESES S c T\ {1} 1 L T, Cayley &
27 Cay(l',S) %, HEEAICTD &, HEEIWC {{g,h} | gh €T, gh ™t € S} b DT T T LED 5.

Ramanujan 77 7 QA ORI, ARZA R F, LOSHRHRERE PSLy(F,) LD Cayley 7
Z 7 & LT, Lubotzky, Phillips 3 & & Sarnak 12 X 25X [17] THR bh .

EE 2 (1 ]) *E 2702 200FMp=1 (mod 4),r =1 (mod 4), BLUEE i Ti®>= -1 (mod r) %

+ ) -+ e e
Spor 1= {(_96;)2 f;; et ii) € PSLy(F,) | 22 + 22 + a3 + a3 = p, wo > 0 ZA L, Z DR ER }
EBL. ZOLE r>p  TH B HIE XPT = Cay(PSLe(F,), Sp) & (p+ 1)-1ERI Ramanujan 27" 7
Th3. ?%k;ﬁﬁp WX LT, (p+1)-1ERIZ 5 7 MRS % {XPT |7 =1 (mod 4) i& r > p° %2 5 28K}
EEDDZ LT (p+ 1)-1IEHI Ramanujan 7° 7 7 DEERRY 215 5 .

A1 FEp=28LUp=3 (mod 4) ITHLTH, (p+ 1)-1EHI Ramanujan 7' 7 TH % PSLy(F,)
(72720 r BATEDSM 2T THRE) LD Cayley 777 72T 22BN TES ([9, 13, 14, 17)).

2. B p LT, EREEMEEREH WS Z 2 T3 (p+ 1)-1EH] Ramanujan 7' 7 7 AR S T
w ([23]).

—7J7 T, Morgenstern [21] IZ X2 FOFERDBA SN TV S.

EIE 3 ([21]). ARBONE ¢zt LT, FAHLTRWIEERAZIGy € F, ZEET 5. d > 2 2l
L, X8 d DRIRIZIHN g € F[X] 1T &Ko T, ARIKF .« ZRIRIKEF,[X]/(9(X)) E LTEERT 2. &5
I, X I3 g(X) ZIRE LI EFHLTHLERETS. LeFIIIL? =n BT BL. TDLE,

— 1 Vi — 0L 2 2 _ 1 i_
Tq’d'_{((’yj+5jL)(X—1) 1 € PSLy(Fga) [05n—7; =1, =1,2,...,q+1

e BL Y, Cayley 77 7 M@ := Cay(PSLy(F,4), Ty a) 13 (¢ + 1)-1ERI Ramanujan 7' 7 TH 5. FiC
AHEMONE ¢ 12 LT, (¢+1)-1EHIZ S 7 OfERYIZ (M2 | d > 2 388} L ED B LT (¢+1)-
1IEBI Ramanujan 75 7 DIERY| %215 5.

7 3. E3R®D Ramanujan 7' 71X TR THIFRNTH 3 Z e BHIS R TWS

REHREY 7 Ramanujan 277 7 OERFIOEK E L THISATWE DX, FEOHIBRY, LiILDE
M2 3BLUHETZETSRLULMYXOMERDOATH 5. Kz, BHRAR Ramanujan 7' 70)E|KE§|J
Gii?ﬁ’\g +1 DORENIH LT LG 6N TOWRWEIRYE D 2. (EEDXEUZN LT Ramanujan
77 77b)ff‘3‘5 LRI NTED ([18, 19])), TNTOXEBUIN L TR Ramanujan 277 7 23
MR TEL2DEIDNRLI AR X =75 7 DEEHTIE R ZRARMBRMEE L 2o T3, il 21X 7-1EH
Ramanujan 77 7 O (58) PRAI IRV BEDO & 2 A2 H ATV

D KD RIS HE A, (98) BRIV Ramanujan 2777 7 O ERFIDH H N TWRW K 5 RREL (F
RBROEBEZENRE +1 O &5 BIELIANDZREL) d 123t LT, near-Ramanujan 77 7 ORI Z 1TV, 4
LTHdERK2Vd—1 DT —%HRT 2 OB IERITON TV S,

LIRTIX, AROWNEICED % 2 DDFATHIELE ZDFEHD 7 4 77 2N TW L A3, ZDH{IZ 2D
OERZMETHERLTEBL.

1. FUCHEAEESEZDD 200K R n THA d-EAIZ S 7 G1,Ge XL, Gi, Gy OBLEEOM %
XOT?%%“%7§7% G1UG2 X%Ej— :O)K%,

/\(Gl U GQ) < )\(Gl) =+ /\(Gg)
DI D LD,
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AERA. £ i=1,21 LT

TA .
A(Gi) = max| VGV
vert| ™ [Iv]]

05,

T
A(G1 U Gs) = max|Y (A(G1) +2A(G2))V
VR (vl
T T
< max| 2 A(G1)u max |~ A(Go)v| NG+ A(Ga)
ucR”™ ||uH2 veRr® ||V||2
ull L
WD ALD. i
& D10, Wil LRI & ML HRT, LUIFOMEER 2.
8 2. nTHS d-1ERIZ S 7 Gy & d-1ERI (d' < d) 72 Gy DRI 275 7 Go I L T, Gy \ Gy &3

LBEEBEG)\EGy) b2 723%. 2Ok %,
AMG1\ G2) < A(Gh) + AM(Ga)
ML D ALD.

FI 4 ([10], [22]). d - 1 PRBTEHRVER I >3 UL T, pEd-12BX 2 OFRKLeBL. 2
D E, WRIEDBEARE n ITHLT, NG) <2p+ (p+1—d) ER2RNZnTHR S 77 G BFE
5. FHC, FROMRICET 2 5] OfERE D, EED d > 3120 LT, O(d°5%)-near-Ramanujan 27
Z 7 OHRH IR BSTAES 2. 512, ZROMRICE S 2 Cramér DTEEZRET 2 2, EED d
WAL T, O((log d)?)-near-Ramanujan 277 7 OHRINZIERFNBTFET 5 .

T ATBI 2RO 7 4 771, EH 200 Ramanujan 277 7 XP7 2/ L, XP" NOFEES v F ¥
7 (1-ERIR 850275 7) % (p+1—d) HRELCTA-ERIZ 2 721822058 DTH 3. /12 MG)
DFHIi I FMTINCEE T 2 Weyl DARFER ([12] ZSHR) 2256065, 22T, p' % p RORKDE
EBLEpH1I—d<(p+1) - +1) &Y, \G) ZEHROBREO LRX» L5l TE2 2825, E
B A0mEDOERESR S

A 4. B~y F ARG r OZTERFETROI 2 22N TE 2720 L THRENT=7F 7138
RTH 2 (R LERHRN LT LD EZARY). — AT, XP" ONFE (REFKE) 392t d
2log,(r) TH 2 Z MMM, REBA—X—DONEAZSD. LEdo>T, EH 40777807k
HEICEONEZ DD IZ# 5. EWHNE% B D near-Ramanujan 77 7 1 S220 N v & 2 BRI
LDPC 5 DRFIANOEHEERICHDH 2. — /T, ZDEIRT I 7IEEVHNE L EOBED DT 7D
BH7RIURERIZBE S % Erdss O ([11], [17]) NOfR Y 72 % fi72 & CHBRZE V. EERIGEEMEO R L

d
X(G)Zl‘i'm

DD LD (FEE [15] 22 %2 B). Ko T, IFEHd £ ¢ = O(Vd) i< L T d-1EH e-near-Ramanujan
77 7 OREHIP RS VDA K- b DO b h 5.

—75C, Alon [4] 1Z d—1 DFETIIIRNEEE d > 31T LT, UNOFETHIFRHZZL near-Ramanujan
727 DN RS R 7.

1. d—1%Z2B2RVRKDER po =1 (mod 4) ZED, dy:=d— (po +1) £BXL.
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2. dl > 5 ﬁ%ﬂi, pP1 = 1 (mod 4) % dl -1 %ﬁifib\%ko)iﬁt L, dQ = dl — (p1 +1) tj8< .
DR, i >21M LT, d >5 THIRHIEFERICLTEE p; =1 (mod 4) BEUOE d;p ZTE
H5.

3.i=kTdipz1 <5 R0k Z fi=d—{lpp+1)+pm1+1)+ -+ +1)} <5 ERB. ZOD
E MUTOESWCLTAERZZ 7 G 2R 5.
cf=0R01F EHE 205 S =Sy, ,USp, U USp, » £BE, G % Cay(PSLy(F,),S) £B<.
cf=1%51F, S 2 DItE 1 OMMATH L2 Cayley 7’7 7% G £ BX.
c2< <5 RBIE, fHEDIENSRZMILICOVWTHUZESE SIT12MATHE SN S Cayley
75 7% G eBL.

U EolErfME 1L b ROEHENIMESNS.

EE 5 ((4]). d— 1R TIERVER d> 31 LT, LETHE Nk d-1ERIZ Z 7 G 58RI 72
e-near-Ramanujan 272 7 TH 5. 1272 L,

2WPo+vP1i+-vVoe)+ 2/ f—1=2Vd—1) <e < (2(y/po +/pP1+ - Vpr) + [ —2Vd —1).

Frc, ZRORRICET 2 5] ORI, (FED d > 312 LT, G IFHEHRIZ O(d252°)-near-
Ramanujan 75 7 TH 5.

7 5. [AESCT Alon 3ERED e > 0120 LT, BI/RAYZL e-near-Ramanujan 277 7 2R L T\ 5 ([4,
Theorem 1.3]). L2 L, BRI EIEE ARV I L ITER S AW,

3 T4, T 50UE

FIEH AL THREZE X2 U TORREZE%.

M 1. dd+1 DVTNIDPEHMTIERVER I>3ITNLT, prd-1%2BX5RDOIFEKEBL.
CDLE, H20<0=056d) <1DBFEL, BRMEORL r 1IN LT, \MG) <2p+dp+1—d) 725

IR (L RS S T GAEET B, S BIC, G ONAIZDRL &b 2log,(r) TH 5.

AERH OB, d,d + 1 DWVWITNH PR TIEARWNS B d > 31T/ LT, Ramanujan 77 7 XP7 Z25ED
% PSLy(F,) @ (p+ 1)-s50HEE S,y 226, WL OWTHLZ (p+1—d)-MEEGU CS,, AL,
ZDOLZEp+1-d>3TH5IEHH, Bourgain-Gamburd [6] DFERE D, 5 0 < § =d(d) < 1 27
TEL T, A(Cay(PSLy(F,),U)) < 6(p — d) ARD LD, XoT, #i# 25 D Cay(PSLa(F,), Sy, \ U) A3
HBoro 785, O

A 6. o LCES T 2 E 6 I LT, BIED & 2 AHRIVREZ RE T Z 720,
RIER 50K LT, U TFOam@EZ RS

R 2. B L > 2 b FREMp I L Tg=p" ¥ BE, d=q+p+2BL. T E, MEHAOEE
n > 1R UT, sBBPRNZ d-IERT (2(/q + /P) — 2/q + p + 1)-near-Ramanujan 277 7 HBHFIETS 5 .

AEBA RS, Alon [4] DIERIED 7 4 77 %€ 8 30 Ramanujan 277 ZIHRRS 5. d = (pF+1)+ (p+1)

TH2HZLITHEET2 Y, B 305, BEBd> 210 LT, T =T 4UT,re £BL L, M 1XD
Cay(PSLy(Fra),T) BIHED T 5 7 TH 5.

AT XD R IS LTH, T DEFREZMIEIET % Z & T d-1EH near-Ramanujan 77 7 %182 Z
EMTELD, O DICHE 20 XBDHEDAEEZ 5.

Sd=p,p—1(p>3IEHEK) THIL &, E 1OMETIEANG) <2+ (p+1—d) & LrFHITERVLD, EH 405
Re—H7T5.

OJ
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CZTHBRFENZ 22, FE 5D 7T 22, W 0D d I LT, fidd 20277 7 DSH
20/d— 156D 7—% KX h/NXLFHliTE 3.

Fl1. d=1134+11+2=1344 2B &, 2/d —1=173.2939 & b, a7 20 1344-1FHI 27" F 7% 6.30507-
near-Ramanujan 27’7 7 CH 5. — 5T, EH 5D d-1FRIZZ 71, pg = 1321, p1 =13, pa =5, f =2 T
HBZ 5, 13.0804-near-Ramanujan 27’7 7 £ 72 5.

B 2. d=5"4+5+2=313228L, 2/d—1=111911.. TH2H 5, fil 20 3132-1EHIZ' 5 71
4.36486-near-Ramanujan 277 7 CTH 5. — 5T, EH 5D d-1ERI 7 F 713, po = 3121, py =5, f =4 T
HBZEDD, e > 775738 IZMF % e-near-Ramanujan 77 7 £ 72 5.

Bl 3. d=233+23+2=12192D ¢ &, 2./d—1=220.826... TH 205, A 20 12192-1FH| 75 7%
9.37419-near-Ramanujan 277 7 TH 5. —/ T, M 5D d-1EHIZ T 713, po = 12161, py =29, f =0
TH5IZeh»5, 10.4985-near-Ramanujan 77 7 £ 72 5.

Bl 4. d=5"+54+2="T78132D ¥ %, 2\/d—1=>559.038... TH 205, i 20 78132-1FHI7Z 71X
4.45067-near-Ramanujan 77 7 T¥H 5. —/ T, M 5D d-1IEAIZ'Z 71, po = 78121, p1 =5, f =4 T
H2BZehb, e > 793982 1x1F % e-near-Ramanujan 77 7 £ 72 5.

FBIIE, mE 20 AR QR d > 31T LT, EH 5OURELGZ 2D PRSI 5.

FAE 1. BHd > 3 BLOER 5T E N7 d-1IEAIZ S 7 GITH LT, eq:= (2(y/Po+/P1+ - /D) +
WT—T-2/d—1) B, COLE, REMETER A>3 TH-T, d— 1 HERRE TR S DA
HIRMEAFES 2 : 50 <), <eqg DMFEL, BIRMEDOEE n > 1120 LT, 58RI n THA d-1EH]
"2 7T &/-near-Ramanujan £72% 77 7 HBFET 5.

4 KfEOoFxr®d

AR T, —MRAYRRBUT NS 2BHRII7ZL (near-)Ramanujan 2777 ZIZHE K% YT, WL D O BEFRER
D (w4 F—TRH20) WREGZ 7. —fRICHIRYZR (near-)Ramanujan 277 7 ORI FEI34E 4 72
NARTEETH 2123000507, FHEITRNEHRIIBLNATES T, FED near-Ramanujan 277
TDLT—DFHliEX 2 b ZDEEIF oK BHTIER.

2

SEOFHDER " K P X o 2REEHE GRS VRO 7 2 DOHEENDERICELELEL EJE 3. %
72, ARONBICE L TZ L OBEWBaX Y b X 721U #il 88% (BIRAY), 210 BE HEHR
£ (BIRKF) DL DL U B 3. ABFFEE JSPS BHFE JP23K13007 DI, 72 & I SLMK
HRR T 7 A YRR VBSERT HEFRA - HESELR (2022 4EEETF - FAEMT- AL R
T T 2R E =TT 7 DH UV TFIEDOHAL . ZDIGH ) (2022a017)) OXEEZITTED 7.
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R FTRIRT SR G605 3-TH A 2D
WT

= I

1 EL®IC

ERFEARBRFED S 3-TH A4 VBN 2 FEZMRT 5. #Ffld (1] 22
BXNWw, -FTHA VOEFRLZEEL LS.

EE 1.1 X ={1,2,...,n} 2HREE, %2 X DL EEHET5 .

()

(X, B) DB t-TH A4 > (t-n,k,\) 21, H2BERENDPFEL TRET
LETHB 2 TOTe (f) L TA=|{BeZ|TC B}
—oflE R TAXS.
B 1.1. RO LS ICEEBEEED .
X =1{1,2,3,4,5,6,7},
#=1{{1,2,4},{2,3,5},{3,4,6},{4,5,7},{5,6,1},{6,7,2},{7,1,3}}.
BIEF; DFSHEIR {1,2,4} 225 +1 LTHER L2 DTH %, T4 ik

2-7PA Y OMEERGZ B, DF DIEED 2 MEA TITHLT, ENEED
B DILIFTTE—DITEE 3.

EEDT € <)2(> WHLT,{Be®|TCB}=1.

L2 oT (X, B)1&2-(7,3,1) THA > ThH 5.

-THA VRO (E—1)-THA Y THHIIWHEETS. LEdoTtD
HORENWT YA >~ ORI EAREL 725, TREIED XS ITHKT 520, K
TS 2 AW FEZHENT 5.

* LR FH R S A Bl T2




E&E 1.2. FL O k-XITHn 275, KHZ [n, k] 755 L L.
CDJtc=(c1,c0...,cp) €ECWNLT, BEZHELTEIZS.
e supp(c) := {i | ¢; # 0},
o wi(c) i= [supp(c),
o Cp:={ceC|wt(c) =1}
5 COoEAHEEZUATOLI KN T 2N TES.
X ={1,2,...,n},
{%(Cz) = {supp(c) | c € G} C ()

LDoT(X,B(Cp)) B t-THA LS5, LVIMEZEXS LT
x5, fFEhoTYA VEMNT 2FEEE, 55 CZEAT, mWtD
LFEAL VERERLES L VWS HDTH L. —oflERTHES.

Bl 1.2. H ZLLTOESITHERD T4 NI 7fF58 L &5,

1 10
011
0 01
0 0O

HDwt(c) =3 RR25TLcZ2HNETLHEUTD
Hs ={ceC|wt(c) =3}
(1,1,0,1,0,0,0)
(0,1,1,0,1,0,0)
(0,0,1,1,0,1,0)
(0,0,0,1,1,0,1)
( )
( )
(

=
— o = O
O = O O

0
0
0
1
ko5t 5.

1,0,0,0,1,1,0
0,1,0,0,0,1,1
1,0,1,0,0,0,1)
Hy #HHWTEREHEEHMR T2 T 2155
{X ={1,2,3,4,5,6,7},

PB(Hs) =1{{1,2,4},{2,3,5},{3,4,6},{4,5,7},{5,6,1},{6,7,2},{7,1,3}},

ZHUIEBRPNFBN Uz 2-F A itz 570,

(Qpy1) BIKFEABRIFEL T 5. ZOLERTD LISHLT, (Qpi)e
F2-FHA Y THBEIEDRALNTNS. (BB AA (Qpi1)e # 0 DHEIZRE
ALTVE. SH%IDESIRILEMISRWV.) Lo L—IC 3-79 1 M35
SR,

ROAFOERERTH 3.
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FE 1.1 2TOOSHUT (Qpa)e U(Qhyy)e (£ 0) 13 3-FHA > TH 5.
DTPcldzoEicL T,
1. YavZHER,
2. #AIE = ZIEN
ZHWz 238D OFERHZ RS L 720,
AR 1L (Qpri)e BT 3-7F A LTI SRV LRI, Lo LR
CEFUT, (Qpir)e B3 3-FH A4 VTR B BIDEEFERE ATV 5.
e [Bonnecaze—Sdle (2021), [3]]

(Qa2)10 1 3-TH A .

e [Ishikawa, arXiv:2305.03285, [5]]
(@110 & 3-FH A .
(62\7118)10 & (@18)13 = 3-7‘4}/{ .

2 ILRFEARERFTS

ERFEARIRTEDOHWBIEZEE L LS. p 2R T5. pltMNLT, Fu b
DR MV

Cp = (dl,dz,. . .,dp),
ZUTDESITED S .

0 {1 (i € (Fp)2),
0 (o.w.).

EX p OFHERGEE Q, L13, ¢, TARSNZKEGETHS. DFD
ey DA EAIC—DFOFE LTAY MARED, ZhETERINEHFE
TH%.

Bl 2.1. p=72L&5. T2k (F3)?={1,2,4} THDH,
cr = (1,1,0,1,0,0,0)
YEFED. LD o T Qr 3 REEBATINCH O ETH 5.

1 1000

OO O =
O = = O

1
0
0

— = O
_ O
O = O
—_ o o
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Qpe1 T Q, DILAHEERT. OFD
Qpr1 ={(c1,- - cpycp1) | (e1,- -, 0p) € Qprer + -+ + ¢+ g1 = 0}

TH5. Qi BIEAFHERTE LS. 728 213 Qs B FOITHITAE
SN2 5.

11010001
01101001
00110101
00011011
PUFTiX
p=1 (mod 8)

PIRET 3. Qpu1 DEERER {1,...,p—1,p,00} EEFLL LS. oo ldIEAL
7R TH 5.
ERFHRERFFBICOVWTUTOZ e HIshTWnW3.
o Aut(Qpi1) = PSLy(p), 2T TAW(C) ={o €S, |C7 =C}, C7 =
{(00(1), ey Cg(n)) | (Cl, e ,Cn) S C}

PSLy(p) := (0,70, p | a € (F})?),

o:i—i+1 (mod p), 00— 0,
ZZT {71+ ai (mod p),oo — 0,
p:ir —1/i (mod p),i# 0,0 — 00,00+ 0.

o Qpi1 DB X = {1,...,p—1,p,00} THo. ZDL X PSLy(p)
l% 2-homogeneous (TRH5, FED A, B € ()2() LT, Hboc
PSLy(p) BFAEL T o(A) = B).

Lo THED LIS LT (Qpra)e (# 0) 1E 2-FH A »Th 3.

o —fRIC (©p+1)g F3-7TH A TRV, FEG = Aut(@pﬂ) {& 3-homogeneous

THL, (3) BROESIC20OBBICHRT S 1 D3 0 € X DIFE
LT,

()3() — G{00,0,~1} U G{o0,0,0),

X 512 |00, 0, —1}| = |G{o0, 0,6}
o Qpi1 Fisodual FETH 3. 2D H b0 € Sy \GHFELTCL =
C?. ZDr % og(G{o0,0,—-1}) = G{00,0,0} TH 3.

4
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3 vaezmEReTHa U IERE
YavrZHEXETHWRE Co t-THA UBELNINEIDHETE S.

EE 3.1 (Ozeki (1997), [6]). C % [n, k| HFEx L, T C{l,...,n} =[n] &
T5. REYarZEK LS.

JC7T($0, Z1, Yo, yl) = Z xE)nO(C)x;nl (C)yZ)ZO(C)y;L1 (C)7
ceC

(v
(Y
3

mo(c):=[{i € T | ¢; =0},
mi(c):={i eT | ¢ =1},
no(c) == [{i € [n]\T' | ¢; = 0},
ni(c) :=[{i € [p]\T [ c; = 1}|.
Bl 3.1. C XD [4,2] FE5LT 5.
¢ ={(0,0,0,0),(0,1,0,1),(1,0,1,0),(1,1,1,1)}.
T={1} ¢BL. 20 2vabZHENIRDLI1T12 5.

1030, 1012 ,.0121,.0.10 3
Jor(To, 71,90, Y1) = ToT1YoYi + ToTiYoYi + ToT1YoY1 + ToT1YoYi -

Jor DIE xﬁyff_eyf‘t DRI
[{c € Cy| T C supp(c)}|
EETCLICHELES. LEd o TROEHEE 2.

FE31 1L EEOT c{1,...,n} (T = ) LT, Jog BT C
{1,....n} (IT| =t) DEFHIZEILRVERETS. ZOL ZEED L
RLT, Cp (D) IZt-FHA > TH5.

2. EEO T C {1,....n} (IT| = ) LT, Jog + Jorqp BT C
{1,...0n} (IT| =t) DECHICEISLRVERET . ZOL ZERED /L
WXL, CoU(CH)y (D) & t-THF A TH 5.

L EOMEROT, MTFOEBREAHL X5,
FH 3.2. 2TO LTHLUT (Qpra)e U (Qky)e (#0) 1E3-7H 4 ¥ ThB.



Proof. C = Qpr1, G =Aut(C) = PSLy(p) £ BL. CL=CTHhH, LUTF
DX ICHIESREINTZ e 2BV,

(;() — ({00,0,~1} UG{o0,0,6} = GTy LU GTs,

o(GTy) = GTr. EEDT € (3) KNLT, Jor+Jor o BT C {1,....n} (|T| =

t) DFECHICE BN 2 BRI LWV, EE,

Jor+Jorp=Jor+ Joer (- ct =09
- JC,T + JC,TG_l

= Jor +Jor,-

4 FAMECZHEACTH 1 VIER

HAMESZIHRD C 06 -7V A UBEoN 20850 HET 2. LITOR
SEEANT 5.

e X ={1,...,n}
o R2X = {3 ,xc.z| Vz,c, € R}
o R(}) = {X.e(x) 22| ¥z, €R}
EED feR(}) WHLT, fERDEI KT L LS.
F=> f2)z
=€(%)

TaL f% () LOBKEEZZ LM TES. E61T, uwe2¥ IIHLT,
fw= > f&)

ZE()k(),ZCu

YEFELT, fE2X Lo fe R ICHHETE S
iz R TALS.

fl4a1. X ={1,2,3}, f={1,2}+{2,3} e R(3) & BL. DL & f({1,2}) =

1L,f({1}) =0,f({1,2,3}) =2 TH 3.
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E& 4.1. o v : R()k() — R(k)_(l) ZIEED 2z € ()k() WX LT y(z) =
Yye( X )ycs ¥ EERLT, —BOR(}) OILAVITHEIRS 5.
e Harmy = ker(fy|R(X)).
o Harm""©) = {f € Harmy, | 7 = f,Yo € Aut(C)}, T T f7 13T
DIk HEBTHLTERLT,
{in, - yin}? ={o(in), ..., o)}
Z N % Harmy, DICICHIEICHLR T 5.

o C ¥ f e Harmy, OEIFAMZIAN & & [Bachoc (1999), [2]] IZX DT

DEIITERS NI !
wC’f z y Zf Supp 2 Wt(c)ywt(c)'
ceC
BUplzRTALS.

Bl 4.2. X ={1,2,3,4}, f={1,23+{1,3} —2{1,4}—2{2,3} +{2,4} +{3,4}
EBL. T5LE
v(f) =({1} +{2}) + ({1} + {3})

—2({1} +{4}) —2({2} + {3})

+ {2} +{4h)+ ({2} +{4h) =0
THY, fecHarmy THS.
il 4.3. C = {(0,0,0,0),(1,1,0,0),(0,0,1,0),(1,1,1,0)}, f = —2{1,2} +
{1,3} + {1,4} +{2,3} + {2,4} — 2{3,4} £ BL. T3 Aut(C) = ((1,2)),
f € Harm, M) 5 3.

INHDOWZEHWT, t-TH A O EIDELUTOLISICHETE 3.

EE41(Dmmm(meHD(ﬁdt7ﬁ4/¢>2&@(wmmnz

0,Vf e HarmAut( ) (1<k<t)
FRE X ZIHAIRD XS5 1CFHIT 5.
wC’f T y Zf Supp " Wt(c)ywt(c)
cEC
_ Z Z f supp 2t Z
(=0 ceCy
L7eh3o TRDOEHZ157-.
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i 4.2, 1. &2TCOfe HarmkAUt(C) (1<k<t)IIMNLT, wes(z,y) =0

CIRETS. ZOLEETOLINLTC (#0) 3 t-TH A ThH5.

2. BTCDf e Harm;’:ut(C) (1 <k <OIMLT, wep(z,y)+wer f(z,y) =
0 8IRETS. ZDLERTDLIIHLTC,U(CH), (#0) 1 t-73A
VTH5.

M EDHED T, UTFOFRREZFHAL X5,
EE 4.3. 2TO OTHLT (Qp1)e U(Qbyy)e (£ 0) 13 3-FH A > TH 5.

Proof. C = Qp+1, G = Aut(C) = PSLy(p) £ 5. (3) = G{o0,0, -1} U
G{O0,0,G}, ’G{O0,0,—I}‘ = ‘G{O0,0,H}‘ %’%a‘h\”uj%5' ER-R

Harm§’ = (¢(R(T) - R(T»))),
Bbing. TITRT) = Y,qT Tho. T5Y f = R(T) - R(Ty) €
Harm§ (20 LT, wef+ wer ; =0TH5. FEFE,
we, f + Wel f = Wo,f =+ Wee f ( CJ‘ = CU)
= 'LUC7f + wc’fofl
=we,f +wWe,—f
= we,f —we,r = 0.

5 SEDFEE
ERERELUTO LS5 10— En 3.

FE 5.1. CZREEInDisodual fF5L55. X :={1,...,n}, G=Aut(0)
vBL ZorEGE () ERT 20, ZOHELGUTO X SR LE

L &9,
<)t(> = GT, UGTs,

(GTY)” = GTy. T% L XHHILT 5.
(1) Jor+Joer BT € (¥) DBRUHFITE SR

(2) fRIE OFREBEESZERL LT, Auwt(C) TRERDDE L ES.
Dy &

[

we,f +weep = 0.

8



COEHORERZ, UTDX3IC32008EICh NS X5 RT3
ZCHA[EETH B.
<)t() =GT1 UGT, UGTs.

INEHWTRSDS 6-THA VMl T2 2 L I 3ERD Z2HETH 5.

6 HiEE

539 MBI E RS VRO U A THHOE R 52 T X o -HRE
DERRITEHBH L LT E .
ARFFLIRIER BBI S (22K03277) DB EZ I TH D £ 7.
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15 DEAZIANICHE S 2 55& *

KM #
ERAVNCSLEERYIETR

AHHORACHIRIZ, RMASELEE CoRRKELERR) t ofFEMFKOMR 4] zHENT52 T3, H
ZZFS5BDTTH, AR LAER LG L ED VW BWES, & 2 THEAT 2I5RIIE. BMSEE T
HAZ A [5] OEATIHISE (B&F. 7—XBED 2B D, ZAUCEEE 5 2 TRMFITDIE Uz, 3
TIEZ DETHIC OV TN 31T, FFSEEICRT 257120V TDARRE L, ZOWMEETHZH
W9,

1 FESDO—i%ER

3. Fo={0,1} % 2 siihe LE 3, 2 ALV TORGRD AIRET T, Z O TIX 2 RO AN F
o ZORD n KITARZ PVER FE OICu = (ug,. .., u,) LT, 0 TROWEREOHE v DEI 2 FW,
wt(u) ERLET, XZ MULZE-FY OIC v = (u1,...,un),v = (v1,...,0,) LT, NEZE

U-U=UVL + -+ UpUp

TEFRELET, 2T, Fo FOFEZMOWLSRTIH, BETIIEHEOARVET, £ 2T, oM
C%., BE n OFE (BERFBLIEIMERVI L) EIERZEICLET, HITRY FLZERBE WS 23T
A RERBBOLNAIS L BRAFERVWLO0DOEGZHLET, BEX n OFE C 1T LT. 20
wECct %

Ct={uecFy: u-v=0, Yo eC}

TEHLET, 2O CE XL n—dimC 2FHFF, 5 C HEHIAIFE LXK, C=CF MRHiIoL
FWEVET, L. CHODHNTHIUX, — I D o BIfRK

dimC + dimC*+ =n

Mo, n HMEKT, 512 dimC =n/2 THZ2Z b2 ET, HOWRMA T, Moy o R, EEFRF

FlE EEDO ueCIiTHLT
wt(u) =0 (mod 4)

DD DO L FWEVE T, Fa MBI D B DI
B + B
D2 ODOWERFOIFIATT, 2DV I A% Type I FHELMUIET, ThbbH
Type II = BHCOM + EH

* 53 9 MBI E RS RO Y AICB T 3iEE 2R D BRICHELEZD DT,
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<7

—RIVIBEFFT DERIIEDD F LT, RIFELLHFELNLZHAGHE LEZBLET, 9. C2RE n D
FEeLxd, 2T 2 HAZHAR

We (337 y) — Z xn—wt(u)ywt(u)
ueC

n
=Y Ay,
=0

72720 A =t{ueC: wt(u) =i}, TEBELET, ZHE. X n OFRZEHRXR->TVWET, ZIT.
COEAZHAO B2 RIUCB WL, 772V REEEE AN TEEE T, BEX2EELTBLE. v D
HXrE 0€eFy CIZERR2 u DEFEOET L ZAT. uld 02 1 BRHATVWEDT, 0 85
i, DED 1 2WVWH 8 TT, REBRMNS 0 L3RRS, TER. 1 THS, EVIFVAZLRVD
MEEI L. 2 RSN EMO WS HEEEZEZT, BDTT, Lol Fo OARVET, ERIICESLT
WBDT, EHEMPOEZXZ 1 PENAREE-oTHRIXESITIN, RV ET, XTL,

wt(u) =i u; # 0}

ZR x DNEHRBICEZ D &
n—wt(u) = 4{i: u; =0}

LD ET, Z5HMETL L,
ng(u) =t#{i: u; =a}, a € Fy

ZBATHIET

Wc($0,$1) _ ngo(u)x?l(u)
ueC

=We(zq : a € Fy)
CVWIFRIRMBTEET, ZOFRRH, BAZHAO R (ZEHEIL) KEFEHBEP VWL ST,
bt T Type 1L fFF51CBEDH B, LR FE LD
4 & Type I fF5DEAZIEAXICHEIE)N H 2

EWVH DR, XDEYIrS LOLEEA, TR ZOEAZHAIIOWT, RABMBEZZDTL & 5 h%

2 EHZEIADOME

FEE n OfF5 CITRLT

1
WcJ_(Qj,y) = EWC(:K—i_ywr_ y)

PHISNTWET (MacWilliams), 28 2,y DRDDIC 29,21 FEATIAL 2B o7D, EEbIZ
STIM, ZZTWE a,y DADEHELELS, WS 22T, gy TtuwEEd, X T, MacWilliams 18
FRX, T EOEAZENIL, b OFEOEAZERAD SREIVRIRIETHE S Z LI TE S LT
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9, BIZIE. BOTFE OREDEME T, AN EDEAZHANEREITIIRDIHLWHET, b OfF50
FEOEAZHADPHBRNEZ B ONIGER AN TS, FLid, MacWilliams HEXEZEX n OH
CAGHFS C=CH WML E T, ZOHE. n 3BT dimC =n/2. Wz 5L |C] =22 Tl
Zh % MacWilliams HERICHTEH 2 &

Wel(z,y) = (\2)” We(z +y,z—y)

e (2 220)

2 R
LD ET, OF CHEBOBAIERET, 9. C kEBHFEL T 5L
We (96, ﬁy) = Z g wi(w) (\/jly)wt(u)

uel

_ n—wt(u), wt(u)
> a0y

uel
= Wc(it,y)
D ET,
SEFTOFELE Type I fFFEICOoVWTE e HFET L, Type Il 175 C DEAZIENIZ

Tty rT—y\ .
m(f,J)—mmw
We (2,V=1y) = We(z, y)

e e ET,

2T AARNZECHEELZFHALE 3, SHATEREORELIF— (198 7H4 A5, BELOH
RW) DRLHETT, EEITE. ZhoF Do AISEo7hrd LhktA. HHEER 1240l
RVEHR] LETLILET, XTHID L BRATVET, REICGHAEMEZ OO,

f(@,y) = 2% + 75929 + 25762'2y'? + 75920 + ¢

EBFIE

THDIrZRE] 2O f(r,y) 1ZHrTHTL 3, £X 24 @ Type I FFE. bW 3 Golay fF5DEA
ZIEATT, S TO#EMDO S, 2D f(r,y) BLid 2 2OFEXREHMLT 2@ 92D £5,

BAZHA L BRHOARZRMZ2H/ U DIF S Gleason DFEFHICHE > TWEEF, Gleason OEFHAD A
W25 L E 3, N.J. A Sloane [11] 3fF5Hamz AL MOBR2 M L F Lze ZDFMXTIE,
Type II fF5OEAZIHAD 2 DDHEKX
2 = W) 1)
—1ly) = W(z,y) (2)

A
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S e 2ERBLEDE, DFED XS IWHEXRE T, “The problem we want to solve is to find all
polynomials W (z,y) satisfying (1) and (2).” K&z D%

{W(z,y) € Clz,y] : W(z,y) satisfies (1) + (2)}

T, COHRBRWERTIEHILDET, T,

o= (50006 )

B, TADEX—=F v PELTVWAERIE, B G OFERIR

RG:{W@w)EQ%M:W%m+@mx+@%:W@wLV<zZ)GG}

T3, ZIT. G 192 OERFEET, Shephard-Todd [10] ® Y X MZBWT, No. 9 TF, SFT
Dk 5
RC
U
Type I[I HFEDOEAZEATEREN S Clz,y| DR
U
CWeg, W]

DEEBURDBED B E T, T I T, eg X 8 @ Type II 75T Hamming 75, goy 13EE 24 @ Type
II fF5T Golay f¥5. L ZNZNIFIENZ D DT, Gleason &, 1970 FOEBFEEERHAT. LR
RE 752 20 Type Il 5 DEAZIHR W,,, W,,, TERINZ e 2HERLET 3. $hbbH, 3008

924
Y

= S DR S

Type Il fF5OEAZIHATAER SN DS Clr,y] DEDER || C[Wey, W,,]

3 Type ll FED4E

ZZT. Type H FEXENIEHZDh, BRTEBEET, B n D 2 20505 21EER UHEE R
FOBBERL 720, FAEOHEEEALET, R n OFE C, O FAMETH 2 ik, C OEED B
L7, C =T BLZWLEVET, DFD.

Cr(C Ml <doesS,, C7=C

A

T, ZORMERIFRD S &, Type [ 5O 5 EBRZIRTITN, ZOHNICROMEEZBNTEE £ T,
1. RBE n O Type [I FFSHEET 27D DRETDFMIE n=0 (mod 8) TH 3,

Type I 7 2O RIEER RV 7 EIEOE 0% 1 124D £F (8, 9, 2, 1)),
EXREELEBEOEASHEAOLTEMIOWTENE T, FFAMATEOEASHRE ML %
Fo L. FABRAESTH-TH, ALEASEAEHOBENHD T, EX 16 ® Type [ FF81% 2
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#£1 EX 24 ® Type Il 50555
wEoRxn  |8|16]24]32] 40 | >48
Type T AFE oM [ 1] 2 | 9 [ 85| 94343 | unknown

D (e}, dig tREIN3) B ETH, ThoEAZHAI—HL 3., ZORE. BROMEERD Ahs
ZET, HIEWR RLET, 5 C Ok g 0EAZIANZ

Wc(g)(xa cacF)) = Z H e (U155 tg)

(v
(y
)

Na(ty, ... ug) = 4{i 0 a= (uis... ug)}
TF, THLEX 16 ® Type I RO g DEAZHEATT A
W§§> £ Wéij sg>3
PHIBRTOE T, AHOMELEX 24 OBEICEZETL
dim(W, ... W) =95 g>6

b x3 ([6]. of. [7TDo

4 R (REARBRE COHRFHZE)

R& 24 @ Type I (525720, BARNRIFSZ2EMITHOR TR L TEE X, RATHNFZ5OR
SERL, TR PADNZOFESOEEL IR 7,

111100 ... 0000

001111 ... 0000
dy, . , n=0 (mod 2),

000000 ... 1111

0111100

e7 : | 0110011 |,
1101010
11110000
00111100

00001111
10101010

€g :

FTTRMENTTEE LN, BX 24 @ 2 LK ED Golay 5% goy TRLE T, ZDFHE goy IFEX 4
DILEF 3, mNEAD 8 TY,

=D, B EEALELED, REn, 0/ OFEC, C' 2D ET, 2O E BRI n+n OFBLRS,
Ct(C DEMEZHOTRLET !

CC={(uv): uecC, v e’}
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BOIETREL 55 hy (i=1,2,...,9) KOWTEARTEE T, PITHEL T, 2 BHOME C, *

%iij—o :@ﬁ%@h&%bi dloeg VG?O le @Eé 4 @fu@ﬁbi 10 T, er @éé 4 @fﬁ@{;&bi 7T
To HX 4 DL E ZDFSORETEHIZ &

10

10

7
7

ERDET, ZORTE hy ELET. ZOXSIHIELET ., RE 24 @ Type H FHZDOWIT L hy 13X
DEIWTHDFET,

%2 EX 24 @ Type Il f§5

1 1 2 3| 4 ) 6 7 8

COIIlpOIleIltS d%Q dl()e% dg d% d24 dg goa d1668 6%

i

NS
—
lw
-
=

o=
s
=
jen)
INEN]

(y
(y
)

_ 1 (1) (1)
A= () -we))
:x4y4(x4_y4)4
YBEZILEO, B 1 OBEOMREERRE T,
EHE2 (1)i=12,...,90L%,

W) =W +6(4h; — T)A

DD Do
(2) i,j 1 1,2,...,8 DBIT, BRBL T2, COLEHBEE m IZOWT 4h; = 4h; (mod m) A
DALDRBHIE
Wél) = W&) (mod 6m)
VG%%O

(3) Co,Cp ZEZ 24 ® Type II T hq <hg £F5, TOLZE, i=1,2,...,91Z2"T

) = e hs gy | = o

)
ho —hg = " hg— hQWC

B

WD LD,

T 2 12V THIRZARE 720, DXOBMBEBOZERZERL £,
1 ) (2)
X =5 (W -we).
1@, 40 (2)
Y - 77WCQ + ?WC7 + W05
LT,
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1
X24—X—QY,
Y=L v
M7 oa3

EBEFT, B2 0ZHAL © FHFE

®: Clzy € FY = Clza : d/ € FJY

/

. a
To ifa= ,
0
Tg
. a’
0 if a =
1

T, B 1 0ZHEA LMo EE T,

Rl 3. P(Xoy) = A BIY ®(Yay) =0.
R 2 OB DR REBRE T,

FE 4. (1)i=1,2,...,9 LT

WS = WE +6(4h; — ) Xau + 24(2h; + 3)(4h; — T)Ya

DD ILDo
(2) i,j 1 1,2,....8 DBHT, BRRBL T3, ZOLEHBEE m IZOWVT 4h; = 4h; (mod m) AU
DILDRBHIE
ng)EWéQj) (mod 6m).
TH %,
(3) Co,Cp,C, ZRE 24 D Type HIFF5E L hy < hg < hy BRDILoTWVWD, TOLEF i=1,2,...,9
WRLT

W = ta(h)WE + La(h)WE + €, (h)W .

B DD, ZIZTe€{a,f,7} LT

O =

Te— X
pe{a,B,7} "
pFe

THb,

TORHTEREE WY £ WD v hs = hy 25, B8 2 LEH 4 ThZIUTBT 5 (1) DEROME
3ANDIRIFBRNWZ L ZFERLTRDOI 2V EEBVWET,

BE Xk
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