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EHDOHTIE, X7 4 7 V2B T 28O 2 OR2 DR ZEINh, 22
TIRBAR7 4 7 DEREZHFDITERE Z 12T 2. BRA74 7 V%W DTSR
AERHAEHEIC T2 B 53, R AN — TR DT NANA— RN DFES R DT, 2he 7
NIIEHT 2 2EZ LR 7 4 7V E TR T ADEND 5. ERHERIR
747 YOMRAROHART7 4 7 RTHD, ZDI5HE LT de Bruijn @ 2 2O
REMART 4 7 ZHEET 5. de Bruijn OARIZ 2 2H 2728, 2 HHO K ZIGHT
2747 Y (XBWIBART7 47 Y) OEEZEAIREZILL N TES. BHEX
ZHAUTOWVTIE, WAWARIEDPHLNTWVWEDT, ZOMREZHE>TVWANA
BRI A7 UEHAETESZ Z L EREOHTRT. ¢V THHEEWERD
Boh s PREOHA LEKET 5. #HE Masao ISHIKAWA and Jiang ZENG,
“Hankel hyperpfaffian calculations and Selberg integrals”, arXiv:2008.09776
ZRTERL W,

1 Introduction

B2 EFHEEERICHN DN RITFEDER Y, Z OB BRI ¥ lattice path
method 2o TITHIR TR I NS Z 2. Bl Z1E Mills-Robbins-Rumsey [12] &
[ F500 7 H CAfi5E (cyclically symmetric transpose complement) 72 & 73 & D

* Partially supported by JSPS KAKENHI Grant Numbers JP20K03558, 21K03202.
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B o
(G
2i—=3) ) o<ij<n—1

TRED ZeZml. Woid, ToTHADFEZ Andrews DGR [2] A S B
B3, —RINCATHI R OFHEIZIR LTS LW TIEZR W, Gessel-Xin [?] 1&, 201751 %
Henkel 74| ICIRE X8 2 HEZTRR L, Z Oz b BEIEZ i - T, Henkel 1757012
f& T & 21THIRNOWIZE 21T o 72. Hankel 75O KN, EZZIHN O G & DR
2o THEZFMECTZ2/[TH 5.

—hT, A LTHEEEmICHN 205X, Plaffian TEKSCABEBEZFETE 54
HZ\W. ZOWMSEOEMEIX, 2D X 5% Pfaffian #[A#£I1C Hankel BUZIFEE L CEHli© &
LZPEWNVS T THD. DA Plaffian 12 Hankel B2 WS DI, b dwnd
T, 22T Hankel 12 WS b DEERT LD, KT LD, TNUDVELWVWERD»E S b
POV, 5D ULNVHIEED Plaffian ISEHATZ 2[R H 2. 2 2T, FTad
Hankel ! ¥ I3 Pfaffian # €& L, Z® Pfaffian O AN LAN—THEPITRET S Z
YERE S THERITS. BAN—2 S [14] Z—fiC

S’n(aaﬁaf}/) = /[ ] Ht?_l (1 - ti)ﬁil H ‘tl - tj‘2’y dt
0,17

i=1 1<i<j<n

:ﬁF(a+(j—1)7)F(ﬁ+(j—1)7)r(j7+1).

N T+ s+mri-—20r G +1) (1)
DIEZ LTW5S. ¥/, HARLAEIC K BH0R [1]
/ e [t =t T 1=t at
[0,1]" i=1 1<i<j<n
n K a+(n—7)y

Jj=1

bBHDB. ZITep(t)=ex(ts,. .. tn) FEARHKRT Y, en®)y® =TT, (1+ty)
Lo TERSINS. ZOHT [6] OFDOFEEMIRG 2 DA TR, IHRS N 7-MEZ Rk
T 5. BAN—TRESIRE SN BET, ZOKREE 7 VIS IIXEED T 4 7~
TWE7 L, #8887 4 7 ¥ (huperpfaffian) 2& 272 7HBRWZ & b0 5. & 2 Tilkamd’,
M7 D — GRS R B RO ENIHE R 7 4 7 > OFHHA T = BB 5. Luque-Thibon
9, 10, 11] IT X 2 E1THHED H 5.



2 BT EBNT 1T Y

Zofo WX, BT e#7 4 7 BEALT, %7 4 7 OMAR [7, Theo-
rem 1], [8, Theorem 3.2] Z# X7 4+ 7 VIZHIRT 22 L TH 5.

EBH n CNLT [n] ={1,2,...,n} £HL. £G5S THLTS O r-mibnfaaik
D% () B\ Lo ZEBRY L S & Intarso5v s ((°) (Fofmizl
Bnf) I2koTl<j<niZHLTS; e ( ) THD, D S U---US, =S (disjpint
union) TH 2 &5 7% n-HDHM (S1,...,5,) BEEZEKT.

EEH n 1THL TG, 2XF [n] LONKEEE T 5. MBS, DILZRT DI,
o= (c(1),....,0n) L5372 1 1TXTZHVS. 0 € &), THLT, o0 ZEID I
DnfHO7ay 7B LTE ZERENLRIENZ V. 2051 <k < n X
LTCTor=(((k—1)1l+1),...,0(kl)) £BE, 0= (01,...,0,) DIEZLTWVBH LT
5. %70y 7 op (1<k<n) OFOXFHHEFAWEMTHL L5770y 7 DEED
o= (01,...,0p) DIEZ LIEBREEDLT &), DEAERET S1n(l,..., 1) (1 1& n [E])
WEoTRT. Thbb, 6,(,...,0) &

{o=(c(1),...,0(n) €S |o((j —1)l+1)<---<o(jl)for 1<j<n}

35, 5% I ¢ (l ..... ) ZoeSul...,l) EA—MHMLT, XIET 5 o OFFS sgno
ERT DI sgnl L HL. mxﬁl—nf-QTS-ﬂ357}®Z§( ,) &6
BT ({L,3}45, 7). (L5137, (L7H{3,5)), (3,50 {L,7}), ({3.7h{1,5}),
({5,7},{1,3}) 6% 3. ZOZNORSIE, TOIEIC +, —, +, 4+, —, + TH 5.

m E B n B IEERE T2, n RO m-BKITT YA EIE A= (A, im))1<iv,....ip<n
LB/ A 0™ = F, (i1, im) = AL, i) D222 TS 22T FIIEE O
DEE LTHEL. F7, ADE (in, ..y im—1) T2 (A1, - yime1, 1), ..., AliL, i1, 1))
r3%. A0 #8753 (hyperdeterminant) det!™ A %

. 1 - .
detl™ A = I Z sgn(o HA )
T1yenes om €S, i=1
= > sgu(or-omo) [ Al  Om—1(i), 7). (2.1)
O1yeeey Om_1€6 =1
KXo TERT S, [THlD L 21, FOH HHZHIRT 2 2 L 12 X o TH AT 215
7LD, 2T TE N RD m-KILT ¥ VY VDED T > Y VOB E RS 5. [n] O

EEHD mAEDM (IW,..., 1) 2HEFLES. bbb 1D, 10 ¢ (M) 233,
DL
Ary o gom = (AGW, i) erar i epom .-

.....
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2,07 % IV, IM) ITHBRLTESAZMY T Y LT 5. %7, 75N
det!™ A0y .y B A® (IO, 0 NBIFFIR (minor) W0\, aza) .y &
HLZrwed s, XomMmElk, BT RK07 77 AEMEEA2dD0THS. bH P L—
R RTE THIRNRNZ Z e W TE B0, ZOEH EH 2.3 DI TERTH 3.

#ie8 2.1. [,m,n, N ZIEBETIn < N Zii7z335. A= (A1, im))1<ir,...iy, <N
N RO m-RLT ¥ IAes s I={i,...,in} € () 2Rl o709 203
TI= (Il,...,fn) t%( 3—7231’)‘57 Ij = {Z(j—l)l—f—l?---vzjl} (1 S] S n) VC%% Z
D=

det"™ Apyy, . ngr = > sgn /- sgn 1D 1] det[m}AI;”,.,.,Ij.’”*l),lj’
I, 1m=be(, [ln]l)) Jj=1

""" (2.2)
PO D., 22Tl <j<nl<k<m-1lMLTI® =a® . 1)
I e (M) orsweTmy 7 TRLERBTSHS.

Barvinok [3] 2MANCH <7 4 7 > (hyperpfaffian) 2 E&RK L7z, HED 7 4 7 VIFE
RTINS LT v F ¥ Z R llio TERSNG. ThbB, 175155 B = (B(i,1))i jefan)
B B(j,i) = —B(i,j) Miz3 22 THIH, ZOKMEPS B(i,i) =0 Th
b, EMHTINGESL B () - F, {65} = B{i,5}) = B(i,j) (i < j) L&
32 LA TE 3. Barvinok O 7 4+ 7 VidEE Ll 2 () - F,
B({ir,...,i}) =Blir,....,i)) (i1 < - <i)) LW FYY VIR LTTH o778, 22
TIEDHIDPULINRLTRD LS ik Z2E 2 5.

I, m, n ZIEEHE L, | &m%es3. 542 (""" 5 F, 1O, 1)
BIV, . 1M) %

B = (%’(I(l), o ,1<m>)>

Y

I(l),...,I(m)E([ll"])

r#EL. 0L & #BINT 1T (hyperpfaffian) Pl () %

1 " .
Pl =L Y sn(®) st [[# (10, 1)
I(l),...,l(m)e( [tn] ) j=1

,,,,,

(2.3)

ko TEHT . 2T, I® = (P, ) with IV e (M) 1 <j<n 1<
k<m) tF5. ﬁﬂ747zpﬁmu@uh”w%»hm%qu%@<PWW%@)&
BEL. =2, m=10L =L BHEDRT 47 VITHD.
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AR DT & RIS, BFroB K @ ZHIRT 2 2 2k b, o747
VHFEZDZEDPREILR S, EZJTFHEAMTD S D, notation R RD. B =
(B(I4, ... ’Im))ll,...,lme(“l"]) In X m-XlFle U,r 2 1<r<nTbhH?sLIREE
Br3z. 1<k<midLTS® e (I) thzx5% m @0 (SD,...,80M) i
LT B ... gy WKEoT, BNFZAIRL T Ir RO m-2TC I-70 v 7 LS|

(AB(LL,...,1n))

Le(®) dme (50

PRI FOENST 4T

Pf[l’m](ﬁg(n,...,sm)) = % Z ﬁ sgn(1) ﬁ % (Ij(l)» o ,IJ(-m)>

1(1)6(15(1)1)7...,1(7,1)e(zs(m)l) k=1 j=1

,,,,,,,,,,

(2.4)
% B O EPHBINT « 7 (subhyperpfaffian) Y IER. Z 2 THIOFDEEE IR =
I® 1) v s EkTH 3.

AEFHEIR AR NS, ROFNEEED N7 4 7 VTR R LA SNEEREEAST 4 7102
LR L7 DTH Y, de Bruijn ORI ZFEHT 2 DICREMNES . 5B LT, XD
BOEMS. EOEH N LT DN ={IA=1)+1,I(A=1)+2,....i(A=1)+1}
PEE 1SN << A SN IZHLT DA, .., ) = Di(A)U---UDy(\,) &E
A=y ) € () extL Tt Di(A) e &L

fERE 2.2. [, m,n, N DIEEETI3MEE, n< N 3%, IN RO m-Xtl-7avy 7y
ACH 2 = (%(I(l), T ;I(m)))m),...71(m>e(“lv) z

1 if I®) = Dy(A®)) for some A®) € [N] (1 <k < m),

0 otherwise.

BV ... 1)) = {

(2.5)
r¥5. corE SO s e (N oL

. 1 if S® = Dy (AM) for some A® € (M) (1 <k <m),
il ](«@sm,,..,s(m)):{ 1(AY) () (1 <k <m)

0 otherwise.
(2.6)

&R%.

PIZIX, 1=2,m=1DL % B

= {! ifI={2A—1,2A} for 1 <A< N,
~]o otherwise.



IC ko TEESNBES (ERHTI) T, S € (B 2S5 = {20 — 1,20} U-
22X — 1,20, 1< A <<\, <N) OO & = Pf(HBs) DIEN 1 T, %hLM\L@
X 01Tk 5.

RDOEFF AT 4 7 ORI ([7, 8]) MENZ2 DDA T 4 7 VRTH D, de
Brijn OEHDEE T 4 7 URE TR TZNZM > TAEHT 5.

EE 23. L, m,n N, r IEBErL, | BEHETIn < N 235 1<v<r
BREIZEB v LT HWY) = (HW) (i1, im))1<iy....ipy 1 <ln, 1<i,, <N D5, T4 XA
(In,...,ln,N) TH2 m-RILT, B = (%(Im,...,I<T>))I(1>,,,.,me(ulw) EHA XD N
D r-Xtl-7ay 7fHeT5. ok

Z f[l”](@g(l),.,,,s(r)) H det[m]H(V)[ln],..l,[zn],s(w - Pf[l,(m—l)r](Q)7
SW,..,.sme(f v=1
(2.7)

MDD, 2 2T, AR

Q= (Q([(l,l), — I(l,m—l)7 — I(r,l)’ o ,I(T,m—l)))1(171)’“.J(r,m_l)e(u?])

FHFA XD In D (m— 1)r-XIC -7 8 v ZEHITH D
QUMY . gm=y b phmel)y

= > BEY.LE) [[ et (H@) e gemon ko) (28)
KO, K(T)e([ly]) v=1
KXo TERINS.

EH 2.31I28BWT m=2 iEFE, BTHREEEOTHINRBZDTRORZGS .

R24.l,n, N, r PEOBKET I, In<N 3% 1<v<riZNLTH®WY) =
(hij (W) 1<icinacjen & Inx N FEATIIC L, 2 = (B(IW, - ,I(T)))m),...,Ime([zlv])

ZYAZXB N O r-XJt l-70ay e 5. 2O %

> PN (Bgay g HdetH )50 = PEET(Q), (2.9)

SM,...,sme(IN)

7ay 7@65”“6, Z DT

QUM ... 1M = > BKD . KM) H det(H (V) ), x) (2.10)
K@, Kme()

WCEoTEREINS.



3 BNTaT7ICET S De Bruijn O

De Bruijn (ZX®D 2 DD FEERART 4 7 DRI, [4, (4,7)] & [4, (7.3)] 218/ 2D
HiTIE, ZOMAST7 4 7 v ~O—LEELS. £F, [4, (47)] RERO L5 B bDTH
5. s(x,y) & s(x,y) = —s(y,x) ZAHLTEKBEL, S=Sx1,...,2,) (1 <i,5 <n)
% (i,5) BID s = s(x,x;) THEIEMIMTINE T E. 2L =

// PE(S(z1, ..., 2n)) det(9i(2)))1<i j<ndry - - - dn = PI(As)  (3.1)
alz;<--<xn<b

D DIID. 2T A 1F (4,7) BRIH

o= | b / i)y (), y) dady (3.2
TEEXND n KOBHIITIITH 5.
55 1 DOBR [4, (7.3)] BRDESBREDTBS. b1, dons i, ... ston & 2 O
BBCE U (01(25) 46a(2;))iconl selo) 75 8 i (i € [20]) 1728
(Pi(z1) ilzr) oo dilzn) ilzn))
ERITINETSE. oL X

/ogzl<-~<xn§a det (i () [Vi(2;))ici2n] jem dr1 - - - dop
“ i1\ L i1 \ L
([0 hBe) L,
DD LD, KT, BED (3.3) O&X A4 T %, T TS D, =D AN—TFET
WHDHEZR 2 KT ANT 4 7 VHERT 2. ¥/, ¢-7F 072 WS 12D v 7Y UFE
5T OPHHATIRR S .

f(x) DX [0,0] LORBBOL &, ¥ 7Y VHETE

/ @) dyr (1 - g)a S Flog")

WEoTERTS. ZZTlE g <1 3% k(0,0 FOBEABEEZ w 2 LT
dew(z) = w(x)dgr £EFEL. SOICZHEED %

/ F@r, o wn)dgo(@) - - w(an)

0<z1 < <zp<la

=(1-¢"a" Z flag™, ..., ag)w(ag™) - w(ag™)g™ T+,
0§i1<...<in



KXo TE#£TS. ZDL %, De Bruijn ® 1 DHDOEX (3.1) AT 1 7 VRIZFRD
bOTH 5. GEI, EH 2.3 2ffi5.

EIE 3.1. [, m,n, r ZIEBEE L, | 3MERCIRETS. i1,...,im_1 €[In], 1 <v <r
HLT, o) L (y) & [0,0] LoBBETE. ¥y = u,....y")) € [0,a]
1<v<r)el flyW,. .,y 2 O oy Ok T2 L%,

l,r] 1) (7")
- prlt (f( )
[(1)"“ I(T) - In
/0<m(1)< <w(1)<a /O<xgr)<--~<xl(;)§a M, 1 )6([ l ])

[m] () 2 (8)) — pell,(m=1)7]
x I]:det (68 (@ %n)>1<j1 ..... _y, daw(@) = P (Q), (3:4)

.....

i B RvA= Tl oF (CHDMNNY (CHL ISR SO NN (G NN (UL I T S i Pie

1,1 1,m—1 r,1 rm—1)\ __
QUMY . I N (G I i >)_/ 1 1 /
o<z < <afV <o 0<z{’ <<z <a

fleW, .z H det[m](%(fu),n,... me) (wgfn)))z-(v,nenw),...,iwm—l)eI(wm—l),ime[z]
dew@>~ w(z) (3.5)

zzta® =@V, ey orE 1) = G i e () 1 <w <) ekl

Tm%,_@%gu ﬁ@>z$< g2z @, ) 2 ET

De Bruijn @ 2 ZHDEK (3.3) BT 4 7 o ANO—LIEIRD XS24 5. 22T
i, i, 25560 %M 5. Luque-Thibon 12X % [9, (96)] Ok, Z DEMDOFHH725
ATHS.

T’ 3.2. [,m,n,r ZIEERY L, | 2EBERETS. ¢/ = (i1,...,0m_1) € [In]™!
(velr], kell]) KHLT Y (@) ="M . (2) % [0,0] LOBKET2. ZorE

11,- 7Zm 1

detl™] ( (1,1) (. () ‘ ¢(lu7l) ) >
/0<$§1)<"'<$%1)<a /Ov<a:§7')<...<x§:')<a 1£[1 (b"' ( J ) 1 ( j ) v e -1, jen]
X H dqw(az(”)) — pelb(m=1)7] @), (3.6)

20 E dw(@®) = de(@?) - de(@l?) THY Q1E [0, 1m0 ¢ (L)



WXt LT
QUMY .. ym=t g p(rm=1)y

: m Vk v v
:/[0 | Hdet[ <¢£<u1> i<u,m_1)(9€( ))> , dqw(x( ))

” 1 Z(l”l)GI(V’l),...,Z(V’Wl_l)EI(”’"L_l),kE[”
v=
(3.7)

miofﬁﬁémé.::f(¢“N%ﬂ

W)(yj))i % i 178

‘elln]™ =1, je(n]

v, v, v, v,l
<¢,E/ 1)(y1)7"' 76155/ l)(y1)7~~a¢§/ 1)(yn)7"' 7(;52/ )(yn)> :

WEoTEEREINS In RO m-RILT >V ILTH5.

ZIZhold, 20 2 FHOD de Bruijn BoEK (3.2) OIGHTH 2. [5] o TbN
Fets
Ap(x) = Ag(z1,. - 2 IIII — ¢ xi)(w; — q V) (3.8)
i<jv=0
k
EEBS. £ (O = (@ = [JA - ¢) VIREEMS.
1=1

£33, Ln B EEREL, | 2BRET5. ot BEHEL, u = [ 2'dw(z) ZHl
BEwdHiFHODE-XA Vb TE. ZOLE

Pf[l,1]< =1 i1y ’ >
1<j1;[k<z(q ! ) e vttt 1<iy <ia<---<i;<In

n . l

!
O [Twr | [T ] 5 —e0 [ Ake) dgo(a)
k=1 0<z1<-<zn<ori—g 1<i<j<n k=1
(3.9)

DD ID. T T dyw(x) = dgw(xy) - - dgw(xy,) 5 5.

D% 33 Tqg—1L32L, RORZES. i, ZOROLHAIHN ST
NN— T BARRDE T ICRE T2 HEEEZ 5.

% 3.4. [, n XIEEBT L IIEE t 2ERE TS, dy(x) = ¢ (v)de ZIXE [0,0] ED
MEL L, py= [y 2'dy(z) ZHE @ OF i BHOE—XV T2 ZOLE

1,1] H . .
J D1 eI+t S
1<j<k<l 1<ip << <In

Hk {(k —1'}"/Oa H t+(L H ) di(a) (3.10)

1<j
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i A RVASS

ZDORZICH LAERD, RO TH 5.

4 BEVYFXVE TI/A8 al—F R FIFVFZEN

Z DD HFEZ [6, Conjecture 6.2] THRROGNIZEYF U, T3 /48, 21—
XT3 T7EZ, bo b BRI TIEAT 22 TH 2. 207Dk 3.4 Z2{#

. RIET 27012, A, B, D Bloa s ZR—DF I Y FZHERNEERT 5.

A, B, D B ® 7% F# (Narayana numbers) 1%, ZHLZh

ma) = (1) (") M - (Z) wad = (") (2

2k o TEEENS ([13, pp. 277-278) BI). X = A, B,D 2 LT, Zhehoo
75V F%EN (Narayana polynomials) N(X,,a) (n > 0) i

a) = ZNk(Xn)ak (4.1)

ICk > THESND. 2T, DBOME L N(Ag,a) = (Do,a) = 1, N(Dy,a) = <51
EBLILIT . E72oFi(abien) = Yo, Wpllan &5 vxmfgamwm“za
ZZT (z), = F(F‘T(I;I) 3Ry RNTY—5F (Pochhammer symbol) &3 5%. KHK
DX, ROETH 5.

E 4l on REABKEL, w = T2 2 1 OFA 3 BRETZ. oL E, X
DRFAAH SN TS, n > 0 IHLT Cat(n) = N(4,,1) = 25" &
% & 7 ¥ (Catalan numbers), Sch(n) = N(A4,,2) = Yp_, (5F)Cat(k) &> =
L — & —# (large Schréder numbers), CBC(n) = N(B,,1) = (*") &9 ZIH %
#( (central binomial coefficients), Del(n) = N(B,,2) = Y7, (} )(”Zk) 77/
4 ¥4 (central Delannoy numbers) & FEiEiL 5. n 2 1 X9 285 N(Dp,1) =
(3n — 2)Cat(n — 1) FAEI R VWD, HEEROVWA VWA RBHTHNLS. X
512 Mot(n) = (=1)"w™ 2N (A,y1,w) = S (2)Cat(k) (n > 0) 1Y * V8
(Motzkin numbers), and CTC(n) = (—1)"w"N (B,,w) (n > 0) {FHR=IHFRE (cen-
tral trinomial coefficient) ¥ FHEH, (1+z+22)" D 2" DRI TH 5. Hi%IC Mot? (n) =
(=1)"w"N (Dp,w) = oF1 (352,11 = 2:1;4) + (n — 2)oFy (1 — 2,2 — 2:2;4) (n > 2)
¥ D BDEY F* ¥ (Motzkin number for Coxeter type D) Zﬂiéiﬂ%.

T, R 34 te—N=F7-FARDORKX (1.1), (1.2) ofsHE LTHELNZNAE
ﬁ«%.
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FF, RXDLHITEL:

n <2m53:7312r> (2mE]:73125) n (mj)
m(y)— T m(j— S m
©,(r,5,m) = H (2l —1)Fres) H (M- trtay” (4.2)
j=1 m(j—1)+r Jj= m(j—1)

DL &, ZOMDMRDIRS —RVEE (7 4 7 2 O5E) ZBROEHTH 5.

FE 4.2, I,n 2B L, 1 3BT r2r> (1) THEBELL, o 2K
Bess. 2oz, ROFXDKD D,

Pf[z,1]< H (ix —ij) - N (A|,+T_l,a)>16([ln})

1

1<j<k<l
'nzzlégglﬂ}” .3, (r +(H.1, 122) ifa=1,
_ )G )g:n,l{(’“ Mo, (1,1,5) ifr=1-(),
g it (3 )Hk =D g (1717 g) S, (M) B kHJ . 32# ifr=2— (é)7
\ +5 (@2n—j-1) (4.3)

::TBQZ% Y33,

Pf[l’1]< 11 (ik—ij)-N(BuHrba)>,e(uln])

1<j<k<I
QUSHCSDUY (r +(),0, g) ifa=1,
2 (n
]t ey, (0.0.) itr=—(l),

n oy 12
22n 2 7( )H {(k 1)!}” l2 n— —|— Z(n— ) . l
L =l q) ( 0_>Ek O()B kH] 11_|_2 (227’1,—,]‘7—1) lfT:]'_(Q)'
(4.4)

plt! ( H (i — Z'j) ) N(D\IHT—Z’ a))[e([ln])
1<j<k<l !
(22 T4 {(k=D)}" l 2\ «n  (n n—k k(b)) -1+5 (=)
g, (4 () = 1,0.5 ) S () (1) Tl S
if a =1,

22%"*%(3) [T {(k—1)1}" 12 n (n n—k 1k 24122 (n—j)
L, o, <1707 ?) k=0 (k) (_g) Hj:l Qf%én,jil)
L ifa:wand'r’:2—(é).
(4.5)

T, BHICBWT Va DL EZEBINEDLD 5.
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IHNED—DENRT 4 7 DERTI =2 £BL L [6] DFTBERLENZRDOERD
AEFADE 5N B 72T TR, WAWARERDIGELNS.

% 43. n>1 28I, ROFXDHLD LD:

n—1

Pf<]—z ) Mot( Z+j—3)> :H(4k:+1), (4.6)
1<4,5<2n k=0
) n—1
Pf(j—l Delz—i—j—3)> =2" _1(2n—1)H(4k—1), (4.7)
1<4,j<2n k=1
. n—1
Pf<(j —i)Sch(i +j — 2)) =2" [k +1). (4.8)
1<4,j<2n k=0

EF 4.2 YF 41 oSEINZERE LT, X747 VR TIK->TATH, RD XS
BREADEROIREL S/ 5N 5:

n—1

=2 T[] (4k+1)
k=0

Pf((j — i) Mot (i 4 j — 2))

" 1\"F F 3 4+2(n—j)
E:(k)(_4> ;l3fzmn_jil)’

k=0

1<4,j<2n

Pf((j — i) Del(i +j — 2))

1<i,j<2n

n—1
= 27("+3) "1 (2n — 1) [] (4k — 1)
k=1

" [(3v2—4\" kL Laom—g)
Z(k)< 8 ) H —|—22(2n—j—1)

k=0

Pf((j — i) Sch(i+j — 1))

1<4,5<2n
n—1 n n—k g 3 .
5 3v2 -4 5 +2(n—j)
— on(n+3n) Ak 4 1 " 2 .
[Ter+n|3 () | =5 556,51
k=0 k=0 =1

BT, EHA42ITBWTa=1t8BLlE, £BLLERD X > 2EXD, FELOHIFHZ A
723 r IZOWTHEL D D:
B (45 4 2)!(45 + 2r + 1)!

Pf((j— i) Cat(i+j+7—2) ;0= |] :
=hIs _#OMJ+MGH+T+%'

n—1

o o (47 +2r+ 11254+ 1)
Pf((j—i)CBC(i+j+7r—2)) 1<,L <n = H
IS o 4j+r—1 (47 +r)!(2) + 1)’

PE(( —{3(+J+7) =8 Cat(i+j +7 = 3))1<i j<n

n

e TT (4145420 — D25+ 1)
=2 H(4j+7“) dj+r—2)1(2j+r—1)

k=0

12

> () () T

12



2E Xk

1]

2]

3]

[4]

[5]

(6]

9]

[10]

[11]

[12]

[13]

[14]

K. Aomoto, “On the complex Selberg integral”, The Q. J. Math. 38 (1987),
385-399.

G.E. Andrews, “Plane partitions (III): The weak Macdonald conjecture”, Invent.
Math. 53 (1979), 193-225.

A. 1. Barvinok, “New algorithms for linear k-matroid intersection and matroid k-
parity problems”, J. Mathematical Programming, 69 (1995), 449-470. J. Combin.
Theory Ser. A , 144 (2016), 80-138.

N. G. de Bruijn. “On some multiple integrals involving determinants”, J. Indian
Math. Soc., 19 (1955), 133-151.

L. Habsieger, Une ¢-intégrale de Selberg et Askey, SIAM J. Math. Anal. 19
(1988), no. 6, 1475 — 1489

M. Ishikawa, H. Tagawa and J. Zeng, “Pfaffian decomposition and a Pfaffian
analogue of g-Catalan Hankel determinants”, J. Combin. Theory Ser. A, 120
(2013), 1263-1284.

M. Ishikawa and M. Wakayama, “Minor summation formula of Pfaffians”, Linear
and Multilinear Alg. 39 (1995), 285-305

M. Ishikawa and M. Wakayama, “Applications of minor summation formula, III:
Pliicker relations, lattice paths and Pfaffian identities”, J. Combin. Theory Ser.
A., 113 (2006), 113-155.

J. Luque and J. Thibon, “Pfaffian and Hafnian identities in shuffle algebras”,
Advances in Applied Mathematics 29 (2002), 620-646.

J. Luque and J. Thibon, “Hankel hyperdeterminants and Selberg integrals”, J.
Phys. A: Math. Gen. 36 (2003), 5267-5292.

J. Luque and J. Thibon, “Hyperdeterminantal calculations of Selberg’s and Ao-
moto’s integrals”, Molecular Physics 102 (2004), 1351-1359.

W.H. Mills, David P. Robbins, and Howard Rumsey, Jr., “Enumeration of a
Symmetry Class of Plane Partitions”, Discrete Math., 67 (1987) 43 — 55.

T. K. Petersen, Fulerian Numbers, Birkhduser Advanced Texts Basler
Lehrbiicher (2015).

A. Selberg, “Remarks on a multiple integral”, Norsk Mat. Tidsskr. 26 (1944),
71-78.

13

13



Maximality of Seidel matrices and switching roots

of graphs

S I A CGRALKRAIEEEI AT Z7ERD

1 ELC®HIC

ARE 2021 F 6 H 14 HITAT o 7BHONEICMEL 72 D TH 5. WAL, Meng-
Yue Cao X (AL EtRM#EI K%) , Jack. H. Koolen [X (FPEBIEFMIKS) , FEHEGALK
(RALRY) & DIEFWISE (111250 <.

FAERBKE L IZAVICRTAN —ETDH 2 L5 BEAZHEHIEMROEETHS. Hi
2, K 1I3AE /3 OFAEREOHITH S, EERJITHLT, dXT2—7

M 1: 202 —2V v RZERMRNOME /3 DFEMERED LD

Uy FZERIND A arccos(a) DFEMEMMBEDORKNIEEZ N,(d) TRT. 261, d
KL —2 Vv FEMAOEMEMREDORKEREZ N(d) TRT. ERPOHLIC
N(d) = maxaso Nu(d) DD LD, ZD N(d) ZIRET 2 RIREIX 1940 4R [4] ITF T
D, BRFE T 17 KICE Tl N(d) DIEDTRE X AT W3 [3, Table 1].

M EAREOREE (rank) Y13, ZOFEMERBELERBDIALATRERLI—7 ) v
REMOBR/NIIETH 5. FlZIX, K1 OFAERE 2 0t LD —2 Y v F2E
BICHEEFRETH 20, 1 KL TEERHTERWDMEKIZ2 TH D, FEEr 1T L
T, B r 22O arccos(a) DFEMERIEDORAIREZ N (r) THRT. 618, FEE
r DEMERBEORKEEE N*(r) TRT. TOLE, N,(d) = max,<qg Ni(r) £\ 5
BfRD D 5.

14



RILDRO DI ZE 25 2 & CHEMEMBT X DFICBEIN 5. ERIZ,
K1 TIEN*(d) & N(d) DIED R 2R5TH3H 5. FHITEKFEN DX, d=17.8,...,14

d 4 5 6 7 8 9 10 11 12 13 14 15 16 17
N*(d) |6 10 16 28 14 18 18 20 22 26 28 36 40 48
Nf‘/g(d) 6 10 16 28 14 16 18 20 22 24 26 28 30 32
N(d) 6 10 16 28 28 28 28 28 28 28 28 36 40 48

* 1: N*(d), Ny3(d), N(d) D&

DEEN)=281ICHFDLLT, d=28,9,..., 13D X N*(d) <2825t TH5.
SWRZ 5, SIS 13 KTOMIETE 22 HEEO RS WEABERGEIEA S &
T2, ZRUITHILRINE>TLEI L WS 2 THD. TOBRII N, 4(d) H3d =8
DIRHZEICHY T2 Z 2 WRERT 5. KRB N*(9) = Ny g7 9) 2, d=13,... 17D
£ & N*(d) = Nj;(d) TH 5.

Lemmens [k & Seidel IX [5] 1 pillar method 238 A LT Ny 3 DR TOHZIEL Tz, %
D, d#8,... 14D ED Ny, (d) DIIESICHHT 5. 20k, de{8,...,11}
LT, Nyjs(d) < 28 = Njjy(7) BV/REATWV S [2, Theorem 4]. S 5 Lin K& Yu
Eld Ny 5(8) = 14 [6, Proposition 5.2] Z/R L, F&EEK 8 THIBEMEL arccos(1/3), W 14
DEABEMBEII—ETHS I d/RLTW5 [6, Remark on p. 14].

HANRORR C(EM2) LT, v— METZMALT N 4(d) ZIREL, Zh%
5.z 2 EMEMRGEO RS, AR TEERZOFIHOMEEENT 5. AHE A
%2 2T, SNz Ny ORRBAH EBDN— METHRKTIIILE T L AT
HELREVWZLWERRLTWS 20 b, X512, Egb— MEFTHOELNEEMA
BEARGEL R OMEE 2 —(t L, absolute bound (i.e., N(d) < d(d+1)/2) ZEKT 5%
MEMETZOWE 2T (EH3) 2N T 5.

P

WA AT A 0 TIE BT DY £1 T D 2 MMTHNZ Seidel 1TF I 5. 2D0D
Seidel {751 S & S' BRAWFUIJRAMETH % 21X, 5 L1 MAITH] D & iEEATY] P
BEELTS = (PD)S'(PD)" B DNDZ 2 TH5.

7' 7 TIZXF LT Seidel {751 S(T) % S(T') :=J — I —2A(D) IC L > TED S. 7272
L, A ZZ7 7 7T OBETHIZRL, JIZEADET1OITHERT. £/, 20
DZF7I7T 2 ARHLT, S(I) & S(A)DBARL v F U IRETHZ L E, 20D

15



ZERAAYFUIRETHL NS, 7771 e RA v F Y IERT T 72K% 1]
TRT.

A4 v F IR 77 7DEETHHAT . 797 T OHEESV OEREE U
b, ZorE, 77971V =(V,EY)EXRTED .

r~yinGDPDx,yeU,
r~yinGUif { z~yinGhoxyeV\U,
ryinGhrDorxelU yeV\U.
77710 e TV IERA v F Y IREEIZRD, $ZT E AL v F U IRMER 7 Z 7 AL
FLUTU ZELIGERE A TV AR 3.
BKEHE N TH 208 n D Seidel 1751 ST LT, r:=rank(A\ —S) & BL. Z
D, [-S/NFFPIEETHE00HHHMAXRT b ay,...,x, e RTDBFEELT

(L =S/ N)ij = (i, z))

Ziti7zs. ZD%®D, {Ra,...,Re, H EFEEr 2 DA EE arccos(1/\) DFFMHEMEGT D
5. I Z DFMEMIEN S R A v F ¥ ZTRIEZ RN TITO Seidel T EITE N 5.
& o TURRIEFEMERIEDO D DI Seidel 175172 F 14K 5.

3 A, EEAMEOERLEEE

ST M DERKREGMEZ \pax (M) TRS. —fRIATHI M & E B/ MTINS S TRt
FRETHI M 123 U T Apax (M) < Apax (M) DSER D 37D,

E#E 1. 1751 S % Seidel 175l 3 5. XD (1) 25 (3) Ziii/z§ Seidel 1741 S’ D347
FELRWE &, SIZEK (maximal) TH2 WS, £z, RO () & () 25
Seidel {74 S’ BFTEL RV E X, SIIFRMBK (strongly maximal) TH 5 &\ 5.

(1) SIE S OEEE/IMTA.
(2) /\maX(S) = )\max(S,)-
(3) rank(Apax(S)I — §) = rank(Apax(S") — 5").

X512, GEZITLTREE, S(G) AL SIEGC HBEATHZ WS, FRIC
S(G) DEMERTH 57 512G HBBRATHZ LS.
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Lin K& Yu K [7] 380K 7% Seidel 175N RIS 2 S5 M4 EA- I saturated T & % L W
ATWS,

H—DFEEEIBRNBANHEANZ ST 7 il 52 R T 2. HERn DR T 7
3K, TRL, BRI 713K, TRT. 797GDI74 7573 LG) e &EL.
20oDT5T7 Gy = (Vi,Ey) & Gy = (Va, Bo) IZHL, Gi+Go1d2° 5 7 (ViUVy, B UES)
BT

TEIE 2 ([1, Theorem 3.1]). Ni#in D77 G % & %. Seidel {75 S(G) DIEAKFEEEIX
SYIREL, ZOEEEEm BL. ZOrE, S(G) MWK LIEGIEUATONWT
L AL v F Y IEMETH 5.

(1) L(K5), L(Ky4) (n—m=5) .

(2) L(Kg) + Ky, L(Ky5) (n—m=6) .
(3) L(Kg) (n—m=T7).

(4) L(K2,n—m—1) (TL —m = 3,4 XEn—m > 8) .
BIC S(G) DERIATS 513, G L(Ky) & FABITH 3.

ZORELTRID N, OEPRES NS, £7z 2 OB THEMAMED /RS
7z L(K3) 1% absolute bound N(d) < d(d+1)/2 CTHESZENT 2. ZOHEDOHDOE

HRTH B ROEHD HFNEORR L LTRLONT.

TEIE 3 ([1, Theorem 5.5)). THEHEIn D77 G % & 5. Seidel {75 S(G) D KE A E
DEEEZmMELr=n—m&BL. ZOLZX, n=rr+1)/27251F G IIEMK
TH5.

COEHIZEWT n =r(r+1)/21F S(G) ITHIGT % FMERED absolute bound T
FEREMT LIBT3, ki, GAoha—27 Yy FEMATREDKR
XWEABERBELZEZWDTH -7z, % 2T absolute bound % 2K 3 5 55 A EAREIC
EffZ IR 5 2 e THRITDIREORZWEMERGELZR LS &3 2DIFHAR
FETHD. UL, TOEHOERIZIZD XS BHETH L WEABERENE S
BN ZEKRT 5.

4 RAYyFTIL—F

TEBOIBHOFNC, BEERZREANEZR-TAA v F 7L — e RELREMEP S 2
TEL., AL v F U N — 2EZ 3D T, Seidel 115, BEEITH, L— METD
MICH I E R e NTE 3.
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EE4 777G = (V,E)D Seidel (THI DR AKEGEEZ 20 -1 £ T 5. X7 L@
(zeV) %

(@) a®) = (A(G) +01),, (z,y€V).
Ziilz3&o1Ct s, ZOLE, R M BRAYFIIIN—FTH 2 LIIRD2D
D&M R TI e TH 5.
() (r,r)=2.
) EEDr e VIZXHLT (r,a®) = 1.
AL FrTN—bEWVSAHOMEAZHAT 2. HAEEV OMEEU 2 L
5. RZMVBODEZRDISITEDS.

a®@ (veV\U)

{ra(a’) (v € U).
DL E

(B8, 8W) = (A(GY) + 01)ay  (z,y€V)
D DILD., TDXICAA v F U IN—FERA v F U ZEEL TNV 3.

E&ES. EOFEBOL 777 G5, 1791 By(G) &

_&@%:<Aw?41j>
7 2

TEDD. 721L, jREANETIORY breds.

CDEFEDDE

—1j By(C) I 0\ [AG)+6I-35J 0
o 1) U\ o) 0 2]

DD SIDDTRDOEIMBNES . 7272 L2757 GITR LT, Z0O#lE G TEREN, G
WHLLWEZEMLTZORE GOETOREMATTESL 77 LTERINS.
EE6 TEDII7 GITHLUTUFIRFAETH 3.

(1) Seidel 1741 S(G) DR KEHEIZ3UTTH 5.

2) #ft G DBHETH A(G) DR/NEBEIZ 2L ETH 5.

WD D LDHE, rank(3] — S(G)) + 1 = rank(A(G) + 21) 3L D 32D,

5



5 EIE20D3EH

AKtr>arTI3EHE3DHEZ 52 %, HRELHEDOEIZAEKRL TWSDT,
X DEMAREERE (1) 22V, iEHE RS 22tk o T, EH2HND L(K;),
L(Ke)+ Ky, L(Kg) D EBDL— METFICHRL, Z2OMD L(Ky, 1) & DAL — Mg
FICHRT 2 Z e 030D 5. BKEEE3 D Seidel 1742 % X % Z L I3AE arccos(1/3)
DEMEMRBEEEZ D ZLITFE LR 572D T, Ny, OEOZE(LEN— METZELT
MRTHIENTES.

FFIIL— METIZOVWTHIALTEL. EXXV2DORZ FLZIL—FEW0W,
V— P THERI N BIE T 7 )L — MEF LI,

EET 757 GO G OBEETY AG) O/ NEEELS 2 ETH2L 55, D
YE,AG) +2 BT LTINS DR b BTEREIN R8T % AG) TET.

TEHL 6 22 HIEBITRDIES.

= 8. 77 7 G D Seidel 1741 S(G) DERAREFEIFIUTTHZH LTS, ZDOL&E
rank(37 — S(G)) + 1 = rank A(G) D3 D 3LD.

ZDERICBWTAG) BV — MEFIZRD, B GHEREZ S 70 % AG) 3
BL— M&FICh 3. £, FRROWEICE->TEDOL— MEFORBDL LS. &
CHIBND X512, BEL— METFIIRD XS5 IHhEIN5.

A, ={vezZ" | (v,j) =0} (n€Zs),
Dni={veZ"|(v.j) €2Z} (n€ ZLz4),
Es := Ds U (j/2 + Ds),
Er:={veEs|(v,e1 —e) =0},

Eo:={veEs|(v,e1 —e) = (v,es —e3) = 0}.

77U, e 5 i N 1 THORINE0TH BN b T B, L— METFD, (n €
Zo)) & DA E, (n=6,7.8) X EMTHB LS.

EEI. ML -—IEFLELED, RAYFUTISR % [L] TEETS. 22
T, 797 LI TORETEDS. FFTLIKEENZL—PrefERICE 5. R
(r,v) =1ZHkd— v EaENPLLRI2EEZ N tBL. £E N DIRE |N|/2 DD
BEXCNZu=r—vR21Ll—bu, vEBERVWEDIICLE. 7597 LIFAL)+21
MX DT LT —HTEEI1CL 5.
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CDERIIBVWT, sl —tueXtve X&(uv) €{0,1} 2T 7D,
727 LOIFERRIEES NS, X512, rlZF 77 LDARL v F VI N— b THbBH
5 [L] & X OFECTIHKIE L., — IRV — MET 0 B ERBERZ Z DL — b
WHERBINCIER T 2. 20720 r O3BV FICEFRR L [LIZEFR SN, well-defined T
H5.

RIS R DEDFED D SN 5.

WE10. (D) [A) = [K.1] (n€Zsy).
2) D] = [L(Kaopn2)] (0 € Zsy).

(3) [Es] = [L(KS)]’ [E7] = [L(K(i) + K1]7 [EG] = [L(K5)]~

AL v F YT FAD,] (n>4) 2 [E] (n=06,78) IX&EN23TF 7D Seidel {751
DR KEHMHEIZITHE. ERRAAvFIITII7ZAA](n>1)ITEENETFTTD
Seidel {TH DR KEHHIZ 1 TH 5.

FITERD DR ITINS .

W11, 77 7 G D Seidel [THOHmAREHMHEIZ3UTTHELT5. o, 5
777 L e NG PFIELT, LIZG2FEETT 7 712880, KT AL) = AG)
DI D 3D,

COMEIEE X 5Nz —2 Y v FZERICTEETS % A% arccos(1/3) DA ERRIEC
LT, ZhEETHET DR EE EROBIL— METICHR T 2 EAEMRENTE
ETEZEZRIEL T VWD, 2D, ROMETZD X 5L — METFHEKRDEA
ERREOMGREHANS. 2L TZOERIEIL— MEFOEESERICREINS Z h
D5,

i 12. DAY ERIOBEL— Mg T LE LS. 2757 Le LML =AL) 2Ry
35, ZOLE, LK (resp. HIK) TH 5 Z & DRBBEFIEMIEEM (1) & (2)
(resp. Z&tF (1)) 273 D &l EROBHIIL— MEFMBPFELRBRVWI ETH 5.

() MIZLZRBEZFROTEIZEET 5.
2) M & L DOREEDI—ET 5.

Proof. fifE 10 &b S(L) DRAKEEMEIZ3 THS. 7’7 7 LE2FEIMD 77 712E&T
257 HMWBIFEEL, ZO Seidel 178 S(H) DR KEEEN 3 TH o728 RET 5.
112G =HrBOWGHAL, M:=AH)2T2k,757 H%EFEER77 712
B I77 Me MDBM=AM)ZHiz3Loicensd. Zotx, S(M)DRKIE

7
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AlEIZS(L) oRKEAELALETHZ. —/AT, fMEI10LD S(M) DRKEHHEL 3

DFTH200, broE3I—HT22e0905. FiZ, MIZDEH» ERONL—

MegTFekhzaZedbbhrsd., —EEEDT, MEILEZHIEAGLLTEDE LTR

W, F72, L=AL)2OM=AM)ITFEETZ2 L=MeL=MIFETH2 7

5. ZHUTE-T, 777 LHRIBAICHK 272D DFTEORE+DEIEPE L.
B2, Lemma 8 12 Xk - T

rank(3/ — S(L)) + 1 =ranklL 72> rank(3/ — S(M))+ 1 =rankM

#1585, LT, &M Q)i rank(3] — S(L)) = rank(3] — S(M)) E[FMETH % ¥ 0D
5. 2 X oT, 777 LBMKICK ZITEDBEL DG SN, O
—Ih, ZTHhETOMEEHAGHLE CEM 2 DIFHEZE T XHTEL.
(EH 2 DFEH) . MK G272 7% D, ZD Seidel {74 S(G) DEAIEFEIZ 3 T
HHERETS. ME I EZHEHL, L:=AG) BT, GEFEHNDT T 712

B I 7 Le[l|TL=AL)7%5b0%"F5. THIIME10ICX > T S(L) DEK
EHMEIZ3THD, AG)EXDEIERTHZZ D05, Fi-

rank(3/ — S(L)) + 1 =rank A(L) = rank L = rank A(G) = rank(3/ — S(G)) + 1,

PES LWV, K757 GIRLIT—T 2205, —/T, UToM%
FEHISNTWS.

D4CD5C"' ,EGCE7CE8,

Ds ¢ E¢,D7 ¢ E7,Dg C Eg,

E, ¢ D, forn and n'.

ZD7z, fiiEH 12 12X > TEBISEHEPEINS. O

AR THIT L2 FHETHA arccos(1/5) DFEMEMELZFARL S T2, WbW3
3T (=REXV3ORT MATERINZEMT) 2FANZ @B sh5. L
ML, V= MEFEERRZD IMEFIIILALTTHARGNTE ST, BN TEAROF
BT Ny DEORERE "R T 5 Z LR EIETE TV,

EAf T

DURITLIIBWTEREERDGE G 2 T X o HEEAN - BREDEKT
WG N L E T
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(TS L BT ITRT 5 Assmus—Mattson B D EHHIZ DWW T |

hzE K¥E S (MPHERY)

1 FEX

ARNF AR ZE DTS A ¥ BRGHAE O =R A ¥ OILFRIFZE [11] 12V TWnW 3,

C%F, kLD nk,d code L, C+% C Ddual code £ F5%, C=CtDe % Cli&
self-dual £ I 5, KFRTIEC,:= {c € C | wt(c) = (} & C D shell & M3,

XZooREEE L, BIZ X O kEOEIEREGOE (7Tuy 7 DEE) T, HMEE LT
RO HAD R TENMIO 7 vy Z7I28FN5 8T 5, 2TOLE, (X, B) % combinatorial
t-(v, k, \)design & FE5,

F5 ¥ combinatorial t-design @ BRIZEBWVTRD Assmus-Mattson DEHNPEE T
H3,

Theorem 1.1 (Assmus-Mattson [1]). Let C be an [n, k,d] linear code over F, and C* be
the dual [n,n — k,d*] code. Let t be an integer less than d. Let vy be the largest integer
satisfying vo — L%q;zj < d, and wy be the largest integer satisfying wo — L%J < d+,
where, if ¢ = 2, we take vy = wy = n. Let C* have at most d —t non-zero weights less
than or equal to n —t. Then, for each weight v with d < v < vy, C, s a combinatorial
t-design, and for each weight w with d* < w < min{n — t,we}, C% is a combinatorial

t-design.

& % linear code C @ shell C,, 5% Assmus—Mattson DEHIZ & 5T combinatorial ¢t-design
(t>0) &5 5%, C % Assmus-Mattson OEH % AR HERIFE & FER, Assmus—
Mattson O JE % i H I RE 21T 5 DHIIZ X extremal self-dual code ¥ WH EHER T T XD
FEIHLHITNS,

C % n ®D Type II (binary doubly even self-dual) code & L, min(C) % C D/
IVIHI LTS, T5, RORAXPHSN TS,

n
24
C ORIV ITEED (1.1) DFESZHLT L E, Cldextremal &IN5,

C %R X n ® extremal Type II code & L7z & %, Assmus-Mattson DEHNEH T

T, Yw X LT C, A% combinatorial

min(C) < 4| 2= | +4 (1.1)

5-design (n=0 (mod 24)),
3-design (n=8 (mod 24)),
l-design (n =16 (mod 24)).

—_
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THb,

C%ZEEn®Type Il £721% IV (ternary or quaternary self-dual) code & 3 %, KD
BN Y ZESICHET SRR STV 5,

3|&] +3 if Cis Type III,
2|2]+2 if Cis Type IV.

Type IT AR C DE/INI Y TEID (1.2) DFESZHT L X, Cldextremal &
1E4, repeated block 28 % & Yw IZF LT C,, A3 combinatorial

min(C) < { (1.2)

(5—design (n=0 (mod 12)),
3-design (n=4 (mod 12)),
| I-design  (n =8 (mod 12)), if C'is Type III,
(5—design (n=0 (mod 6)),
3-design (n=2 (mod 6)),
[ I-design (n=4 (mod 6)), if Cis Type IV.

THb,

Assmus-Mattson DEHIZH 5 vy B L O wy DHEIF I simple design %5 B8 D&M
ThHb, boiEMEIZIE, O, A simple combinatorial t-design D& 7 1 v 27 & &£ [0l b
IR LU72 7% 4 ¥ (n-repeated of simple combinatorial ¢-design & FER) & 72 255 TH %,

_9
wy — V’O;—qJ <d. (1.3)

wo MAFR (1.3) Zii/e TIRRDOEH L 5, Yw < w i LT, OB extremal Type
IIT code (extremal Type IV code) 72 51X C,, B3 2-repeated (3-repeated) of simple combi-
natorial t-design T®H %,

2 H&F ¥ spherical t-design
LCR" 2727 nDEFET 5, LOIMETIE
LY:={yeR"|(y,z) €Z, VYo € L}
TEZRSINS, ZZT, (, ) EENETDH %,
o LPWEBIEFTHS, «— EEDx, yec LITNLT, (v,y) €Z
o BIET LM T CTHZ, «— EED2x € LITHNLT, (r,7) € 2Z

e BMIRF LW IL=FET 25 —THb, — LI=1L
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R™ @B EKH %
S = {a = (o1, 120) €R” |2 4o+ a? = 1)

3%, X C S ERE S LD spherical t-design T % & 13,

X 20 = iy [ S

BIXRTOZIEK f(z) = f2y,...,2,) D deg(f) <L LUTHDIDZ L LEFET S,
SIS LIS LT, Ly={zecL|(zr,2)=(} % L®Dshell LFER, L%

> 7 n @ Type II (even unimodular) lattice & L, min(L) 2 L ODF/N/ VLT 5, §
&, XRORFAXDBRoNTWS

mmu»<2L 42 (2.1)

24J

LOBMNINI VY TEID (21) OFS 2T, Lidextremal &IN5, 18T L
spherical t-design IZBWTHRD K 5 7% Assmus-Mattson B DEHDBTEET %,

Theorem 2.1 ([15]). Let L be an extremal Type II lattice of rank n. If Loy, # ¢, then
Lo, is a spherical

11-design (n=0 (mod 24)),

7-design  (n =8 (mod 24)),

3-design  (n =16 (mod 24)).
S

Bl 21X, (Eg)am & spherical 7-design
B3 %,

Theorem 2.2 ([15]). (Es)am is a spherical 8-design if and only if T(m) = 0, where

g [Ta=g* =) 7(m
m=1 m=0
35, H47% Lehmer THEBEBRLTWS,
Conjecture 2.3 ([10]). For all m,

b, £ LT, XD Ramanujan 7 FKE L D

T(m) # 0.
—RIZ, 18T L D shell Ly, ICOWVWTRD K S BREREGZ 5 Z LN TE 2,

d(L) := max{t € N | Yw, Ly, is a spherical ¢-design}

s(L) := max{t € N | Jw, s.t. Ly, is a spherical t-design}
L—~—TROBEHRIE T6(Es) < s(EBs) £ 2HBEREITEIDES 71 EWHTE
DIFREFIETH 2 VWA D,

FF5 & combinatorial t-design IZBWTH[FFRICRD LS ICEEZ G RX 5 Z LD TET,

4(C) := max{t € N | Vw, D,, is a combinatorial t-design}
s(C) := max{t € N| Jw, s.t. D, is a combinatorial t-design}

6(C) < s(C )taéﬁ%&ik_fi;’bﬁéﬁ)n VSV L —~—RlOMEE L
T, AR I —EHDOWIE [12, 13, 14] THEDMHATE 7,

3
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3 ETEIEBCEDIEIINR

3.1 ETFIB
KD EEHIIRTH 2,

Theorem 3.1. (1) Let C be a Type II [24m,12m,4m| code. Then every shell of C is a

combinatorial 1-design.

(2) Let C be a Type III [12m,6m,3m| code. Then for { < 6m —3, Cy is a combinatorial
1-design.

(3) Let C be a Type IV [6m,3m,2m)| code. Then for ¢ < 3m —1, Cy is a combinatorial
1-design.

(4) Let L be a Type II lattice of rank 24m with minimum norm 2m. Then every shell
of L supports a spherical 3-design.

Theore 3.1(1)-(3) fF5 & (4) #8 1% near-extremal & PN 5,
near-extremal code [FRDEZ n I L THEELRWI & B 2HI 6TV S,

Type I n = 24 (i > 315), 24 + 8 (i > 320), 24i + 16 (i > 325),
Type III: n =12 (i > 147), 12i + 4 (i > 150), 12i + 8 (i > 154),
Type IV: n==6¢ (i > 38), 60 +2 (i > 41), 6i +4 (i > 43).

near-extremal code l& Assmus-Mattson DEMZ FEHRIRER TS5 Tldi v, BlZiE, C %
Type 1I [24,12,4] code & 3%, C @ weight D31 0,4,8,12,16,20,24 TH %, Assmus-
Mattson DEHDIEMENLS 4 -t >5 XD, BARBMt EWA e NTERY, £oTC, C
(& Assmus-Mattson OEBZEHARELRTT S TIIRWI EH30h 5,

Theorem 3.1(2) £ < 6m —3 & (3) £ < 3m — 1D ¢ OHFPHIZ (1.3) 22515 540 5 simple
design(®D repeated) £ 72 25 TH 5, F VT FILDiFmL [11] Tid simple design & 72 %
JEAZ L7223, repeated block 2580 T { DHEFHZIRTETHRD IO Z e ZBRE L TEL,

Theorem 3.1(1) & (4) IFRBFEA & Venkov 12 K o THRANZFEHE Tz CRHRD . D
FERRIZEY 2 7 — TR DLNTHIETDH 203, FAc D [11] 1281 % Theore 3.1(1)
DFEHIF R 5 TW b, Delsarte Bl [3] Z £:1Z L 7z Bachoc[2] D Fi% Harmonic weight
enumerator % W T Theore 3.1(1)-(3) ZaAEFH L TW 3,

Theore 3.1(1)-(3) 25, XD & 5 72 self-dual code D weight enumerator DR Z21F 2,

Corollary 3.2. (1) Let C be a Type II code of length 24m with minimum weight 4m.
Then the coefficient of x**™m=4my4™ in the weight enumerator of C is divisible by 6.

(2) Let C be a Type III code of length 12m with minimum weight 3m. Then the coeffi-
cient of x'?m=3my3m in the weight enumerator of C' is divisible by 4.

(3) Let C be a Type IV code of length 6m with minimum weight 2m. Then the coefficient
of £5m=2my2m in the weight enumerator of C is divisible by 3.
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3.2 ETEEDEAAR

Theorem 3.1 135 (FT) DT TD shell A3 1-design (3-design) &5 FIRT D 5 23,
RDOFEHD L 512D UVMWERDOTERNZ LM THH 2, THUIHTAD L —~< —FDH]
E[6(C) <s(C) RrBHERIEZTRIDES D 7 IFET 5,

Theorem 3.3. (1) Let C be a Type 11 [96,48,16] code. Then Cy (also Crg) is a com-
binatorial 2-design.

(2) Let L be a Type II lattice of rank 240 with minimum norm 20. Then Loy supports a
spherical 5-design.

—73 T, Type II [96,48,16] code D shell Td % combinatorial t-design ® t D R %X
DEMTHEZ %, 22T, L={{cZ|16<¢<80, /=0 (mod 4)} &3 5,

Theorem 3.4. Let C' be a Type II code of length 96 with minimum weight 16, and let
e L. Assume that C; is a combinatorial t-design. Then the following statements hold:

(1) If t =2 and € # 20,76, then every shell of C' is a combinatorial 2-design.
(2) Ift > 3 and { # 20,48,76, then every shell of C is a Type II [96,48,16] code.

(3) We have
7 if 0 =48,
t<{5 ift=20,76.

4  otherwise.

C % Type 11 [96,48, 16] code &3 % &, Theorem 3.1(1), Theorem 3.3(1), Theorem 3.4

X,
1<8(C) <4, 2<s(C)<T

2185, RODHEIT Type II [96, 48, 16] code DFERH|T combinatorial t-design D t DE % &
b,

3.3 & T 96 D near-extremal Type II code

Z DHEITIX C % Type 11 (96,48, 16] code £ T %, [5] IZBWVT, C D weight enumerator
Welz,y) BRD K 5 IWZRE S iz,

We(z,y) (3.1)
=1+ (28086 + a)y'® + (3666432 — 16a)y™

+ (366474560 + 120a)y** + (18658567680 — 560a)y*®

+ (422018863695 + 1820a)y** + (4552989336064 — 4368a)y™

+ (24292464652992 + 8008a)y™® + (65727332943360 — 11440a)y™

4 (91447307757260 + 12870a)y*® + - - - |,
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T,
28086 < a < 229152 (3.2)
ThHb, COHBENTWAHNIIXRDED TH 5,

Example 3.5. (a) Feit [6]: a = 37722.
(b) Dougherty, Gulliver and Harada [5]: a € {37584, 37500, 37524, 37596}
(c) Dontcheva [4]: a € {36918, 37884, 37332}.
(d) Harada, Kiermaier, Wassermann and Yorgova [9]: a = 37194.
(e) Gulliver and Harada [7]: there are 639 values of a.

a DEIZEET 648 T H 273, FF=IEXFEMEE %RV T 4565 EOFIRHI S T\W 3,
Example 3.5 DHI SN TWB TXRTORFF C 12X LT, Magma ZHWTEHE L 724ER

5(C)=1<2=s(C)

ThHb, bobIEMHEICIHERE 2, & e LIZX LT, Cy A% combinatorial t-design ¥ 72 %
ROt % t,(C) 2T 5L,

Loy [2 e 10
‘ 1 iffe £\ {20,76).

TH5,
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AT RE R BAE T

B0 BE (ka1

1 [FUHIC

%F (lattice) DITERITLOABNETERTHLE D%, EI&ET (integral
lattice) LIRS, —f&IZ, EAETFIIMREEIE T (standard lattice) DEFIEF &
RSN, AHT— /s FUTRERT (2 Z") OEIETF L T4
2EZD, BAONIEFNEDRDB6, s-BILARETH DD,

—%, SATTBRHFET, root H&TF LIEIN D BT % AV TR/NEEED
22U EDT S 7N ETOMAND S,

EE 1.1. B/NEEEN 2L ED T T ZIZDWTUTFD—2MHKILY -
(i) a line graph of a bipartite graph rep. by root system A,

(ii) a generalized line graph rep. by root system D,

(#ii) a graph rep. by root system Eg

ZTHhZEhIE, FDES5RT T 7130 — b 2D A, D, E-BTHEINS,
A, D-BIBIE T I T D ME T TH 51, E-BIEIE T IR T DO
DEF TR, UL, E-BIERTIIA N T — V2 5L TEER T DS
BFLRBDT, 2-BILARETH S, €I T, —RITRNEFEN NUET
HBGBEIT, TITIMNCEBIEFRIEDLE, s 2 DE DI NIFE/LTRE
ERBMIFERZEKETH D,

Fr, AV TDBRNEEEN 2 ETHEZLIFRHMSHTHY
5, ZhiZkY, RNEEEIZEZ 75 7DOBBREEES S L) MEN
BREEUZDED, (BLHSNTWD) 541 VIS5 7 DERETIZB/NE
BEN 2 XVENIWT T TEERTIEIITEILN, £ZTR. Woo &
A. Neumaier [6] 1%, 7’570 4] & [f] TEX#Z 5 LD BfifEE
THD51 V75 7OEREEESEIZ—MILL, B/NEEED -2 XY &N
XWISTDEREEERMEL 2, [6] T, BNEEE -1 -V2HREDST
FINFEINT VDS, ZNIE (OFBED) A7~V 757 LIS R
RS 7EZOMOBEENEAVSNTEY, TIIZh77 VT 70N
HIZV—brREDEDLYVEEL DB, 22T, R/NEEEDN —% A EDIFF
BT 7MMOESNDIEBIEFIZONT, FHRIEAK, HHEAKL 5 LHHE
THELED D,

PERAL R AR (BRI R SER
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2 KON ITST

EE 2.1. &M (). (i) 2MAT 57 H=(V,E) LRV T n:V -
{f,s} EDRT = (H,p) BIRIIXITSTL V!

(1) ZNV f OB TOIESIE, DR LE—D2TF ) s DIEHALBHEET S;
(ii) TV f DTEHAIFEWIZIEREETH 5,

IRV s DIER % slim [EREMD, ZhONSES h DTEHREA%E V(h)
TR, /. IV f DIEA % fat [BREIED, TN6N565 h DIER
BEE2VI(h) TRY, £/z. LDslimTERE. $H5 fat HELBHET L L X,
h & fat- R 7V 757 LIRS, BIZ, A7V 7DEEEERTS 2
% [6]:

EE 2.2. AEROBRARTIIVI ST h OBETH T 5:

A, C
A=

BU., A ldslim EROBHEEMRERL. Cldslim JHA L fat THAOBEEE
BERT, JIT. EXMFMTH B = A, — CCT DEEER h DEEEL
3%,

I 2.3 (Hoffman [4]). h & K7V IT57L$5, BIZT" %, & fat THR
[ & slim n-clique K(f) CEX#2. f DR TOBEEZERL K(f) DR TOHIR
RMEBWIATHESINZILTHNSR/ONE T 78T, 20X, UTZ
WA RVASY

)\min (Fn)
lim Amin (Fn)

n—oo

Y

Amin(h) (1)
)\min(h) (2)

B2, HEBD e > 0I1Z L, T" 2FEHLH TS5 7L LTEBRTD slim 7

7 AMN
)\min(A) S Amin(b) + €.

T LOIC. BREnZEND,

EHE23MS, KTV TZ7 L3757 DRNEREIZE T 5 BREE
TdHY. Woo K. Neumaier K [6] HIFEFSEBEEALLZLEZLD,

2.1 KRIYITZTDHM

E&E24. hEHRTIIVITIT7L U, bl b2(#£0) & h DZODFEEHRH V5 7
95, LTOZEEE-TLX, hidh & p2DHTHBLEN. h=hlyh?
TEXRT:
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(i) V*(h) = V=(b') UV=(b?),
Vet nvE(h?) = 0;

(iii) @ € V*(b'), y € VI (), {z,y} € E(h) =y € VI (h");

(iv) = € VS(b), y € V*(h?) = N[ (z,9)| S 1A (N](z,y)] = | =
{z,y} € B(h)).

hAETIIV TSI T7 0 p2(AD) Th=hlwh? LRINDLS, b ITDMHET
BETHDE\WD, FFERELAR TV T T TS NIHEARETH B,

&Y, RIV IS T7OBMNEOBEENEL 5, TNETIELRR
D1D&MENT 5,

EE 2.5 ([5]). b 2OBERL fat-R 7V 75 7T, VS =V3(h)., B

B, BIS, UTFOEEIRLT S
(i) 3z € V* (IN] (@) =3) = h =5

(i) Vo € V* (INJ (@) < 2)A 3z € V* (IN/ (@) =2) = In >0
(ATed(h,3) ~2Z")

(i) Vo € V* (IN/(z)| = 1) = A™d(h,3): BEFIL— MET-

AU, 6 1F slimTEEMN 1 DT, 320D fat THE 2 ZOBBEICE >R 7~
VIS TITHB,

2.2 RIVYVISTDORR

757 DR/NEEEEEZDRIZ. L<Hon~EE OV— MEFE) L
Ti#mx BT 5412, Woo K. Neumaier K [6] SIZART IV 7T 7DRE
ZEBALK,

EER 2.6. "IV II7 h LEDBE nIINUL, UT2HATER ¢
V(h) = R" & J )V m ORBTEIES:

if 2,y € Vi(h) and = = y;

o(x), o(y)) =
(6(2), 9(y)) it (2.4} € B(b):

m
1 ifz,y € Vi(h) and x = y;
1
0 ZOfth.

{#(z) |z € V(h)} TERINDHEF%E Ah,m) TET,

Example 2.7. EDXRIL, EDHRTIIV IS5 T HIZDOWTOREDOH ZHRL
T3,
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<
B=4

=
=

\,
Lo =

OOOO—*—*—‘%

O—*—‘OOO—‘%

—Lo_'.ooo—t%

;;oooo—x?@

oooooo—u%
ooooo—uo%

O O O =

TR 2.8. RIIVITIT7h LEDEBHE n I L, UT2HELZTER Y -
Ve(h) — R™ & J VA m OHEHIRE L IS

mf|N,{(:17)| if x =uy;
(W(2), %) = 1= [N (z,9)| if {z,y} € B(h);
—\N,{(x,y)| Z DAt

BU. N}')f(gc) o LEEET S fat THEDESERL, N{(x,y) &z, y DS
BT B fat THEODESEZRT, B, {Y() |z e Vi(h))} TERINDKE
F& Ad(h,m) TR,

INTR/NEEEMN -2 2 FTEI--EIZE, V— MEFOEREZHVWSE
WHEE X527,

Example 2.9. GDFEIL, DRIV TT 7 hIZOWOTOHKIRFEDH %
#zUTWS, hikExample2.7 LRILZ T 7 ThY, fat THR 6,7 IZ2VTD
THE ¢(6),6(7) 2B, FIZ, fat HRICHRTITEIURKRIILT, 20D
EWESND, £/, h B =b @by EREXINTVZDT, ¥(1),%(2) T
BESNBHET Ad(hy,3) & (1), 0(2) TRONBET Ad(h,, 3) IFER LT
AP

L = A*(5,3)
(1)  ¥@)  WE) YA wE)
N e
1 0 0 0 0
0 0 1 =1 0
o of{ 1 o0 -
3 ool o ]9
L, = A™(5,,3) L, = A™(5,,3)
L=L®L,
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3 ERBF
BREA U WL, &FAEBRDRIZEET D,
A= {U)z = {ZueU Ay ’ a, € Z for all u} (3)

FTNRTORY VDI u,v € ATDWT, W (u,v) NEEODL X, EF A
BT L IEN S,

Rz, TS TMCBIRTFEED L 2EXD, GEI5 7L, B:= AG)—
Amin(G)] &5, ZDLX, EFHTF BIXFEEERDT, B=N'N &
DETEX D, ZDOLE, GNOERINDETFE A=AG) = (N); TEZ
5, BETHORDIIEBRTHE NS, EFADTRTONRT MLDE
u,v € ATDWT, W& (u,v) IZBELRDT, 7 T7N6HESNART AL
BIRFIIRD,

T/, EOBE L, BEFANZE I VA0 DRY MVELNGR5
HAEE S ={u|(uw,u) =n} CA TERINDLX (TabHLA=(5)2),
AZEnMEFEER, n=20, %, AL root iEFTh 5,

Example 3.1. 7’57 G OB/NEBED -3 < Apin < 202 %, AG) I
JMEFTHD, —FH, "RTIXVIT 57 h OB/NEEED \pin > -3 DL X,
A(h,3) 1E 3-HEFTH 5,

BIET AIIOVT, /A DEERT 2" OBDETFLRETHL L X, B
BT AL s-BALTRETH D &V D,

Example 3.2. EH 1.1 1Z&NE, E-Blroot RIZE>TRIND VT I70H
%, BIZIXEs DT A v F VR ERT I T 7 (Bg LESEDITULED) Y%
NTHD, AN(Ep) 1L 2-H&FTHd. UL»L, 1-EALFEETIER, Eg(C Eg)
DEEDHEARREIEISHONTEY, ELICHERTLIILNTES, THh
ZdhiE, 2-BLARETHE I LEEDITOND,

4 IRIRVITZITD—RIE

B\l eReo, Hi - BEAMIE T 7 5= (V,E, p,w) WWROM
BeiizdeX, he—MRRTIYVIEES T 7 LR

(i) (V.E)IXBA&Z I 7 (FRLLERDERD) ThHb.

(i) p:V = [0,00) IZ2WT, p 1((0,00)) IZIHIEATH S,

(iii) w: E — Cl&, BB 0 ¢ EIZDWT w(y,6) =0ThY, L5 € E
IZ2WT w(vy,8) = w(y,0) THY,

pw) =008 X, v % slim THREMEY, u(v) AZ0DEX, v %& fat THE LI
No Erz, —MEEERETHI A= A(h) ZRTEZ5:
{M%& if 10 € (),
As=y

otherwise.

5
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—RAR IV TTTh=(V,E,u,w) IZ2\WT,

As L
A =
(v) ( I O)
LRED, 2L, LYk L OBERKEEETH, O WBFTIERY. I/,

D=D®) = (u(f))u (ficVy) T3, ZDLX, Bh):=A, — LD 'L*
DE/NEEEE, K7V 757 h OBR/NEEEEER,

Example 4.1. FROBFEIE slim THRZRL, FOHFI fat HRZRT,

(=0 w(1,2) u2)=0
u(l) = =1+i
1 2w@$=fﬂ

w(l,3)
—v2
u3) =1

\
disjoint to each other

ZDTF 712D T D—EBEETHIL,

0 14+i V2 0 0
1—4 0 0 2 —V3

A= V2 0 0 0 0

0 2 0 0 0

0 —v3 0 0 0

Thbd, £,
—1
1 0 2 0
0 1+ V2 0 0 V2
B(h):1.0—02\/§020 0 2
! 00 3 0 3

-2 1+
S \1-i -3
DT, Amin(h) = -4 285,

Example 4.2. w(E) = {-1,0,1} D& XIIA/ETZ7THY, w(E) =

{0,1,i,—i} D& X, —fEBEEEITHII mixed graph (B L ERL 2RO

2 7) @ Hermitian {75275,

Example 4.3. Eg D7 1 V¥ VR, TROI>B2—BE7v 757
DESTHDZEDVENDOND,

35



Representation of Norm m

<+—— fat part ——— Eg

slim vertices

X

fat vertices

[\]

RDEHIZ,

EIHE 4.4 (Ho

(11203 4|5]6]7]3s]
1 1 1 1
1 1 1
1 -1 1 1

o= | |
=
e
BN

— BRIV TS 7 TEEH 23 DI BERENMESN DS,

ffman’s limit theorem). h = (V,E,pu,w) 2 —MHt 7> 7

7795, £/, hDTNRTO fat TER%Z, BHA u(f) DB=2ED t EAD
simTERNORDELT T 7 K, CEX#Z, Thz i L§5, DL X,
tli)m )\min(bt) = )\min(h) Thd,

4.1 —RRIYIITSTDOERR

T 4.5. mEEDERLTD, K7V T 57 h=(V,E, p,w) LIEDEE
niZ U, ATz~ 9TE58 ¢: V() - R" &) )V m ORHFEIES:

m if vy =49 ¢€ p1(0),
py)  ify=0¢p(0),
w(y,0) if yd € E(h);

0 Z DA,

(6(7), 6(6)) =

{¢(x) |z € V(h)} TERINDETFZ Ah,m) TRT,

—MR TV T T TIEROEBIIH D LI, [6) DEH 42 LFAU LI

MEEED,

T 4.6. h =
T,

(V,E,p,w) 2—M&ARTI<>V 57255, £/, VI ={f1,..., fa}

A(h) = <?: g) o D= (u(fi)i

95, Z0LE, UTNXEETH D,

(Z) Amin(h) Z —m

(ii) B 1E ) Vb m DEREED

(i4i) Ag — LD7YL* + mI I3 IEEETHITH S
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5 wwEIC
BT, %/J\ﬁ1ﬁ7b§——LxJ:0)n“77 VIS TIZDOWTHIEZED TS,

Flow chart

f(; ...... I 2 = an, \NN2{0!Q}LG
(I) (- )-graph l Yes g A‘max(_G) La
EQH+Mmh > <L sG> T 56—

NoO BOHERD ;

(3) (% )-graph (& a5 )
R— [éWi%Eﬁ }g
{szf)s}LG>—1—\/§~_2414 :

1
,? 3 22’NmmN %E{’
. a:=—~2.12l3---<3

X O (@) (-a < AmalG) <-2]

ﬁ

'v

2 | ?
- (G 1-integrable

Jo Ve)ee s
b, bs b, B

E-BDTSTMN0 3T EEDLE, MEERKTHERRUABMAMIIOWT
—EFINNR DN 72, ERID [E-BDAEEL - G : l-integrable] DIB
NTHD, RNEEEN 2 EDFEEE L UoMDFARDIMBENH D,

SE N

[1] A. J. Hoffman, On graphs whose least eigenvalue exceeds —1 — /2,
Linear Algebra Appl. 16 (1977), 153-165.

[2] H.J. Jang, J. Koolen, A. Munemasa and T. Taniguchi, On fat Hoffman
graphs with smallest eigenvalue at least —3, Ars Mathematica Contem-
poranea, 7:105-121, 2014.

[3] R. Woo and A. Neumaier, On graphs whose smallest eigenvalue is at
least —1 — /2, Linear Algebra Appl. 226-228 (1995), 577-591.
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HEDRTEEER 1

RNAEA (RIERFARFREZHAR)
MIMURA, Masato
Mathematical Institute, Tohoku University

o
AR, FLEER (RUEXFRFREFHAER), TEBILK (RIEXFRFREIEREFH
£H), BE-—K (FLUZERAZFEIZE), SHEAR (RUEXFZFRZRERBZHRE)
tDEEME [KMMT20] ISOWTZORECHENEREMAL AL N THS. EEEIE
EH 3.1, TORAIRLACTER 2.1, £H 23 THRON S, TFEOFAICAVLNS
FELEBEICEAL UL, AREENVHE—IRICL S "BANRTEEERE IL [M21] ¢
BRX AL,
ARBMTWEN = {1,2,...,} ¥L, k e Nzl [k] = {1,2,...,k} tBL. P =
{2,3,5,7,11,...} 2 (A®E) EBLKROLTEELYTS. ARES A DRET #A TEbHT 2
CIST % ADEBREENDL FIFHIC #A =00 Y ELZLIZT 5.

1 "EEEE" £37?

[KMM*T20] ® 4R 1E, BL% "Green-Taos NDEED—ROEME (BEEBIEDBRIRYLEK)
NOHFRTH 5. [KMMT20] OAERBEICEA L TR B8, T OENEAM T L% % Green—Tao O
EENEFREZZITEAZS. Green-Tao DEEIIIEBRICFZRIIOGFEICEATI2ERTH S,
[KMM™*20] ©& 3% %Rtz RIBA T “BEEER” L WHIBRMBLTRABEL THEL.

FGreen-Tao N EE ITIETWVWLK 29 D/NN=Ta>h'H 59, 22TEASHDIE TLEREE
Ry ERIENZENDTHS. —RICneNIIHL, 2" DETLRVWERSES X ¢ X OBs%EE
Alxtl, A0 X IHT 28N EEHERE dy(A) %

- B #AN[-M, M]")
dx(d) =l A [, M)

YEETS. I, PCZTHENT, n=1°v LT ACP OHEILIEAEE dp(A) 2" EE
IN5.

T 1.1 (Green-Tao N EHR (LHAEEM), [GT08]). ACP % dp(A) >0 R 2%ELT
5. 2OrE, FED ke NI L, Alikléﬁ‘bﬁ%)# ILFEZRIIcEL.

22T, TkENLSHRSERMCEERI, Y EHB acZ, deNERNT {a,a+l,a+
2,...,a+ (=1} tEIZHDZ OBMH/EEEHRT LTS ,0¢NTHBZLITERY
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S=a+lS
tETLREERT.

S 2R T HEREE TS-BEE, (S-constellation) ¥ U TEEET 3. LHERIIEWVT, Z D
2 7% n B CBYLREBENDLLT Z 27" ThHb. HEEZ—DOBATIORA—BOD L
TRNNS Z=7" LB ->THLWDY, B2 Z 0fle UTHEER K OEHIR O O L) —
121E “PRER” RERISEZIEZDITTIERVENERILDH, LOoLILERMEE LTV S,

Z=720r%, {a,a+la+2l,....a+k—-1)1}=(a—1)+I1[k] TH3. #->7T, Tk \E»
57% ZIERMEZHKI, BEE 12 0EEERAVL YL Tk-BE, LHiaBA529TES,. &
B 11l EUTOERCEMETHS. (HE 14 BRL)

T 1.3 (EEB 11 o ¢ (1 RT) BEFEIE AOFELBAL). ACP % dp(A) >0 % 2E6Y
T%. ZOrE, FEDETLRVARES SCZ ITxL, AlX S-EE:*ED.

EIE 1.3 0EERIE, ARSIV I7BAH Z-MBt Z OBENRYES AH THEENETLVWARE
ESCZIHL, AL S-BEE2SL,, tWIHIEELTWS, ZOFENERE, WL, 512 5-
BREICEZHFZ2EMLAEDODNDEERIETSEEE, AT TIZEETEE (constellation theorem)
tu}v)\g K't 'd"%)

WE 14 TR 13H2»5FE 11 0EHEIZ LY., HFOEBEETWE, FENETLRVWARES SCZ
IS LH2acZ tH ke NHPHEHEL, SCa+k] L TESZLIEREL L.

WR15 EELLICBVTGALLHRBIESEMIKRVWTTESZES A I dp(4') =dp(A)
EEETCISERELLS. Tk, EB 11 OREEZBET AR, FED LeNIIHLU &
EN L% 5IERILFZBINEEWVICIER R (disjoint) THE LI ITERITEL I b 5.

WE 16. BISdp(P)=1>0ThHb. TNL@HB 15 LY, HED LN IIHL, Pk kE
5% 5IERAFEZBINF B WVICIERF (disjoint) THE LI ITERIEL Z L2921 S. 20
EF/ A VWDHWD S “Green-Tao NEE” Y LTAEL LN TVWEEDTHS .

Dirichlet D BEH BRI EE (DHRMATHOEREENILER) LY, ac N, b % a tEAWVIIER
BRYTBrE, moda TH Y ERBREB2ARNES P(a,b) &

>0

dp(P(a,b)) = ()

Y. 22T, o @ Euler D b=z > FEAKTH S, 2D Pa,b) 3EE 1.1, FHE 1.3 %
BATES ADHBHITHS.
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2 EFEHEODINA:2 7T 2 REATOREBKREEEEE

[KMM120] 0 X EBRIFBAOERBORTICHET2EEEETH S, VWERY TRADOER
BOET, LEONTLE—DBLINETLEY, tVWIHIFEE (EEMQUFIZITH-%)
EonsThs5. TEBZRRNBZEN, RBETREETEOATHS 2 T 2 REATHEK
ZRICETIEEFE,) ISOVWTHAT S, COFEIT “BEORK (0FY, AEER B
TLEETHS.

BEBRED 2 7T 2 /R KT, BIZ 22 RFER tELZLIITS) 2—Dr->T2 &
J. KBTI,

Fi(z,y) = z? — 79y?

YW EER 2 RERIODVWTEZLSZLICLEL). FL 3IFBR 72 - Z tHiE 5,
FIYP) ewd 72 oWMpESIEBLL Y. (2,y) € FTH(P) ThsZrld, Fi(z,y) eP T
HHIrEERT S, —MBIC 2T 2 RHR FISHL F(Z2) NP, 2%Y, B F i"RETE
DRBLEERDESIIODVTRBL D SEROARLETH 7. TOEEIE P OFLEET,
(F 95 THRRZ2EE 23 DREEZHBALTLER) TR I3 H»ERATEISZHLDOTHS. 22T
3 1 RTHODEEEFED “%RiL” L WHI 2T, "CDLIREBIEA F TERRTESH?,
TR TEDEIBREBEHOM (z,y) PER F ICL>THRBUCEZN?, 2E21 T35, ko
R T, BlAE Fi(9,1) =2¢ P, F1(28,3) =73 € P, Fi(55,6) =181 €¢ P 2D T,
(9,1),(28,3),(55,6) € F{y1(P) THhs. 2nr %, KMMT20] D#ERBEOEAKHFIL LT, KT
HYKILT .

EHE 2.1 ([KMMT20, Theorem C] ®E4&Hl). £ 2 5w 2 KERX Fy (F(2,y) = 22 — T9y%)
KL, ACFT'(P)CZ 4% dprpy(A) >0 BT LT . TOLE, RENVETRVE
RES SCZ2 KL, RO 2FHELHITHLT S-EE S 9" BHET 5.

(1) SCATHS.

(2) 14, TF L& - TERSNEERS, S ETTRTEL S, 2L #BHL L3,

EE 21 DEIR 2T 2 RENICL2EBEREREERIL, F; LRRBIMATERAOERL
YRBNC RSN TV B L D RBInH 5. THIE Tao [Tao06] 2L B "Gauss EREEERE, DR
ELTRONIUTOHERTH 5.

EHE 2.2 ([Taoc06] D F). XD 2 7T 2 RERA
Fy(z,y) = 2% +y°

KL, ACFE T (P) 2 dp1py(4) >0 EBAETET S, Zors, EENETLVERES
SCZ>ITHL, RD2EHBELBHITHLT S-BE S »'BHET 5.
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(1) SCATH53.
2) F ® S ~OHIR Fy |s: S - Z ZEHTH 3.

T 2.1 LEE 22 DERNIFEZ LY THS4Y, T 2.1 OEEAICITEIE 2.2 OEEAICIZER
NGh >t KEREEN 2 DEL D, EE, ETHRARALSICERE 2.2 1@ Tao NHX [Tao06]
DIERH S BHERIRRTH 2%, FHE 2.1 OHBEIE L OKR [KMMT20] #7574 1FHEW
oz, UMTD 220 “RKELERE IOV, 4BTISICHEED S,

(a) 1 PEBENEH) Fermat UL mOoNTWB LI, L ERRTEZEHK, »F Y,
F(Z*)NP O35, 12ld mod 4 &L 28MIF0°H % 1pe Fr(Z>)NP THBZ LlE, p=2
FrlEphmodd T1 tERATHEILLRAMETHS. ftbh, — D 2T 2 REAF T
i, FHOERTEZERBO mod ICLBFHIOFNTELVWI 0 TmoNTWS., (BRI
BERRORENH 5.)

(b) @ SENEHH) BR F, B\ T pe P 0 F; ({p)) HE~ 8 TEATHBZ itk
ENTWE. (B L (2,y) € B, '({p)) TH 3% 51E, Fy L ({p)) = {(+x,+y), (£y, +2)} T
H%. 2TTHR>EFICL->TEW) #-57T, AC}?(P)bd 1py(A) >0 &7
rE, BUICHYEE A CARLDY

8F;1(P)(A,) éa 1(7:)(14)
ERATLIICTES S HICZN A B dpopy(A) >0 BT ADRDYIC A IKE
22 %*@ATS2LT, ()mﬁ%%%e%tﬁﬁ?*%
by, R Fy 1BV TIIRB LR

)-(5 ()

Fy(80x + 711y, 9z + 80y) = Fi(x,y)

PR F &>, 2% Y,

i d. (B HEHEGHERAINAV.) LORBEH (L XDHEH) OKYIRLIC
&5 ZAEATH (0,0) UOIDTOBMEIIBREETHS. TN, EE 2.1 (2) DHEHMKE
DIEAICIE, T 2.2 (2) DABOBICEENG b > “RELEH 74 L 5.

I, SEToRAL S, [KMMT20] Tk, CA% (BERIER 2 1 2 REAIH L TEK
FREBRERER/REON? ) DRI SEFZEBLEONEOTERWHEBRDONSE, b S
A4 —7IE, “F(x,y) = ax? +bay +cy?, a,b,c€Z, " 2EED (BEHIAREK) 2 7w 2 XREAT
NEIE” ¥ LHL 5D, TNHORTRETHEILI>EZ IChH S, R, AREXREETHE
DRKILICIE, RO 3 D “BEARHIK +°H 5.

o (FtAM) R F(x.y) = ax?® +bry +cy? 1BWT, a,b,c DRAXIELS 1 THB L=
F ZRIEM (primitive) THZ LW, F 2 ERENTHS L S, F(Z2)NP LARE
BrieY), RPRBEEERIIEORI RV,
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o GEEBIEM) BIAZHR F(z,y) = 322 + 13zy + 1092 &, F(x,y) = 3z — 2y)(x + 5y)
DL 2 EHEERRE Zz,y) O LT 1 RADVBEIIHBINTLEI. 2D
LIRWRATE FZ)NP RERELLEY, EREREEEBELER LA,
F(x,y) = az? + bry + cy?> 12BEWT, TOHBKX Dp = b? — dac ©"ZEFHK TRV
ehY, F(z,y) 0"FEEATL L, 2, ZRED 1 RADEICDBINLVW I L DLES
PEGEE5EZLL. INEFKLTLE, FI3IERIE (non-degenerate) TH B L\ .

o (AEETHWVWZL) BIARER F(r,y) = —22-79° BAEETHS, 2FY, £ED
(x,y) € Z2\{(0,0)} 1< L F(x,y) <0 &&= F. COLIREATIE F(Z*)NP =%
BErRY, RBERREBEBIIEORIL R,

e DFERIE, “2 8 2 REATORBKRIREEEEEOHN” 1, £D 3 DICRZ I3
Thd. EEREIREUTTERNRS,

THE 23 27T 2 REATOEHEREEERE, [KMM*T20, Theorem C]). F(z,y) = azx? +
bry+ ey abceZ, k2 2RBRET D, F ASRD 3 ML 2 TRAT LT 5.

o  IRHBHTHS : 2% Y, a,byc DERALDNEH» 1 ThH5.

o FIZIBITHS :2F Y, F OHBK Dp =b? —dac REEFHE TR,

o FIIAEBETELRW: L 2FHFNH T, ZNIE Ta>0F~ldc>0ThHs, 2k
EMETH 5.

ACF YP)# dp-1py)(A) >0 2T T 5. ZorE, FENVETRVHRES S C 72
ISt L, RO 2 {42 HIHET S-BE S BEHET 5.

1) SCATHS.
2 FOS~OHBF |s:S—Z ZEHTHS.

3 EEE : HEDRTEEEE

AEHT, VLWL [KMMT20] 0 EERBTH S HENDETEEERE, IIOVWTHRRS., —iH
YRR BE0C, FTEHE 2.1 260, TOBERICHIBEROIEEEHESHICL TV, EHE 2.1
D 2T 2RER Fi(z,y) =22 — 792 £BVEZS. F 1@ ZHRETIENTH 20, HEO

SEEEILATIL
Fi(z,y) = (z + V79y)(z — VT9y)

ERRIND, THIIEAREREEE Q2 5F 2 KA Q(VT9) IHEAL TWB Z ¥ ST 5.
Bk Q(VT9) DERE Oy jmg) & Og(yrg) = ZIVTI ThB. THIET>78°2 DEE ZAn
BTHY, ZORKRL LT (1,VT9) 2*ensd, (EELAATEKEER-> TW50T {1,V/79}
YEWNTWARWIZZ DT ERBIMNEWN.) 2o E D/ IILFR (norm form), 2F 1Y),

72 = ZNT9 = 7y (x,y) »—>a:$+y\/@r—>NQ(m)/Q(a) = aa
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PR FL 0 “BHROBER Thd. 22T a=a+yV/79 e ZVT9] (rycZ) 1L, a i
Z0#HE, 2FY a=z—yV79 2E%RTE. ULTREXLLODEREZHA LRI >0,
UTT—ROBRETEREBNMNL THL.

K ##&x (number field), 2% Y, BEEAE Q DHERRILAL L, TOILKRE K : Q] %
n tH<. K OBHIE (the ring of integers) ¥, K OxT ZRZENDE=v 7 %BANRYL
REBLODPERDOBITEESTHS; THNIIREARY, S>70n DBH Z-MBENHEEE* LD, Ok
NDBAH Z-MBELLTORK w = (w,ws,...,w,) ¥ K OBEK (integral basis) £\ 5. K
DEEEER C NOERDIBHIAZIIE LI EnB@BH S 2N5% 01,09,...,0,: K—C H<.
DY E, JIVLER Nijg 13

TEHEINS. (Ngjg ORIEE Z LBNEZ 05N TW5S.) a € Ok \ {0} KL, %
D/ IV L (norm) DAENE [N g(a)| REIEBATT7IL aOg DA T T I/ IV LA (ideal norm)
N(aOk) E =BT 52 o TW5S, 22Ta% O DEFATTILETRHLE, TOA
FTILS LA
N(a) = # (Ok /a)

TEREINS. (INDPERETHZ 2PN TWS,.) 7 e O »° O D3t (prime
element) TH3 i, BIEAT 7L 10 DEBEREATTILTHEIrE V). Bk K 1ot
L, O DETERDLRTEEY P L AXRBTIIELL 2 LIZT 5.

ATFTT7IL/ILAL N(rnOk) 5% (BE) R TH L Wx 7 BFIS mr e Pr 2k d (Ex
TH3) ehrd s, (EH#ICKE, ToLH)% 7 RED 1 OFRTrFENS.) 25LT,
Fi(z,y) =22 79 TOEREREFETEIL, HOERT (RENS 1 0ETLELEL TV Y,
JILLDES, EE 2.1 (2) DEHFHOFME, O 3 D2EMICEFNE) TE 2 KK Q(WT9) 0
BB ZVT OETICET2EEEE, LHELBILIUDTES,

UEDZRENL T, [KMM1T20] 0 EEE "BANETEERERE, (OLIGABER) THBN
%5, 22T, ARSI >I70DEAH Z-mE Z t ZOEKE v IS L, X EIBIBEEUTOL S IS
EETS. || oow & Z LO v ICHT 3 (-RE (Uoo-length) ¥ 35 : 241, Z DT EHK
Vv TRAETR LEBORDOBEMENRAEN L L EET S, ZETHRVESXCZ XD
WREE AIXHL, AD X IidT 3, £E v ICEAT 28 EINEBE dyy(A) %

. AN {a € Z: ol < M})

A (A) = lmsup e 7 lallew < M)
TEDHS. dxy(A) DEERKRIE Z DEK v OERY FIS—BISIIKET S LoL, dxy(A) >0
THHHDEINIE v OBRY AIRKSRWIUHNBHGICHRTES, B K OBER w THR5
rE, w IBHBIR Ok 0BH Z-MBL LTOERTH-7. £/, TE 2.3 (2) o#BEFMHICHE
B (RETIERWDY) /T BRHL LT, BEBOEAEZEALS. Ok OFRETHIMTREK
NTEE O tEE, K 0BHEE (the group of units) ¥\ ). FEICLSEA

O O \{0}; n-a=na
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AT 7L/ LLEROERT, Pk &2, a,8 € Ok \ {0} 2B (associate) TH 5 r i,
TNLH LD OLAMEATHLREIET 22 L i,

T 3.1 (BAEORTEEERE @ EIEAEER, [KMMT20, Theorem A, Theorem 1.4 & & &.
). K €84k, w 2BERCL, Ok * K DBEIRYET 5. Ox DETLHEDNEES P O8S
e A0 dpyw(A) >0 28T ETSE. ZOLE, FREOETHRVERES S C Ok Iox
L, RO 2FZH2HITHLT S-BE SHEET 5.

1) SCATHS.
2) S KRBT 2HEL S 2 TERAETAR L,

HME 32 FEEIIANSEE 23 *EFEHLLIEBI Y, K N2 REDE FITER S —MR1L%E
TRISENDH S, B hsfmonz—Miwmr LT, ERGBOTIERMD (BEREE 2T 2K
BRAY 2 RIK K £ ZDEIR (order) O, O ORIHERE A 77 (invertible fractional ideal)
¢ ¢ ZMmBEYLTOER (11,72), TF e {1} o (K,O,c, (11,72),€) TREZZ LD
DD > TW5S 5 202 ik [KMM'20, Theorem 10.3 ¥ Appendix Al THHRYIEBE->TWS, E
W 31 FHAOEE O ¥ 2O THAHA TT L ¢ O (O,¢) DBREIIET 52 LA TE, 2
A K 4% 2 RIAD X SITER 23 0EEICAVLNS, BERRZOTHEHEA T 7/ILICEALT
AR TIEFMIBRL W (0,¢) = (Ok,0k) DEEHEER 31 DEFRTHS.

FHE 33 ME 32 TiRAELSIL, EE31IIEBAE K 0EB O tZ0RAHREATT7ILc D
1B (0,c) DBREIHERTES. ZOBET D ZMBL LTOEE (71,72, ...,7) F—2RD
22rT/ILLER

NK/Q( )
N(c)

FHEURERMMNILELTERTES. 22Tl K0 Q LOWmARETHS. T 23 %
BGHT, COBERTO—MRO/ LLERNDOBRMEHII—BRILTES, FMrRIIRL2:E L
[KMM*20, Theorem 10.36] = 2B I 4172\,

7" s c¢—7Z; (x1,---,x Ha—zwm
1€[n]

4 FEFHBHICOWT : EiligE 2 DD "KRELEE

AROREZI, EE 31 OMAIOVWTRINICHAT 2. EE 2.2 & Tao DEENRTH S
28 THRRT WA, ERICIE, 231 TK=QW-1) Dt *nE3kK% Tao |& [Tao06] T
TLTHEY, SHTHALARABAICL > TEE 22 22O LBHTESE, K=Q DL Ep
Grenn-Tao N EI [GTO08] (KD EHE 1.3) TH5B. LI, [KMMT20] o EEHE 3.1
RETHED, EROBEANO—RILLBRT 22 TES. EEEZEOIAICET SEKNY
REE Y, EROBAEND—MBRILOBRITECHE 2 D0 “REGEE 1TOVWTHRNS,

F7, (ARIEFL-S>LRDETHRERNE L5 4%) BEEEEDRARITIUT O Furstenberg—
Katznelson [FK78| I2& % %Rt Szemerédi DEE (Multi-dimensional Szemerédi Theo-
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rem); THs:ZOEETn=10¥KEH, FA% Szemerédi NDEIR [Sze75] TH 5.

T 4.1 (%R Szemerédi DERE [FKT8]). n €N v 3 5. ACZ" 5 dga(A) >0 &%~ T
Y35, ZOrsE, FENETRVARES SCZ 1L, AL S-EE*ED.

FH 4.1 13 "H (dense)s, 2F Y, dgn(A) >0 DRETHEET 2. 1% "B (sparse)s, 2 F
Y, dpm(A) =00 ETERHED A LR L L 5 LW I EB0HES < 1T bN, Green-Tao
NEBIIZNDPTHOEFELEINI/KRTHS. Lo r LB LREVIL, “A o (-M,M]"
TRY->T M 500 ¥ LEEED) BALFH+DBA—F—%2LoTVWI AT, TNk
FTEE 4.1 OFERSKY LO2DOTRLWH?” LWILDNTHS. iFOBEILVWEEYL L
T, n=1TS=[3 (7Y, SS-EEBXLT3E,LLIIERMCEFEZRINEEZLS) LI
Bloom-Sisask [BS20] |2 & » TROERIF 57

TIT 4.2 ([BS20] DR). ACZ A

o #(AN[-M, M)
M M(log M)

TwmETETS. CorE, AR3ENLRBIFRILEZLRINERD.

>0

ABEELY, PIIHT 28 LEGAEENERBI>ES ACP IIEHE 4.2 OBA LIFFH
Y. o7, k=3 Or =EE 1.1 13, [BS20] T INABEL R > TIRBCET 2
(REEEBLY L) BOHER—TAWVWSZ &4, BRAETFREOHDSEHINS.

oL, BAnEEE 31 /KNI AD || |ow ERELTIRALTFEHOS
HPOEHTELZTERLH S, LHvL, BRTIIEE 42 DHAIEI n>2, Wl n=1T%H
S=1kl 2 k>4 DHFEICRILBFESIARERETHZEEZLN TS, REDZLEHEE LY,
KR DER 3.1 OFAAOEBEIIUT (1), (II) D 2 2OHEYP LR ZEBRT LI TE 5,

(I) A LT (counting) : REZMET A I, A LTFERH

_ AN{a e Ok : ||allcow < M
ey HE = 0
w7,
(I1) %> >4 Ltk (subpseudorandomness) : A 1& “&<BET 28T > T LBENBEET
258" OWNKRETHS.

(1) oA LI, 36k (RBEEOBAEANDILER) ISL-> TRIETES 12 20 “AEREH
NDYZAETLYEMERNS, (II) O “P|S>FLHE ODEELRERLICIEZ K DEHNLE
¥ 7% % : [KMM™20, Definition 8.3] TE&HINEEETK SU,x(Ox) DILH® “SES > T L7
EEACOK Ths. B9 LML "TEHDE/NAM/X—TF 7T (weighted hypergraph)y 2\
TETARTEEIN (RREEVEE—RAIANXE (21, €& 3.2 LRL), TNt LK
MR T2 TAENBRET Ok ~7" LNEHICEALTLERMCTES : 21, £5 4.1).
D), ) SO EEXFBOBELITIE, MELHOKEELAVE. TNHEFNI /=557
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prERE (Relative Hypergraph Removal Lemma) [CFZ15] 7% ¥ @ 3k (B 21, &3 3.3] %
BR&, TH2. 70w [KMMT20] TlE, —ENHELHRICLIEEEE 0EHE /Ny
F=Il. ZTORRE LT, "HENE%RT Szemerédi DEIE (Relative Multi-dimensinal
Szemerédi Theorem) ; ([KMM™20, Theorem 5.4] : [B 21, &3 4.3] R L) X “A C Ok <
M9 5 ER ([KMM'20, Theorem 8.21]) £/ T\ 5. UEank iz, T(II) o EmMELERL,,
BLY, (1) & (1) 0 bOEBEEDOEE, &, 6% Y RAOELOIA S, ABTRLEOK
FOREBEOL RN, FMIAREETOETAOXE FH21] IKELZ LT 5.
AEOREZIT, KROEERE 3.1 OHIAICEITS (1), (II) OHERITHED 2 >0 “KELEE
IKPWTHRS : N EENERSY, K =Q ([GT08]), K =Q(v—1) ([Tao06]) D%1T
MRELEL TOFREL S, 28T, K(r,y) =22 +y? LKL T, Fi(z,y) =22 — 79>
=R (EE 23 ORHE/BLT) 2T 2 REATORBREKARZEEERNKEB LD 2 20 “K
TR (a), (b) ITOPWTHRE, 3BTHORALEAICLY, TNLDERICIIMAHET 58K
K O¥GRE LB’ H S, (a) LBFRT 204, Bk K O (class number) hgy TH5. 2
NIIEBIERD A 7 7 ILEEEE Clgy E FISNZARBOMETHY, hg 01 TH3H0 % ) Th\Whd
BHOER O OBEICKEREVEDLELT. FIAE, Ok 2" —E2HEE (UFD) TH5B2 L
(REMICIE, RToBITETHE2Y) Y hg =1 THHZLIIRMETHS. (b) dFT LK,
BHEE O DEBMIEEL TS : (b) OBRATH T E{BREBRII, (2,9) — z+yVT79

Q(v/79)
oxENH T OX ~7®Z)27 DEBEEWEADEKT 80 + 979 DHMFEITHEL TV 5.

%
27, hom =3>1 Ths. MEDES IS, EXE 31 ICHITS 2 >ORF GEBL

o "FEE, 1L ZEE (hx > 1)
o THHEE ICLBHEE (#(0f) = 00)

ThHa. FTARTO K=Q, K =Q(v-1) TRREELH hg =102 #(0F) <oo T, Z
NSOREIL L HICENE W, 2021 FIRE hg =1 L2 384K K »EREGEET 200 LK%
RIREL INTEHY, F i, Dirichlet DBEEEEL Y #(O;;-) <00 ¥BZrt K=Q F1&
K®»E2RAETHEZLIIRMETHS. T 512, Baker-Heegner-Stark D EIEL Y, & 2 RMAE
THEEN 1 THE KIIELHIYEIBTHS. #I, hg =1 DD #(0f) < oo &b THIE
KiE10 BOATH5. Litd 2 DORBISEKAH»EY AR IFHUTNITRVWETH- /2.

e DR KMMT20] TOZIMNGS 2 DORELREBOTROBMEEIIUT THS. £ T4
B ICL2REIE, TTIIRL O DIEFEATTILEEZDZ L TiITh >, O WEATT L
PROBEY —EEIE (K 0BERISE 5F) Y Lo, [GT08] X [Tac06] TIREER D (II) (¢
| LM) CBABRTEIBRICILAEIL O DTERVTHEAIN TV, KRIEZ0
B VI LAEDHERET —MROBIRICHIRT 210, BEETL2TAT7ILIIBITIES2LT
7% > f=. ###RI1E [KMMT20, Section 6] £ £BI N\, HEEO (1) GTHORAL) DEL,
BRI IIEN 51 "o A LT (element counting)y £Y3d T4 7 7LD A LS (ideal
counting) y DALV ARYBALE 1 EATTLDATTIL/ILLN *REYTIHALFDER
¥ LT, Chebotarev DHEETEENELTHS. LHrL, EiE (1) TERICKERZDI "TToOK
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AL BT, TATFTT7ILOBALT) 2 TmoBA LT @A LTHRITTEIHENH .
ZORBIZREMITHEVEWVWITR W Y IIUTO=2THh 5.

o BEBNBNIEICLY OF A O \ {0} tFALTWAZ L% 3 ®HTHRRE. ZOEA
iE, a,8 €0k \ {0} <KL, BEAF7LOEE a0k = B0k W a ¥ B HRAL OF-
BEIBT S (DFY, AETHS) CLLAETHE. #-oT, #(0S) =0 DL %, 1
DOHIE (EF) AT 7ILIHKT 2ETIEERBREGFELTILEY, T0FETIE "
DEA LT BYTER,

e TacOxg\{0} ICHEER w TS (KT |a|lcow €1 T 7L/ LA N(aOk) O
2 OORENHSE. "MTT7ILOEAL LT ICIZBEEVCAVLNSD, TR AL LTS, T
27 3NERERFETHS. [K:Q =n <L, LVRRETE [laf,, ¥ N(aOk)
BV, LA, #(0F) =00 MY EE, LROBKBERICLY N(aOk) 28X 2T
[lloow EVLE BTHARELTE 3.

KRIEINS5OMAEEL, Minkowski 3EHIAALE AV THOHKMA (the geometry of numbers) |
WL UBRLE. FITRETIE, “N(aOk) & ol , 255EW £37% O ~ Ok \ {0} DER
BIMEIMB U TESB2rERLE. 2OL)RESE%E, NLC (Norm-Length-compatible)
THBLFATWS @ ZFEIE [KMMT20, Section 4, Section 8] = SR I M7\,

S 3k

[BS20]

[CFZ15]

[FK78]

[GTO8]

[KMM*20]

[SzeT5]

[Tao06]

(B 21]

Thomas F. Bloom and Olof Sisask, Breaking the logarithmic barrier in Roth’s
theorem on arithmetic progressions, preprint, arXiv:2007.03528 (2020).

David Conlon, Jacob Fox, and Yufei Zhao, A relative Szemerédi theorem, Geom.
Funct. Anal. 25 (2015), no. 3, 733-762.

H. Furstenberg and Y. Katznelson, An ergodic Szemerédi theorem for commuting
transformations, J. Analyse Math. 34 (1978), 275-291 (1979).

Ben Green and Terence Tao, The primes contain arbitrarily long arithmetic pro-
gressions, Ann. of Math. (2) 167 (2008), no. 2, 481-547.

Wataru Kai, Masato Mimura, Akihiro Munemasa, Shin ichiro Seki,
and Kiyoto Yoshino, Constellations in prime elements of number fields,
preprint:2012.15669v1 (2020).

E. Szemerédi, On sets of integers containing mo k elements in arithmetic pro-
gression, Acta Arith. 27 (1975), 199-245. MR 369312
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U NOE TNy

B E—8] (FILFERRE)

1 FC®HIC

FEFITE 37T MRBIHE RS Y RO T LBV TRMNAEAZ A L [KMMSY] OHf
FENESRIC R § 2 EGEE T T o 72 (AN T AN T TEEZEDI). ZOEMIIEEDITT - 724
HICED CIMELFETDH 5.

Szemerédi |3AH A3 & BEEGRICBE 3 2 ROAE R & A % 7255 [S21] TAEAA L, Szemerédi
DEHTIEAN—TELD o 1R DYE % Green & Tao 25FEH L 7z [GT]. ZEIDHIFE
IS DEFEDZRITHRIZERT 5. Szemerédi O EH D ZRITHRIZ Furstenberg &
Katznelson 23 L 72 RDEHTH 5.

EE 1.1 (BT Szemerédi OEM [FK)). d Z1EEEE T5. FHnAEESETH 5 X5
2 72 DEFREL 2T 2R DOIRD BEEE ST

TELd DB DERIRIZZ I LT3 24 L [FBITH 203, ZHneRoEEIT L Tid%
RIT Szemerédi DEFZ W T Z 2. HALKZEDOWIZEF — 4 (Kai-Mimura—Munemasa—
Seki-Yoshino) {Z X 2 HFIFFTIC L D, LIT D K 512 Green-Tao DEHDER X N7z (FH
R ALK2AICHTR LT iz).

EE 1.2 (BIEROFRITCEEEH [KMMSY)). K 28k L, O 2 K OBEIRY 55, C
Dr E O DRILEBERDES Pr 1d Ok 1T 2{EREDIRD BEE &5

TEH D ORAIDFEINZ T LT — FHEERIC L 2 DTH o 7eh, Z ORI E R 7REE
BHDEZR E 41, Solymosi [Sd] DERBIZHE Z LN TE 2104 =75 TRREMEZH -
TREADE SN B ICE o 7 [G2, RSTH]. & 2 23§ 5B (oo ra— FHE
#WHI T o 7z Green-Tao DFEH L I3 R 2) ZoFN ZHMEL72d D (Tao [12] B LK
Conlon-Fox—Zhao [CEZ] 1T X 2 HMNA =27 F TREMBE L, 20 68 S5 5
Z XTI Szemerédi DEH) DSHWVW SN L. HNZRIT Szemerédi OFEFH % J5H LU TER 2
Z B ERDEERINIIKETH 2208, HlEEMOMILERITE T 2 HHVFEE R % TH
I 72D T, BARMERNY — VT H 2N =77 TEREMES KX N2 oExH bz
TOMTHEHEIZE LD, 2B, HNZRIT Szemerédi D7EH O E FACITEAEEHR] 5 1
THED, ARFETIE [KMMSY] 12 & 2 ERILEZHENT .
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2 NTIN—TZTREMHE

rEBRE 55 ARESVITRLT, (‘7{) % (‘:) ={eeP(V): #e=r} TEXRT

2 (PCHEGERT). 2oz ve (V) ofaRaEC (V) oM (V.E)oZ ek r
AR=T T T IR KIINAR=T 5 TREMETH 3.
EIE 2.1 (N 8= T TIREME). ERE kL IEOFH e > 01K LT = dyr(k,e) > 0
DIFAELTUTPBOIT 5. HEZTHSEBEDr A NA =578 L (re k] ={1,2,...,k}),
rNAR=T57 GERERICERT, ZOHAEZn EBL. b LEDELMMELY» H
BRI ANA R=T 5 7 EER TR, Sken HOUZERETE2ZLICEkoTH
CRBBEDNANR=T T T EERNE IR G DEINA =T F T %G5 NT
x5,

krkr e[k BT XORERBRBETE. ZOE FHESERr N4 =757
KD =(W,E)2V =[k, E= (" ick-oTED?. %7, K = K; LWELT 3 (k THA
SERT T 7).

Ruzsa—Szemerédi [RuSZ]) 25 H = K3 DEZatH L, S TR =AFREME L X3 T
W5 (Ruzsa—Szemerédi D304 Z D K 5 BB TERL L TV b TR < A T894 version
ZRLTED, TOXIBREHTIHEIND X518 o7203 21 AL Ao THRH6D LS T
H3). AEAE Szemerédi DFH IR IERNUATE [S22) DS & 72 205, NA 28— T~k
TEHIEEFBGTEHRL, ZORO—RLICE 2 FTOREBZEHIZIANS ERD X 5127
% (G HFRICEH > TV A EHOEAIERE D B R0 E T BoTWEY, H
LT -7 ER LTINS 5. BT 2 A U TRERMEIES L 72D1F Alon
E DY [ADLRY|(5E2 2 T 7 DE) R Fiiredi DX [E|(—#&D 277 7 DIHE) TH D,
EH D OO fRDNA =75 7EREAM-E % HEIZ L7 D& Rodl-Skokan [RoSk3] 12
FNUI Firedi EDZ 2 TH ).

Erd6s-Frankl-Rodl [EFR] 135842277 7 ORREMBEZAA L, 7282 r N =27 712
DWTHRMD Z EDBWD Loh WS REZE L7z, 20, Firedi [F] 23 1994 4
WD 75 71203 BREAMEZFEA L, il Z 70T =25 7 DIRHMRUTZEA
3 %. Frankl Rodl [FR] & 2002 4RI K.Y BREMERAINT 2 2 Ick > TR 4 0%
BHNDEGE D Szemerédi DEMZ BT 2 Z LTI L7z, £/, Erdés-Frankl-Rédl ©
) %= T8 1T BT L, 2O T80 5 Szemerédi DEHEEHTLI N TE S
T EHERL TV, EBIIZRIT Szemerédi DEHE CTEE T2 B TEZ2DTH S
B3, ZAUZIE Solymosi DZIRDIMLEET H 5 72, 7238, Gowers [G1] A3 Frankl-Rodl DEFLD
BIREA % 5 2 TW 5. KiiW\vT, Nagle-Rodl [NR] 23—f% D 3 A 28— 25 7 DEE % FERA
L, Rodl-Skokan [RoSk2) 23 KV OB EZFA Lz, 2D & 5 BEHR 2T, RIKHNTA
A X=7Z TEBREMBEICEZE L 7= DD, Gowers [G2] B & U Nagle-Rodl-Schacht—Skokan
[RoSkT, RoSk3, NRS, RoScl, RoSc?] TH 5. i X I EMDFLIRR version 23E 7% 5 53
(Gowers [G2] 3 & U Nagle-Rodl-Skokan [NES] Tl K, OB&HFHEATE D, 2X
L Szemrédi DEIEZEH T 2121 ZDHBET T TH ), B D DFIE [RoSk3, RoScl]
WHNS.

Tao [T I ZA T DI TANA =277 TEREAMEDFHZIE K £ HTH D, KETDAEN
tiZ Z D version ZTCIATONS. (J,E) D3 r NA =275 7 TH j € JITMN LTV, Hi%E

2
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TRVWAREEGTHZ L Z, V= ((JE);(V))jes) Br N =75 7Rt XX JOED
KETHLTV, =[] V; LWEFRLT 2.

EIE 2.2, BB L LIEDFE e > 01T LT 6 = dspr(k,e) > 0 HFE L TUU R ASEKAL
55, (LE);(V))jes) Z#J =k TDEIEIBr " AR=T53T7FK(relk]) LT, %
c€ EICE. CV.2EX%. dL

E (H 1g.xv,. VJ) <9 (1)
eck
D7z ENB DX, DD (El)eck € [y B(Ve) BFEL T,
V(B x Vine) = (2)
ecl
VI
Vee E, E(lg\p |V.) <e (3)
DI D NLD.

ST, O#ACK, #X <oo, [: X 2 RICHUT, E(f | A) = 55 > ,ea f(2) T
D, 1, 3 ErBEe RS CHDA» O EHED 28 T2 e N TE 5.

3 EW/NTIN—T 5 T7RE#ERE

FE 3LV =(JE);V)je)Br "MAR—25 7% T35 gnV LOREANE 4
R=TF7TH5LZ, gD g.: V. =5 Rog DI g = (g)ecr TH D & ZITWV .

9.9 2V EOEBMNENANR-TF7T7L 52 FEDec EXHLTHERTg <g. B
Dot & g<g &RT.

AREG TN L T, w e {0,1}* D w = (w))jec EMATTRRIN, K j € el \.ﬁL“Cx B
J:Ux IBEFoTVB L E, B2 T @) e ZBIL LTV DD LWRT 3. $72,

J

(0)3@,( Jiee € {0,1} B 2NEN0,1 L RT L L, o THORELS 2 = (2\7)je.,

ot = (@) e ZEHRL TV S LW S T ITH 5.

& 3.2.p> 0RIEDFER V = (JLE);(V))je) Br NAR=FF5TFR (r € Lsy),
V= (Ve)ece &V LOEBMNENA =TT T7F 5. 57, D(E) =,{0,1}¢ £BX.
COLE v pHI Y RLATHZ 2IE, FED (ny)wepr) € {0, 1}PE TR LT

E(H IT v

e€E we{0,1}¢

<p (4)

xf,),a:fjl)) eV x VJ) -1

i R ASRE-A ALY
TEHEPAZIRD XS Ic—fkbxn 3.
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EIE 3.3 (lHNANA =77 7ERERME). EBEREBIUOEDEH: > 01X LTS =
Srur(k,e) > 0B XL p = prur(k, &) > OBHEL T FDOLT 5. V = ((J, E); (V})jes)
ZHI=kTHBEEIBRr " NR=TF7T7FRrelk) 32 . vz pho XLV LD
HAMNENA =TT L, g g<vEilTELIRYV LOEAFTENL =T F 7

£95%5. L
E(ng(xe)

eeE

BT ENBREIE, BB (E)eer € [LepB(Ve) BEAELT,

(B x Vi) =2

eeE

DD
Vee B, E(g.-lyp |Ve)<e (6)
DI D 3D,

e Vi = V. ZERBRENE TR X e V10 L Ta, =7.(2) EMFLLTVD. v
ELTr.=1y, TEXZ2DDEEZZLHHICpRZ VXL ir b, ZOHENEH D2
YEETH 2 Z e PHERINDG. ZOEHO T 0 XA TEIFHL 72D Tao [12] TH
D, &2 R T Z D version 12 L 72D Conlon-Fox—Zhao [CFZ] TH % (LDl A
VOFNeI3ETREZZENMUCIETZR>TWS). FEBIIZEH 2 ZHW 223, JEEAR
v MRS 5 2 eI Ko THRERITN T 2 BEEEMZAIATE 2 X 51272 5.

4 MXZRIT Szemerédi DEIR

EEAL IEZEEHRE L, SE0EE0IORZOERETESG LTS . r=#5-1>1
L, S={s1,...,5U{0} LTLCHRTZMNTTH L. Doy = U g {0, I 2 8
. Bwe Dy WHLT, ZKESR Y : 2242 5 242 XD LS5 12ED %: i € [r] T
w = (Wj)je[r—f—l]\{i} € {0, 1}[T+1]\{i} Dr =X

w 0 0 1 1 wj Wy
A @ DICER ) PRy
Jelr\{i}

YEFL, W= (Wi)icp DL ElE
¢§“)(a§0), . ,af,(jzl, atV, ... ,agl) = Z Sjagwj)
JElr]
CEFETD. pr0<p< 12l FFEHM NZEEKRL T2, 2o % BB 21— Ry
23 (p, N, S)-#t7 > X LHETH 2 21X, DM N MU ETH 2 &5 RBEHOXEDE
BELTRSINBEREDLCZ T BIUOEEDQCD, ITHLT

E(HM@“ L><L> —1

we

<p

DD VDL EITWD.
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EE 42. dZ B SE 7P OBRENELGLT2. 0SBV S =-S2DII-T
BY, BIZSHZI 2 ZINBEL UTAERT 2 L %, § 2 EERIR Y LR

2 DEBOARIA D EE I L TENZ &L X 5 RIEEEEROIFES 570, RO
KD BFEDIFAEZ R L 72 WG EITIIEEEEIR D AZRZE I TH D 2 L ITHEET 5.

EI 4.3 (HMZXRILE X LT 1 OFEM). d Z 1 EERE L, S C 24 2REERIRe L, r =
#S—-1>deBL. 2O Z FEEDIEDFEESI > 01X L TIEDER p = prust(S,0) B
Ty = yrmst(S,0) ﬁ)ﬁf L“CL(T?ZPEJZiTZD N ZIERE N Z¢ — Rso % (p, N, S)-
W7 X LHEET 5. 8 C [N, N[ ERD 2 &M 2iil=3 L IRET %:

1. (E&h‘%%‘}f&%ﬁ:) E(A-14 | [-N,N]4) >4,
2. (Smallness Z&fF) E(X -1, | [-N, N]4) < yN.
ZDrE AIZSEEEED.

HIAZREES VA LARE N =14 0 L CZOEMEEMAT2 2, Wbw2 GBI @
ZRIT Szemerédi DEME 2D FRSEB O 230E S .

Solymosi DFEZRIGHAT 5 Z 212 & o T, XN 18— 27T TERERED S X200
Szemerédi DEMZEHN T2 e TE 5. EHIZIDN N AN L TEHEBZDrE g%
CDEIITHBTHEI D Z2 Z ZITBRRTEBZS.

Z MO RHHERMEAR ¢g: 27 — 21 %% i € [r] ITH LT ¢s(e;) = s, ELLTED S
((€)icp) IHFHERER). O &, SHLEFZIEBRU BFEL, EEDa e [-N, NI
*FLT

(2N +1)"% < #(¢5(a) N [-UN,UN]") < (2UN + 1)1

) <
DI D 3D, %je[]&:ﬂb V; %V, ={Hj(a) : a € [-UN,UN|} L EEL, V,}1 &
Vigr = {H,41(a) : a € [-rUN,rUN|} EEFKTS. TIT,j € [r]DEZFE Hi(a) =

{(xi)ie[r]GZ’":xj—a} j=r+1D&&EF Hi(a) = {( T)icp) € Z Zzeﬂxz—a}’f

B2 Z5LT, V= (K5 (V))jepin) Er ™A —F5 7REED B,

i€ r+1)EiTe = [r+1\{i} € (") B BPEHOM (H))je, € Vi, B E
BLE BRSO N, U B 1AEATHEIEDbPSE. 201 RERD M5 HE
Ti:V,, 7" e RTZIZT 5. Effv,: V., = Rsg ZEK

T; A
Vet Vo, Do 77 25 70 X Ry

WEoTERTS. T5LT, VEDEAMIEANANR=TFTT v = v(A\,N,S) v =
(Ve )ieprs1) KXo TRENT E /. 2D &, RAGEHEI LS.

R 4.4. D0 < p < LIINMLT (p,N,S)- 7 X oPETHIZR, V LOEANE
ANR=T 7 vidp7 VXL TH 5.

KT,V EOBEBMNENA =TT g=(ge,)icp+1) Cg < v ZHMiT IIRDDE, &

e+ 1 ITHLTE, = (¢p50Ti)) (A) &L, ge, =V, -1, ETBHILTEDS. T5
LTEE o7 g & v iU THNMANAA =TS TREMEZEHT 2 Z 22 Ko THNZ
RIC Szemerédi DEHNEH XN S .
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5 #I5UALBEDEK

FERE 2 13N 2RI Szemerédi DEMZICH T 5 Z 812 X o TAERHX L 523, FERIC
o R LHEZERT 2 Z L IXE S Tld7% <, Goldston-Yildirim B#A 8K & FEA T
W B AT YRR RIGRI 72 B B & oY 72 Iifd 215 2 % TIIE W-trick RGO BRI H D
< counting Dk Z M AALBED D 5. i [KMMSY)| TlE&D 0 OO 2 BEEH
PEHT2ZdHD, TNOLDFEMED O L DTV Sy F—=I{b LT EMZEA L 7=
Fh gL L7ed D2 RICEHHEHT 5.

EIE 5.1. K 2 d oFdke LU, ZIEEe LTORBIEHSR O S 2% 1D > TEEL,
Fl—f3 5. BE AC O WL TUTOMEN M-I TWS LRET %: (EROFHE
FEIRS C O I LT Dy, Dy > 0,0 <e < 1BFELTUTHRLT %, EED p > 012
XUTHD My € Zoog PEELT, (FED M € Zop, CHLTW < Me 2ifi7z5 & 5%
W € Zoy BEUOEBBRN: O — Rog BFEEL T

LW EHWEEREED b € O 1L TER Ok — Rao; B — L0 N WS +b) 13
(p, [AL],9)-5E5 > X LHETH D (o 13 totient BIEK),

2. BT CANOxk(M)DTFELTHT < M THY EBEDa € (ANOx(M)\T
WX LTaldW eHWIRTHY, Dy -logM < AMa) < Dy - log M D3pED 3LD
(O (M) IZEE LZRAINC X o T ([~ M, M]NZ) ST 2 O DEMDES).
ZD LT,

lim sup #(AN Ox(M))
M—o0 Md(log M)_l

D37 ERAUL, Al Ok TR 2EROIRD BFEZ &L

>0

T, 2O L RZA KM E2HRITTOES P Dii/lz3T 2 e oI35 60
ZDTH2H, EHEDICBIFS A: O — Ry lZ

K+ Apy(a)?

A pu—
(@) cy log R

EWVWISTETEINS (r IFEBAICHRT 2 IEER, 3218004 T e, 132N
WABES % IEERL, R = Mim#s2#57T ) Ap 13 von Mangoldt BIEDZETEIR).

EHTEE

EHDOMR 25 2 TS o 725 BiEshedE CGRALKRS) | RSO (FEkKE) | &
At GRALRYS) | BIREeE (BRBERT) , =RiEHIet (BREERY) 12
DEDEFHHL LT ET.
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1 FC®IC

JFAAEEL 1T THE X DRWVEEOREDIR L) TERSINRWVEE CLFOARRS) o Z
ETH3 (Eﬁﬁtﬁﬁ—ﬁﬂiﬁﬂﬂkfﬁ 5). EEDFERED 5 FIGEO#HEDIELE LT
—RIHRTEIENTE, 50> ERTHEBBIFFEOMFICB T 2R KD
XOBHRTHD, ﬁ&biﬁ‘fﬁéf@ 675’3'5-% WHZBEVHEZHR > TW05.

TEAE5E ﬁ&:ji?b\fbi [H2EBOEE (i) WREDSHBIRIIET 205
ﬁﬁjzmot@ﬁwﬁﬁﬁLdLMﬁ%®ﬂ%taé 2 I TR RED SRR
CAFETEFRIN D 2 WITREI R RO I 28 o 7o FEEGED E R EIR DM R » X h,
AR 725l & U TlX Chomsky DOFEE B % IEF FRE (regular languages), X
IR S5 (context-free languages), XHRHAFESE (context-sensitive languages)
REDBENEITONS.

AT

FRiasEEHOESIINARBEBEETIEEL

209 FAAFETAR (Domosi-Horvath-Tto 1991 [2]~) RT3 FEZED 7 Tu—F%
I 5.

2 EMEBCXREHEE

ARZETRVWERES L L, ZOXEXTF R, A LOXFOHRS (b
Hik) EROEEE A TRL, BRI 0 D% (Z5E) % ¢ TRT.

FEASEERICBVWTUMIEEDEOES L C A* 2 SiE LR, SRBIXIERHE
ERETEIE ST 228, 2O THRICHERIC K > TERI NS SHEIENEE
FCBWTIIERIICRE AR INTE ., AREAICK > TERI NS FFEDH
PRTALD.

X=aX+Y Y =bY+{e} (1)

FOABERTERF XY BT EHmeRIER 2, M Fa, b7 V7>
Ry b A={a,b} DIL (THOBXF) &, +3EENE, c ZRZ 0D (%)
EZNZhRLTVS. ZOFBRROHAHEIZIOITHS .

— X=aX+Y F TXDILw iR LTEDPS a0 T2 Eaw D X DICIC
%51 Y OILIE X DILTDH 3

—Y=0W+{c}F Y DI w L TE2S b %L oD%k bw Y DILIZ
751 TeldY OLTH 3]
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ZENENRRLTVS. THHDHANCIE->-T X Y ZRENICET S LBV
U202 obb X Y ODRLTWEEiELRS. HERX (1) 12w
T, HlIZEecYDbbe=be Y, FhbecYhrbbe XRabec X7
EBEDDOZ e brb. BEIAERNISEORWNEREEZTED, HiE
RO IR/ EEEZERLTVS. FERX (1) OZB X HPRLTWEE3E
LX) rRTIricL LS. mL%xétL@juraﬁ%@mm<o@ﬁm
721, bW O KO REEI EHROEEERL TVWEIeBbnb7E55
L(X) = {e,a,b,aa,ab,bb,aaa, aab, .. .}.

%Tmm@mkhmfm —fDoHER WS X DX, » 2D HEMZ RN
TR TEZFHEI IAPTERMRE RS, ZOHTHRUCELI I A TE
JONERERB L XIRKBBASETDH 5.

EREEE L BROMIR &7 3R AR LTRETEZ523Eo L
59 .

1) HEROEEXD NI B DO L.
(2) BEROFELEF wX (w IFFET X FEH) L WO HOHEHLEORBRESDE

FRA.

Z o2 T ERE XY O X522 XU EOEHZECERT, £ wX
D& &;Ejﬂ@ é&% EI’UIELi{‘f\ﬁX PAS %m:l W(IED.’C%OVC %)EL\) yaRY% ‘?— ﬁ
DEMNCHBT 2. TR (1)-(2) Zi/z 3 HERNIERELFRER TIN5,
Bz (1) oA ERNE X =aX +Y,Y =bY +¢ &l (1)-(2) 2L TWa 7
OEMETHYD, Ko TZDE L(X) = {e,a,b,aa,ab,bb, aaa,aab, ...} \XIEHF
ETHD. —H,

P=aPa+bPb+ec+a+b (2)

2 d 1 EBAHBERNEE 2 AR TH 525, aPa & WIHFIF (2) iz LTW
BRWEEEGDARE TR, ZoHER (2) o L(P) 1XRIX, $hbb
abba DX D7 TEDPLFHATHHEDPLIATHR LR 2ROEETH S Z X
BHCRTHNDEEA 5.

XAREHERE 3R (1) 23 AR TR T 2EEOI 2SS, §
ROBEROEAPEHOER THIIEL, FHHIIZMAOHIF D 72 ERDOIHE
BHTETHRWVW (BB AA, ﬁ@ﬂf%é%%d%%)1ﬂxm

Z=aZb+ 72 +¢ (3)

DI XIREHERETH 5. ZOHERIHIK (2) 2 2 ODOEKTH>TW5 1 A
AD aZb b DE Z OFRMNCHELTED, 22 =2ZZDX5K2RDEDE
ATV, HERX 3) 12w T, a2f&hva " ToRHLAIvay L
BE5. 322 hA1EK 3) 5256 Z ITET L RMINTRE 258X abab (11 T1 )%
w%(Wu)wiamFﬁznwﬁAﬁ#mnfmé‘JL#&m Blzx, 7
B B) 25 Z2a2b,Z22%,7Z D {e} £V 3DDUEHEFZENHRONDDH, T
NEHNB L

Z2DZZ D aZbZ D aebZ D agbaZb D acbaeh (4)

EWVSEBHIPE SN, acbach = abab € L(Z) TH 2 Z e DD HNS. FEOR
ST BIFNET, WHIOTE DD IO, FThbBI [y aDBEEHEH

BN TWBEE RIEDEE L85 Z Rt 5 L(Z) = {&, ab, aabb, abab, aaabbb, aababb, . . .}.
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3 [R45sE L RUAEE TR

AT TERGEDANDRERIRDEG AT = A*\ {e} 2R T. ZETRHRVEEw e AT
FHRETH21d, w LD DEIZTHVGEOHRDELE LTwBRHATERNI
EEd ut=w=u=wn=1). AD22ODLOXFEECHEIC, FiAES
HOEE Q={w e AT | w 3FIEE } KXIRABESIETITRY, 205 D5EE
FETRTH 5 (2] RIIFEMHFETRIZSCFORED 2 X720 A = {a, b} DHEI
FRELTH T KbV, ZDRDLFFIIFEIC 2 XF LOFEEEERORS
Q= {w € {a,b}" | w 3IF4AEE
WZOWTEZ 5.

HHRERENS, Ew ODRIVPDHIH M p L R258F, w=ad" R w=>0
DEICLIXLFD pEID#DIRL (&Ko THEMEETIIR V) TH S5, TS
TR TH 2 Zehbhrd. AREE X OREE #(X) TRIILIZT 5.
SR LITDWT

Fr(n) =#(LNA")
CERT DL, FIEEORSE QITonT

=0ifn=0
=2ifn=1

= 2" — 2 if n is prime
< 2™ — 2 otherwise.

Fq(n)

MDD Z B LR OERNLAEZ OIS, Thbb Q ZBROERESE
ACEBTHY, 2D X5 ML EED THEATERTEZ 2 (=REHTH
) IFEHMTHZ Z 23R WVWIESS, L0 OPREETHDO 1 2OIELLTH
5. FIHRETRICOVWTIEINETHRAR Y Tu—F 253 A N TE M, Zh
513228 TEFRIATEZIIERV] WS BENREELIELNATWS.
FHlliE Domosi-Ito 12 & 2 JFRFETREDE 77 7 2 BE X [3].

FHiZ, QPEHRSETROI BRI I ENTES. t0HDDH,

1. EHEEOMESDELEHSETHS.

2. QOMIES Q (ThOBIFFWEESERDOES) & hXw) EFETH 5.

3. BN Vhaw) FEMNPEMREETRNI LIE, ZL0HEGRY VT
FRE & ML E N 2 IEH 558 O BB R AR T8 % > CIEIERM R RS 2
EHTES. EE, QAELHRTHLZ I RVEVIHEEZHAVTORTZ
EWTES.

YW 3ODHEENLMH LD, 22T VhNEW] 2w DFKREITCIERICER
Xz (BEN0) 2, RVEY7HEOSHPL TN E AW Q OIEIEREDRE
HIZE/, 777 3] 25RE X LarL, 207 7e—FRXREHSECBWT
BEFLWHhRY., 20nWH0d, Ry ZMBEERXREBHSEICBWTHIEE
352, XIREBHSEOMESIE—MRICURBHSECRORVWEDTHS. Lo
T, Q DHEAPXREHSTE TRV LIFFEBRIIR Y ZHiEIC L > TRT
CEMTESD, 22006 QHRERBYRAHSETRVWE WS ZeBNIFETER
WDTH 5.
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4 EECAAMNE
FHELC AT OEE o4(L) 13

n—1 AZ‘
S(L) = lim © > % (5)

TEEZ 0UL 1L TOFEBETHZ. EFE 5) FOTEIIEZX i TLIIETS
FBOHIEERLTBY, ZOVEEOMREZIR > TWADEEIIEEL D TR
XX | rARTIENTESL. HlXIEad* X Ta THHZ 258 2ROEATH S
B, FEHEHDOXFH a THIMERD b THIMLEDEFEL WD 64(ad*) = 1/4# (A)
Y%, SECEoTIRBENEE SR (6) BITRLAEWV) Db H 2, IE
HEETHIIRTEELWCICRT 2 Z eI shTnd [1).

HIEIT QA TREWV] WS T BB, ZHUFEEEZH VT TO X
FIWCENMET RN TES. AHDHEL S ZVDOTHHAL & 5.

Theorem 1 ([4]). Q DEEIX 1.

Proof. Q DS Q ODEEN 012722 2 ZRBIXRWV. XA n > 1 DFE
we AT DIEFLFETH 221X, Do m>2MBFELTw=0" k3L
ThHolz. ZOHEMIEn DEONETH 20ENDHY, ZD7dmDHHHES
HARDEIZEA2/n B THB. £, || <n/2 THBILIRBIThDS7-
D, v DHHFHHAGHLEIEEL2V2H ED Lk (A= {a,b) DFEEEX
TWVW3ZEICHER). o TEn > 1ITHLT#(QNA™) ORMTELREMEL D &
LT#(QNAM) <2y/n- 2" »BoN3. T2 R3S ndQ OEZEOHAEIX

#(QNA") _ 2/n. 20/ _ 2V
on = on — 9n/2-1

b, ZhEn =200 TORINKT 2. XoTZDEEER-7204(Q) B0 L
2%, i

AR COBERICH LS TH S, BB L C A IS L TZOERTE
Eu,(L) tEREEE1,(L) Z2heh

p, (L) = sup{da(K) | K \ZIERE#DD K C L}
7ia(L) =inf{64(K) | K \ZIEME7E»D K DO L}

CERT S, LBEMRSHCE>TARMTDH2 L1, p, (L) =ma(L) DD ILD
ZERES. EEME p, (L), 1A (L) 3ENENERSFEC &> T L 2R - 5
I SEBL 7z e FDRK - RNOEEEZRLTED, LAERSECE>TH
HITHzeid, EHSETWLSTHALTE ZREIC TR 2L Tw3
CEEREBEWRT S, pa FIMEWHIETE S 2R EINEE R 2 2w, Bz
S pear haw}) =0 # 1 = pa(Uyea-{w}) = pa(A*) A D7D ((EROHR
BELC A BIEHSETHY 2D 0a(L) = 0 B D LD ). Z D=
THEERS TEIERE L ZBOPZ 250, TITERLEAIMEEY S 7
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A RVIERTHRT I 2522 Z e B TE [5], ZOEMTHIERNICHRLM
REBERS.

Sl L EE T OLEIIERE DO DT p (L) < a(L) <Tia(L) DD
NOB, TOED (L) —p, (L) % LOFPY TEIERILITLES. LOF vy
T LA WS 2 THD, HITF vy TH 1 VI DX L HENEKT
FEAPIE VS Z e 2EKR LTV, TROEX vy FI3EED B %
RTFERMEL BoT X,

FEHZ 4T

1. QDEEN1THS (EH 1) —7,
2. FEDLCQRPIEHSIE L DEEDN 01T

WS ZERLE (DE Q)25 QDX vy IR 1R ehbhrd. Tk
OB QIUIIEEIC MEMRIE) 2L TED, EHSHECXo T2 o2 ERNT
=9, MOEKRTIEAHIROTHS. FihLicrBD (1) FFRMTRE S0, (2)
DFENIHEEE / 4 F DN (R EHER O EAR AR TH % Green DEE R
Hwa) it kownwtns,

FHEFDLDBEF vy IH 1ICR B REHEFEIFIFE LR (Ko THIGE
TFTRFELW) EEZEZAHIEE WO BEEZEA L. B, £ oMz kB H
SEOAITH 2 Z e AIRE D, F oy I 1 IR B UREHSEIEET 2
Zedbhoiz 4. ZOOIEMEIEC L 2AHIETIHRGETEL LT 518
BELRD oD, kD —BINAREFES 7 A X 2% %5 2 UL F72mTReNE
BHBHH LR, FIZIF EEE Y TEEDOSHEOH  #ifl2 X IkE B 558
izThug, XIREBHEFFIC X 2HIEL BRGNS, EREOEE 1 23Uk
HHSEIEER L D REHSEICL > TAITH 228, B2 T QIIIRAH
ERBICEoTHHITH A 55 ? TR EFERBRTH D, SHOMEHRETH 3.
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IR 275 71281 % non-backtracking cycle DAEZLD
AR A TH

TaiE  IEBH  (THEBERT SR HEERAS)”

B =
(¢ + D)-1ERIZ'Z 7 DEZ m @ non-backtracking cycle DEEL N, 2D
T, #MHEDY 2,/q KD (BHEATHI D) EHHEIHFS L TWAIH ¢, 2E 2 5
(ZZTIE N,y OFRFEHE X)) . AT, 7—& t, (m=1,2,...) D
T OWTHN, ZOE—X Y MIEKEE R, £/, 2hZISHL T,
RS 7 DIERIND D 2 5:F % BTT L&, by /1 (n 1 3HERHMEDY 2,/ R
O EEEOEE) OMB A ER M85 2R L.

1. Non-backtracking cycle D{E%L
G=(V,E) ZBRBEMUER 7S 78 L,V 2Z20HRES, F 2ildEEGT5. GO

L, v ZIAR, w ZRRRET2EMAEE (v,w) ERT. e:= (v,w) DA ZDOFMA%
e:=(w,v) £F3. DG) = {(v,w),(w,v) |vw € E} ZHIMADOEAKETE. G DFH
3 e € D(G) IZH L, a DIGRERKREZENEN oe), t(e) LBL. G DRE m D
(path) C' =e;---e, &lde,...em € D(G) 22D t(e;) =o(ejr1) (i=1,...,m—1) D
EEEWVS. LI, ten) = o(er) DEE, C IR (closed path) &2 WA 7L
(cycle) EWVWbLd. AETIE, 77797 G DY A TN C=e;---e, BDEALTOFRMEZ R
9 & %, non-backtracking cycle & X3

® Cit1 756“ (Z == 1,...,m— 1) Oi b, C @CCif§EDﬁ§7§L\
o ¢ #£2, OFD C DERHIDUNPTRARDIADIFIZTE > TV,
HARB m 12 L, N, & G DEZX m @ non-backtracking cycle DfiiZ & 5%. N,, D

BHBEEK
N
Zg<u> = exXp (Z Fu’”)

m>1

3757 G OFFY— KB L X3, EIE G (¢+ D-FRIZS 7ok =i,

1
(1 — u2)@=Dn/2 det(1, — Au + qu?)’

(FIROAR) BRI, I8, A3 G OREETIITH 5. LK, AT G &
(q+ 1D)-1IERIZ S 72 RET 5.

Zg(u) =

AWFZEIRIE (BHRST (C) :19K03608) DBk 2172 d D TH 5. F AW, RANKER (K&
HRE) | PR RAR (REAA A RY), RILEER (HAKRY), AO0FHEK (RRIERE) Lo
HEBIFRICHED <.

*e-mail: saito.seiken@cc.kogakuin.ac. jp

AR CREHEDODHH T Z 7 2 ET 25, HRITRWS Z 71200V T B RRDFERLIE D 12D,
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2. IEAIT 5 7 DRI EBHEITIIDEBED S
Ny & G DEEFZATH A OEIFEE LT OFATH IOV T WS,

Proposition 1 (G. Ahumada ’87[1], R. Brooks ’91[2], P. Mnév ’07 [6]) G%Z n
HREDH%5 (q+1)-1EAIZ S 7 L, A ZZ2DBEEITAIE §5 & &,

1[4 \Jiq —a?
S e [ Tt 3 N i) ()
T

A€Spec(A) —2V4 (q + 1)2 -z m>1
M DILD. T 2T, Spec(A) 13 A ODEHEOEKE D &7 multiset, I,,(¢t) FE51
LRy LB T 5.

. (t/Q)erQZ
In(t) = ; P+l +m+1)

Example 1 K 1D X572 10THRD 3-IEAIZ Z 712 OWTHARZHER L TAS. N,
ERD B 72012, FRONK» X — ZBEBEHEL, ZOXMEMrE L 5.

1
7= (=) (1 + 40" — 40+ 6u' —240” —4u® — 764" —23u® — 1520
G

160" — 192u' + 96 ' — 128 u'® + 256 u'! + 256 u'%)
7z,
Z Nyu™ = uZ—G
=12u* + 16 u* + 40w’ + 96 u® + 140 u” + 208 u® + 552 + 1120w + - - - .
BEUFEY 7 b Maple T A OFEEEERD 3 &, RO

Z et = 30.97135041 . . ..
AESpec(A)

ThHd. —N, Gl% I,y DIHETHET S &

2v2
10 T dn s (VD) + VD) 4+ s To(2VD)

o o5 9— :1;2 3/2 210/2
= 30.97128542. ...

e7%%. ARTHBYI S RTAIELEe B L Z57R WS T BEKXTE 5.

®
1: 10TES o 3-1ER| 2775 7



PR S IERIRICINCR S % & 5 BRI 27 2 7 O RS D EHED 7347 2B 5 2 KD
FERDINZ B

Proposition 2 (B. D. McKay [5]) AR (¢ + 1)-IEHIZ 5 7 OERY] {G,},>1 B3
(¢4 1)-IERIR T,y TR T 255, 2FD, G, > Ty (n—o0) £T5. A, &
G, DBEEITSIE 5. ZOLE,

1 1 (VT \/4q — 22
lim = Y f(A) = atl %
T eSpec(A) 2 Joayg (gt 1) -

- f(z)dx

DR DILD. ZTT, flo) & [—q—1,q+ 1] LoE#KREEKE §5.

FRRofERIE, G, OBEATIIOEEHEOMIR DA Kesten-McKay 51 & &i3h
BN THZ BN TWS. DFDERR (¢ + 1)-1ERIZ S 7 DEEED 771
Kesten-McKay (ZIEWEKRZ LTW5. M 2 13Z20HITH 5.

0.20

0.15

0.10

0.05

0
-2 -1 0 1 2

2: 1000 THA, 3-1EHI Ramanujan 22 7 OEEED 751

Kesten-McKay 77flERAUT K o TED [-2,2] OMEREZEEEKICEZH1»Z 5, &
2B RF7 A =& q DOADIGIRDBHE LTV, &I ¢+ 1 =2 D& Z3HELA
g+1=o00 D& =X Wigner DFMHIE XiZh 3.

24 ) 2 — a2
u/_ 4q ) de = q(q+1)/_ Vi—y . - F(ay) dy.

21 Qﬁ(q+1>2_aj2 2T 2(q+1)2—q

0.5

0.4

~_ 1 X

/ TN

-1 0 1 2

3: Kesten-McKay 77D (¢+ 1= ,3,5,10,30,00)
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3. Non-backtracking cycle D{EHDIREIE
(q+D-EHIZS 7 GIZXL, N, 13 A DFEFHEE > TRD X S icRZN3 ([3)).

" A
N,, = 2¢™/? Z T, (2—\@) + nen(q—1).
A€Spec(A)

ZIZTC, T 3FEIEF 2> = 7ZHA (DFD Tu(cosl) =cosmb) & L, e, (& m D
BRHO T 1, ZhDAHDEZFIZ 0 L ERTS. TDLE, N, ITOWT, #rHED
2,/ EV/hE W A DEFHOFEZ t, TRY.

1 A
= AN = 20" Y T (5= —n(g—1

leo(A)
IAN>2/7

!
s
T, < . ) my, = Zm,\i cos mb;.
T \2va

=1

l

)

ZZT, o(A) & G OBHEITY A OMERZEHEREDES, (M, ... N} ={\ €
o(A) | Al <23}, my 1& A OFEIEE N OBEEEL T 5.

RHZ, G 23 A =2,/q 72 B[EHE X & 7270 (¢ + 1)-1ERI Ramanujan 277 7D &
=13,

1

TH5.
FAZ, N, O (FEHTHRVWEWSERTOD) “GRAEIE” ¢, DOMITOWTHNT.

Example 2 (BERER CHETHIDT) UTD XS54 18 THROD 3-1EH|ZZ 71200\ T
trm (m < 10000) DDHIEKD LS5 7 A b 27'T 21272 % (B OEE=30).

0.12

0.107

0.08+

0.06

0.04

0.02

-10 -5 0 5 10
4: t,, (m < 10000) DR E N(p, 0?)

T =& (tm)1<m<ior DN p = —0.00049429..., FHEFAIL 0 =2.9134... TH 5. |7
ARG T Ho: ty, (ZIERDM N(p,0%) IHES ) O & THEEMRE (HHEE 29 D x-
ME) %2 T 5L, pfH = 0.43020... > a = 0.05 (EEKE) TH 2. X o TImERFUIE
MEhFRIREN 2.
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b DIADIERIZAICHE D KD IWICHZ 2 Z 213, POMREHOBIHR D R TZ 5.

X, ::(Tm(;\—\;a))m, X ;:(Tm<2%>)m

EBLEtn)m=X1+ -+ X, TH3. G, ZIEAIR T, IZPRT 3 (¢ + 1)-1EHIZ
7 7 DERY| T 5.

en — oo Dk EAIZS 7 DEEEDHE 7L Kesten-McKay 737202 5,
X1, X BRIC AR GEIESZRD 12HES .

o HEM my A TET 1L TXy,..., X, DHERZHE LT 72561 Al

PR X b % DRIRSM IR F S CH %

EBRICIX, G BV —TRFlwe & 2 TOEEMBEOMX 0 72556 Xy,..., X, DM
WD BERD D 2 (LTI, Ko THE WX, POMBREEZ[HS Z 21X
TERW.

Theorem 1 (E#ER1: 77 DEARHICEITS % DBRD) (G))vez., & (¢+
D-IEAIZZ 78 L, A, & G, DBEEITAIE 5 5.

Mo = {hea(A) | A <24l

0, = arccosQAT"q e(0,m) (i=1,...,1,),
n, = |{\€Spec(A,) | |A] <24/q}

B UTEIRET 5. limy_oony = 00 22D

(), Hrvieowtl ., %3 Q k1T

’ 27

ZOLE, S=ty (m € Zzy) OMIRIAIZATD 0, #AY 1/2 DIERZ N(0,1/2)
TH5.

Theorem 1 &, 78D Corollary 1 225G 50 5. HFOMIREM OB KD &, Example 2
DZF 7DV, T—=ROR Xy +- -+ Xj, DGRk ZVA0A AR THET 3.

Example 3 (18 JTHR® 3-IEAJ Ramanujan 457 ) Example 2 @ 3-1ER] Ramanu-
jan 7'7 7120V C, IEHPEREEMEE REZDIEIC N\ > - > Ay £ T3, T—X
> T (%) (m < 10000) DA% k= 1,...,5 1DWT (FEHED & IEIC) R L
725D 3DE5DODLRA NI L THD. Fiz, MFREIT — XD p v EHERFZE o
THZONBIERDH N(u,0®) TH3. k=1,2,3,4 Dr TXHEKE 5%DHEEE
MET, IHERHOEHINSED, k=5 122 RN 5.
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o 1 2 3 -4 -3 -2 -1 0 1 2 3 4

5 Y4 T (ﬁ) (m < 10000) D5 (k =1,2,3,4,5)

&2 Example 3 13T @D Theorem 2 DFHITH 5:

Theorem 2 (EFER2: ¢, DR HISEEKAMDEHARAHA) G & (¢+ 1)-EHIZZ 7 &
L, s A ={A e o(A) | A <24}, 0; :=arccos 2= € (0,7) (i=1,...,1) &8

24
ity DAdRE=RY M2 My, B—RA Y MIBEE o(2) = >0 Ml 52k,
l
90(1:) = Z H[kh(mAhx)' (2)
k1,...k €Z h=1

S knOpe2nZ
Corollary 1 e
9 0 > N, . »
L D Q RIS BIR,
27 2T

o(x) = H Io(my,x).

EEE

REITH GRS RV M THROERZE X TR W HEEAND T 4 W i
BIFRE DJT 2 RS (LR L B £ 7

SE N
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BRREEPSIFOLNZEFEEH D >~ KON T

LNV
AN TR EF TR LT A > THR — R E
kurihara@kct.ac. jp'

1 &

SR DOHD X CIELONFIZHA BEIAK CRICRE) & 0ILFEF
FIZH I HDTH %,

B ¥ FILOBERIZTT A4 Joyce [4] 1T & o THE O HHEER D XD 5B A X
Nz BEQUQLEOTIHEE «: QxQ — QDM (Q,x) DAY KL
BLLTOEM 2T THS .

(Ql) z*x =z for Vo € Q;
(Q2) for Vx,y € @, 'z € Q such that z xy = x;

(Q3) for Va,y,2z € Q, (xxy) x 2 = (v * 2) * (y * 2).

LEED 3 DDA O HHEERIC BT 5 Reidemeister ZJEIZ Z 112000
J5F %, — /T DRIEZNFIZEREROBLE LT HARBIILDT
X2, Q) BHYELLTALE, re QB 3mMHs, : Q- Q
% s:(y) =yxrWCEXDEDD, T5& (Q1)~(Q3)IFUTD LI ICEWVE
FTIENTES

(QL) sz(z) =z for Vz € Q;
(Q2) for Vz € Q, s, 13 Q FLORHGE
(Q3’) sz 05y = 54,(y) ©5e for Vo, y € Q.

SFRZERNE (Q1)~(Q3Y) &/ T 2 e BHISNT WA DT, WFRZERIE
A RNVTH D (cf. [4])o MEMERDNIGH S DA ¥ FLDOWZES % <

*2021 4F 10 A 1 H2» 5 OFFJE I O RFARFRIE A TR
72021 4E 10 A 1 HA25 DX —)L7 F L ZZ kurihara-hiro@yamaguchi-u.ac. jp
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HY (BIZIX[3,5, 8] KE). ZNoDWRTIIFHCEFEA Y RILIERF
HXNRTH 5, FHI Y RILOERSLHEIT3H TS,

J1 Y FOVIERIRI ZIHERE Z OB ETH D, FUHEAEZ b DOhfL
Pl-MED HIUIXZ S TRVWEESH 5, ZOHMEETIE. FHTBHIC Y
W HEE % S ORI Alexander & > ROULIZDOWT, A RHEE 2T~
FEREFLHET 5, —MIL Alexander 7 > FOVFEE G & G O HAREIER
Y DR (G, ) oo s (EFRIT32HITE X %), —MIL Alexander 7
YENMZOWTOREZMEEL LT, M3308EZ6N5, ZORWIH
LT, —&%It Alexander 1 ¥ RV DA BA LB EEZ 5 Z L THITHY
k% 5 2 72 FHIZ Higashitani-Kurihara [2] 1238\ T, FEDNFREED
LA 3.3 DRI E 5 Z 120 X 51 [2] DRBEDIFEIILY L
T, FlBAZEZEALT, KDZBLDORHTH LT, 3.3 DETRYZR
iRz 5 2 72,

COMERONBZAFHETH 2] ONETH S, 2 LT5HiTHRIS
LNTNEZAENT %,

2 #Efg
DT, 5> RAOEE « Db D ICSFROE s ZAWT, H

FL% (Q,s) DEIIKT, FLRMs ZEHEL T, Y FAZHIZQ
tELZEBH B,

21 AYFRIOEERPHEE

(Q,8) E (Q.8) AV FAET 2, Bl&f:Q = Q BUTOL&MES
WrTrE [ RAYRIVERRER YIS

fosx:s'f(x)of for any = € Q.

oA Y FAVEERE fF B THI L E, f2hAY FILAREESGL
PR, L QL Q ORENCH Y FARBEGBSFET S E, QL Q&
AVERIARTHZ VWV, Q ¥y, Q TERT, Aut(Q,s) (b L IFHIC
Aut(Q)) & (Q,s) LoA v FALHCHEFROESGLE L. 2% (Q,s) D
AVRIECERELITER, 7Y FLORE (Q3) 225 s, € Aut(Q) T
HBZEeDONB, Inn(Q,s) (b L IEFHIZ Inn(Q)) 2 {sy :x € Q} T
AR END Aut(Q) DEFEEE L. 2hx (Q,s) DAY RILKNEBECEE
BEL RS
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2.2 EOESDE(E

GZHAITLe Zb oML T 5, Aut(G) 2 G OHCRMEL T2, 22
DR G, G DHEED L, Gy G TERT,

g,h € GITMLT, g" = hgh™t tELZLIZT 3, Inn(G) & G DA
HEHCRAREY T3, ¢ € Aut(G) BABECRABERK L 12, ¢ ¢ Inn(G)
THHIL LT 5,

Y € Aut(G) X LT,

Fix(¢,G) = {g € G : ¥(g) = g}

LB, BB, Fix(v,A) I GOEIHTHD ., v PNFECFRAE, OF
D= ()9 LEIF B L 2 Fix(()9,G) & g DFHIMEEE Ca(g) & —
T3,

3 FEhHhUKRIL
3.1 FEHAYRILAYVERIL=D%

QEAVEILET S, QITAut(Q) PHERBIICEHT X, Q2F
BThsrrWI,

E& 3.1 ([3, Definition 3.1]). G ZAL LT, K & G OEmEEE T 5,
7 € Aut(G) £ T %, TNSD K C Fix(y, Q) 2T %, =5
(G, K, ) 2h >y RAV=D/ L IR,

FHDI RN (Q,8) oA Y FAV=DOEBIINTES, G =
Aut(Q,s) L. 2 € QZ—2REELTK = {f € Aut(Q,s) : f(z) =z}
EBL, EBWEY:G—=G% frrsofos,t TEDDL, (G, K, )ik
A1 RV=28I127% %, LElOFEHHIEIHI 21 [3, Proposition 3.3] 72 ¥ %
SEWZ LTV E 20,

WA Y FAV=00 (G, K, ) 2oL T D XS I L THEEA Y RV &R
5ZeMTEL G/K={lg]l:9eG} % GD KIZTX3ERREMEZHR
T2 LT, G/K Rizsxtfiz

sig((h]) = [gw(g 1)) ([g],[h] € G/K)

WWEoTED D2 ZHUuI well-defined TH D, B> FILORNEZE-T, &
HIZZDAY PV (G/K, s) FFETH 5, Ll DaERIEHI 213 [3, Propo-
sition 3.2] REESEIC L TCWREERLW, SHRIDHI Y FLE Q(G, K, 1))
TRIZLITT 5,
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3.2 —i%{t Alexander B> K)L

AV EPNV=DHDK %Z {e} L LTHRE, EDLIRG EYPIIHLT
b, (G {el, ) BT HY FA=DfIck s, ZhhoBoh2EHY v
FLEQ=GTHbH, F

sq(h) = g¥(g~th) for any g,h € G

%, ZDOH Y Fvie—ik Alezander B> RILEFEL, Q(G, ) TH
To BEBGDHT7 =D L =, Alexander 7 ¥ KL EIHENTW 3,

FHH Y FLOKICIE. AT o@D 5 — (b Alexander /7 >~ KL%
FARB ZENEETHD b b,

o8 3.2 (Higashitani-K. [2]). ¢, € Aut(G) & L. K = Fix(, G).
K/ = FiX(w/, G) t?—%o %) L/ Q(Ga 1/}) gqu Q(G7¢/) ti%uﬁ“ Q(Ga Kﬂﬂ) gqu
Q(G,K' ) TH 5,

AEIE [2] 2 BE ISR,
HIREE G IR LT, Q@) % Q(G,v) DRBEOEAL T3, OF D,

Q(G) :={Q(G,v) : ¢ € Aut(G)}/ Zqu
LT3, LFOREA Z OWELED EHTH 2,
FIEE 3.3. 5R 517 G LT, Q(G) RUER &,
T O®EE Q(G) % AR 5 DI &I,

8 3.4 (Higashitani-K. [2]). ¥,¢' € Aut(G) 3Kk 5%, 2% D
Y =1opor b e Awt(G) BPIFETHERET %, 2Dk X,
Q<G7 w) gqu Q(G7 1//> iﬁﬁi b iz‘oo

LAt T Q(G) 1 Aut(Q) DIAHEDEE LA LI ZhEWS &
EDRCTE D, LD L. ZEBROBRWHINEET S, C, ZHifin D
KEFHE 35, Nelson [7] 1% Q(C),) ZIRE L7z LT T Q(C,) IZDW
THAT 2. 3 Aut(C),) X U(C,) THZZEDHIHLNTWS, T
72U, UC,) = {z € C, : ziscoprimeton} THH, a € U(Cy) IZ
LT, 2= ax i2X->TCO, LICHCRMBNEZ 2, 2D a T3
Alexander 1 > V% Q(C,,a) TXI, N(n,a) = sed(na) EBLLE,
Q(Ch,a) Zqu Q(Ch,b) DREATZEMIZE N(n,a) = N(n,b) 222 a = b
(mod N(n,a)) TH2, 2F D, Q(Cp) IFZERIIKRHDITI SN TWVS,

PIZIE. Q(Cy,4) Zqu Q(Cy,7) TH 2, —J7 T, U(Cy,) \FRIHRRE D
5. U(C,) DI U(C,) BHETH 2, Lo T, ZOHNE Aut(Cy)
DIAPEY Q(Cr) B—H—ITHEL RN ¥ 2R LTV B,
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MIRE 3.3 OFERICENT T, HEH > R, ZOHTD Q(G,¥) DAE
BP0V 0N T 5, ZOHITEGIEERBEZERTDIDOET S,
M 3.4 DHBL W DDA LERBEZ LT THENT %,

EE 3.5 (Higashitani-K. [2]). ¥,9' € Aut(G) & L. Q = Q(G,v), Q' =
Q(G, ) T 5%,

(a) p & BPHZEETE, TOLE Q2 Q DD LD,
(0) BL Q Zqu Q K SIFLIT A LD,

e ordau(e) ¥ = ordauyq) ¥';

o [G: Fix(s, ()] = [G : Fix(¢/, G)], i.e., | Fix(y, G)| = | Fix(¥/, G)|;

o 10n(Q) =y In(@);
L4 Q(Gﬂbl) =qu Q(Gawli) for any i € Z~o.

4 XVEDZT

S, (vesp. Ap) & {1,...,n} LOXFEE (resp. ZANEE) &35, 22T
F G, L TOME 3.3 %25 X %,

DT, 6, DHCRREPWNEECRR = ()" D E, Q(6,, (1)) =
Q(T) DX ITEMT 5,

4.1 WHBEKEOAREE

TR MR T D 5 & 2 I2F o 5 —1k Alexander 7 > Fv
DALBREZ2 %, TRTOIEFIZ[2 2BZICLTCOEEERN, m=
ord(Q(m)) = ordg,, () £B <,

BRE41. n>582T3, ZOLE,
Inn(Q(m)) Zgr Ap, Xy Cm

DK D LD, 7272 L LR OFERIE ¢ : Cp — Aut(Ay), i ()™ 12& -
TEEDLZDDTH S, 2% H BRI

(g.7) - (h,§) = (gn'hm ™" i + j)

THb, XHIZZDFERBITOWTRID LD,
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(a) m DMEEHIR ST, Ay Xy Oy Zr U x Cp, TH B0
(b) m AEHIL HIE. Ay Xy, Oy Ear Ap X Cr, TH S5
FIczozens, Q) Zgu Q() BB, 7 & 7 IFFEMFSITR %,

K2 G, OMifllaty MET2 Q(n) DAEEERH X %, K = Fix((:)™, Gy,)\
2D K =Ceg, (1) L BE,

K= KNy
LT3, ARICK =Cs, () L BE, K = K'N2A, £5<,

BWE 4.2. Q(7) 2w Q(r) THIUL, |Kupp \ /K| = |K!, \ &,/K'| T
55,

4.2 Aut(Se) DB HVRIL

Z I TiZAut(Ss) DHEBHHDWIEZ 5 X 5, LA TFDOHEHEIE Lam-Leep [6]
WEEL KRS N T WS, FTARLEFH L LT, & 3 TECRRE
BEHD, THITAut(Gp) ¥y Inn(Sg) x Cy DL D 1D, Z T TIEHEMK
72 B R B G %2 5.2 T Aut(Ge) DIEZ 52 %, HHEEHE CFAA
£:66— G5 ZLAT D S DAENRDITE %522 T TERT %,

Dt Zord(§) =2TdH 5,
Aut(Sg) DIEEDITL Y 1. g€ S & e €{0,1} ZHWT, ¢ = (-)90&°
DIFTRTZENTES, 2D L XD Aut(Se) ZED 5FEMRZ

()7 062) o ()7 0£) = ()€ ) o gartes

&:J:O‘/Ciﬁi Z)o
BINIWH LT, Iy L TO XS ITED S .

Ty = {()™ € Inn(S¢) : 7 DEIZ A).
It E, EEOIERE CRA 128 LT,

¢2 € I(571) U 2(4’2) U 1(22712) U 1(16)
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THEIEPHLNTVS, A= (51),(2%12), (1) ITRHLT, O, &2 €
I, e R FECRE G L, -,

Ol = ()70 €: (()7 0€)* € (4 and g is even}, and
08,2> ={()90€: ()9 06)% € T4z and g is odd}

5%, TODLE Aut(Ge) OHEBEFILITD 1BETH 5 Z e pHIHNT
W3 (cf. [6]):

Inn(Ss) : Zs) ULz 2,1y, L5,1) Lia2)s Liarn)s L3,3) UZLs,8),
L3y UZLg14y, L2211y L(16);
Allt<66) \IHH(GG): 0(571), Oa:Q)’ 0872), 0(22’12), 0(16).

Q<66) DPEZHANT Ty Inn(Q(Se, 1)) DEEICTHEHT %, KTy €
42) L ¢ € 0(4 2) @%E%E"CL\ <

(1D og, = ()70 0

B, T 5 LMBRERDYS n € Off 4, m € (98"2) TH23Zehbh
%o F72k=0,11CLT, Qr:=Q(&g,m) £BLo,

Mo =

*ﬁ;eE 4.3. Inn(Qx) ggr 6 Xy Cs DD LD, 7272 L Rt OFERI

(9.7) - (h, J) == (gni(h), 7+ j)
CWHHETH 5,

X HIZRDMED S Ag X Cs & Ag Xy Cy R LTIEAAITH B
ZEeDBbhrd

R 4.4. KDL D LD,
(@) g, Cs ND ((12345),0) 12PIF 2HMEEEDOAEIL 40 TH S,
(b) Ag Xy, Cg ITDWTIE, HIEL 40 DHFIMEREZE & 727200

L7ehio Tl Ag Xy, O Ear A Xy Cs THEDH. £ I Qo Fqu Q1 T
b2,
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43 Q(S,) DHEREICHITT

n=1DrEES; ={e}. n=2DLEEG,=CLBDT, ThHD
BED Q(6,) DEIXER O3, ZITE. n>3TH?3 G, 1Ixt
LTOME33I1COVWT, UTORIETEILLEIT L ICXFlE L TWnL,

(i) #EHEZ i ord(v) & |Fix(y, &,)| OMOFHEET 2, 2L TH
BEZ L IERRR > TWEHRE S »iErD 2, (DL = ()%
51X, ord(y) = ord(n), Fix(¥, &,) = Cs, (1) TH 3 Z LITHEE)

(ii) kW& (i) TXAITERWIGEE Inn(Q(S,, v)) & Inn(Q(S,, 1)) D
Mg 2, (v=()"D2¢ =)™ OHEF, MHELL XD
T OfFFSOHKE T IV

(iii) HKEE (1), (i) TRAICERWIGER. BRI ITOWT, Q(6,,¢")
¥ Q(Sy, m') DHEBUZENE (1), (ii) 1CHIDAT S,

(iv) HRE& (i), (i), (iii) TRBITERVWEEER, HE 42 2#ET 5, O
D K \ 6/ K| &K \ 60/ K| OHEEATS,

n=23,4,5

n = 3,450V TIIHEI (1) ZUTRAITE S, DF D, Aut(S,) =,
G, DHBFHT LT ord(r) & |Cs, (7)| DRI 2 DT, i 3 HIEH
W32 Q(r) & Q(r') WEIEREITH 5, BRIV ord(7) & |Cs, (7)| D
MHIzFE 1,2, 312H 3,

Shapeof 7 | (3) (2,1) (1,1,1)

ord(w) | 3 2 1
Ce,m| 3 2 6

% 1: Conjugacy classes for &3 and the invariants

Shapeof w | (4) (3,1) (2,2) (2,1,1) (1,1,1,1)

ord(m) | 4 3 2 2 1
Cs,(m)| | 4 3 8 4 24

# 2: Conjugacy classes for &4 and the invariants
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Shapeof 7 | (5) (4,1) (3,2) (3,1,1) (2,2,1) (2,1,1,1) (1,1,1,1,1)

ord(m) | 5 4 6 3 2 2 1
Ce.(m)] | 5 4 6 6 8 12 120

% 3: Conjugacy classes for G5 and the invariants
n==~06
#4,5 &b, Of ,) and (9872) DA OWTIE, BB (1), (ii) TXAIATHE
THoo T2 Of,) & Ofy KOVWTE, Ml44 XDIXFIMTHETH 2,

Conjugacy classes ‘ 1(6) UI(3}271) 1(5)1) 1(472) 1(471}1) 1(373) UI(3’13) 1(23) UI(2714) 1(2)27171) I(l(i)

ord(m) 6 5 4 4 3 2 2 1
| Fix((-)™, )| 6 5 8 8 18 48 16 6!
Parity of 7 even odd

7 4: Conjugacy classes for Inn(Sg) and the invariants

Conjugacy classes ‘ Os,1) (’)&2) (’)872) O@2,12) O

ord(¥) | 10 8 8 4 2
| Fix(y, &) | 5 4 4 4 20

# 5: Conjugacy classes for Aut(Sg) \ Inn(Sg) and the invariants

n=>"1

#6 Xb., K ®), (ii) TRBIARETH 5,

Shapeof 7 | (7) (6,1) (5,2) (4,3) (5,12 (4,2,1) (3%1) (3,22

ord(m) | 7 6 10 12 5 4 3 6
|ICs.(m)] | 7 6 10 12 10 8 18 24
Shape of 7 \ (4,1%)  (3,2,1%) (23,1) (22,13) (3,1%) (2,1%) (17)
ord(m) 4 6 2 2 3 2 1
|Cs., (7)] 24 12 48 48 72 240 7!
Parity odd even

7% 6: Conjugacy classes for &7 and the invariants




K7 XD, (3%,2) & (3,2,13) DIAMIEEE (1), (i) TRANFEETSD %,
(3%,2) & (3,2,13) 2oV Tk, BREE (iil) CRAIFIRETH %, m € Oy
(resp. m € Gg) &M (32)2) (resp. (3,2,13)) ZdOEML T2, ZDL
=, 72 (vesp. 73) OFENZ (3%,12) (vesp. (3,1°)) THEDT, HURT X
hZNSEXBIATRETH %,

Shape of | (8) (7,1) (6,2) (6,1%) (5,3) (4%) (4,2%) (5,2,1)

ord(m) | 8 7 6 6 15 4 4 10
|Cs.(m)] | 8 7 12 12 15 32 32 36
Parity even odd even  odd

Shapeofw\(4,3,1) (32,2) (3,2,1%) (2% (5,1%) (4,2,1%) (3%,1%)

ord(m) 12 6 6 2 5 4 3
|Cey ()] 10 36 36 384 30 16 36
Parity odd odd

Shapeofn\(?,,z?,l) (4,1%)  (23,1%) (3,1%) (22,1%) (2,15 (1%)

ord () 6 4 2 3 2 2 1
Cs ()| | 24 96 24 360 96 1440 8!

# T7: Conjugacy classes for Gg and the invariants

n=9,11,12,16, 19,20, 23,28
INHDEEE, n=80D¥ ZTL[FERICL T, & (i), (i), (i) ZHW
NEXANAIRET D B,

n =10

(4,23) & (4,2,1%) DIAMZEREK (1), (i), (iii) 2 FAVIUIXBIAEETH 5,
(4,23) & (4,2,11) 12T, #REE (iv) TRAIFRETH %, m € Gy
(resp. m € G1g) BH (4,23) (resp. (4,2,1%)) 2D OEHL T2, ZDL
X, GAP [1] ZHW3 &,

|Cs,,(m1) N 210 \ S10/Cs,,(m1)] = 240; and
|Cs,0(m2) N 210 \ G10/C,(2)| = 291.

THdZerbrb, KAETH 5,

n =13,14,17,18,21, 22, 24,25, 26, 27, 29, 30




INHDHEIF. n=10 D& F LFERICL T, g (1), (i), (i), (iv)
ZHVAUIIXFIFRET S 5,
n =15

(9,32%) & (9,3,13) DIAMIERE (1), (i), (iii), (iv) ZHWIUIXBIRTEET
B3, (9,3%) & (9,3,13) oV TIE. BB (1), (i), (i), (iv) o ¥ E H
WTHXFIDTERW,

MDioztzzeds e UTOMRERS,

EHE 4.5. ne{3,4,...,30} \ {15} DL &, Q(&,) & Aut(S,) DIEH
BOBNZ—X—XEH D %, KT, n € {3,4,...,30} \ {6,15} D& X
. 9(6,) & 6, DHBEHES OB —N—XIE2H %,

5 mbfEohf-Ck
GEREMREL L. ¢ € Aut(G) RIESFHETHRVDDL T B, £1Q =
QG ) T %, ZDLE, PoaInn(Q)ICk% e DHIEL T 5, DD,

Po={r€G:3a1,...,ap € Gst. £ =254,0---05q,(e)}
3%,
EHE 5.1. Pyl oW TLI TR LD,
(a) Pold Q OERTH ¥ P25,
(b) ¢|p, 13 P EDH Y FVACRMERTH 5,
(¢) P3G DIERHAHETDH 5,

EIE 5.2, ¢,¢ € Awt(G) T LT, Q =Q(G,v), @ =Q(G,¢) &8
{o ¥72P =Py, P = Py B, Q(G,¢) Zqu Q(G,¢') ZIRE L.
[:Q(G,Y) = QG,W) & fle) =eTHBEIRAH Y NLARESR L F
5 (ZOXKI7 fIIMTHIET Z) LXMDY LD,

(a) flpld P& P OBDA Y FARARESRTH S, Lo TP Xy P
"G%éo

(b) flpld Pt P OMOMEMEHRTH S, LizhoTP X, PP T
H5,

(¢) ¢ o flp = flp oy BHLD LD,
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% 5.3. G HAHRAMBO L =, Q(G) & Aut(G) DILEHES ORIz —
S4B 3.

Proof. £3 ¢ = Idg D%E&EIE. Q(G,1de) 1ZHEA Y FATH D ¢ # 1dg
2o Q(G, W) WFHAA Y FAUZR LRV, Lo Ty, € Aut(G)
W, # ldg ZIRET 5. 5 Q(G,¢) X Q(G,Y) ZIRET 5. G B
EHE BT, EH5.1 () KD P=P =G Ths, £H5.2 (b) &
D feAut(G) THH, EH52 (c) XD Y of=fop BHb, THUIY
L DHETHB e BERT 5, O

ZOfEREHAVIUR., EFEA5E RO n OBEICIERE NS,

R54.n>30LE, Q(6,) t Aut(S,) DHLMES DI —If—X
JEH3D %

Proof. n = 3,4 D& FZXEM 45 TRENTWVWEDT, n > 5 BRE
T2, h) #£IdTHD o, € Aut(S,) IH LT, Q = Q(S,,7),
Q =Q(6,, )t LT, P P IZOVWTEZS, 6, DIEHMARIERE
DRI A, L2RVWDT, P PlEA, K2, 5Q 2, Q BIRET %,

EF5.2 (a) & D QAn, Yla,) & QA1 |, ) &H > RAFATH D, A,
WERBEMEL DRI DD Yy, & Yy, ZEETHZ, Zhdhdy b

W BT H B 2L %185, 0
BE R
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Kneser 77 7 £ 38D Kronecker B #HD 27 F 712D\ T

Bz

Kronecker ## & 1%, 777 G TR U CTHEENLRAETERI NS ZEHE T, Kronecker Fiz AW
TKoxGeEhND, —BIE Ko X G2 Ky x HTHoTH G2 H THDEERSRV. ARTIE
[15] TBWTRL%, Ko x K(n,k) = Ko X G %723 HM 7577 G OaHE, ThooHCREEEY
BHDWREIZDOVWTHNT S.

AFEDORERIZDOWTHRRS ., E—HiTHANRHGEL Kronecker #EDEFIZDOWTHIHL, /T
FEEERAD., FEHTRERFECEO—E, T4805 Ko x K(n, k) 2 Ko x G 27T ¥HMI 77 G D
S E HORBBEDOIREIZDWTHRAR, FHEIUHIZ B WT Lovasz DILfEEA L Kronecker #1778 & DR %
FAWT, Ko x K(n,k) 2 Ko x G 273 Bl 7 7 OO ERET 5.

1 4>vhO%s>ay
AWTTZ 7L 3RO D% G = (V(G),E(G) DZeTHD LT 5 :

(1) V(G) REBREATH 5.
2) E(G) CV(G) x V(G) TH-T, (v,w) € E(G) 551 (w,v) € B(G) %M.

Uredio TARTIRS 75 7135 EUE S nWERENZ S 7Th 5. FHZ v e V(Q) T (v,0) € B(Q)
ERBEDPHFIELIRNE E, G RBHIZITE V.

757 GY HIZHL, Y5 7ERBLIXES f: V(G) - V(H) TH->T, (f x [)EG)) C E(H) %
ETHEDTHSE. EVZ B (v,w) € B(G) %513 (f(v), f(w)) € E(H) BT 25D TH5. 257
HEEELZEILTIE, [5] % [3] B EATREL .

[n], i £j} TEXDTIT7THD. TOLEITTIT7 GDn-EaLliE, G1ro K, ~NDT T 7H#RFERIZMMZR S
. 2 GOREREE, GOn-HENFHETLEIBENDOn DI ETHY, x(G) eRITILIZT 5.
veV(G)IZHL, v DEHED S WFFRIESE No(v) %

Ng(w) ={w € V(G) | (v,w) € E(G)}

CEDEDD. GEBICIRTBBEDORNE X, K N(v) LEL. B f: V(G) = V(H) B2 5 7%
AMTHEILE, £2TDve V(G) KRHLT f(Na(v)) C Nu(f(v) BB 5 2 L IAMTSH 5.

EE 1.1 77 7HAE p: G — H »"REBRTHD LI, ERDOve V(G) IZHL, 5 plnw: Nv) —
N(p(v)) PEBEFIIRD I LE2 V.

77 7 DWEGHIZ DO WTIIHIZ L [13] ZREDFEL L.
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Bl 1.2. n-YA4I7NVT57C, (n>3) %
V(Cn) =Z/n, E(Cp) ={{z,z £ 1} |z €Z/n}

YUTEDS. n>3 k> 1IN, HRBEHE Z/kn — Z/n (&7 5 7HERE Gy, — Cp 25EDBH, =
NEWEGHTH 5.

IOESITHEEE p: G o Hi3, HAMZ S 7 ThHEHE1E N ED Y — DMK TOREE& GHlik
[4] © 1.3 ) EAEMICIESE L. 72720 H ARMTRVESICIE, MUFO XS ICSIFR A 2 — U & 38
TR WHGEN D .

B 1.3. 7571% V(1) ={1}, EQ)={(1,L1)} £ T5. ZOLELTDIT7 GIHLT G NS 1AD
GRH I DRI 5. BT Ko 15 1 ~DGfE p £ T3, p BWETHRIILS.

ZDESIZ HWHEMZ S 7 THRVWEBER, p: G — HPWWEEGRTHEZ Ly, PROY—DEKTOH
BEMTHLZLEBTLL-BLARL. LPALIDLIRBEDLEDTHEATEL &, BikDEH LR TH
WaMED BB FERZDOT, FISMHLENWZ 2I2T 5.

#e\ T Kronecker —HFEIZDWTHIAT 572012, Kronecker MO EHEZH N TH KL ¢

GYH#%275729%. G& H®DKronecker # G x H &%

V(G x H) = V(G) x V(H),

E(G x H) ={((v,w), (v, w")) | (v,0') € E(G), (w,w') € E(H)}

TREBEIND T TDILTHS. BBEID G x HODELMIZLLHY, tensor product (F >V ILFE),
categorical product (EFa#JFE), Kronecker product ( Kronecker f) & DL E bbb, T
VIR E WD HEEOHKIZ G x H OBEEEATHIN G OBEEITS e H OBEATHIOT VY VRRIZIR S0 56 TH
5. B@NBIZOWTIX, 970277 720K L7 VAR ZH T HEEE 2L &, BEiRiba
HKTD G & HORP GXx HIZ=HT25hoTHE. BRBHRMIIBE Wo7256, HoMEzESILy
Z\\WDT, ZITIHEGEx HDZ &% Kronecker & W5 Z L1255,

Kronecker B8 G x H XL, E—H#H V(G) x V(H) - V(G) BLUOE_H¥ V(G) x V(H) — V(H)
BB I TERM GEXx H—-GBEGEx H— H %87 5.

EF 1.4. G D Kronecker @ X1, FZH ¥ p: Ko x G GDIETH5S.

p: Ko x G — GIXEBRIZHBEBEROAE (EE1.1) 27230 T, $HESHTHS. 7B Kronecker #
BIZERRZ 248935 D, canonical (bipartite) double 72 & & XNz D £ 7 5.

WU 1.5. K2 X C2n+1 = C4n+2, K2 X Cgm = Cgm [ sz 75‘}521‘_[‘3_5 (f:f:b n 2 1, m Z 2) ZZT
C'2m U C2m (=4 C2m DOD_DbDa l:"——@éﬁf?iﬁﬂlfﬁ)é

5l 1.6. Ky x Ky XN HADLETER N 60575 7ThHD.
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Kox G2 Kyx H%§7-927757 G & HIZIFEFIZUZEEZFED. Hl 2 IXTEHABRUOEBULE L
<, FRMBINIEEL. BBEOH TR EHEEERS TS, LArL—RIZIEZZ77 G & HIizxL,
Kox G2 Kox HThHo-LTH, GXH THAH LIRS,

il 1.7. Koy x (C3UC3) =2 CsUCs 2 Ky x Cg 72275, C3UC5 % Cs.
Bl 1.8. X0 —fZ, Kox Ko X KoUKy THBZLIZIEHT B L,
Ky x (Ko x Kp,) 2 (Ko x Ko) x K, 2 (Ko UKs) x K, 2 Ky X K, X (K, UK,)
DHALTBH, Ko x K, # K, UK,, TH5. Hl1.713ZDHID n =3 DEEITML S0,
Bl19. /97GEHIZHL, GEHDOYaAv G«H %
V(GxH)=V(G)UV(H), E(GxH)=EG)UEH)U{(v,w),(w,v) |veV(QF),weV(H)}
LEDD. TT7 G L G D Ko x Gy 2 Ky x Gy 2372375 61%, DT 77 HIZHL
Ko x (G1*xH)= Ky x (Gyx H)
BT e bhb, Tk Y, BIRIEG =Ky x Ky, Go =K, UK,, H=K,, 235,
Ky x (Gy*xH) > Ky x (Go*x H)

&b, Eolx(GrxH)=x(G1)+x(H)=2+m, x(Gz* H) = x(G2) + x(H) =n+m &5, 2O
F 9z, LD Kronecker #EZRD L WD 5fhd, BOBIIIRIZERERVWESIZEZ 3.

TOEIIT Ky x G2 Ky x HWEANM U722 UTH GEH ERBDENILZLIFHETDH, —MRITEUA T
Lovész (2 & B2 MR BB RT LD, 797 ALk oTIE TAXG2AXx HMPRILUZEESE G2 H)
MWL T BHDIEEFET S -

FEIE 1.10 (Lovész’s cancellation theorem [10]). A BRI T7THRWIF37, G H%2 77727 5.
ZDLE, AXG=AXxHWRILITZ%5FG=HMPELT 5.

FTIZTRDEOBMEEEZEZ B LIZEARTHAS.

B8 1.11 (Imrich-Pisanski [6]). X 2 #7775, ZOLETTIT G TH->T, Ko x G=X %
SRS T 7 G OREHERTRD L.

ZOMEIX X LK [2], —M Petersen 77 7 [9] IBWT ZOMBEIXMRI NG, AFOHMKD—
DU, X B8 Kneser 777 H(n, k) (ERIZIREHSR) OHGEITHRLEZZETHS.
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2 FEHE
I TRARDOEEHZBRNRS. EOBEK n kT, n>2k 2i=97E£0IZx L, Kneser 757 K(n,k)

=
v = (1) =to c il 0 =0

E(n k) = {(o,7) € (“g) x ([Z]> lonr=0}

kD EDS. ZZTK(n 1)k K, 12, K(5,2) % Petersen 77 7IZHETH 5.

E#E 2.1. —# Kneser 777 H(n,k) % K(n,k) ® Kronecker —HEHE, 77205 H(n, k) = Ko x K(n, k)
CEDEDD.

Imrich & Pisanski | Petersen 77 7 K(5,2) & @D Kronecker ##%%>2 77 G T, K(5,2) &
BTRVWERLY S 72K L TWS. ARgEZhz U O &S ic—BibL 7

EHE 2.2 (AT [15]). n,k ZIEDEET n > 2k 2T HD LT 5. TDEE Kronecker #82% H(n, k)
CRBEHMIT T TIEB XD kM

K(TL, k) = Go(n7 k), Gl(n, k), s ,Gk_l(n, k)

H5.

INSIZENT Gi(n, k) DHCHAMEBRS FORERERET 222 TES. £3HAEMEBICEL TR
5.

2O0T &IV 2EA5. Awt(IV) ICX OB oECHER2ELT. T O ~0 (k) fEH &L, HYER
Bo:T—At(l")0ZeThd. LIELIEael zel” T, pla)(z) DI LEHIZ ar R LEL.

"' ~OT DM o BGAON7zL &, T T OFBERD x, I ZBFOLIITED S, £ T %, T I35
BELTRT & T OEMEST xTHZEFL L, EHERZ

(z,0) - (y,8) = (z - p(@)(y), - )

WEDEDD. BT o ZHRT DBENRWIGAITRIZT x T &EL.
S; Ti RO, b5 [i] ={1,---,i} DEHEEEZRL, Z, TRE2OKEFHELRT. Z0k
Zo @ i fADERE Z5 (2L, S; ~NOIE %

U(mla e 7xi) = (,130-71(1)7' t 7370'*1(2'))

ZEOEDD. ZDEE Gi(n k) DHCHAMEHZTO LS I2RIND.

T 2.3 (KT [15]). EOEH n &k Tn > 2k 2T, Aut(Gi(n, k) = (Zi % S;) X Sp_zi

BRALT 5.
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FWTEABIZDWTRARS. 22T Kneser 77 7 OFAEITIRD X S IZBRIZHIS T WD
EIE 2.4 (Lovész [11)). x(K(n,k)) =n — 2k +2
HRE 25, G V(K(n, k) — {2k — 1,2k, ,n—2k +2} %
(o) =max {o U {2k — 1}}

LEDEDDE, onT=00BAK (o) £ c(r) BRET 5. DT EhD (K (n k) < n— 2k +2 A
AVAC IR

BRIZik R 72 & 512, Kronecker #IENELWVWHALHEE->T, BEEE BT S 0WI DI Tk, L
U Gi(n, k) ZOWTIFIRDEHDERNLT S -

EHE 2.6. EOBE n,kTn>2k 25 DIIHL, x(Gi(n,k)) = x(K(n, k) =n—2k+2 2K LT 5.

3 N5 T708

AREICIEER 2.3 L EH 2.4 OFEI ORI % kR 5

NA 257 (bigraph) &%, 777 X L5 7#FAMe: X —» Ko, Dl (X,e) DTETHD. Ko ~"DTF
THRBADTET 52205 X B M5 7Ths. LIELIEAAZ 57 (X,6) D e 2AMKLT (X &1
TI7LTB| RELEVWIZLEHDE. ZOGE, X AT S 2-¥1% ex RELELZLIZT S, BN
4 25 7 (bigraph) &\ B bipartite graph, 37205 77 7D 2BLTHESI b HB. KL
® bigraph FBIZZDOD S R B HEEDFEAEZMT I TR, ZODNSRIEBELEPBEINT WS Y
STTHHLHER, ZOMEIX [ REICHS.

X EYRAATSTLTh, ZOLEX MDY ~ADYS THRAE f ey o f —ex BRUTHE X, f
1318 (even) THH LW, BTD x € V(X)) ITHU ey (f(z)) #ex(z) B d s L &, fI1EF (odd) T
HBEND.

757 GOHCHE f T f2 =idg 27 TH0E2HEL WS,

PLEDHEZYEMT 52, Kronecker 8 Ko x G 121X, UTORENMNHEL TWEEEZSNS

o Ko x GIZIFHEHER 72 2-f0, THbLE MY Ko x G = Ky PEIET S, T2 LD Ky x GIEN
175 7ThH5.
o Ko x GITIX, BRLME (1,v) < (2,0) THTHZ2HD (FHE) MWHEHET 5.

XENAMTS7LLTCa%x X DaaEds. ZOLEH X/a %
V(X/a) = {{xa P ze V(X )}
E(X/a)={(o,7) | (6 x T) N E(X) # 0}

CEDERTS. 2R alldoTHIVEDLLILRHNZA—HLTHOND 57 THDH. 54



V(X) = V(X/a) itk b 77 78R 7 X — X/a DEHRINDS.

FE 31 N 757 X Z-MT I 7EPSHRMTH DA, ZOH X/a 3BT UHHEMTEIRN. 22T
X/a BHEHMTHRWT & EAfRSEME, 2e V(X) T (z,0(z) € B(X) B 5DMFHETEI L TH .

MOZLFELAOSNTEY, FAMPRIRTILHTES B2 [14] 2201) :

BES32 X LY EAM257, ab B2ZNTNX LY OFNELTSE. VS 7HAR f: X 5V T
Bf = fa &l DIIHL, 25 7EAR T: X/a —» Y/8 TRR

|
Xfa—L>v/8

RAHIZT 20N E DRI HD. £ fAAMAESIET HRAMTH 2.

B33 XY ENMTTIT7, alBrtThEn X Y O&NGLT . VI 7HRM g: X/a =Y/
EXU, 7575 THEAR §: X - Y ThoT, foj—joa Rilildd0nir ot it 5. ¢ B
S5 gERAMTHD.

B34 X 2NA757, a2TDaANGLETLE, HRLEGH

(EX)TF)

X —= Ky x (X/a)
BRMTHS.

HE 35 BOSERAHWE L, OIS L CRETEI N TES. 7770, /%27
7el, {ers I 7EERARESTZEOI L, G TRY. Gk, TNAT T TOE, TROLNEENAT T
Te U, WEMES T TRARETAHET 5. X 5IH G, FRO K5 IED S, HREZOM (X,e,0)
THoT, (X,6) RAT7IT7THY, alk (X,e) DAHATHD. & 5200 §9, OHE (X,ex,ax)
& (Yey,ay) OO &1L, 7277 7HREAL f: X Y THo>T, ayof = foax 2liz3HDeL T 5.
Z D& & Kronecker “HWE L G 75 G ~ADOBTF &I, LEOERIE Kronecker HEA 5 A 5BF

Ky x (-): G- G,

1%, quasi-inverse 2 (X,e,0) = X/a LT HBEFAMTHL L VWS 2L THS GFELL X [14] 23T L).
INSDFERPSIB UMD ¢

%36. XENITT5T7LL, abBi X0HENAELTE. ZOLEUTIAEMTHS :
(1) X/a=2X/p

(2) a & BlF Aut(X) THETHS. Thbb f e Awt(X) THoT fa = Bf ZilirTHDOINEET 5.
(3) 187 f € Awt(X) THoT, fa=Bf Zilil-THDOIFET 5.
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Proof. (3) = (2) WIS A (2) = (1) BLT (1) = (3) RENZNHME 3.2 L4l 3.3 15 bh 5. 0
%37 (X,e) ZNATT7, arxz0aGLdTsE,
Aut(X/a) 2 {f € Aut(X) | f 3BT ao f = foa}.

Proof. /1% T £ 3%, Aut(X/a) = T 1¥ f € Aut(X/a) 125 LA 3.3 THR I N2 7 b f: X - X.
I — Aut(X/a) (3E 3.2 WEET 220 7 7HRA X/a = X/a. THSDHRAHITR>TNWD Z L,
i 3.2 LB 3.3 ICBII 2 —EEr S5, O

ZTNCIREH 2.3 LM 2.4 QIO EE < . 3 Mirafzal 12 £ 2 H(n, k) ©HSRBECDWT®
RB. Sy [n) AT 25, 2RIz X D EE S, = Aut(K(n, k) D505 Z &8 Erdés-Ko-Rado D3
Bhrobhrd, hzefvwde, Hnk) OECHBEFHZRO S IZHES LN TES.

EHE 3.8 (Mirafzal [16]). HARKREH

o

Zo x S, — Aut(Ksy) x Aut(K(n, k) — Aut(H(n, k))
BEAMTH 5.

Lo DEFICE g, £ 95 &, Aut(H(n, k) DAXNEIIAE 2 DIt B e S, & ag, DN ag, x f &HLZ
ENTED. ap, x B ax, X D Lo x S, THETHZL L, B & B S, THETHD - LIXFAMT

B5. 0<i<|n/2] AL G &
ﬁi = (1,2)(3,4)(22 - 1a2i)

etEMIMNDE S, DT BHE, H(n k) DFNEIIMISDD ag, x B; EHETHY, i £jDEE ak, X §;
& ag, x fj l3ETRN. 22T

Gi(nv k) = H(nvk)/(aK2 X Bl)
LEL. i >kEDEE,
(s, X B)(1L,{1,3,5, -2k — 1)) = (2,{2,4,6,- - , 2k}) ~ (1,{1,3,5, - , 2k — 1})

DEALTHDT, FE 31 &Y Gi(n, k) FHEMTRWA, —HTi <k ORIZ Gi(n, k) EHMIZR 5. Zh
XD ER 2.3 VKIS B.

72 ag, x B; LA Ty x S, DIERED Aut(G;(n, k) CHEBMTH B4, Zhid B; L iHs S, DEe
KIZFABCH D, ZAD (Zh % S;) X Sp_gi WWABIZA S Z 2 BMFEIZL D DN S, ZHANEH 2.4 DI
OB TH 5.
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4 TEIE 2.6 DILEA

G%a2777¢45%. veV(G)IZHL, Nv)={we V(Q)| (v,w) € E(G)} DI, % v DiEfFE V5D
TH-otz (H1HSHR).

% 4.1 (Lovész 1978). 757 G DR N(G) 2EEAE V(G) £ L, BADETHEA%

IZEDEETS.

IR D B BRI AL RED, REBREEBVRH L I eWMoNnTWS. TOMHNAZEEZEALT S

=, TR LT
D" = {(x1,- -+ ,xy) 6R"|xf—|—~-~—|—xi <1},

S™={(wo,  ,wn) ER™ [2f + - 22 =1}

LEFHEL, D" % n IRTTHAERIR, S” % n IRGTTHABRE IR 21235, 72720 DO i3 —fgef, S~ =0
YL, n<0DrE D" S REHELAVWDBDET S,

T 4.2, X ROHZER, 0 2BEET5. X A liETHHLIE, —1<ihDi<n kit TLTORK
i L £ ST o X THL, SR g: D' X T glgia = f 2T EOAREETEILE LS.

Bl 4.3. MMM n-EEEO W O OEZ £ TH L GEL X [4]).

n<m&d5e, mEFERERE-EETLH S, n < 2 RS IXRTOMMEEMIE n-#iTh 5. (—1)-
HETHEHI L, ETRVWILLAMTHS. 0-EETHE Z L, IMERTHLE LW ZE LAETH
.~z > 1z LT, na#fETH B nS 22, IMRERTH O 2DOLTD 1< i <niZxL ik
FEME—BEm(X) BEPRIRL L LAMBTH S, RE2 5 70 n-HfklE 2 3R BRIV,

Lovész 1% Kneser YA DfRHIOFT, RO_DODOEHEZFHL TW5 :
EIE 4.4 (Lovész [11]). N(G) 2 n-#fE7R 51F, x(G)>n+3 Th5.
EIHE 4.5 (Lovasz [11]). N(K(n,k)) & (n — 2k — 1)-#fETH 5.

FOZODERNS x(K(n, k) =n—2k+ 2B L7h5.
ROMEIL Ko x G & N(G) DEHEDPSHEHRITRT I EMNTE S, FIZIEARERIC 1] I2bEPNTVS ¢

B8 4.6. Ky x G~ Ky x H %513 N(G) = N(H) TH5.

WIE AT, I N(G) 2 NH) ThHANSEE>T, Kox G2 Ky x HThHBLERSR. HIZIEG
CUTATHE»ORBEDTST7 Py, HYLTC, 2EX5E, N(P4)2N(C4) ff?ﬁ§K2XP4:P4|_IP4§LA
CuUCL 2 KogxCy 225,
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72720 G ¥ H MWD stiff L WS HEE 2L TWEEE, N(G) X N(H) &45Z2h5 G H WK
NT S 777 G stiff THB L, EEOMELRS GO 2THM v & wilNL, N(v) ¢ N(w) B AL
5ZrEWVWS. GEHMPEHITstf THY, IHITN(G)ENH) 2ol G2HWEILTS.

NS DUERDFT, TH 26, THDE \(Gi(n, k) =n— 2k +2 ERBZLERD LS ILREND :
SEEL 2.6 DFE. £9 Ky x Gi(n k) & H(n, k) = Ky x K(n, k) ThHBH5, @EA6 X0 N(Giln, k) =
NE k) Ths. TabbER 45 X0 N(Gi(n k) & (n— 2k — )E8ETH D, M 44 £ 1
X(Gi(n, k) >n—2k+2 &5,

RIZ x(Gi(n, k) <n—2k+2 2R 70T, (n—2k+2)-Btuz BAERICHERET 5. 54

FV(H(n k) = {1,2} x <[Z]> {2k — 1,2k, ,n}

f(i,0) = max{o U {2k — 1}}
ICEODEHETDE, Gi(n k) OWER,S [ 3G
F:V(Gi(n, k) — {2k — 1,2k, ,n}

EBEL, 512 (0,7) € B(Gi(nk)) 551 fo) # f(r) 27 d Zehbh s, $4bb Gi(n k)
(n—2k+2)-FE2Hb, x(Gi(n k) <n—2k+22HKIT 5. O
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TVERBERG’S THEOREM FOR CELL COMPLEXES

SHO HASUI, DAISUKE KISHIMOTO, MASAHIRO TAKEDA, AND MITSUNOBU TSUTAYA

ABSTRACT. The topological Tverberg theorem states that given any continuous map f: Ad+HD=1
R?, there are pairwise disjoint faces o1, . .., op of A@TDT=1) guch that flo)N---Nf(or) # 0 when-
ever r is a prime power. We generalize this theorem to a continuous map from a certain CW complex
into a Euclidean space.

1. INTRODUCTION

Let d > 1 and r > 2 be integers. Tverberg’s theorem states that for any given (d+1)(r — 1) +1
points in R?, there is a partition of points into r subsets whose convex hulls intersect. This theorem
has been of great interest in combinatorics for more than 50 years. Clearly, Tverberg’s theorem
can be restated in terms of an affine map from a (d + 1)(r — 1)-simplex into R?. The topological
Tverberg theorem replaces an affine map in Tverberg’s theorem by a continuous maps: for any
continuous map f: AWTDC=1) _y Re there are pairwise disjoint faces o1, ..., 0, of the simplex
AFD=1) guch that

fle) -0 flor) #0

whenever r is a prime power. This was first proved by Barany, Shlosman and Sziics [2] when r is

a prime, and later by Ozaydin [12] and Volovikov [13], independently, when r is a prime power.

Remark that Frick [6] proved that the result does not hold unless we assume r is a prime power.
We will consider:

Problem 1.1. Can we replace a simplex in the topological Tverberg theorem by other CW com-
plexes?

There was a relevant problem posed by Tverberg [7]: can we replace a simplex by a polytope
in the topological Tverberg theorem? This is affirmatively solved because the boundary of any
d-polytope is a refinement of the boundary of a d-simplex as proved by Griinbaum [3, p. 200].
So this is not an essential generalization of the topological Tverberg theorem. The problem was
also studied by Barany, Kalai and Meshulam|[!] and Blagojevié¢, Haase and Ziegler [3] for matroid

complexes.
A face of a CW complex will mean a closed cell. For pairwise disjoint faces o1, ...,0; of a CW
complex X, let X (o1, ...,0%) denote a subcomplex of X consisting of faces disjoint from o1, ..., 0.

2010 Mathematics Subject Classification. 52A37, 55R80.
Key words and phrases. topological Tverberg theorem, discretized configuration space, homotopy colimit.
1
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2 SHO HASUI, DAISUKE KISHIMOTO, MASAHIRO TAKEDA, AND MITSUNOBU TSUTAYA

A space Y is called n-acyclic if Y is non-empty and H, (Y) = 0 for x < n, where n > 0. Clearly,
n-connected spaces are n-acyclic. A non-empty space is called a (—1)-acyclic.

Definition 1.2. We say that a regular CW complex X is r-complementary n-acyclic if X (o1, ..., 0%)
is non-empty and (n —dim oy — - - - — dim oy )-acyclic for each pairwise disjoint faces o1, ..., o0 with
dimo; +---+dimog <n+1, where k =0,1,...,r.

Now we state the main theorem.

Theorem 1.3. Let r be a prime power. If X is an (r — 1)-complementary (d(r — 1) — 1)-acyclic
reqular CW complex, then for any continuous map f: X — R%, there are pairwise disjoint faces
01,...,0. of X such that

flon) N0 floy) # 0.

We can easily see that every simplicial d-sphere is 1-complementary (d — 1)-acyclic. Then we
obtain a generalization of the topological Radon theorem, i.e. the topological Tverberg theorem
for » = 2, which is interesting because neither convexity nor antipodality of a simplicial sphere is
demanded.

Corollary 1.4. Let X be a simplicial d-sphere. Then for any continuous map f: X — R there
are disjoint faces 01,09 of X such that

fo1) N f(o2) # 0.

Griinbaum and Sreedharan [9] gave a simplicial sphere which is not polytopal, the boundary of
a polytope, and now most simplicial spheres in higher dimensions are known to be non-polytopal.
Thus Corollary 1.4 does not follow from the topological Radon theorem, so Theorem 1.3 is a proper
generalization of the topological Tverberg theorem.

Acknowledgement. The authors were partly supported by JSPS KAKENHI No. 18K13414 (Ha-
sui), No. 17K05248 (Kishimoto), and No. 19K14535 (Tsutaya).

2. PROOF OoF THEOREM 1.3

2.1. Topological method. We will apply the so-called topological method in combinatorics. Let
X be a regular CW complex. For a positive integers r, we define the discrete configuration space
Conf,(X) as a subcomplex of the direct product X" consisting of faces o1 X --- x o, of X", where
o1,...,0, are pairwise disjoint faces of X. Note that the canonical action of the symmetric group
¥, on X" restricts to Conf,(X).

Let the symmetric group ¥, act on (R%)” by permutation of R%. Then the fixed point set of this
action is the diagonal set

A={(z1,...,2,) € R) |2y =--- ==x,}.
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TVERBERG’S THEOREM FOR CELL COMPLEXES 3

Clearly, (R%)" — A is homotopy equivalent to S“"~1D=1 The following lemma is immediate from
the definition of Conf,(X).

Lemma 2.1. Let X be a regular CW complex. If there is a map f: X — RY such that f(o1)N---N
f(or) =0 for every pairwise disjoint faces o1, ...,0, of X, then there is a 3-equivariant map

f: Conf,(X) — (RY)" — A.
Let r = p™ for a prime p. The action of (Z/p)"™ on (Z/p)™ itself given by
(Z/p)" x (Z]p)" = (Z/p)", (z,y) =z +y
is faithful, so we get an embedding (Z/p)" — X,. In particular, we get actions of (Z/p)" on
Conf,(X) and (R%)". The following Borsuk-Ulam type result is proved by Blagojevié¢ and Ziegler

[1, Proof of Theorem 3.11] when Y is of the homotopy type of a d(r — 1)-sphere. We can easily see
that the proof of Blagojevi¢ and Ziegler works verbatim when Y is (d(r — 1) — 1)-acyclic.

Proposition 2.2. If Y is a (d(r — 1) — 1)-acyclic (Z/p)™-space where r = p", then there is no
(Z/p)"—equivam'ant map Y — (Rd)r _A.

By Lemma 2.1 and Proposition 2.2, we get:

Corollary 2.3. Let X be a reqular CW complex such that Conf,(X) is (d(r—1) —1)-acyclic. Then
there are pairwise disjoint faces o1, ...,0. of X such that

F(@) N+ floy) # 0.

Then for proving Theorem 1.3, it remains to show that Conf,(X) is non-empty and n-acyclic
whenever X is (r — 1)-complementary n-acyclic. To this end, we describe Conf,(X) as a homotopy
colimit by modifying the description of Conf,(A™) in [10, Theorem 15]. We will construct a spectral
sequence computing the homology of a homotopy colimit from a poset, which is essentially the same
as the Bousfield-Kan spectral sequence if the underlying poset is the face poset of a regular CW
complex. Then we compute the acyclicity of Conf,(X) by this spectral sequence.

2.2. Homotopy colimit. First, we recall from [I4] the definition of the homotopy colimit of a
functor from a poset. Let P be a poset and F': P — Top be a functor, where we understand a
poset P as a category such that z > y in P is the unique morphism = — y. Let A(P) denote the
order complex of a poset P. For x <y € P, let 154 A(P<;) = A(P<,) denote the inclusion. The
homotopy colimit hocolim F' is defined as the coequalizer of the maps

frg: J] AP<) x Fly) = [[ A(P<2) x F(x)

r<yeP zeP
where
f= H In(pe,) X Fy>2) and g= H Ly X 1@y
r<yeP r<yeP
Next, we describe Conf, (X ) as a homotopy colimit. We will use the following property of regular

CW complexes. See [11, Chapter III, Theorem 1.6] for the proof.
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Lemma 2.4. Let X be a reqular CW complex and let P denote the face poset of X. Then there is
a homeomorphism

AP) S X

which restricts to A(P<y) o for each face o of X.

Let X be a regular CW complex, and let P denote the face poset of X. For 0 < 7 € P, let
057 Conf,_1(X(7)) — Conf,_1(X(0)) and tpr:0—T
denote the inclusions. Then Conf, (X) is given by the coequalizer of the two maps

Nk H o x Conf,_1(X(7)) = H o x Conf,_1(X(0))

o<TEP oceP

where

f= H 15 XOO',T and g = H lo,r X 1Confr,l(X(’r))'

o<TEP o<TEP
Define a functor F': P — Top by

F(o) =Conf,_1(X(0)) and F(o>7T)=06,.
Then by Lemma 2.4 we get:

Proposition 2.5. Conf,(X) = hocolim F'.

We can construct the following spectral sequence, which is essentially the same as the Bousfield-
Kan spectral sequence [5, XII 4.5].

Theorem 2.6. Let F': P — Top be a functor where P is the face poset of a regular CW complex.
Then there is a spectral sequence

E), 2 P H(F(0)) = Hpyyq(hocolim F).
dim o=p
Applying the above spectral sequence, we get:
Lemma 2.7. Let P be the face poset of a reqular CW complex X, and let F': P — Top be a

functor. If F (o) is (n — dimo)-acyclic for each face o € P of dimension < n + 1, then there is an
isomorphism for * <n

H,(hocolim F') = H,(X).
We calculate the acyclicity of Conf, (X).

Proposition 2.8. If X is an (r —1)-complementary n-acyclic reqgular CW complex, then Conf, (X)
s n-acyclic.
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Proof. We prove Conf,(X) is n-acyclic by induction on r. For r = 1, Conf;(X) = X, which is
n-acyclic by assumption. Assume that Conf,_1(Y") is n-acyclic for any (r — 2)-complementary n-
acyclic space Y. Consider the functor F' in Proposition 2.5. Then F' is a functor from the face poset
of X and

F(o) = Conf,_1(X(0))
for each face o of X. Since X (o) is (r — 2)-complementary (n — dim o)-acyclic for dimo < n 4+ 1,

it follows from the induction assumption that F'(¢) is (n — dim o)-acyclic for dimo < n 4+ 1. Then
by Lemmas 2.4, 2.7 and Proposition 2.5, Conf,(X) is non-empty and there is an isomorphism

H,(Conf,(X)) = H.(X)
for x* < n. Thus since X is n-acyclic, Conf,(X) is n-acyclic, completing the proof. O
Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Combine Corollary 2.3 and Proposition 2.8. 0

3. INDEX OF A FREE GROUP ACTION

Discretized configuration spaces are of particular interest, and they have a lot of applications in
topology, geometric group theory, combinatorics, and applied mathematics. Here, we pose a possible
future direction of the study of discretized configuration spaces along the line of the topological

method.
n+1

——
Let G be a discrete group, and let E,G = G *---xG. Then G acts freely on E,G, and we let
B, G = E,G/G. There are filtrations
EGCc---CcE,GCEp1GC--- and BIGC---CB,GCB1GC---.

Let EG = > EnG and BG = |J,>; BnG. Recall that the space BG is called the classifying
space of (G, and the principal bundle G — EG — BG is called the universal G-bundle. Let X be a
free G-complex. Then there is a pullback diagram

X — FEG

L]

X/G—— BG

such that the map X/G — BG is unique, up to homotopy. Then the map X — EG is unique, up
to G-homotopy. We recall the index of a free G-action.

Definition 3.1. Let G be a finite group, and let X be a free G-complex. The indezx of X, denoted
ind(X), is defined to be the least integer n such that the map X — EG factors through E,G, up
to G-homotopy.

The following properties of the index are fundamental.
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Lemma 3.2. Let G be a finite group, and let X, Y be free G-complexes.
(1) If there is a G-map X — Y, then

ind(X) <ind(Y).
(2) There is an inequality
acyc(X) < ind(X) < hodim(X).

where acyc(X) and hodim(X) denote the acyclicity and the homotopy dimension of X,
respectively.

The above lemma implies that the index of a free G-space is an invariant better than the acyclicity
when we apply the topological method as in Section 2. Moreover, the index is of independent interest
in topology and transformation group theory. So we pose:

Problem 3.3. Compute the index of Conf,(X) acted upon freely by Z/r for r prime.

The index of a free G complex X is equal to the LS category of the map X/G — BG. So we
also pose the following problem, which is of particular interest in algebraic topology and applied
topology.

Problem 3.4. Compute the LS category and the topological complexity of Conf, (X)
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Theorem 3.3 ([7,9]). X CR? % 2d+2 sl Lo 2-FHES L L, AX) ={a,8} £T3. Z
DrE, HEIBIE<1/2+/d2 PEELT, o?/p2=(-1)/k 7253.

FRC, d=8 Dt & |X|>18 &BIE, o?/B2=2¥,k3. ZOZr &b, R® Lo 4555 2-ff
MESEZDET I, 77 70AFENLT, ¥OX54 45 HEDZ 7 75 REICEHTE 3
EEZNZIVZ 00 5. B, 45 THEDZ 7 72T L TZDHIEZEIT S FRIciZndi
WODT, ML 5DLRPDENR->TL 5. KEMETZDFMICOWTEZTWL.

4 SLY—Hr 2-IEEES

ZZTIE, 76E—BEERLT, 45 H 2- R EOWER 77 VBRI LA TAS. G = (V,E)
M7 F5. W(CV) OFEED 2 HEPBEEL TWS 2 E (resp. BHEL TLRVE &)
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W %27 V—2 (resp. HiZEER) WS, G DYV —72 (resp. MV HEE) OEHABOERAMEE
w(G) (resp. a(@)) TRT. 2 DOEARE s,t THL, [FED n HEDZ 770 o(G) > s 7=
B w(G) >t eRdE5%n ODR/MEZ R(s,t) TRLZ E—HE Xidhsd. 72rE-Ficon
TiE, R(3,m) IZDOWTIERD Table 4 DX 512423 Z e PHISNTWS.

m [3|4]5]|6]7|8]9
R(3,m) [ 6]9|14]18[23 |28 |36

[\YJ

Table 2: 7 ¥ —% R(3,m) Off

Lemma 4.1. G 28 45 QBRI 57 T2 E, Gl K9 2800 K33 OREHE T 75
7% EP.

Proof. fif 45 7757 G = (V,E) 28 K9 2@ %%V LT, G D Ks33 DI 777 %238
ZeERT. GUE Ky ZEERVDT R(3,9) =36 <45 &b G @ 3 i ES W, DIFET
5. Gy =(Vi,E) 2 V\W, THEIND GOERI7783%. Gy iF Ko #EERVDT
R(3,9) =36 <42 XD Gy @ 3 R EH Wo BDIEET S, Gy = (Va, Br) & V1 \ Wy THEX
N3G OEDTT7 7833, Gyl Ko ZEHFERVDT R(3,9) =36 <39 kb Gy D 3 50T
BEH W DEIETS. ZOLE, WiUWLUW; THEXIND G DER V7 71% Ks33 OED
7578k, O

Larman-Rogers-Seidel DEHIC L D, 2T 2-FlES X & AX) = {V2,2} ¥ LT&
W, 22T, X XHETAHMZ 7 G(X) = (V,E) ZRTEREL, X ORHII 7205,

V=X
{z,y} € BE <= d(z,y) = V2

X ORBZF 712 Lemma 4.1 ZH#HT 2L, G(X) & Ky &L K335 OREET7 7 7
EEL. ZOZeEROCTHEEED TV, 22T, Ly 9 SO EETIHEAELD DD
READZZ DD, ZNHDT T 7DOHNIE 45 THRETHRE 277 7037 SAZENTY
5L ICHEET 5.

RETIE G(X) 25 K9 ZEBDHEITOVTERS.

5 IEEFZIT 2-IBHES

Nozaki-Shinohara[11] i, R IZBWT, EHEE ST 2- R G ORI 21707, g, RS
Lo 2-FEEEERE X T |X| > 18(=2d+2) 725 & &, ROFEDLD 72D.

Lemma 5.1. R OV 7 : {(21,22,...,79) € R® | o1 + 29+ -+ + 29 = 1} FICIEH{K
Xo= (11,037 ZED, 7 Lo 2-BfES X 25 X, 2&DLT 5. |X|>18 LT 2L E, KD
WD D SO,

(i) AX)={1,v2} &%=,

wooe (3 6)) () 6))
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(i) A(X)={v2,2} &b,

oo ()6 <(() @)

(i) DL EIX|X]|<24 722 DPHERTEZDT, ZITE (i) DHAIOVWTEZ . (£

BRiX, MOHEED Ko P8 Ens e 2R TN X VDOTZ DD ZEIRTE 3.)
HELD, X =XoUXjUX, 23 2-FFlER L RD X7

P P
2 2 1 7 1 5 2 4
X1C<<‘s> ’(3)) ’ X2C<<‘3> ()
T, | X1+ [X2| =36 22D EOFUT I V. 22T, 14 106
X1<—>.F1CJ(9,2), XQH.FQCJ(Q,5)

BEZD. SecF &Teck @:jﬂtb,
d(ps,pr) = V2 <= |SNT| =2,
d(ps,pr) =2+ [SNT|=1

YRBDT, |SNT| € {1,2} R2MBEDDHZ. MOBFEBFERKICLT, [SNT|IEXD Table 5
DEICRIZRENDH S, 22T, HOIXEE 2, REHER 2 czhzhmit L Tw 3.

Fo=J9,1) | FL cJ9,2) | FoC J9,5)
Fo 0 0, 1 0, 1
i 0, 1 1,2
2 3,4

Table 3: X % 2-FEHEEE ST 270D |SNT| D&M

SCOF S 6y Fi1, Fo & LTRD 2 2DF|2H 3.

Example 5.2.
(i) [F1] =36, | F2| =0 L7220
Fo=J(9,2), F3=0.

(il) |F1| =3+ 18 =21, |[Fa| =15 &7 50,
Fo={{i,j} |1 <i<j<3yU{{i,j}|1<i<3,4<j<9},
Fs={{1,2,3,4,j} [4<i<j <9}

FHRERICED, FAELRDOZFRNT LD 2 DIZRH6N 3 Z e DRTE 5. (i) T2V Tid,
5512 Lisonék D 2-FRBEES Lys 1ICXET 5. (ii) 1I22WT, HILLWHDOBHTL 2B L2 -
7DD, BERVPOMIET S X = XgUX1UXo 1 Lys EFAFITH 3.

PUEX D RDOEHDLD 32D,

[ARTH 5.



(=)

5

ZOHITIE, X CRS % 4555 2R AT AX) = {V2,2} LT, G(X) » K333 DRIRET
BT 7 EFOIRMEEZ TV,

A9 OB T 713 274668 M, K335 ORIBET 27 Z 713 62116 18, ZD5H 8 tA T
WHEBATRER 75 713 2312 e oo TWAB. 2D 2312 A5 A X — F LT, 45 THA E THER
LTW Ze%®2EZS. ¥z, 2312 HoWNERIE, 4 kot 18, 5 %ot 718, 6 XoC 124 fl, 7 XK
JC 786 i, 8 XJT 1394 L 72> T\ 5.

FIDIZ, 8 KITD 1394 fHICHF 2 FELMNT 5. 9 A 2-HEEEES YV 2 dim(Y) = 8 Ziifi
2L, AY)={V2,2} Th2r3%. ¥/, D% Y OHHTYIET 2. ZIT,

L={(x1,22,...,29) | 7; € {V2,2}}
55 ZOLE, YIIMETA757 G = (V,E) BRTERT 5.

V:={v e L]|rank(Mp(v)) =8}
Z ZT,

F72, v, w e VITRL, rank(Ma(v,w;c)) =8 725 cc {V2,2} FET 2L &, {v,w}c F
y¥3. ZIT,

D tv tw
Mp(v,w;c) :=

v 0 ¢

w c 0

R® Lo 2-FEEEE S L WO KRR o7 % %, YV I2 36 RUBEE 27D, w(GH(Y))>36 &
RBZREND D GERIEDESS) . 134 HD 27 76T 2 DI LT, ZOHETE
TOBRMEIETE, T T EDT T IDDHEZeBnhb.

KILd D T7TLUTDZZ 7 LTDH, TIERITH 8 ICRZFTRILEHEPL T IO RE%E
S—dHRELTHS, 2FONBIT—d DT 7 7%EVDZD 7Y — I REHETZ 2 TETO
{FERDFIZEI NS,

rank ‘ 1~3 4 5 6 7 8

72 7 DIEEK 0 1 7 124 786 1394

RIC 8 I L7277 7 DK 0 812 3611 8832 3057 1394
WG =28+r &1 F7 0 268 1207 2792 1080 57

Table 4: 45 HEF THETE %277 7 DE#K

RRIT 45 IR L TR S B/ 2-HlRGORBE Y 7 7 ORAHE 2T S HT, 2TOr 77
DS Lys LIABICH 2 2 e B HERTE . ST X D Feax O TRERVGFEH S .
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BFHhIC

FTEBOIIRNEICR D, T ¥ —ROEMPMEE SRR @EmE EFSHWREHIZKD,
R® LB 2-HlEE AT Lisonek @ 2-FEEEEAICR SN 2 Z e 25GFHE L. 7272, 20k
DELICED, ZOFHED LEF S EHATRELREHFICINE > 72D1%, 72X -OEHEOREE L W\
5 & DX, BIOHIOIRRICD LGNz, Kotk SICT B2\ & ZADHICKR 72D Tldi
Wt EHoTns, 353D L DR EHLLEEDTEL ERWEASD, SHEIZZDREEIC

HoTHL.
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A base-p Sprague-Grundy type theorem: Maya game and
representations of generalized symmetric groups

AL {H#8 (Yuki Irie)

FACKE BOER AT v & —

Research Alliance Center for Mathematical Sciences, Tohoku University

e sr — 2B B 2S5 T H 2 Sprague-Grundy DEH D p MEERICE T 28 % H7- 2
%, I IOfREMT2Y 7 — L4 & BALITHRREORBZ D) 5. Al [R] O TH 5.

1 P

Ao FERIL, FEEEIC X 2 PRICH 2. 1970 FERUCRklE, RBLL 7 — 2 ORI D %530
D5 E P [2H0T]. 20BN, WFEHFEO 7 v 78K E <Y 7 — LD Sprague-Grundy BI% (44
Wikz b1 Z 2380 ORAXDEHBUT 24 L, WFDMICIIRY ZBLBH >/ lcdTH D, DD
DOBEMNY DB THZZ 6T S, BAENICIE, NIEHFEORBEODEICEET 2, p/ MaER & v ) EBDS
AEN, ZoOfREMH, p Al —2L4 &) 7 — LD Sprague-Grundy BB D RAAE 7z, Tihb
B, p HATEBIC X o THRBEORBLL v v 7 — A 0ME D . AR OB, p/ Mo EBEIRL, £
WS =200 RIETF52LIcHD.

FTIAD p B AERRE S, I TEMERERELITBR, HBEOBIHIERELETITH. BUF p
FFEBE L, NRBIFARRKRoREGEERT. 2 EMET 2Py JRIEZHE—HL, YV 7KIEY IR L
T, pY THIET ZMBEEO (C ko) BEHIEHEZERT. vy (Y) 2K TEET 5:

yP () =Y W (v)ph.
LeN

22w (Y)Y © plweight (BX 23 pt cEIDYINDG 7 v 7 0f%) b Y, w(¥) @k wl (v) % p
T%ok%b%%?.%iﬁp:ZTY:ﬁF@%é,777%@%@%%@“ﬂ@@33A5ﬁ}@%6
EoTw(¥)=9,wP(¥)=3,wP¥)=1,w?¥)=0@L=3)ThbhH, yO¥)=1+2+22=7Th?5.

EE 11 (p' RIER[B]). T Y |gymey ) (ry) PERIRITITEREDS p L3R b DVHFET B,
COEMEHVG L= LT 2 ROAXIET 3

FE 1.2 ([6]). p fafil~ Y7 — 4 T ® Sprague-Grundy BI%K sgp 13 ) 1I2% L, Tabb, ¥ 23T O

(YOI HEEEZD) DEE
sep(Y) = Y (¥).

FRREY B full THB I E LR pY ORED p EFERI EIFFAMETH B,
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DLEDS, [6] CRRONARBRLE TS —202%800) Th s, AROHNIZE, 06D 2%05) % —BALFEE
(Z/KZ)1Sym(n) &% 7 —ADORINEET 2 2 Licdh 5, EHID & (Z/kZ)1Sym(n) DEBUZOWBTHIS
NTOLBHER (B 213 [00,00,17] 2 2H) 282 EEBMEAESTHD, RDOLIHICTE S, —BAIFRE
(Z/kZ)1Sym(n) DEEIZBIZY v VO K ICIHRFERTITE L. Yy IR kMY = (Y., Y5 icn
LT, p¥ THIET 5 (Z/kZ)1Sym(n) DEBZET. yP(Y) ZRTEHET %

yP)(y Z f(l’

LeN
zzowP ) =S wP ) chh, w )k wl(¥) & p THloR BET
ER 1.3 (pf IR EBOBLR R, HIHR 07| 120 8ymey o) (o)) PIRIRITI IS TEDS p &0 b OHHFAET 2.

SC, A D p BTEBTIE S 267 — LA DORA2EL 2 ENTE, pffl~Y 7 — LD Sprague-Grundy
BIEU wP (V) ©FE. ZRTRIBRL & p OEHICOWTh, WET 2 X A7 —L20H207K5
57 ? ¥ b b Sprague-Grundy BIEHY wP(Y) THRE 27 — L ZIFET DK 5 9 9> 2 KD Sprague &
Grundy 12 & 2528805, p 732 OBAIE, 20X 7 — AR 2 ENTESD, “DDF—AT! &
iR L, TH4+T2? ¢ 2 0fl (disjunctive sum) 2% 7. 72 @, TpiEETHED LD ORVR LA (p =
LR 2RT. Pl 1@2=0ThHD, £/50:8=02+3)®(2+2:3)=17Th 3.

TEHE 1.4 (Sprague [16], Grundy [8]). 7 — 4 T & T2 D19 Sprague-Grundy Bi%k (3 2 11 241D Sprague-Grundy
o2 Z2fiEHE L, Tabb A L A2 0T L T? ORHO L&

SEriyr2 (Al ’Az) = Sgr! (Al ) @25gr2 (A2)~
M %S & p=2DL&1E, MET575—2n’Bons, YV I7RIBO kY ICHLT
llf(p) Y) = llf(p) (yl)@p @) W(P)(Yk)
DKALT 5 Z EITTERT 5. EH M &EH T2 2 6 X0%E 9
R15 T 22~y 7 — L kHOMET S, Y BT ORHE (Yv //EO ke B22) oL s
sgp(¥) =y () @ @y (YF) = O (¥).

b L Sprague-Grundy D EH D p EEICE T 2 BB H L, —MBD p I L THRNIBT 27 -4 %
W T&2%. AfETIE, p-calm subtraction 7 — 24 & \» 9 E%’Eﬁﬁ L, 2OF =W LTIEXDLIIC
Sprague-Grundy DEHD p HEEICE T 2 HRPELT 2 2 2N T 2

T 1.6 ([R]). T'!' & I? % p-calm subtraction ¥ — A £ § 2%, ZDEE T +T2 D p fflld Sprague-Grundy [
BxznFno p fafllo Sprague-Grundy BIHD p = 2RI EE L, Thbb Al L A2 DT & T2 OFED
& ZE

sg e (A1,A%) = sgry (A1) @) sgy (A7),

ZICl BT o pfafeRT.



p-calm subtraction 7 — AL DH1D p-calm TH % Z EWFEHTE, FAv¥ 7 —L41d p-calm TH 5720, X
DfERZ G2,

R17. T 22Y7 =2 kHOMD pfafIE T2, Y BT OREO & Z
sgp(Y) =y (V) @, - @, yP (Y = y P (1).
FRFEY DS full TH B EERE Y ORED p EFERI LFRAMETH .

AFRORELIIRTH 5. D ffilC T subtraction 7 — 24, 7 — L DH, Sprague-Grundy Bi%i7% E DG —
LHERICBHT 2 A EET S, BEICT p Al L p-calm AL, 51, 7F—o L REOBRIZOWT

5,

2 subtraction '— LI

HEEr —2HERICBWT, My — o EMIEN B EICE TN S, subtraction 7 — A DJEIIC DWW THAS
HEEdBR2, &g, Hoer —2MimcBE T2 E LT [I,8]) 235 5,

AR TIERDEIWCHR T 77 Tr—2%2RT. T 2HMZ 77 (Pr,ér) £35%. T4%bb PridfEsaT
ErcPEThs. AMTRTH (KR Y=L TH2Il%, FHENAePr ICHNLT, ADSIHEZRE
walk DR X 1gr(A) BERTH 2 2 ETERT 5. HAIE ({1,2,3,4},{(1,2),(2,3),(1,4)}) 37 —21TH 3
25, ({1,21,{(1,2),(2, 1) }) & (1,2,1,2,...) £ BSERO walk #Fo70 7 — A TlkAw, F—AT I
MLUTPr% BEHES LW, (AB)efrDEEB% A D option LS, FHADS BANDRADVHD L
% B % A O descendant & W08, FFZ B#A @ & it proper descendant & W33,

E21. S =T BROZAMES—22RL T2 EES 2L TES, ML LT IhBRE Ae Pr
BBEE, ZANOT VLAY —RBRACHEDRED S, %O option ~“NEEIT 5, LB TEL Rk
BEFTH L. AT =({1,2,3,4},{(1,2),(2,3),(1,4)}) T, BBREHZ 1 £ LEBATELLY. %&T
DTVLAY—PIF20 4 1CBETES, L2ICBHLALAIE, BTFOTLAY—P 331 BHITSZ
ENTE, PIE 325l BEITELVLD, P OBETHSE. —J, PI2 126 4 IBELLEAE P,
DEHTELRVYD, PLOBbThs, ZOXHICHAZ 77 TIRAMEO S —L L5 2L TE S,

Z A TlX subtraction 7 — L ZEFET 2. Pr & N OFDEALEL, € 2 N\ {(0,...,0)} DIWoEL LT
%. 2Ok & subtraction 7'— UL I'(Pr,¢) % RH%EAD Pr TUEED

{(A,LA—C)ePE:Ce %}

DF—LELTERT 5,
Z T Tl subtraction 7 — L DHlE ZD0H1F 5 (R THRSZ X HICINSIEET p-calm WxMwA ), DT
N" OJe% KLFTRL, 20 i 0% LICHETFBMN O LTFTRT, flZIEA=(d,...,d") TH 5.

A A EH T 57— A DARZ H7- A B EH A 287 X I, IEL K p-RrER I3 206 % [ 238 L 00w &
LCEHRCRZZ, 2, R %GHT 212E, 7040 p-BaEB A 2»bnE+ochbs (R iEm=10854, TabbE
B ZAREE, HEREHIOANLSHEBLICN) 720)., ZOROAFHORE (FiL iy &, CHII L)L EHIBICH
D, SEOFEX, WNHEHORBL <Y 7 — L OBR L FEROBRDS, —BALITHRHORIL v 7 —2DHORMICH 2 Z £ HEH
CB25bhs, EWVIHDITHR->TWVRS,
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B22. P=N"tL<T

1 ={CeN":wt(C) =1}
L$%. 7%22L wi(C) i& C ® Hamming weight |{i€ {1,...,m}:c" #0}| 2% F. ZDLE(P,%) % Nim
EWEN, N TRT, BlZEm=27T, WRREEZ (1,1) L LEEATEZLI). BFOTLAY— P IF
(1,0) £ (0,1) icBHTE, (1,0) BEHLILETELE, BFOTLAY— P, 13 (0,0) ICBETE, P idlhn
DEBEICE R WD, P, DIFLTH 5.

B 2.3. M, = TN\ {(0,...,0)},€}) £ 5. M, % misere Nim &5, BlZ1E m=2 T, BREZ
(11) L LEBATEAL S, BFOTLA Y — Py 1% (1,0) & (0,1) IBEITE, (1,0) KBBLAEETS L,
BFDOT VLAY — P,y 1& (0,0) ICBEIT 2 Lawdd, 4 (0,0) ZREEE»SRVTWE Y, Py I3BEIT
&Y, PLOBLTHSL, ZDEIHIT M, IE(0,0) ICBEBLTCLE>TOATEVI Y=L E-Z S, EH
® Nim Tl (0,0) IZBE L 72 /523055 725 72 DT, misere Nim (55 17 2362 L7 Nim (I8 > T\ 5,

Bl 2.4. o
P={AeN":d #a’ for 1<i<j<m}

5%, T(P,%6)) % IV —L (Welter —1L) LW, W, TET. #l21E W, Tl (1,2) D option &
0,2) £ (1,0) TH 2. X F—LERXDEI YV M EMio7F—LEBIZLLTESL, AT
F=LDREI (a'... ") ET B, BEASBIAEEANEACa' > >a" ETH. ZOLEEFAICKHIET S
TV OB (YE) & Y(A) = (@ —m+ 1,82 —m+2,...,a") TEET 5. BIZIFY((3,6,4)) = (4,3,3) =
Thb, ZOXH)TYY T —LDREICY Y VREZNEI ¢ L E, Y7 — L TRHIAA 25 % ? option B
WKBEBT2Z 8, YYIRIBYA) 267y 7B ZEICHIET 2. DDkl TeYr—2aldvy
TRGDT7 v 7%l 7 =L EBH) TENTES, DLE, PIZIERE walk DEX 1g), (A) 13 Y(A) OF
DENY(A)| IKHEL W LD 5,

RICT—LOMEEET S, ie{l,2} ICHLTT 27 —0LT2, P =Pp &= bBL, ZDLE
e oM +12 2BEEGH P x P2 CdEAD

{((A",A%),(B",A%)): (A",B") e &', A2 P?}
u{((a',4%),(A,BY): (4> B} e’ AleP'}
THETF—LELTERT S, X
N =N+ + N
T ZC subtraction 7 — A DF1H subtraction 7 — L2725 Z EICHER L TEL
Fef% 12 Sprague-Grundy BISc DWW T2, T 2% —L T2, AePricxfL T, A @ Sprague-Grundy
sgr(A) ZRTHIRINICER T 5:

ser(4) = mex {sgr(B) : (A,B) € &}

7:72L mexS=min{axeN:a ¢S} TH 5. B sgr: Pr > N % [’ O Sprague-Grundy BI# &5, it
RIHE LD, ADBBRITH D L E, BFHHETH LB IEME sgr(A)=0ThH2 I LWRES. O
i cii X7z Sprague & Grundy D EH %89 5,
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TEIE 2.5 (Sprague [16], Grundy [8]). T & 2 3% —LD L &
Sgriyr2 = sgri ®2sgre -
Thbb, AV QRO E =
sgriyr2(A',A%) = sgri (A") @, Sgrz(A2)~ (H
B12.6. Npy=Ni+-+ N, Zo7DT, EHII LD ARBN, ORFEO L 3
sgy, (A) =a' @, @ra”. )
BIAIE sgu, ((1,1) = 1@ 1=0 & D (1,1) EEFLHEORITTH 3.,

EE 2.7 (Welter [IR], 1% [[2-14]). A 3=/ —2L W, DRHEID & &

Sng (A) = al @2 . '@2 a™ @2 (@2 20rd2(a"_a./)+1 _ l>
<j (3)
- w(2)(Y(A)) = @2 ‘ﬁ(z)(h),
he (Y (A))

72721, ordy(a) ¥ a D 2-adicorder %9, ThbbH

ordy(a) =

max{LeN:2L|a} if a#0,
if a=0.

¥ Y (A) BYA) D7 v VEOSEEAEEL, NO () =22l 52,
Bl12.8. Az~Y7—LDORME(7,53) £T5E, EHEDIALD

Sgw3 (A) =7@® 5®,3®, (zord2(7—5)+1 _ 1) @ (2ord2(7—3)+l _ 1)(_92 (zord2(5—3)+l _ 1)
=T 533D 7@ 3=6.

$7:Y(A) :@F ThHY, Y(A) D7 v s EDSEELIF {1,1,1,2,3,3,3,4,5,5,6,7} D,

SEws (A) = @2 ne (h)
hes# (Y (A))

=mn® (1)@ M@ (1)@, M@ (1)@, M (3) @, Mm@ (3) @ M@ (3)
2N (5) @2 NP (5) @2 M (7)
@ N (2) @2 NP (6) @2 N (4)

=11 111212 1@ 1@23@ 3@, 7
= 6.

E2.9. DL ED XS IZ Nim &= Y7 — 4122w Tld Sprague-Grundy B O TR AR DA S N T05, L L,
CNSDE)ICHRRHEDBF o Tw 248132 L <, #ilZ1E misere Nim @ Sprague-Grundy BI%(D A3 HI
5TV, &8, misere Sprague-Grundy B E WX 2 b DA3H ), ZOBIBDOPIRARIZF ST
% [B].



E210. 7—24T £ 2D A KL T, A® Sprague-Grundy #1% A >S54 F % walk DIRKETE2 LI
ZbNs, Thbb

sgr(A) <lgr(A). “
BIZIE= Y7 — L DEA, 1gy, (A) =[Y(A)| 257D T sgy,, (A) <|Y(A)| TH 2. JEIH A 235 D bound %
ERTHLE, Thbbsgr(A)=Igr(A) %2 E, AMTIZAZ full LW Z LICL L), XEiTHRS
91, (pffI~Y7 —20) full ZRHEIZRED p ERLERIUTHELTED, TOHRELSF—L LREL
DIEOD

3 p-calm subtraction 7'—/I

ATz ET p fIMIZFENT 5. % LT p-calm subtraction 7 — AL % EF# L, p-calm subtraction 7" — A 125t
L i3 Sprague & Grundy DEHD p MEEICE T 2HPMIDILLT 5 2 L 2N T 5. FImigIc p/ JITE
A TS —LADFETEVIRZ 5. REARMITARS 7 —21BT 2855813, p 232 M EoBKchiu, FHK
T TOHRILT .

3.1 p 88

HIffi TR 7 — 23 23 EE EBIR L T, AEICR 2 X9 pfafzfli) & p kBRI 27 —o%
BpEIENTES,
aeNIZH L Tord,(a) Ta D p-adicorder 23, T4bbL

max{LeN:pl|a} if a#0,
o0 if a=0.

ord,(a) = {

ROFEEZELRT 5.

EP) = {Ce N"™\{(0,...,0)} :ordp(Zci) =mord,(C) }

7272 L mord,(C) = min{ord,(c'): 1 <i<m}. Bz
(1,0),(1,3) e, (1,2) ¢ %,
FB

ord;(1 +0) =0 =min{ord;(1),ord3(0)} = min{0,0},
ords(1+43) =0 =min{ords(1),ord3(3) } = min{0,1},
ordz(1+2) =1>0=min{ords(1),ord3(2) } =min{0,0}.

¢l TH 2 LICHEET 2 (€) 1% Hamming weight 28 1 £ %% N 0Ji4fkcdH 7). T =T(P,%)
LT =T(P,E) L&), #—LTHTOpBM ToH22 Lz T BI(P,€UE) LU Sprague-Grundy
B RO L CELETS. TADLLRETDAecP ICHL TRVEILT 5 L & p ffl & WESR:

sgf‘(A) = sgl‘(P,‘éu%,,(/’)) (A) (5)

eI TP, C uEy) BT @ p fIfITH 5. AKITIE, KOZM%M7T subtraction 7' — & T(P,€) D&
BEZD.
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(x) ccEP.

HLTH (x) iz T 51X T 2T @ p MHITH 2084350813, ) THD, Ff(x) 1E
MTHAL TR I EICEET 2. Thbb, b L D0 subtraction ¥ — A4 T & T2 M (x) 27274513,
T T2 8 (%) ZE7T.

p BRIz ZEick ), UTDXHIC pilEERDO S — 20356 N2 54035 5.

#3.1 (). T = F(NZ,‘@G)) LT3, £DZT 0D Sprague-Grundy $% £ 7. fliHC sgu(a,0) =
sgp(0,a) =a TH B Z EWHEPDLNDS, (1,1)€ %”2(3) DI, (0,0) 1 (1,1) D option TH 2. £-T
sgi(1,1) =2. X7z, (0,0) i (1,2) @ option TZ& 2728 sgx(1,2) =0 30D 5.

0 1 2 3
0jo0 1 2 3
1|1 2 0 4
212 0 1 5
313 4 5 6

#1 F(Nz,%z(s)) @ Sprague-Grundy #%.

—f12 T 23 Nim N, @ p fIRIT, A DT ORfi% & RT3 (2245 Nim ZHSEHY O 2 ff1TH
L2 ED0NB).

sgi(A) = a®, - ®,ad". (6)
ZD7=& p A Nim & p EEKD Nim £ WA 37 =A% o T3, 28 p o Nim (2 J. A. Flanigan
DA HGRH X “Nim, Trim and Rim” (2T Rim, &FFEN 57— 4 & L TR THE I N, Rim, 13 (FERIC
H %) p IRl Nim D—2Ilh->T\w3,

3.2, BB k91 Nim N, BASHEO 2 ffIch s, ik Ce?? KL T (4,4—C) Ev9il%
Ny W2 ZTH, Sprague-Grundy BAEMZL L W2 E2EKT 2. &8, T(N* €) BN, D 2HMTH 5
RESEER, Clce e ThrzEmBRTVS (2],
I 3.3 ([7]). ' % misere Nim M,, ® p 1L T2, AN OREO &

sgp(A) = a' @) @, d" @) (pME W —1). )
THE34(B). T 227 —2W, O pffltT2, AVT ORED L

ng(A) -4 @) - "@pam@p (@p pord,;(a’_a.i)+1 - 1)
~ ®)
=yP(y(a) = D, NP (n).
he (Y (A))

£ L, N (r) = 27 ® b Bz W, BHAHED 2 BIHITH 3.

B35 T% Wy 058f1EL, A% (7,53) L35, EHEA LD

ng—(A) =7®s5®s3Ds (Sord5(7—5)+l _ 1)®5 (Sord5(7—3)+l _ 1)®5 (Sord5(5—3)+l _ 1)
=T7@s5@53Ds4Ds4Ds4 = 12.
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3.2 p-calm subtraction o'—LA

T % %fF (x) %72 F subtraction 7 — A E$ 2. Thbb €6y Lhd € %fioC T =T(P,¢) L
32323, ' p-calm THSZ L%, £CHEMA £ %D proper descendant B 125 L TRPWLT S Z &
TERT 5. o

sgi(A) —sgp(B) = Za’ —b' (mod pN*1).

=2, TIET O pfflchdh N= mord,(A—B) TH 5. AHEDOIEFIRTH %, Sprague & Grundy DEH
D pEEICB T 2R 2T 5.

EIE 3.6 ([8]). I'! & I? % p-calm subtraction ¥ — A & 9%, 2D & E T 4+T? & p-calm subtraction 7 — AT
b5, ol

S8 (A1,A4%) = sg (A" @, sgps (A7), )
ZELT T O pfflzeRT,
fl3.7. 5 F Tl L7z, Nim & misere Nim &P/ — A2 T p-calm TH 5.

¥ 3.8. Tl % (%) Zili7= ¢ subtraction ¥ — A E§5, HFT2ANmDEE, I'' 2 EHBEAE D @) Zili/
i, TH i pcalm 2% 2 2 L2 ¥ 5., T4bb, T 25Nim & @) 2 THE+55%ME, T 2 p-calm
THsIETHB., MU, Nim DO DIZT, & LT p-calm Tsgpo: Pro > NBRHELRZEDZHEZT
HLLED Z EDKALT B,

33 T—LERR

PR EMD S — ADFEICLEE VA2 HT 2 5.

FTIIIEAD p MOTEHESVEZ 2, ZOLDITHIREIIC OV TISHASNTVEIHELLIZL D 3,
YR Y ISR LT p¥ TRIGT 2 NHEE Sym(n) OBEIZRBIZ R L 2. £8l p¥ @ Sym(n—1) ~DHlIR
&, DEEHNCEXD QfF LEREEDE. Z2TZRBY ORI 17y 7 (1HDH) 2BRe<Honsry s
MigetkzEs, 7 ff TpY OXEELRTE, 7y 72K [E] &V

n!
deng T
Hheyf(Y)h

&, Macdonald [U] 12k > T f¥ 2 p LFICH 2 Y OREMIRH LTS, £k [A] ITBWLT,
Macdonald DB 202 &, f 25 p LHTHS T L &y (V) = |v| BRAMETH B = & pSEES L,
CITp Al — 2 DR AL TR L2 L2 BWIZ S

sgr(A) =y (Y (A)), lgp(A) = [Y(A)].
% 7T A 13 sgp(A) = lge(A) D & F full EIEAZE, koTABfll THEIE L W 23 p LHTHS 2
EWEETHZ, BELYD, p ROEHLDIZRDLII I, —LDEETESVIRIBE I LN TE S,

WRE 3.9 ([6]). pfafl~Y 7 —2LDFMH A X LT, full 7 descendant B CA & [H U Sprague-Grundy #(% ¥f
Db DT B,
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$1310. p=2 L, T22fM~Y7—2LT23 BIAEY7—2HHZEEUIR). A %2 T O
(6,4,2) L, Y=Y(A) = 92, DficHEZLIICYD(Y)=TE>%DT, p' BIERLY p¥[syme7)
AR BOBERIR D %2>, Thbb Y ICGEENS THOHD» SR EY Y VXN Z T fZ2 DEED b D
FET 5, B, Z2=(3,22) =0T t¥5¢L, ZRY ILGEND THOKID S A2 Y Y JIBTHY
7!

L R
£0, fFREFHCTHE. ZNTE, INSETS—LOMPLRTHS, £ sgp(A) =y (Y)=7. FxZIC
XIS % DI B = (5,3,2) THH, Bld full, T4bb, sgu(B) =lgu(B) Zilire¥. FHE, 1gx(B) = 2| =7
)

21

ng-(B) = 5@,3@0,20, (Zord2(573)+1 _ 1)@2 (Zord2(572)+1 _ 1)@2 (zord2(372)+1 o 1)
=53 2@3@ 1@ 1=T7.

k> TBI3ZA D full 7% descendant TH H, 2, A LFHL Sprague-Grundy #% £,

FE3AL DEiobRz kI, p ROEHTI 2#H w23 &, p iy —24 T ® Sprague-Grundy BI%23
yP) LT B ENRESE, IO ELIDLELCBRNS, B p BOEHIC LT, XD LX)
ICREH % full 2RSS EBRMICH D, L, TITR full AR A % yP(A) =lgp(A) &7 T
bOLLTEHT S (sgp(A) = yW(A) 2R LEBIE, bBAASETOERLE KT 3). 7 full 5
Il A 1S LT sgp(A) = wiP) (A) DSHBRIN USRI © & 2, F 72 full THVRE A LT, p/ oy
EELLCD & D, full 7 descendant B T w(P)(B) = wP)(A) %7z T b DPEAET S, 2T B I full %27
sgi-(B) = wP)(B) SRALL, T ED 5 sgr(A) = yP)(A) ZAFHTE 3,

mBIC, EERKOFIET, HBELEZ pP R EH Ty —LDBETCFTIRIoNS I LE2HNT 5.
YYD kMY /LT p¥ THIET 2B (Z/KZ) 1 Sym(n) DBERIFEE 2R L 72, £B p¥
(Z/kZ)1Sym(n—1) ~DOflfRIE, SN E Y Q2 L£ED, ZITZRYDPOES1DO7y 27%2KF0wT
Bons vy /HIED klehkzEs, 72 Y TpY OoXMELRT

n!
deng: _

[Thesroyh
FIZIZY = ((4,4,2),(2,1)) = (@E Hj) L3 ERDICRT L9 () ={1,1,1,1,2,2,2,3,3,4,5,5,6 ).
LT

(EBF) _ 13! — 144144
f 14.23.32.4.52.6 ’
6[5[3[2] [3]1] 412] [2]1]
s14]2]1] [1] 3]
2[1 [1]

B ((4,4,2),(2,1) & ((2,2,1),2) D7 v 7 &,

Macdonald 12 & % XEDS p £ FRBHOFHEA T I1E AL EENE S ICIRR T 2 2 L A3CE [M0], W
PO L E LRI, Y 23 p LETHIZRLESEME v (YY) = Y| 2RI T 22 ETHD, ZITIYS—
LD p FRI T O A 128 L TRAE Y 70

sgr(4) =y (Y (4)), lgp(4) = [Y(4)].

9
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LELYA) = (Y(A"),...,Y(A%) TA=(A),... . A5 TH 2. koTADfull THB L FA pp LFET
HBHIENAMETH S, XD, HERL p MEH IR ERDE ) I —LDFETEIZ 2 L
TE 3.

WEE 312 (R]). Y7 —20R® p M T ORH A ICK LT, full % descendant B TA k[l Sprague-
Grundy 82> b DVHET 5.

BI313. p=2L L, T 22X 7 —20MW;+ W, D 28R E T2 BIZIEWs+ W, ZHHUEEV), A% T
DI ((6,5,2),(3,1)) £ L, ¥ =¥(4) = ((4,4,2),(2,1)) = (@E Bj) L%, ETREEI I Y = 144144
TH%. E5IC

v (B F) =@ ({HB) @2 v () =6@21 = 7.

R L 72 p' BarEE L D p¥ @ Sym(7) ~DOHIRICZHF BRI DOBKIR I DT 2. Thbb, YICaGEh
YV IRBORT ZTHY, it T O ORY, 2 BTROLONBH B, ERZ=((2,2,1),(2) &7

% &

= _ T

- —105.
7234 10

f(ﬁ3

MEx7P—AOZHETTOMAL. £7 sge(A) =y ¥) =7, £4, Z CHIET 2 HHE B & LT
((4,3,1),(3,0)) ZHUUS 1gx(B) = |Z| =7 7

ser(B) =y () @y () =502 -7.

&> TBIZA D full % descendant TH D, 2>, A L[ U Sprague-Grundy % F£f>.
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Iterative construction of Cayley-type
Ramanujan graphs and its cryptographic application

Hyungrok Jo*
jo.hyungrok.gb@u.tsukuba.ac. jp

Abstract

It is an attempt to build a secure Cayley-based hash function by using combinatorial
method to weave the existing Ramanujan graphs. This study is still going on with Noboru
Kunihiro (University of Tsukuba) and Yoshinori Yamasaki (Ehime University).

1 Introduction

It has been developed the computational abilities of quantum computers in many aspects. Some
experts assume that it could be realized the practical use of the large-scale quantum computer
in approximately 15 to 30 years. These developments of quantum computer could derive the
cryptanalysis to international standardized public key encryptions (PKE) or digital signature
schemes (DS) using Shor’s algorithm. In this context, NIST (National Institute of Standards
and Technologies) suggested the standardizations of PQC (Post-Quantum Cryptography) which
based on the mathematical hard problems with anti-quantum-attacks in 2016.

We are interested in building a cryptographic hash function based on expander graphs as a
primitive of crypto-schemes in the era of PQC. In 2006, Charles, Goren, and Lauter|[3] suggested
cryptographic hash function based on two families of Ramanujan graphs as optimal structures of
expander graphs. One of the families of Ramanujan graphs is constructed as Cayley graphs over
finite fields with special generating sets, suggested by Lubotzky, Phillips and Sarnak in 1988.
The other family of Ramanujan graph is represented by the relation between supersingular
elliptic curves and their isogenies, suggested by Pizer in 1990. Variants of cryptographic hash
functions based on Pizer’s graph are still remained secure, it became one of main candidates in
PQC standardization, named as Isogeny-based cryptography.

On the other hand, cryptographic hash functions based on LPS Ramanujan graphs are all
broken so far. We are trying to build cryptographic hash functions with some tweaks of the
existing Cayley-type Ramanujan graphs for mitigating insecurity of Cayley hash functions.

2 The families of LPS-type graphs

In this section, we describe how to construct the families of LPS-type graphs in [5]. First, we give
the definition of a Cayley graph. Let G be a group and S a generating set, which is symmetric
(i.e. S =S571) and does not contain the identity of G. A Cayley graph over G with respect to
S is a |S|-regular graph with a vertex set V and an edge set F, where V = G and E consists of
(91,92) € G x G such that g; = gas for some s € S.

We recall basic facts and terminologies of quaternion algebras.

e F: a field (not of characteristic 2)

*University of Tsukuba, Faculty of Engineering, Information and Systems
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Iterative construction of Cayley-type Ramanujan graphs and its cryptographic application 2

e F*: the unit group of F

o A= Ap(a,b) ={a=x+vyi+ zj +wk|z,y,z,w € F}: quaternion algebra over F
For a =z 4+ yi + zj + wk € A,

e o =ux—yi— zj —wk : conjugate

o I'(a) =a+a=2x e F : reduced trace

e N(a)=aa =aa = 2% — ay? — bz? + abw? € F : reduced norm

Throughout this report,

e P : the set of all prime numbers

e For a prime p € P and d € N, Fja : the field of p? elements

e (%) : the Kronecker symbol

Let us fix ¢ € P\ {2}. When (9) = (_Tb) =1, that is, v/a,vV—b € Fy, one has the following

isomorphism.
Lemma 1. Assume that (%) = (7) = 1. Then, the map ¢, : A — Ma(F,) defined by

T+ yva V—b(z + w\/a)]

Yol +yi+ zj +wk) = Bz — wy/a) - p/a

is an isomorphism satisfying det(¢,(a)) = N(a) and 1, (@) = 1,4(a) for o € A. Here, [Z f}] =

v —t s t
[—u s} for [u v} € Ma(F,).

For a ring R, we denote by R* the group of units of R. Let GLa(F,) = My(F,;)* and
SLy(Fy) = {A € GLa(F,) | det A = 1}. Moreover, let PGLy(F,) = GL2(F,)/Z(GL2(F,;)) and
PSLy(F,) = SLa(F,)/Z(SL2(FF,)). Here, for a group G, we denote by Z(G) the center of G.
We can naturally see that PSLy(F,) is a subgroup of PGL2(F,) of index 2 because now ¢ is

odd. Additionally, we remark that [PGL2(F,)| = q(¢* — 1) and |PSL(F,)| = q(q U Since A ~
Ma(F,), we have A* ~ GLa(IF,) via (the restriction of) v, and hence obtain the 1som0rphlsm
By : A JZ(A*) — PGLy(F,).

We need the following lemma later.

Lemma 2. Assume that (%) = (7) =1. Let a € A with N(a) = p € P\ {q}, which implies

that o € A*. Then, By(aF;) € PSLa(F,) if and only if (5) 1.

Quaternion algebras over Q

Let a,b € Z\ {0}. We consider A = Ag(a,b) a quaternion algebra over Q.

A place v of Q is said to be split in A if A, := A®g Q, ~ M2(Q,), where Q, is the v-adic
completion of Q and is said to be ramified if A, is a division algebra.

e Ram(A) : the set of all places which are ramified in .4

e ©, The product of all primes (= finite places) in Ram(A) : discriminant of A
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From now on, we assume that A is definite, that is, the infinite place oo is ramified in A,
whence there are an odd number of primes which are ramified in A. Notice that A = Ag(a,b)
is definite if and only if ¢ < 0 and b < 0.

e 7 C A, a free Z-submodule of A of rank 4 : a lattice
e a lattice O C A if it is a ring with unity : an order

e an order O C A if it is not properly contained in any other order : maximal order

Notice that, if O is an order of A, then O ®z Z, is an order of A, for p € P. Here, Z,, is the
ring of p-adic integers.

Let O be an order of A. We call a lattice Z of A a left (resp. right) O-ideal if Op(Z) = O
(resp. Or(Z) = O), where O(Z) = {a € A|aZ C I} (resp. Or(Z) = {a € A|Za C I}). We
say that two left (resp. right) O-ideals Z and J are equivalent if there exists o € A* such that
ZT=Ja (resp. T =0aJ).

This is an equivalence relation. We denote by h(O) the number of equivalence classes, which
is shown to be finite, independent on left or right. We call h(O) the class number of O.

Now, it is necessary to recall Ibukiyama’s construction of maximal orders of definite quater-
nion algebras over Q which is ramified at given primes.

Proposition 1. Let r be an odd positive integer and Py, Ps, . .., P. distinct prime numbers. Set
M = P\Py---P,. Take a prime number Q) such that Q@ = 3 (mod 8) and (#) = —1 for
all i except for i with P; = 2. Moreover, take an integer T such that T> = —M (mod Q).
Then, Ag(—M, —Q) is a definite quaternion algebra which is ramified only at oo, Py, Ps, ..., Py.
Moreover, let
1+ 1+ k Tj+k
wlzT, Wy = 5 and w3 = o
Then, O_p,—q@ = Z + Zw + Zws + Zws is a mazimal order of Ag(—M, —Q).

In [5] a recipe for constructing LPS-type graphs is presented, and is shown below:

1. FixapelP.
2. Take P € {2,3,5,7,13} such that P # p.

3. We take a prime @ satisfying

Q=3 (mod 8) ( )z—lunlesstQ

and an integer T sat1sfy1ng T2 = (mod Q) By Proposition 1, we have a definite
quaternion algebra Ag(—P, —Q) ( = —P j?=—-Q,ij = —ji = k) and its maximal
order O =O0_p_qg =7Z+ Zwl + ng + Zws with class number 1, where
1+ i+ k d Tj+k
W= —>, wyg = and w3 = .
1 9 y W2 2 3 Q

4. Find all elements in O* = {a € O | N(a) = 1}.

5. Find all elements in {a € O | N(a) = p}. Moreover, seek a suitable complete representa-
tive of {& € O | N(«) = p}/O*. Define S by the suitable complete representative. Then
|S| is exactly equal to p 4+ 1, which follows by h = 1 condition.
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6. Take a ¢ € P\ {2} satisfying q # p, (%) = (%) =1 and (%) =1.

7. Via the isomorphism 1), in Lemma 1 and using Lemma 2, we realize S as a subset of
PSLy(F,). Write Sysy for the subset.

8. We have a Cayley graph Xl(f’q) =Cay(PSL2(Fy), Sysy).

3 Hash function

A hash function is a function that inputs a message as a bit string of arbitrary length and outputs
(or compresses) a hash value as a bit string of fixed length. It should be efficient to hash, because
of its primitivity. Such a function can be evaluated its security by certain properties, such as
collision resistant, second preimage resistant and preimage resistant.

Let n € N and let H : {0,1}* — {0,1}"; m — h = H(m), where {0,1}* is the set of bit
strings of arbitrary length and {0, 1}" is the set of bit strings of a fixed length n. The function
H is said to be

e Collision resistant if it is computationally infeasible to find m,m’ € {0,1}*,m # m/,
such that H(m) = H(m/),

e Second preimage resistant if m € {0,1}* is given, it is computationally infeasible to
find m’ € {0,1}*, m # m/, such that H(m) = H(m/),

e Preimage resistant if h € {0,1}" is given, it is computationally infeasible to find m €
{0,1}* such that h = H(m).

4 Cayley hash function

Let G be a non-commutative group and S = {sg,...,s,} C G be a generating set for the group
G, symmetric and not having the identity. Charles, Goren and Lauter[3] described a definition
of Cayley hash functions, by which the input to hash is used as directions for walking along a
path of a graph, and the ending vertex is the output of the hash function.

A message m is given as a string mq - --my, where m; € {0,...,p}. Then the resulting
hashing value h of m will be obtained as a group product

h:= H(m) = gs75m;Sms """ Smy>

where ggr is a fixed starting element in G. (We usually put gsr as the identity in G.) To
dispose a proper sequence of hashing bits inductively, we define a choice function m which
assigns a next hashing bit with the bit of the message m and the previous hashing bit, while
avoiding a back-tracking (i.e. ss~* or s71s ). We choose a function

(1) 7:{0,...,p} xS —= S

such that for any s € S the set 7({0,...,p} x {s}) is equal to S\ {s71}.
The security of Cayley hash functions lies on the hardness of solving word problems for group
theory. Refer to [5] for more details.
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Figure 1: Cayley hash function-map.

5 Cayley hash function-map

In this section, we explain how to construct Cayley hash function-map which is presented in
(CSS2019 (Computer Security Symposium 2019).

By following the recipe in Section 2, we set up n numbers of LPS-type Ramanujan graphs
(the case of P = 13) for constructing Cayley hash function-map. We construct n numbers of

Xfijiﬁm — Cay(PSLy(F,), S\L,) for i € {1,... . n}.

1. Fix p € P, which determines the regularity (p + 1) of LPS-type Ramanujan graphs as
mentioned in Section 2.

2. Choose n numbers of distinct Q) € P which satisfies Q) = 3 (mod 8) and <_%<i)) =-1

3. Fix ¢ € P\ {2, p} which satisfies (—Tm) = (Q;>) =1 and (g) =1forallie{1,...,n}.

Then we have the same group PSLy(F,) of the size q(q22_1) and n numbers of corresponding

generating sets S(ng for each X g 2(2

Now we construct Cayley hash function-map H as { H W H® H (")} with corresponding
individual consecutive choice function 70, 73 ... ("), We consider that a message m is given
as a string my - - -my, where m; € {0,...,p} and £ > n. Then the resulting hashing value h of
m will be obtained as a group product

h = H(m)
= H(Z(n))(H(Zil(n))( B (H(1)7 gST): s )7 mf*l)a mf)
= 9STSm1Smsa " Smy»

where ggr is a fixed starting element as the identity in G. To dispose a proper sequence of
hashing bits inductively, we define a choice function 7 which assigns a next hashing bit with
the bit of the message m from SF]SY) and the previous hashing bit from Sggy, while avoiding a
back-tracking (i.e. si_ls;l or s;_llsZ ). We choose a function

(2) 70 {0,...,p} x S — §0)

such that for any s € S?;;) the set 7 ({0,...,p} x {s}) is equal to SJSY \ {s71}.

5.1 Expected vurnerability of Cayley hash function-map

In this report, it is omitted about a lifting attack which is the most powerful existing attack to
Cayley hash function. Refer to [5] for more details.
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For the purpose of mitigating insecure parts against a lifting attack, we simply weave the
existing LPS-type graphs by only adjusting their parameters (size of graph, size of generating
sets, etc). However, there are some natural questions for requirements of hash functions.

Q1. Is it mixing well if we do random walk on this new graph?

Q2. Is it guarantee that the new graph has a large girth?

For Q1., we expect that it is mixing well enough for using hash function. Since the new graph
is also a regular graph, if we do random walk on the graph, it will derive uniform distribution.
Besides, even if it is not known the specific expansion measurements, it should be mixing well
because of the Ramanujan-ness of each graph.

For 2., it is not known at all. It is less than the girth of the existing Ramanujan graphs.
However, these arguments are also related to the Ramanujan-ness of the graphs. It seems to be
better to find a way to weave each Ramanujan graph “well” without a loss of spectral goodness,
instead of simply putting graphs together.

6 Possible approaches by combinatorial methods

For answering the Q2. in Subsection 5.1, we consider the zig-zag product in graphs. It is
the method for taking two graphs X and Y and creating a larger graph whose spectral gap is
controlled by the spectra of X and Y.

Let X := (Vx, Ex) be a kx-regular graph and Y := (Vy, Ey) be a ky-regular graph such
that kx = |Y|. For each vertex v € Vx, let E, = {e € Ex | v is an endpoint of e}, and let
L, : Vy — E, be a bijection. We call L,, the labeling at v. Moreover, L = {L, | v € Vy'} is the
labeling from Y to X.

We define a zig-zag product X ® 7Y with a labeling L if (z1,y1), (z2,y2) in X ® 7Y then the
multiplicity of the edge between them equals the number of ordered pairs (z1,22) € Ey X Ey
such that y; is an endpoint of z1, y2 is an endpoint of zo and Ly, (21(y1)) = La,(22(y2)). Then,
it is known that X ®z Y is k:%—regular graph with a labeling L.

Under certain circumstances, the zig-zag product of two Cayley graphs on two groups G
and H equals a Cayley graph on the semi-direct product G x H. Then, it is also known that
Cay(G,T") ®z Cay(H,A) = Cay(G xg H,Q), where Q is the multiset {o1702 | (01,02) € A x A}.
Refer to [6] for more details.

From these facts, if we construct hash functions based on the zig-zag product of LPS-type
Ramanujan graphs, we have less sparse graphs and it can be also represented by semi-direct
product of Cayley graphs. In LPS-type case, the girth of graphs is larger than 2log,q. We
expect to argue the girth of the zig-zag product of LPS-type Ramanujan graphs in a similar
manner of LPS-type graphs.

It is necessary to study the specific way to construct hash functions based on the zig-zag
product of graphs and their cryptographic properties.
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