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On flag-transitive anomalous C3-geometries

Satoshi Yoshiara
Division of Mathematical Sciences
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August 26, 1993

Abstract
In this report, the proof of the following recent result by the author and Antonio
Pasini [YP] is briefly described, as well as a short survey of results on C3-geometry:
A locally finite, flag-transitive thick C3-geometry is either a building or the sporadic
Az-geometry, unless its full automorphism group is non-solvable and is of order (z,y)
with y odd. :

1. Generalized Polygons.

1.1 Definition. An incidence structure G = (P, L;*) is called a generalized n-gon if
its incidence graph I'(G) := (PU L, {{P,[}|P € P,l € L, P xl}) is of diameter n and of
girth 2n. (The diameter means the maximal distance between two vertices, and the girth is
the length of a shortest circuit.) Elements of P (resp.L) are called points (resp. lines). For
a point P € P (resp. aline ! € L), we set L{P) := {m € L|P*m} (P(l) :={Q € P|Qx!}).
For (possibly infinite) cardinals s,t, we say that G is of order (s,t) if |[P(/)] = s + 1 and
|L(P)| =t + 1 for all lines [ and points P. It can be verified that if G is thick (that is,
|L(P)| > 3 and |P({)| > 3 for every point P and line {) then the order of G can be defined.

1.2 Geometric Interpretations. We frequently use the following interpretation of
the notion of generalized n-gons. Let G = (P, L;*) be an incidence structure.

(1) G is a generalized 2-gon if and only if I'(G) is a complete bipartite graph if and only
if P * [ for every points P and every lines .

(2) G is a generalized 3-gon if and only if G is a (generalized) projective plane: that
is, there is a unique point (resp. line) incident with given two distinct lines (resp.
points).

(3) G is a generalized 4-gon if and only if there is at most one line (resp. point) incident
with two distinct points (resp. lines) and for any point P and an line / not incident
with P there exist a point @ incident with ! and a line m incident with @ and P.



1.3 Examples. Most popular explicit examples of generalized 3-gons is the incidence
structure of projective points and lines in the 2-dimensional Desarguesian projective space
PG(2,q) associated with the vector space GF(q)® over a finite field GF(q). As for a
generalized 4-gon, which wewill call a generalized quadrangle and abbreviate to GQ, we
now give the following two examples.

1.4 Example. The symplectic quadrangle W(g). Let V be a vector space of
dimension 4 over GF(q) equipped with a non-degenerate alternating form f. We define
G = (P,L;*) by P = the isotropic (with respect to f) 1-spaces of V, £ = the isotropic
2-spaces of V, and * = (symmetrized) inclusion.

For a 1-dimensional isotropic space P not contained a 2-dimensional isotropic space I, the
subspace P+ orthogonal to P is of dimension 3 and therefore intesects [ in a 1-dimensional
space . This shows that the above condition for a GQ is satisfied. The GQ G is of order
(g,9)-

Note that the symplectic group Sps(q) = {T' € GL(V)|f(z,y) = f(Tz,Ty)} acts on G
by ususal multiplication of matrices. It can be verified that Sps(g) acts transitively on the
set of maximal flags (that is, pairs (P, 1) of points P and lines [ with P *[).

1.5 Example. Sylvester quadrangle S(6). This was found by J.J.Sylvester in 1844.
We take a set Q of letters 1,2,...,6, and define G = (P, L;*) by P = the transpositions
on §, L = the 23-partitions on 2, and * : symmetrized inclusion. The symmetric group
Se on § acts on G, which is transitive on the set of maximal flags. We can verify that G
is a GQ of order (2,2). Drawing a picture, it is not so difficult to establish that there is
a unique GQ of order (2,2) up to isomorphism. Thus we have S(6) = W(2), which also
implies that Aut(S(6)) = Se = Sps(2) = Aut(W(2)).

1.6 Generalized polygons as rank-2 buildings. The above examples are of rank
2 and belong to an important class of geometry, so called butldings. Since we only need
the notion of buildings, we will omit its formal definition. See [Til] Chap. 1-3, [Ti2] or
[Ro] Chap.3. Classical geometries such as projective spaces and polar spaces associated
with sesquilinear forms are buildings. It is shown by Tits [Ti1] that thick buildings of rank
r > 3 and of “spherical type” should be one of these classical geometries or those related
to exceptional simple algebraic groups of type Fy, Fg, E; or Es.

One of the most useful property of buildings is that they are geometries in which every
“local structures” are also buildings. In particular, generalized polygons. So the natural
question arises: Is a geometry whose “local structures” are generalized polygons always a
building? The study of diagram geometry was originated from an attempt to make precise
the meaning of “local structures” and to consider the above question. In general, the
answer was known to be “no”, because some interesting geometries belonging to diagrams
of affine types were constructed. However, in 1982 Tits gave an answer to the question
above, which makes an exceptional nature of C3-geometry clear. In the following sections,
further details will be discussed. However; since we mainly dicuss on geometry of rank 3,



we will not repeat the formal definitions of terminologies in incidence geometry of general
rank. For them, see for example [Bu], [Pa3], [PY2].

2. C3-geometry.

2.1. Definition. Let G = (Go, G1,G2;*) be an incidence geometry of rank 3, which
simply means that * is a reflexive and symmetric relation on the disjoint union GoUG; UG,
of non-empty sets G; (¢ = 0,1,2) such that z * y for z,y € G, is equivalent to z = y for
each i = 0,1,2. We set G;(z) := {y € Gily*z} for 2 € GoU G UG, and i = 0,1,2. The
elements of Gy (resp. G; and G,) are called points (resp. lines and planes).

An incidence geometry G = (Go,G1,G2; *) is called a Cs-geometry if the residues
Res(a) := (G1(a), G2(a); *) of points a are mutually isomorphic generalized quadrangles,
Res(l) := (Go(l), G2(1); *) of lines | are mutually isomorphic generalized 2-gons, and
Res(u) := (Go(u), G1(u); *) of planes u are mutually isomorphic generalized 3-gons.

We will give two examples of Cj-geometry. One is a building, and the other is not.

2.2 Example. The symplectic polar space Wi3(g). Let V be a vector space
of dimension 6 over GF(g) with a non-degenerate alternating form f, and define § =
(Go,G1,Ga;%) by Gy = the isotropic (w.r.t f) 1-spaces of V', G; = the isotropic 2-spaces of
V', G» = the isotropic 3-spaces of V, and * : symmetrized inclusion.

For each 1-dimensional subspace P, we consider the 4-dimensional space P*/P equipped
with a non-degenerate alternating form f inherited from f. The 2- and 3-dimensional
isotorpic subspaces containing P correspond to 1- and 2-dimensional isotropic subspaces
(w.r.t. f) of PL/P. This implies that the residue Res(P) at P is isomorphic to the GQ
W{(g) in 1.5.

The structure of residues of other types are easy to observe, and we can convince that
G is a Cy-geometry. Note that the symplectic group Spe(q) = {T" € GL(V)|f(z,y) =
f(Tz,Ty)} acts on G and is transitive on the set of maximal flags (that is, the triples of
mutually incident points, lines and planes). Further, |Go(!)] = ¢+1, |G1(P)NG1(u)] = ¢+1
and |G,(1)] = ¢ + 1 for each maximal flag (P,{,u) of a point P, a line [ and a plane u.

2.3 Example. The sporadic A;-geometry. (See [Ro] p.50.) This geometry G =
(Go,G1,Ga; *) is defined as follows: First we set, Gy := the 7 letters of @ = {1,2,...,7} and
G, := the 35 (unordered) triples of of 2. We consider a projective plane having Q as the set
of points. Such plane should be of order 2 and can be determined by specifying its 7 lines.
For example, II = (2, £) is a projective plane, where £ consists of the lines 123, 145, 167,
246, 257, 347 and 356. Here we also denote a line by the triple of points on it. It can be
verified that there are 30 such planes, which form two orbits of the same length 15 under
the action of the alternating group A; on 2. Two planes belong to the same As-orbit if
and only if they have exactly one line in common. Now we define G, as one of these two
Ar-orbits; and determine * by natural containment.

The resulting geometry is a C3-geometry, which called the sporadic As-geometry: For
the residues of lines and planes, it is immediate to see their structures. For a point, say 7,

—10 —



the set of lines incident with 7 can be identified with the set of permutaions on {1,...,6}.
A plane incident with 7 can be determined by its three lines through 7, which correponds
to a permutation of type 2° on {1,...,6}. Thus the residue at 7 is isomorphic to the GQ
S(6) in 1.6. |

The group A; acts transitively on the set of maximal flags of G. We can prove that
Aut(G) = A7. Furthermore, G is flat (that is, a * u for all points a and all planes u). This
actually implies that G is not a building (for another proof of this fact, see [Ro] p.50)

The following theorem due to Tits (and Brouwer and Cohen) characterizes buildings by
its diagram (“local structure”). For the precise definitions of diagram and quotients, see

[Bu] and [Ro).

2.4 Theorem.. (Tits 1981 [Ti2] + Brouwer-Cohen 1983 [BC], see also [Ro] p.47 (4.9))
Assume that G is an incidence geometry belonging to a diagram A which is a Coxeter
diagram of type X,. (This is almost equivalent to saying that every rank-2 residues are
generalized polygons.) If A does not contain the Cs-diagram, then G can be obtained as a
quotient of a building of type X,,.

2.5 Meaning of the study of Cj-geometry. Since all thick buildings belonging
to Coxeter diagrams of spherical type of rank > 3 were classified by Tits in 1974 [Ti1],
the above theorem 2.4 allows us to obtain quite explicit information on a geometry by
simply analyzing its local structures. The above hypothesis on Cs-diagram is essential,
because the sporadic As-geometry in 2.3 is a Cs-geometry which is not a building. This
is why characterization and classification of Cs-geometry is recognized as one of the main
problems in the study of diagram geometry.

3. Characterization of C3-geometry.

There are several results on characterizing C3-geometry. In this section, we introduce some
of them. In the following, G will denote a Cs-geometry. I recommend to the readers the
nice survey by Lunardon and Pasini [LP2] for more detailed information about the results
on C,-geometries up to 1990.

3.1 Theorem. (Tits 1981 [Ti2], For an elementary proof, see Pasini’s textbook [Pa3]
Cor.7.39) If there is at most one line incident with two distinct points, then G is a building.

Note that the sporadic As-geometry does not satisfy the assumption of this theorem,
because there are 5 lines 12i (1 = 3,...,7) through two points 1 and 2.

3.2 Locally finiteness. The geometry G is locally finite if z := |Go()] = 1 and y :=
|G2(1)] — 1 are finite for each line I. The pair (z,y) is called the order of G. If z > 3 and
y 2 3, G is called thick. Non-thick Cs-geometries are characterized by [Re] as quotients of
Klein quadrics. Thus from now on we will assume that G is thick.
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It can be verified that the diameter of the collinearity graph of G is at most 2 [Pal] p.50
Cor.1. Thus, the locally finiteness implies the finiteness of G. Furthermore, we can-obtain
exact formulas on the number of points, lines and planes, in terms of z,y and the following
important constant.

3.3 Ott-Liebler number. First we can verify that two distinct planes u and v are
incident with at most one line in common. If Gi(u) NG;(v) # @, we say that u and v are
cocolinear and denote by u N v the unique line incident with u and v. Whenever we use
the notation uNv, we assume that u is cocolinear with v (# u). Now for a point-plane flag
(a,u), we set

a(a,u) = {v € Ga(a)la A(unwv)}.

We can prove that this number does not depend on the particular choice of a point-
plane flag [Pa2] Theoreml. The constant o(a,u) will be called the Ott-Liebler numebr
and denoted by . Ott and Liebler indipendently tried to analize the multiplicities of the
irreducible representations of the Hecke algebra obtained from . They first noticed that
these multiplicities are described in terms of z,y and «, but in their work, o = (P, u) is
interpreted as the number of closed galleries of type 012012012 based at a maximal flag
(P,1,u). They derived many divisibility conditions among z,y, a together with the well-
definedness of «. The more geometric definition above is due to Pasini, which enables us
to verify some results of Ott and Liebler by elementary counting arguments.

Note that if G is a building, then o = 0. Conversely, we may verify that if o« = 0 then
the hypothesis of Theorem 3.1 is satisfied, and therefore G is a building. For the sporadic
Aq-geometry, we have o = a(l,7) = #(lines | of 7 not through 1) #{(planes through !
distinct from 7)=4-2 = 8.

3.4 Theorem. (Pasini 1986 [Pa2]4(1)(3)) If G is locally finite of order (z,y) with the
Ott-Liebler number o, G has |Go| = (2% + z + 1)(z?y + 1)/(« + 1) points,
|G| = (2% + z + 1)(2%y + 1)(zy + 1) /(¢ + 1) lines and
|Ga| = (2%y + 1)(zy + 1)(y + 1)/(a + 1) planes. Furthermore, z divides .

3.5 Flag-transitivity. So far we do not assume anything on the full automorphism
group of G. If the full automorphism group Aut(G) of G is transitive on the set of maximal
flags, G is called flag-transitive. The examples in section 2 are both locally finite and
flag-transitive. Motivated by exceptional behavior of small Lie type groups, Aschbacher
and Steve Smith rediscovered the sporadic A7-geometry in 1980. Aschbacher also tried to
characterize this geometry by its flag-transitivity:

3.6 Theorem. (Aschbacher 1984 [As]) Let G be a locally finite, thick, flag-transitive
Cs-geometry. If Res(u) for a plane u is a Desarguesian projective plane and Res(a) for
a point a is a thick classical GQ (that is, obtained from the sesquilinear forms on finite
vector spaces), then G is a building or the sporadic A;-geometry.
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We will call a C3-geometry anomalous if it is not a building nor the sporadic A;-geometry.
We are now in the position to state the following remarkable conjecture.

3.7 Conjecture. Thereis nolocally ﬁnite, thick, flag-transitive anomalous Cj-geometry.

Pasini and Lunardon proved some results generalizing Theorem 3.6, but the complete
solution of the conjecture has not yet been obtained.

3.8 Theorem. If G is a flag-transitive, locally finite, thick, anomalous Cs-geometry,
we have
(1) (see [LP2] Prop.12) The residue of a plane is non-Desarguesian, and
(2) (Lunardon and Pasini [LP1]) G is not flat.

4. A result on (s;-geometry.

In this section, we will describe a new contribution to the solution of the conjecture above
and sketch the outline of the proof. The result, in a sense, solved the conjecture in over
the three quarter of the possible cases.

4.1. Theorem. (Yoshiara and Pasini 1993 [YP]) If G is locally finite, flag-transitive
and anomalous, then Aut(G) is non-solvable and y is odd. (z should be even).

It seems unlikely that there exists a generalized quadrangle of order (s,t) with s —t odd.
Thus this result forces very restrictive conditions on the structure of the point-residue of
G, which is a GQ of order (z,y). The author and Antonio Pasini hope the remaining case
will be eliminated in near future.

4.2 Relation to the classification of flag-transitive extended dual polar spaces.
The author was involved in the study of Cs-geometry during his classification program of
flag-transitive C,c*-geometries, so called, the extended dual polar spaces. As for this
program and the related results, see the author’s survey [Yo2], the paper [Yol] and the
note [PY2]. Here I simply mention the following: '

4.3. Theorem. (Yoshiara and Pasini 1993 [YP]) There is no flag-transitive Csc*-
geometry H with Cs-residues anomalous.

If such geometry exists, we can show that the stabilizer Hp of a point P in the full
automorphism group H of H is solvable. Thus we may apply Theorem 4.1.

4.4 Outline of the Proof of Theorem 4.1. The proof itself is rather short, because
we can quote many results established by Lunardon and Pasini together with strong results
in group theory. Assume that G is a flag-transitive, locally finite, thick Cs-geometry. We
denote by G = Aut(G), G; := the stabilizer of ¢ in G, and K, := the kernel of the action of
G, on the residue Res(t) of t € U?_,G;.
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Most important notion is the following number n(a, b) for two distinct collinear (that is,

Gi(a) N G1(b) # B) points a, b.
n{a, b) := # lines through a and &.

We fix a maximal flag (a,,u) of G. We will count the number of triples (v, m,b) in two
different ways, where v € G,(a), a A(vNu), | # m € Gi(a), b € Go(I) — {a} with bxm * v.
One can then establish the following relation between n(a,b) and the Ott-Liebler number.

a= Y. (n(ab)-1).

b€Go(1)—{a}

In particular, if we choose a point b on [ distinct from a such that n(a,b) is minimum, we
have

n(a,b) < (afz) + 1.

When the upper bound on n(a,b) is attained, the numbers n(a,c) are constant for the
points ¢ of Go(l) — {a}. By the flag-transitivity, this implies that the number n(a,b) are
constant for any pair of distinct collinear points a,b. Then we can apply the following
theorem by Pasini and conlude that G is not anomalous.

4.5 Theorem. (Pasini 1986 [Pa4] Theorem2) If n(a, b) is constant, then locally finite
G is a building or flat.

4.6 An upper bound of n(a,b). Since (a/z) is an integer by 3.4, we then have
n(a,b) < (o/z).

4.7 Kantor’s result on flag-transitive projective planes. Up to here we do not
require so much on group theory. Now we need quite strong Kantor’s result on flag-
transitive projective planes (1987) [Ka], whose proof depends on the classification of finite
simple groups to large extent. Since the residue of a plane u is not Desarguesian by Theorem
3.8, Kantor’s result implies that G,/K, = Frob.;;'”_:z+1 acting primitively on Go(u), and
that p = 22 + 2 + 1 is a prime with z even.

4.8 The case G is solvable. Using the above information and elementary group
theory, we can determine the almost whole shape of G if it is solvable. For the detail, see
[YP] Lemma 4.

4.9 Lemma. If G is solvable, there is a system Q2 of imprimitivity blocks for G on G,
such that
(1) Q consists of p blocks of length (z%y + 1)/(a + 1).
(2) The kernel of the action of G on Qis N := Op(G).
(3) GaN/N 2 (G, N/N) x (Go,N/N).
(4) There is no pair of collinear points in each block B of Q.
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4.10 Elimination of the solvable G. Now we will derive a contradiction by observing
the following objects:

b: a point on ! such that n(a,b) minimum,
O: the N N G,-orbit on Gy through b,

L: the N N G,-orbit on G;(a) through I,
L(c): the lines of £ on a point ¢ (c € O).

The orbit O lies in the block B containing b by Lemma 4.9 (2). Calculation using Lemma
4.9 (3) implies |£] = zy + 1. Further, it follows from Lemma 4.9 (4) that each line of £ is
incident with a unique point of @. Thus we have

L] = £@)l|0.

Since L(b) consists of lines through a and b, we may apply the upper bound obtained in
4.6. Then we have :

sy+1=1C] = |L@)o|

(e/2)((z%y + 1)/ (e + 1)),

IA

a contradiction.

4.11 Elimination of the even y. For y even, we can show that each involution of
G stabilizes a unique plane. Then G, is a strongly embedded subgroup of G. Using the
(classical) classification of such groups and the result in the solvable case, we can derive a
contradiction.

References

[As] M. Aschbacher, Finite geometries of type C; with flag-transitive automorphism
groups, Geom. Dedicata 16 (1984) 195-200.

[Bu] F. Buekenhout, The basic diagram of the geometry, pp.1-29, in Geometries and
Groups, Lecture Notes in Math. 893, Springer, 1981.

[BC] A. Brouwer and A. Cohen, Some remarks on Tits’s geometries, Indag. Math. 45
(1983) 393-402.

[Ka] W. Kantor, Primitive groups of odd degree and an application to finite projective
planes, J. Algebra 106 (1987) 14-45.

[LP1] G. Lunardon and A. Pasini, A result on Cs-geometries, European J. Combin. 10
(1989) 265-271.

[LP2] G. Lunardon and A. Pasini, Finite C, geoemtries: a survey, Note Math. 10 (1990)
1-35.

— 15 —



[Pal] A. Pasini, On certain geometries of type C, and Fy,Discrete Math. 58 (1986) 45-61.

[Pa2] A. Pasini, On geometries of type C5 that are enther buxldmgs or flat, Bull. Soc. Math
Belg. B 38 (1986) 75-99. ,

[Pa3] A. Pasini, to be published. ‘
[Pa4] A. Pasini, On finite geometries of type C3, Note Math. 6 (1986) 205-236.

[PY1] A. Pasini and S. Yoshiara, 'Flag-tra,nsitive Buekenhout gedmetries, pp- 403-447 in
“Combinatorics’90”, Annals Disc. Math. , North Holland, 1992.

[PY2] A. Pasini and S. Yoshiara, Generalized towers of flag-transitive circular extensions
of a non-classical C3-geometry, to appear in J. Combin. Th. A.

[Re] S. Rees, A classification of a class of Cy geometries, J. Combin. Th. A 44 (1987)
173-181.

[Ro] M. Ronan, Lectures on Buildings, Perspectives in Math. 7, Academic Press, London,
1989.

[Ti1] J. Tits, Buildings of Spherical type and Finite BN-pairs, Lecture Notes in Math. 386,
Springer, 1974.

[TiQ]‘ J.Tits, A local approach to buildings, pp.519-547 in The Geometric Vein, Springer,
1981.

[Yol] S. Yoshiara, On some extended dual polar spaces I, to appear in European J. Combin.
Vladimir Conference Volume (1993).

[Yo2] S. Yoshiara, On flag-transitive Cy.c*-geometries, in the reports of “the conference on
Association Schemes”, held at Kyoto University, March, 1993.

[YP] S. Yoshiara and A. Pasini, On flag-transitive anomalous C3-geometries, submitted
for publication.

— 16 —



o 5 Mecho % 0 1512 A
Ak B WX #r
0. & |
ST AR %@Z&/?ﬁi G . 1o 2547
AFE P BT 5 Mecke B H(G. PO o< THRAE o7
LAk oo T fo (5 BE & AT
WE GrARTS Wl #F e L. We % P 7ART 5
W o BUTHEPNGE © T5. HG.P)% %4 5 YT Hlw )
L ORI R T RT, Bla T RGP = )
WIS 6 [(CLKloF T 73U Tub, U]
H(G Bl CWNo -BIb i o Tuh, ooy d) B
Lt p b, AU G L KIS). H(G P o 1518 Fim
AL w9 0-9- e LTHANL Fro 1% KA TLob <]
Jo AW WD 0 35 B I 9 FBSNE &8 8 bovs T 0k,
Sodo HE A v Flo 51 E L e Hlf LS, T
C AP b obebe BT b0F T b BEET



Ple Ld, [BRKSlao H(GLGn.3), Splen.8)) & GL(n.E)
Lo BRI © 0y B 5.

S1. 7 RAGTEH L. 82 7 Gov Fe
BlorE o HA K ouT A T5,
§ 1. 3B 4A |

G o APRE H%E Foib0NEFe L BT BFE
G e Th et BB CH» BR68 < AT LHER
oo T h, BiRg) e b T £,

e=H"2Zn A4 cCH<CGG,

T hh, ot ellGed e% %1 cT5 06
bh. tW % G o Hw BT L Hecke 3% T
v H(GH) 11 #e He Z0F S b T L.

Gﬁ}if@ , Ti=H&LH (osisd). &H=1,
e Go Hiw BTL GBIDE» SHEKeTh o2
0i = H"Z . (ozicd) e5 70 {6, 00, 04
1 H(GH) 0o BB TE, SHSE Ko ?%’ﬂi%g/?\ s |
J Lo rTE, ALT to kA BT % RAE A TA

; ] \17 X
EPNTR T



(05 00 - a) 90 H(GH) o AT BL L 5.
Q. Gi = éo 794'?‘ o, P el | ssiy<d,
e B TR L L) s e TR,
RE L5 L H-C rAtLT
Covs Hoo - RIAH
SUSEN
S G é(&a) Jé P LA, 0<% <d
(20, s(&) e b Bi=(F5) tia>
S N0cisd), 2B LD TLEF » B
vl
o0 PS ) o FHESHINT Ao R A pe T
TEL b bha L, |
SR YT ANERF T F011 H b,

&

Zoi = T2 H (osi<d) 254 ¢&.
PE =19 Hga,;;'li Roi aldal | o<vivy thsd
L) Q.= P lieH , (osisd) v But F61d,

52,51
&- 52]85 - :_@!_, gzcﬂ,e byf%’ (&/\, v:{-l\,j‘h;r JL\//

—19 —



AT G e B Ghoally B W,S) & AR T
B Th 1S w ALY G . FHFN s 2 IE A
Pro We av RI5, (CIKI &) Ro 20 0 Ry oD,
R2 2. UC1KD) %531 raod)eT5.

H(G, P) == H(W, W)

2 3. (IC 1K) %65 0 Yro HJ e T L. ka1 FlLE.
D H(G.P) by TR
DA WWD o TR
) Dir o ity _wvelutive .
kicl., 1.7 ¢S = 7L 7T

Digi={weW : wid WivwWio FodREL] .

LR kW ICIKIE R0 LT AT L.

23 55 B Rocw o bod

BA (.S 00 BLA9 Heph FE TS T AW W) 0c.
TR L b 1] Wi o< I& KBTI 2P0 T 75T N

=

oo, TS (1 =IS)-] TR TN TR T,

— 920 —



EER) IS-Ilz2 T hAHFod R 23] o7 FAHE.

So. 8. . Sa sl. isd g BuviwEF) s Sae S-1,

Sy, Sam € L, SiSin #F SinSi ,0<%a< k],

Sotd 88 Sk €D ThhHow (55 S)7# | Uhb.
LTRAZ3 Y AWWT TRE T,

Lol Wi oe B AR EINEE ¢ 5, T H W, W)
TR T L d TS v, RE3E e T 4ANT
Ny oA ow THANTHLYL Raot)FitS 7 A5,
RRE, ko B R G0 b3l AW WG TR,

el I=1s, - &, - S.jcS 75,

AL i L=l .
e LA EE e,
D. ¥ — 'A""'A:lé—l A=02, [F], melm
n
=/,2.6 =4
f8 s lesg s SIS T
A=/ m=g
F«“"ilj = A=/, 4
672@ =3 A=7.2

— 921 —



Ao BH T < HSATVE
o Dir b WOW/We e P;\IG/ Py

e e Ws — Piv P
25 R T o,
@ G =wlzé¢1 U w P

B o AT AT BlTL R LA T A,
el welW w AL Uw =Ua U™ U Bewl
APVANEE B B3 NL TR anipstend A T H 5.

::«K&«; NSRS

C’!/PI ZWE‘JDH Qw\r}
&y = PIWPX/PI = U ij" W/P1 ) weé Dr1

weDe1
ow e Wrw W

Lb o bbb (USI= & ("seS) & 15713

Um 1= 827 oL ey 1@2ul=Zon 7

weDg1
wWEWLw W

AR T LT Ro M o Wi T Hh.
WG 0T 40316 A eSS, welWN wALT
S U’;" W PI C UCS;)" S"MPI U Uw\;" WPJ. ¢ 775

Lisw)>hwr) o £ 31T sUsr wPr e U st 9555009,



$2. H(G.P) o 158 Z
ce7d BRI AG PO #BEY HE LT as
G Fe® | Poae Co®oo BAE Bl IR, T M.
v 4RAL R Fucdid BT w L. le g, .. 801 %
1o A ERKEA e TE. Eodtn RE bt
%?‘W% Tl Rodor MAL (7 [BJ)
| A=Ay, v ds |
tl, Ae={2€%6i; 1si<icd »
As ={zte,, (et te,16); 12i<u)
T =1 oi= -0, 0h=i-Eu, os= E,
o = d(E-fa-pa-g.) |
i Usicw) B oyt e BT A 4R L. Se/s.5.5.5)
el e WedS>a Fedtl wed 75 755, 1:855)
Bt Wes<Iyl CaEl o HIDE EIAEE T 4 4.
Aea Fo o= €0t6: % BLE W o5 Ao < 5% 1= {4
Lowos ARAPINE 0 We Thbot 95 W/Ni~A,
ChEIe)W bbb detoWNadbfl 2 Xboin Kol



T gaapls b5 BE) TR,

W= g,+¢, - 2/;“25 — £/t £y —- &= 2 -8 -

™~

i‘z*is"“
Lﬂj/m/// T 2o Lo 7}%21;[ So 8ol d4)/a57
vh DB LR LTeb, de vt B LT puph

2 A NIeh e Raod o L,

#« , 3 2 3 K
/ < 3 5,/4('l.3/z:/ z,l XX‘ZA(? 2,/
2 2 v

WAW/W: % 2% 8% las Wr E 2 2007 Lo,
23 Lo gragh T 1R 9k BT TR TN T o
o IWI\W/Wil=8 7hbse v fhphb.
Q.

2 — @ —0,—Q.
7.0 G3% F«f’ﬁ’ ﬁ?&%%fﬁi. Pr=BW:rB %
B AN LU 1Sl - § (seS) & T4,
S0 EH 0o A R oa Lo BT ko guph %
BT R ab D AL b b,

— 24 —



1620 =
[ §20 ] = G+8 5020 %“* O D (2D,
QL= B P B 8 b B0 D)

| QRosl= G5 G Y 3 A B U N
] 5841 = g/

1AL P e Riaoal 3 a5,

(18825 n 22! s

0 / 0 D 0
TR TTES (392 B 4 (2 %) 7 o
= 0 P 37D R WUl F) 0
0 z F+38) Y- g
0 0 : o #* FE)

Lt é}’”/"%ii 7 5 B, = (7%?)(;%) 7 ;/1(@ -JEL) TH5.

[ 0 / 0 0 0
HERE)rs)  SEER D) / 0
B, = 0 ¥0+2-8) iy Uried) b
! §7 POeE) el 8-l kDR
o D 0 Z (E00+8)

B» VM L 1Y The D080, (r 1148752,

B, B, ) ) TH) Bue MR T 0B
e v b, HG P e T8I T [Bilgice o Fdlo
A vectr 2 F b THEHALALI L bnT o et
oAt R B o weclor 2 Kb o T o

— 95 —



S bbb, S0 H(G P ?}(% ﬁjx (é/i(aa')>u.f)
T R A T L5, |
/ L) Pl E) ZsO*ZX/,gz)(/fge) ad
N ey BN e 2 N A s I
LD - B R P03 3
/
/.

- (+§) 0 F+§) -4
SO B RE) - PURE) 3

Moo Hlamie 9o (13 RE 02 F Lo TE RE X

Koo 2075 5 O o A,

‘P4 o= 4R AN SAN

(7] = (F)n g N ¢S

(g>4'\ (;)’7"7“ ’ L‘M’hu“ ’)ﬂ[] ) [g)ou,(ng;“'(g)ﬂﬂ-e
L. () = (-00-8) (J-8")

TETUR 7 N pathy o ;3 & £ 1
T kT byl @, Ao @a o 217

1= 18 Qiafal | rEcl sieS-1,
v 95, |
Wico 1 A8 inden KA T Bk 23] (%21
QL 1R04l) = L T b,

AN

’



(Ee/As)
Q,

/N

@31 q"['"’\]j

Qo — 1 —» Q <—q10—» Q3 Q—qzo—-. Qy
qb2d1b5 6 Cdrdadsds ¢l dadadsds g%
(992 — 1)pads 16265 q(q* — ¢2)paps —q'®
(g*2 - 1)ps  ¢*(do— ads) —¢%(¢® —da)ps  q'2
Cordr— s ~g*Pr162 (b + d162) —¢°
~¢204ds P23t —q P20 ¢°

Pt b e e et

(E6/D5) Qo +—1— <—“q7[§]—" Q,

1 (g¢s — 1)p2da —q'ds

(1 9¢3d4deds 8¢5¢8)
1 —¢a¢s ¢

(E7/ D)
Q

3 78

Qo — 1 — (2] <—q16—> Q3 <—q32—> Q4

1 q¢3dsdedsdio Phrdsdsdedsdio 0" "$3bsdedsdbro q33
1 (qpa — 1)¢3¢adeds ¢ d1d203dabsdeds ' — ¢1)Pidadeds —g**

1 (%04 — 610)306 G ($36306 — qb14)d2ds —B(Bb10 — ba)d2ds  q'°
1 (Pb12 — d26)ps  —@PP1d3dsde I (Phade — d12)pa  —q'°
1 —¢idedio Phad3dsdio —q"$dedr0 i

(E7/Es) Qo ~—1— <-_q9¢8[f]_. Q ~—g%— Qg

1 qp2didodrz ¢ $3%bor2 '127
1 (q2¢2 - 1)¢adedo  ¢°(¢® — d2)psdedy —q'®
1 ¢®—¢s ¢*(1 - ¢°¢s) q 13
1 —¢agedia *d3dedr2 —-q?

- 927 —



(Ez/As)

Q4

/N

&3 ¥

Q2 +—g 31— Q6+ ¢®*[]] — Qs +—g'— Qo

/N[N /

FBIG A Bhg) LalE] Rhn] Rl

\

Qo ~— 1 — U +—g°[}]— Q3 —¢?[][]]—

qPsPsdr

(¢%pagps — 1)psde
(q¢a — 1)(g*¢2 + 1)¢5
*¢3 + *dr1¢2 — H4
(Pp2 — 1)ps06
b2+ P1¢d -1
(¥ ¢3 — ¢204)P6

$167 — ¢*d3

—¢sde

—ded7

[ o T e o

¢ 7

*°%(¢°h2¢4 — ¢3)

q°(¢° + b16 — PP P204)
q'(¢® — $143)

~g5(q bapade + 1)
~-¢%(a*¢2 — 1)(¢*#4 — 1)

q"(¢® + p26396)
*(¢*¢2 - 1)
—-g5¢7

\ /

¢ ¢l

\

Qs

¢Chspsdedr g1 p20405 0607

(P2 — 1)d3¢506 0" (q" + $10364)p2das b6

¢*($1s8 — qbade +207¢3)bs (¢ + 61)(¢° — ¢2)b2045

*(¢°¢s — i°¢3 — 61)43 0 (4763 — PB3ds + ¢*(q + 3)b2 — 1)¢a

(¢2010 — 9¢3)P3dsde ¢®($18 — qP163) 2040506

*(¢*d2 — 1)(gds — 04)82  ¢*(® — d2)(¢*B102 — 1903 — *P26ba) s

(¢

— Ppads + ¢2)pads  —a (P b1d283ds — 1)b20ade

—q%(¢%2 + ®d3 — ¢5 — ¢*) —q* (P12 — q$3)P204

a*d3de a4 (q® — ¢2)b201d6
> d3dedr —q*b2dadedr

1 ¢7 q'C P25 Pedr
7'5(¢%¢s — ¢2¢4) g ($19304 — ¢*)b2bads e
q'%(gp16 — d2da +1) (i d1 - 1)(¢*¢2 - 1)¢2¢4¢5

(193 + 1) q"(g" — (3¢ + 1)¢2 + q$3¢s — $3)ds
¢'2(¢® + 2030%6) —q" (18 + 2 P1¢3) P24 b5 P

—¢%(¢® — $2)(¢® — 1) (P2 — 1)(qb2a — 13 + ¢1¢2)¢4
®(Ph2d3de + 1) —q"(q® = $r1¢2031)P20406

%P - ¢2) ¢®(Pad12 — q¢3)h2dba

—q'? —¢8(q%¢2 — 1)d20406

¢°¢7

B hadadedr

— 928 —



[

a2 ¢35 pedr 9P ¢sdedr q*

7*%(¢* — ¢2)P30s¢6 7*%(q® — ¢o¢3)Psds -¢»
3 (Ph1s — ¢ bade + 263)bs  ¢'%(pa = )2+ °)ps ¢
—q'%(¢"p1 — ¢°¢s + da)bs  *5(¢"ba + P16z — ¢3) —¢**
¢**(q*¢3 — d210) P35 06 " (¢* — #2)ps6 -¢*
¢°(q® — $2)(qds — ¢6)P3 —q13(¢® — q¢14% — 2) g%
%" ¢2 — ¢*badp3 + L)gads  —q*°(q*d20ba — #3)06 q*
—q'%Pps — b2 — B3+ %) ¢'%1d7 + ¢3) —-¢*°
¢*° P36 —q2¢506 q'®
—¢°¢3gedr 93 dedr —g*
(Es/Er)
Q

¢1pldedodrz  1Pidedadrz

Qg — 1 — Ql 4-——q28—> 93 <—q56——> Q4

93 dedrdr0014018 **dr¢30ePrPodr2014d18 423 pebrdr0P14¢18 77
(ps — 1)P3deprdr0014  ¢Ch1620306drdod12014 (P — ¢2)PiPebrdroda —q*?
(¢°3 — ¢18)P3d6P10 *(Ped1s — Cda)padsdedodra —a'*(¢®d1s — ¢3)didedro  ¢*
®d165 — P20 — S 1 dedodrz *3(® 210 + S165) —g*
—$2ePr001s P prd3didr2018 —q 3 pldedrodis i
(Es/ D7)

92?—q23[§]—} Q4 :\—q“z[g]—“/ﬂv\
713 5] sl ] ¢°lhn) 3
Qo ~— 1 — O +—¢¥[]]— Q3 ~—¢2[ ], ]— Q6 +—¢*°[[]— s ~—¢""— Qo
A1 6]

Q5

— 929 —



1 q¢302¢6dsdiob12 P P20absPedrdsdroP12

1 (q¢20a — 1)P3adedsdro 7*(¢*¢2 — 1)d20s506b7d8610

1 (%42 + ¢1)p2padbeds *(¢°¢s — 10310 — qP4)P2daPsdedds

1 (q"¢2¢s506 + d10208 — ¢®)bs °(q7(¢° — #2)¢3 — ¢*(2¢* + 1)¢2 + 1)pas b6

1 (1620408 + ¢p18)Pidade (%P2 — 1)(gd18 — Pa)P2dadsds

1 (q"¢2 — 1)d3dedr10 ¢3(p22 — ©®Ps)bibsPedr0

1 (¢*¢3 + 1)p1d2dsds (" 103 — @' bs + Pr0)P2b5 06

1 (g% — b10)P2de —g3(P1630607 + 2¢°) P26

1 —(®ps + 1)padhr2 Cadedrdrz

1 —P3dsdeprodnz Ch2dadedrPr0612
M $3 i bedrdsdrodr2 @ Plpads Pidrdsbrodrz
(g 2a — ¢3)P3dadePrdadro 07 $103Padsdedrdsdro
®(¢*%¢s + ¢"4¢2 — P a5 — 2¢° + ¢3)Pibadeds q*3(Pod1s + qPadr0 — Ch3ds)PiPadbsdids
(I:(Q?2¢2 + qg(zg " ¢;5)¢§3— 2q5(q35 —2¢2)¢2 + g3 — ¢2)ds q;(‘i’%‘_ﬁ”—s%o —2q4¢§—— <13¢4¢23)¢1¢2¢4$5¢6 ,
g (Pr19203d22 — ¢®5 + b5 + 2¢°)P5dadds q*%(q® — ¢2)(q%b2 — 1)(P3de — 2q4)P3b4050%
07 (q"%¢2 — ¢*(d1¢7 — Q)P2d36 — 1)d3dedbr0 —q' Y (2307 — ¢°)Padadsbidro
—q"(*¢2 — 1)(¢" — p3de)d3dae —q'%( 18 — ¢*P3)P193babsBE
q’(g’cﬁz -:s P10 — d4)b3d6 q1°£g;¢; ; 1;((91:; ¢2) b3 b4}
—q' Psprd12 —q " D1P2P4PsP7P12
—q" p2padedrdrod12 ¢*° P2 P4 Prdrob12

7304112 P3Pl pedrdsdrodrz
*p1p3dro 0%5(¢°¢3 — $204)PiPadedrdsdro

q'%(P2d26 — Pd16 — ¢®d3)pa - @°(q P3 — " Padbs — 24° + g2 + ¢5)P2Padedbs
0" (Pa20 — 2 do)prd2¢30ad6  ¢'8(q%% b2 — 2¢**(d® P2 — 1)¢2 — %83 + ¢*(¢Pdbs — 1)¢5 — b2)da

—q'5(p3pebrs — ¢ b3)ds —q' % (1203022 — 4" 5 + ¢°93 — 2¢°)piads

"% (Padas + ¢°ds5) s —q'%(q'" — P($107 + ¢®)badbadbs — d2) P60

7*®h1¢3s a8 — ¢2)(Pbsds — 1)Pibacds

—-2¢'® —q""(¢%¢4 + qd10 + b2)P%d6

0 0 " padrdr2

QP paprdra — "5 P dadedrdr0012
0 P2PadsPedrdsbr0b12 ¢*543p2 bedsdrob12 qre
33(q° — 2)p2bsPePrdsdr10 ¢*(¢° — $204)P3dadedsdio —¢%
" (q* ¢10%b10 — Cda + ¢3)P20absPeds —¢%"(¢5¢1 — p2)P2dadbeds ¢
—qB(q" — " (¢* + 2)p2 — (P2 — 1)¢%)padbsds  ¢°2(¢"* + Ph1dads — Padsde)pa —q*®
7*°(q® — $2)(¢° P4 — P18)P2dadsde —q%8(1620ads — gP18)P3Pade g*?
q%(¢22 — ¢ ds)P2dsPero —¢3%(¢® — ¢2)didedr10 q*®
—q"%(¢%b10 + g4 + P1¢3)b2d56 q*%(q® + ¢3)h1d30ade —¢*
(193067 + 2¢°)bads —¢2%(g3b10 + ¢1)H2¢6 ¢*°
—q%¢sdsdrh12 ¢*%(¢° + ¢4) a2 —¢°®
7*°¢2aderdr0b12 —qB i Padedrodr2 q*?

—30 —



(G2/41)

Q0<—1—>Q1<—qz-——>Q2<—— q4—>ﬂ3

1 gp2  ¢°h ¢
1 2g-1 q(¢g-2) -¢°
1 -1 g *
1 —¢2 g -¢*
Referrences
[A] D.Alvis, Induced/Restrict matrices for exceptional Weyl groups, preprint
M.LT., (1981). ‘
[B] N.Bourbaki, Groupes et algébres de Lie, chap. 4,5,6, Paris, Hermann, 1968.
[B.K.S] E.Bannai, N.Kawanaka and S.Y.Song, The character table of the Hecke
algebra H(GL(2n,q),Sp(2n,q)), J. Algebra, 129 (1990), 320-366.
[C.LK] C.Curtis, N.Iwahori and R.Kilmoyer, Hecke algebras and characters of
parabolic type of finite groups with (B,N)-pairs, Publ. Math. LH.E.S.,
40 (1971), 81-116.
[C.R.1] C.Curtis and L.Reiner, Methods of representation theory vol.l, Wiley Inter-
sciences, 1981.
[C.R.2] C.Curtis and I.Reiner, Methods of representation-theory vol.II, Wiley In-
tersciences, 1987. »
[D.1] C.F.Dunkl, An addition theorem for Hahn polynomials: the spherical func-
tions, SIAM J. Math. Anal., 9 (1978), 627-637.
[D.2] C.F.Dunkl, An addition theorem for some g-Hahn polynomials, Monat-
shefte fiir Math., 85 (1977), 5-37.
[D.3] C.F.Dunkl, A Krawtchouk polynomial addition theorem and wreath prod-
ucts of symmetric groups, Indiana Univ. Math. J., 25(1976), 335-358.
[G.1] Y.Gomi, Character tables of commutative Hecke algebras associated with
exceptional Weyl groups, to appear.
[G.2]  Y.Gomi, Character tables of commutative Hecke algebras associated with
finite Chevalley groups of exceptional type, preprint.
(S] D.Stanton, Some g-Krawtchouk polynomials on Chevalley groups, Amer.

J. Math., 102 (1980), 625-662.

— 31 —



L=y x4 VIIEEED 21 TR 2 7 2 X —BE

BAHE FRAFEFR
1993 %6 A

1 FX

1973 #£1C Fischer & Griess IC X o THILICHFAER FR I WEIC Griess IC X o THAE
DI X N AN DO BIEREAMBE” v 2 X — M” (3 196883 RTTOR/ND LA KB %
FoTwbd, CORTEHMNEY 2 7B j(2) Zu—Lv v FT VERLLE ED
DEBAE—DL2EDLAV (hoBREBIBERLTWE) w5 HiIK McKay R Snico
B, FOHOEYRZ—HMIEEEY 2 7B E OEOKD b OMEY ABIRE R L 72
Conway & Norton K X B3 L—v ¥ ¥ 4 VRO TH - o fax RERDOEIC, Frenkel,
Lepowsky, & Meurman ® 3 A, &H—v v 4 YIIBFLMFEN S 24 RFTEDV A X &R
RS ER YR L. ThOBHCREMEEy 2 X —MMBEE 23 C 2L, T oMkl
HAE—KiICxHtT 2ER 527 Thick ), sa—v i v [ Yy FROMEREMBL YA
7 —BEROBRICEE L. V—RE. R FHER, ZERSEIBUCRELMEL Z-
7o

LaLAadNb, COBRICBWT, vy XX —H§iltEd 3508 2 (involution) § DM
DEBE Op(0) 1€ R4 TV T4 —ePPER B2 (R 3) oTRARIML <
RENTHY, TR 2 -—BOMOBIHOVEAERIOREL AoTwD, —F, EV
2 & — BB OBE R AME (131 10%) K 3Bb b, Conway 25 FE L7 X 5ic, Ivanov
& Norton % Y;55-diagram @ =2 7 2 % —E5{&

h 5 —DDBIRR (abiciabycyabscs)® #MA BT THAALEV R E—2FFENBEY X

32 —



F—BMOY—2BEMIZ, 0RHCAE>TWBZ L 2T L. COMEKEEL T,
Conway, Norton, & Soicher (&4 € v 2 % —33 26 EOME 3 DM FHED 13 & & 13 43
KIS L TW3 26 D involutions TZ DREEFTFID 2 7 X 4 —BHREZ R T 5 b Das
ARV RE—FERLTVICEREHA L. Lhd, MM EvREZ—RroloEHCRER
¥ IXTCHSOHCRRE LTHF->TW3,

26 f@® involutions X T RCAAL EFEVY X EZ—DHFD2ODEVRE—HATHWLTW3S
DT, TEVAZ—HEWMYHTeHK, 1EBORNMEEERD S, TAhAbb, 1L Eh e
BHEL TV 48ERVT, 9L 2820 hMEEL D, ChETEMNRIDT 77
A VFEOHLBOBRICE > TS, THE2NHVATLALHEZ LT S, T DR,
MOHCRIBRRT 7 7 4 v FHEHOFHEERSk L —&KF 5,

@

QO o
§& I

VR E—HHBEDO WL O DOESEEA T b D involutions K X - THEREIN S DT, Frenkel,
Lepowsky, Meurman IC X > CEEINE VX Z—F IV IBFGnHETH 5, chss
BxOBRPIOBETHo7ch, 2 TCHRZIDRENETCEE-TwAE W, 21{HD in-
volutions %3 & {X 26 RITD even unimodular Lorentzian lattice D\ < 2 #® deep hole
isotropic elements (d.h.i.) *EEICH> TR LTS, Labo—v v f v INBExEE
KT 2DOLHo L DEERY —FF77 4 ROFLVWEE (EH Eo~7 P AZERIICHEDAL
T) 28 T3, WAOBREBEAERZBRLYERATH Y, v R X —B#i#E L Lorentzian
lattice & DEDFIOFHEHIBIREZRNRL T3 L5 IKEbi o

ne vy x4 vIIBHCK T 3 AERAT 5] %, dhi KBILTH[S] %BMEF 5
¢o

2 MRk

2.1 d.h.i.

L T 26 {RIGD even unimodular Lorentzian lattice s ; #FbFo LIZY—F 7574
Z A & 2RILD even unimodular Lorentzian lattice U & I X 2 EESHE AU % #Ho.

roSEEE-T L OBE%R

(a,m,n) a€A, mnel

— 33—



EE; L ARR

(a,m,n)-(B,8,t) = a-f — mt — ns.

THELbhTWw3, 2T (0,0,1) #FL, COTRBE->T 2 <0 D, z #IE (DT)
LERCZ 2T D, TR EAN KKLT, B

s(B): (a,m,n) = (a+mB,m,n+ a-B —m%z-)

i L oFHEEZTH Y. Th¥ translation FERT LT 3,

J—F554 %X A DRTOTE ¢ KHLT va = (a,1,% 1) Er—} (Jrn2) T
B, chz)—Fr—EEE, V—Fr— DOEEE Lorentzian lattice DFEARAL—
RDXS5hEEEZ LTV,

BHo HEEEICR~<3 21 D involutions DEKOKBEE hEREXAT 7 I 0%
J—Fr— b 2o THERTZCLTH D, COXAT Y7 L%BRT 37D [8] THA
L7 dhi 2V —F I —n— +BHBELAED, CNPLREREATZI7LDELFTITRTY —
Fr—rEETIDL L, BEBRIIRTY) —FA - RALOAEEEL T3 LT 5,

8] K> T WiEE % —D3k) 3,

HE1w T HO dhi . T 2FWOE@ET VIV EATZI8E L. n % T OB
FHOFIIR L T2, COBE, THE VR BDOY —F Zr—n—  B3FLET B0

2.2 A-FATISLEEREE

FxDERICBNT A)- AT 77 LREE &SI 273 & point-involution %58
BT2OC B DMIATI T4 DEEEMS DI, TOR) —F 77 4 ROBERHER
*oTwd, ERH. T T TR 9 DD point-involutions #EFKT 5DT, I ODRAS
BEREREYBEET D, 2200V —F 73574 AnbRD Ar- FAT 7 7 ABENENERHE
E*EET L LRTRE S,

$,p KN s'p= -2 TV —Fr—t+eT5%, COBE, w=s+p i A* o
dhi. THY, Hic vt FEVKERLTwS 4 DY —FAr— + DX A)- EAT 7 I 4

8? ¥
{z: = (&, 1’_5- -1),yi = (7‘11’_2-’- —1):i=1,..,24},

EBATND, TLT i#jiIcdLTaiyi = -2y i-zj =2y, = yiy; = 0TH 35,
¢p=-1 2MRT3, V) —Frr—r—1t ¢g=((1,E8/2-1) k—DEET 3. TTT,
gz;=-1HDqy =0 LRELTBV, z;IC 0, -1 toy; & —1 #XHEX 3L LT
DY —F 7 r—n— b ZEEERIFOTE 1 DO EBELTWE 0T 24 Ked {0,1}-
I—FY = FHIiET %0 COa2—F7— FLEKDBHRET—-1L [ a3—F Cy KK-TW
3,

HEAC LR EEu=6—(6+m)/28/ V22 DEREELR>TREHETH 5,

34—



Leech glue root
q= (671)62/2 - 1) - (0,1,—1)

BICY) —F557 4 2N RROFEREFEF-TWS,

(1.1) A= Y Z-;-ozc +3 Z(iaQ — ),

CceCay k
2T Q={L,..,24} Tlag=p 53, bl ¢p=~-1 2FeTHDOY —F 71—
A=t ¢ BB L. p UNOHADI A ZREL 35 THERBCEZEOTER%2EL 3 C
TERV, BICIRR X5, B —F /A —r—btz—1 [ a2— FOTIXHIELTW3
DT D€ Coyy BWHELTERED ke D K LT ap ODEEERE L 5,

2.3 21T RFL

CTT2RXYRAT 4L, 12HOHER, & 1 ODFHIARTs hohB XA T 7T L% HIK
T35, wk Ef B dhi. £33, Hib, wt 3420 Eg-MEZATWS, CDOFE, T
DRICK 12D LA 1 (Es D) OEERD B, ey ef DFFFIRHN 8L ADTy w
BIEDY —F 7 —A—t+2FFoTnb, TD 21 DY —Fr— F OBERIRIZAIS 3
DT 774 VFHEOBEERFR E —HK L Twb, Th% Lorentzian lattice 11?5 o 21 iy =
ThHLMEE, RICE; B dhi. wk AP © dhi. »oHRTESCLERES, Al?
y—F7r—n— i A OB LRIEAFECE—F V-1 fa—F Cy, KL TE
Dy FRERD 5 DD EA TS

s =(0,0,0,0,0,0,0,0,0,0,0,0)
r =(0,0,0,1,1,1,1,1,1,1,1,1)
r; =(1,1,1,0,0,0,1,1,1,1,1,1)
rs =(1,1,1,1,1,1,0,0,0,1,1,1)
re=(1,1,1,1,1,1,1,1,1,0,0,0)

ZOB, wt OFRDY —Fr— & D5 ERKROMEYEL 5.



o 5
© X3
s ¢;,r; ICBEEET 3 28,
G, @ DENEIBEL T AN

TTTq(i=1,..,24) 28, ¢ (i=1,..,24) xR L PFEE,
#HE 2 wDRTDY —FIrr—A— b p CHLTpirs=~2THhb,

b, £V —F7r—n—1 p, LT {pi,s} 12 Ai- FAT 794 {o=0} %18
2, EhicXk->T(1.]) 2MET 2R BABEREEX B EMNTE 5,

2.4 EE. BF. £FF

A xt3 3 A 0FEREROES {b(e):a € A} 2B LG ->TEET 5,

{g1, @iz} & {47, .., 45} ZRREIHROEE L %, translation X > Ts=(0,1,-1)
ERELTRY. ¢ = (&1,1) ¢ = (§,1,1) 2 BT 3. AERELAT 2, & 2.
& TR LS,

£ 1 (IFHF) BEBoficEchT X5 cEFE2E®T 3.

a €A DREa) €A R EETDDICEE A BT 5. BENCE/t & £/t KL
Ty FBRITC ()Y & bE HEHT B0 J CHEMITT {b(E)VEb(ENV i = 1,...,24}
EBERRR (&) V(€)Y = ku(€)V(EY L IBDTERE W ICHHE &\ 5 BIFRIC X o THAL
XNBEEET, o€ A LT LOIEERME T b(e) 2E%T 5. Hb.

a =3 a(&/t)+ Z bi(&7/t) € A,

Kxt LT i y y
b(a) = TT(b(€:)"*)™ TT(6(&r) ).

1=1 1=1
LB Ty, BB {kble),bla):a e A}k A LEREAED, COEHE [5) ofT
b THIRELTTRTCHELT S, COHEEZXHHES LRDC EBBEHCH D,

EH 1 21 RV A7 LORBERL— YV v 4 VIIRO L C\(0) o¥oaEEe LTERAL
Twnd,



2.5 12 {E® line-involutions
€ &1 280 line-involutions % [5](10.4) D CEE X LTV 3 ER

g A — Aut(V

%ﬁ’) ’C%gj_ao .

# ¢; 't LT line-involution Q,, #RDOBRICEE T 5, translation IC X > TIT s DEE
B (0,1,-1) K%, COR B8 q (1 =1,..,12) IKF LT q BEE (6,1,1) o
Zo>TWw5DT, line-involution Q, %

Qq.’ = /‘("(fi))

2.6 9EMDEA > KYa—>3>

9 f @ point-involutions P, ¥ €& T 5. CCTHEEp (WD) —F 71— — b et
LTEF w, = p+s 28 AP B dhi. 2DT, w, DV —FZAr—A— 1+ qgTq-s=0
YT dIOR LD Lo, (1.1) 2R TIEREE {o; 1 i = 1,...,24) 354 bh,
p=tagBTALRS WP AL AD COEREERE-T[5] CERXNEFFATY 74
ok 3Ty —REK

Gr = su(2) = Cu(b(—ay)) ® Cox @ t7! @ Ce(b(ay))

DHEEEIC L > TEEINTVS. ZDMNIATI 74 BEHLCEEICEFE LTS 28, B
BROWY FCEFZ LA VHIOEERD S C Liibhd. CoOROEERH-TEXIND
L—v ¥y 4 VB EO involution i u(by)tou(b) THEZ bR TWE, BlIb, o ® u(bh)
KX 2B THB. cTTh X bp/2— o) 2FEDLT.

EFE 2
P, = p(by) " ou(by)

B{R&EL LK, To point-involution FERHEH (1.1) DR TR T 20 HE
DIERDOEY HIAKFEL T\

BHE 1 EROERD LcEB L LTBEEIC oy 2EET X5 5 ey 24 —BMBEOT
LT P, BARETH 2. FFIC P, ik p 2EET 3 21 Mo X7 LAOXIHRE L AT H 5.



3 R
TN TEbET 2] D involutions BREZE T E 225, T b2l ¥ X740 EER
hohda s A X —BHREYMBRERLTWD Z LHAHTES. Hib,

THE 2 1. £ T point-involutions ZH \~ICH[HTH 5.

2. £&TD line-involutions T A WICE#ATDH 5.

3 Hp i¥quLT (81)p€q DF, P,Q, ¥k 3
(3.2) p ¢ ¢ DB, P,Q, DHrfk 3

SE3K

(1] J. H. Conway and S. P. Norton, Monstrous moonshine, Bull. London Math. Soc.
11(1979), 308-339.

[2] J. H. Conway, S. P. Norton and L. H. Soicher, The Bimonster, the group Ysss, and
the projective plane of order 3, Proc. ”Computers in Algebra” Conference, Chicago,
1985, to appear.

(3] J. H. Conway and N. J. A. Sloane, Sphere Packing, Lattices and Groups, Springer-
Verlag, New York, 1988.

[4] B. Fischer, D. Livingstone, and M. P. Thorne, The characters of the ”Monster”
simple group, Birmingham, 1978.

[5] I Frenkel, J. Lepowsky, and A. Meurman, Vertez Operator Algebra and the Monster,
Academic Press, INC., 1988.

(6] R. L. Griess, JR, The structure of the "Monster” simple group, in: Proc. of the
Conference on Finite Groups, ed. by W. R. Scott and R. Gross, Academic Press,
New York, 1976, 113-118.

[7] R. L. Griess, JR, The friendly giant, Invent. Math. 69 (1982), 1-102.

[8] K. Harada, M. L. Lang, and M. Miyamoto, Sequential construction of Niemeier
lattices and uniqueness proof, J. of Number Theory, (to appear).

[9] A.A.lIvanov, A geometric characterization of the Monster, in: Proc. L. M. S. Durham
Symp, ed. by M. Liebeck and J. Saxl, L.M.S. Lecture Note Series 165, 1992, 46-61.

[10] S. P. Norton, Constructiong the Monster, in: Proc. L. M. S. Durham Symp, ed. by
M. Liebeck and J. Saxl, L. M. S. Lecture Note Series 165, 1992, 63-76.

— 38 —



Twisted Extensions of Spin Models

K. NOMURA

- Tokyo Ikashika University
Kounodai, Ichikawa, 272 JAPAN

Abstract. A spin model is one of the statistical mechanical models which were introduced by V.
F. R. Jones. In this paper, we give a new construction of spin models of size 4n from a given spin
model of size n. The process is similar to taking tensor product with a spin model of size four, but
we add some sign exchange. This construction also gives symmetric four-weight spin models which
were introduced by E. Bannai and E. Bannai. '

Keywords: spin models, star-triangle relation

1 Introduction

A spin model is one of the statistical mechanical models which were introduced by V. F. R.
Jones in [Jo3]. The main importance of spin models comes from the fact that every spin
model gives a link (knot) invariant through its partition function, see [Jo3].

A spin model is essentially a symmetric n x n-matrix W, whose entries W, 5 are non-zero

complex numbers, such that (for o, 8, vy =1,... 1)
= Wa,:v _ .
L i Wa,me,ﬂ - Wa,ﬂ ) (2)
nizg W,y W, oWy

The second equation is known as the ‘star-triangle relation’.

As easily shown, the tensor product Wy ® W, of two spin models W; and W, becomes a
spin model. So we can obtain a spin model of size 4n from an arbitrary spin model W by
taking tensor product with a spin model of size four. In this paper, we show that we can
add some ’twist’ (sign exchange).

Let W be a spin model of size n. For an n-tuple € = (€15-..,€,) with ¢ = £1 (i =
I,...,n), let W’ be the matrix whose entries are given as

Wes = catsWag (o, B=1,...n).

a
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Using W and W', construct the following matrices U, V of size 4n;

w w W W
w w -w W

U=\'w —w w w |
- W W W
wo-W W W

yo|wowowow

w w W W
w W -w W

Theorem 1 Let W be a spin model, and let ¢ = (el,.v..,en) with ¢, = 1 (1 = 1,...,n).
Then both U and V, defined above, become spin models.

Remark. We can replace W’ by wW’ in the matrix U of Theorem 1, where w is one of the
4-th roots of unity.

When ¢; = +1 (: = 1,...,n), these models split into the tensor product of W and the
following spin models;

1 -1 1 1 1 1 1 -1
-1 1 1 1 1 1. -1 1
1 1 1 =11} 1 -1 1 1
1 -1 1 -1 1 1 1

Otherwise, U and V will give new spin models.

2 Lemmas

Theorem 1 is easily obtained from the following two Lemmas.

Lemma 2 Let W and W' be symmetric matrices of size n, and let U be the following matriz
of size 4n.

w W W W

w w -w W

w -w W w
- W W w

Then U is a spin model if and only if the following conditions hold (for alla, B,y =1,...,n);

~ Wa,z_ i W(;,:z;_ .
EWﬁ’I—-O, Z_@_O zfa;éﬂ, (3)

z=1 =1

U=




1 & WoeWep W, s
= = == — ) (4)
\/;‘- a:zz:l Wv,w W'v,a W’i,ﬁ
Ly Hoelep | oo 5)
\/H z=1 W’Yv-"" W’;ya ’171/3

1 W W, w!

\/n_zzl oL YN, B

1 & Wo W) w!
N~ Z ! = = ’ 2 ' (7)
NG = Wi, W, Was

Lemma 3 Let W and W’ be symmetric matrices of size n, and let V be the following matriz
of size 4n.

w =W W %%
V= -W W W w
N w w w W
W w  -w W
Then V is a spin model if and only if the following conditions hold (for allc, B, v = 1,...,n);
n W n Wl
20, L EE=0 fa#h, ®)
zz:=1 W, ; Wé,z
1 & WoeWep W s
= ; — = ; ) (9)
R W WL
LS Wy o
\/ﬁ z=1 W’m Wma W%ﬁ
Lo WeaWes _ _Wap (11)
\/T_l z=1 W’;,:l: W'¢,QW’Yﬁ
PR 12
\/7_7' =1 W'y,:c W'y,a W‘y,ﬁ

3 Proof of Lemmas

We prove only Lemma 2. The proof of Lemnma 3 is same except that we must exchange W
and W' in the right-hand side of the star triangle relations.

The conditions (1), (2) for the matrix U become;

4n U/\,a:

D

r=1

OT(\ p): =0

if A # g,



1 i UselUe U,
Vin Uu,z Uu,A Uu,u '

=1

ST(A, u, v):

We write down the above conditions in terms of W and W’ for various values of A, u, v.

Let X = {1, ... ,n} and choose arbitrary o, 3, v € X.

First we consider the equations OT(A, p). For a, 8 € X, OT(e, 8) becomes

W, W, w! : -W!
o,z + o,z + o,z + o,z =0’
HWe T B W T B W P R TW
W, Wy
o,z + T 0,
JEZX Wﬁ'z z‘GZX ,é,x

and OT(a,n + B) becomes

W, 5% w! W,
a,T + o,z + a,x + & 0,
B W " B Wt W R W
W, w!
Z o,T _ Z o,z = 0.
reX Wﬁ,z reX Wé.x
Since OT (e, 2n + 3) becomes
W W WI ___WI
c:,a: + a,r + a,T + T 0,
BW R Rt T
and OT(«,3n + ) becomes
%% W, w! -w!
o,z + o,z + o,z + oz 0.
B W R WL R

(16)

Remark (13) and (14) always hold. We can see that OT(n + a, ), OT(2n + a,u) and
OT(Bn + a,u) (¢ = B,n+ B,2n + B,3n + B) yield the same equations. If OT(A, i) holds
for all A, # with X % u, then (13) and (14) hold for all o, 8 € X with o # f3, so we get (3).
Conversely, if (13) hold for all @, 8 € X with a # 8, then (13) and (14) hold for o # S.

Since (14) holds also for o = 8, we get OT(), ) for all A, y with A # u.
Next we consider ST(A, p, v). ST(e, B,7) becomes

1 _W!
zeX W'Y:” z€X z€X W’Yﬂ-‘ zeX ( W’Y'I)

2 Z Wavszyﬁ - 2\/ﬁWa,ﬁ
zeX W’M W%anﬁ ’

this coincides with (4). ST(«, 8,2n + ) becomes
Wa,zwx,ﬁ Wa,xWx,,G W,

I/Vax T a,z¥Vz Wc:zW;é “W;z —Wz/: a
) -W»ﬁ+ZWI/,VW,ﬁ+Z PULY: E( o) 8) _ 2v/nWepg
¥,z

B Wv,anﬁ’

— 2‘/77Wa,ﬂ

Z — oz B8P Z —aE Tl Z a,xWJ’:,ﬁ + E (—Wc;,x)(_Wat',ﬁ)

’ T
z€X W’Y,m zeX ( W’y.r) zeX W‘Yv’-‘ zeX W’Y@
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23 WeeWaps  2/nW, 5

i Wae WL WL

this is (5). ST(«,2n + B,7) becomes

5> Worlkly | o Wosl-Wig) | o WaaWos | 5~ (“WarWep _ 2VAWLy
z€X W‘Yvr zeX W.., z zeX W’ z€X ( 'v,z) W‘haW'y.ﬁ
W, W _ 2y/nW,
> Yites,
z€X W'YvaW’Y'ﬂ
this is (6). ST (o, 2n + §,2n + v) becomes
Z Wa.zW;,ﬁ + Z Wo (= ;,ﬂ) + Z Wé,sz,ﬂ + Z (—Wé,x)wx,ﬂ - 2\/7_1W ’
z€X ’;’, zeX (_W’/Y,:D) zeX W‘Yw’” zeX W'y,z' W;.,aW‘r,ﬁ
237 W, W’ 2\{ﬁwg,ﬁ
z€X W’y,aW

this is (7). Thus, if ST(A, g, v) holds for all A, i, v, then W and W’ satisfy (4), (5), (6),
(7). For the proof of converse, we must show ST(jn + e, kn + B, €n + ) for each (j,k,£)
with 7, k,£ = 0,1,2,3. We can show that the equation becomes one of (4), (5), (6), (7) for
each case. We give a table of j, k, £ and the corresponding equation;

{  equation

N
p—

o (W
o

W QW = = O QO e

CO WO W W = = e

NN OOoONDN OO
VMPMOMOMO
W W W W
TN AN TN TN TN N N N
B> Ot -3 1 O Ot
N N N N e e e’

e e e e

NN DNO O OO

4 Spin models comming from Hadamard matrices

We have constructed new spin models from Hadamard matrices [N]. Let H be a Hadamard
matrix of order n = 4m, i.e. an n x n-matrix with £1 entries such that HH* = n]. Let A
be the Potts model of size n;

A= (a-b)I+bJ,

where J denotes the n x n-matrix with all entries 1, and «a, b are suitable complex numbers.
Using H and A, construct the following matrix;

A A wH —wH
A A -wH wH
w'H —w'H A A ’
—w'H wiH A A
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where w denotes one of the 4-th roots of unity. As shown in [N], the above matrix becomes
a spin model.

The partition function of the above model was obtained by F. Jaeger. At first he proved
that the partition function does not depend on the choice of the Hadamard matrix H [Ja2],
and secondly he obtained an explicit formula [Ja3]. In fact, the partition function for a link
L can be written in terms of Jones polynomials [Jol] of sublinks of L.

The link invariant of the above model is somewhat stronger than Jones polynomial. In
fact, Jones [Jo6] construct a pair (L;, Ly) of two links which can be detected by the above
invariant but not by Jones polynomial. In the construction, he used his recent method by
commuting transfer matrices [Jo5].

Jones informed us [Jo6] that the above invariant is similar to the invariant given by
Rolfsen [R]. In fact, Rolfsen’s invariant and our invariant are the same for links having at
most two components, and so the examples of links given [JiR] also give examples of links
which are detected by our invariant but not by Jones polynomial.

Here we give a generalization of Lemma 2 which covers the above spin models constructed
from Hadamard matrices.

Lemma 4 Let W and W’ be matrices of size n with W symmetric, and let U be the following
matriz of size 4n.,
w w w =W
w wo W W
W W W w
W W W w

Then U is a spin model if and only if the conditions (17) — (24) hold (for all o, B, v =
1,...,m);

U=

n

. " Woo _ .
ZWQ _07 ;"m"oa Zw,ﬁ—oa Zfa#ﬁ’ (17)

=1 "

5

I S WoeWop  Wop

— = , 18
\/T_I‘z—l Wi - WoaWap (18)
1 W Wﬁz W,
Z = W/ ﬁ/ ? (19)
W,z By
1 & o,
TZ = W, I/Ié"ﬁ’ : (20)
=1 Ty,
1 & W“W W,
— = 21
\/' LWL, T WL 2!
n W i
a:z: ﬁx B,a
— = . y 22
v PR Tk #2)
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1 i Wi, W} o
Vn &= W’ W.,,O,Wé‘,y’
1 i W' Was -
\/_ z=1 W’m‘ ’ W';,aW'Iv,ﬁ .

(23)

(24)

5 Symmetric Four-Weight Spin Models

E. Bannai and E. Bannai [BB] introduced four-weight spin models, which generalize ordinary
spin models given by Jones. In this section, we describe a relation between our construction
and four-weight spin modes.

A four-weight spin model is defined in [BB] as follows. Let X be a set of n elements, and
w; (¢ =1,2,3,4) be functions on X x X to the complex numbers. Then (X, w;,w,, ws, wq)
be a four-weight spin model if the following conditions are satiesfied (for all o, 8, v € X):

(1) wi(a,Bws(B,a) =1, wy(a,flws(B,a) =1,
(i) > wi(e,z)ws(z, B) = nby g, > wy(o, x)wy(z, B) = nbag,

rzeX ze€X

(iii) \/— E wy (o, z)w; (z, )w4(’7a$) = wy(a, Blwa (7, @)wa(7, B),

z€X
(iii') \/—- Z wy(z a)wl(ﬂax)w«;(x v) = w1 (B, @ )w4(a,’y)w4(,3,’y)..

z€X

Lemma 5 Let W and W’ be symmetric matrices of size n. Put X = {1,...,n} and define
wi (1=1,2,3,4) as

wl(avﬂ) = ;,ﬁa w3(a :B) Wlﬁ,

1
Wap

Then (X, wy, ws, ws, wy) 15 a four-weight spin model if and only if the following matriz V is
a spin model. »

(Q' ﬁ) aﬁa ’LU4((X,,8) =

w -w W W
-ww W W

w W W W

w oW W W

V=



Proof. If V is a spin-model, Lemma 3 implies

Z —= = nbyg, Z = = ndy g,
z€X Wﬁ’r zeX Wﬁyl‘

o,

W'y.z W‘r,a Wi '

E

.rEX

Therefore (X, w1, wy, w3, wy) becomes a four-weight spin model.

Conversely, assume (X, wy, w2, w3, wy4) is a four-weight spin model. Then conditions (8)
and (10) in Lemma 3 hold. But the conditions (9), (10), (11) and (12) in Lemma 2 are
equivalent to each other under the assumption (8) by [BB] Theorem 2. So V becomes a spin
model. 0

Remark 1. Theorem 1 and Lemma 5 imply a construction of symmetric four-weight spin
models from an ordinary spin model: Moreover we can conclude that every symmetric four-
weight spin model comes from an ordinary spin model.

Remark 2. K. Kawagoe, A. Munemasa and Y. Watatani [KMW] showed that the assump-
tion ‘symmetric’ on W is not essential for spin models. Almost results given in this paper
are valid also for non-symmetric case.

Problem. Give a formula for the partition function of the spin model U, V in Theorem 1,
in terms of the partition function of W.
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Combinatorial Dehn Twists

Rkﬁ&ﬁﬁﬁﬁﬂ: ZEET AR B (email: matumoto@kurims.kyoto-u.ac.jp)

Abstract

g DHY —~vHE R, D& AL Iad—EVaT— ﬁ (?‘&b%gﬁﬁﬁ) 2T, =
Difft(R,)/isotopy ¢+ %, TD L &, KB

Ty — Outmy(Ry, *)

IR T 2 S eHRMNEE, Edge Twist & Cycle Twists ##M- L, 'y @ induced filtra-
tion

Ty =Ty[0] D T4[1] D -+ Ty[m] D ---;  Ty[m]:= Ker{ly — mi(Rg, *)/Ym+1m1}

~OIER*8T 5, (BEG KL, OutG := AutG/InnG BNHECEER. TmaGRG
OF m4 1 REFLIEERTS )

1 Introduction

Ry %M g v A2 FVAXMNIAREC Mfit 3%, Z0Efeiad—EVaF—8 (&
W LEGSER) T, &
T, := mo(Diff* (Ry)) = Diff* (R,)/isotopy

KX ->CTEHINDB. Thbb, R, OF % ¥EOWMS HEREER O R TE DIfft(R,) IK =
vy FBIRAE AR RO B BRSO R T LT B TH 5. R, DT RARO TS E CFM
Bgohd RO E ' —RAEHLZEL 208D DT\,

[y offiazmof & LT, Dehn Twist 2®1Fbh b, C % R, LOHMBAMIRE L & &,
7ﬁﬁlﬁﬂ*ﬁDc R, = Ry B TORO X 5K LTEbh b, Tabb, CKK>TAA 7 %Y
b7 L. 2o CHRIC 360 FEEEL . FUR D AbE50TH 5,

D
3 I\ — Vi

c ol

Dc @ Ly = = Difft(R,)/isotopy ~Dt% Dc TEL. C Icfio 7% Dehn Twist EFEL, Do €
LkCo free homotopyiﬁl@@&ﬁﬁ?‘éo sk, C 25>R LteafEn & 3. Do =17T
3’9250

— 48 —



%%, T, BABRME®D Dehn Twists THRE N Z ORAFER b HERMETEAMICIRE T n
5 (15]0 2 DEFSERID X 5 % DCH 5 [8][9][6o

CORKOHBIE, — DDAV YNMREETE LICLE, TDFaTAL I I MbEEEH 57
7 20 Dehn Twists 2 SERICHEEHRMICERL. ThEFHWTT, ® induced filtration Dk
EERT B ETH B, ‘

C TR~ BRERE, EANCHHE @, &A FEEMHK & OFPFECH 5 [1][10]12],

2 Induced Filtration on T,

COFETI T, ) induced filtration % E3HF 3. LTICWL O»EEBB{OSTELEXLCh
Co HG & XDIT 2,y KWL EZORET % [2,y] :==2yz™y ' TthHobbL, GOWIPH K ©
sfUC[H, KT {[h,kllhe H, ke K} THERINE G oEHB*ET. G OO

G=mGEDOnGED- - D7mGD- -

%
NG :=G; G =[G,nG] =[G,G];, - YmnG =[G, 1mG);

TERT 20 Thbld G OEEFEOHCRBECARERRSE (T b bEIEENE) b5,
D 72D, 1= 1 (Ry, %) &B<e T m(Ry,*) X Ry DB % 15+ % Hei b U AR
¥Hobbd,
wic, EH
p: Ty — Outll

EEELL Y. fEEIK o e, 54 bk, 20 Difft(R,) ~0#b LF #EEIK—D & 5T
0L B THLERDHOE Ry LT : mi(Ry,b) — mi(Ry,5(0) BEEBo b a(b) %
S o F—DOfEET 5 &, ad(-)a™! € Autmi(R,,b) 3% D, a OEY H4 (& Innm (R, b)
@{/ﬁﬁﬁ%glgﬁcj‘o (E@%ﬁ‘iﬂE?)ﬂ’o?ﬁ’\ﬁ& 50 ) c 5 LT,

p: Diff* (R,) — Outll
PEE B, COEBHDIfft(R,) ThE b E—REATHRAILTCEYFC L2 R30BAST

HY, Ti5L<T
p: Ty — Outll

i)fﬁbi’bfm
T, [, ®induced filtration & p 2B L TRD X 5 IKEFI N B,

[y[m] := Ker{T'y — Out(II/vn4: 1)}

— 49 —



EF X b, filtration
[y, =T,[0] D[] D2 D---

BIEHBIBOFITH 52, RiffiZd C LFHATE 5,
L. [Ty[m],Ty[n]] C Tg[m + n]\
2. Ty[m]/Tylm + 1] (& Abel BECEHBIZ INBE (m > 1)

3. Dpx1l[m)/T,lm + 1] BB FHEOGIC X > TEHB Z MEOREE b DREO & J —RHE
255 (ci[3) o

T,(1] & T, oyt /(L] = Hi(R,,z) K BAIVERT 2 b0, 3hbD5 Toreli TH 2. T
@ induced filtration 1B L Tt Johnson, Hain, A HIC X 2% < OFELRD %,
3 Pants 9% ¢ Edge Twists

Definition 1 (Pants 5)

R, I 3g — 3 fANPHE WL b bR VWE W A% + ¥ —RIET K »EMPAMER C1, Cy,. .., Cays
*LBo F5E R, ~{CLUCU- - Csy_s} tk 29 — 280 pants (BRTEH & 3 AR % H v
b D) K ND, ThE pants HFEE VI,

WHE. EWickE Yy 7 AFMRIC X 3 pants HREF—Db D L L d, FlxE, iz 0
PAME @ pants HRZRO 2@HTH 5,

Definition 2 (dual graph) 52 bt pants 3 {C1,Cs, ..., Cag-a} KX L. %D dual graph
%, THA* & pants & Ly WHEES%E {C1,C,,...,C3-3} & L. & C; G X OG0 ERER S % &
FRELTELhEY 77 LTERET S,

Fla X, Lo => pants SHFEICKTIET % dual graph BB TO@EY TS %,

O—O (D

pants SHEDEZE b, dual graph (X3 ERIZ 7 7 (REMA» L IAKTOLHHS) THD
cipbrb, Do, HAOKBZREhEh29 -2, 3g—-3THBTLBLI L

pants YD k€ + ¥ 0% %3 & 2o dual graph & LT3EFRIZ 7 7 X LoKcikE 3
25 B3 IERNY 7 7 % kH 5 & TR A IC A D bhiC 3 RTZERICHDAA TEREEE &
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Y 2DER%2H 5 &, ML pants HHEXRB O 3, (pants MREZTLOEDLE & BY
VWEERTIHEEEREOLERSE LT I W, )

5 LT, @l g OFAMM®D pants HFED A€ b ¥ —$ e, HAK29-2 D3 FRIZ T 7 (&
HObA— 7 3FT) L oflici—t—tIibaio T eabhrd, €5 LT, BiZFOWHEIRYS
7ERNVERCHBRTE IR T THIC LA D, THV X4 TOERE LT, KD Brylin-
ski DEEEHRD 5,

Theorem 1 (Brylinski[4]) {C,...,Cs,-3} % R, ® pants 53, Y % %o dual graph &3 3%,
{Ch,...,C34-3} K57 3g — 34D Dehn Twists (ZHbBEWKEDbAWOTEEL baf
WTH2) %D, Dy,..., D393 €Tyl L. ChOBERTET, 0B EEL T LT3, CDE
5 I

Iy —» Hi(Ry,z) = I/[I1,1]]

VCJ: 5%&@&21}“%'@%@7 :_/7& 3_(] -3- Sl(Y) — Sz(Y) 'C“b 50 lexayd SI(Y), SQ(Y) kily\
TRELRIND Y7 7OFRERTH B, :

Definition 3 (bridge)
G777 Y OB epbridge THB L. Y hrbe ¥BRnTBLIE Y57 Y —e 2IEHiES
THBL & Y @ bridge D% so(Y) ¢F£ 3o

Definition 4 (cut pair)

HWEZ 7 7Y 000 (e, f) #% cut pair TH % & &, £ b8 bridge THL, DY —e—
[RIBEIETHBT Lo (e, f), (f,9) BENER cut pair TH Y, e # g THIIE (e,9) BV
cut pair TH %o OISR E M 3 maximal cut system TH 2B L. M D ¥ D 2% cut pair
ERL. 2OM BeoWBE il ITBAAESG L AoTwd e, 5(Y) %

si(Y) = 30 (#(M)-1)

M:m.c.s.

TERT S, LT TLOI M 4T maximal cut system ¥ FEZFTH %,

(I 3 g DEY = T 4 22D stable curve IC X 3 =1 v X7 ML FET monodromy & LT
R n 3 [5][4][1]. )
ROGEIC L > T COEERBRELWEHZ b3,

Proposition 1

o b L C; 2% dual graph T bridge %2 b, D¢, € T,[2].

o B L C;,C; 2% dual graph T cut pair i b D(;..DEJ,1 e I,
WAL C; Hbridge w2 & : C;orEa—H[ClE0TH B, XoT, LI base pointx %
tolel, CioEHM®E b E—FHICHINT 3 (R, *) OB LI BT 3. C IKii-
T® Dehn Twist G M OERTEBRE A VAL B ORI BHEKICS5 DT hby Do €
IL[2]l. C;,Cjdicut paird & % : DQDE; D Hy ~oVEAPEBHTHE 23 NE L v, cut

pair DEENI b\ R, LOEBOHEK L C;, C; OREROMI 0 TH 2, th & Hi(R,,Z) T
Do [Ci]=[Ci] & b Dc,-DE} & H, EEHIKVERT %,

Fx ek induced filtration KB 2 &AL ¢ HLAEL T, UTF2IHAL & [1)o
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Theorem 2 I % Dy, Ds,..., D3y 3 CHERENE T, » (7[#) oL L. £ D induced fil-
tration % ' -

Ifm) = 10T, [m] (m=0,1,2,..)

TEHT 3o maximal cut system SEOEEE M L. BM e MIKKHLT—2Cy € M %
BET 5. 75 LLUT2KRILT %0 -

- 112)/1[3] = @0, 0mageZDi 37 ¥ 7 55(Y) DEE Z I

. I[1)/1(2] = @mem Boem-—(ou) Z(Doy DG') 7 ¥ 7 51(Y) DEI Z o
O/ B7 ¥ 7 3g -3 = si(Y) = s2(Y) OEE Z BiEFo

4. Ilm] =0 (r 2 3)o

—

wN

T 5D Brylinski 0 FBOFET 54 T b, COEHHIK, Dehn Twists %o+ 2 AL
T & LT Edge Twists 23ibice € CTREPBACRMNFICERZDT 25 A TEHL,

4 Edge Twists

Y #3TFRLERY 77233 (H5FEE g OFFME R, ®® 3 pants 73D dual graph £ E X T
Bw) .

4.1 Tl o3k

Definition 5 (A groupoid m(G,Y; P,Q))

STEAIZ 27 Y kKt L. groupoid {m(G,Y;P,Q)|P,QixY O} 2L To X 5 IKERT
3 (GUEBEHRORVERTE([14]) o

2HEDERIT: (1) & Te Kk LDDT Y. € m(G,Y;P,Q) § € m(G,Y;Q,P)o TC
Ty PQUeDWiHEET2 (P=QTHEWV) o y=y.2ell ProQRE0MENT%
Thok BB LR—1RT 2, 7 CRIEMTEREL SO L%$ET. 5L T, Y DN
W—ARE L CHBE 2AEEEN D, ty) Ty DREOHEAEDOD T,

PQQ P 4 @ P ¥ e
o—=0 O—>—0 o—<—0

(2) BTy LT, t, € m(G,Y;t(y), t(y))o t, &y OREEKBERIEI Y K—FL <R
bh3Te LTHRX NS,

¢

DY =%

2REOBGRA : (1) B8y kKxtL ytyhiy



(2)BHAKCDE, AoTL 3 3¢®ﬁ%ﬂm;@%mllﬁ$%~ooh‘r Y, Y5 Ys EFT B TD
‘E % tyltyztya - 1°

{m(G,Y; P,Q)} BT D 2 EOERTTHEM X 1 2 B groupoid % 2 MG tH - CiE
b33 groupoid &3 3,

Proposition 2 Y % R, ®® 3 pants 5}f#® dual graph & L. % pants P; & & Ic— base point
PEELTHE P CET. cot®d, m(G,Y;*,+) id R, DA groupoid % { P} IR L TiE
bh % groupoid IKEEITH %, HFiC = (G,Y; P, P) =11

A chER»LIEEEPETH B, (Van Kampen OEH & Higman-Neumann-Neumann
D550 )

4.2 Edge Twists Oituk

Definition 6 (Edge Twists) C; icxflsd 20 % e; THK T o LOREEE LT Do, € Outll icxt
I35 D, € Outll(G,Y; P, P) BEATD X 5 ICEHRTE 0 HATTOMIED 2E0h T X o
e ST B AR y, 5 55 & &

D, :

i

t
t

— v
>

@
Qe

y

U {t.]z REEOHED) 132D ¥ FRE

fad

EEEL EOMOERTT {2]z By, LRA 20} &
CES,

Thd well-defined TH 23 € ¢ GRS ICHEI D LN B, COIRRBREHWTHRFMEI X bEM 21t
gFEHE N B,

5 Cycle Twists

Edge Twists Ic X > THR X N EHBE ] := 0}2°Z - D; 2 Ty OFHRT/INE REAHTECTH 5o H
B, Theorem 2ic X b, ToOIHEE T, @ filtration DFEWE 5 (ie. T o[B]) ke xbb
A\,

COFETHE, Edge Twists ##fi5 b D & LT, Cycle Twists 2383 %, TOXAEHEER,

e Ldge Twists [FkE, HEEHERMOCE « EHEMNCX %,

e dual graph 2% bridge % #f7c % {J 14X Cycle Twists & Edge Twists ¢ T, £tk2it R X 1
%,

o dual graph 27 7 7TH % & ¥, Cycle Twists DHALT 3 EHBEL pure braid group
DffHi 7 central extension & & D, ~, @ filtration ® % £ ~DHR (& pure braid group @
Kéq:'bﬁu b _‘ﬁ?— 3 o



Definition 7 fat graph[13] & id. SIERIZ 77 Y TH-T. ZHAK BT, ZCCETS3
AOACH3MHFFIHRGLOoNTVEHDENS,

Pz, TEDZ 57l 2 20F NCHEEITHE W fat graph DIEEY* 541850

D

DIk fat graph % FE L & R, SEAOME b CARXBEEE Y ks X 5T 3,

Definition 8 Y % fat graph &3 3, Y o fattening & (ELLTFD X 5 i LTi§bh 2B R(Y)

EHDALY — RY)o#itch b, 3. Y OKEEBIC pants ¥ —DF->TE¥ T, Lik—>D

DEA L IRDIDER I RIC, Y ODRTHACH e 2 b MIEFNCHE > T b D pants ik
VEbd b,

Cycle Twists {3, 5O CEN7 57 Y ¥ A 720> TD R{Y) ® Dehn twists % Eoult 3

%,
R
=> 3 L =
{ '
\ ;
( rd
(NN /.,
\_\:__,
5.1 II oigik

RIECHT Ao 2 I it BT, BHRASAE BT H > 7%, Thik. 2HEOBFRXD (2)
Ty Y1,Y2, Y3 DEfFFR—D2 2 2L A TH 5, fat graph LT IHFCE. COIEF% fat
graph CEZ ONTWVEHDILE D, chick b, PQ%EY O 0HEAL L, Th% R(Y)
BT BXIE L 7 pants OFE & F—4R LW eS¢ HRMICER X i groupoid & R(Y)
@ fundamental groupoid & OFIE = (G,Y; P,Q) 2 m(R(Y); P,Q) »185bi 5,

Definition 9 (Cycle Twists) Y % fat graph & L. C = {y1,v2,..-,Yn} Z Y OFAY [ 71
E3 5, ThbL, y OFRE yip ODEAN—HL, COFL 7B ZTREHCEEDbLAVY
DEFTB, CDeE, CRRY — RY)ickb RY) ot L RI—HT & 225, Chichok
Dehn Twist ZEITFO X 5 Ktk &h 5. Th% Cycle Twist L),

ey YOHEWMIE LALLE,

w el YBYDC K& % WA B identity
VO X R A E () RIBEE LT B C KoV [ I ACHE R yICEA X b D
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0 C Cif>THLE, v ORACEICHIA B
RIEFHE ¥, § 5 C KFsTWAVE

32, CKZo>TD Cycle Twist i

{ 1 CIioTHM, y OMATHICHH S H
€yC =

De: m™m(G,Y;P,Q) — ™ (G,Y;P,Q)

A A
y byl g0
TRtk Eh %,
5.2 MK

Theorem 3 Y % fat graph 23 %, Edge Twists & Cycle Twists C [y 2348 X n%ﬁl@-l—ﬁ}
&M, Y 2bridge b A nT L TH B, ‘

RO AEE 2TOER
—
7

IcX b Y % ladder graph @ CERT 30 Cﬂ)% step THEM I N EBLARLETCH BT L
w5, 325 & Lickorish HE/RITCICFEE X L %,

5.3 YH7Z 7 7 0%E

BFTl. Y BEICGRRIZIGEHE ) A — A CFHEICR D S C LA EAD A, Thbb,
Y »3F fat graph THIFEEMOT S T bIC, Y A bridge % & bIRET 5o

Theorem 4 Y % bridge % #F7c i\ fat graph & T2, CDLEDHB g+ 1 {HD edge twists
& g D cycle twists T Ty (ZHERTE B, (29 + 1 & Dehn Twists %255 §R b GRS EE A tEAY,
TCOPTH 5 [6]o ) 7. edgetwists, cycletwists Ty 2R T B0, &b b HIE g HFD
s,

Theorem 5 (Odall12]) Y % bridge ##57/ /WM fat graph £33, DL %, cycle twists
DEMT T, OFSBRAY Kk bd, 2% x P, cF#<H 2, cCiC P, ik g KOFED Artin
pure braid group TH %, & biC, KA/ YLD,

PynTy[m] = ymuPy (m 2 0).
o Ty Omx1lg[m]/Ty[m + 1] ~D P, DRiE P, DREFLFIC X % graded Lie algebra & —

U M [7] K X b FE DK grade D rank BHIbh T3 DT, WIH-&T 2] Xk 3 LR &
ahb¥s LR%1B 5.
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PARAGROUPS AND FINITE
DIMENSIONAL SEMISIMPLE ALGEBRAS

NoBuo ITYORI, ToYOHARU ITOH, TAKUYA
KITAMOTO AND TETSUYA MASUDA

ABSTRACT. In this note, we try to present an algebraic framework for the paragroups of
Ocneanu in terms of finite dimensional semisimple algebras in the case that the corresponding
“Jones index” is integer. We then see that this notion is regarded to be an extended version
of finite dimensional semisimple Hopf algebras with trace.

1. INTRODUCTION

The Ocneanu’s paragroup has its origin in the classification of the subfactors of type
11 -factors in operator algebra theory. This classification problem was first systematically
studied by V. Jones [4] in terms of so called " Jones index”. Then, one of the most important
discovery of Jones is that for a given subfactor M O N, the set of all possible values of
the index [M : N] is quite restrictive. Namely, the set is given by the union of the set of
distinguished values {4cos? X : n = 3,4,...} and the closed interval [4,00]. Then these
discrete distinguished values {4 cos? £ : n = 3,4,...} are shown to be related to the Dynkin
diagrams of type A, D and E. (See [1], for example.) These discoveries also lead us to the
famous ”Jones polynomials” for knots and links. (See [5] or [6], for example.)

Then, inspired by the development of the classification problems of subfactors and the
related subjects, A.Ocneanu introduced in 1987 the notion of paragroups in [8]. This aims
to give a complete invariant for the subfactor of a reasonably good class in terms of finite
combinatorics with some extra data defined on these objects. The notion of paragroup is
now regarded to be clsely related to the theory of rational conformal field theory, solvable
lattice models and the representation of quantum groups at roots of unity.

The basic idea of the paragroup is to think of a virtual Galois group type object for a
given subfactor M D N regarded as a field with its subfield. In other words, the type I11;-
factor M can also be regarded as the "generalized crossed product of N by the paragroup”.
A typical example of obtaining a paragroup comes from the outer action a of a finite
group G on the hyperfinite factor N of type II;. Then we obtain the crossed product von
Neumann algebra M := N x, G. In this particular situation, the combinatorical object
which we obtain from this factor-subfactor inclusion N x, G =: M O N is the pair of the

Key words and phrases. paragroup, semisimple Hopf algebra, Bratteli diagrams, bipartite graphs, finite
groups.

Typeset by ApS-TEX



2 NOBUO IIYORI, TOYOHARU ITOH, TAKUYA KITAMOTO AND TETSUYA MASUDA

bipartite graphs T and T with their vertex sets given by {x,g1,...,gn} and {z, 7', ..., '},
respectively. Then the diagram is described as:

91 g2 gn

(Fig.1)

where n = |G| is the order of the finite group G and G = {g1,...,9gx} is the list of G as a
set. Furthermore, Rep(G) = {7!,...,7'} is the set of all equivalence classes of irreducible
representations and m; is the dimension of the representation 7d for j = 1,...,1. These
integers m; correspond to the multiplicities of the edges connecting z and 7!, Here we
remark that the equality n = |G| = thl m? holds.

From the ring theoretical point of view, the bipartite graph T is the Bratteli diagram
associated with the trivial ring k into the algebra Funct(G, k) of all k-valued functions on
G. (Here, we fixed some suitable field k of characteristic zero which is C in the case of
dealing with the problems directly related to operator algebras.) Then the bipartite graph
T is the Bratteli diagram associated with the trivial ring k into the group algebra k[G] of
G. In this case, it is seen that the Perron-Frobenius eigenvalues of the two bipartite graphs
" T and T coincide and given by /n = \/@ . Furthermore, the entries of the corresponding
Perron-Frobenius eigenvectors determines the dimensions of the simple component of the
Wedderburn decompositions of the semisimple algebras Funct(G, k) and k[G].

In this particular situation, the "extra data” defined on these combinatorical objects is
called the ”connection” which is the set of all matrix elements, evaluated on the set G of
all of the irreducible representations Rep(G) = {#!,...,7'}. The Ocneanu’s framework
requires us to deal with the ”connection” which satisfies the "flatness condition”. Then in
this particular situation, the "flatness condition” corresponds to the second orthogonality
condition for the above matrix elements {7};(¢)}:,jer1,, p=1,...1, g€G- ‘

In this note, we do not intend to go into the detail of the definitions of Ocneanu’s
paragroup. (For example, see [9] for the details.) However, we note that the notion
of paragroup is described completely in terms of finite combinatorical data and carries
(almost) all of the informations contained in the subfactor to start with. Furthermore, the
framework of paragroup provides us a new category which contains ordinary finite groups.

As we have already mentioned, finite groups give us a special type of paragroups. How-
ever, apart from the examples that we obtain from finite groups, we have very small
numbers of explicitly known examples of paragroups. Here we list up the major classes of
paragroups which are relatively known among the specialists of paragroups (mainly from
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the point of view of operator algebras).

(1) The paragroups obtained by finite groups. (The above typical examples.)
(i1) The paragroups obtained by the Dynkin diagrams of type A, D and E.
(iii) The paragroups obtained by the extended Dynkin diagrams. (For example, see (1]
or [2].)
(iv) Three (two) examples in the book [1].
(v) Recent example by Haagerup.
(vi) The paragroups obtained by inclusions of finite groups H C G.

In the above listed examples of paragroups, the cases (i) are mathematically equivalent
to that of finite groups and the corresponding ”Jones index” is given by the order |G| of
the finite group G. Then the cases (ii) correspond to the cases when we have their ” Jones
index” in the discrete distinguished values {4cos? I : n = 3,4,...} as we have already
mentioned. The cases (iii) are the cases when we have their ”Jones index” always equal
to 4. Then it is seen that the cases of having their ”Jones index” greater than 4 have not
yet been very carefully studied. From the point of view of operator algebras, we have no
special reason to stick to the cases of having integer ”Jones index”. Indeed, the people in
operator algebras seem to be interested in the case of subfactors with its ”Jones index”
closest to 4 from above with some certain analytical conditions. (The case (v).) However,
if we turn to the cases (vi), the corresponding ”Jones index” is given by {-gl' = |G/H| and
then we are able to understand these cases from the point of view of a generalization of
Hopf algebras with traces satisfying some certain conditions. This is one of the main point
of this note.

It is said that the notion of paragroups has several different aspects. Ocneanu claims
that the paragroups are regarded to be a sort of "quantization” of finite groups. He also
claims that this notion corresponds to a generalization of Hopf algebras. However, nothing
seems to have claimed explicitly in this direction. In the remaining part of this note, we
put a special focus on the examples of the class (vi) to discuss about a generalization of
Hopf algebras with traces satisfying some certain conditions. We first discuss about some
combinatorics and related subjects in section 2. Then in section 3, we try to explain some
essence of "Tannaka algebra” by making use of the situation obtained by a finite group G
with its subgroup H. Then in the last section, we pass to the picture of bimodules and their
intertwiners following the original formulation of Ocneanu to clarify the relation between
our framework and the framework developed from the point of view of operator algebras.
Our main point is that when we restrict to the case of having integer ”Jones index”, we
are able to stay all the time in the category of finite dimensional semisimple algebras. This
1s contrast to the case that in general ( having non-integer ”Jones index”), we are obliged
to deal with the transcendental infinite dimensional algebras (type II;-factor).

We remark that this note is a research announcement of our paper [3] which is now in
preparation.

2. SOME COMBINATORICS AND THE ASSOCIATED SEMISIMPLE ALGEBRAS

The first half of this section is devoted to the discussions on some combinatorics which
are regarded to be the underlying structure for the paragroups. By making use of this
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combinatorical arguments, we classify our "underlying structures” into “integral type”
and “non-integral type”. In the following discussions, we concentrate our attension to
the “paragroups of integral type”. We then pass to some discussions conccrhing Bratteli
diagrams and the towers of algebras in the case that the given bipartite graph is of "integral
type” , :

As a generalized situation of the pairs of bipartite graphs as in Fig.1, we introduce a
notion of 2-skeleton as follows. We first consider the pairs of bipartite graphs T and T with
their vertex sets given by VUU and ULV, respectively. Here we suppose that these vertex
sets V, U and V are given by V= {01,...,0}, U = {ul,...,um} and V = {vy,...,v,},
respectively. Then the diagram is descnbed as:

~ ~ ~

V1 Vg vy

g
(Fig.2) ~N o,
T
. .« .
" vy Un -

In this diagram, we remark that the multi-edges in the graphs T and T are allowed as in
the case of Fig.1. Then the diagram Fig.2 is called the 2-skeleton if the condition:

0 z Y

z Y v

is satisfied for any z,y € U. For example, a non-trivial 2-skeleton due to Ocneanu (see [9])
is giben as follows:

Then the two incident matrices ’I(f) and T (T) given by

T(f) : Vect(V) @ Vect(U) — Vect(f;) @ Vect(U)
T(T) : Vect(U) & Vect(V) — Vect(U) @ Vect(V)

— 60 —
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(Sl

satisfies the equality

T(T)T(TYI(T) = T(TYT(I)T(T)
on Vect(f; )& Vect(U )P Vect(V ) if and only if the two bipartite graphs (f‘, T) is a 2-skeleton.

Under these conditions we have:

(1) The non-zero spectrum set Spec(T(T)) \ {0} coincides with the non-zero spectrum
set Spec(T(T')) \ {0} including the multiplicities. We denote by Spec(I’;,I‘)>< the
above common non-zero spectrum set.

(2) For any § € Spec(f, I')*, the eigenvectors of the incident matrices 7(I') and 7T (T')
fit well to define the weight function y : VUUUV — k. We remark that the
choice of the weight function x is unique up to scalar multiple if the eigenvalue
is multiplicity free. In the case that the eigenvalue § is with multiplicity, we have
lots more choice of the corresponding weight functions.

In our framework, this eigenvalue 8 corresponds to the square root of the ”Jones index”
associated with the paragroup.

Now, our classification of the 2-skeletons (f, T") combined with the chioce of the eigen-
value 8 € Spec(f‘7 T')* is given as follows. The combination (f‘, T, B) is called the weighted
2-skeleton. A weighted 2-skeleton (f‘,I’,ﬂ) is said to be of "integral type” if 32 is an in-
teger. In this case, the corresponding weight function u is chosen to satisfy the conditions:

(2.1) ooy €N, ply € BN

Oun the other hand, the weighted 2-skeleton (f ,T,3) is called "non-integral type” if 4* is
not an integer. In this case, the corresponding weight function g cannot be normalized
to satisfy the above conditions. The examples of "integral type” weighted 2-skeletons are
given by:

=1)

(Fig.3) V3 V3 and NG
T

1 2 1 1 2 1

The left diagram of Fig.3 is an example coming from the Dynkin diagram of type As
(f‘ = T') with its choice of the eigenvalue 8 = v/3 which is the Perron-Frobenius eigenvalue
of the graph As. (As far as the Perron-Frobenius eigenvalues are concerned among those
graphs obtained by the Dynkin diagrams, the cases A5 and D, are the only cases when
we have the weighted 2-skeleton of "integral type”.) Then the right diagram of Fig:3 is an
example coming from the symmetric group S3 of order 6. In this case, the choice of the
eigenvalue is # = /6 which is the Perron-Frobenius eigenvalue of the graph T and T at
the same time.

— 61 —
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In the "integral type” weighted 2-skeleton, the weight function p normalized so as to
satisfy the condition (2.1) determines the algebras on the corresponding diagram. For
example, in the case of the diagrams described in Fig.3, the algebras are determined as
follows:

k& My, & k=A kS k® k@ k® ke k=A

AVAVIREE V2
/N

(Fig.4)

A

=R
k EB 1\/12 @ k = A kEB M2 @ k = A 5

respectively, where k is the coefficient field and M, = M, (k) is the algebra of n x n-
matrices over the field k. Namely, the (absolute values of the) integers u|g, 87! uf, and
pl, determines the size of the matrix algebras located at the vertex sets V, U and V,
respectively.

Furthermore, this normalized integers determined by the weight function p also deter-
mines the traces on these algebras. For example, in the case of the algebras A and A
described in the right diagram of Fig.4, the nornalized traces 7 : A - k,70: R— k and
7 : 4 — k are determined by A = k@ My & k 3 TOTBZT— (T +2Tx(y) +2) € k,
R=k®ksudv— f(utv) Ekand A=kSM Bk D> 2DyDHz Hz+2Tr(y)+2) €k,
respectively, where Tr is the ordinary trace on the matrix algebra obtained by the diagonal
sum.

Conversely, if we have an unital inclusion 7 : R — A of a semisimple algebra R into
another semisimple algebra A, we are able to think of the Bratteli diagram B(R, A) asso-
ciated with the inclusion i : R — A. Thus we obtain the bipartite graph I' with its vertex
set given by the disjoint union of the semisimple components of A and R.

Under these notations, we introduce the notion of basic triangle which is given by the
commutative diagram:

R,k

| /
A
with an extra mapping ® : 4 — R satisfying
(1) «(1r) =14,
(2) ®oi = idpg,
(3) T=190®,
(4) 7 and 7y are normalized non-degenerate traces,
(5) @(u(rg)ai(ry)) = ro®(a)r; holds for a € A and ry,r; € R.

Conversely, the mappings i and ® are determined by the Bratteli diagram B(R, A) asso-
ciated with the inclusion 7 : R — A.
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Then the above basic triangle gives us the following tower of basic triangles:

29 i3
Y A, —_
— —
®; o,
&

with the isomorphisms

Ait1 > Enda, ,(4:) = {z € End(A;) : z(§y) = z(&)y, £ € A;, y € Ai1}
~< Ajti1 09 >
~ Mﬂz(k) ® Ai_1 (Z > 1)

hold, where < A;,7;,_; o ®; > is the subalgebra of End(A4;) generated by the left multipli-
cations of £ € A; and the linear transformation i;,_; o ®; of A;.

3. THE TANNAKA ALGEBRA OBTAINED BY H C G

In the Ocneanu’s framework of paragroups, the bipartite graphs and the flat connections
defined on these combinatorical objects are well understood in terms of (infinite dimen-
sional) bimodules. As we have already pointed out, if we restrict our attension to the case
of having integer " Jones index”, we are able to build up our framework of understanding
the paragroups only in terms of finite dimensional semisimple algebras. This enables us
to formulate a new notion which generalizes the Hopf algebras with traces satisfying some
suitable conditions. We call this new notion by the name ”"Tannaka algebras”. In view
of this new notion, the flat connections are well understood in terms of the linear mappings
which we call the Fourier mappings.

In the following discussions, we intend to explain the notion of ”Tannaka algebra” in
the case that we have an inclusion of a finite group H into another finite group G. This
seems to be quite a restrictive situation. However, this class of examples had not yet been
studied very much even from the point of view of operator algebras. (For the operator
algebraic research in this direction, we refer to [7].) Then, as in the case of ordinary Hopf
algebras, this example coming from the inclusion H C G of a finite group H inside a finite
group G is a typical example and rich enough to be able to see some basic and important
structures of our "Tannaka algebras”.

Instead of dealing with a general theory of ”"Tannaka algebras”, we intend to give the
explicit formulas for the case arising from a finite group G with its subgroup H.

Let G be a finite group with a subgroup H. We then consider the following three
semisimple algebras A := = Funct(G/H,k) x, H, R := k[H] and A := k[G]. We remark that
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the algebra Funct(G/H, k) x . H is the crossed product algebra of the algebra Funct(G/H, k)
of k-valued functions on the quotient set G/H by the action of the group H determined by
the left action of H on G/H. In other words, the algebra Funct(G/H, k) x, H 1s the algebra
generated by the characteristic functions [¢H|* € Funct(G/H, k) for gH € G/H andh € H
with the relations h[gH]*h~! = [hgH]*. We further remark that the characteristic function
[gH]* for gH € G/H is determined by

1 ifgH = GH

H*(gH) :=6,4 74 =
[g ](g ) gH, gH {O 1ng=§H

Now, it is seen that the mappings 7 : A k,79: R— k and 7 : A — k determined on
the generators by

F(lgHI) = g0,

To(h) =84, ¢ ,
7(g) =g, ¢

give us the normalized traces on the algebras _;f, R and A, respectively, where e € H C G
is the unit of the groups H and G

Then by the natural inclusion 7 : R — A and the linear mapping & : A — R determined
on the generators by

B(lgH|"h) = ‘é;h,

the pair of algebras (R,‘Z) forms a basic triangle. Similarly, by the natural inclusion
i : R — A and the mapping @ : A — R determined on the generators by -

g forge H
@(g)::{
0 forg¢ H,

the pair of algebras (R, A) also forms a basic triangle. It is also remarked that the Bratteli
diagrams B(R, A) and B(R,A) form a 2-skeleton. In this case, the common Perron-

Frobenius eigenvalue f§ is given by 161 — \ /[G/H]. Thisis to say that the correspondin
g TH] P g

"Jones index” is equal to LGl IHI =|G/H|.

Next we pass to the description of the important bijective mappings Whlch we call the
Fourier mappings of this system. The two linear mappings F : A — Aand F:A— A
are determined on the generators by

F:A>gw BlgH]*0(g) € A

%hpagm)-l €4

where the mappings F and F depend on the choice of the section p : G/H — G of the
canonical projection 7 : G — G/H satisfying p([H]) = e and the mapping 0 : G — H

F:A>hRgH]" —

— 64 —



PARAGROUPS AND FINITE DIMENSIONAL SEMISIMPLE ALGEBRAS 9

determined by g = p([gH])o(g) for any g € G. Then it is seen by the definition that the
mapping F is right R-linear and the mapping F is left R-linear. Now, the equality:

B(EF(a)) = ®(F(€)a)for € Aanda € A

plays an important role in the whole framework of our "Tannaka algebra”. This equality
allows us to define the non-degenerate bilinear forms B and B defined by

B:A©A3a@&— F(F(a)f) = Bro 0 B(EF(a)) = frg 0 B(F(€)a) = 7(aF (€) € k
and
B:A®A>E@a— 7(EE7(a)) = Bro o@(ﬁ-i(a)g) = B100 ®(aF ~ (€)) = 7(F~Y(€a) € k
satistiy B(ar,€) = B(a,r€) and B(ér,a) = B(¢,ra) fora € A, r € R and € € A.

In fact, when we turn to our explicit situation, these non-degenerate bilinear forms B
and B are given on the generators by

B(g,hlgH]") = é5H,900s(5)h,e -
B([gH]",§) = 84n,3- 20h,05-1) -

Then by defining the "antipode” mappings by S := FoFandS:=Fo }?, these two linear
mappings are isomorphisms and we have

In our explicit situation, these two ”antipode” mappings are given on the generators by

S(g) = a(g)e(lo(g)gH]) ™,
S(hlgH)*) = [hp(lgH]) " H)*o(hp([gH])™") .

Now, the left coproduct 0; : A — A ® A is defined by (B ® §)(§ ®n,i(a)) = E(fn,a)
for £,n € A and a € A. Then this left coproduct [; satisfies Oi(ra) = (1 ® r)0i(a) for
r € R and a € A. We also define the left counit ¢, : A — R by ¢; := [3@ o F=1. It is seen
that the mapping ¢; is left R-linear.

In our explicit situation, these two mappings 0; and €; are given on the generators by

= hp(lg'H) T @o(gT) T R p([hg T H]) T
heH

eig) =o(g™")7".
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Then we have the following commutative diagrams of left R-linear mappings:

A9, 494 S0 go4 ML gg4 ™4

\ /,dlmR(— |H)

A—2, A4 2% 4R M, R4 —™ ., 4

e

Similarly, the right coproduct O, : A — A ® A is also defined by (B ® B)(O,(a),£ ®n) =
B(a,n€)fora € Aand €,n € A. Then this right coproduct O, satisfies Oq(ar) =0 (a)(1®
r) for a € 4 and r € R. We also define the right counit &, : A — R by ¢, := f® o F. It is
secn that the mapping e, is right R-linear.

x dim R(= |H|)

In our explicit situation, these two mappings O, and ¢, are given on the generators by

Or(9) = > p(lgHDh ® p(h ™" g)h "o (g) ,

heH
er(9) =o(g) -

Then we also have the following commutative diagrams of right R-linear mappings:

A ApAd 204, 4p4 —2 4
\ / x dim R(= |H|)

T4 Qe

AT, Aaga 4% AR ™, 4

e

x dim R(= |H]) .
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These two families of diagrams are equivalent due to the diagram:

A2, A® A ass
\

sl ARQ A
A2, 404 %ﬁ:
and the equality ¢, 05 = ¢,.

We also have the similar structures on. A. Namely, the rlght coproduct 0,:A— AR A
is defined by (B ® B)(EJ (€),a ® b) = ( ,ab) for £ € A and a,b € A. Then this right
coproduct 0, satisfies O (ér) = r(a)(r@ 1) for € € Aandr € R. We also define the right
counit &, : A — R by &, := f® o F 1. It is seen that the mapping &, is right R-linear.

In our explicit situation, these two mappings 0, and &, are given on the generators by

O-(gH]"h)= > [92H]*0(g2) ® [ H] 0 (g1) ,
gr192=p([gH])R
h if H

Then we have the following commutative diagrams of right R-linear mappings:

I~®8~!

A5, Al A0, 4ol M, AgAd "L 2
x dim R(= |H|)
R ;
~ |'jr ~ ~ I~ ~ flip ~ m ~
A—"> AQA —5 RRA —— AQR —— A

x dim R(= |H|) .

In the same manner as in the case of A, the left coproduct D; A — A® A is also defined
by (B ® B)(a ® b, Dl(f)) = B(ba €) for a,b € A and § € A. Then this left coproduct
0, satisfies D,(rf) =(r® 1)51(5) for r € R and £ € A. We also define the left counit
g A-R by & := pB® o F. Tt is seen that the mapping £; is left R-linear.

In our explicit situation, these two mappings lfll and £ are given on the generators by

Ou(hlgH]") = Y. ole) g H @ olg:) g2 H]*
g291=p([gH]) !

~ w_ [ h itgeH

aior ={ o w0Sy
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Then we also have the following commutative diagrams of left R-linear mappings:

1708

A2 v igadA A2, AgAd —" L A

x dim R(= |H|)

x dim R(= |H]) .

These two families of diagrams are again equivalent due to the diagram:

0, imd =8

TTed
e

o)

ar

w
By —

A0A P
and the equality €, o S=z.

This is a rouph sketch of the description of the axioms which define " Tannaka algebra”
with a special emphasis on the case that we are given a finite group G with its subgroup H.
Then it is seen that this notion is a generalization of finite dimensional semisimple Hopf
algebras with a trace satisfying suitable conditions. Here we remark that the commutative
diagrams involving our ”antipodes” are essential to have a nice category. From the point
of view of Ocneanu’s paragroup, the Fourier mappings correspond to think of the ”connec-
tion” and the conditions given by the commutative diagrams correspond to the "flatness”
of the "connection”. Roughly speaking, the ”flatness” condltlon also corresponds to the
condition that the algebra generated by the algebras A and Ais isomorphic to the tensor
product of R with the matrix algebra of its size (2. More > precisely, by making use of the
Fourier mappings F or F we are able to identify A and A as k—vector spaces so that we
have the isomorphism End(A) ~ End(A4). On the other hand, by using the (left or right)
regular representation 7, the k—algebra A is regarded as a subalgebra of End(A) and the
same thing holds for A by 7. Therefore we can think of the algebra generated by A and
A through these regular representations 7 and 7. Then we have

< m(A),7(A) >~ Mat(8%, k) ® R .

This isomorphism is quite explicitly observed in the case of A and A obtained by a finite
group G with its subgroup H described in this section.
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This isomorphism explains very well the reason why we are interested in the ”paragroups
of integral type”. Indeed, if we have no integrality assumption on a given "paragroup”,
we are not able to deal only with the finite dimensional algebras. (We are obliged to use
the matrix algebra of "fractional size”.) However, we still have some hope of formulating
these general paragroups in an algebraic context. This will be our future problem.

4. RELATION TO OCNEANU’S FRAMEWORK

In this section, we briefly describe the relation between our framework and the frame-
work given by Ocneanu. The key point is the relation between our Fourier mappings and
the (flat) connection which is well understood in terms of the bimodule picture. (For the
bimodule picture in the operator algebraic context, we refer to [10].)

We keep the notations of the previous section. Let Irr'(R) (resp. Irr"(R)) be the set of
all left (resp. right) irreducible representations of R and IBr(A) (resp. IBR(A\)) be the
irreducible components of A (resp. A\) viewed as a R—bimodule. Since we consider the
case that the algebras A and A are semisimple over k, we are able to associate a projection
Pras in the corresponding algebra for each M € IBr(A4) U IBR(E).

Let ¢,., @,, ¢; and &; be the elements of the spaces Hom(4 A, 4AQrN), Hom(/a/’l\, ;2@3
N), Hom(A4,L ®pr A4) and Hom(ﬁg,L Qr ;1\;{), respectively for N € Irrl(R) and L €
Irr"(R). Then, for M € IBg(A) and M e IBR(E), we have the following diagram of
intertwiners:

c:=(Pras opr)” M

a:=(Prﬁ o )*

where (Pry 0@, )* (resp. (Prg;o@;)”) is the dual of Pry op, (resp. Pry;of;) as a linear
mapping. Then by the irreducibility of M € IBR(A\), there exists a scalar

N —— M
L e
M ———:——-» L
such that
N M
4 [+] idg = (Prgrod) o (Prasown)* o (Prag or) o (Pryg 0@0)*

A — 1L
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and we have an expression of the inverse of the Fourier mapping F as
c
N ———M

e Y |4 [s] (Prizodn) o (Pras o) .
N.LMM\ 77 L

a

The similar argument applied to the dualized diagram gives us an expression of the inverse
of the Fourier mapping F as

d* —
N e——

Fl= Z c‘l Ta* (Prayopyr) o (Pryzo@,)” .

M —
b‘

The details of the discussions presented in this note will be published in our forthcoming
paper [3].
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mﬁm7@%amw%rwJ&rnrﬂ@?%thwn%%mm
TOREZBEDPARLDOTH 3., Fu7HARRI 3o 7E#IcHE
HI B3 LORBFHEBEISIEVIDITH 2, 2O — b Tl
Va—-YAEBERI DLV TOMERERET SR o7&
THIANMITOZEEOREOHARBEN ULV,

§1 YVa—YXeHEHR

EANLPZER H EORFRBENFEFHARTLIORIB M T +-HE (
HEFHAREZESEE) CO0THUTBY., ¥HFMMHEROL
THUCTVREE T4 JARVBEWIEN S, X B2 M BER
RLTO2EDZo2ORURHERT LIS RBERABE tr 2558
CEeED2FD2EE NG O -MEFEE BRI H 5,

(1) tr(1) =1
(2) tr(xy) = tr(yx) (x,y€M)
(3 tr{x*x)= 0 (xEM)

I-BEFRE M OBLR N TZhEK 0 -BEFRTHS 3 & SR
©O% N -BABARFREVER, Ya—Y KBRS O,-8
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BARFR NC M 2HAEITIEHRRABO—HHT. Va—rX
WEBAROBERE2FOHREREULTL 5,

EFE (Va—-rxX LD O -BBAFHKE NC M EX¥L. 20
BEEBUEN I EHRETETE [MIN] BEETHL D, ThOEV5%
HEO2ZBIROEEGRL—HT %,

f4cos®(m /h) | h =3,4,} U[4d,00]

R OIMN] DEZAE n X X M IEE N-MBE U TR
OHEMBECRS, FlAE MBS NEEHRER CEOBEAE (FEW
THBEEWC NN = 8(0) &R B. k0 —W [MN] = n+
n'(n€ Z, 0<n’<1) ENEWABAIrRX20TVE EXRZWE. M
T n OH®H N-IPEI D eN EREINh B, 2T eld MO
HEE (HOHRBRNXER) T tr(e) =n’ ERZEIRBBDT
b %,

§2 BARFROEI I

Va—YX0EBIRLEATFROMBEINTZEHDTEANRD
DTWIEIB—RRIIZLhEITUBRIAFROBELRRET 5 Z
EUTERYV. FHTHLVBARTEETSHSET I TROVT
FHEHU 2L,

BEERR I, -ABHS2EFRENC MU Mz = Endv(M) (M
BE NMBERRULEEZOHCHARNSHE) BWHY 0,-METF
RBOBERZRRE->TVIE, NC M sy OL-BBSETFR
MC M BT 22 &RV a—2YXD basic construction & If
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o BE MM] WDEDEHN [MIN] R—HUTHEY. BICHRT
%, TITIOHEREISRBUVEBLTVWLLZE LY O,-8IF
TROMAH NC MC M C M C - BE>H 3B,

Y. = {x€Mc !l xn = nx (n€N)}

EBL TRRERRTOTIAY - JARYE TROBITHEOD

HRECEMLE S S, D% VaUVi = {Vx OEHHE) U (Vs
ODHHRE 2TES0L2BET B3 28757 T 2FXBOLIKH

K= & Hedge(K,L)L (K€ Ve)
L&V, : ‘

LEVEKT S, §5& IN'c HRAWR Tt OWHBT I TW2RS
DTZHZ 57 T =T(INC M BT = Ul & VEE 3o
ZhiE NCHOEFIIERSR. ' BERI S TR T
ORERITHONDY -TJONRY AEEEOERNEE MIN] i
Z, ZOIT&EANOY-TONZYABHREAGHESZZ LWL,
B KD BIKE D ER S MDD B,

EE () BEPAXREON-BEAEAFROEY ST A, D, E
WEhDOROF ¢ &k YEERR %,

Q) BBEAON -BBLEFROEY S TW AV, DV, EV
WINDLOBROF v VX VHEDN D2E¥D=Z20T7F5T700Thp
K—¥7 %,
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FE EW Do+t IRV Er BHOF 4 U2 UNEW O.-BEH5H
TROET I TJEUVUTHEMNERLVESMM>ATWL 3,

§3 EHAO I -BEHRFRE SUQ) OFRBH &

BRIET I TDORHARHRBRERREZXIRVOTH B3N, 2hic
DVWTAERRERS5ZX330E0UTYa—YAoR&EZHBKAD
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G RERBEL. L 2ZOETREIMBET 3. {LG) i€V
26 OBEFHRMMBEOZTLEREXRE L. FUVYLEME LOLYG)
OB E
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ET % VEREADOEEEU. i,j€V BEhEThEE. BATH 3
KORBOED mi; XTHBLO5REMTS5T% IG,L) THRU
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G2 SU) DERBAE. L BEZOHRR “RAEHTS 38T
BRI 757 G,L) BHAT o JERIURE AV, B D
ThMRs, Thitky SUQ) OERBABRCH >0 & —
H—HIET 3. ZUTZOMBRROEBIE > THEHOTHE &
BUDWT WL 3,

EE ([GHOD) ¢ AT+ Y YEE © BT 3 SUQ) oF
REAIBHEU., L BZOHAR_KRTRHET 3., &, HBEKRTT
A - 4T VBOMH

Ends (LETY C Ends (LETH

D k—=oo TO M@ T T 2EFST7H2EKAD O,-BE
SHERFRICR S,

84 HREE D.-BHBA2EFE

MBI THENL LS REMBRELS I,-BLEFBROBRTIEERE
BOFABTRVEZRXUEELRLV. LS50 L BEERE ¢

C DEERBRRHAB S, TORBRITITeHBT 3THONOY-TOX
U AERER dinl R—BIB3EBHODIDSTH 3, 22 THK
REIROESLBEFHOIS AL BAT ZC LT 3,

&k HRLORE H BRHT A CREAT ¢ RIVRRBRLA

PTVRET B, e VEFRESGEU {Xij1i,jJEVY 2 H O
KOV KRBEEET S,
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(H, {Xi;} ) BRoFHeELTEIhE V-HREERS.
ACa)a(b) = A (ab) -
thg=ém8m%pAléﬂﬂm
AXij) = EeXie®Xej, €WXij) = 8
Liive (aXiv) e (Xjb) = € (ab)

OV PRE—DOORLIRBE XY V-ERKERRE L SIE
mﬂ@wm%oEﬁﬁﬁﬁ#@t@ﬁ@ﬁ%ﬁﬁﬁ%ﬁ@?&%%
ZVWRUTEFOHMAE2BEEIZL DL E3FEND %o

Bl T = (V,E) REMEZ ST & U. Pathi. ;" B i€V B
JEV BRAET B ES5REE n ONADO2HEE UL Path® =

Ui, Pathi,;" &9 3. H(T) 222 {Xoa | p,q€ Path", m20} %
HECTZEME/MET 3, & (D) BXOEBR &Y V-EREK
W75,

XoaXp a’ = ORe(p)Sip’) OR(gIS(a' ) Xp-p'.qa-a’ s
AXpq) = ZrXpr’®qua € Xpq) = 804

BU. S, Rp) WELFHLNZ p O, ¥REEUS pgdp
& g BORVTTEANARERT BDET S, T L W p,g &
AMUEXONA r 220t ofITdBE&T %,

LOBT. L) OAF 7L | BABRALF7LTHHAUW

HDD) /1 vk V-ERERERS, FEO (REEUT) FREK
BV-EREEINRTZIOLIIRUTRHRIABZZEBOD>TY S,
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HRBEOMPBELBEZHURDODIIREEBERITH 3,

G HEIRE W LomBE L, MU, LOM 1= &« XikLO Xk M
5

a(ZmUm®Vm) = LrXabiun®ckvn

(aé Ha EmUm@VméLéM)
V-JQ@ H'ﬂﬂﬁCCﬁi%o 1EL’\ A(a) = Zkbk@Ck t%b\k’.o

Zhie kY. BREONBEHUTOZORET S 7 S & [
KUTERTIN S, ABBERXROEERTH %,

gl ' % An, De2n, Es Es L“?‘hb’@ﬂ@?f?*)@ﬁ?t?‘
5, TH5EHENE G(T) CZ2OBRMmMHE L BEEL T G(T)H,L)
DRBMITI5T73 T R—¥T%, £ I 2ETFI5T7&T5HEKA
RO D -BBLHHEAFRD (G(T)H,L) 2HVTHHOEE & [
DHERIXVERET L %,

mRE () OEmRER2ENX S Ocneanu LZJ:%I&’“"?‘?LO)
EHBEREOBRE2HPITZIEBLERDOTHSIM. ThIVAHE
BlROTZIITUEABIYTTHE. I" = A, OFAD G(I') OBHK

WRRATHUTHEHLZIERT %,

el EAE GAD . BT T = (V,E) = Ay EUTHS>N 3B

— 77 —



B (D) 2X3 R0 RO-Z2OEBRATH->R2DODELVLTEZN
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Differential poset & fusion algebra

%Kk-® @ E B — (Soichi Okada)

R. Stanley %, differential poset &IFIFHh 5 ¥IEFHRED 7 3 22 HA L. ZOMUE
#7213 82 ko4 Young I TH %, Young HIIIFREE, WHBEHMEL & ORE
ZeEFEMELTWS. 2T, differential poset i fTREL e REFREE X, Wagner
ic & % differential poset @ BEEHE IZHIH L 7 fusion algebra @ reflection-extension &, %l
OHEKEWVRTH 3 Young—FiBonacci E‘él:i’ﬂ‘ﬁ"éiﬂfﬁﬁ (OERE) oxiEYoERic 2w
TR~ 3. |

§1. Differential poset.
R. Stanley [S1] 1%, differential poset CIFIT N A RIEFRELED I SAEER LN, &
Dr 5 ADENEFHEARED chain OEFBERBMLTECORKRVIEEER > TV 3,
¢, LIEFESCHTIAZOER» DS, P 2 XIEFHEE (poset = partially
ordered set) &4 %, z,y EP XML T, e>yTho z2>z2>y LRBT 2z PHFHELK
WEE, sz yEBS (cover) LW, zby ERHT. ELT,

Ctz)={yeP:yvz}, C (z)={yeP:yaz}
B, HiEFEES P P= UnZO P, s 458 E P, o disjoint union it 3% & 1,
z € P, zby=>y € P,

WO E &, Pid graded poset THzEWSH, £, POEBORM [z,9] ={z €
P:z2<z<y} BEMRBESTHS L%, P X locally finite th 2z &3,

®& 1.1. [S1)r 2 EBHET 2. XIEFES P IROKMEER 2T & &, r-differential
poset ThH 5 L\ I,
(D1) P i3 locally finite 72 graded poset ©& v, &/NiT 0 8-,
(D2) z,y €P LT, s#y B, #(C (2)NC(y)) =#(C*(x) N C*(y)).
(D3) z€ PizxtLc, #Ct(z)=r+#C (z).
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1. Young % Y

#l 1.2. ( Young #) n o4& &1k, FEBHROHFAFERDI A= (A,Aq,...) (A1 >
/\22-~-)'CI/\|=/\1+/\2+"'=" EBB2HDDIETHBE.(IDEE, AFn L&D
T nDREREORTEREE Ve &L, Y=]],5,Ys &8, Y i1

A>pe= > (Vi)
<= (A ® Young X¥) O (4 ® Young M¥%)
EERT D LN L THIEFEE LB, 20 Hasse IRER 1 0k 3 i3, ¥
JEFFESIRE LD, Young R &M 3. Young 3 Y i3 1-differential poset ¢ & 2.

B, ERO&KH (D3, AeYrexlL,

C*(A)= (A © Young KIEo o), C~(A) = (A @ Young R O H o EL%)
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o TwBIEnobnE. £, YO r BOEE Y 3, REFEE A, ,20)>
(M, w) = AD > G =1,...r) EEHT 5 &ic k- T, r-differential poset
&85,

P % locally finite poset & L, & z € PicxiL T Ct(z) WEREETH B L 5. CP
* Poxnxs#Ked s CHRUZEMET 2. CP LoRBLER U, D %

Uz=)y, De=)»y (z€P)

yez yaz

KdoTEHST S. D& &, r-differential poset OEFEBRIKRD L S KEVB AL BZ &0
T&E 5.

# %8 1.3. P 28 r-differential poset 5 #: (D1) 2@/ L, & P, BEREESTH 3 &
T5, lO0LE RIEMTH .

(1) P iz r-differential poset ¢ &% 3.

(2) DU-UD =r1d.

ComlE»S, f(U)eCU]) kLT,
Df(U)=rf(U)+ f(U)D

ERBIEBDbMB. Zhick - T, differential poset DA BHIBEDOL < (FIL I
R 14) X, RMOFERERLCEcE-THEON 3. £ “differential” poset &
WO ERINEH B,

P %5/t 0 %2 & > graded poset &4 3. z € P, e LT,

Q7 = {(2@,2M, .., 2M): 20 =0,z = 2,2 a2tV =0,... n-1)}

%025 ziz\W 3 P o saturated chain £k0%E& & U, e(z) = #Q° & & ¢ . differential
poset OHHD S b THEEIT RE DR, ROGETH 3.

toRE 1.4. P ¥ r-differential poset 72 5 IF,

(1) Z:ceP,, e(z)? = rnl.
(2) Xso (XCsep, () " /n! = exp(rt + rt2/2).
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P=Yonoéx, comER

# (]_[ STab()\) x STab(/\)) =4S,

Abn

# (]_[ STab()\)) =#{o € S',, cot =1}

AkFn

(2 &, STab()) iz shape A @ standard tableau £ OBAETH2) L5 &2 Lk
LTWw%. & - T, Robinson-Schensted st S 1.2 M AE5 A TVWB I L0 5,
( Y™ 12334 3 Robinson-Schensted 3tiic oW T ik [01], —f& o differential poset i 3¢
¥ % Robinson-Schensted & (& % @ variation ) i£>w i [F1], [F3)], [R1], [R2] %
BRIV

T, P=YDL&oME 14, MHBORBRPLORETLHS. L<HMoNT
Wik, n RUHE S, 0 C LORMRBB n 0REIck->TH5 2 54X,
AEY, I B Sy DBMEBE VA L2 &, 20 Spy ~0&IRIR

VA s DV

ESHT B, XoT, dimV* = #STab(A) =e()) &% 5. fE->T, G 1.4 12 KD —
W oS. 2%, —RICHRE G OoBRBHEELkOESE G LEbY & &,

Do x()=#6

x€G
THY, GOBRHERAB TN TERE L CERTE 213 51T,

Y ox()=#{geG:¢*=1}.

X€G

COLIBXEL Young HEDBBRAEZEL B E, ROMBRBERTH 5.
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BisE 1.5. | P » r-differentail poset ©& 3 & &%, P © Hasse IR % Brattell K} &
THEBMBOE (Fo)wo *EAMICHKRE L., 230, ¥BHMBOMKS b C F C
o CF,C... T, 8 F, OBHRES P, OTTI3 234 X&h, ¢z € P, txWind
3 F, OBHERBRE VT LXkbT L&, 20 Fooy ~OHIRM

Ve lF,.-lg GBy«ch

Dk P o Hasse IR ic LA THBT L5 b 0% BEHICHBRE L. BRM
it Fn = @oep, Me(2)(C) & &0, Froy CF, % Hasse IXEAVWTERT L L0,

¥7, BEREHE G 0i5EE R(G) & fusion algebra 0 BBl cH v, H %2 G OHHE &
3% &, Res: R(G) — R(H) i3 fusion algebra oo #EFE tH 3 (F&HIX §3 2R L) .
EoT, ROLIUBHMBELEL SN B,

RigE 1.6. r-differential poset P 55 X s hic & &, ROME %% 724 fusion algebra
DF (An)nso % B &,

(1) A, @ underlying space & LT P, 2HE &4 5% CP, 8&h 3.

(2) D, = D |cp,: An = CPn — An_1 = CP,_1 1% fusion algebra oo #F R &

5.

§2. Wagner (C & 2# % & Young-Fibonacci lattice.

r-differential poset % “partial” r-differential poset #» 5 ¥k 3 2 H 25, D. Wagner ic
doTtHxsohTwd ([S,86]). P=]]_,P % graded poset & L, @o<i<n1CP; £ T
DU—~UD =rld BEDIL->TW3B &F 5. 0 &%, graded poset E,(P) = [y E,(P);
EROEIHERT 5. XIEFESE E.(P) drankn LT & ATk P E—HKLTW
5. 250, (HFSIDHT

2LT, Poose—%r@AREL, B0, B e, zeP cxibya B ox
% F0 ckbF. %7, Pai®at—b LEAEL, Pa &L, yE€Puy BT 5

Po_ioxt% YEEDT. ot %, E.(P)orankn+1oxLko$Es%:

Er(P)pp1 =POU---UBYUP,_; (disjoint union)



Ex &, E(P)y & E(P)ny1 OO EIERE %
C~(@EY)={e}, C ([ =C*(y) (z€Pu,y€Puy)

K- CEHT B, £-7T, E(P) o Hasée KRz, P © Hasse XD P,_; DH 4
P CBALTHOEL, e € P, bodllik rAFoMifLicdbniciisd. +5&,
Boci<cnCE, (P); ¢ DU —UD =r1d BEDT>C EBHEEHTHS.

COFKEEHKRVEL, E(P), EX(P) = E,(E.(P)), EX(P) = E.(EX(P)),... %~
TWw{ &, EX(P) =limgo E¥(P) iz r-differential poset & 75 3,

Big, 1>20x» o R 2EEFESE B hothn T, Wagner OBRELBRVET  &ic
& - TT & % r-differential poset E<°(Py) # Young-Fibonacci lattice & vy, YF() &%
H%. @ Young-Fibonacci lattice YF) i3k k> ic LT v TE 3. (2L < it [S1,
§5), [S3] 2B & A )

{lo,...,1,21,2} % alphabet &% % word £{AD %% (empty word § &) % YF()
EEDT, & word v =a;...ar € YFO) i L. 2o rank % |v| = |ag| + -+ + |ag]
(lnl=1) EsvTEHL, YFO={veYFO :vo|=n} £x<. YFD roxiEms

(1) 0 BEBATTH 5.

(2) C7(Lmv) = {v}.

(3) C~(2v) = C*(v).

ko TEHRT S, COEEFES YF) o rank generating function {3

Y H#YFD G = (1—rg—¢*)7"

n>0

THEZ oh, Hic #YFS) i3 Fibonacci ¥ Tdh 3. # 21T, YFY o Hasse MR RX 2 o

EHiLia B,

EE. Young Y & Young-Fibonacci lattice YF® 13, & 3 &MW T l-differential
poset £ E o Tiljigic Wb, o b, P # l-differential poset T 3 & %,

#Y, < #P, < #YFWY

— 85 —



ey 20000 121411 e 2211 1221 2121 121 222 ViI22 1212 2112 2

Teryy 211 1211 221 1121 122 212 12

SIS NA LT

(FR Y 211 121 22 12

@
& 2. Young-I'ibonacci 3 YF®)
ETFHEINTWS.,

§3. Fusion algebra ¢ reflection-extension.

Zoficit, r-differential poset P #5 Wagner O#kiEic k - T TcETWB & 2,
H16%EZ 5,

% ¢, fusion algebra OFHKZEHVWHL TH L.

T#& 3.1. [B] A= (aj,az,...,a,) %, ay,...,4a, TEELTS CRELL, BETE
HE

n

§ : k
a{aj = Aijak'

k=1

L35, CORBMARROEZEERMAT L E, REML ~ILTo fusion algebra & 0F 3,
(FO) A Al s i ANRKTH 3.

(F1) Af eR.

(F2) 285t " {1,...,n} = {1,... ,n} TREHL T LbOBELET 5.

() e =1,
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(b) AL = Ak,
(c) Ak = AL 12 i, j, k cBILTHHTS 5.
(F3) a1 12 A OB LTS 5.
(F4) 1R&EZBR A4 A—-C T, $TO i kL TAL(a0;) >0, B 6DONEHET .
&t (F2) RiRo%H (F2) CBE&MABZ LN TE D,

(F2’) %4 {a1,...,a,} 2{& > involutive & A OBECEE o4 BEEL T,
(zy,2)a = (y,0(2)2) a4,
R4, T, ( s )A ¢ (a;,aj)A=5.~j KL TEBEIN S WEHEEIF

Arssic

(F5) 4% eN={0,1,2,...}.

(F6) Ax(a) €N.

W7z & & strictly integral TH 3 &0 5, UT “REBLRALTD” LW EHEE
BS 4 5.

E#& 3.2. A=(a1,...,a,), B=(b1,...,by) % fusion algebra & L. F: A — B % &
BEREFT 2, C0 F ik, RoKHE%2E/ T & &, fusion algebra OO EFE <& 3
EWnw S,

(H1) FyeR(i=1,...,n,j=1,...,m).

(H2) Ag = AgoF.

(H3) Fooqa=0gpoF.

2T, Fla) =Z§’;1 Fiibj ©h 2, £7c F iz, A B#& bic strictly integral « & v .
TRCD 4, jiex LT Fj; €N &5 & &, integral ©& 3 &0 3,

Fusion algebra o & K2 Hlix, HRE G o (MRS hi) BER RG) (BE
BEERIEE2E) THo, Thid strictly integral T 3. 27, H % GOWMIP LT 3
& %, Resfj : R(G) — R(H) it fusion algebra ™[ integral %3 ¥ EE <& 5 .

D& &,
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T8 3.3. A={(a,...,a,), B={(b1,...,bm), C =(c1,...,c;) % fusion algebra & ¢

3. #L7T, F:A— B % fusion algebra oMo @B HEA & L, F(a) =372, Fub; &
T5%. E=AQRCO®B Lv&, £ LOMBTIRIELEE

(a®cd0) - (a'@B0)=aa' @cc &0
(a®cd0) - (00b) =08 Ac(c)F(a)b

0®b) - (0&b) = F*(bb') ® Re & (FF*(bb') — rcbb')

KL TEHRT S, 20T, FF:B— AR Fr(bj)=Y1 Fjia;i L&->TEE 5 HEE

gTHY, Re=34_,Aclcr)er, ¢ = Ac(Re) = Yhoy Aclcr)? ThH B, D& &,
(1) LcERLABEBIEANTHY, CoFicBL T £ 3 fusion algebra & 5. 77/
L. BER {ai®@a®0:i=1,...,nk=1,...,}U{0®b; : j=1,...,m} TH Db,

oe(a®c@b) = aa(a) ®ac(c) ® os(b),
Ac(a®c®b) = Au(a)de(e) + :—:;As(b)

(ra=31m Aala)? rs =370 As(b)*) To 5.
(2)

Fla®c®b) = Ac(c)a+ F*(b)

Kk~ TERESNBBMER F: £ — A fusion algebra OO LHERHTH 5.

(3) A, B, C #54 ~ T strictly integral T& v, F 25 Y0 Fi—rc>0(=1,...,m)
% i 724 integral WERERI TH 572 51F, £ i3 strictly integral 73 fusion algebra
<50, F b integral &7 3,

Z @ fusion algebra & 2 F: A — B & C » 5 reflection-extension ic & » T 51 3
fusion algeba &\, (A = B,C) & £bT.

&7, P=1l_oP %, ®o<i<n-1CP; £ DU -UD = rld %74 graded poset
L+ 3. 2LT, & CP, (0<i<n) s fusion algebra o ##& %5, & D; = Dlcp, :
CP, - CP_1 (1 < i < n) 7 fusion algebra OO ERB LT3 ELKET 5.
Co& &, DyU,-1 —UpoDpy =vld 6 D, B2fTHBI BB, LT,
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F=D,: A=CP, - B=CP,_1 £ C=R(Z/rZ) icxtL T, Lo reflection-extension
%8¢ © & 2T &, fusion algebra £ = £(CP, 2% CP,_1, R(Z/rL)) & #EE F: € — A
HEohBE, —F, WG

tRx' ®0—30), 0ay— 7,

(zew, RZ/IZ)={x"...,x"1}) tk>T E R CE(P)pyy EE—BTE, COF
— Db ETF =Dygy EHB. CHERDETCEL -, BE16ELLCEN
Tx 3, ’

§4. YF() % Bratteli Mg & ¢ 3 3 BB .

# 1% ic Young-Fibonacci lattice YF(") o Hasse KX % Brattell I &4 21 BHgE O
BAT] (FU)nso 2HmRT 5 (P 1.5) .

HgkeLlc, CLtoFEMYGE K=Clziny:i1=12,...,k=0,1,...,r-1) %
&5,

T8 4.1. FU) 2 ROoZXRILEI-TEES K-REET 5.

T B, ..., Eaoy,t, o, 1,

MER BB =24 B (i=1,...,n—1,k=0,...,r—1)
EE; = E;E (ifli—j|>2)
Eiy1EiEiyn=yBiy (i=1,...,n—-2)
Etiyy =t B =E (i=1,...,n—-2)

Et; =t;E (j#4,i+1)

iitJ':tjt,' (1,,]=1,,7l)

2 4.2, (1) FO @kmmgBEcs b, dimg FO =rmal,

2 F o K Lom#zir YFO oxcr s x bs4xans, ve YFO exmy
5 FU omtEBEE VY 2kbL, FO % By, Ba_gty, .. ta1 ik > THERE R
5 FO oBARKETE. coLs, Vo FO ~oslRg

Vv lf(r) = @wdvvw
n—1
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LT B,

FO OBMER VY RIRO LS5 LTHRTE5, YFO ts32 055 vicvnrs
saturated chain £k0 % & Q' 2HE L+ 3 HREZEME VY &L, F) o5t o e %
KOX>cEHRT 5. BEOT T=0,...,0M) e zxtL .

Wz()r.)(Ei)(v(O)) LR v(i_l): v(i): 'U(H-I)) RS U(n))

a(r)(w) o - -
i i+1) (n)
Z a(")(v("‘l))(v( )w--;'U( ),w,v( RV )

wpy(i=1)
if w0+ = 9(i-1)
0 otherwise
() (v, .., 0D W0 ()
{ CR(O, . 001 W) (™)) if () = 101

(WO, G0 ) () otherwise

T, (R 1IOEE r®BTHED, BE W) veYFD)) RO L5 LTEE S
Koxcths., £F, FER PP " 2 ROBILARTEST 3.

k
Py =1, P1 = Q1,k,

ki okl ko kr ks, ks
P = ok, P2 = o POy

2T, =Ytk th B, kic, o(v) &

a(r)(lkl . ]'kl) — Ijlkl""'kl’

a1y, ... 15,2)

_ phieakio | TUE T Skoyr, ik — Tig1,k(i > 2)

1+1

b

Y1 — 1,092, Yi = Yi1(i > 2)

a(’)(lk1 s g 2u) = oz(’)(lk1 oIy [®ik = Tmiky Yi — ym+,-]a(r)(u)
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(flz—=wl i fiubnwt 2% w CEEMA B EEERKT 3) > THEMNICERS
5. COBRMOEROHEE S, Bt 2b0ERS FO QR0 R0 2 & & piEs
Lons CORBVEAVWEILiLk-T, (W LEABORETTERE 4.2 2564 3
ENBTE B,
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K & 7 Hecke 3R ( Span IR ) (DWW T

=W AT B N
S kA JUM A B R

NEOXE RERRFERREN R

1 fusion algebra A

[ REEDVER CATRE L 72 fusion algebra) [Mu 93] TE£ S LT\ % fusion algebra
A 75, H3 Mackey functor 2* 51351 5 K& % Hecke Bt (Span ) LMK TE 5 2
EERRTIEEARET B
GRATBEEE L, G x G RBIEETH C Loy PVEN D IKO L) k%
Wkd B & D associative algebra 127 %

(gﬂ }2)(1‘71) = 6/1"_{]}1,/»‘(.(/»}2’[) (_(/,h,l{.',l € G)

£ 512 D i3 Hopf algebra 127 % [Mu 93]c D oLk A LT 5h L, 2D A2 Dijkgraaf-
Vafa-Verlinde- Verlinde [DV 89] 123N % fusion algebra C ® Ka(G) THAHZ &ML N
Twi b, second author i3, G 794 X K BIHEA LT 5358 D fusion algebra @
FERBLE R RD & ) ITEF LTz,
X, Y, Z%WU8% GHEEELETH, X, Y THLTC Loxy b VER%
AX,Y) = ((giz,y)le € X, yeY, gz=2a, gy=y, g€ Glc
LEW D, 7. AX)Y) & AY,Z) D BED ERDEIICED S,
AX VY% AY,2) = AX,Z) 5 (g;2,9)(h; 2,0) = 62641952, 2).
S5, G0 AX)Y) N0 %
u(gsa,y) = (ugu™5uz, uy) u€E G

TED AL &

d

j(X,Y)G ~ @(C[X(gi)’Y(M])Oc(gi) C (g3 z,y) - (Ex.?i))i

i=0
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Y LDe 72720 {go,... 04} 1 G OHBFORERER, G-EE X &, G O
SR H LT X ={e e X|ha =2, he H}, (Eigl‘/)), BATHIHAL L T 5, $E- T

~ ,. d

A(X, X)S = @D H(Calg:), X 9)

1=0
DY IO, 7272 L G-HBE X T LT H(G,X) =Endeg(CX) &T5, B2, G=
HxH# X =HxH/AH, (AH = {(h,h)|h € H}) TEF LTV 5H4&
A(X, X)¢ = A

PR L0,

2 Mackey functor A

COEITIE, HBEERD Mackey functor 2T 5, R % WL, S]?\ Modgr % %
NENATRE G-, R-MIED category &35, Mackey functor M 13 2 IWTF M=,
HEF M, Oxt& LTEZEEINS,

M* ¢ (S§)? — Modp,

M, S}? — Modg.

M*(X) = M.(X), (XeSF)ThHhH (ZnBELHIT M(X) £8).G-EHf: X -
Y zx LT
fr=M(f),  fo:= M(f)

EYHEE, EHIRD 2 ODEKRILRTLOTH S,

M(XUY)S M(X)® M),

o
X —

/3l p:b_b. vl

4 — W

% O a7 =476, WY LD,
AIREE Gt LT C LoFBERY RG) £T5. G- X I3 LT

AX):= D R(G.)  (Goi={g€Glgz =2}

TEXN

T b TR.GER X >Y LT

o AY) = AX) 5 (Byyer = (Bre) Lo )eex



./~ - X(‘\) - K()) > (aa:)a:EX = ( Z Af(z) TGy)yEY
z€f~1(v)/Gy

ET B, TDEE, AL 2 o0& Eitr L Mackey functor 2% %5, & 5 (Z
A(X) = (P R(G.)°

z€X
{(az)law € R(Go), of = ape, g€ G}

&9 B E. A Mackey functor 1% %, &< I2, G-84 XY OBEMHIHT LT
A(X xY) = (D R(Gw))°

r€X
yeY

= {(awy)|awy € R(Gay), (cuy)’ = Qgogy 9 € G}
Ex b, UTOEITI., Z? Mackey functor A {25F LT

Il

Il

MXxXﬁ%émemXW)

=0

ERTCEREHBET 5o TOMMBEIE, first author 12 & % [Yo 82,

3 Hecke category

G-HE5 X, Y, ZiZxL<T
T2 ¢ X XYXZ—->XxY,
ms ¢ X XY XZ—XxZ,
Tz ¢ X XY XZ-YXxZ
ERET Do TDEE, AXXY) & AV XZ) 5 AX x Z2) ~DAB & RO Ty
diagram TEFRT %,
AX xY)x A(Y x 2) — A(X x 7)

(m12)" X (720)* - I(’Ua)—

7
AX XY X Z)x AX XY x Z) N AX xY x Z)

COEMNE, AR, HAERN 22T 0T, W5t GES. X Hb Y ~Difntk
BE A(Y x X) & LT category 755N 5%, O category ¥ A %4REIT H > Hecke
category &L Heo(G,A) THT, $72. CG-MBEDE

{CX|X : G-%45)

w32 < % category % HIZ Hecke category &IFUf Hec(G) THETo. CX 225 CY ~O
5 ( CG-HERTL ) i, 475

(aa:y):cex\', yeY, (agx,gy = gy, g€ Gv Ugy € C)

EE—HTE& 5,

— 04 —



4 EAKTFIHE
EH 1 Hee(G,A) 5 [iegyn Hee(Co(t)/(t)) ~DBETTHM BT ¢ HHEET 5,
L. G~ 3G oREHOEERERET S,

® X +— (CXM),

(I),\',y : A(X X Y) — @ HomCCG(t)/(t)(CY(t>,C'X(t));
tEG/~

(aay) > ((@zy(t))zex® yey o -
(FEBH ) =97,
Home(c(n/()(CY™, CX %) = Map((X x Y)¥/Cq(t),C)
VYOI ODT, G-HEE& X I3 LT,

- X /¢ .
A(X) — @ crest i (o) (ax(t)):ué.\’(‘)/CG(t}
teG/~

X)ffﬁﬁigﬂ'(/:&%:t%/ﬁi'@f‘fiu‘o F/00X =G/H OZOb\fﬁ?’@lf+ﬁ\f3§%o D
&g\ ’
A(X)=A(G/H)= R(H) ; (a,n) ay

DD LoD, FER
R(H) = Map(XM/Ca(t),C) ... (%)
BRI L Ve 72720, Cot)/(t)-58E XO % Co(t)-SELALT EE X0 /Cg(t) TH
To (G/H)D/Co(t) WBWTRETt 13 H HTREZ EFHEEL, (o THETH S,
RN
dime R(H) = dimeMap(X®/Cq(1))

& ?)\ (*) %)S\/—?:\‘éﬂéo &b:\ (I)_\"y 63&/5&\3‘54%:}“’6&)%0 ]
EEFIL D, RORAMSBLND,
R1 {go... g ¥ G ORBAOEERERET S L&
d

A(X x X) = P H(Calg:), X9)

=0

PE D L2,

R2G=HxH, X=HxH/AH ®k %
AX xX)= A
BEY LD,
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Group association scheme @ Terwilliger algebra

KA ZE— FUPNARZE TR
R BR EA FUMARZEEZEER

Terwilliger algebra & & Paul Terwilliger [3] 25 P-and Q-polynomial association scheme
DOWED I DICEBALRETH S, Ll P-and Q-polynomial association scheme iC
BR 4. —ff¥ D association scheme CoWT ¥ Terwilliger algebra %83 5 C & B T%
3. T Tl HBREED LYEL RN B group association scheme & FFIXH % association scheme
o Terwilliger algebra IKOWTEH LT %0 $FiIC. Terwilliger algebra DIKIT & triple reg-
ularity KDOWTHE LN ZHREBRR 5,

G2BREEL L. GoIEEE Co=e C,...,Ca £F B, i=0,1,...,d KL T,

R; = {(z,y)lyz"! € Ci}

LEET D, coeE, X(G) = (G, {Ri}ocicd) X F# % association scheme LA D, T
% G @ group association scheme &PEL, BIfk R; @ adjacency matrix A; IR CTEHET

%o
1 (11?,3/) € Ri

0 otherwise

(Ai)zy = {

T35, BIHAEK p,] BHoTAA = Thoop5Ar BRVILDe COT L RROK &
AEHCALTH 2, CC; = TioP5Ch %Ly C; = Toeciz € CG LT 30 4,
A= (Ao,...,Ad)c £ F35,. ARC LoD (d+1) RIEOREIC AR Y. Tk Bose-Mesner
algebra & PEL, EE, A= Z(CG)TH 3%, A D primitive idempotents % Eo,...,E; &
33, Ak Hadamard BICOWTEHALCTW3 DT, EoE;ec At kb,

E,oE; = E

o IGl I;)qz] k
kBRI G BT Bo (M ¢ EES) G OBIEEY xo,-. . xa ET 5 &,
s Xd & Eoy..., Eq DRIC R BRAE—F—HEHD b | XiXj = Eﬁ:o Nil_;'Xk t¥pe

k xx(1) k

v X:(l)XJ(l) %
bR RYASN
R HFTH| B, At ;
1 ze€(C;
0 otherwise

(ED)ee = {
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(AD)ez = |Gl(Ei)e,z
TEET DL L ,
K=
k=0
THY.
A* = (Ag,...,Ac = (Eg,- .., E})c
% dual Bose-Mesner algebra &PFES,
& T, Terwilliger algebra &1k, A & A* CHEEE N Mg(C) oBaRETH 3. T
Abb,
T = (A, A") C Mig(C).

Terwilliger algebra T (X} E$IT. G # 1 A bIEIEFRTH 2,
i dimT 2KH K, 4. T OBMNERRERES X,
dimT OFER%2RKD L7 OICRD XS5 Ak T OWPHEEE2ELL 5,

ElA;E; ORHREBVEETNE, EfAE; =02 ph = 05FAfEAC L 55bh 3. Ebic
{ErA;Ex|pl; # 0} B—RBOL, #-Ts dimTo = [{(1,4, k)|p% # 0} TH %,
Cif=Jd
15 = (B AJE|0 < 4,5,k < d)c.

LEHT DL, EBAE, =02 ¢ =0 RAETSBC Latbhd. ThIE
tr( B A Ex(BiAn Br) ) = 6u6jmOkndl; rank(E;)

Do bICbhbe ¥l CORMD {EAEQ; # 0} 0—0BHE S 4T, dim Ty
= [{(5,d: B)lal; # 0} BE & B0

R T = Ends(CG) % G % G KX TVERH & ¢ BEEBL D centralizer algebra &3
5, $5¢. TORTHG DG x G LOPHEDHTH Y, Thit TL,|G/|Ci| ks T
EHbhbo

DEnERI Y, ROEEE2E 3,

Theorem 1 (i) |[{(7,4, k)|p¥; # 0}| < dimT.
(i) {(, 4, k)lgf # 0} < dim T
(i) diim T < T4 |G|/|Cil.
Proof. Loz () ToC T, (i) Tg C T, ()T C T X DEH S 3%

G 23 abelian & ¥ (% Theorem 1 X b dimT = |G]> £ %%, $hbb. T = Mg (C)

TH5o G Pnonabelian D& &, dimT 2 —HWIKE 2 3B E5D LT AROMh>TnA
W,
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G B, EED 1,7,k kOnwTHE
S,'jk = {(g,h) € C; x C]’lgh S Ck}

DLCABIVERT 2 & ¥, G % triply transitive TH 23 LIELC 2T 3, T D& &,
dim T BZeCh\» Sy DB & —3F 3 DT G 58 triply transitive T 2 e D BRBA5y
GHRT =T e hsceTHd, 22T, To=THRIIDLEG % triply regular &
FEEZ LICF Do BID AT, triply transitive % & (X triply regular TH 3, ¥ bic Ty =T
DB YLD & & G % dually triply regular ST & iCF 3,
ThboDHEEICDO T, BMAEEER<TEL,

1. B abel B triply transitive T3 3,

2. b L Gy,G, 25 triply transitive 253 Gy x G, 35 TH 3,
3. HIL¥R 2n o> “EItAEENE triply transitive T3 3,

4. 16 D F T ORI triply transitive TH 3,

5. 4 IRAZARBEGX triply regular 7z 25 triply transitive Tl & Vo
BRI D YD |

Theorem 2 G DOBM#ERE X0,-..,xa LT3 L &, FEBED i,j IKDWT x;x; #5 multiplicity-
free miX Ty = T, 4$1C dually tmply reqular TH 3,

Proof. —fiC XiX; = Zz_O .ng P R Zi,j,k(N."})z t—o ’GI/IC | B Y LD Th
khe L NE€{0,1} RbI

d
dmT = 3°|Gl/|Ci|

1=0

- T

= H@LMW@#M!
= [{(i,4,k)lg5 # 0}
= dimTy

i
Remark. _EoOFEEOIEA & FEEIC
|Ci| 2 |G|
2 ey ) Z ()

EVIHIKBBONIRCORDOERT E L CARALES 5 v
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22 LD DRED B 25 BEO quantum double & OBIRA®R~<3, A% G xG x
G #HEELT25C L7 PAZREE L,

(‘T, 9, a)(y» h7 b) = 5:'1gu,h($y, g, ab)
CTHECEOBMEYERT S & AR E 3, BEED quantum double D & &
D = ((h, g, h)lg,h € G)c C A

CEEI N DT, D X quasitriangular % Hopf KEIC A % & & HIbI TV 3,
LT, .
T = <(1>ga h)lgah € G)C C A

EBnT, GERBEICEE GxGxG ~0VA% AICBICIEL, S bic 7 KL,
toBEEAY TCehbbT e, TORT tABIKAE 3, TAbb, Al quantum dou-
ble D & Terwilliger algebra T 2 & LR TH %0

B#% i 24 LI T O REC triply transitive TAWED I R V2 TFTRET S5, EhEfhic
2T To, T3, T, T DIRTERIC Lice COFERBEIHE L 274 GAPR2] 2 b b WwTHHE
L7cbDTH %, Balmaceda— Kiff [1] 12 G = S5, As KD T T OFEMRE. KT iRE
LTWw5,

dimTy | dim7Ty§ | dimT | dim T

Ay 19 19 19 22
5.4 29 29 29 37
7.3 35 35 37 41
SL(2,3) 75 73 75 76
Sy 42 43 43 43

h P, U100 BT oEEHNAIER B IcoWT. GAP 2wt dim Ty, dim Ty, dimT
FHREL DT, EDOERDOT B, BHEESOD E CAREZHS, dimTy = dimT 22 dim Ty <
dimT T# 3 & 5 EEOFIR—2 b Robbhd o ko

BE3HR

[1] J. Balmaceda and M. Oura, The Terwilliger algebras of the group association
schemes of S5 and Ajy, preprint.

[2] M. Schénert, et.al., GAP: Groups, Algorithms and Programming, Lehrstuhl D fiir
Mathematik, RWTH Aachen, 1992.

[3] P. Terwilliger, The subconstituent algebra of an association scheme, I, II, III, J.
Algebraic Combinatorics, 1 (1992), 363-388, 2 (1993), 73-103, 2 (1993), 177-210.
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|G | Order | #pF, #NE | ¥ [Co(w)] | 3-trs. |

S3 6] 11] 11 1] O
D8,Q8 8| 28| 28 2% O
Dio 10 22 22 22 O
6.2 12| 44| 44 4| O
A4 12 19 19 22

D14 14| 37| 37 37| O
D8Y4,16—9,(2X4)‘2,16—11 16 112 112 112 O
D16,QD16,Q16 16| 64| 64 64| O
D18,32 : 2 18] 56| 56 56| O
10.2 20 88 88 88 O
5:4 20 29 29 37

7:3 21 35 35 41

D22 2 19| 79 90 O
12.2 2 | 176 | 176 176 | O
94-11,D24,Q8+53 24| 116 | 116 16 | O
SL(2,3) 2| 75| 73 76

S4 24 42 43 43

D26 26| 106 106 106 O
32:3,9:3 271 137 137 153 | -
14.2 28 148 148 148 O
D30 30| 137 137 137 O
3216, ~22 32| 448 | 448 8| O
D16Y4, 32-27, —41 32| 256 | 256 256 | O
D8YDS8,D8YQ8 321 304 304 304 O
32-44, 48 32| 142 142 160
D32,QD32,Q32 32| 184 | 184 184 O
D34 34| 172 172 172 O
(22 x 3).3 36| 171 | 1M 198

(32 x 2).2,18.2 36| 224 | 224 24| O
32:4 36 48 48 66

D38 38| 211 211 21| O
13:3 39 85 85 97

20.2 40 | 352 352 352 O
10.4 401 116 116 148
40-12,D40,Q8+D10 40 | 268 268 268 O
7:6 42 55 55 79

D42 42 | 254 254 254 O
92.2 44| 316 | 316 316| O
D46 46 | 301 301 301 O

- 101 —



[G [ Order [ #pF; | #Nf | ©il1Cq(ui)] | 3-trs. |
13:4 52 76 76 103
(32:3):2 54| 208| 192 216
3?:6,9:6 54 127 127 162
3% : 2.(3x9):2,D54 54| 407 | 407 407 O
11:5 55 63 63 97
28.2 56 | 592 592 592 O
56-10,D56,Q8+D14 56 | 484 484 484 O
2.7 56 71 71 106
19:3 571 159 159 177
D58 58 | 466 466 466 O
30.2 60 | 548 548 548 O
S3+(5:4) 60| 132 135 161
A5 60 71 65 77
D62 62 | 529 529" 529 O
21.3 63 | 315 315 369
64-30, -42 64 | 1792 | 1792 1792 O
64-53, —102 64 | 1024 | 1024 1024 O
64-105, -109 64 | 1216 | 1216 1216 O
64-112, -133, 64-169, -182 64 | 568 568 640
64-137, -153, 64-188, -200 64 | 736 736 736 O
64-157, -168 64 784 784 784 O
64-183, -187 64 406 406 496
64-201, ~224, 64-234, —240 64| 538 52 544
64-225, -233 64 | 340 340 448
D8YD16,D8YQD16,Q8YD16 64 | 583 592 592
64-244, -249, 64-256, —258 64 | 361 364 400
64-250, -255 64 | 223 226 280
64-259, 264 64 | 367 376 376
64-265, -267 64 | 616 616 616 O
D66 66 | 596 596 596 O
34.2 68 | 688 688 688 O
17:4 68 | 112 112 148
D70 70| 667 667 667 O

- 102 —



[ G Order | #p}; | #Nf | i [Co(wi)] | 3-trs. |
(4 x 3%).2,36.2 72| 896 896 896 [ O
(Q8x3).3 72| 675 | 657 684
(6.2)Y(6.2) 72| 484 | 484 84| O
(2 x 3?).4 72| 192] 192 264
72-36, -39,D72,Q8+D18 72 764 764 4 O
72-42, ~44 72 394 382 400
72-45 72 89 89 137
72-47 721 138 156 156
72-48 72 44 44 101
72-49, -50 72| 160 149 179
D74 74| T42 742 2|1 O
52:3 75| 257 | 257 281
38.2 76 | 844 844 844 | O
13:6 78 80 80 134
D78 78 | 821 821 821 O
40.2 80 | 1408 | 1408 1408 | O
4Y(10.4),20.4 80| 464 | 464 592
80-30, -36 80§ 1072 { 1072 1072 O
(10.2)YD8,(10.2)YQ8 80| 616| 616 616 | O
80-41, —44 80 | 278 284 352
80-45, -48 80| 514 502 520
D80,80-50,80-51 80| 928 928 928 O
24:5 80 94 94 148
81-8,81-9,(3% : 3)Y9,27:3 81 [ 1233 | 1233 1377
3$3,81-13, -15 81| 443 443 513
D82 821 904 904 9w$4 | O
(14.2):3 84 | 220 220 316
42.2 84 | 1016 | 1016 1016 O
A4+(7:3) 84| 315 315 342
D86 86 | 991 991 991 O
44.2 88 | 1264 | 1264 1264 | O
88-10,D88,Q8-+D22 88 | 1108 | 1108 11081 O
(3% x 5) : 2,D90 90 | 1082 | 1082 1082 O
46.2 92 | 1204 | 1204 1204 O
31:3 93| 379 379 409
D94 94 | 1177 | 1177 11771 O
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|G Order | #pf; | #N5 [ ¥ [Cq(wi)| | 3-trs. |
96.07a 96 | 2816 | 2816 2816 | O
96.09¢, 18b 96 | 304 269 344
96.14d,e, 15¢, 16¢,d, 17b,c 96 | 1232 | 1232 1232 O
96.16a,b, 17a, 18a, 19a,b, 20a,b, 21a,b, 22a,b 96 | 1856 | 1856 1856 | O
96.17d 96 | 1200 | 1168 1216
96.26a,c,d 96 | 704 | 704 7041 O
16 groups of order 96 ‘ 96 | 1472 | 1472 14721 O
34 groups of order 96 96 | 932 | 908 944
96.33d, 34c, 41d, 96 | 141 | 144 216
96.42a,b, 43a,b 96 | 9741 992 992
96.42c,43c, 96 | 486 520 568
96.42d 96 | 259 281 296
96.44a.d,e, 45a,d,e, 46a,b, 47a,b, 48a,b 96 | 692 | 698 752
96.44b,c, 45b,c 96 | 4971 506 560
96.49a, 50a, 51a 96 | 1304 | 1304 1304 | O
96.49b, 50b,c, 51b 96| 599 | 581 608
96.054,056,057 96 520 | 472 544
96.055,058,059 96 | 340 352 352
96.060,068 96 | 234 231 243
96.062 96 | 672 | 688 688
96.063,064,067 96 | 366 | 346 400
D98,7% : 2 98 | 1276 | 1276 1276 | O
(5% x 2).2,50.2 100 | 1408 | 1408 1408t O
100-13 100 | 214 | 214 262
100-14 100 | 210 | 210 262
100-15 100 { 323 | 329 373
25:4 100 | 209 | 209 262
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On Distance-i-Graphs of
Distance-Regular Graphs

REREERE: BEMYE #HK B

All graphs considered in this note are finite undirected graphs without
loops or multiple edges. :

Let T' be a graph. For two vertices o, 8 in I, let 8(e, 8) = Or(e, B)
denote the distance between « and f in T, i.e., the length of a shortest
path connecting o and B in I'. Let d = d(I") denote the diameter, i.e.,
the maximal distance in T

The distance-i-graph T is the graph defined on the same vertex set
as I' and that o and 8 are adjacent if and only if dr(c, 8) = 3.

Let T'y(a) = {B|9(e, B8) = i} and I'(a) = 'y ().

A connected graph I is said to be distance-regular if the cardinality of
the set :
P = PI%(a, f) = Ti(a) NT;(B)
depends only on 7, 7 and m. In this case, we write Py = lP,"]’l using lower
case letters. In particular, we set k; = p?; = |I’;(e)| and k = k;, which is
the valency of I". Let

— i i — i '
Ci =DPi-11, @i =Dp;y, and b= Dit1,1-

Note that ¢; +a; + b; = k = by and ¢; = 1.
The following is called the intersection array of T".

¥ €] - C - Cg-1 Cgq
L(P) = 0 ay v G *+c Q4-1 Qg
b(] bl e b‘- e bd—-l *

For the references to the theory of distance-regular graphs see the
following excellent monographs [2, 7].

We study the distance-i-graph I') of a distance-regular graph I and its
connected component A. Since I is distance-regular, I'¥) is edge-regular,
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i.e., I'® is regular of valency k; and any two adjacent vertices in I’ have
precisely pi; comon neighbors. As the relation

R; = {(e, B)|0r(, B) = i}

can be regarded as a relation in a very special class of association schemes
called P-polynomial schemes, the graph I'® has a lot of special features.
The following are well known.

Proposition 1 Let I’ be a distance-regular graph of diameter d, valency
k > 2 and A a connected component of a distance-i-graph I'®) for some
i > 0. If 7Y 4s not connected, i.e., A # T@) then one of the following
holds.

(1) = d, A is a clique and T is antipodal.
(2) i is even, I') has two connected components and I is bipartite.

The distance-regular graphs satisfying the conditions in Proposition 1
are called imprimitive.

Theorem 2 ([1]) Let I be a distance-regular graph of diameter d > 3
and valency k > 2. If A =T'0) s o distance-reqular graph of diameter d
for some i, then 1 =2, d — 1, or d and one of the following holds. Here
the tables show the correspondence between distances.

Alo1 2 ... d-14d
rjo24-.. 3 1
I’ is a generalized Odd graph, i.e., p’lj # 0 if and only if 7 = d.

(D

Alo12 3 4

Tj0d1d-12
Ty(a) is a clique of size at least 2, i.e., p;{d #0 tfand only if =0
or 1. ’

(11)
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Alo12 3 ... d-14d

rjodz2d-2 - d-—11

Ifd =3, then p}3 = 0 # p3,.

Ifd=4, thenpi, = p3s =0, p3, # 0 # p35.

If d > 5, then pf; # 0 if and only if j = 0, 2. Moreover if d =
2¢ —1 > 5, then pi; # 0 implies j = e and if d = 2e > 5, then
pi; #0ifand only if j=e, e+ 1.

(IIT)

Alo 1 2 3 4 ... d-14d

(IV)
FIOd—l 2 d—-3 4 .- 1 d

I’ is an antipodal 2-cover. Moreover, if d = 2e, then p{,j # 0 implies
j=eandifd=2e+1, thenp]; #0 if and only if j = e, e+ 1.

For the proof and the examples of each type in Theorem 2, see [2, Sec-
tion 3.4], [7, Section 4.2 D] and [6]. We note as in [2, Theorem 3.4.2] that
if I satisfies the parametrical conditions above, I'() is distance-regular
for a suitable 1.

Recently, the author gave a diameter bound for the distance-regular
graphs of type III in Theorem 2.

Theorem 3 ([15]) Let I' be a distance-regular graph of diameter d and
valency k > 2. If T@ s q distance-regular graph of diameter d and
ng)(oz) =Ty(a). Then d < 4.

Proposition 1 and Theorem 2 indicates a couple of things.

Firstly, if I' is a distance-regular graph, then apart from the original
I'=T®, only a few I')’s can have special features. They are I'?), T(@-1)
and T'@. We shall see similar nature as we consider the condition:

I‘g)(a) =TI'j(«) for some j.

Note that this condition is automaticé,lly satisfied if I') is of diameter
d =d(T), i.e., a distance-regular graph of diameter d > 2.
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Secondly, in the distance-regular graph I' considered in Proposition 1
and Theorem 2, lots of intersection numbers p”; vanish. And the graphs
considered in Theorem 2 are either imprimitive or very close to be im-
primitive. Hence one of the motivations of this study is the investigation
of ‘nearly imprimitive distance-regular graphs’.

We begin by stating one of the key propositions which deals with the
vanishing condition of p?;.

Proposition 4 Let T' be a distance-regular graph of diameter d > 2 and
valency k > 2. pr?,,- = 0 for some i < d, then one of the following holds.

(1) T is the Biggs-Smith graph and 1 = 5.
(2) T is the point graph of a generalized octagon of order (s,1) andi = 2.

(8) T is the point graph of a generalized dodecagon of order (s,1) and
1=2, 3, or4.

As a direct corollary, we have a starting point of our study.

Corollary 5 Let I be a distance-regular graph of diameter d > 2 and
valency k > 2. If 1 # 2, d, then I‘g')(a) D I'y(a) except the following.

(1) T is the Biggs-Smith graph and 1 = 5.

(2) T is the point graph of a generalized dodecagon GD(s,1) and i =3
or 4.

As we can expect in view of Theorem 2, we can conclude ¢ =d — 1 if
we further assume I‘g)(a) = I'y(a) in Corollary 5 with a few exceptions.

Theorem 6 Let I’ be a distance-regular graph of diameter d and valency
k> 2. Let A be a connected component of T®) with 3 <3 <d—1. If
Ag(a) =Tj(a), then j= 2 and one of the following holds.

(1) i =d -1, T is an antipodal 2-cover and a; = ag—1 = aq = 0.
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(2) i =4, d =6, T is a bipartite antipodal 2-cover and T'¥) is not con-

nected.

(8) i =4, d =5, T is bipartite and T'® is not connected.

For a connected component A of I'¥, we could not determine the
index j satisfying the condition Ay(e) = T'j(«). But we have j = 1 or 2
if the diameter is sufficiently large under an extra condition:

Az(a) =T(a) for some 1.

Theorem 7 Let I' be a distance-regular graph of diameter d > 3 and
valency k > 2. Let A be a connected component of 9. If Ay(a) = I'j(«)
and As(a) = I'i(a) for some j, I, then one of the following holds.

(1)j=1,l=d-1andpi,; =0.

(2) j=2,l=d-2and a; = ag_1 = ag = 0.

(8) j=2,1=1, andd =3.

(4) j=2,1=3, and d = 4.

(5) y=38,1=5, andd = 6.

(6) j=3,l=4,d=6 and a; = ay = a3 = ag = 0.
(7) j=4,1=2,d=6 and I" is bipartite.

(8) j=4,1=6,d=28 and T is bipartite.

Most of the graphs which appear in Theorems 6 and 7 are closely
related to the graphs in Theorem 2.

For the distance-2-graph I'®, we can determine parametrical condi-
tions if I'® is distance-regular. We shall discuss it somewhere. See also
Proposition 3.3 in [16].
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Theorem 8 Let I' be a distance-reqular graphs of diameter d and va-
lency k > 2. Suppose in A = I'®), for every pair of vertices o, B with
Oa(a, B) =1 < d(A), Ajyi(a) N A1(B) # 0. then d(A) < 4. Moreover, if
d(A) = 4, then one of the following holds.

(1) d=d(A) and T is of type IV in Theorem 1.2.

(2) d=7, p?’3 #0ifandonlyifj=0,1,2,3,5, or6. Moreover p}ﬂ #0
implies 3 =0, 6 or 7.

Remarks

We introduced a class of distance-regular graphs, which include those
appeared in Theorem 2. They are either imprimitive with some extra
conditions or very close to be imprimitive. So in some sense we defined
‘smallness’ in distance-regular graphs.

Here are several problems and fields of study in this direction.

1. Let T" be a distance-regular graph of diameter d. For a subset I C
{1, 2,..., d}, let A be a connected component of the distance-I-
graph T ie, a graph defined on the same vertex set as I such that
two vertices o and 3 are adjacent if and only if dr(«, 8) € I. Study
the condition when A is also a distance-regular graph. This paper
is concerned with the case I = {i} with i > 1.

It is probable that there is an absolute bound on the diameter d(A),
if T contains an index i with 2 < i < d — 1. And it seems very
interesting to consider cases with I = {2}, {d — 1}, {d} {1, 2}, and
possibly {1, d}. See [9].

2. Study the condition p?,,- = p{,,-. If one can derive either a diameter
bound or some severe restrictions on parameters for small j’s (say j <
4), the combination with vanishing conditions of p{,"s will determine
distance-regular graphs which appear as a connected component of
') with 3<i<d-2. |
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. Determine vanishing conditions of intersection numbers pj’, with ¢ >
3. For a feasible triple (3, 7,1), the condition pj-,, = 0 is very restrictive
especially when 7 + j 4+ 1 is even and less than or equal to 24(T).

It may be interesting to start with the determination of the vanishing
conditions of p};, p3,,;, D3igs OT i ‘

. Study the condition
| Pij = Pijs1 =0.

The author obtained reasonable generalizations for j <5.

. Study Case (1) in Theorem 6 and type IV in Theorem 2. And
characterize H(2e,2)’s as those with unbounded diameter.

. Study Case (2) in Theorem 7 and give a generalization of Theorem
3. If d is even and T is bipartite, a bipartite half A of I" is of type I1
in Theorem 2. A bipartite graph with the array

+ 1 5 12 15
0 0 0 0 O
15 14 10 3 *

has the complement of the Hoffman-Singleton graph as its bipartite
half. In particular, p§; # 0 if and only if i = 0 or 2. It is not hard
to show that among the known distance-regualr graphs of type IT in
Theorem 2, including those with d = 2, the example above is the
only one which has corresponding I".

- Classify distance-regular graphs which are in cases (5), (6), (7), and
(8) in Theorem 7. The author does not know any examples.

. Classify distance-regular graphs of diameter 7 in Theorem 8 possibly
adding an extra condition that A is distance-regular.
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Affine distance-transitive graph

DF/EFTIEEIC X 23 FHIK DT

[EE =GR TR

momoko@iias.flab.fujitsu.co.jp

1 LIz

ITHEEBEHR I N TE T\ 3RIEK distance regular graph (ELF DRG ¢ 883) oo NS
BHb. TODHEEO— OO & L T distance transitive graph (ELF DTG &843) o4
¥inPH 5, DRG o572 7 2TH3 DTG k. 43K DRG oM ERMANE O LB ih
WHEAFf->-CEH, CoZo0TEEAME XY, MG L BRI ow@RzxM L. DTG o8
it DRG o R HB L TCESTH D LEL b3S, LHd. DRG O£ 0 DTG Tthd
»ERIC-S AL, DTG ook DRG ofic KELSEHRT kb Ah b, Fhit. —
DRAFy 7TedbELLObNDE, ThbL, TFHEFVREEL LT, £L T DRG oS HOEfTE LT
DTG OB RIRA DT LN TE D, e, MEEBRINTE ARMSMN L FEABREEL,
2%» DTG(DRG) Bxiibd 2 FREMoBEY 7 7RBEHcd h, Mk, 7S 7oE Xy, DTG
X OIS 2R LHER T2 L dTREC A > TETWD, Lcd>T. DTG(DRG) 044
MIERARREM oS BHEK. ¥t oHic, SHEh S, ccTtili. ¥3 DTG o w7 7 4
OPE L 2 0RPERCOWTHEERR, D THEHOFTHNS affine DEBEFLCOWTEDOHEE
CEEARAZFOKBHT 7u—F LEBEWNT 7e—F WP L. BRCEABOXETH 3FHH
T 7 —FLOWTEREFHREBICOVWTRR D,

2 DTG OHEFRS 4

¥F. DTG oE&EEE X %,

T 1. ARERER 77 7 T ¢ x0BECEER G ksfL<. T 25 G-distance transitive ©H 3 &
s EEOATEA z,y,u,v Ty O(z,y) = Ou,v) i TIOLHLT, 29 =u,y9 =v %3 G
DIL g BFET DT L%V, TTTCy Iz,y) (X 2THSE z,y OPERE (distance) . Thbbz &y
LEBSEED AR (path) 0EBX, 2F+,

7771 % 5HCRER G icxt LT, G-distance transitive & b1, Aut(T) ket LT Aut(T)-
distance transitive TbH 2, X-T. G 2EW L T I #HiC distance transitive graph ¢ 55 ¢ &
HBTED,

DTG OB EER K E A ROFSBECH T B 8 TR B,
(1) Ko AaBE (G 3EfEE: LCEAYWI T Vel oo
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(2) B 0B e 0SB AV T—ROBET b bIHEBN A S 2T 20

DTG I #3EELM A A id. T & antipodal % L < iZ bipartite TH 3 2 6. % derived graph
b L <t halved graph (bipartite half) %52 &\ 5 VERE 2 b B, COEMELE~ 2 ElfT% 5
e YFEIEH R 7 7 7 5B 5 DT (Smith, Biggs-Gardiner It X 3) . (D=>(2) &5 HEEmw
EOMBEAES 2, T bic, (2) OfEIR DRG DHA L H~T, HERREOTE*#1 50T,
(2) DIFREDZVEHTHE LBbIb. LDk, HEBMAYS 7T X D VEL N 2 LA
777 ' % T @ derived graph TH 251k, Aut(T) = K-Aut(l), K &% SIERMSRE, L 2
by T © halved graph ©» 388 1cit Aut(T) =Aut(I")2 ¢ A 3, T DEZRBIRMVICH A DG
HHCcH o e b, THEN (FEME Y S 7 OMEICH~ST) RENESICET 2] ¢ & P/AS 15 S
N5, (DRG T covering ORI € & REEL v )

TC, LEEK DRI EF (1) 2 c L IFfB s N £C Ty LUFCiEs4 DTG 048 %
X0 777 0ERE (diameter) 251 OHER G T OEAE2EABTH b, EHEX 2 OBE
v/ 30BBEHEE D LctioT, ChLOBEOSMICIK, 2ETBE. 57 3 0EHEBo
DERERVFIHTAEL 2 2, 20, EERS3LULETHZ L LTI EICh D, % /e, valency (3
bbb 1 HICBHET TR OMEE). 232 DB &S AR (polygon) THZC L L b, valency (X 3
BEELTXv, FH DTG o HrROBHEIC X b FickasE X hd,

Theorem 1 (Praeger-Saxl-Yokoyama [8]) T' % E#E25 3 Ll k. valency #¢3 Bl FoFi#aly DTG &
L. TOHCH#HRE G L. TOR, ROWTRHHE D ILD,

(i) T 1& Hamming graph <% 3,

(i) G & almost simple TH B, (Fhbb, HLHMEE X BHFLELT X C G C Aut(X)o T X
% simple socle 2\n5, )

(iii) G )} I' oMLK ERNICVERT 2 A RERMS B+ 0,

LUF (ii) o%&% almost simple D& & FFIX, (i) DEIE % affine DEE & F5,

LEOBEIC L Y HERIERE o OWHRIE~ L DEENIZC L iICh B, —D1F (ii) almost simple
DEFOSETH Y #hH (iii) affine DESOIETH 3,

(ii) @ almost simple DHE DLIFHIX van Bon, Cohen, Cuypers, Inglis, Ivanov, Liebeck, Praeger,
Saxl e &Y\ HERBEMBOSEERLFIALCO [l L) MABECHEX LT ), B
DERIDTRIC 31 2 EBEMERMOBREN 1 THIHEEFAL TR b DL, 75 7HHERF
ALTHWZb DL 3B %, Lie BE% simple socle ICHFDEAIC 1L 5{i53 3 BN-pair iICBHRL 42
7 7B oN 2 AHBRE . UTIAEDO WL Dbk 21 3,

B (XI#BE) - Saxl, Ivanov, Liebeck-Praeger-Saxl

PSL(n,q) - Inglis, Liebeck-Saxl, van Bon-Cohen

13 RITLELF O d HEE - Inglis
almost simple DFBFE FIEITEIGE Lic & S 2 5 25, BERS TR, e SofERnRnsrs L THIR
ENTHVEW,

C T E¥TOF4E, Bannai & Ito [1]. Brouwer, Cohen & Neumaier [3] ¥ 7z (¢ Ivanov 4] 2zmM
é iL?’c N,
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3 affine OFEEOHE: 2 H>O7 7 a—F

affine DFPEOHEICOVWTR, BRAEATCTR 2O0RAZHESEEEIN TS, P EDE van
Bon KX 3 d T, fbFfiilick2d0TH3, ¥§. van Bon OB L ZOFRICOWTH~R
3, van Bon OHHERARBHT 7a—F L dFFERZP0T, Thicxdt LCILOBERBENT 7
2—F LFRZHDTH S,

Theorem 2 (van Bon [2]) T #FE#AM affine DTG T, EEX 3L L. valency B3P ETHZHD
tF %, L E, T BROWTIHTH B,
(a) T & bilinear forms graph.
(b) T’ 1 Hamming graph.
(c) 1 HOBEEHDE Go KX LT

(c-i) Go BT, Fic GoCTL(l,q) cTT g=|V(D)N THEH

(c-ii) Go/ F(Go) —MULX i Fitting BOBABMBETH 2, (T Ty F(Go) & Gy @ Fit-
ting ¥5r o )

van Bon OFEEIC X b, affine DTG 0S8R 1 AoBEEHOBMSTETH L0 TR EAVESM ©
BRCIFET D LBTE B,

Z @ van Bon DA ER KM T 7 v —F (global approach) & dPFEL T & 23T E 25T, HERH
RS OWE L7 7 7 ¥k, BCRERHOBEYRO TV, £D Praeger-Saxl-Yokoyama @
EFED COKBHT Vu—Ficfhhbhvn, Lad, T bBEFOFHIL. Praeger-Saxl-Yokoyama
ity FRAMEBRBIC I3 5 O'Nan-Scott OB EM L L, van Bon I, HHREOHHRHONEIC
Bf9- 2% Aschbacher OREEB L LTI HTH 5,

Zhicxt LT, BILOKFER Y 5 7 0RBNAEE» b&EREREL T S &35, BET 7
v —F (local approach) % L < (Z38f[f§7 7" 2 —F (geometric approach) ¢FFRZHFHETH B, T4
bbb, 207 7 u—Fo&EKRL 1 AOEHROEE (77 710) 2F60 0, RS & BERT
50T, 2T UTOBEERTTE S,

BT 7 u—F0 1 5t :
(Y-1) 1 HOBEFEHSROBRBROEEELINA S C LICk b, 4T ¥ 27 DM (geometry) ZRE,
(Y-2) ST OISR DRERE T, E7 v 7 OMICHIST 385 7 7 7 2R3,
(Y-3a) HEE BN EFIHT 20

(Y-3b) LIPS DT v 7% L1 (D7 I 72FBRAKELL) (Y-1)(Y-2) D25y 7otk
DEFTC Ik hBROKCRLEKD Y 7 7% RET %,

COHEOBERIIE., affine DEEIKKIE. 9% valency & diameter %2 7 F 7 (XA FRE et
BT 2HDTHSS LS TRIND D,

bSDLBEMNT 7e—FKBLCRIR L. HIUOHEIC DO WTEHIHT 3, BAE affine DFFICH
h27 77 3ERCET 2HEERFIE LT3EROIBHLNT D,

1. Hermitian forms graph — B¥853 % 2 2% & UH KM (maximal clique) {3pfE—>
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2. Bilinear forms graph - B3 % 2 52 S UBARKIE 2
3. Alternating forms graph — BT % 2 S % & U AR 3 ELLE

(IEBE2S 3 DYEKR S IC i Afline £g(g) graph 253 3, Quadratic forms graph X DRG ©°{td» 3
. DTG Tt v, )

ChbD777 iy BxDORFINT, 77 7% EXTIHBAORI ¢ bR d KX V5EE D, *
hERIC(d,q) BT 3, Tbic, LHROIRFIKCET2 757 T = I'(d,q) &Y 57
Fle L&« T BETIRFILBILRFICET 2 b0 %o,

['=T(d,¢) DI(d-1,9) D--- DT(2,9) D T(1,9) = a maximal clique

CORME Y. ED32D7 7 7 % HREFAKNICKED T 2 HERERTH 3 C & 3bih b, 203
DERHFTIRO—DL LTBHET 2 2ARSUBAMOBEENEZL bIL3,

T, BAMOBEREIEEL T 7 70N R T 3T T u—F5EL b, Lird. ORI
HWHX VR UCRIICET 28277 7052 Fhb (FAbBEED/IE W O»D) BRLTWL
DN Do THHBRUOFETH B, £ LT BRATOEERAERIEDAE B, [
#3321 B UBAMOBER A BETNE S 7k R0 bonfilahid] ctTh s,

4 BT 7o—F  BAREOELK

HIC 3 W CRPNT 7' 0 —F OFA% Lick. £ocir (Y-2) (Y-3) D257 v FIc T AFRY
IR 0 2 DB & L7eo C OHBRSEMBERMN T & LCEDHETH 3 3EIHD forms graph i
DNTLTFHFET 5,

Hermitian forms graph « Ivanov & Shpectorov [5] ic X 2 4§84t o

Bilinear forms graph « Sprague [9] It X % attenuated space D434,

Alternating forms graph « Munemasa & Shpectorov [7] i€ & 3 458 o
£oT, 3HD forms graph HEMNT (H8) TR TDAMBBELZSLoTRE LA 3, B
AT, CTh b O BRSTRREN T2 FIF L aBILOT 7 e —FOfRE LT, BT 2055
%,

Theorem 3 (Yokoyama [10]) I' % affine DEEC. R & valency F2EC 3 Bk, L2 b IERIESY
B 2-HTRRVE L, BICRD 2RHRT LT 5. (FHEREELT AV, )

(1) B&EeF % 2 A B UBANIE 2 .

)T oEHCHEEH G R=ZARCRALAVE X 20 XL44kD FICHBICVERT 2,

DK, T i bilinear forms graph TH 3,

Theorem 4 (Yokoyama [L1]) T' 2% affine DBH T, EEE valency k3t 3 LLE, L b IERIESY
B 2-HTlane L, BIORD 2462 iAT LT3,

(1) BT 2 2 SASUBAMG LETH Y. 568 2 o 2 A FRHCBE T 2 THA OB 3 ELL
ET® 3,

()T oHEHA®H G H=AFCRAELRVWEX 20D 2L4ko LICEBIERT 2.

oK, T & Hermitian forms graph T %,
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TE Lo 2 o0 RSB CEAMOERC X 208cikA>TwA vy, (2) 0%tk bh, 14
DOEERATOEE D 2BERO 2 C LTk (2HUBNOMMAFAICE D) . colifick
Wiy 7 7 7 DFBERE TV, 220 LOEEY&E (2) PHlo TEHE%AT 3 C L3345
FTThHb, (LAL. TORME (2) B3 « HAnd gap RKE V. )

HUoHETE (2) OfBMHETLIAMERBB LR TVwAVWE T, van Bon OFEDHH TLD
—M] THDB L i D, LHL. BILUOHETH, THOoED 757 2R LT ET, Y97
EADKEEAREIC A D L O FEAH D, van Bon OB XY X bt Ehic 7 7 2R BN
KT 50CH 7 ) BETNADENLBETHD LELONS, ThAbbL, MHEXHAT 5 R
FOCRBETD Y, EREKBHT 7 e —F (van Bon OFE) TH2EE 1 doBEHs#E
RELHET, 77 7OREMEL LTRPINT 7 v—F BUOHES) A3 L HETH
5, EHE. FH 4 X, van Bon OFH (FHE 2) #fHoTwd, 2LT, BIKREASR TH 2 KX
b, 1 EOEEHIEEN (IREACEM] (B 2 (ci)) 20Tl kv e tdd, Thdbb,
BEAZEER
TH 2 (c-l) DREFOTT, T4KE %A diameter & valency #F2odD: LTLED3
DOHEED S5 b, Hermitian forms graph & alternating forms graph *H#iHi3 %
TEThb,

LD 2ORRIY, BT 7r—F B TERTHIHERDI LM TED, Thid, [En
7 v 7 CORMOBEA O & e R TENIE, HBWBEZHCERDZ v 7 ETHRTES ] twoT ek
THd, £ CTREGTIR, KT v 7 OMTOBEEEL %0

5 (K52 27DO%EAIOER

FP 1 TEERINTVB LS K, affine DTG O&THARARNK GF(q) LoRIVZEmMOME % #
b, BEFEBAEIRZERM Lo 7 b (translation) & EIEROEMTEX Wb, BFER LD
b ESTEZEE Bk R abel BEE B cBE, WESECRBBHCHE b e © MR X D REB S,

B 1EE LA A 2 OISR —r @ translation #VEFXE 3 ik b, FA 0 0B cEx
Nd, 22T, BAEEZOFBOBELZFARBZ I D, FRTCOEDOEEBOBBERIRETE 3,
0 BT 2THARAKRE N ¢t B0E, Hi o cBHET2THE2RE {z+ylye M} =N +y L E
b5,

T, $AOBREEL L 5. K7 v 7 O¥MOBERZYIEETHIE, LTTH 3,
BRTOBER
0- %t « i (HA) = BRI Lo ZERI 0T

1- KT « HR = BOBRGTTXTomRE VB = B (clique)

2-IRIC — Yl = MOBEETKOIEH 2RI VEREN S = 2 AK0EE %S line-closed % %
DEEDED D

0- RIERHRTH 2220 @R\ 1- KTOBERBERTH O, [HREM OIS 7 7 B0
77705 REDYDTHBC LI, M(clique) THB T EHTRIND, . BE DES
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32R%@5 (AEBR) EEMEBT 1 KHET 3 (semi-linearity) 238 ¥ L v, 2T, KRITEH
%,

[EARDOIE 1; singular line

BHET 5 25 2,y #EET %0 ot = {g} UMV, +2) = ({0} U Ni)+z 2B, zt 1tz B
Er CBHET BTN VR 2. cD2 %, (et nyt)t = {z,y}** @R z,y HCBET BTN
FTRTICBET 2N OB E BRI VMEALT VWS, 20 {z,y}** % 2,y %3F2 singular
line 2PP.5, B¥EET 5 ,y %38 % singular line RBAFHEL. THE—SWICEE 3, T DFIRT,
singular line % B4 & & X 1iX, 221 semi-linear % b, Gamma space &ML, o, B
0 %1% singular line KD WTiEy Gy @ Ny ~DOVERIDIEERE block 28 singular line #» & [ 5 % Hy
VRV 7e b DERTH B0 £ CTHEMRMES singular line £6k% Ly & 3FE. Go & Lo ICHEF L.
K % ZDVER®D kernel & 3131, Go/K 1t Ly KEEICVERT 3,

Lemma 5 singular line {0,2}** @R%E A To $FIC, singular line # 4tk e UCHEET 3 WA
singular line DREMLMKIC 2 BVBICVERT 30 ¥ 7. Go @ Ly ~DVERA®D kernel K 1t scalar
%gf%»‘ bhis o

ey EH 2 (cii) BB, Go @ Fitting TR F(Go) B4tk (GF(q) Logir
ZEREH3B) Kscalar EERETIEFR LCED, HELWDD L LT, KEDH B, (SR, EEE 4
THRENZ, )

BE 1 K = F(Gy) TH 5,

EH 4 OBEFD X 51K, singular line BHkEARTH 3HB5ICI1HE. singular line % Hi} & ¥
DML T 2T L1Ch D, LarLy singular line 28HARIC & WES IC %y singular line % %
DEXHEREL T 2RI EERT 5 C L BRETH 0 5 2AMECK D, BIZIE. 25 BEE
ik, b3 2ERSHS & b —DOBAMICAZ L 25 CThWEE & 2 8h. 2 RICDEE [F
H ZHRT 2 Lol A—cfiz 2 WFHOEABERTLE S 0Th 3,

EREOH®SE 2; maximal clique

BHES 5 2 RESUBAMAE—CH 2881L. singular line 2SHEAMIC % 3, T, 25Tk
WEEEEL D LT 2 HEFHO0 LTS z 2 L. 0,2 %32 singular line # s, 0,z %
BOMARESKOEEY M ¢3¢, cOL ¥, singular line DXL Y.

§ = Npemm

tBdo M OROFTR, RO TRFIERE] A D ORETICK S,

TEHE 2. KRR m AXFIAMRETSH B & i,

()BT 2 2 I L TR D 2 fi%iB2 m & G- 1 R MEAR m/ EPE—IRY B REN B TR & 22
FAET 5,

2)m KEENBRED 2 LT, (1) OFEx 1k m HE*ET.

M CBWTXFIRIBEAARM m SEET RS LT, 75 ZHEEEM D L RVERIRBRM c—E
MICEE D, —ETESTH. Go @ [ K& A EHBIHD M €0 SPET, 0,z &K
K% —DEGEFEOHENEL LD,
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Bz X, K% XBBROBABEAHE—THINIE. TNIEXFIFIGETDH 5, (bilinear forms graph
D% L DYYEICIK Y ALD) alternating forms & bilinear forms O—fWICD VT, A ¥ 2K DM
KRR 2 OFfFAET B 25, LOWESHENRTE S,

m BRGANETH 2Bty IR Y ILDo

Lemma 6 m B % AT, ¥/, m 2 ke LCEHET RO G & m £ 2 BEABCERT
2, Hic, (m,S). zzT S ik micEEnd singular line &4k, (& non-trivial 7z 2-design %%
L. ZOHCREBI . (m,S) & AG & 7%& 5.

Lemma 6 & 2 HABEOSMEICI Y., Gon BREI N, TR —HEREH GL L nD22D
FIN2BEN D, ¥, REFREAAMEZ —DRDENEERE T 5 C & T, singular line ZER
TR L BRAELEADBERTE S, L b £ CCTREBEROMEE L T OEERIB OGN D
EDbhoTnBEDTH5,

B 2. XyInIRE%RT o
SFRORE ,

—f, EERAETNEREITFETD 5, —RARERCHK . FHEAZDZ 2 BEREEURDD
line-closed ZHE & LTEEKEIND. COLE, TH 3, 4 TRONI=ZABCRDEVWES 2052
LEBTH I WERTFHOREN—BHEENT2bDOTH B, ThDD.

[FHOES 20~ 2 CEfBICA LR b DRFILFEEERET 5 |
DTH o FEik—DRDZ L XK, £DFFOEZEOWMHBEICK LT, T oRSRE2E TR
@ connected 2> line-closed ZAIREE 2% & OFEMTH 50, EFOFMMICEETNZEHIFTH 5 T & HF
D well-definedness * T 2 b DTH B, ¥z, AR OHERE 7 7 7 OESRINCKHITA T T
B DE LT, B2 DM o,y IKHLT {z,y}*r =2t Nyt 2254EME N S line-closed 2HRE

(BT R) HPFEIC AR D C B E L, B, ThiREhilds DRG & LTHhLEDAT
A—2X "@':F'“C'\ a1,a2,b1,b2,c1,C2 ﬁ;%i Tt KfI %, Ch“o X D\ ﬁ? V7@%ﬁ®ﬁ&ﬁ”i);
BFRICVEE L. BERBHL»C R %, 7. DRG ¢ LTODINLRINDAT A—Z—DRER T F
TORERCREAN2ELBC bR D, 2T T, ROEBEX LT bN 3,

HiE 3, EHEi> well-definedness #7757 o ¥ 72BEME2 2 CHBTHAE 2,y K LT {z,y}* oERIR
DY EEAFHTH B EERT o

COHERwANE., BROCEA2EUDFHERY AL, ToVHOBEEMABHOBELHDL
MBChRD, T 2R EBECEALBRET v 2 2BRNC LT MoK ICE 32, 22T
By TV 7 208G T2 EEoTWnBEZ ERE BN 2HhDEFRBH AT, HEBEMNICE
PhdtELLND, F. BBRWTED B, [5,7,9,10,11] 2BhiE, KT v 7 8% e
FTREIHBKEARGEHDTVWE T B 5,

6 HHYUIZ

A, DTG oK BT 3BINT Te—F L 2OEBOREB X UVREMN T 7 v —F O LHER
LLTOEWT v 7 ORISR ECET IV OhDRT vy TCDOWTR~7co BE&AdHb, &
25 v 7B LTCOBERACEFOBREYIHMLCVAVE, ThbDR7 vy 7OHBENERENS
e, HHEEERT I D AELAENWEELTwS,
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a3 LT 5243

RES P={xlxea) “{0) (OwGrbrng. 222)
B3R5 L={Dx lxea) “INx Y10} [Nx e GAY )
2o ifme plane e WG N, D) e B2 T3, Wz
G,N,D.m 190327 A3 2z U, G &ALl
2% 5% 2 BE D3 .

82 Alline diffounce noli af3) € i BATI % AR,
G,N, D mni< B33 5714t Bs s TR < & |

N)
#{(x, )| x,%eD, a=x"4}= { e
(A¢N)
(fov YaeG—11})
IGl=n*-1, |N|=n-1, [D]l=1n Y3,

W%%%b#a75tsc%uwd%wwwﬂa:¢mw¢wwﬁ
o9 F3 1T F 25 d 3 CT:FPm DN=FL (xeft
Pakr) D={itaxo [XEFm} tten X m GotdT .
TG 7T-~NLEF athE e oot differimes pek (2
SoaBl Ry Ensiiz 3. (PN L RET T3 13 [ 7]
<hisdhz 3.) 29 te b SiTa3B g o 3.
) G ERF TH 3.
() AL & TRz T 53 .

1y a,{%ww )J.M\L (G, N,D) ¢ DW &3
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(N di)ims v 2@E BlpmTzhv5a v =3 F AR x g
ZuTae, (Diz o0 TA23 %4 g mudbiplen 7 BE
tH . 2 TG N D) 2 88w ak $3 B2 AFI4G

BF L §LEAE T paduce T3, BHt v D o
mdtiplin 233 iz, DV={db [deD} ¢ #a3 €5

DY =Da (Fael) vy 2v 43 £k 3>,
<D>=G &) (t,1G1) =14 b 7Sz,

33  Known Reslla
) (Hoppman L[81) G+ oycbic T33x3 Aot
A tin 753 0 F Do owdttelion 253,
() u, b2, 03, 04 9 Do pudtiplian 0 ti-tazts-ku
Cmsd 12— 1) 7750 n—1 | (bi=ta) (b1-13) .

(B: (he 2-1=31L E@adur 64 % Hepbnl.)

(@) (EQst -Bulion [63) tln 73 t 3 Do sudtiplis
33 .

(3) (Ko & Ray-Chaudhunl 101) G v ogelit aes m
v ABEL T SIEr N=2 2iF 4Ln 2 T &Y T3 Cro
4%%2%—1”7%/@7\%{ e ordve B9 Hadamand diffsune at €32,

(4) (JWM L1T, Ansec = Tumgmichel [21) G 3=
ohelion e R ate e (3) e Bl 2w b AX 7D
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(5) (Aew C13) G Uemchl oMy (BT 5. 4
MBI EEre L, |t ot gy U(Zypo i) cpon3
Vo dtr e gy,

D 2f R mse () =1 YEgr g ny
() 2L 735 Tr(heikfs) ; W | 441 5> N HV—L

) (Pott C111) 3|n, 3% mn 1753 m=3 2.43.

(7) (Ao -Pott £33) Go 2-Selow-B% 13 el o553

(8) (7 [4]) 9|n, lefnsse n—1 = %%z 4o (5E)-1 “Faethn,

3 w5 pa G

la373 NFFEPaezaAEBL I T 1B % FE
A7 TN Do affie dffoumee act 77 3135 Da
(aeC) 2152 7Y, [GNI=IDItL > Dok &y
Damed Now I~ T8 %3972 DY 9 G/yos 24
HWEETH ERE T v, G =H v b &, Hf=H-
S N A2 BB $e 08y 2k T3,

$¢ H* — N 3(sN) = ss’w Yse D

SIT T YN =N e 23 Do ?V(Da)fﬁfmkfc“fmf%t)
tZI et 43, Ik w =TT % EG3. (WiE N D™ swwobutinn

ERE -7 B0 thus — B2, 3., £31T ‘?Miﬁ/;:~flmo)

RS2 {s, oS ={t, /) zsae 9(r)=3() = % 3 3 £%
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)= e v ABAEES Ty s e bhons Fhicsn 3.

Lemmsma g(sN)=9tN )<< {s.sF ={t,t'J
FE, T b 320 AR )T 9

(e rmnc o (t¢Iny)

S l@"(%)|={f (8 PV dwsbtian EBL S )

2 (latears)

Coih AR e Aot 33 H—N/UN) (er L
U ) iw N BT 245 5 A F3IBE) 773 epimorfohiom
B oAndunce 3 s EEBHE T, H//a»gv =~ N/TU*N)
Rk !HJIQ«M), INI|n) 89 N/U2N) =4 ov Za
Lic 24N aBgE 19 Lo E N o 2-Sylns BF b7
wpeble 2p3 e T 03, Dokhe F) G-NF
282207 B3 2V % Hhe €39 24a e

FoRE R 33, JhE B3 (8) ane FEFaB3EE 513,
TRovwne G 2 2-Sylon £F 17 cyclle 25 3.
. affie M{‘wmw et 9 Zide jﬂw,fafwm.}(ﬁ[&]a
Sk e Bce DDV = AG-N)ant vT33 00, Tk
L ?,LW1OW CLHT (H=GA) © CINI g BA(Z i<
At KLt Ha3. BAEZG R0 T e Ry A 3.
Pupndion  Sz=97(x) (CH) YzeN 3¢ £ &
CLHI 1= doaT 2o PR+ AU

() 24754
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A AN : -Zl:"\o + n-2 (t=+1 )
7, SatSx = | 2He —2 (€ No={17)
LEN 2H-2H, (teN-N.)
(i) 2 |n 122 ,
Zl 5355“ _ Atn-41 (t=41)
e TP Ul -4 (ten-{ty)

TABREL T mE2 v T 3 N-[1Y3 3L | 27 %ol
REYIStl=002 23308, (2 See $2)=0
(med 4 (Xiiz Ho il clavaden) 3272 %, (8 —1)
= soAn she {xeN | Si=¢ b m N g
(n—f, 21 %L_ ) BB 253 v to () B Hicen
SFEPB TR 2GS ot F 839U aBIBETE 5320 3.
ISR 7Y Zc® %53

Drvpssdion. X & Ho e ) chanctin &0 Z(=Zy)=
27, XS ) 2 e hced CINT 1 5o < RN SN

xeN

241 55 e -20an (X1 =H v
S {"‘wwmwn (X'11)=Ho g Haxs)

N
— 2N, trn (1940 . ©% )
() 20 717 ¢ _
| TS {%//\\J + 1 ('X'(1):('!”)t3)
= Tl R+, [F94@ Ac3)

FIl 27 = 229180« e U, Hotx H 4 (k=59 ) amdax2
AEN
2 53 RE <« 73,
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Faft 1< AR F AL WA EL o) affines diffoomie At 9 AE T
< PERIIZFER o0 T an &,

TResune  24m £ C MBI HEL 9 24FE P, )
eP o 20e X Lo gS T Roe (B, 1) P2 EHk
'5}?//4:%»7) BEEL bic o T SR BRY7=D .

(1) m=1 (mod ) 725 12> 2x ln—1]2 < [£-1]2

() nz—1 (med) 7512~ =14 (mod §)

2o BE MR 29BE e nh v E (K.

(RT3 %%22%%78 112 DV=Dabic DaN=¢ tz1551C
T B2 e ARG BN (=1, nt1) P2 73 A 1
+73 T H3 2c b 3aks 3EBH T ko -, R T BT

TFR a3EBR = 3 9 Tuwpseidon £ A U 3.

Prote er. i (-1, nt1)>2 a %2 1F Do Aawalale
t HskrATDe A< IeREY 20 ()U) 4 I V> e
23 (HDDPY=D W) DV1ys GluaBsenist .

L9 Prpeilion 2 FEEA T, B mubtilin TH3T T (r23)
Ave £ (G, N, D) Eic plaman colliseadion « tTacd
93 ¢ > 2 ([3TTh5.1) BT,

18 2 S8l

D, tetofupnilin e t2q 38070 aNE
GAy = WWLW jrwtbidion € F3. (83 (viD) ZPE ) + =
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TE 72, (aN)P =aN . 3% aN 1z 2% DY1Ya 7
FE T 1té&afN &) aNAD={¢} (F14eD).
2he DY =D gy gt=4£ o pt=1

h=1 (medd) e T3 2|(nt1), 440nt1) 225206
L>i3 Go2-Seloar FEE R T (0 83(1), O [Ea=2x11],
et =1 ry Ml < b—1]a o E—1]a 2 26 net],
N=—14 (med ) £330 2|(~1), bhin—1) 7215 &
Cla=t o0 4flt-1la 0 t= 1 (med+)

BLon= 5307 534282 e €5 affde diffrunce act
F A3/ (7% o~

OB e SZFETI. n—4=2%3.23 , ntl=

2779 THI SN 8 Fr mdti i, o t= 5

Ehgim T 8 multplein . (t—1,m+1)=2:T7 >2
25365, FER gy 2rIn-1]2 < |t=1lo . 4oz

27 < [s5t-il, =2° e Bt Lz F1E

Bl n= T (L4 G PR ndi2)
=7 (med 12) 73 F Bz €T3.) €A <2 X (k2 no
o dffoence act (F 137 7

D tzonedr)azd: =1 (medd), += ¢
(TEEEEM T 2xin-1]a<]l-4|a=2 F75)
T2 (med2) a2 X1 Mz=—1 (medY), t=F¢ LT
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Bt Al e Y=L (med 4), FE. AE,T biid
I fHyalr et ot difforsmce gt (7 Bt (T~ .

% % Lt

(1] K. T Angac, CAXQ&, affrt phania of trtnn oulr,
Disorete Math. T6(1999) (7TT—181.

(2] KT Amae & Do Junguichel , Affine differnnce
oty of tvtre ndon, T.of Condin Therng

Sexies A, 52 (1989) 188194 .

[37 K. T. Arasw & A Pott, OWWLWV
Coblonaation qoupo of progichie plavss, Dessips,
Coder amd Cogpographoy , 1 (1991) P3~72.

(9] KT Arase & A Potx, c?o&’c offne phavia and
P«J&? difleornamce aeta , Dideetz Math. tob/por (1472)
19-23.

(5] R.C.Boze , An affine amalogue of Siigen's Theoum,
J. Indion~ Math. Soc, € (19%2), 1—(5

LT TEH ELlist & AT Badteon , Reladue diffounce
pele , TRL. T, Math. 1o (1946), €(7-83])

(1T M. T, Ganleyg & E Spowce , Reladire difforsnce

el and WW’ZM collinalion rovge,
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Joof Combun. Theony Seraas A 1 (1905) =153

I AT Hefman , Cycdic affine planca
Coamad, T o Math. L4 (1752) 295 -301

(9] D Tumgrichl , A st o affine defferemce.
aelz , Anch, Math . %7(198() 279- 240

[10] H-P Ke & D K. RW—CKMMI, Todenoe dion
THeowema o greup duriadle differince acte,
Dircnete Math. 39(1902)37-88

[T APt , An afdont mm?% of Wikbrnde ' 4
THevwon , T of Conbun Tlesny , Serds A
£¢(1990), 313~ 375,
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2 THFEDY 2 LI i >\ T

N E R (LK EER)
30 June, 1993

1 2 TFSDHESR

Fo=GF(2) 2 2xhéd2, V=F 2 F Lo nRxy=7 r VERME
T%5, V0o kRTHBHIEME., H#F LEFE CLuw3, Coxxz Co
HEZEELVWS, VHTREENLZABRSERSL., TOoREE (Xy) £8<
CERNT D, TITXY R VO, 2208 CL e Cid. Cr ok
EREOBYREBEILID 200K EORBENRAL L T—RT L&,
AETH3E05, CoRupmes CH i

Ct={ueV|(uv)=0 VveC}

CEDERIND, FECR £ CCChailicde s, HOCEHRNTS
2rlEhh. 2788 C=Ctia@rdszsgoqdmcbstEbhd,

Eaﬂ%ﬁ%mnEO(mﬁ%@%mmaﬁﬁb\%@a%k=gﬁ&@
ML->TWb,
x=(m1,xg,...,xn)

2 VOoT2sbvEd s, X0~ v rRES w(X) i3 2, 07
ZEINRAFZ I OEAKICEIDERESNE, Volton~ s v 7REE dik
dx,y)=wt(x—y) it LD EHEN 3o

Crzresdzszs, CoOB/NERE dnn it

Amin = Minx,yEC,x;éyd(X>Y)
= Minygec xzowt(x).
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KEDVERENZ XE2 VOS2 0EFT2EE XERLELRERL
Dy v 7R Si(x) ik

Se(x) ={y € V| d(y,x) < t}.
CEDERINDZ, FE ComBEERE r(C) it

xeC
BEROI-SL > BRBERNOBE L ELTERSINE, B8 ComBEER r(C)
BHOHEATHLIERENDS, FREIKRDOED,
By bAVERV/ICO—2o8E&B Uy 1 vig

wt(v) < wt(z) for all z € U.

EirT L&, TORRKBEOHKYUTEEbN I, FE ComBEER r(C) i3
C@téﬁ&Twﬂ%ﬁmﬁﬁﬁmééwﬁkﬁ&Lfé%%?ééo

CrHemunz 25 [n7]H5LTs L. CORKEE x0E s wi(x)
REHICE S, &5k, bLERBE x0ES wi(X) ¥4 cEvInz &
sFE CREEFELNREINS, EEAFEREI N 30EKTH 2L & &
K EDEET B,

CrzEs noEEFST. FiodhiclE» AT hTVE D ET %,
u = (ulau%"')un)nv = (Ulav%"')vn) A FLoF&D0 v =2 bV ET
2. RAFIS<i<nTu=u=1¢R820DEK% uxv cEL.
INE UL VEORERERERI LT B, Hic uxu it wi(u) wfthizs o
A B a

CzmpErgawy 2t [ 5] HEET 2, BRE C OEFRES K
2IER We(X) i1

We(X) =Y x¥).
veC
WEDVERBINS, 6, RED, VOEAB rOFSEZEOREKEET & iI0T
&, WelX) i

We(X)=>aX".
=0
CEEEXIN S,
Bl %X, AppendiXx THAZTWVWABILEI NN I VIR E s DEAIWNELIG

& 12
W, (X) =14 14X* + X3
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REO, CITIR. ISRIEINL2TIVARE G OFEIWELHA
We, (X) b EBakMicELTE <,

We, (X) =1+ 759X% + 2576 X 12 + 759X 16 + X2,
¥ Gou OERITHIIC DWW T kB 21 V. Pless, N.J.A. Sloane [22] 2 8 o

o
FLEFEANFEZHARIEZFRZHEANOETEA SN %,

Wo(X,Y) =Y a, X" Y .

r=0

BAEERD eg DFRBESKBELHR W, (X,Y) i1
W.,(X,Y)= X®+ 14X*Y* +Y?®
THEIohz, LAL. Z2o0RoZIHEARIER
n X
Y Wc(?) = We(X,Y),

BLU ¥
Y "We(X,Y) = We(€), with £ = v

KE-THWEhZEEL O TCREHNICRBIZSOLDTH 3, ST nIFeE
COEXTH2, COWETRLUTTREEFOBETHEIRRBA[MS & &
T 5,

MacWilliams {§ %X % ¢ C T3/H3 3,

T 1 Wo(X) 2HEWM 25 [n o] BB+ 2 & . ROESRDED T,
2

1-X
1+X

(1+X)"We( ) =] C | We(X).

#5 Co—ooMAR U 0BHRESHEARN
Wy(X) =Y, X¥.

230

KE->TEREND 1ZEB X 0FHATH 2. Eflx—2512TH <,
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€s TSRS NI NI VY IFELL. W=0%2+%¥0v =2 FAEF 3, 8@
b5z | U:u0+eg oL Tz

Wy(X) =1+ 14X* + X8
wiu)) =183 922 bV Wit k3RKE U =1u +eg o= L<id

Wy(X)=X+7X°+7X°+ X7,

2 2 S VaAECZHANESE

AfHiZBLTC CHESV nOEELHCHE 2 /2L 4%, u, v A F?
DV =7 bVETHEE, UV RBIICERLAZ UL VEDORENTH 3,

Definition 1 Feo+vavrsER
F of gox vickkwl <, %5 Cov e £HR Jac(C,v | X, Z) it

Jac(C,v | X, Z) = ) x™ugzw,
ueC

KEXOEREIND,
Jac(C,v | X, Z) o BES:

Jac(C,v | X,Z) = > b(m,r)X™Z",

b(m,r) =[{ueCluxu=m, usxv=r}|
LEbE5L 5N 5,
YIS HAOFHHEER

M vrEe e nldsy

MHuwtv)=1o & &

Jac(es, v | X, Z) =1+ X*(TZ+7)+ X%Z
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(2) wt(v) =2 0 & %
Jac(es,v | X, Z) =1+ X*(32° +8Z +3) + X*Z°
B)wt(v)=3 0 & &
Jac(es, v | X, Z) =1+ XY (Z° +62° + 62+ 1) + X°2°

(4) wt(v) =4
(4)-(1) v € Cyles) ® & &

Jacles, v| X, Z2) =1+ XY (2" + 122° + 1) + X* 2",
(4)-(il) v & Cy(es) o & &

Jacles, v | X,2) =1+ X (42 + 62 +42) + X°Z*
(5) wt(v) =5 p & %

Jac(es, v | X, Z) =1+ X" (2" +6Z2° +62°+ Z) + X°Z°

(6) wt(v) =6 o & &

Jac(es,v | X, 2) =1+ X*(32* +82° +32%) + X°2?
(M wt(v) =T & &

Jac(es,v | X, Z) =1+ X" (12* +72%) + X* 2"
(8) wt(v)=8 o & &
Jacles,v | X,2) =1+ 14X*Z* —i-.XgZ8

AEE]l1<w(v) <3kl 3+ b2 HAB BN THE LW IHEI es
DEREHOKFEEN Jdesigh 28 F L2 WMERRKBLTWE I ETH -
T, YIPE2HEROBRKLFFA Ve A -5 - L BERBEREED 5,

) T v A HE0HE
Gy % TU4 [24128]F B T3, (Huwt(v)=10& &
Jac(Gas, v | X, Z) = 1+ X5(253Z2+506)+ X '?(12882+1288)+ X (506 Z+253)+ X ** Z
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Q) wt(v)=2p & &
JQC(G24,V I X}Z) =
1+ X°(772% 4 3527 + 330) + X*(6162% + 13447 + 616)
+X'%(3302% + 3522 4+ 77) + X* Z?

B)wt(v) =30 & &

Jac(Gag, v | X, 7) =
1+ X*(212° + 1682 + 3607 + 210) + X '%(2802° + 100827 + 10087 + 280)
+X1(2102° + 36022 + 1682 + 21) + X**Z°

Q) wt(v) =4 & %
Jac(Goy, v | X, Z) =
1+ X%(52* + 642° + 24027 4 320Z + 130)

+X'%(1202* 4 6402° + 1056 2° + 6402 + 120)
+X1°(130Z* + 3202° + 24027 4 642 + 5) + X4 2*

() wi(v) =5 & &
Jac(Ga,v | X, 2) =
1+ X3%(2° 4 202* + 1202° + 28022 + 2607 + 78) +

X1?(482° + 3602* + 8802° + 88022 + 360Z + 48)
+X1°(782° + 2602* + 2802° + 12022 + 20Z + 1) + X Z°

(6) wi(v) =6 0 & %
Jac(Goy,v | X, Z) =
1+ X%(Z° +602* + 1602° + 30022 4 1927 + 46) +
X'(162° + 1922° 4+ 600Z* + 9602° + 60022 + 1927 + 16)
+X1°(462° + 192Z° + 300Z* + 1602° 4+ 602 + 1) + X* Z°,
B LU
Jac®(Goy, v | X, 2) =
1+ X®(62° + 452* + 1802° + 28522 4 1987 + 45) +

X'2(182° 4+ 1802° + 6302* + 9202° + 63022 + 18027 + 18)
+X'%(452° + 1982° + 2857* + 1802° + 4522 + 67) + X 2°
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3 W OohDELFEH

Z[Xliwkn FEXE X 20T Z-ZY 0sHALGoRTEERYT
CEied b, Hic, WXk v EBOBHOH 2 RS 0HFREELNK
HEEALEK L ARSI Z[X] 0B/ BEETCEIRT 2, BHOD
HBRIELZLUEEOEVWEHLIKBER UV,

EH 2 (Gleason) W[X] iz 220tk We,(X) R W, (X) iw& v &
mEh b,

Z[X,Z] ek 220FREx X BLU Zico0WTo ZHEOLHALE
OHETEELObLTIEILT S, 212 JX, Z] ik vEBOEDIW 2 0K
Eova B EALRELL-TERENWE Z[X, Z]oBsBEErERT &
T 5

#E 1 Jac(C,v| X, 2) %2 v=0&12 vied s v acBHRET B &,
Jac(C,v | X, Z) = Wic(X) B8 v iL20 $6- T

JIX, 2] 2 WIX]
ERBIENTE B,

& 1 Jac(C,vi | X, Z) 8k Jac(Co,va | X,2) % 220+ 2 £ B HEK
5 L.

Jac(Cl,vl I X, Z)JCLC(CQ,VQ ‘ X, Z) = J(lC(Cl @Cz,Vl b vy | X, Z)
R D L2

Col. Wg,(X) 2 CrogEatsEAE L, Jac(Cov | X, 2) 230K E
CrovarsmEETsE s, & We (X)Jac(Cy,v | X, 2) 355 C10C,
DB VICLZY IS HEANERLIENTE 3,

We, (X)Jac(Cy,v | X, Z) = Jac(C, @ Cy, ¥ | X, 2)
fe- ¢ JX,Z) ik WX]-mEtici s,
CrE@EBEIHN MU KFEELT 2, viE Frof&ov =2 b1

L. V=1-vVeEEL, CCTIRIRTCOERZS lDT = b, VO
EE VO Y272 bVvEWVWSTEIRT D, TDEE
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w8 2 K5 xLROXIICE B,
Jac(C,v | X,Z) =D b(m,r)X™Z"

25 CovarLEALET 5 L. Mk
Jac(C,¥ | X,2) =D b(m,r)X™ZV*V"

B D L Do
L2 OEDOFHBRIROED

FHE3CA2EIX noEBRECHY 22 L. Jac(C,v] X, 2) %
TOYabBHEALELTE, CCTVEF 943, co& i,

Jac(C,v | X, Z)
1 L (14 X2\ 1-X (1-X2)(1+X)
_IaU+X)<1+X) LMQUH+A?O+XQQ—XQ

WER Y LD,
AHEOHEITEHIC>VWTIZ, BTHEMBD D Ozeki [ It 4 FFEo

4 F5OBEBFELYICTZHK L DR

A DOROEFHRIROEETH 5,

EFH4ACE2EEIY noBEBBEHOWE 2XFELET 2, FIbhow .o b
VNV EEEICED. U 2 vET 3 FI/CoRAEEET 2 &

Wy(X) = X" ™MJac(C,v | X, X72),

BEOILD, ST, Jac(C,v | X, Z) 3B E C o vicl+ 3+ 2 B
XTh 3,

COEEOHREEMNE 1051 TE L,
Goy % T4 24128 B E4 2, RifiTtEVAE LD T wt(v) =1op & &
Jac(Gog, v | X, Z) = 14+ X*(253Z+506)+X (1288 Z+1288) + X 19(506 Z+253)+ X ** Z
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THotco U=Vv+HGo &35 &,

Wy (X)
= X{1+ X%(253X 7% +506) + X'?(1288X ~2 + 1288)
+X1%(506X % 4 253) + X** X2
= X +253X" +506X° + 1288 X" + 1288 X" + 506 X '° + 253 X7 + X

LB, COBHABIU 2ULEOEADO VHLLELNEZTVAFSOH
SO E»HELERIE Conway-Sloane [7] ® TABLEII &t EE#IciZE L
IC78 %0

COEEBDORELT.

Col. WU(X) li(}(@ﬁéiﬁ%iﬁ%%oo

1-X

X Jao(C, v | X, X™2) = —=—(1+ X)"Jac(C, v | T2

BOER NI vIHB e tEAR1IDT 7 bV VOEE,

(=1)

Jac(es, v | X, 2) =1+ X*(1Z +7)+ X®Z
o U=v4deg it LT

Wy(X) = X{1+X(7X2+7)+X3X7?%}
X+7X3+7X5+ X7

1 8 1-X\*

= nxl+X) [1_(1+X> }
BROFNOERABE»PSCELNDEI LD TH S,

ROFBER Y2 r2HERANOEHELRFRFOEANELHAOCEHRE L DY
ZEBZLATHT, FEOKRBEROMBER., Y2 vLHALRETENE.
EEACRIRRCE3 I EE2RKL, EBicHX (19 cr oA x T8
TW3, TEHEZ2ARARBZFIC2IODEHZEDBILETH %,

Definition 2 : Cx2Eapn no 2xKEEd 2, vEFov=2 b
NEFT B, T2 b Vvid, L wi(v) 82z MBET3RLE v+ Co
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TTEAPRNOLE, TROBIEZETTHEEE, (FS CiclLC)E
W (rigid) EEbh, 5 TRVEERBOLVEELNE, ¥ 2 EEER
Jac(C,v [ X, Z) 32 0BT =7 PV VHEBWEE BWEShh, VA
FobWLWEEg, EohWwEtEbh 3,

EFHESCE2RIP NORTHELL. Ri 25284 k2B B uweoa o b
VCEREILY 2 e HR Jac(C,v | X, Z2) 2 6> 6 DR EOEE EF %,

X*Jac(C,v | X, X7?) = Wyic(X)
= aX*+bXF1 4. ..

EEORBORRBEOEARELHAN 32L&, F}/CoRELES ©
WS(X) = Wv+C(X)
| Ri |

a

D2 b DDA THAZoh 3,

5 [Eisenstein #ZIHK L ZHICHHEL 722 HK

CNEFTRFHEZEZHVTCERINZZBHEADAZHH L T &0, EFEAHHHE
ZEHABO Y o v ZHEANEARBENUICHET 2R, 5D LERONE I
I PLIDBERATCRBELOBVWERSRLEBZEZLA 002, AFOR
AREDIIBERBILESTVWALLOD—2T, BRTCREAZDbDTH 2,

Definition 3

K n(n=0 (mod4)) o \KEXL X k2VToEER E.(X) kD%
hefled s, TAEYy25 14 vHOBHAEEDN 3,

(i) &.(X) = Za,'X‘ with a; = a,—; and q¢ = 1,

t=0
BLU

g n [ 23, (X)ifn=0 (mod 8)
(i) (1+ X) 8n(l+X)_{ —27&,(X)ifn=4 (mod 8)

7
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1+ 14X* + X8

€s(X)
€16(X) 1+28X*%+ 198X°% + 28X1%2 4 X6
7 7429 759

€u(X) = 1+ ?X‘* + X7+ —Z—XW + X%

&(X) = 1-6X"+X*

€12(X) = 1-33X*-33X%+ X"
€0(X) = 1—19X*—494X® — 494X'? — 19X'® + X
Eas(X) 1—5X* —759X® — 7429 X" — 7429 X% — 759X %

—5X 4+ X%
tcEgALETAE Y294 YRIOZHEAOY a2 b2 HEARESEIRED
DD %,

Definition 4
kg n(n=0 (mod4)) o , XEX X, Z icovwtonLHER (X, 2) i3

ROZKBEREITEE, TAEVYZRI A, v-PabBoLEAELEEbLN S, £
7o k2R EAEVS T EICT B,

(1) &, (X, 2) = Z a; ; X*Z? with a;; = an—; x—; and ago = 1,

0<<i<n,0< <k

BLU

14+ XZ\* 1-X (1-X2)(1+ X)
(1+ ) "’k(1+X’(1+XZ)(1—-X))
B { 27€,(X,2)if n=0 (mod 8)
T —27&,(X,Z2)ifn=4 (mod 8)

CITRBUTHEREILIVTEVT, ERE 23BFCEL T Eid 3,
€11(X,Z) =1—X*(11Z 4+ 22) — X8(22Z + 11) + X*Z

CoBER £121(X, 7)) B EAKER
812,1(‘)() Z)
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; 1-X (1-X2)(1+X)
= X)(1+X>&”H+X”U+X@U—Xﬂ

2o,
E122(X,Z)=1-X*(32°+ 162 + 14) — X8(142% + 16Z + 3) + X222
ZHERX €122(X, 7)) s BAMHR
812,2(X; Z)
1

- —§u+xw(

1+XZ 28 1-X (1-X2)(1+X)
LHX) ”“1+X%1+szy—xﬂ‘

CE =2

6 TINN—I - T H—NHHDOHEE

Tnv—zET7rvH—nit QlieRruwe, EERECVNERFEORRBEOES
BMELZEHEAOBRE., TOKFEH» 5 Leech-Sloane R EIc L v EH s 2 (B

TEEERB =272 3~ RERNCHMLAF— s BEOBITEEBEE

KRBIEEYILEDF—HBDPOETESNIEHAT (LA LREZTH
55)BBREBAVCR LI, HEOHBERTAEYy25 4 v HOLIFEREH

WBIEILEDILETESE, SREHETBRIBETCRZVO T, BLELH

BHEEFEEE—oFIEEVTE
YIED 4oDEANLTF —SHM: g=e"" BEU (=™ LB L (T
REZ LY FLHOLEH T, v REXTLHEOLEH)
Bo(v,7) = Y (=1)"g™ (™"
nGZ
= 1=+ Qa4+ (P +O)* = (T2 + )¢
T = (TP )P+

Bo,r) = 13 (~1yrl) e
nEZ
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br(v,7) = 3 g+ g

nEZ
€+ Qg + (¢ + )t + (P + )t
T+ ()

i

63(v,7) = 3 "¢
nGZ
= 1+ +Qa+ T+ O + (T +O)g
HEHH N+ (TP )+

T o

8;(r) = 6;(0,7)
BXU

¢;(1) = 6;(27).
EEL &

nGZ
= 1—2¢+2¢* —2¢° +2¢* —2¢®° + -

bo(r) = 3 q(ntd)
neZ

= 2q%+2q%+2qi—5+2q44_9+2q%1‘+~-,

Bi(r) = Y "
nGZ

= 1+29+2¢" +2¢° +2¢"° +2¢" +-- -,
ROBEZLBYarplEZERARFEROBRPTHEDN S,
90(7’)4 + 92(’7’)4 = 93('7')4k

X
84X37=Y%47J&%&msnt74ﬁyxy4yﬂ@%%ﬁ&#éo
D& & Ea(pa), d3(T)) REHILE N BLIB 2074 €254 %
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Bzl eEnmans,

&(X,Y) = X® + 14XVt 4+ Y®

Es(2(7), d3(7)) = 1+ 240¢% + 2160¢* + 67204°
+175204® + 30240¢%° + - - -
= Ey(7)
ERBPBIDERITNV—x - 7Ty H—VEROFEEMNICAIEETH
.
E12(X,Y) = X1? —33X8Y* — 33X*Y?® 4+ Y12
DG E

E12(d2(7), ¢3(7)) = 1—504¢% — 16632¢* — 1229764¢°
—532728¢° — 1575504¢™ — - - -
= Fe(r)

BORPITNV—x - 7y —VEBTEHEHRTVERTH 5,
e BEHET CLRRoERAR:

MacWilliams {§% R . EB3=7V—x - 7 v H— LEH : 7

ERERLVOTH M, BEECRFEZCEVWEE » MRV,

7T SROME

(I) Eichler-Zagier o % 2 bt EROBOMEAE RBEESHSY cBIE I ATV R
JX,Z) 0B A RBEBLL AP > TVRY, COFET S HAR:

MacWilliams {5 %5, : §# 3 = Gleason 0 F® : 7

EREIVDTH B0, REHETHR WV,

RIRHEEROBEOKE I 1Z Jacles,v| X, Z) ® Jac(Gay, v | X, 2) BB %
HoBErFEER~L (JX, 2] 1 Jacles,v | X,2Z) & Jac(Gay,v | X, Z)
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ETHEKRSNE) B, TORMERHEOERRABELOTS » L REK
ERETFHEAETITHLIIHEE P TS,

() 7vvrz—vary2+:—s0BHR»SEINZERI. REE@ TR ¥ =
EE2FEAOHRP SELNIBEREEN S, COCEF—oDHAET &
CFe FNRTYVI—vs YARF—LDOEBHLI I REEALTHIE
b-oERBLOIVWERDPAREICB - T Yo v E2HAOHEBEFHTE LD S &
HICHBEVWIHATH 5,

Appendix:
Ny v s [844] BB es DHRKITHI

11110000
00111100
00001111
01010101
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EXTREMAL DOUBLY EVEN (56,28,12) CODES
AND HADAMARD MATRICES OF ORDER 28

HIROSHI KIMURA
Department of Mathematics, Ehime University

Matsuyama 790, Japan

ABSTRACT. In [2] Tonchev constructed six doubly even (56,28, 12) codes form two
Hadamard matrices of order 28. But two of them were not distinguished. In [11] and [12]
we characterized Hadamard matrices of order 28 and there are exactly 487 Hadamard
matrices, up to equivalence. We show that only two of the above 487 matrices produce
doubly even (56, 28, 12) codes and that the six codes are all, up to equivalence.

1. Introduction

A Hadamard matrix H of order n is an n x n matrix of +1’s with HH! = nl. It is
well known that 7 is necessarily 1, 2 or a multiple of four. We say that two matrices M,
and M; of same size are equivalent if there exists a signed permutation g of rows and
columns of M; with MY = M,. A matrix which is equivalent to a Hadamard matrix is
also a Hadamard matrix. An automorphism of H is a signed permutation g of the set of
rows and columns such that H9 = H. The set of automorphisms forms a group under
composition called the automorphism group of H and it is denoted by Aut(H). We say
that a set of four rows of H is a Hall set if the submatrix consisting of the four rows is
equivalent to the following matrix:

+ + + + I JIm Im I

(11) + ot = = I Jm —Jm —Jm
: T SR A SRR A A
ST S A A A

where Jp, is the all 1's row vector of dimension (n — 4)/4.

The equivalence classes of Hadamard matrices of order < 28 have been determined by Hall, Ito-Leon-
Longyear and the author([5], [6], [7], [11] and [12]). There are exactly 478 inequivalent Hadamard matrices
of order 28. One of them has no Hall set and the others have Hall sets. These matrices are distinguished
by their K-matrices except five matrices in [9].

Let F' = GF(2) be the field of two elements 0 and 1. Let #™ be the vector space of dimension n over
F. For elements z = (21, - ,z,) and y = (y1,"* ,yn) of F”, the Hamming distance d(z, y) is defined by
the number of ¢ with z; # y;. The Hamming weight w(z) of & is defined by d(z,0). For a column vector
z put d(z) = d(z*). A binary linear (n,k) code C is a subspace of F™ of dimension k. The minimum
distance of C is defined by the minimum weight among all non-zero elements of C. The generator matrix
of C is the matrix whose rows are the basis vectors of . Two codes are equivalent if one can be obtained
from the other by a permutation of the coordinate indices of any generator matrix.
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We assume that the reader is familiar with the basic facts from the theory of self-dual linear codes.
Our terminology follow [3].

It is well known that for Hadamard matrix of order n there exists a binary code with n symbols, 2n
code words, and minimum distance n/2. This is not necessarily a linear code. On the other hand many
linear codes can be constructed form Hadamard matrices. It is well known that the (24,12, 8) Golay code
is obtained form a Hadamard matrix of order 12 ([15]).

In [19] Tonchev gave a general method of a construction of binary self-orthogonal codes and in [2]
obtained six doubly even self-dual (56,28, 12) codes form two Hadamard matrices of order 28. But two
of the six codes were not distinguished.

We discuss the existence and equivalence of extremal doubly even self-dual (56,28, 12) codes obtained
from all Hadamard matrices of order 28 by the method in {19].

We can consider that (H + J)/2 is a matrix on F, where J is the all 1’s matrix, and denote also this
H if there is no confusion.

Theorem 1. Let H be ¢« Hadamard matriz of order 28 and C a binary self-dual (56,28,12) code with
generator matriz (I, H). Then H and C are equivalent to one of two matrices and one of siz codes in
[2], respectively. Moreover the siz codes are inequivalent to each other.

One of the matrices in Theorem 1 is of QR — type and the other is equivalent to the 471 — th matrix
in {13].
2. ON THE CASE H HAS HALL SETS

In this section we assume that H has Hall sets. Then H is one of the 486 matrices obtained in [11] by
Proposition 7?7. The following proposition is trivial from the definition of Hall set.

Proposition 2. Let {r1,72,73,74} be a Hall set of H. The vector r1 + ro+r3+ 14 in F" is of weight 4
or 24.

By this, if (I, Hp, p) generate EC(Hpg p), then

lor3, fw(ri+ro+rs+ry) =4

2.1 B =
(2.1) 1B {r1r2,ms, ral {0,201'4, if w(ry + 72+ 73 +74) = 24,

Let {A;,---,An} be a family consisting of all Hall sets of H. Set &; = A; U---UA;. Assume the
following:

Condition 1. ElgEgggzszluuzm

Set k(H) = k for H. For all most matrices in [11]) £ = I. Maz{k(H)} = 3. If we make a computer
program under the conditions in Section ?? and this section, H must be a matrix Hy7; in [11], say Hy
in this paper. In fact the following subfamily of Hall sets of H, satisfy Condition 1:

Table 1. A subfamily of Hall sets of H,

Hallset | Ay { Ay | Az [ Ay [As [Ag | A7 [ As | Ao { Ao | Ay [A1z [ Ars | Arg | Ars | At | Auz | Ais | Aro
rows 2 2 2 31 31 3| 4| 4| 4 5 5 5 6 6 7 7 8 91 10
1111215121316} 11|13} 14| 14| 15| 17| 1b 18 14 19 121 13 11
21123 121122242223 |20|20| 23| 26| 231 24| 24| 261 25| 21| 22| 20
24 124 | 23125 (25| 24|25 (23|25 27| 27 26| 28| 27| 28| 28| 26| 27| 28
weight 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

The weight of sum of four elements of every Hall set A; {i = 1,---,19} is four. Therefore |{B N A;}|
must be one or three. There exists no Hall set containing the first row and the first column does not
contain in any Hall set of H*. In this case we may compute by hand and two solutions are abtains:
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By ={2,3,4,5,6,7,8,9, 10}
(22) { Py ={11,12,13, 14,15, 16, 17, 18, 19}
and
93 B, = {11,12,13,14,15,16,17,18,19}
(2:3) Py ={2,3,4,5,6,7,8,9, 10}

Since H, and H has same K —matrix, they are equivalent,.

3. ON EQUIVALENCE OF CODES

Let k;(j1,--- ,ji) be a number of blocks containing distinct points {ji,- - - ,Ji} of a design. Let k;
be a maximal number in {ki(d1,--+,ji) : for all i-tuplets of distinct points}. Then k; is invariant for
equivalence classes of codes. k1, k3 and k3 are constant for all codes since designs are 3—design. But
(k4, ks) for six designs are different to each other. Therefore six codes in Table 3 are inequivalent to each
other.

Table 2. The extremal codes

code | H | Negated columns (P) Class sizes ka ks
and rows (B)

1 Hy | col: 1 56 26,21
row: 2,--. 28

2 Hy {col: 4,5,6,7, 8,12,17,19,28 2,6,6,6,6,6,6,6,6,6 26,18
row: 3, 6, 8, 9,10,11,13,19,20,22,25,26,28

3 | H; |col 458,21,22 2,2,2,2,6,6,6,6,6,6,6,6 | 32,20
row: 12,14,17,21,22

4 Hy | col: 4, 5, 9,13,14,18,22,23 27 2,18,18,18 23,21
row: 3, 7, 8,12,16,17,21,25,26

5 | Hyjcol: 4,5,9,11,13,14,15,18,19 1,1, 99,999 26,20
row: 12,16,17,21,22,23,25,26 27

6 Hy | col: 3,4,5,6,7,8,10,11 2,18,18,18 23,17
row: 12,13,14,15,16,17,18,19,20
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(3.

1)

M 111 111 111 111 111111 111 111 1117 r1 111 111 111 111 111 111 111 111 1117
1010 000 111 101 110 110 001 010 010 1 100 010 110 000 001 101 111 010 110
1001 000 111 110 011 011 100 001 001 1 010 001 011 000 100 110 111 001 011
1 100 000 111 011 101 101 010 100 100 1 001 100 101 000 010 011 111 100 101
1111 010 000 110 101 110 010 001 010 1011 001 010 101 000 001 110 111 100
1111 001 000 011 110 011 001 100 001 1 101 100 001 110 000 100 011 111 010
1111 100 000 101 011 101 100 010 100 1110 010 100 011 000 010 101 111 001
1 000 111 010 110 110 101 010 010 001 1 001 110 001 001 101 000 100 011 111
1000 111 001 011 011 110 001 001 100 1100 011 100 100 110 000 010 101 111
1 000 111 100 101 101 011 100 100 010 1010 101 010 010 011 000 001 110 111
1 001 010 010 010 000 111 101 110 110 1 000 100 110 111 100 110 100 100 110
1 100 001 001 001 000 111 110 011 011 1 000 010 011 111 010 011 010 010 011
1 010 100 100 100 000 111 011 101 101 1 000 001 101 111 001 101 001 001 101

Hy = 1010 001 010 111 010 000 110 101 110 Hy = 1011 000 100 110 111 100 110 010 001
1 001 100 001 111 001 000 011 110 011 1101 000 010 011 111 010 011 001 100
1 100 010 100 111 100 000 101 011 101 1110 000 001 101 111 001 101 100 010
1010 010 001 000 111 010 110 110 101 1001 011 000 010 011 111 100 101 010
1 001 001 100 000 111 001 011 011 110 1 100 101 000 001 101 111 010 110 001
1 100 100 010 000 111 100 101 101 011 1010 110 000 100 110 111 001 011 100
1101 110 110 001 010 010 010 000 111 1111 010 011 100 001 110 000 100 101
1110 011 011 100 001 001 001 000 111 1111 001 101 010 100 011 000 010 110
1011 101 101 010 100 100 100 000 111 1111 100 110 001 010 101 000 001 011
1110 101 110 010 001 010 111 010 000 1110 111 001 011 010 100 110 000 100
1011 110 011 001 100 001 111 001 000 1011 111 100 101 001 010 011 000 010
1101 011 101 100 010 100 111 100 000 1101 111 010 110 100 001 101 000 001
1110 110 101 010 010 001 000 111 010 1100 101 111 100 011 010 100 011 000
1011 011 110 001 001 100 000 111 001 1010 110 111 010 101 001 010 101 000
[1 101 101 011 100 100 010 000 111 100 L1 001 011 111 001 110 100 001 110 000
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D.Livingstone and A. Wagner[4]
PEREET D, FEDHEADEL,, s, v+, 1. WX L CTRECDOHE
®,ﬁ§3‘lﬂa@"ép—ﬁﬁé}ﬂ$(¢l)b‘ﬁﬁﬁ‘é&% (¥, GIItETTEH
F7:M Hall[2], H.Wielandt[6] H EELBEETH 7,

U‘FG%Q:{LZ, "',n}_tméliﬂ‘%ﬁ, H=G1234, PXEH@Z“
Yo -, A=I(H),A=I(P), T=Q-A¥r<$53,
EWttDER [T 2 HN5 L2k,
CJordanB]@i@iV)Nc(H)"—S Ss ,As if (M,
MHall[l]@;EIEJ:‘?NG(P)A S, S A CAET2IEM,
CON(H)"ENG(P)YNZPOBEL L’CODEE (HODIERER BE & o]
aBE) , EREEE L’C@ﬁg ($hal, semi-regular, regular, i-cycle?
B ZREL CGRIRET B L 2D, ZD1zHiZ{IMathieuffiz
B AHAMPOBE LR UBE 2R A ETERS2 2 5% 5 -
ETH-72,
MathieuB¥o P {3k DS 25> T 3
Mi2; P=H,Ng(P)*=S,, P quatemlon gp, I' Fregular
M:s;No(P)*=A,, | P|=16, P<H,
P ;elementary abelian, I fregular
|\ P ;Siﬂﬁﬁ, Ne(P)*= S+, | PI=4X%16
' EDOP-orbitnEX 54416
(1965)
EVRBVINERE LT, GO 2ENstabilizerdiiis kY G54

AT,
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(1)&%[8]]9!21&&, EQ;Q_G‘z:Q—I(Q).Lregular
= G284,55 or As
LITFI3T T, HOBE LD OBEEDILDTHHH, P eIl
No(P)YODHBELDGHETIILIIRELBETHNIEVTLH-T
(2)& &, KUi[9]:P ;elementary abelian(#1) , ' E#§
= G=8Ss,S7, As, AgF721IMzy
(3)7k R, AW9]:P(#+1)SH, P;T Lo#
= G:Ss,As,MlzichiMza
(4)A&B, KWL{101(D)oysk: P(#1);T kregular
= G=Ss,S7, As, As M. F7213M2;
X LIRDEBCLY, HBUIIKRE CHIEL
(S)j}(}%{ll]:NG(H)A:SS,AGii:‘iMII
= G:SS,AGif:‘iMll
No(H)* 4589, Ng(P)*»5@0dH 1) 2o %2lAebe TR
LTnwont, GUZEHT={1,2,3,41& LT, [A1=4,56"T 723
1z THFE UL LW Ll -T2,
(1967)
(6)ARE[12]: P(+#1);semi-regular, | A| =5
= G=Ss,S7, As, AgE72IIM,,
(1968)
(Y, KW[13]: P(#1);cyclic > G=SF72id S
(8)K1L[141(6)DHEEE: P (1) ;semi-regular
= G:SG,S'I,AB,AS,MIZitZGiM23
5a Y ONEREE, RRABEIIAI=437235ThH5B, E-TIAI=6,
772031 1DBARFBTESEE T

(1969)
(9)k[15]:1A1=6 = G=As
(1970)
(10ykWl1el:1A1=11 = G=Mi,
(1971)
A | =TOBEMEN D, FDORDIC—ROBEREBIOWTOH
HE T THA~T,
(1973)

(11)*“-1[18] A l=7T=> G= A FE72013M2s
LLELD I Al=4 F035DBARDAEST, FAFTOFTHTIE
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Mol 3—BELERN T o72, - TRIN2 DDEEDHITN
HOTRIN, LEIRPOAIITTE L POWHE, TOWE S Fuv7e
TIUIHRIIEF e E 2 7,
(1974~1978)
(12)R1L{19] : t; involution? [EE B D ek
3Q; 25458 11(Q ] =t,
(%) No(Q)'® =S ,F712A,
= G=S8.(n=24), A.(n=6)F7213M.(n=11, 12,23, 24)
CODEIVCLT, 2TOMLNIABETMBRE L5122 EDTE S
KE2ROTFT LI LD TEL, T2 TE=8% HIF(BNIRETH D, F
PRI L) (I2) IR 3 7z,
(127 [23] (%) Ne( Q) ' @ 5 e 74T A L BE
= G HLN 4B
CDZEL) GER/MNREOR LN T Ze W4 BB S TS,
(FOIDFMHL A BB T VBEE 7 B, > TNG(Q) @ %5 %<
BT TEE, SEIRRT ST TH L, L LI nSseit
B AT OB 57,
(12)DFRE LTKRD(13),(14) b B SN 5,
(13)KRiL[19]: 1 Q ;%% P+1:%5%
(i) A=I(Z(P)), Z(P); Pl
= G=S5.(n=6), A.(n=8,n=0 (mod 4)) F7:{IM,.
(i) Viel',P,;Q2—1(P.) Fsemi-regular’1
= G=Sg, S, Ag, Avo, Mi2F7213F M2,
(14) KW{19]:P(+1); T ko1 %
= G= Szk+4(kgl), Szk+5(kgl>
A2k+4(k22), A2k+5(k%2),MlzifC‘iM23

HOp-2 o —EaBOBEN AP L0 D 5 & (3252 R 7
-5 TCE&R, ZCTHOBEICHZ2BIT I 32874 o725 F3TD
DERZ gD,

(15) K201 :3HIHI = G=S., Ss, Ss, As M1 E7213Mas
(16)AL21): 3K I 2D H-orbit = G=S,

2 FTKLD, EEDOEMBOSBOERRIR LD, ZicKroHt
HIpr3n s iz 72,

M2 DMEBEBI LRI TH 5RDFERLTETWAS,
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(17)F [22] : HDOEE D 2-element & 3-element A5 w] #
= G=8S5,Ss;, Ss,Ae,A'l,MllifC‘iMlz
(18)BK1L[24] : 3K 3D H-orbit = G=S.,, S:F72IM:;

197THE KB BN T 4 BB HOAEII— R 2L 5 2

Leotz, L LAMBMBOSEER AW 4 BB

EABLTWERLIZEEDL D 13w,

HE TR
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