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Non 2-integrable lattices of dimension 12 and
discriminant 15

H A CRAERY)

1 ELC®HIC

AFEIE 201946 A 17 HIZAT > =i ONEICMEL 2D TH 5.

WFIZBE T 2 AN B2 EET D, T n2 EOBKELTE. 0L, BF
(lattice) CIER" DIPDEE L THY, HBILEDEERE <n &~ TCu, ...,
PFAELVUT L =2u & - ® Zuy, 2T 72 THDTHDH. BT, B3 TERFLK
ESDH. $hbb, IO2;uONBEEIEIZBEE TS, MFLCRIZHLT, %
DI L* 13AERED L DIt & DNV EBUIZ 05 X572 QL D2k TH B, X 51T,
Mot L D discriminant 1%, L*/L DIRETH Y, discL &RIND. M1 L OIS
FMIZHUT, MIZERXTS LOHAKTLE, MOERDIGEERT S LOTE
HwThy, MteERIhb.

EDEE s 12U T, #&F LD s-integrable ThH 5 L 1%, HDHIEDFER n BFEL T
VSL IS DMET- L AIC 5 Z 8 THD. £7=2, s-integrable TRWIET-D (Z-1l
HELTO) BEos/MEZ ¢(s) £ 5. Conway K& Sloane KIZ &> T, ¢(1) =6,
$(2) = 12, #(3) = 14 [2, Theorem 1] = EARENT WS, HIZIE, ¢(1) =6 %252
% non l-integrable 724 6 DI&T- & L TIE, Eg)V— MMETHRH S, UL, —f&iZiX
O(s) ZBIET B Z LIFHL <, s > 4DRFIFPEINT VARV, HHiZe2) =12 %
IET B721Z, BEEL11 LR DK T14 T 2-integrable [2, Theorem 2] TH 5 Z & Z/R
U, B 12 D non 2-integrable ¥ 7 7% 2 DERMIZ G 2 7. FEERITIE, IROEZRD FT
EH 2 ZFFHH U 72,

EFE L EOBEnIZFLT, A, ={zeZ"|(r,e)=0} 35, 7272L, eldksm
METIDORZ MVET 5, £72, Al = (A, [4]) 95, 272U,
4] = 1—16(4,4,4,4, 4,4,4,4,4,4,4,4,—12, 12, —12, —12) € RS

IR 2 (Theorem 14 [2]). #&+ A, AT, (HLEEIZHIGT D) I L175E LT

3 2 2
2 3 2 (1.1)
2 2 3

ZHLOMWMAKT M EZERIZL S, ZOKT MIZERT 5 Al O IEF M- IZFEE
12, discriminant 7 5> non 2-integrable T® % .

1



S HITEH 2 IZB AT M X Aut(AL) DIEFHZRVWTE 25X 220THY, Th
THUTHER T D8 F Lip & LI, 3FERBITH 5 LR S5T W5, Conway K & Sloane
R IXBEEAY 12 D non 2-integrable F&F1XZ D 2 D721 0vd LW IR AR T W23, Hr
72128 5 2 DR 12 D non 2-integrable ¥ 121372, TR ERRTH D, EH 21
SIELUTIRD & S IZHER 3.

EIE 3. [ MR Aut(Af) DIEAZR\WT,

(1.2)

S N W
S W N
w o O

%25 MTFIC B O A, DEAETE (a,b,¢) & (a,0,¢) DATHS. =7,

1
a;:Z(_3,41—3,—3Jj1JjLl,Ll,Ll,Ll,DeEAE,
1
b:= Z(_By _37 _37 17 _37 17 L ]-7 17 17 L 17 17 17 1’ 1) € Ai_57

1
¢=7(-31111,-3-3-3 LL1L1L1L1L11) Al

1
C/ = 1(1, 1, 1, —3, _3, _3a _3a 17 17 17 1a 17 17 17 1a 1) € AI”)

I oz, FEFEBIET (a,b,c)t & {a,b, ) \EBEE 12, discriminant 15 7> non 2-
integrable T®H 5.

ED X512 T, #7275 non 2-integrable 2 F R L7202 #HHT 5. £7 [2]1
BBWT, EEDREE 12 D non 2-integrable #4113 A, DEEFTH B Z LRI N
TWBEb, AL OHEPSELE. 555AAL DMK TIESED 570, FHM2O
FEOBELEERZ L. £T /ML 3DORT ML SRR EER S DR 3 DD
TR L% Aut(A);) DIEHZRVWTHELT S 2%). LT,

Lt={M+CAl|MecL}

D172 5 non 2-integrable 722 EEL, EAEROKFE2MG72. Kz, £ DL T non
2-integrable A& I ERL 2 L EH 3 IZHND DDA TH 5. £ DER, non 2-integrable
ThrdIelFarva—riZks¥E (W#E10) &, 5t G&E) 2ThThb5 A .

ER 4. G IZFEEL 12 D non 2-integrable £ 7-1%, Conway K & Sloane D HD 17 7=
LEDLEDLETEAUNRDPR T WAL o2, UL, PANIZHRARS HIETELECHR
RU7z. 72720, 05 13BRICRE S N7 12 D non 2-integrable #&F 2 6&F 51, K
IZ Conway K 6 DI&E T & FFRERTHZETFIEDHI2ERTHNLEDTHELZ L HHS
Mz U7z,

EDEITH 70T U0 23HT 5. £7, Bin O LICHLTY
7 LTH G € M, (Z) D Hii 5. [EDQEHE s &R Moy, ... 0 € ZVITH LT,

k
1
G+-Y v

2



DRI NETEHEDL &, ZOT5 %7 T LMTINZFRF DT M »3F4£3 5. Conway
K & Sloane K&, L 7% s-integrable D& & M £ZF5 ThHH I L ZRUEZ[2]. -,
Z D & 5 72454 T non s-integrable Z24&F M %K 5 72121%, L % non s-integrable
THEIMBENPDHD. £TIT, $TITHERALTWALL4DODRFEZLELTED, 5
V2SI vy, ..., v, 2 & B Z & T, non 2-integrable 7% 10 L E1G7-. 7272 L,
2-integrability 22D¥[EIZIZaA Y a—XZH W2, 2D X 512U T, non 2-integrable
M DIERFIPHERR T E 5 & PRI 2 2URE T VR,

2 BFA]
H1ETRR B TOES
L:={MCAL | MIX/IVLA3IDRT MLVTHEBEI NSRS DT}/ Aut(Af)

Z BRIIZIRE T 2 HEZ BT 5. £9 16 OIFREE Si6 IXERIC AL ITEHT 5.
X512, Aut(Ah) = (—1,56) THBIEBNHB. 7, HERIEE G, ... iy €
{1,...,16} T L T,
B 1
€iyinyizia — C€{i1,i0i3,04} — Ze — € — €y — €3 — €y
EREDD. 72720, elZHABERT1IDORT MU, e, 13 j HHDE D1 DD s>
NODRT MLV, BRLEHET,
T:={zxeAL| (r,2) =3} ={*e; | I c{1,...,16},|I| = 4}
THEZEWAND. 51T, READIL JC{l,...,16}ITRLT
(6[,6]) = —1+‘Iﬂe]‘
MO D, MEDZ s, LEZRET DI LWHRS. LERoIE, /VA3D
N7 MV oK EEE D3 O TD 7 T LMD UG, DT T 4L
191 52 %R FUiF Aut(Afy) DIFRHZBRWTIROBIDO XS ITIRETE 572HT
H5.
Bl 5. 4751 (1.2) 2 277 LATFIZHRD & 5 722 M1k Aut(Af) DIEAZRNT, (a,b,c) &
(a,b,) THBZ L %7T. [TH(12) 27T LTHELTERBRY Mo,y z € AL
EPETIUXE V. FF, Aut(Afy) =~ (=1, S16) 1&/ VL 3RT MVRIKDEST C A
IZHEBBNIZE- 9 5. /o T, x=e1034=a EIRELTEWV. 51T (2,y)=2&KD,
y=-e1235=b& LTV, BRIZ, (2,2)=(y,2) =075 zD& VI, Aut(Af)
DYEf % FR\\ T

/
z=e1p78=CL 2=e€4567=C
D2 D 5.

Bl SITER 3 DHPEDERTH B, £72, 2 0D THIERBTH S Z L1, kissing
number Z A5 Z L THS. TNLKD, TD2DITEKT S A, DESHE T A non
2-integrable TH 5 Z & Z /" BHIXEEMBHES.

3



3 s-integrablity ® F{E &4

¥+ D s-integrability ZFEHHS 5 728, SONFEIERETHIRE S 5 7212 FMESAT: 2k
ND.

EFE6 FOBM s 2EET L. EOEHn <mITHLT, R" 25 ZDn koG
FIANDEZHEZp LB, ZOEE, p(ys-e1),....p(Vs en) POBRDLEELE
(n RTT) AT — IV s D eutactic star £\ 5.

7 7 (Theorem 3 [2]). [EDQEH s ZEET 5. B n OIT L W s-integrable TdH %
ZEDRESEMIE, T L* D3 nIRIC AT — IV s D eutactic star &2 & T
bH5.

B2 577 b )LD eutactic star TH D DMNIIRDFBEIZ L > THIBTE 5.

%8 8 (pp. 215-216 [2]). X2 MV sy, ..., 5, € R* WS niRIT AT — )V s D eutactic star
ERTZEOBEDEMIE, EEDOw e R IZHLT

m

Z(w, i) = s(w,w) (3.1)

=1
MO DZETHA.

ER 9. Conway K & Sloane KIZEH 2 1235\ TH T D non 2-integrability % FEH 9%
7=z, M7, 8 MW, £9, fi# 712X -57T, non 2-integrability % A7 — )L 2
@ eutactic star DIEFFEMIZIRAE U7z, £ DFE, eutactic star WFEENFIET 5 LINE
T5HE, TNHIE G 2 I BNV EEEYRT A MR Mbw &2 &5 LTIk
AL, M8 ICL VW FEEGE. TDKE, TAIRZ MLDOEDHFIEERTH 7,
B DI NN LIFES ITEREDRWN. AT, BTFIZL->TERFERLH
EThHoT-. ARTIE, EH3IZH1F 2475 non 2-integrable TH 5 T & DFEHH DY
W% 5250, % o7z < FARED LT Conway K S D& 2% non 2-integrable TH % Z
EHAEHTES. R, BIZGZABHME 1212&oT, TAMRIZ ML &Y HRFE
REFHZTNEDI DL VI ERIIAEIIRS. £ 12 X3 2DREZEGET 5
N, EBICHERD MBI 2 D DIRAE X Conway K 5 DEFHTH BETH b ZFHH % E M
IZ LR,

RIZIBR B HEIZ K > T, s-integrable 7> & 5 2§ 5 M ITAE HRERNRDIEA
BEROARIIImEI NS, {oT, FERARDEZHENDLWEEIXI L Ea—XT
HRId 5 Z ks, EBRIZFEMA G Z 58T D non 2-integrability &, 7075
IV S Magma [1] Z HWTHER O 72, —MRITIE TR RRD AN L 2556
&, BEGEIHEFE Y L N—D SCIP [3] 2 W25 Z L TEIAMNAIRRIZR 56D H 5.
E-IROMEDOGEHIIHE 7, 8 2MAGDLEL I L THEHLIZEONS.

HERE10. EOBK s ZEET S, XZ Mbwy, ..., w, ZREEICROBTLZL5. X5
2, NRIZ My, ..., unlEZ/ VA sARDHERSD L* D2 Ta2KRT. ZOL X, LA

4



s-integrable T#H % Z & DEA5MFIE, RO TRERRADIEEEEIRE (21, ..., 2N)
AFEOZ L THD:

N
Z(wi—l—wj,uk)%k :s(wi—l—wj,wierj) (Z,] = 1,...,71). (32)
k=1
4 FEEHEDIEADBERS
B2ETHRNZ XD IZEREHEZRT ZOITIFREREIE L.
B 11. &1 AL, DEBDHET (a,b,c)t & (a,b, )" 1% non 2-integrable TH %

ROMEE T D2 OO FIEMATHZ e T 11 2T 5 Z L3k, 72
AV a—REMAWVS LM 1012 & > T s-integrability 2VHIBI T & 5 LR R TV 7228,
W7l Ez VWS Z e TR ADRVEIRETHRIFEETH 5.

WHEDFRTHERHSEZEATS. £9, BT AL D/ VA 2DR2ED 55
HEH%ERTET. £7/2, RZMVueRIIHLT, TOHYKR—F %

suppu:={i € {1,...,n} | u; # 0}
TED 5.

R 12. £E {1,..., 16} DWAESE X, AL, DEDETE N, AL 25 QN ANDE
Rt Ep LT D MOEMEERET S :

(1) N* DIEZETLD NV AIF1 I KREW.

(2) N* D VLD 2 TDOIEFETIEp(R) ICEENS.

(3) |X|>3, WONIEFYFR—IPXIZEENERDOITLEETED.

¥ N 5 2-integrable 72 513, % —VMNLZR R DIt u & v BFEMEL T, AR 2727 :
(4) suppu Nsuppv N X # 0.

(5) plu) & p(v) CHIET 5275 LFFI G I LT, 2] — G IETFEITHITHS.

ZOMBEOHIL, fET7EHWS I THOSNENP WL DDA BEIZL D
7-DEMET 5.

e 11 OGO, £
(N, X) = ((a,b,¢),{9,...,16}) or ({a,b, )", {8,...,16})

L35 WINDOEAEEME 12D 3 DODREE 29 Z LN RD X S IZfE,rD SN
5. F9, Q) IXEENPSEBIZNS. N = (a,bc)r DBET, KD 2 D054



ZHENPD D, HET (a,b,c) 2 M &HL. ZTDE & disc M = 15 1% square-free T 5 H>
o, M X primitive THD. TD7z8,

N LM =My LM =A+M = P (utAf).

u+MeM*/M

MHALT D, TIT, M*/M DEeRERE /IVADR 0D 1 RIIZHRS L5 ITHN5.
BT AL DF/N VAIZ2THE NS, N=MOXHOEN/ IV LAIET LD KEW.
BI5, &M () D735 Z e PO Sz, FEREOIHD S, &M (2) HHREVK
TIEREDPD SND. FHOD N = (a,b, ) DAL LA UHRTIERHLD Sh
5. Tk, MR 125 (N, X)IGHHATE 3.

¥ N 773 non 2-integrable TH 5 Z & 29 72HDI21X, fliE 12 DEM @), O) ZFH
W2 72— RN A u, v e RBEELRWZ 2 ZEATHIE I V. BIs, FED—
RIRSNT 7R u,v € RS

suppu NsuppvNX #
EiRT L&,
o _ | ((W).p(w) (p(u).p(v)
(p(v), p(u) (p(v), p(v))

PREEME TR EZFEHTNETDTH S, BRIE 725 u,0 DT IZLED 5D,
NFMEZ RS 5 Z & TR R =V ZHEPONIX IV E DD DAERIRED. O

5

VURTVTLIIBWTRHRREERDGE G X TLZE o -GG A - BREDERT
ZEHNN 2 U E T

S 3 HR
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On expansion properties of some Abelian Cayley
graphs

AT FHSE (Shohei Satake)*

B =
ARaClE, ABRIAD b L —ABBTER I NS Cayley X1 27T 7 D2
AEZFHEL, TDIGH & UT, ARAED b L —ZBBUZBIY % & 5 BLEGRI
FIEIZN T SRR e 52 5.

1. &
BD L ZOMWMHESE X T U T, Cayley X1 275 7 Cay(l, X) 1%, THREAIZT &£
B, 2MHMu, vIZH L, u—v e X THBLZIZRY (W)l (u,v) 2 EHET DI L THE

SNERATTTThHb. ARTIE, BT B g DEBRIEF, OFEHF, O5G
FAB. TSI, XEUTF, SF,~D ML =BT =T, ), & ACF, TEHS
NELUTOF;, OHARET,2ERS.

Ty={z e, |T(z) € A}. (1)

72720, T(x) = 2+ a2l 4+ 2 + -+ 29 ThH3. AWTI, Cayley X175 7
Cay(F},, Ta) DBERATHI O E A ME (DFHE) 25K, T DRGER 2 HWW T Swaenepoel [9)]
W& 2HDFER (2L LZROEH) DY T 7N RiAZ 52 5.

Swaenepoel [9] DFERZFHAT SHNIZZDEREZ LN TIRNS . FFEEBERIZH W T
&, B D bHEFRIRITB T B digit DFFDOIEHD &, BEDOME % N DLV A LT
b TEz hTh, blERRIZET S digit DI H S BB OME %2 AR S92 L
Tk, Z L DFIAHRINT WS (b HERH e UTIE, Bl D10 ERRIZE W
T, digit DRI DI TH 256, v 1ZIDEHE R HEREDR EIF5N05).

5 L7itse % (BH) BB OMAD» S B LICHID TR BIAAZDD, Dartyge-
Sérkozy [6] THD. 5% “digit” 2RO LS WCEH L. T, ARAF, IZF, k
DriRgENT MVERORE 2RO, HEHEE B = {e,e,...,e.F BEH (BAF
REBREEINDEDET D), Fyr DIt x lZ—IRFEG 2 = cre1 + ceg + -+ + e,
(c1,¢9,...,¢, € Fy) DIRTRINDG. TDey,co,...,¢ % xDdigit & XK. Dartyge-
Sarkozy [6] Tlk, o @ digit DFRFI

sp(r) =cr+co+--+c (2)

ZEEURWT, 2 DR O OWEIZEA LU THRANTWS. 22T, 2 ® digit DFRF]
sp(2) &, FAREEATH 2 Z L ITEEI NV, BRAEDEE, $XTO F AR ELR
fi&, ®%acFy & b b—2ABBZEHVT f(r) = Tr(ar) LRRTES. LT,
sp(z) & MU —ABHZEHAVTRITE 5.

* T 657-8501 AU TN A E 1-1 #f7 R%E RFABE Y AT A HAIRZERE TR E L
e-mail: 155x601x@stu.kobe-u.ac. jp



— 75T, Rivat-Sérkozy [8] 1%, AHEHMOFKET, HARBOES {1,2,... ,n} DREX
2DODIAEES, TIZH LT, 2200HARE s € S, t € T D st D digit DFRFI DA I1F7%
mIZBWTHHEIZOGTH I L 2RDOERTRUT.

EE 1.1 ([8]). EEDOHRED > 2123 U T, sy(v) Z HARE z D bERFINZ BT 5 digit
Dipfle B, ZDEE, HDC, > 0PFEL, EEOEHARB M >2, 0<a<m—1
WX UT, RO LD EEDS, T C{1,2,...,n} T LT,

_ 1SIIT] LN\ oa-cy
#{(s,t) € S X T | sp(st)=a (mod m)} — T’ < (1 — E)n *)log n.

EOREIZEWT, [S)|T|/m &\ BIEBNETX (s,t) € S x T &2 1/m THYNLT v
B LITEAUTZERD, sp(st) = a (mod m) 785 (s,t) DIMBOMFRETH D L 2ERL
Tsl.

Z DEMDE BRASFEBIAATE TH 5 Swaenepoel [9] 12 & 2IXDEHTH 5.

T 1.2 ([9]). ARIEF, D2 00HMAEE S, TH LT a e F LT, 4y(S,T) =
{((5,) €SXT|Te(st) =al & T 3. ZDLXE,

r—1
q S| 7]
|g{a}(SaT>| g —1 S| |‘—q \/lSH |<1 qr_1>(1 qr_1> (3)

Ei, EB 1.24%, iR U7z Cay(F;,, Ta) D TE2[E A &2 LA 53l 5 2 & T,
77 7HERIIZEIBTE 5. FBEEHEIX, T ANV R —=RA T T ITRRAT T 7D
oV ALXAIB I LEELETH Y, EH 121, Cay(F;,, Ta) DTT ANV X —
AT TDRIFEFIFORTI VEALRXAZABZ ETHONS. FIT, $35E2
HCHE2MAEMHEREEL, TINOTIANVE—RA T I TORIZZIITDHT
AL AZWND I L 2HIT S, 2D LT, HIHIT Cay(F;, Ta) DBEHATHIDEH
E2FARBZ LT, FH 120 THEHEM 3.1 DFEHE 52X 5. X612, Kl A
IR AR EZ D, BICEAH TV DPDEREZBRT, AfziHEd << 5.

2. 9172 7DE2EHE
9, nl MK A 757 D OB Mp &1, 1T L FIZNZNH D DIEMT T ~N)Uf)
T ENZnIR0-1 ESHITHITH Y, FD (u,v)-B1E (u,0) DD DAL 722 55IZRD 1
725, AN, D% d-1ERI (BTEHRD AR & HIRER L £12d) TH D ERETS. T
DL E ADEBRZ ML UTA=IIRT MVHEN B HFE L | Perron-Frobenius D
EMP S dIFMTER KL 05 Mp DEFHEL LS. WE, d= ), A, ..., \, & Mp
DEEMEE B L. —IT Mp IEIRFRTIERWZ0, BAEMEIFESZRE 5. £ I T,
B ED K/NBEFRIZEBR U, D DFE 2B A% N(D) = maxoci<, | M| £ B K.
R, TIANRVE—=RAT T 71280, FEAMEVPEERLRETH S L Z2iHH
T5. 23, nlHEKXAT7T57 D= (V,E)IZBWT, ¥4 XH3n/2 DU OIERE D TH A
BEGUIIHL, INS(U)| > U] 75L&, DE T I ANV R - LI 72720,
Ny(U)={veV\U|FueUst (uy,v) e B} £EL. TOcDENKREIN, =7 A
NV Z=RAT T 7L LUTCORIEZ[E -DDORELIRS. T, DDBEHELTSH Mp 12
WY a5tk 234 Z & T, Alon-Spencer [1] D 9.2 i & idw & 4 < FRRIZ U T, IRDEH
DI E N 5.



EE 2.1 (1] 228). DEnHRA-FEHX A 7578 U, BETH] Mp IZIERT4T
HBLFESTS. DL E, Did(d—AND))/2d-T2 ARV R =¥ i35,

EDEEDP S ND) DEPNEIWVIFE, DIFIWZIAN VR —RAT5 787052
EWMRIEI NG, ZDOZEnS, FE2BEMENPL I ANV —RA T TDEI ZRT
HERELRD.

— /T, E2EBEEDO/NS I, ZOXA T T TR TVYRLRA 7T 712 i
Y 0)75>%/TL/’C<ZI’L5. ZOHZER, SWITITANRVR=RATITITWITVRLR
47771 EW] 2% RTEDTHS. I T, LR p®7/aAa4777
El: KHEFIZE 2L, B2 2% 2 M u, v DA (u,v) IZBWT, 3l (u,v) & HEE

HESNATE, HPXN L ICHNIZIT S 2 TRONDG. XA T 78TV RN 5?“4’ 7°
70 NEX) 2525REN BV XL AL XIENEEDTH D, RO jumbled
property TatHHEI 5. fEED D DHFERAEAR S, TIZR U T, IR%&HM7Z3 L E, DX
(p,@)-jumbled TH D &S .

len(S.T) = plS|ITI| < - /IS|IT].

ZZT,ep(S,T)ESH»HETIZHNPD DDADETH Y, p|S||T| L WD &EIE, TV XA
AT Z7IZBWTANPS BIZHNP D DUOBDOIFHEERS. &oT, ZOMHEIZE
chp I TCaz2 82 FTNILKIMRZSENEDT, WHICUERp DT VX LR T

WEWRERBTES. X0, UHERpDnTHNT Y XL XA 2 F 71X, Chernoff
@T%ﬁfﬁb, = WERT (p, O(y/np))-jumbled (n — oco0) &7 0, (p, O(\/np))-jumbled
THDEnIHNEA T T TOERINE, TV EZLRAL T T 712380V EARRES. RO
expander-mixing lemma & XN AL, FHo2@EAMELE T o X L2 ADEKREERT

FLHETH S,

W 2.2 ([10), [1]). D & nHM d-ER XA 25 7 & U, BHETH Mp R IEBGHITH
5&&%?6.g®t%yﬁm®D®Eﬁ%ﬁ%A&Tkﬂbf,
d By
en(S,T) = SIS||T]| < A(D ¢ siT(1-2) (1- ).
3. THER

ARHITIE, BAN OEF DR ORI 2 B9 5 .

EIE 3.1. ABUETF;, D200 EAS, THEITACFIIHUT, E4(5,T) ={(s,t) €
SxT|Tr(st)e Al T3 ZDL X,

Iﬂfl

a1 - L st <o e )07 4] o)

XEF G Xlpz#1

- \/|S\|T|(1 )05

R L, HEF, ORERE Y (Tabb, RIERE, 2 5 ERIADTIER C* ~ D
BRI ) O RRD72 SR T (72720, Wit id F B REERIE 1) &30 L, x(A) =
Y e X(@) B,

(4)
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IR 3.2. Swaenepoel (IZ X B EH 1.21%, EOFEHD ¢ WEEH»D AN SEEDHE
AWBHETERBRR2E 51T, £ Cay(F;., Ta) DHF 2 [E A2 FEAHi§ 5.

R 3.3. Cayley X1 757 Cay(F;,, Ta) DBEEATHIOKEHIEIX, 5 x € Iﬁ;‘\r V2R
I BN X(Ta) = D e, X(2) DIETREI NG . FHITRKROEAE (RE) 1, x H7H
Hl 72 JIRAEHE 1 DG E OFREEN 1(Ty) = |Ta| ITHIET 5.

AERA. BEEETHIE KU Cayley X4 75 7 ZFNENDERN S, x(Ta) IEEEXZ MV
Uy = (X(@))ser:, (CHIET DBEETAIOEAMETH 5. EOFRRLIFROELIRD S,

FEOFREI DR ENS . BRI IIHO N TH 5. O
78 3.4.

)\(C'ay(IF:;,.7TA)) = max{ max  |x(A)] -qrgl

XE]F:;’V‘ 7X|]Fz"1 #1

14 g5} (5)

AR, MHRE 3.3 K0, x(Ty) 23T 25 Z & T, RO WE2FEAMEEZTET 2 Z &M
TE%. £9,a e FITNUT, x(Tiey) = x(a) - x(Tqy) DY L2 HE (FIZE, (2,
Chapter 12] 2 &2 ) 26, AREHEDO TH DEFR LD,

X(Ta) =) X(Tray) = Y x(@)x(Tay) = x(A)x(Tyy)
a€A a€A
WD SO, MO FERIK, EDOERX L Gauss Ml & W7z x(Tyy) 2B 2 BN D FFAfi
(12, 2, Chapter 12)) ZMlBEHES 2 L THRHND.

¢7 B L A
IX(Tpy)| = 271 X IEFREMZEDS, x|p: (X E
gt yIXHHA.

DA ECEM 3.1 DB DYENHHE 5 7.

B 3.1 OFEH]. M 3.4 2 FI\WT, D = Cay(F},,T4) £ U T expander-mixing lemma
(HiE 2.2) 2 WHT 5. (EA(S,T) = ep(S,T7Y) THIZ LIZEREINZN. 727201,
TH={1|teT}$5) 2T, Mp WIEHITHITH B L 2N HBED DD
D, DDYAbel B ED Cayley X4 75 7 THBHZ LIZEH LT Mp & ZDEEEDIEZ G
HT2ZeT, EFMEZIIHTE 5. O

¥ 7z, Swaenepoel [9] Ti&, ¢ WEHDLEIZ, AL UT1IREARZITTRL, L REER
2HRDEES LUF; DEFTDOEA R EDREN LG 2 FFOMOEENEZ 50T
W5, IhHDGE, max (A)|=|A| &7 0, x(A)IZBIL TIX, BRI
L g o g,

ZD—FT, AL UTINEN ARG 2 R >H D EGE2E A5 L, N A IX(A)] <
A| &0 > JEE IR EEE A 5, S8 3.1 D40 %E & D ANE FHETE 354055, T
DRIFZD—HITH 5.

XEF Xl #1 X
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% 3.5, 2 HRBEL, c,deFITN LT, A% (MRRIZBL T) %285 %2729 F,D 5t
DEE {c,c+d,c+2d,....c+(|A|-1)d} £ 5. &7z, S, T2 F, DRIEAELT 5.
ZOLE MEBDI>1ZHLT, 5 (EDNRITA—RIZHMFLRWV)EHREK > 008
H-oT

A r—1
1£4(5,T)] - 'q 4

\S||T|\ KA log g

\/ISHTI Bye-).

EDRIZBENT, ADA| > ¢ (logq) T D& 5 I2h B2BREATVESESTHNII,
max g [X(A)] < A 272D, FARBIHTIL 55, 22T, max e [X(A)]
DRl & U T, Burgess [4] DE 2 faIEHMIOFE R %2 F W 72

4. FEER

Swaenepoel 9] DEH 1.2 DJFEFEI L, AREMIZ I expander-mixing lemma D ik
B bR GG ZHVNT WS, (DR LB Z0HERFERINTES
@‘ TR O HA 2GR DL DOFEIZ 2 > T\ 3). SEIZEH L, (R, EA
fEDFHiMl 2B L T Swaenepoel & [AIBRIZFEAZRIDFHMi &2 W5 B D D) Swaenepoel
DFtH%E 272 7HERDO AN &6 5 2 72, ZThiZ & Y, Swaenepoel D FEHGEmIN 72
R, T ANV Z=RAT T T 7037 v X LA A0 8% @ U THAE RN

mEMP ORI OND Z LS.

- Abel BET & Z DB ES X IZX U T, Cayley f12°F 7 CayS(T, X) 1%, THAES
T Z28b, 2T HMu, vIiZXH L, ut+v e X THDE ESIZRY A {u,v} ZEERT
5ZLTRONDT T T THS. EH 3.11E, CayS(F,, Ta) I LT T 7RO
expander-mixing lemma %\ % Z £ THALHATZ 5.

- Mattheus [7] 1¥2EH 21300, ©H 1.20—BEOGIHEZ 5 X TW5. HOFEHA
&, SEAW Cay(Fr, Ta) E3HOH S 287 Z 712U T, 28275 7RO
expander-mixing lemma Z 6T 25D TH 5. T D 2ERT T 7 OBEHETHI D [E
BEOFHMTIX, FEEM DM 2 2 < Wb Z & < M imilaitiz 7> T W
5. FD—/T, B 31 LIEERAD, ANV LEHESTRWVERIZBEWT, [E4(S,T)
p A | S||T| DFER, ADWHE BRI LT BT L 515Nk,

- DR BARE g DGEDR 3512 T DR S, Davenport-Lewis [5] D R
ZIGHLTEONS.

- Swaenepoel [9] TI&, BAERNZ S, T C F; 2K d 52 & T, @B 121815
FLOBHEMED RSN T WS, — /T, TV ARV K =TT 7 OMBIZET %
Bilu-Linial [3] O {t: % TFLAH Jc”l’bt expander-mixing lemma @ ¥ ] O Dfii#A
ZHWSZ LT, +9Kig K’Q_NVCODEL\k%E S,T CF, i&ZxtLC, 4D
¢ DI, Wb e >0l LTH, ¢'F 21z iaﬁzﬁf%mm bl SR
T&E5.
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HIEE

SEEHEOBE R %2 < 2T o 72 HEE AN D BEHL 5 CIZiE 2 T 23 o 23 & D
BRRIZODE DML L EFET. 512, HATIZA =L 2 W2 &, RE6 HDERS
i “F, 147 Tigam S T\ 272\ 7z Sam Mattheus FIZ 6 BEGEHEL £ 9. A8 JSPS
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Enumeration results of Moriyama’s conjecture
in binary codes *
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Abstract

Let L be a Euclidean integral lattice. Moriyama’s conjecture says
that the map from the harmonic polynomial P, which is invariant of
Aut(L), to the theta series associated with P is injective. We state
an analogy of Moriyama’s conjecture for codes and we also show some
enumeration results of this conjecture.

Key Words: Theta series, weight enumerators, trace functions.
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1 Introduction

A lattice in R™ is a subset A C R"™ with the property that there exists a basis
{e1, - ,en} of R" such that A = Ze; @ - - - ® Ze,,, namely, A consists of all
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integral linear combinations of the vectors ey, --- ,e,. The dual lattice A is
the lattice
A= {y eR"| (y,z) € Z, Vo € A},

where (z,y) is the standard inner product. In this paper, we assume that the
lattice A is integral, that is, (x,y) € Z for all z, y € A. An integral lattice A
is called even if (z,z) € 2Z for all x € A, and it is odd otherwise. An integral
lattice A is called unimodular if A* = A.

Let H := {z € C | Im(z) > 0} be the upper half-plane. We denote by
Harm;(R") the set of homogeneous harmonic polynomials of degree j on R".

Definition 1.1. Let A be the lattice of R”. Then for a polynomial P &€
Harm;(R"), the function

Uap(z) = Z P(x)eim("”’”)

zEA
is called the theta series of A weighted by P.

The theta series of A weighted by P is a modular form for some subgroup
[y of SLy(R) with some character x . For the detailed expression of modular
forms, see [3, 7, 8, 12, 13]. We denote by My (T, x) (resp. Sk(T', x)) the space
of modular forms (resp. cusp forms) with respect to I' with the character .
The following Moriyama’s Conjecture is due to [16].

Conjecture 1.1. Let L be a integral lattice of rank n. Let Harm;(IR™)Au4(£)
be a set of harmonic polynomimals, which is an invariant polynomial of
Aut(L). Then the following map is injective:

Harm, (R™)*"®) — M, o, i(Tp, x1); P+ I p.

In [9], it is showed that for L = Es-lattice and deg(P) < 20, the Conjec-
ture 1.1 is true. But in [17], it is showed for L = Eg-lattice that if deg(P) = 24
then

dim Harm24 (RS)Aut(ES) 7é dim MQ4+4(FE8, XES)'

Hence in general the Conjecture 1.1 is not true. The main purposes of the
present paper is to state an analogy of Moriyama’s conjecture in coding
theory and to show that some enumeration results of the conjecture.
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2 Harmonic Weight Enumerator

In this section, we review the concept of the harmonic weight enumerators.

Let C' be a code of length n. The weight distribution of a code C' is
the sequence {A4; | i = 0,1,...,n}, where A; is the number of codewords of
weight 7. The polynomial

wole,y) =Y A"y’
i=0

is called the weight enumerator of C'. The weight enumerator of a code C
and its dual O+ are related. The following theorem, due to MacWilliams, is
called the MacWilliams identity:

Theorem 2.1 ([14]). Let we(x,y) be the weight enumerator of an [n, k| code
C over F, and let woi (z,y) be the weight enumerator of the dual code C*.
Then

wer(z,y) =q  Welz+ (¢ — 1)y, z — y).

A striking generalization of the MacWilliams identity was obtained by
Bachoc [1], who gave the concept of harmonic weight enumerators and a gen-
eralization of the MacWilliams identity. The harmonic weight enumerators
have many applications; particularly, the relations between coding theory
and design theory are reinterpreted and progressed by the harmonic weight
enumerators [1, 2]. For the reader’s convenience, we quote the definitions
and properties of discrete harmonic functions from [1, 4].

Let Q = {1,2,...,n} be a finite set (which will be the set of coordinates
of the code) and let X be the set of its subsets, while, for all £k =0, 1,...,n,
X}, is the set of its k-subsets. We denote by RX, RX, the real vector spaces
spanned by the elements of X, Xj, respectively. An element of RX} is

denoted by
F=> f(2)z
ze€Xy,
and is identified with the real-valued function on X} given by z — f(2).
Such an element f € RXj can be extended to an element f € RX by
setting, for all u € X,

fy= 3 fa).

2€Xk,2Cu
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If an element ¢ € RX is equal to some f, for f € RX}, we say that g has
degree k. The differentiation v is the operator defined by the linear form

V=)= Dy
yEkalvyCZ
for all z € X and for all k =0,1,...n, and Harmy, is the kernel of v:
Harm;, = ker(7|rx, ).

In [1], the harmonic weight enumerator associated with a binary linear
code C' was defined as follows:

Definition 2.1. Let C be a binary code of length n and let f € Harmy. The
harmonic weight enumerator associated with C' and f is

wC’fxy Zf nwtc) Wt()'

ceC
Bachoc proved the following MacWilliams-type identity:

Theorem 2.2 ([1)). Let we ¢(x,y) be the harmonic weight enumerator asso-
ciated with the code C' and the harmonic function f of degree k. Then

we,p(z,y) = (2y)* Ze s, y)

where Zc ¢ is a homogeneous polynomial of degree n — 2k, and satisfies

L 22 Ty x—y
Zor f(,y) = (—1)F o Ze: (——)
! C] vz V2
Let S,, be the symmetric group of n positions. For a permutation o € .S,,,
and f € RXy, define f7 € RX, by

= f(2)2

ze€Xy

Now for a binary code C' of length n, a code C'?, which may or may not be
exactly the same code as C'. If C7 = C', we call C? an automorphism of C,
and in any case we refer to C' and C' as equivalent codes. We call

Aut(C)={o € S, | C=C"}

the automorphism group of the code C. By Harm]ixut(C)

of elements in Harmy which are invariant under Aut(C'), that is,

Haurm?ut = {f € Harmy, | f = f for all 0 € Aut(C)}

we denotes the set

4
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Conjecture 2.1. [16] Let C be a F,-code of length n. Let Harm,(R™)*u(¢)
be a set of harmonic polynomials, which is an invariant polynomial of Aut(C).
Then the following map is injective:

Harm;(R")A") — C[z, y]; f +— we -

2.1 Method of Computation

In [11] the Hahn polynomials is defined in terms of the generalized hyperge-
ometric series:

o0

(al)i(CLZ)i(a:S)i z'
F: b1, bo; 2) = —
sFh(ay, az, az; by, by; 2) lz:: (b1)i(b2); il
where (a)g =1 and (a); =ala+1)(a+2)...(a+i—1) for i > 1. The series
terminates if one of the a; is zero or a negative integer. For real o, and
for positive integer N, the Hahn polynomials @Q,,(x) = Qu(x;«, 5, N) are
defined by hypergeometric series as:

Qm(z) = sFy(—m,—z,m+a+ B+ 1;a+1,—N+1;1)

form =0,1,..., N—1. The explicit formula for the Hahn polynomials given
n [11] as follows:

m+&+ﬁ+U v

Qm(T) = Qm(z; 0, B, N) = Z

1=

From the explicit formula it can be seen at once that @,,(z) is a polynomial
in the variable  with degree exactly m.

Theorem 2.3 ([1], Proposition 5.1). Let T' be a t-subset of {1,2,...,n}. For
allk, 1 <k <t<n/2, let H,r € RX; be given by:

Hyr(u) = Q(t — [unTl)

for all t-set u, where Q%(x) = Qr(x;t —n —1,—t — 1,¢t + 1) are orthogonal
Hahn polynomials. Then Hjr € Harmy,.

n
By Theorem 2.3 we can form a square matrix of order ( t)’ say, H =

[Hy r(u)] for t-subsets T'and u . Using elementary row operations we compute

5
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Hyr € Harmj such that Hjyp is independent. Also compute the rank of
matrix H which is equal to

n n
= — h =1,2,... 2.
mp (k) (k—l)’ where k 2,...,n/

Now let By be a basis of Harmy. Again let Hy r € By for some t-subset, 7.
Then Hjr(u) for all t-subset u forms an independent row in the matrix H.
Therefore dim(Harmy) = my.

Let Hyr, € By for t =1,2,...,my. Then an element f € Harmy can be
written as follows

f= ZaszT = Za, (Z Hyr,(u ) =2 (iain,Ti(uO u.

ue Xy ue Xy

where «; € R and

ZQZHM _Zal (Z Hyn(u ) _y (i’faﬂk,ﬂ@ u

uEX¢ ueXy \i=1

Now let f € Harm,""

ZaszT Zasz,Ti(v),

where u = v7 for some v € X;. Therefore the number of equations we have is
7| X¢|, where v denotes the number of generators of Aut(C'). Applying matrix
row operations on v|X;| equations, we evaluate linearly independent equa-
tions with mj unknowns. Let the number of linearly independent equations
be m.. Our computation shows that m, < my. Therefore

) Therefore for all u € X, we have,

dim <Harm£ut(0)> = M. = My — Me
Now we have the following Theorem.
Theorem 2.4. Let C' =F4. Then Aut(C) = S,,. We have
Harm;(R™")A"(©) = {0}.
This means that Conjecture 2.1 is true for the case C = F%.

Proof. For a symmetric polynomial f, we have that «(f) # 0. The proof is
completed. O
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2.2 Length 8

For n = 8 we have C' = eg with v = 6, the number of generators of Aut(C).
Here we have the following observations:

’n\lgkgn/2\k§t§n/2\ ]Xt]\mk\me\mc‘
8 1 1 8 7 7 0
2 2 28 (20120 O
3 3 56 [ 28 | 28 | O
4 4 70 | 14 | 13 | 1
Table 1: Data Table for Length 8
For k = 1,2,3 we compute we s = 0 for f € Harmﬁm(c).

Aut(C)

Aut(C)) = 1. This implies Hal"mku =

For k = 4 we compute dim(Harm,]
(f1) for some f; € Harmy. That is,

Harm;:ut(o) S f=Af for AeR.

Aut(C) .

The harmonic weight enumerator for k£ = 4, C' = eg and f € Harm, is
14
We,f = EAx4y4.

Hence we have the following Theorem.

Theorem 2.5. For C' = eg, Conjecture 2.1 is true. That is, the following
map 1S injective:

Harm;(R™)A") — Cla, y]; f + Weg -

2.3 Length 16

For n = 16 we have two cases
(i) C = dfs with v = 8 and

(ii) C = e? with v = 13,
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20

n[1<k<n2|k<t<n/2][X]]|mg | me|m]

16 1 1 16 | 15 | 15 | O
2 2 120 | 104 | 103 | 1
3 3 560 | 440 | 440 | 0

Table 2: Data Table for Length 16

where « is the number of generators of Aut(C'). Here we have the following
observations for both the cases:

For k = 1,3 we compute we s = 0 for f € Harm;:ut(c) for both C' = dify
and C = €.

For k = 2 and both the codes, we compute dim(Harmz\ut(C)) = 1. This
implies Harmfm(c) = (f1) for some f; € Harmy. That is,

Harm,"?) 5 f = Af) for A€ R.

The harmonic weight enumerator for £ = 2 and f € Harmfuuc) is
336 672 336
[C = d;rﬁ] We,f = 1—3141’123/4 — 1—3AI8y8 + 1—3A.1’4y12.
672 1344 672
[C=e3] wey= EAazzuy4 ~ 3 AxBy® + 1—3A:c4y12.

Therefore the Conjecture 2.1 is true for n = 16 and k£ = 1,2,3. But
for n = 16, we need further computation to establish the Conjecture 2.1
true.
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(SO R— b THAVIZDWT]
On the support designs of codes

hze K
(Hiroyuki Nakasora)
R PR T
(Kobe Gakuin University)

1 BFX

AR ISEHONBIZIEL 2D TH S, £z, —HOFwWX [7], [9],[10] & TR L
TW5,

C % binary code £ 3%, ¢ = (c1,¢0,...,¢,) € C, (¢; € Fo) IZXHUT, supp(c) = {i :
¢; #0} & ¢ D support &SR, X ={1,2,...,n}, B% weight w D3I — K7 — KEKD
support £ 55, §5&, fHEME D, = (X,B) % C O weight w @ support design &\
5, Z® support design {Z DWW TIXD Assmus-Mattson DEH [1] BEETH 5,

Theorem 1.1 ([1]). Let C be an [n, k,d] linear code over F, and C* be the dual [n,n —

k,d*] code. Denote by ng the largest integer < n such that ng — "0;_‘11_2 < d, and define
1

ng similarly for the dual code C*. Suppose that for some integer t,0 < t < d, there are

at most d —t non-zero weights w in C+ such that w <n —t. Then:
(1) the support design for any weight u, d < u < ng in C is a t-design;
(2) the support design for any weight w, d+ < w < min{n — t,ny } in C* is a t-design.
& 5 linear code C' @ support design D,, 5% Assmus-Mattson DEFLIZ & o> T t-design
(t>0) L7257 561X, £DFFE% applicable to the Assmus-Mattson theorem & .3,
ZIT, Dy iZOVWTIRD IS REHE GRS,
d(C) :=max{t € N | Vw, D, is a t-design}
s(C) == max{t € N | Jw, s.t. D,, is a t-design}
ZDEENSHSNIZH(C) < s(C) TH B, 2016 FFDF* DFHX [9] IZHEWTIRD &
SRR ZRE L 72,
Problem 1.2. s(C) @ EfR%Z KD X,
Problem 1.3. §(C) < s(C) 558X EITREIVESLD ?

Problem 1.2 {Z2DWT, t > 6 D t-design DEFNFIHER SN TWZRWV, T 5 2 DD
R LT, RO TEERFSDZ I ATH 5 extremal Type II code 12D WTH

N7z,
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2 Extremal Type II code DY R— KFH A >

E& n D extremal Type Il code & C £ 95, ZZTC ® minimum weight 1% d(C) =
4[n/24]+4 TH 5B, F7z, Zhang [14] £V (i) n = 24m D5GE m > 154, (i) n = 24m + 8
DG m > 159, (ii) n = 24m + 16 DEE m > 164 TIHFEIH SN T WD,

8(C) & s(C) DIEDAREMEIZ DWW T N. Horiguchi, T. Miezaki and H. Nakasora [7] & T.
Miezaki and H. Nakasora [9] 2* 5IRDFERZHF TN 5,

Theorem 2.1. Let C' be an extremal Type II code of length n.
(1) If n=24m, then 6(C) = s(C) =5 or 6(C) = s(C) =T.
(2) If n =24m + 8, then §(C) =s(C) =3 or 5 < §(C) <s(C) < 7.
(3) If n =24m + 16, then §(C) = s(C) =1 or 3 < §(C) < s(C) < 5.

Problem 1.2 {IZ2WT, extremal Type II code (ZHEWT s(C) < 7TH S, Problem 1.3
\ZD\W T, Theorem 2.1(1) D n 5324 DFFHD & Z136(C) < s(C) LR BHBEDR E I\
b, IROMEATHC) < s(C) P E DAL D 5LEIZDONWTRERS,

Proposition 2.2. If the case 6(C) < s(C') occurs, then one of the following holds:
(1) n=24m + 8, m =58, 6(C) =6 and s(C) =7 with w =n/2;

(2) n = 24m + 16, m € {10, 23, 79, 93, 118, 120, 123, 125, 142}, §(C) = 4 and
s(C) =5 with w =n/2.
FE & U T extremal Type II code (ZHEWT, §(C) < s(C) & 722 FEZHNIF SN TWIR

KIRFIETDH 5.
5(C) < 5(C) DEADEEME, 75 L% Kk FHA Y OBIHR] LIRS TR

& spherical t-design DBIfR] & DFELMEIZ LB Z 2 REITF 5N 5,

Theorem 2.3 ([13]). Let L be an extremal Type II lattice of rank n and Lo, := {x € L :
(x,x) =2m}. If Loy, # ¢, then Loy, is a spherical

11-design (n=0 (mod 24)),

7-design  (n =8 (mod 24)),

3-design  (n =16 (mod 24)).

#l Z1X, (Eg)om I% spherical 7-design TH 5, £ LT, XD Ramanujan 7 BE & DB

B"DH 5,
Theorem 2.4 ([13]). (Eg)am is a spherical 8-design if and only if T(m) = 0, where

¢ [T —gm* =) r(m)yq™

m=1 m=0

B 72 Lehmer PAED IR L TW 5,
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Conjecture 2.5 ([8]). For all m,
7(m) # 0.

Z @ Lehmer 4% extremal Type II code & ¥ HR— s TFH A VIZEWHZ 5 &

5(C) = s(C)

Thb, 2T, §(C) <s(O)IFEZITERI >TWVWBDMN? extremal Type I code D%
a2 L THCO) <s(C) DRI BZGEIZDVWTHERZIRD =,

3 KX 48 Dtriply even code DY HR—bFH A v

MonTwsg 6(0) < s(C) DFlE 1984 F D Dillion-Schatz [6] 23 5, % #Lid binary
(227 2m + 2] code C' T% D weight enumerator (%

1+ 22mx22m*1—2m*1 + (22m+1 _ 2):1022"171 + 22mx22m*1+2m*1 4 g2m

TH 5B, weight 22m~1 £ 2m=1 (Z3x U Tld support 2-design T, weight 22m~1 2% L Tl
support 3-design £ 7> TW5, §T4bb, 2=4§C) < s(c) =3 Thb, F* i Dillion-
Schatz DfF# & IEARBEIZ R B4 % KX 48 D triply even codes DHIA & H DS 7=,

FZ 48 @ triply even codes 1 [4] THEBINT WS, JIEkAED Y =71 b [3] THW
5N T W5 ELS (Dimension, Code Id, | Generators |) % AFH Tl (Dimension, [Code Id])
TR,

Proposition 3.1. If a triply even code of length 48 C' is applicable to the Assmus—Mattson
theorem, then one of the following:

(A) (7,[144)), (8,[129,130,131,132,133]),

(9,59, 60, 61, 62, 63, 64, 65,66, 67, 68,69, 1109, 1712, 1714, 1716, 1960]),
(10, [16,17,18,19, 20, 21, 22, 549, 550, 554, 1001, 1245, 1246, 1247)),
(11,[6,7,154,520]), (12,[3]), (13,[1]).

(B) (2,1]), (3, [4]), {4, [7]), (5, [12])

Proof. Assmus-Mattson OEHD LM dt —t = [{wt(u) : u € C,wt(u) # 0,48} IZHBWT,
(A)IFd4—t=34&D, t=1%2175,
B)ld2—-t=1&b, t=1%45,

EEHIIIRTH 5,

Theorem 3.2. Let C be a triply even code length 48 in Proposition 3.1. Let D,, and D
be the support t-design of weight w of C' and C*.

(1) For all w, Dy, and D: are 1-designs.

(2) If C is a code in Proposition 3.1 (A) except for (13,[1]), Dy (and also D3) is a
2-design but is not a 3-design. For the other cases, D, and DL are not 2-designs.

3
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ZOEMIIEMIZI Y Ea—% (MAGMA) OFIREIZK > THER L7z, LA L, weight
GIZEETWVWAHRDREKR D0, GEBIFHEGRNIZIT 572, ZDOFEIHDOEEIZ DO\W T
REITHRARS, ZOEHIZEWTEHEELRHZ 2 DFIT 5,

Example 3.3. Proposition 3.1 (A) D 1 D T& % (7,[144]) @ triply even code & C & §
%, %@ weight enumerator (&

W (1’ y) _1,48+3$32 16—|—120[L'24 24+39616y32—1—y

Th b, CDINFFE C 1% Miyamoto’s moonshine code [12] L FEIXN 5,

Proposition 3.1 & Theorem 3.2 225, §XT®D weight w (2% U T, D, & Dyl 1-design
ThHb, 61T, BWFFZD weight 6 1ZFFRIT DE 1% 2-(48, 6,2520) design & 72> T\ 5,
(D, 1% 2-(48,6,2520) design D complement TH 5, )

Example 3.4. Theorem 3.2 (2) TR\ 7z (13, [1]) D triply even code I extended doubling
D<g24) T% 50 i 7LC, Aut D(QQ4> = 212.M24 VCZ?) 50 D<g24) = Cl b ) < ° %@ Welght

enumerator (%
Wer(z,y) = 18 + 759232910 4 6672224y 4 75920y3% + 18

Tdh b,
MacWilliams fEHZ5

VVC’L (.CC, y) = 2_13WC’(ZE +y,x— y)

ORI ZD CH DI — KT — RO ZEEHE T 5 & weight 6 D I — K7 — KO£
WA =0THb, £oC, DF 370y 7 OEANELETHLHAWPRT AV THDZ
EMRNB, BHFFF D weight 6 % R\ 723X T D weight w (X LT, Proposition 3.1
& Theorem 3.2 2*5, D, & DE 13 1-design TH 5,

7% 11213 Theorem 3.2 T3 5 15 FONFF5 D weight 6 D support 2-deign IZDWTE &
OTW5B, ¥/, ZHIFEKDOKR—LR=VIZIFEINSDOFEE T VICEHT ST —X
1] A52 60 TW5,

4 Theorem 3.2 DiIFAME

S HiTlZ Theorem 3.2 DFEBHDBEZIZ DWW THRR S, FEL WEERAIX [10] 2 2RI & 72
W, £, #ffi& LT harmonic weight enumerator DEHED 5D 5,

Definition 4.1. £ n ® binary code % C, f € Harm, £ 9%, C & fIZF3 % harmonic
weight enumerator (&

ch T y Zf o wt(c (c)
ceC

{XIZ harmonic weight enumerator & t-design @O BEFRIXIXRD Delsarte [5] 12 & %,

4
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# 1: weight 6 @ support 2-deign (22T

Xt | [Code 1d] 2-(v, k, \)
Weight distribution (i, A;) for A; # 0 & %5
7| [144] 2-(48. 6, 2520)
(0,1), (16,3), (24, 120), (32, 3), (48, 1) 1
8 [129,130,131,132,133] 2-(48,6,1240)
(0,1), (16,15), (24, 224), (32, 15), (48, 1) 5
9 [59,60,61,62,63,64,65,66,67,68,69,1109,1712,1714,1716,1960] | 2-(48,6,600)
(0,1), (16,39), (24, 432), (32, 39), (48, 1) 16
10 [16,17,18,19,20,21,22,549,550,554,1001,1245,1246,1247] 2-(48, 6, 280)
(0,1, (16, 87), (24, 848), (32, 87), (48, 1) 14
11 [6,7,154,520] 2-(48,6,120)
(0,1), (16, 183), (24, 1680), (32, 183), (48, 1) 4
12 | [3] 2-(48, 6,40)
(0,1, (16, 375), (24, 3344), (32, 375), (48, 1) 1
13 | [1] -
(0,1), (16, 759), (24, 6672), (32, 759), (48, 1) 0

Theorem 4.2 ([5]). D, Ht-design 275 22 2, {FED f € Harmy, 1 <k <123 L
T Y pep, f(b) =0 7= 3 Z LIFAETH 5.,

Bachoc [2] IZIXD & 5 72 MacWilliams BLDELE A % /R U 72,

Theorem 4.3 ([2]). We ¢(x,y) % binary code C' & degree k D harmonic function f (2B
9% harmonic weight enumerator & 3 5,

Wes(a,y) = (xy)* Ze 5 (2, y)
T I T, Zcy & degree n — 2k D homogeneous polynomial THd, 95 &, Rz&irzd,

on/2 Ty r—y
Zos ) = 0 Ty e (57

C % Proposition 3.1 (A) @ triply even code &3 %, 7272U (13,[1]) ZfR<, 95&,
Assmus-Mattson OEE & D X TD weight w IZX LT, D, & DL % 1-design T 5,
Z DI Dy H3 2-design 12725 Z & &R T,

We.t(z,y) & C & degree 2 D harmonic function f IZB9” % harmonic weight enumerator
95,

ch T y Zf 48— wt(c) w (c)

ceC

32 16 +bx24y24 _|_a/x16y32
) ( 30 14+bx22y22+am14y30)
)2ZC,f(x7 y)

iy
=

Y
Y
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ZZT, a,b#£0TH 5,
Theorem 4.3 & 0, DEDERNZ2 AT oV BFEIET B,

224 r+y r—y
Zos o) = 0y (757

:a’(w+y)30(x—y)14—|—b’(a:—|—y)QQ(:U—y)22+a’(w+y)14(x—y)30

C* 13 minimum weight 4 £ 0, Zgow ; OHOD 24 OFEEIF0TH B, £oT, bV =-2d %

5%,

W ZIZ,

WCJ-,f(xv y)
= (zy)* (d'(z +y)P(x —y)"* = 2d'(z + 9)*(z — 9)* + d'(x + )" (z — )

5L, EENLRFHEIZED W , OO 242y DEEBIX0TH S Z & 2135, Theorem
4.2 X0, Dg I 2-design TH 5,
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Bordered complex Hadamard matrices and strongly
regular graphs

Takuya Ikuta (Kobe Gakuin University) and
Akihiro Munemasa (Tohoku University)

1 Introduction

We classify bordered complex Hadamard matrices whose core is contained in the
Bose-Mesner algebra of a strongly regular graph. We denote by r, s the nontrivial
eigenvalues of a strongly regular graph with parameter (k, A, u1), where r > 0, s < —1.
As a consequence of our classification, we have the following: (i) If the core is a
conference graph, then there are two kinds of complex Hadamard matrices. One
is of Butson-type whose entries are 4-th roots of unity, and the other is a complex
Hadamard matrix whose entries contain a complex number which is not a root of
unity. (ii) If the core is a strongly regular graph with parameters (212, r% r?), where
r is an integer with r > 2, then we have a (real) Hadamard matrix. (iii) If neither (i)
nor (i) occurs, then we have k = =240 "where h = \/4r(r +1)s(s + 1) + 1 € Z.
No example is known for this case. In this report, we mainly consider the essential
case (iii).

A complex Hadamard matrix is a square matrix W of order n which satisfies

W' = nI and all of whose entries are complex numbers of absolute value 1. In
this paper, we consider a complex Hadamard matrix of the form:

W= r). 1)

where e is the all 1’s row vector of size n. The submatrix W; is said to be a core
of W. In [5] J. Seberry constructed a complex Hadamard matrix W whose entries
are 4-th roots of unity, and the core W is contained in the Bose-Mesner algebra of
a conference graph. And, in [4] S. N. Singh and Om Prakash Dubey constructed
a Hadamard matrix W whore core W is contained in the Bose-Mesner algebra of
strongly regular graph with parameters (272,72, r%). As a natural problem, assuming
Wy is contained in the Bose-Mesner algebra of a strongly regular graph, we are
interested in whether other complex Hadamard matrices arise or not.

Let X be a finite set with n elements, and let X = (X, {R;}2_,) be a symmetric

30



2-class association scheme with the first eigenmatrix P = (P, j)o<i<2:

0522
1 ke ko
1L r —(r+1)|, (2)
I s —(s+1)

where r,s € R, r > 0, and s < —1. We let 2 denote the Bose-Mesner algebra
spanned by the adjacency matrices Ag, Aq, As of X. A strongly regular graph I' with
parameters (k, A\, ) is equivalent to X, via the correspondence R; equal to the set of
edges and Rs equal to the set of non-edges. In this paper, by exchanging R; and R,
we may assume that r + s > —1 without loss of generality.
Let

W1 = wvo + U)lAl + w2A2 e . (3)

and wy, wy, ws (w; # wy) are complex numbers of absolute value 1. Then we have

the following.

Theorem 1. Suppose thatr,s e R, r >0, s < —1, and r+s > —1. Let Wy be the
matriz defined in (3). If the matrizc W defined by (1) is a complex Hadamard matriz,
then one of the following holds.

i) T is a conference graph on (2r + 1)? vertices, and
(i) grap ,

(a) (wo,wr,ws) = (=1, %i, Fi), or

_ —14iVA4Art4+8r344r2—1 —1FiV4rt48r34+4r2—1
<b) (wo, Wi, w2) - (17 2r(r+1) ’ 2r(r+1) )

(i) (kyi,s) = (2r% —r), and (wo, wy,wy) = (1,—1,1).

(iii) r+s>0, h=+/4r(r+ 1)s(s+ 1)+ 1€ Z, and ky = (—2rs+ 1+ h)/2.
Conversely, if (1) or (ii) hold, then the matriz (1) is a complex Hadamard matriz.

Remark 1. Strongly regular graphs having parameter (i) in Theorem 1 are given
by (k, A\, p) = (2r%,7?,7?). These strongly regular graphs were already considered in
[4]. The list of strongly regular graphs up to 1,300 vertices are given in Brouwer’s
database [2]. According to that, strongly regular graphs with parameters (2r2, 12, r?)
exist for r = 2,...,10,12,...,16,18, are unknown for » = 11,17. No example is
known for strongly regular graph with parameter (iii) in Theorem 1.

2 Preliminaries

Let (X, {R;}&,) be a symmetric d-class association scheme with the first eigenmatrix
P = (Pi’j)ogigd. (For more general and detailed theory of association schemes, see

0<j<d
[1].) We let 2 denote the Bose—Mesner algebra spanned by the adjacency matrices
Ag, A1, ..., Ag of X. Then the adjacency matrices are expressed as

d
A=Y "P,E; (j=0,1,....d), (4)
=0

2
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where Fy = %J, Ei, ..., Ey are the primitive idempotents of 2.

In (1), let
d
Wi = ijAj e (5)
=0
and wy, . .., wy are complex numbers of absolute value 1.
Define .
Br= wiP; (k=0,1,...4d). (6)
=0
By (4), (5) and (6) we have
d
Wi =Y BBy (7)
k=0

Let X; (0 < j < d) be indeterminates. For k =1,2,...,d, let e; be the polynomial
defined by

d d
X5 X
er = [ X (Z P+ Y. PP (Xa; + X—ﬂ) —(n+ 1)) . (8)
h=0 j=0

0<j1<j2<d J J

and eg be the polynomial defined by

d
7=0

Then we have the following.
Lemma 1. The following statements are equivalent:
(i) the matrizc W defined by (1) is a complex Hadamard matriz,
(i) BuBr=n+1 fork=1,...,d, and 1+Z?:ijwj =0,
(ili) (wj)o<j<d @5 @ common zero of e, (k=0,...,d).

Let W; be the matrix defined by (3), and let W be the matrix defined by (1).
Consider the polynomial ring

e@ - C[X(),Xl,XQ].
Then by (8) and (9) we have

eo =1+ Xo+ ki1 X1 + ko Xo, (10)
er=—((r+1)X; —rXo) X — (r(r + D)(X1 — X2)* + (k1 + k2) X1X2) Xo

+ (rXy — (r+ 1) X2) X1 Xy, (11)
ex == ((s + 1)X1 — sX) Xg — (s(s + 1)(X1 — X2)* + (k1 + k2) X1 X2) Xo

+ (s X1 — (s + 1) X2) X1 Xo. (12)
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Let Z be the ideal of Z generated by (10), (11), and (12). We write
w = (wp, wy, ws) (13)
for brevity. Let
w; = ay + bJZ (14)
for j =0,1,2, where a;,b; € R, a3 + b5 = 1, and i* = —1. We write

w’ = (ag + boi, ay + byi, as + bai) (15)

for brevity.

Lemma 2. Let Wy be the matriz defined by (3), and let W be the matriz defined by
(1). Then the matriz W is a complex Hadamard matriz if and only if w is a common
zero of the polynomials e, (k= 0,1,2).

3 Strongly regular graphs

In this section, we consider a symmetric 2-class association scheme and a strongly
regular graph. Let X = (X, {R;}?_,) be a symmetric 2-class association scheme with
the first eigenmatrix (2). We have the following three cases in (2): (a) r +s > 0,
(b) r+s = —1, (¢) r +s < —2. Suppose that (c¢) holds. Then the eigenvalues of
Ry satisfty —(r +1) — (s + 1) > 0. By exchanging R; and R, we may assume that
r 4+ s > —1 without loss of generality. Therefore we only consider the two cases (a)
and (b). Under this assumption, we have

ky > 2. (16)
Indeed, if k5 = 1, then R is a matching, and hence the eigenvalues satisfy —r—1 = —1
and —s — 1 = 1. This implies r + s = —2, contrary to our assumption.

A strongly regular graph I' with parameters (k, A\, ) is equivalent to X, via the
correspondence R; equal to the set of edges and Ry equal to the set of non-edges.
The complement of a strongly regular graph is also a strongly regular graph. The
three parameters of I' are k(= k1) = p?;, A = p1, and = p7 ;. Then we have

="k +rs, (17)
A=7r+s5+pu, (18)
kot = k1 (ky — A — 1), (19)
n=1+k+k(k—X=1)/pu. (20)

A conference graph is a strongly regular graph I' satisfying one of the following
two equivalence conditions:

(i) ks =2r(r+1),r+s=-1,

(11) my = Mao.
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We remark that the eigenvalues r, s of a strongly regular graph I' are integers unless

I' is a conference graph. If I' is a conference graph, then r = —Hv2kitl V;kl“ and s =
=levehitl Ty any case,
rs € Z. (21)
By (17), (18) and (19), we have
k
ki“:—(rﬂ)(sﬂ). (22)
1
This shows that s = —1 is equivalent to ¢ = 0. In fact this occurs precisely when I'

is a disjoint union of complete graphs.

4 Properties of the polynomials L(X), M(X), and
S(X)

Throughout this section, suppose that r,s € R, r > 0, s < —1, and r + s > —1.
Define the polynomials L(X), M(X), and S(X) as follows:

L(X) :X3+4r3—7"2—3+3X2+ —4T8(T+28—1)+1X
+TS(T2+2(38+1§T’+82+28+2)7 (23)
M(X) = L(X) — 4(X +rs)?, (24)
S(X):S4X4—|—33X3+82X2+81X—|—80, (25)
where
S4 = (7"—|—S—|—1)2,
s3 = 451 + 85(s + 1)r? + (45 + 85 + 85 + 2)r + 25 + 2,
sy = 25(2s — 1)7r* + 25(s + 1)(4s — 3)r® + 25(25> + s> + 65 + 4)r?
—2s(s +1)(s* +2s — 6)r + 1,
s1 = —2rs(2sr* + 65(s + 1)r® + (65 — 45> — 85 — 1)r?
+2(s + 1)(s* +25* — 65 — 1)1 — s* — 25 — 2),
so = 1252 (r* + 4(s + 1)1 + (225 + 285 + 8)r?
+4(s + 1)(s* + 65 + 2)r + (s> + 25 + 2)?).
We put
ai:r—{—s—li\/(8—1)2—67’5—1—7"(7“—2), (26)
2 2
1 4 1 1 1
ﬁi:—TS—ii\/r(r—i_ );(s+ )+ | (27)
r+s+3 72 +2(55 + 3)r + (s + 3)?
6= —rs+/r(r+1)s(s+ 1). (29)
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Then oy, B+, § € R. By (23), (24), and (25) we have

£ = 2 - (X )X - ) (X - AP - L) (30)
a(xy =T (- (B )P - (B D) (3D)

Lemma 3. We have the following:
(i) ag,f-+1< —rs.
(i) —rs < Py <6 < py + 1.
(iii) If v+ € R then v+ < —rs.
Lemma 4. We have

(1) L(—TS) _ M(—TS) _ T(T+1)S(S+1)(2(28+1)7’+8+1) < 07

(i) /S(—=rs)=r(r+1)s(s+1)(r+s+1).

5 Thecaser+s>0

In this section, we suppose that r,s € Z, r > 2, s < =2, and r + s > 0. We consider
properties of the polynomials (23), (24), and (25).

Lemma 5. We have the following:
(i) L(X) has exactly one real root ¢ in (—rs,00), and S+ < ( <9,
(i) L(z) <0 for —rs <z < ¢, and L(x) >0 for ¢ < x.
Lemma 6. We have the following:
(i) M(X) has exactly one real root n in (—rs,00), and § <n < By +1,

(il) M(z) <0 for —rs <z <mn, and M(z) >0 forn < .

5.1 Thecaser+s>0

Throughout this subsection, we suppose that » > 3, s < —2, and r + s > 0. Let
u=r+s. Then u € Z and
1<u<r—2. (32)

Let h=/4r(r+1)(r —u)(r —u—1)+ 1.
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Lemma 7. The polynomial S"(X) has two distinct real roots:

_axye
=T 6wt )2 (33)

where
c1=3u+1*2r(r—u)—1)+3(r(r+1)+ 0 —u)(r—u—1)), (34)

co = 12r(r + Du(u+2)(v® +2u — 2)(r —u)(r —u — 1) +3(u + 1)% (35)
Lemma 8. Let 71 be the real number defined by (33). Then 7+ < B..

Define

g1 = 4u(u+ 2)(u(u+2) = 2)r(r + 1)(r —u)(r —u—1) + (u +1)?
g=2r(r+1)(r—u)(r—u-—1)

X Bu(u+2)r(r+1)(r—u)(r—u—1)+Tu(u+2)—1)—1,
g3 = 16u(u+2)r(r+ 1)(r —u)(r —u—1) — 1.

Lemma 9. We have g1 > 0, g2 > 0, and g3 > 0.

Lemma 10. The polynomial S(X) has ezactly two real roots, say, &1,&, and By <
1 <0 <& < By + 1. Moreover, both & and & are simple.

Lemma 11. We have L(5) <0 and M(p+ +1) > 0.

Lemma 12. We have & < ( <n < &,.

Lemma 13. Let A = (—rs,&| and B = [§3,00). Then we have the following:
(i) S(z) > 0 for x € R holds if and only if xt € AU B.

(ii) Forz € AU B,

(a) M(x) <~ ) < L(z) holds if and only if v = B + 1,

< L(x) holds if and only if x = (.

6 Proof of Theorem 1

In this section, we prove (iii) in Theorem 1. We assume that r,s € R, r > 1, s < —1,

and r+s > 0. Let W; be the matrix defined by (3), and W be the matrix defined by

(1). We suppose that the matrix W defined by (1) is a complex Hadamard matrix.
Recall that Z is the ideal of # generated by (10), (11), and (12).

Lemma 14. We have s < —1 and ki +1rs > 0.
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Lemma 15. Let a; be the real numbers defined by (14) for j = 0,1,2. Then ao, a1,
and ao satisfy the following:

(L(k1) — M(k1))?ai + 2(L(k1)* — M (k1)*)ay + (L(k1) + M (k1))* — S(k1) = 0, (36)
2(ky +1s)?rsag — 2k3 (k1 +1s)’ay + hg = 0, (37)
2(ky +rs)?a; — 2(ky +rs)r(r + 1)s(s + 1)ag + £o = 0, (38)

where

ho = —kS + (r+s—2rs+ 1)ki +3rs(r + s+ 1)k}
—rs((r+s)*+2(r +s) — 1)ki + 41?5k + 2r3s%,
lo=ki(ky —r —s—1)(k +2rsky —rs(r +s+1)).
Lemma 16. We have the following:

(i) S(k1) >0,

(i) M) < Y55 < Lk or M(k) < =S5 < L),

2 = = 2 =

Lemma 17. Suppose that r + s > 0. Then we have (iii) in Theorem 1.

Proof. By (i) in Lemma 14 and Lemma 17 we have k; € AU B. By (ii) (a) and (b)
in Lemma 14 and (ii) in Lemma 17 we have k; € {8, 8+ +1}. Then by (27) we have

Viar(r+ 1)s(s+1)+ 1 € Z.

Therefore we have (iii) in Theorem 1. O
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Vertex operator algebras and modular linear

differential equations

e Vi
BV S RFEH T

1 (FLC®IC
Ch-cofinite %> HH 7 T AU FI 2 AREL (VOA) 0 BERIIIEE O F5 45 0D 2 p 3 % 22 [ 3

SLo(Z) DIEFATAZIZIR B Z 3L <ASNT WS ([12]). T DEHDFEAD#FET,
Zhu %, THRA/EHZERBOBRIMBEOIEEED 2HOMD AR 2 W23 L 23 L
TW5b., ZOWMNHABRAPAFTETHS Y 27— HEX (modular linear differential
equation, MLDE) TH» 5. ®Y a7 —MH e, &—Llsn
d k i i—1
Ou(f(7)) = ag f(1) = 5B (7). Yo =Da(i-1) 0 g
EUITA b 2d—i) DEY 2T A P(r) VT

d—1

Io(f(7) + Y Pir)dp(f(7) =0
i=0

EREDWMNSiFEATHE. 22T, H={r€C|ImT >0}, g =€*™" T, Eg(r) &
EBEN 1 IZRBEDICERLUZT A M2k DT ALY 2 XA VETH 5.

IR, HREAREREV ECFTRDLDDAEZS. 20, V=G Vs
O dimVy =1 %2KETS. EBHEJIIZHLT, ZOEENIBOEY 27 —Wnh
BAOMEL 722 &5 RHEAMFEHZERBIZEDLS SWEFET Eh, LWHMEEZEZ 5.
d=1D&ZF, BIEHL»R0NDT, Nind 5 HAFEHARRBIZEHLE DIZRS.
d =2 OEEITIE, Mind 2EHAERZEREUE, FO0ER —22/5 O#Hl Virasoro VOA
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39

L(—22/5,0) & Hfl ) — K A]_,A2, Gs, Dy, Fy, Eg, B7, Eg T AL RLV1IDT 74

d = 3 DHBEIIIIIET 5 EAEAZRABUIRES NS Z 2 BHIShT W5 ([1]). %
T, DIA M1 OZBEPHHTHZ LI DET2EZ 5L, FUNEROEMIZE
LOXSICEREATHS Z ehbhd (6,10, 11, 3, 5]). X 5i2, FuLEMA 164/5 &

236/7 D& &RV THIST 2 AR ZRKOBRE S Roh>Tw3 ([6, 10, 11)).

No. | HUVES VOA

1 | —68/7 L(—68/7,0)

2 1/2 L(1/2,0)

3 | —44/5 | L(-22/5,0) ® L(—22/5,0)
| Vs,

5 16 Viw.,

6 47/2 VB

7 24 %

8 32 Vi@ (VL)F (L: extremal)
9 164/5 ?

10 | 236/7 ?

11 40 Vi@ (Vp)F (L: extremal)

F1 FOERENIET S5 VOA

ARTIE, AKEMKEOHLFRFRIZE VB[ ONLUTORBIZOWTHRET 5.

BAFEL 72\,

2 BEZE 3 D MLDE &H/DETR

9, R1OHLEMERDS HEEZHIFAT L. FUVERPIERZR X [3] 230
AN

B4 3 D MLDE i, VTA b4 DEY 25 —BRIE Ey(r) OEESE, 7ITA L6 DEY
27 =L Be(r) DEBUGTH 2 Z L &2 AVDE L 03(f) +2Ey(1)00(f) +yEs(T)f = 0
b, THEMERZERE YV OFRE Zy (1) = ¢ ¢/?*(14+0-g+m¢® +---) 72D MLDE

2
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DIRIZI25 Z e Z2IRET S, 22T, VOHLEMcIAEHETH L LIRET S, £,
m=dimV, TH5b. ZD,Z, Zy(r) Z MLDE IZfRA L THAID 3 DDIHDFRE % Lt
5L,

576cx — 13824y + ¢ + 12¢% = 0, (1)
480cx + 24192y — ¢* — 24¢c =0 (2)
B LU,

Am — 132¢2m — 864¢? + 576cmax + 5760cm
4 1244160cz — 41472¢ — 27648y — 2 — 24c =0 (3)

LB, (1) & (2) 55

—7c? — 80c + 96 _5¢% +66¢ + 144c

v 5952 V= 214272

Y7B. Ik (3) ICRALTERIET 2 Y, A c & ESHm ORFRR

(4)

70¢® — 1496m — c(2m — 955) + 2¢(55m + 1195) = 0 (5)

BESND. ZOHBEREWZTH (c,m) € Qx Zsg 41 DB Lhbh 3 (3,
§4]). TNEND c IZH LT (4) ZHWTHIGT S MLDE Z2IREL, £D Zy IZHIGT
BIEDLREE KD, EOTHEDRE L UTHBPHADENPEND L DERNTE LK1 D
cDVARDBESND.

3 BROXRT
LAY 164/5 & 236/7 OBAI1CEN A MLDE 2 hZh
5o 169 1271 -
I (f) 1OOE4(T)190(f) + 1080 6(T)f =0, (6)
S . 149 93869 -
U (f) — 6—4E4(7)190(f) + 74088E6(7)f =0 (7)

Thb. 7A=Y ZADFEEHANT, 2L (6) OMOREERD S &,

Fi(7) = g~ 1/30(1 + 901184 + 53459408¢° + -+ - ),
F2(7) = ¢°/%(10168 + 3704965¢ + 338289360¢> + - - - ), (8)
f3(1) = ¢*/%°(615164 + 152560672 + 11717226984¢> + - - -)

N A
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Proposition 2 ([3]). 82 IRDOFRLIAR ky(z,y) & ko(z,y) BHEIEL T,
fi(r) =k (9,0),  fo(7) = k2 (990),  f3(7) = k1 (¥, —9)
b, ZIT,

1 1

o= oy 0= iy

Z OB BN D BE o 1, PLER —22/5 O Hfl Virasoro VOA L(—22/5,0) D45
BThbv, ¢i% L(—22/5,0) DEAKY T b —1/5 OBFIBEOHEZETH 5. Z OBKD
SEBIISHSNT VD K S1T,

IS

S

(¢<—1/T)>_ 21 (€ +1) 21(i-¥) (zp(f))‘ )

VT o fi(5-9) 25 (6

Ths BRI [T)FE22R). TZT, ki(r,y) & k(z,y) DEAEKEL (9) 2HAG0E
5ZrizkD,

f(=1/7) (V5+5) /10 10v5  (5-V5) /10 \ [fi(7)
fa(=1/7) | = 1/25v5  —1/v6  —1/25\/5 fa(T) (10)
f3(=1/7) (5-+v5) /10 —10v5 (V5 +5) /10 f3(7)
YIRBZEHNDND.
ULNVERIS 2367 DS, T7bH MLDE 2% (7) DB A, lE mLEH —68/7 O
Hff Virasoro VOA OBERIMBEDFIREOZIHA L LTRT I &N TE 5. ZDLIHAIZ
$BRREHANT S Bz RDZZEHTES ([3)).

4 Theomre 1 MEEARA

22T, HULEMA 164/5 OEE ORI ST 5. duLEM A 236/7 DEE B IAE
FRTH 5.

9, FEHIZAH WS quantum dimension & global dimension IZ2DW TR 5. V %
HAERBZREE L, M 20BN E 35, V OfRKE Zy(r) & M OFEEE Zy (1)
MWEHIZH EOEHIBERTH S LIESTS. ZDLE,

Zyv(V—1y)

qdimy M = lim ————

y=0 Zy(vV—1y)
4
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% M ® quantum dimension & \\5. X512, V OBKNMEBENERETH S & L,
MO, .. M?*ZERINBEORERERTHI LTS, ZDLE,

d

glob(V) =) "(qdimy, M")?
=0

% V @ global dimension & \»5.

Proposition 3 ([4]). V & CFT #DHiff, Cs-cofinite THEEZLTHRIEHRNAE L L,
M=V, M, ..., M 2B O G ERERET D, M, M OBRET T A b
TRTCIETHDHET DL, BLFAHKD D,

(a) qdim, M* > 1.

(b) glob(V)) = 1/(S00)2. ZZ°T, Soo & Zy(—1/7) % Zyi(7) ORAES TR LIz L &
D Zy(T) DIRBTH 5.

Theorem 1 1%, Cs-cofinite P DOHEMIT, BN fL THEIEIRV BEETII L
Z{E L T, (10) & Proposition 3 ZH\WT glob(V) 2 2 @D IZEIRT LI L CTFE%
BEHIZ LItk REINE., EEE, 20X 4 V BEFEET X, V L Proposition 3 @
REZ 723 Z EPHUZEEFIHTE S (LI 2] 22U T ZE V). ZoE & (10)
& Proposition 3 (b) &0

10
V5+5

LIRBIENONDL. —J, XD (10) &b V iZ3 DU EBENIFEEZR>Z 22005
DT, Proposition 3 (a) &0

2
glob(V) = ( ) = 1.90983...

glob(V) >3

EROTFHHEERS.
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On automorphism groups of the holomorphic VOAs associated

with Niemeier lattices and the —1-isometries

578 # (Hiroki Shimakura)

ALK R 16 WAt 2ot 7e st
MR « ISR e o 2 —
Research Center for Pure and Applied Mathematics,
Graduate School of Information Sciences, Tohoku University

e-mail: shimakura@tohoku.ac.jp

AFETIE Niemeier #7 VOA & —1-H R OEH FIFIZ Zo-BlE IR E 2w H L
THRLNLHLER 24 OERITESERFEE (VOA) O H Eﬂﬂﬁi E Sl RPAS SR IINL S
Sh19+] [V Tk . 2l Gl 7= o LAERF 24 OTERI VOA 04y BT 2 aiix
[LS19] <> [Sh18] I B 7=, AR TITEMET 5.

Ae =
1 B=

WEraserk L= iR 24 OFER| VOA OSFEE L2 W TR OREIZE Y A TW 5.

o (HEA 1 OZEM 0 TAW) FLER 24 OIEH] VOA 20 A CURAREZ T E
L.

HULERT 24 OERI VOAV 8 Vi #0 267+ &35, 2oL, Vi L 0-FHTY —f
BiE xR b, Vi O A QR Inn(V;) 13 VOA oA 2 RARE Inn(V) IZHARIZ
RS s, — 5T,V OV —REEEEIT D> TWAH72), Inn(Vy) > Tna. L
72035 T, Aut(V) 128 5 Inn(Vy) DS OREZIRTE L2\, £ 2T, IROBEAEIE 2 IR E
THILEAFELET S

o K(V):={g€Aut(V) | g =1id on Vi };

e Out(V) := Aut(V)/(K(V)Inn(V)).
22T Im(V)/(K(V)NInn(V)) 2 Inn(Vy) 2672 L, ¢ : Aut(V) — Aut(Vy) ZHIRE%
ET5E, K(V)=Ker ¢, Out(V) 2Im ¢/Inn(V;) THHZ L E2EELTEHL.

EUEEL 1 0%V 28 0 THHHOLER 24 OFER] VOA iZoa—2r v A2 VOA AL L) TP
A8 ([FLMS88]) 72 BARMER Th 5.
E: ARG T O BRI VOA ITH B (REMNTERAK), Co-AMR (V/(u—2yv | u,v € V) BARKIL), CFT
(Vo —ot), Bt (V@ contragredient MEEA V' & [RIA) 2KE L TV 5.

1
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2 Niemeier &+ VOA

N % /v— F % Ff> Niemeier #1 & L, Vy 2T 21EHE T VOA &35, Q & N
DL—bEFLTD. (V)= (Vo)1 THY, (V) BERT D5 VOA 1x Vy /b,
DI, Vy 1X Vo ® N/Q TUREFHT S8tz Ly MEKTHD. ge K(Vy) T
Dl Vo bg=1%7%. XoT, glid Vy OBER V-3t LicAah 7 —CIER L,
N/Q EOBERRIE L a2, Li=ioT, K(Vy) C (N/Q)* &72%. Z 2T (N/Q)* I
MEFIFRIE D 7247 —~LBETH Y, (N/Q) 2 N/Q ThHD. HHLMIT (N/Q) ¢ K(Vy)
ThoHI=D,

K(Vy) = (N/Q)" = N/Q
L7 KR, K(Vy) C Inn(Vy) T 2. E3
Vy ©HCFRAFEE [DN99] IZB W TEHE I TN D,

SR8 2.1. Aut(Vy) = Inn(Vy)O(N). 7272 L O(N) = Z2.O(N).

O(N) OIEHERSBE 724 13 Inn(Vy) OESETHSD. E5I2 Q D Weyl B W(Q) Ot
OFL EFIE Inn(Vy) OTETEHRTES. LEB-T,

Out(Vy) = Aut(Vy)/Inn(Vy) = O(N)/W(Q) = Aut(N/Q).

Z 2T Aut(N/Q) X glue code N/Q O HCIFRHETH 5.

N B Y —=FtF A OGEIE, (Vi) 1E 24 RITD abelian Lie algebra T V| Inn(Vy) C
K(Vy) ThbH. 61T Aut(Vy) = (C)*.0(A) THY, K(Vy) = Inn(Vy) = (C*)** 23>
Out(VA) = O(A) TH 5.

3 Vv D Zy-BMEFERIEE THR

Vy % Niemeier ¥+ N 2T 54+ VOA L35, 0 € Aut(Vy) & -1 € O(N) @
FHEFETD. VE={veVy|0) =v} 1 Vy O VOA &70%. Vn(0) ZBER
f-twisted Vy-MEEL L, Vi (0)z T Vn(0) DEEEALDEZZERET D, TD L Vy(0)z 1
BEX VIR L 725

FHE 3.1 ([FLMS88, DGM96, EMS19+]). V-t V = Vi @ Vi (0)7 1E Zo-IREAT T % 55
D VY OBl Lo MERE L TOEH] VOA fEEEFF.

N B EE 24 O HCXKEME o7 OiEE A THEONTW A AT V X Niemeier
BT VOA LRRICARDEY X5 NN 9@V H5H. £, N=A ORIV 1TL—

E3Y UL ERF 24 OIEH] VOA OB K(V) c Inn(V) & FHEL TS,
AV 132 0 B MR ERB e 5D U — Tk & AE D 5L TE o 72 Niemeier £ 7I2fTHET %5 VOA &
AL SO AL [DGMO6] (28 5.
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Y%A VOA THD. Li=nioT, 2O X5 IR SN S IEH VOA ofT, [ O
HERTARDLN TN 2WNEDON 14(=24-9—1) fHd 5.

[Sh19+] O EAEHIE, 2 14 HOER] VOA I2oWT K(V) & Out(V) &¥kE L7-
ZLTHD. ERITE (Ve = @), g ZBEKIEL L, Out(V) Db v I

Out(V)1 ={g€O0ut(V) | g(g;) =g; 1 <Vi <s}, Oute(V)=0ut(V)/Out(V),

AREL TS, 5HlIER 1 I2HD. LI, ED XD ITRE LIZII DWW TR L T <.
7 1. K(V), Outy(V) and Outy(V)
No. Q Vi K(V) | Outy(V) Outy (V)
2 Al? AP Ly 1 Mz
5 A8 AT 73 1 Zy - Ly(2)
12 AS B3, Ly 1 Sym;
16 AiD, A3,AL, Zy X 73 Zs Z3 : Symsy
23 | Al Bi, Zs 1 Alt,
25 AZD? D3,B5, 73 1 Sym, X Symy
20 | A B3, Zs 1 Sym,
31 AZDs D2, A3, 73 Ly Sym, X Sym,
38 Ej Ciy Ly 1 Sym,
39 | A;1D7E;g D672_B§’10471 73 1 Sym,
41 A2, Bg, Ly 1 Sym,
A7 | Ay5Dy Dg» B3, 73 1 Sym,
50 | AirEr Dy A7, Zg Ve 1
57 Agy Bia o Zs 1 1

4 BHL— METF R IZHBET S Vi

ROEBIIEEFN O RIREMEN & 5 725, [Sh19+] TILRE &2 D1 7=,

EHE 41 REEINL—METEL, REA 55, 20L&, VI S5 LHMY —1

B (Vi) (AT 2 EREE L~ D simple affine VOA LR TH S .

[DMO6] 12 L =T, (Vi) DERT 285 VOA IXIEEE L1 ® simple affine VOA &
FIR L 725, %= 2T, [FLM8S] O Vi OAERFRE KD 5 HiEE2HNT, (Vi) 28 Vi &4

Kb L AR LT,
BAR 7o LoLi3E 2 12h 5.
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%2 (Vi) 0V —REME L Vi DL~ kg

| R | (Vi) | level |

A, Aq 4

Agy (0> 2) B, 2
Agpq (n>2) D, 2
Dy, (n>2) | D, ®D, | 1
Dspi1 (n>2) | B, ® B, 1
Eg Cy 1

E; Ay 1

FEg Dy 1

FRE 4.2, (Vi) 131 WD abelian ) —RETHS. £ LT, (V) )1) 1+ Heisenberg
VOA &720, VI Bk L7z,

5 FEHOHE

N % 3 #ET# R 72 14 D Niemeier ¥ F+OWThnrs 35, Q % N O/— MEF
L, N =@, Q ZBEL— M TOBRI~DONMEETSH. V = Vo Vy0)z &L,
Vi=g=@_ 0 2HiliAFTAOEMETS. U % Vi(= (Vi))) TERSNIH5Y
VOA &35,

51 K(V)

g @ Cartan subalgebra Z & ¥, PV % coweight #§ 1 & 3 %. x € PV IZXL T, 0, =
exp(2myV/—1z(g)) L. AHNT, 0, € K(V) ThD.

gEK(\V) bT5. U=Q._,(V]) &7, Vi 1ZBEK U-MBEOF RO & 72 5.
U b g=id 72OT, BEX) UJIEE M 12X LT, g-36% Mog ld M LRETHS. £
72, Vi & Vy(0)z IZIZZENZH unwisted B & twisted B OBER V&—ﬂﬂﬁi LBl Zaun
DT, g(Vy) =V, g(Vy(0)z) = Vn(0)z &725. conformal weight % 7.5 Z & T, filiod —
DOBER VI-EED - TR D, g0 = G ETHE, Vyog 2 Vy £V, g i3
Vy OBCFRBIZED EXRD. S5, Vy OB CRBFEOHEE ([DN99)) % /5 Z & T,
go € O(N)/(0) Boind. E512, O(N)/(0) OESREE LT K(V)/(z) OREE % BAER
IZHRDZE T, K(V) Ot {0, | v € PV} TERESND Z ERb05D. fFme LT
2G5,
tied 5.1. K(V) = {0, |z € P"'}.

S50z, K(V) OB 2I~% 2 LT, £ 1 #155. ZOFETHE, N/Q &V V
D U-IBEHERE DR A TN 5.
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5.2 Out(V)
e Outy(V) :={g € Out(V) | g(g:) = 9i 1 <Vi < s}
o Outy(V) := Out(V)/Out, (V) C Sym,.
o Gi(N) :={g € Awt(N/Q) | 9(Q:) = Qi 1 < Vi < t}.
o Gy(N) = Aut(N/Q)/Gy(N).

EEFT DH. Outy (V) 28 g; D diagram automorphism THEK I TIE Y, G1(N) & Ga(N)
1% [CS99] T Aut(N/Q) OFLBIZHWHIL TV S, Outy (V) & Outy(V) itk 35 Z &
T, Out(V) BKENHHS.

TP, K200, B2TCO 1< <tz LT, Qi & {As_1, Doy, E7, Es | n > 3} 72513,
g; @ diagram automorphism [ZH 72D T, Outy (V) = 1. 72, O(N) 7 Aut(V) ITFH
MDD T, Gy(N) C Oute(V) THDH. EHIT, BTO i I LT, Q; ¢ {As, D, | n >4}
RBIE, % (Vo BEAMATT e, s =1t & Outy(V) = Go(N) 2155, UEinb,
REGD.
iRl 5.2. Q = A2, AS) Ag, A3, Fg, A3y E£720F Agy 72513, Outy (V) =1 72> Outy(V) =
G2(N).

OO TEOBEL IO L EENND. Ng=NN(Q/2) &+2&, Vi X Vy @
s Lo b USBOMBEOBEMTHD. Z ZICBNDHMA Lo~ U-IMFEOES % Oy
ETD. THE, Ta—TVa o T, Oy IE7 — UV EE T, 61T, Irr(gi)se &
B Lo b (g)-MMBEOEA LT DL, On 137 —~ VB [, Irr(g:)se DFRIHEL 72 5.
Aut(TT7_, Irr(g:)se) ZEHLE, g; D diagram automorphism THEMRINDHEL T 5. £ 2
T, Oy R EOFFF LA L, Aut(Cy) & Oy D Aut([]_, Irr(gi)se) OEDREE S
. BT Out(V) C Aut(Cy) THDH. 72, Aut(Cy) I EARMICEIE TE, Z04E
otE Out(V) 226 /DT 52 ENTE S, FERICIE Aut(VyY) OFF 6 BT ([Sho6)) &,
[FLMS88| Trtif S L7z fishiy72 B AR T Aut(Cy) BAERSND Z & &G+ 5. Lo
BoT, REGD.

#EE 5.3. Q 78 AS, AYD,, A2D2, A2Dy, A1y D Es, AsDo E7-13 A By 72 51E Out(V) =
Aut(Cy).

HAREZ Aut(Cy) Z3tHT2528 T, K1 2155,
FE 5.4, —RITIT Out(V) & Aut(Cy) 1FERZR L. FlZIX, Q = AP O L&, Out(V) =
M12 72':73)), Aut(CN) = Sym12 & 73?6

IHRBRERMNS, Q 2 A5, A2D2 o L xiE, Aut(V)/{(z) =2 Aut(Vy) &720, Q = A§,
AZD? o & X%, Aut(V) 1X Aut(Vy) OFFH B & [FLMS8S| O fIAMI o | LA C Ak
IND.
EE 5.5, Q= A5, AZD2 OB, N 13 H AT BRI di, dige? D U — T4 ORERL &
[FIRR 72 7 TRERR S LD . Z OE1Z [FLMSS] OIS e 72 A CL R O #E A TX 5.

5
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6 SEROFEE

BIRE S CH CRBBEN TR S LTy fT 24 OIERI VOA 1% 32(= 70 — 24 — 14)
Ed 5. AfaTib~7z [Sh19+] OFiELME D Z & THEAMRBRGE b H L0, B TEIRE
THZEITE LW, BIEKE Lam K EILFET, [HO| 2 HWe (B DFRE) Hi—H e FIET
DFEERAL TN D,
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HIBALERE T IS 2 THRARE D A EHR 2 ARB D
RN 55 A
(Irreducible weak modules for some fixed point
subalgebra of the vertex algebra associated with a

non-degenerate even lattice)

PO B (AL S B B 22 B B 0 )

e-mail : ktanabe@math.sci.hokudai.ac.jp

1 ELC®IC

Vi Z IR T (L, (, ) ITMBET2THAREE T5. TFOBECHAE L > a —
—a € L»SFEINE V, OMNE 2 DHAFE 0 I LT, 0 TREEIND LK 5
BUHARBV, =V, ={aeV,|0a=a} 2525, HARBOMEZIBNT VL, ® V'
FEERGE A S TE 2, BRI, Leech 7 AT LT, V| & 2 DBERIIIEEZE T
L=y A VIHSRE VE BRI NTWS [0, HBWIE, (a1, ) = (ag, az) =0,
(1, a0) = =1 TEDHOLND 2B — L VKT A1 = Zoy @ Loy 2FATZLE,
VEX Vi, LOF VYA VE®e Va,, » 5K E 17— KacMoody Lie B3,
Borcherds iIZ &5 L —> > v 1 ¥ PRI EN 058 %2 - U 7=,

EARE VL & V] ORBUZDOVWTATWL . ZZTHERDEAMBM Y ORBL 2
HTHO, =D VI, 5235V IIIETHE. EMRERIIBETHERSEH, K
MELZ WV TIHARE V BMEFALTWS CRI MVER M T, NIXBSSEE2EL TV
BLD%E VB (M = @2, M), BLTWARVEDOETE V IMBEE VS, VIR
VIEZZ2 5. V B ZIREBN ETH 256, RIZV PHAEHZERETH 2551211,
VSBT3 Zhu 8K A(V) QEERIIIEE S, B N YA 258 V I L 13 1% 1108
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J5d B Z &M Zhu IZ & > TRINT WD [Z0, Theorem 2.2.1]. BER) V' IIEEIZEER N X
BUTE5 V I CEFRBEPARIRTOHDTH D05, Zhu REUIEER V k% 2
OO MER LR oTWS. LL, 58V IEEHZOWTIZZED X 57238 DA
SNTVWARWV. VRV R Z BN EQTESMNRETH Y, R L BWEEHEOBEITIXIE
RAFRZERBUZ 725

Dong [3] iZ& > TIEEDT V, AR TH S 2 &, BES Vy D sEeRE
RE{Vasr | A+ Le /Ly THZHNBZEARINTWS., 22T LT X L OXK
Brchd. Vi MEEZOVWTIEUTOZ RSN TS, £, BN VT B
TNTWD 3,8 12,19, 512, ROV, MHEmEenfTcds e 1,6 20, B&
GV Oy RERTHZZ L 2, 18, L] BREINTWS. V5 BEO#scE, Vi o
AR TH2NA LNV TTHREERZERE M(1)T OMEOMIENEHTH 5720,
WER M (1)t IEED 28D [2, 0] IZB VW TRINT NS,

WIZF VI MBEZOWTE X S, L AEEMOEE, Vi RIEAMEERRBE kb 2k
M5, Co REMMEL &0 T 2, Theorem 4.5] iIZ &b, LEOH VM IEfIEE LT
H5Z L, BIOEROHNSFIMAIBERIIIRIC 25 2805, Liz->T, LAIE
EHTRWGAEPHEL 5. Z0Ba, VL & V) FESEAZRBUCZ S mnWZ 2k
LM B. Vi BEPIBECIRR WG VB 72 Z e h s, FINEEEZES
5ZLIFHRTHS. UL, Zhu RED & SRR 7EE N2 W20, Vi YA DTEN
REUZDWT, ZOFMFEDOZ LI INETIELALMERP > T WPz, Vi iz
WCTIKBER S MBS DT E 22 WS Z e RS EOFRTH S -

T 1.1. [7, Theorem 1.1] L & BB HROIEB/MEE T L35, VT QBRI INIEE
FIROWT NN LB TH 5.

(1) V&, A+Lelt/L T2)€e L.
(2) Vg 2 Vosi, A+ LeLY/L T2\ ¢ L.
(3) {(BE# 0-twisted Vi, JIEE)T}.

O-twisted NIFHIZ DOV TIEHIAZ AT 5. EHIZH D EF/MBEPRNTH D Z L1,
DR SRIONTWAZETHD, EMHEIHEHTES. (3) 1 V) fck-TWw3
A, L BIEEETRWESE (1),(2) 3Z 5 Cldawy. LAEEEOEAICE, HRDOI
LThHDHN, ZOMEIL[3, 8] OFRIZ—HT 5.

AEBIEIER TR\, TOXENTRENS Z L idHiskiensy, o #iT— % H 2R
XD ERNS. GHEBOEA LG UIC3REZ L Bbh b F ERRG 2 nE e §
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LM, BODTA T4 TIREMTHOMRNTHS. TOFIRIFMOTER (FFHZR) RED
(59) MEEDMZEIZE AHTH S S,

2 JER (fFRXR) KRB & T DOmEs

(1) V & C EDRZ b L2,
(2) z 2 HRWEME LT, Y IZILES

Y(,2): VecV—V(z)
w W
a®br—Y(a,z)b

Th5. Y(a,2)b= > a;br~ "1 LEFZEL.
i€z
(3) 1eVTY(1,z)=idy (V EDHEFEL). 20,1 =idy £ 1; =0(i # —1).
X7z, a € VIZHUT, Y(g,2)1=a+ . yala™""" € V[z]].

(4) abeeVEHLT, Y(abeay) € Vwyllla™y™ (z —y) 7| #HEL T

teyY (0,0, ¢z, y) =Y (a, )Y (b,y)c € V(@) (v),
by (a,b,cz,y) =Y (b,y)Y (a,z)c € V() ()

Lya—yY(a,b,clr,y) =Y (Y(a,z —y)b,y)c € V(y)(z —y))-

(Y
(Y
A

Vi) ={)_vaz' |vi €V (i=0,1,...)},
1=0

V[[l’,y“ = Z 'U(z,j)xlyj | V(i) € Vv (27] =0,1,.. )}7

2,7=0

V(@) =D vwpa' |ve €V (i €Z) T oy =0(i <0)},
1€Z

V(@) (y) = V(@) (w)

FETHD. 1pyf &, [z >y ERSTEAMIZERALZBDTHS. 1y, toy—o
FRRIZED S, DED, ac VIZHUT 144(a) =tys(a) =tys—y(a) =a T, jkleZ
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WZRFL T IEER 2 W T

. > /1 L .
=) = 3 () 1 e e,
1=0
. < /1 . L
e e 0)) = 3 () 0 e e)(@),
1=0
. < 7B\ . . .
%yaﬁﬂﬁ@%ﬂﬂ)=§:(iy“kT—D%y—wY“Gﬁﬂwa—y» (2.1)
1=0
CEDD. THMRE VKU THEIL (Virasoro Jt) w ODFEZRL, W 200 MLt %
BINU 728 O % THRE SRS (cf. [10],[13]) &5
B 2.2, (VY1) 2FARKT, weV £5 5, ROAEREATEE, (V.Y Lw) %

ERFRRABE WS,

(1) cy e CHFLELT, i, €ZIZHLT

. (e —1)(e—2
ns] = (6= Pingon + iagoo =2 ()
729, Tol2acVIZHLUTwia=a_s1 275,
(2) i€ ZIZHLT, Vi={aecV |wa=1ia} £ELE, V =@V, LENDET
3. X504 i 1A LT dime V; < 00 TV, = 0 (i < 0).

RV REARBKEL, €502 0 (1) ORMEE2H~T w 28O L2 RKET 2
(AR T FTEARE VL 2O RE VT 1%, (2) OBBOEME T&iicdLT

dimecV; <oo TV, =0 (i € 0)] ZBROTERE2 DEMFEZRTHEZLTWVWD). TD%
HOTTV OFIMEEEZIRD & S IZED HEL,

T 2.3, WOLME 2Tl TH (M, Yy) 28 V MBEE WS,

(1) M & C EDo~Z bILZEH.
(2) Yu(,z): Ve&cM-—M(z) &CHEGHE. Yyla,v)u= > aur™"!
W W i€Z
a®ur—Yy(a,x)u
LR E &<

Loy OFEEREETICHNBOEHREZBRARSE Z L IZHRED, HRLEHE G X B7=012134 LM B
BTHDB-DEKT 5.
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(3) YM(l,x) = idM.
(4) a,b e Viue MIZHUT, Yu(a,b,ulz,y) € Mz, ylllz=ty~ ", (x —y) '] 1%

ELT
Loy Y (a, by ulz,y) = Yar(a, )Y (b, y)u € M((2)(v)),
tyzYm(a, b, ulz,y) = Yar (b, y) Y (a, z)u € M((y))(2)),
Lya—yYnm(a, byulz,y) =Yy (Y(a,z — y)b,y)u € M(y) (= —y)
AR

RIZV IEFDERZ N T 5.
EFE 2.4. M 25V Il TEd. MDP M= M;,M; ={ue M| wu=iu} & w
1€C
D [E A ZE RN 53R U
(1) FFED i € CIZH LT dime M; < 0o TH 3.

(2) EED A€ CIEHLT, Myyn =0,Z5n <0 £R>TWV5.

L&, MZVMEEEWS.

3 NMEYRIVITRREFRZEABEBFRERA

Z 2T, MFTEHARE L ZOH DR TH BN XUV TTHEERZERE, L U0%
NS DREHSREAEBNT 5. b 2 IEBRASEER (-, —) 1 hx h — C 2EOERR
JECRZ MVERET S, K252 LTC EORY MVEM = hecClt,t o CK
2, ) —EROME %

[a(2), B(1)] = Givj0{a, BYK, 6, K] =0 (3.1)

TEDS. 2ITali)=a®t (a €hi €Z) LBEVTWA. h D2 ODHHY —B
h20 =X h @t ®CK £ h<0=@;coh @t 2L B. a€hiTHLT, —KE h=0 hnE
Ce™ %
N oo <B’a>ea’ ZZO» a
e ={ & AHECED) Ke® = ¢ (32)
TED, h ~NOFEINRE
M(1,a) = % (h) Dy (520 Ce* = (h<%) & e

5



55

B, 22T (H) I, hOEKEERLTVWS. a=00¢E, 10 e M(1,0) %
1 &HNT, M(1,0) Dt ar(—j1) - ap(—jk) ® € (a1,...,ax € b,j1,...,jk € Z>0)
%, ar(—j1) - ap(—jp)l ERTZ 22T 5.

al,...,a, € T B, iy, 0, € ZITHLUTERH

cap(ir) - raq(ig)e: M(1,a) - M(1, )
% N RS

oo (i1)e = ay (1),

o N . No al(il)gag(iz) < al(z’k)g, il < 0,
son(in)--- o (i)s = { a2 (iz) - - - aq(ik)gan (in), i1 >0 (k=22)

TED, ai(—j)...ou(—je)l € M(1,Ce%), (j1,. ..,k € Zso) 2R LT
YM(l,a) (al(—jl) .. .ak(—jk)l, I)

o 1 dir—1 i1 1 die—1 e
:"((J‘l—l)!darjl—l ca{m)z )'“<(jk—1>!dxa’k—1 an(mi)e~ ")

mi1E€Z myEZ

EH <. HAK

Yava,e(a(=1)1,z) = Z ay(m)z~™ 1,

meZ
YM(l,a)(Oél(—l)O{Q(—l)]_,.fE) = Z gal(ml)al(mg)gx_ml_m2_2
ml,MQGZ
— Z Z &1(m1)&2(m2)$_m1_m2_2+ Z Z ag(mg)al(ml)x_ml_mQ_Q
mo€Z m1<0 mo€Z m1>0
(3.3)
A, hm, .. .,h[d] Zh DEHRERIEEE LT
1<
w=y > wll(—1)%1 € M(1,0) (3.4)
i=1
£H<. (3D), (B2), (B33) 6
wi(ai(—j1) ... ar(—Jr)e”)
. . a, o . NS
= Gttt S0 () ar(ie (3.5)

Eib. MOZ X< HsNTWS:
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EFHE 3.1. (1) (M(1,0),Yra,0),1,w) FTHAEHARRE L 25, THAEHRERK
M(1,0) 2 (727 dD) N EVRNILITEREARREE VW, M(1) TKRT.
(2) FRED o € hIZHLT, (M(1,0),Yra,a) FEER M) e s, £
{M(1,0) | « € b} IZHER M (1) IIFFDRIBIHD G EREKR LWL > TS,

(L,{,)) 0% d DIFERILEE T T2, h=Cez LIZHLT, N1 EYRVITHR
TEH ZRE M(l) BEZDH. NE h Iz LT, Ve = @56A+LM(1,ﬂ) EHL.

EIE 3.2, (1) Vo iTid, w 2L E UT M(1) MRS & M9 5 THAEHZERE
DGR —TEINZAS. Vi & LIS 2 THAAE (BFIERAE) 2.
(2) EREOH VL BRI TH Y, {Vagr | A+ L e LY/L} &85 Vi, InEoD
FERFHDERRKR LR > TWVWD [@, Theorem 3.1].

neZlZHUT (Vi)p={aeVy |wia=na} TH>7%m5B3 &P

o L WEZEMRSIE, RO n e Z 2L Tdime(Vy), < 400 T, n<0&561F
dime(Vy), = 0.
o L WEEMETHRVWESIE, FED n e Z Iz LT dime(Vy), = +00.
b, Tk Vi PEHAEHZEREE 25720121, LPEEETHS Z e nEA+
DTHBEZ NN 5.
0:V, =V %, BFDHCHME L>a— —ac LPoFEEINS VL, D2 DH
A ET S, ar,...,ar€h,ae LIZHLT

(o1 (—j1) - .- (=)L) = (=D o (—j1) . .. (=51,
O(e*) € Ce™™

MO >TWS, rank L = 1 DEEIE, 0 % 0(e*) = e (e € L) LHD Z A
k5.
M(1)* ={a e M(1) | fa = +a},
Vi ={a€eVy|0a==+a} (3.6)

< M)T IFTEAERAZEAR, V] IREARBE 2 5.
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4 TEIBOIEEAICDWT

EM T OFERIE rank L = 1 OEHEICR->THRWE®, TITHMNT DI LIk
AN EIEODEEEE’G—%E%@ﬁED ERENTAHIEeHEL TS, V 2 THARE, M
295V IIRE, ae V\{0},ue M\ {0} & UTEK c(a,u) &

e(amt # 0, au=0 (Vi > e(a,u)) (4.1)

TEDD. FHIDH LOHEE2 OFEHO 71 771k, M(1)T £721k V" OEeic
UCatEmE AW CRBIGA R =0 200K S ARSI, #YaeneZ b ue M\ {0}
CEUTEH Rau=0%25Z812&0, BEBIC a IZH LT e(a,u) DEEZEEZ
EThd. ZOHEE, LI LBEBRAEZLZSIARDTIZTNEL DT, MOTEAA
(TEFIZE) REXD (59) DI IZEGNTH L LS.

PABE, rankL = 1, 012 L = Za &EXkL7EZEE, p = (o) € 22\ {0,2} %
WET 5. (,a) =2 DBEFV, OEBTIPE->TLBEZIT, HRAIFALTH
3. h=a/\{a,a) £BLE, (hh) =1 7575, HEHAEREZERE M(1)T 3HEEL
w=h(-1)21/2 &

f[zzgh(—Sﬁm—lyl— h(—2)%1,
¥7203
J = h(=1)*1 — 2h(=3)h(-1)1 + gh(—2)21
— —9H + 4w? 1 — 3w_31 (4.2)

THBEINTE DY [B, Theorem 2.7 (2)], 512 w, H, J IFIXDBEFER
[wi, Ji] = (3i = j)Jivj-1,

i, Hy| = (3i — j)Hypy oy 4+ VBT =6)

Witj—3

6

—1 /1
I 51 4.0,

+ 3 (5) +75—4,0
1392 2784 1632

[Ji,Jj] = (—Tw_(;l — TCL) AW 1]_ + 120w _ 3W_ 21 + Tw 2&) 11
56 56 6

— Ew QJ_ll — Ew 1J_2]_ + 5']—41)1+J + - (43)
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AWML TWS, ViR M) 2 E=e®+e @ POERINTED,

(win Bj) = (<14 §)i = ) Eiejmr (44)

DD N> TWB. Risa/Asir[l6] 2 HWTIRD V,F ORIELT0 &5 2N n5.

PO — 93760 ow_sw_11 + 3168w_3w_jw_11 — 6256w_3w_31 — 11799w_4w_o1
+ 30456w_sw_11 + 2310w_71 — 9504w_qw_1H_11 — 6024w_sH_11
—13419w_oH_51 — 6516w_1 H_51 4+ 11868 H_51 + 5040H2 |1, (4.5)

P®7 — _29056w* ;1 — 118960w? yw_11 + 39040w_sw? ;1 — 39480w? 51
—32120w_4w_91 +497760w_5w_11 + 230360w_~71
+ 5024w? | J_11 — 8536w_3J_11 4+ 8939w_5J_51

— 2444w _1J_31 4+ 1572J_5 4+ 560.J2 1, (4.6)
PO =30J_¢1 — 30w_1J_41 + 27w_oJ_31 — 39w_3J_51
+16w? | J_21 + 52w_4J_11 — 32w_ow_1J_11, (4.7)

PUOH — 9193280 o1 — 5458560 _sw_1w_11
— 529536w _4w_41 4+ 545352w_4w_sw_11
4+ 520160w_sw_3w_11 — 524968w_3w_osw_o1
—10240w_sw_qw_1w_11 + 7680w _sw_osw_1jw_11
4+ 1937712w_sH 11 — 845376w_sw_1H_11
—381048w_ow_oH_11 4+ 30720w_jw_1jw_1H_11
— T720081w_4H 51 — 128280w_sw_1H 51
—43557T6w_3H 31 + 234528w_1w_1H_31
+ 345849w_oH _41 — 1211160w_1 H_51
+ 2360970H _71 4+ 70875H _sH_51
+ 734184w_7w_11 + 898766w_gw_o1, (4.8)
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PUOT —81920° 1 — 2048w3 ,J_11
+ 758496w_91 — 1728w_s5w_31
— 15232w_sw_qw_11 — 60848w_4w_41
—134224w_4w_ow_11 — 6912w_3w_3w_11
— 136872w_3w_ow_91 — 112640w_3w_1w_1w_11
— 69280w_gw_sw_1w_11 —6092w_4J_51
+6272w_sw_1J-11 + 360w_sw_sJ_11
+ 152w_ow_1J_91 + 1856w_3J_31
+ 9408w _1w_1J_31 + 12656w_sJ_41
—29968w_1J_51 4+ 43320J_~71
4+ 525J_5J_ 91 4+ 1309248w_7w_11
+ 352992w_gw_o1, (4.9)

QW =2(p — 2)(—27 + 54p — 44p* + 40p*)w_3E
—12p(p — 2)(=3 + 4p)w? | E
—6p(p —2)(-9+2p)(—=1+2p)H 1 E
+ (=72p* — 96p? + 210p — 90)wow_o F
+ (120p? — 48p + 36)wiw 1 E
+ (—48p — 9wy E. (4.10)

R 4.1. M 2FETR0ng M(L)T T, RO uwe M\ {0} iIZHLTe(w,u) >2&
RoTWBHHDET S, ure M DETRVITT e(w,u) WRNEREZEDET S, 2D
L&

e(Jyu) = 2e(w,u) + 1, Je(guyu = 4w, yu, P2 e(H,u) < 2¢(w,u) (4.11)
NS AIRVASR
Proof. flH.IZ
r=e(w,u), s=¢€(J,u) (4.12)

r#ECZLIT S HRAPY, au=0%%25. PR =4, wJ =0 (i >2)

10
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(w_1J-41)s12r43

—s—2r+1 —s—2r+1
= Z%( 3 )Js+2'r’—i—1 + Z ( 3 >J5+2r—i—1wi

i<0 0<i
—2r+1 —2r+1
— sz< )Js+2r 1—1 + Z ( 3 >Js—|—2r—i—1wi
i<r r<i
—5—=2r+1
- Z ( ) [wiv Js+2r7i71]
, 3
0<i<r
—5—=2r 41 —5—=2r 41
= Z%( 3 )Js+2r—i—1 + Z ( 5 )Js+2r—z’—1wi
i<r r<i
1 .
—5—2r+=1
- Z ( ) Z ( ) s+2r 1—j
0<i<r j=
5 —2r 4 —s—2r+:1
= Z%( 3 )Js+2r—i—1 + Z ( 3 )Js+2r—i—1wi
i <r r<i
—5—=2r 41 .
.S ( )(—(s 20— 1) 4 4i)Jerar s (4.13)
0<i<lr

LEMETES. LEDoTr>28, r& sDEEDNPS (w_1J_y4l)siorizu=027%5%.
[FRRDFFE T

0= (J-61)stortsu = (w_2J_31)st2r13u
= (w_3J_21)sp2pq3u = (W_4gJ_11) st 243U (4.14)

BXO
(W21 -01)ssori3u = (= — 1) Jswiu,
(w_ow_1J_11)s19p13u = (—1r — 1)szfu (4.15)

&5, LizhioT

0= P9, su=(16(—s — 1) — 32(—r — 1)) Jow?u

= 16(—s +2r + 1) Jow?u
= 16(—s 4+ 2r + 1)w?J,u (4.16)

725, TIZT weJslu = Br — 8)Jsppqu =0 2V, ULd>Ts=2r+1
Foid wiu = w(wJsu) = 0 2485, wiu =083 5k (22) & (B3) 56

11
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wilwrJsu) = wiJsu =0 (1 > 1) ER>2TWVWBHDT, r DRAMEIZTFET S, I
s=2r+1&7%5%. EOFELFARMKIZLT
0 =PI u = (819205 11 — 2048w | J_11)5, 1 4u
= 2048 (4w’ — Jopy1w3)u
= 2048w3 (4w? — Jor11)u (4.17)

2755, INED w(wi(dw?—Jori1)u) =0 TH Y, F/ERD i > riIH/LT, (22) &
D wiw?(4w? — Jory1)u =0 TH BN 5, r DER/MEIZED w2 (4w? - Jory1)u=0TH5.
FIREDZ L 2 DIE LT (4?2 — Jopyr)u =0 03005, (B2) £V e(H,u) < 2e(w,u) B
3Ir5. O

§5 Vi HEE M TR LT

HiRiza eV, }
Ci>wta—1I1ZHUT au=0

EHEL. RAPEH D Z23EH] T % 5 A T—HRELELMETH 5.

Q-+ (M) = {u e M ‘ (4.18)

Wl 4.2. M 2FTLRVEH V] ML TS, ZorE, TRV uE Qe+ (M) TROW
TN &S H DPFET B.

1 e(w,u) —1.
2) Hsu
wiu = u, H3u = u.

(1)
(2)
(3)
(4) wiu = ( /16)u, Hyu = (—1/128)u.
(5) wiu = (9/16)u, Hyu = (15/128)u.
Proof. e(w,u) <0 &7%% ue M\ {0} BFET 554(1%, (14, Proposition 3.3 (a)] &
(15, Proposition 4.1.1] &0 u »SAEKI NS VM LV, b ABLICR 5. Zhi (1)
DEETHD. LizdioT, RBTOETHEVuE MIZHUT e(w,u) >0 ZIKEL, u
UTe(w,u) BWERNDEDZES. fHEIZ

r=eclw,u), s=e(Lu), t=c¢eFE, u) (4.19)

LELZEICT S, r>2%KETS. MEEDNS s =2r + 1, Jorp1u = dwu, Hiu =
0(i>2r) %5, EBHQY, , tBVT, FHEDAMOWH M w (r+1<i), H (2r+
1<i), £ By (k€Z) L5 &512L (E3) DitEESE), Q) uzl5 Y

0=Q\Y,,  ou = —12p(p — 2)(—3 + 4p)w? Eyu, (4.20)

12
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213%. pe2Z\{0,2} THo1=h5 W2Eu=0%8%%. i>r D& E 2 (22) & (£4)
D6 wi(w.Eyu) =0 &7325720, r DR/IMEX D w.Biu=0&7%%. [FAKIZLT Fuu=0
BRMBDOTFIETS. LizioTr <1W0h5. IRITs>42KET 5. EERKD
AENS

0= P u=J%u = J,(Jou), (4.21)

5. B3) o i >r & > st LT wlu = JiJsu =00R0057kD,
e(w, Jsu) < re(J, Jsu) < s B 5. JouZ w lZHOBEATWIFE, r<1,s<3 &%
Bu kBB LIRS, IS (Hu) <3 rhb, o THER

0=P®Hy = _72(132w? — 65wy + 3 — T0H3) Hyu (4.22)
0 = PMH oy = 240H5(—207 + 4725 Hs + 4472w1 — 9118w? + 128wd)u,  (4.23)

25 0= (w — 1)(16w; — 1)(16w; — 9)Hyu 235D T, FWHHED 5. O

Remark 4.3. fiEE2I12BVT, ul, (1) D& 1 M(1)*, @2 D&l c
M(1,8),B+LeL+/L, (3) D& & h(-1)1 € M(1)~, (4),(5) I O-twisted Vz, DT
Zdhi-5.
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A large family of strongly regular Cayley graphs
SRIEA 7 — ) — 2T T DRERBEIZOWT-

REART KT SoimBh At M s
Koji Momihara
Faculty of Advanced Science and Technology,

Kumamoto University

B E

FX [7] T, 3MED A Y AN KD WT, BRARDINER EORIER7r—Y) —275 7
OFESIEE 5 2 72 BRIz, [1] OfER &I, MINOHEIT, XT A =% (¢, r(®+1),—¢> +
r2+3r,r2+r), r = M(q?—1)/2 ZFROEBEN T — ) — 25 7 DFEEE R Uz (1) M =1
D g =3 (mod 4); (ii) M =3 5D g =7 (mod 24); (iii) M =7 5D ¢ = 11,51 (mod 56).
=7, M >7DHHEIZDVTIE, TNFEFTRICEmIND Z &3 o7z. DL T,
WM 2B BEREOERE M L, —1 ¢ (2) (mod M) 2ii7zE b & &, LFloss
FIA =R EBHDBIEA T T 7 PMEAET 2 F g DEREGAIES 2 2 & 2mRd. 20X,
8] DKL L UENTH 2.

1 EBA
I %o EA EOMKZ S 7245, T A, k-IERIT, B GEBERE)2 TH AU R IZ B 2 THA

BB EIE AN DL E, KT A=K (v,k, A\ p) ZHORIEAZ T 7 LIRENS. K, 55
BT TIRET T T TRNE-IEAIZ Z 70RIERTH S Z & &, ZDOBEETHIPEAEMHE LT
kLS DEEEE S & 5 E2MER DI EAWFAETHL Z LMo NT VS,

G ZMERCER U=t U, D 2 G O E T U BNt 2 B Wl EE LT 5.
ZorE HEEGEZGL L, 2 —yeDDEE (n,y) 2L TEHILTRONETFI 7% T —
V=257, Cay(G,D) L5, DIXZDT T 7 DHFEES LIFIENS. 72, Cay(G, D)
DEEEILX, D DIREMETHRESL ZEDPHSNT WS, G DFEIE Y 23 L,

Y(D) =Y ()
xzeD
95, ZDLE, Cay(G, D) OEAEHEIE, (D), € G- THExb6N5. 22T, GHIXG D
EREE T 5.

[1] TlE, ¢ =3 (mod 4) B FEARF g1z U, 8T A=K (¢, r(¢®+ 1), —¢> +r2+3r, 72 + 1),
r=(¢?—1)/2 ZFOMIEAI 2T 7 ORERIEN G2 Sz, ZOMIERIZ T 7006 AR 2

!'Email: momihara@educ.kumamoto-u.ac.jp
Z ORI, BIEEM R4 GE 5T (B) 17K 14236, F4&05E (B) 15H03636) Offifh&2Z I TWEF.
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[ PG(5,q) 1281 5 FEiBAb 72k B — ki £ Tl -ovoid Z ML T &, AR FE L
LEDTHD. 7z, FEEHX, ZOLOWBIED SEH Y AFHHAOPHAT b TcEsZ L %
RU, MFOEH 2L 7.

EE 1.1, ([7) ¢ #RBANF LT 5. UFOHEID, 8T A=2 (%, r(¢°+1), —=¢*+r+3r,r?+7),
r=(g? —1)M/2 2B OMRIEM T — ) — 25 T HEET 5

(1) M =372 q=T7(mod 24);

(2) M =7%2q= 11,51 (mod 56).
ZOHRLTE, M >70BEIZ LRO/ST A —ZOWMEMZ T 7 HEET 25 2 S Hoz Bk
HB. Mh#, ME&EB, 1<h<M-1, M| +h+ 135 FEBHELTD. Uy %, 85
A= S, r(p® +1),—p* + 12+ 3r,r2 +7), v = (2 — )M/2 % £ D (Fy6,+) EOMREA 7 —

V=03 7B FHETD L% p=h(mod M) D p=3(mod 4) REFZHMDELELTS. T
NEEHTH 5.

T 1.2, M 2B 5RO M > 112U, -1 ¢ (2) (mod M') D7z d & &, Uy, 135
REATHS.
LRl OREDOSM 272 M < 200 1%, 7,31,49,73,79,103,127,151,199 TH 5.

BT, M DPEFREBANFT, 202, QG + () PEEDIFTEDGEITIE, Uy OEEZFATE
5. ZONBDFMIZOWTI, 8] 2B TWzZE 0.

2
2.1 Ao REH

pEFRBEL U, (, =exp(2rmi/p) € CER 1DFHp ML TS, EBE fniZdl, ¢g=p &L,
Fon 28 " OFREZELT 2 &35, GBop, Fpn - C 2
Tr, n x
¢Fqn (x) — Cp g /p(2)
TEDS. ZIT, Trgn, EFp RO Fy AND ML —=2AEHRETEH. ZOLE, g, &, Fyn DN
B OREET, BHENENER TN 5.

w&Fpn OFIERE U, N % ¢" — 1 2E 5 FEEEET5. 2oL &, N OHSEEZUTD
LOIZED B
C,Z.(N,qn) :wi<wN>7 0<i<N—1.

DEE RMBNOHY ZJHZ LT TEDS:

Urn (O = 3 (@), 0<i<N -1

zeoVa™)
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5] CH&, A 2SI g, (CN7)), i =0,1,..., N — 1, 230D 3 FEHO LM R 2 B 2 &
WHMEZ, 2377 ADTY VT —2a v AF—LDMELEEL CHALZ., ZOWRXT
i, n=3DLHEDAEZEZ5.

DTROEHRNZOEOEFRTH 5. GEHIL, [8] 2SI iz,

EE21. MhZ20<h<M-—-12DM|h>+h+1%2E-TEEKETS. ¢ 2H5FEMp
DHET, ¢ =h(mod M) 257z dHDLTH. THIT, N = % EEE, wx Fp DEGHE
ELUT—DlEETS. ZDL &,
(12M>¢(M)/2ordM(p)
P\

ML U, U, (€N =01, N—11&, 515 E3DDMl —M +2q,—M +q,—M
B,

HH [6] 1, p it T AEARZEZ 22 2B CORMOAMA T EHBDSETE X 7278,
8] T, [3] DFEREAEHWT & 0 BAPPUZ WL, o, BAREWIRTE 3.

3 3MEDODHIDRAICE DK Y= =02 7DBRICDOWT
3.1 REEORMA M

¢"=3(mod 4) ZEBANRFLL, w& Fpn DIFHIRETS. N % (¢"—1)/(q— 1) 2HI DA
LU, O = Wiy, i = 0,1,...,N —1&$ 3. ZOETE, #9728 ¢, (C),
1= 0, ]_, ce ,N—l 0)1@&3:7%"6:3’3@%§H’\]7&{|ﬁa1,a2,a3 %Hﬂé t’f}iﬁb, a]—Qg = g —Qg > 0
L5,

I; = {i (mod N) ¢, (CV)) = a;}, j=1,2,3,

EU, N, T2 [LbDOdH50EETS. T =471T;(mod N),i=1,2 & L,
X =2T{ U (275 + N) (mod 2N) (3.1)
LEDDL. £z,
Yx :={Ni+4j (mod 4N) : (i,5) € ({0,3} x T{) U ({1,2} x T3)}
U{Ni+4j (mod 4N) :i=0,1,2,3, j € 411, (mod N)} (3.2)

L35 Z0LE X=2"1L(mod N) DYy =L UL UL UL Ul Ul (mod N) AT
LT3,

5,7 % Fpn DFEIRT, 10 M =w 22308 T 5. &7z, Fpr OFDEAL LT,

Dy = |J ¢ (3.3)
iI€Yx

YEET S, 22T, OOV i ANy =01, AN — 1 THB. ZDLF, Dy =

(@®" —1)(2|I1| + |I2|) /2N 2SI s 5. 2D Dx &, Fax OFFET 288EH 7 — V) =275 7 D
HEBIZRD D 2ME S hEFARS. Dy OFEEAEIX, LFO LS ICkE 5.
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#nR& 3.1. ([7, Proposition 4.2]) fEED a € Zyn 12X L, b= 4"1a (mod N) & ¢ = 2b(mod 2N)
BEDDH. ZDEE, Dy OfREHEI,

n0qq" c " c q"
e, (7 Dx) =25 | 20, (00 | OFY) = e, 00 | M)
(1) tex te2-11,
, a€l;(mod N)D& &,
, a€ly(mod N)D& &,
0, a € I3(mod N) D& &,
(3.4)

. n
(¢" = D@[L] + |12]) g
* 2N L

THEZO6NSE. TIZT, " =723(mod8) T, ppn =1 FHIE -1 LEDD. 72, a =
0,N (mod 4) 7*a=2,3N (mod 4) T, §o =1 F7/E -1 LEDD. TSI, n T Fen DA 2
DREMFEEE T 5.

FR 3.2. X % (3.1) TEHEINLELST,

2¢Fqn (wc U CéQN,qﬂ)) N T,Z)]Fqn (wc U CéN,qn)) (35)
leX le2-11,
| £Gg(n), c€27';(mod N) D& ¥,
] o, Z DA,

Zhi7zd D, ZIZT, (3.5) % (34) ITMRALT, Dx ldb &5 &2 DD (¢ — 1)(2| 1] +
[I2])/2N & —q"+(q"—1)(2|[1|+|L2]) /2N Z2Hl% Z 21275 . 2D & &, Cay(F2n, Dy ) (FHEIEH]
7578085, FHT, NT A=K (¢®,r(q"+1), —q"+12+3r,r2+7), r = (|Io|+2|11])(¢"—1) /2N
RO Z b5,

3.2 PG(2,q) 8BTS conic DR EZDEICDWT

ZDETIE, [2, 4 THRRARINZ PG(2,q) D conic D BWARIZDWTHIAT 5.

qERBNRFLU, wZ Fp QFIRE TS, Fs & Fy LD 3R MVERTE RIS 5.
PG(2,q) D% (W) = wF; 0<i< ¢ +q lA—HT 5. Q:Fp — Fy OIR(LZ KR
% Q(x) :=Trps o(a?) TEHETS. ZOLE, QIEPG(2,q) D conic Q ZHEHL, ¢+ 1 REA
TWS. Ly gy PEWAELEAT CEE 5

Wo = {i(mod ¢* + ¢+ 1) : Qw') =0} = {do,dn,...,dg} (3.6)

ZIT, BRIFEYRIEFTI NV EMTTVS, 20 E Q= {(wh): 0<i< g} AT
5.

PARIZ, Wo D3 fR%EEDSD. dy € Wo IZH U,

Xg = {whTrgs p(w™F) 1 1 <i < g} U {20} (3.7)

X := {log,(x) (mod 2(¢* + ¢+ 1)) : = € Xg} (3.8)
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EREDD. ZDOLE, Xg=Wo (mod ¢*+q+1) THB. B Xg C Zo(zigi1) 1, |E1]|+]Ee| =
qg+1 B ES Fy, Fy C Zq2+q+1 b‘ﬁﬁb,

Xo=2E1U Q2B+ (¢* +q+1)) (mod2(¢*+q+1)) (3.9)
DEALT . £oTC, Xo I FMEED LRI ND. ZDL E 2(E1UEy) = Wgo (mod ¢2 + ¢+ 1)
MK LD, Xo ¥ Wo DRZFET 5.

72 3.3. ([4, Lemma 3.4]) Xg DEET, dy DROVIZd; 2D L, HHND X5 IZDW
T, X5 =Xo £7213 Xo + (¢ + ¢+ 1) (mod 2(¢* + ¢ + 1)) BIKLT 5.

RIT, Xo DREAICOWTERS. ZOETIE, N @+q+l 2822 L, A AfH qu(c}N’qs))
i=0,1,.... N—-1B¥Bbx5L3DDMl -M+2¢,-M+q,-M%225&5%5 ZIT, M=
CHel v B, ZOEE, Xg=2"Y(LULUL) (mod N) 275 Z L A5t3. 22T, %
HES

X;:={z(mod 2N) : z € Xg,x (mod N) € 27}, i = 1,2, (3.10)

EEDD. ZOE X =274 UL) (mod N) 7D Xo =275 (mod N) D ENs 5. 22
T, HGOLETERSINLLEEAD, GOZETRWEK ORI EAETH S L &, M HE
BLEERZLIZTE. ZDEE, Xy W Zoy DFIERAEATHED, X1 EZF S TRV RB LN
AQAN

fnRR 3.4. ([7, Proposition 5.5]) X1 #¥ Zoy OFEBRELSTH D L &,

C N73 C N73
2, (¢ |J CEV) — (w0 | M) =
leXo (e2-11,

MKALT B .

+Gps(n), ce€2 ' (mod N) D& E,
0, Z DA,

FIE 3.5. ¢ = 3 (mod 4) EFHANF LU, M % P+q+1 25 EEKE T2, £/, N = CHatL
LT 5. A AR, (C)), i = 0,1, N=14% 55 £ 300 ~M, ~M+q, ~M+2g
D, Xy B Zony OMIBDELTH D LINET S, ZDL &, Cay(Fp, Dx,) 1387 A—X&
(S r(@+1), —+r2+3rr2+7), r= (> - 1)M/2 2B DERI T T 7275, 2T, X;,
i=1,21%(3.10) TEFEIN, Dx 1Z (3.3) TEHRINTWVS.

EFEA: i 3.1, MAH 3.4, FE 32%2n=3¢ X =Xy EUCTHEHAT XTIV, O

3.3 X, B Zoyy LMBDREERBHDRY
u € Wo M u(mod N) € 271 23729 & Wog =2 (LUl UL)(mod N) TH5DT,
u+l,N € Wo %3723 £, € {1,2,...,M — 1} BFET 5. 2T,

gum (wu) _ Trqg/q(w2u+€uN)w£uN

LEETD.
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fHE 3.6. n & F s DA 2 ORENIEL T8, 20L&, X D Zony LD EETH L
DDOBEA35ME, u(mod N) € 271 B ETD u € Wo 2K U, n(2) # n(gar(w®)) DK
NVTBEIETHB.

SEEA: (3.7) &0, dp & LCuk& B, fif 3.3 &0 2w, ga(wh)wt € Xg F721d 2wute’Tatl
g (W)Wt € Xo %185, EHSDEHAITOWTS, X Y Zyy BN EATH S
DD BE+4 LA, 7(2) £ n(gu (W) DR INEZ L THS. O

& 3.7. ([7, Lemma 5.8]) u(mod N) € 2711 2% u e Wo iZxf L,

Lu(q+1)(a®—1) 20u9(¢—1)
M M

n(gm (W) = n(=1)n(l —w n(l—w (3.11)

MKALT B

[7] Ti&, LOMi#EZHWT, X1 23 Zoy LT RELGTHE7-ODKME, M =3 72170
BE, g I BRI UTE A LFOMEIZE>T, M >TDOHGEH/AL LD
%, G 8] # B L TV E 0,

il 3.8. n & Fs DA 2 DRIKNFEIEL 5. ZDLE, X D Zyy THEHDEATH D2
2(g3-1)

DOBBEFZZEME, n2) #n(l+w™ 7 ) BITRTDLe {1,2,...,M -1} THILTH I &
Thb.

2¢3-1)

EoT, ZOEDEV T, FTn(l+w ), 1<l M—-1HPITRTEHELLRDZ72DD M
3_
K g  NDRBBEZMERDDZLIZT S, TEkT 572012, 14w 5 ”, 1<l(<M-156D
3_
D RIEMZEBRICOVTERS. ey Tw' i BEU (= exp(2mi/M) 5 51 KT 5
Zeld5b.

R 3.9. LR Iz L,
1+ ey = ehy(1+ e3))
AN RVAC IS
8 3.10. ged (4, M) = 1 R DAL DBE LKL, LARA LT 5 :

OI‘d]w(Q)—l )
[I a+ahH=1
=0

SEBA: 207dm(2) = 1 (mod M) IZHEREL T,

ordps(2)—1 _ ordas(2)—1 1- 62i+1z 1 620rdjw(2)[
II a+ahH =11 = M—=1
o 0 1—€y 1—€y
=5, a
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%8 3.11. —1 € (2) (mod M) %2{ii7=3 L &, ged ((, M) = 1 LR OEE L IR L, BARA
| AYAC RS

ordps(2)/2—1

2t¢ —L
H ]. +€M = —€M
=0

SEEA: 207dm(2)/2 = 1 (mod M) IZHEEL T,

Ord]\4(2)/2—1 Ord]\/[(2)/2—1 2itly QOTdM(Q)/2Z
1 2y o 1-— GM _ 1-— €M

[[ a+dn= 11 1_2t 1

=0 =0 M M
1- eXf ¢
— . — _EM

— 6M
135, O

fHRE 3.12. t fs BB st > 1IZHL, M=st&T5. ZOLE, ged(l,M) =172/
ZRU, BARDENLS 5

s—1

1+ =T+ €e). (3.12)

1=0

KRZ, M =p°, e > 2B EHRFOLE [TED1<j<e—1IZHL, AFRPHKLT S

Pl
L+ = [T +e€sehn). (3.13)
=0

BB —e f 2t — 1 = [[(z — €) ’\ﬁ)\bf —e % 1 = (1 + €lel) 215
5.l ! ZWLICENI T, AIEORR L+l = [, (1 + e) 2185, £7=, (3.12) %
M=t=p°s=p LUTHATHI LT, BHEDOMEREES.

O

% 3.13. n & Fys DAE 2 DRIEMIRFEL §5. &7z, (& ged (M) =170 58BET5.
DE X, RPN T 5

(1) n(1+€5;) = n(1+€;f).

(2) T[4 2y = 1.

(3) —1€(2) (mod M) D& &, T[MP 2 (1 4+ ) = n(-1).

(4) t [s 2B st > 1 o:i(ﬂ‘b, M=st&$2. 20t g1+ =12 0+ ee)
7’3%&3‘6 Kz, =% e > 2DVFEHRFOLE, TED1 < j<e— 113U,
s, n(l—i—e eM)—n(l—i-e’;\/) NS AIRVACS

REBA: n(ef,) = LITER LT, M 3.9, 3.10, 3.11, 3.12 52 54D . O

AR 3.14. M =p°, e > 2R D2FRBARFOGE, M 312D (3.13) £V, ged (M, i) #1745
1+e, HIFRT, ged (M,i) = 1725 1+, SPOWETE DI DD 5. BT, ged (i, M) =1
RBETD N, n(l+€y) =a, a € {1,-1} YLD EE, ged (i, M) #1725 FRT
DU, n(l+€hy,) = a DT 5.
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E7, M BPEBBOBEIZOWTIE, LTOMmELEL LN TE 5. GEHIZ (8] 2L TIE
L.

i 3.15. M ZRBARNF THRWIEEE (ERE) £ 95, -1 & (2) (mod M) TH Y, »,

|(2) (mod M)| WMEBTH 2 LIKETS. Uy={z : 1<z <M-—1,ged(z, M) =1} DIEE
D ¢(M)/4-T6HBIEE X T,

XU—-XU2XU=-2X =Uy (3.14)

BT EDE LD, ZOLE, ged(f,M) = 1 2 BETEDEBE (ITH L,
o) |

[T w1+ &3 = n(-1) "5+, (3.15)
zeX

MALT D, 22T, e={zeXU2X (mod M) : (M +1)/2<z<M}} LEDD.

NoDFEREHNT, TRTD 1 <L < MIZRUn?2) #n(l +€y) 27T ZBRF q %,
3,721 DGEIZRETE S, FFIZ, M =21 DGEVH - ERTH 5.

#3 3.16. ([7, Proposition 5.9]) ¢ =1(mod 3) £ 95%. ZDEE, FsilBWT, BTDi=1,2
Tn(2) #n(l+e) BENLT B 7-DDBE+IFME, ¢=7,13(mod 24) TH 5.

BEER: 1+ 3 =—e3 D 1l4+ea=—-6E &0, n(l+e)= n(l +e)=n(-1) = (—1)7 %135,
— 3, SEARROMEER ORMBIE L D, n(2) = (-1)"5 F %2185, ko, n(2) # n(l + é),
i=1,21% ¢=5,7(mod 8) DEAHITRS. HEIZ, g =1(mod 3) EWVWIH ALY, FiREfG
5.

U
3 3.17. ([7, Proposition 5.10]) ¢ = 2 £72ld 4(mod 7) & $5%. ZDE&E, Fsilh
WT, 2TDi = 1,2,...,6 Tn(2) # n(l + &) BWENLT 2-DDBE+TREME, ¢ =
11,37,51,53 (mod 54) TH 5.

SR+l =146 =14 ' Do[[gnl+&9)=1&0, nl+eé)=1,i=1,2,...,6
2195, XoT, FHRROMHBEEHORMBIEI LD, 2 TDi=1,2,...,6 Tn(2) #n(l+é)
IR BRBESIEMEE g=3,5(mod 8) THD. kT, q=2 4(m0d VWS FEMEXD, HE
REe5. O

fRE 3.18. ¢ =4 7213 16 (mod 21) £ T5. ZDLE, Fu llBWT, £TDi=1,2,...,20
Tn(2) #n(l+ey) BEILT 272D DBE 3 5RMIE, ¢ = 37,109 (mod 168) TH 5.

SEER: X ={1,4,16} £ 9%, @@ 3.15 X0, [[ex n(1+€f) =n(-1) 235, —JH, 70x="7
AHCHAZEHEET, n(1+es) = n(1+68) = n(1+e) 285, XoT, n(1+€s) =n(—1)
Mged (£,21) = 1782 FTRTOLTHED LD, 61T, el 3.17 DIFHE D, n(1 + &) = 1,
i=1,2,...,6 DD, £z, @316 DFEHEL D, n(1+6) =n(—-1),i=1,2%/85. ko
T, FAHEROMEER OB LD, 2TDi=1,2,...,21 Tn(2) #n(l+ey) &5 7
DDMBENIFMIF, ¢ =5(mod 8) THS. HARIZ, ¢ =4,16 (mod 21) &I RMAEL D FER
2185. a
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FR 3.19. M =21 DHFAITDOWVWT, % 3.13 (1)-(4) &0, (1 +¢€) SDHEDOUFDERZR

ek Hie{1,2,4,8,16,11} n(l+e) =1, Hze{l 8} n(l+e) =1, HZE{1410 13,16,19} n(l+e4) =1,
nl+ey) = n(l+eyf). TITT, Likged(t, M) = 1 BHEFROERKEL TS, 0L &,
[Licii,416) n(l+éy) =n(—1) X s DEBRAP S IFBOLNBEVWI LIFHSNTH D DT, M
B 3.15135% 3.13 (1)-(4) IZEENRNZ D905

Pu% M|@+q+1 2l EBNFOEGL TS, £/, 0,8 {1, -1} ITH L,
Unrap ={g€Pur s n(l+€hy) =, 1 <i < M,n(—1) = g}

EEDD. DL E, M 38 DBEMNS, Uppap WNVDZEITIRDDMPIZDOVTHRD.
& 3.20. (1) —1€(2)(mod M) TH2LE, Uy 1=0ThH5.

(2) =1 € (2) (mod M), 72, ordpy(2)/2 WMEBTH 2L E, Uy 11 =0TH5.

(3) =1 € (2) (mod M), 2>, ordp(2)/2 WHED L E, Uy 11 =0TH5.

(4) ordpy(2) WHEHEDEE, B=1,-1 BIEDEHGEHIZDOWT, Uy _15=0TH5.
BEBR: (1) ¢ = 3 (mod 4) 72 —1 € (2) (mod M) D ¥ &, % 3.13 (3) &, [[g" P> (1 +

)= —1HKDED. ZOLE TRTDi=1,2,...,M —1Tn(l+¢€),)=1EhHI>oZ
CIIARARETH D

(2) ¢ =3(mod 4) 2> —1 € (2) (mod M) D¥ ¥, % 3.13 (3) & v, [[Z @211 4 2 =
—1HRY LD, —Ti, ordy(2)/2 DMERT, TRTD i =1,2,..., M =1 Ty(l+ey,)=~-12&
s s e, [Iom e W*lnu +e2)=1%8%. ZhEFETH5.

(3) g=1(mod 4) 7D —1 € (2) (mod M) D& &, % 3.13 (3) £ v, [[X @2 p14e2) =1
DD LD, — 5, ordp(2)/2 BEET, TRTDi=1,2,...,M -1 Tn(l+¢€,) =111
ETBe, [[@2 1 2y = 1 %185, ZhIRFETHS.

(4) %313 (2) & 0, [[PMO1 1 4 2, ):175:?% — i, FRTDi=1,2,.... M~ 1T
n(l+e,)=—12Edse, [0+ ):—1 P85, CNEFETHS. O

4 Uyrpop NORBOERFEMEICDOWT
h# M|h?>+h+1%57-3EBEE U, Poy % p=h(mod M) R5RBOEELTE. &
a,fe{l,~1} ITxL,

Unrhas =10 € Poar : FpllBOVTy(l+eyy) =a,1<i < M —1,9(2) = —a,n(-1) = 4}

DD, ZOETIE, Uppp o WORBOMPAAENIZHIKAH 5. ZHE2HNDL70IT, &
< H15 37z Dirichlet D ZEEH O~ TdH %, Chebotarév DEEEHIZDOWTIRR S,

FEREMLEDHOTIERE TS, Op ¥ Op T, F & EDEBEREZERT. p%& F CADIE
KREDEATFTTNEL, PEFDp LOEATTILET S, ZDE X, Gal((Op/B)/(Or/p))
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75 Gal(F/E) ~O, Wi—OHHMERBIGMHR h CUATORMN 272350055, (TED o €
Gal((Op/PB)/(Or/p) 2L, h(c)(B) =B, D2, h(c) : Op — Op 2 &> THEEEI NS Op /B
NOTNHGADEED o TDHDIZ—HT 5. HiZ, 7aR=y 2H A ¢ — 292/ 0
op &, PIETEZ70RZIAEHREIER. 7=y 2540, P 240 7 FEOMEM
7 € Gal(F/E) IZ2WTC, opp = Topm ' RN LT WS 728, p D LOFEA T T IV PR DFEVS
&, op DHBEIRIET 22 21275,

P(E) % F CRQER EDRATTVDELE LTS, O, To € Gal(F/E) 2 5055 ¢
5. EHE Lo e Gal(F/E) T U, P(E) DF#EATTVOEAE S, AR TED S:

Se={BNEcP(E): PIIFDRATTIVT, op€C, &iii7=7 }.
S, @ Dirichlet &% % . .
53?10<Z N(p)5>/< 2 N(p)s)
pESs p
TEHL, £72, S, DHREE %

oy P ESo: N(p) <z}

TEDD. LFDEMA Chebotarév DEEEHTH 5.

B 4.1. S, O Dirichlet B (B & CAREE) & [Tl 1IcB L. /i, FEOHA, S, I3
[REEATHS.

S, D Dirichlet B & HREE % 6(S,) LT I &IZT 5.

ZDEDHED T, EH 120DHZ 5252 LIZMT5. i=0,1,.... M —1% j=0,11ZxL,
zi;= (10 1+, U, Zy ={z; :i=0,1,.... M —1,j=0,1} LEDS. Eyy 2 QI
Iy DILE G 2ETHRMUTHEONSGKE TS, TH 4.1 284 DGEITHEHT 57720, By O
G IZ D WTTHARDBEDDH L. By I2OWT, HOTHERMSUTDOZ &35,

EE4.2. (i) QCy) I FQDIEFILRTH 5D T, Gal(En/Q(Car)) 1 Gal(Epy/Q) D IEHLS
DHETH 5.

(i) Q(Cam,xin)/QCum), @ = 0,1,..., M —1 & Q(Car, &) /Q(Cur) &2 2 RDILRTH Y,
Gal(En /Q(Can)) &, T " Gal(Q(Car, 4,0)/Q(Car)) x Gal(Q(Car, C1) /Q(Car)) DEBSTE
YR CH B DT, Gal(Ear/Q(Car)) HHEATH 2 BETH 5.

RIZZ < —DHERIZBIT AU TOEREZIGHT 5.

EHE 43. K% G 28088 00KkEL, (KX)"={a" : a € KX} LEDD. R% (KX)"
EHEL KX OWARte U, K(VR) T{¥a : a € R} D% K ~NGFMUTHELNDIERE L,
abel LR ERET 5. B U, R/(KX)" BERTHNIE, Gal(K(VR)/K) %, R/(K>*)™ Z[H#
THb.

8 4.4. Gal(Ey/Q(Cn)) 1, (Q(Cu)* )2 i L7z28 -1 & 14+, i=1,2,...,M —1
CE > TERINLBHICHETH S

10
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FERA: ERAZ 4.3%, K =Q(Cu),n=2,R=(2,—-1,1+(},y : i=1,2,...,M—1,y € (K*)?)
EUTHEATHIER. O

MEA45. 2¢ (-1, 1+C,y:i=1,2,...,M -1,y € (Q(Cm)*)?) HHLT 5.

BE: % o € Q(Cu) BHEEL, 2 = — 10 [T (14 )2 LARES 5. — 1% T (14¢5 )
FHEBTHBDT, 213 Q(Cy) DHEETIFRV. ZDr X, (2) iQ(qM)Tﬁj\lﬁﬁ“é# )
BDTH R, 0

46 —1c(1+¢,y:i=12,....,M—1,y € (QCm)*)?) TH27-DDNBE+H5M
&, M 28255288 M >108FEL, —1€(2) (mod M) %252 L TH5.

FERR: M ZEBTEOBH M > 112U, -1 (2)(mod M) L, 5 ¢; 5& 2 € Q(¢m)
PIFIEL, —1 =M 1 +¢,)5 2? BT B LET 5. 0 € Gal(Q(Cn)/Q) Z o : Car — (3,
RBECHEBE TS, ordy(2) REHTHEDT,

ordps(2)—1
I “-n=-1
=0
RS, —J7, fHE 3.10 & 0,
ordps(2)—1 — ordps(2)—1 4
H <HO’ 1—|—C] cﬂ) x)* = H o'(z)?

1=0
2185, £oT, 10 Q(Cy) TEHRUTARS. UL, ZHIE M DBHETHS ZLICTET 5,

W, M z2E 25288 M > 10PFEL, —1 € (2) (mod M') L7225 L{RET 5 &, fli# 3.11
k0, 1 =@ i 4 2185, O

Dy % 20, 1 <i <M —-1D2TRTQARNLTHEONDMAEE TS, INETOREL X
YOTUFOMERE5.
BRAT. (1) MEMSEROBEM > LA, -1 £ (2) (mod M) THEL &, GallEk/Q(Ga)
(2) M &85 HBEEM > 11T L, 1€ (2) (mod M') Th5 & ¥, Gal(Ey/Q(Cu)
Gal(Q(Car; v2)/Q(Car)) x Gal(Dar /Q(Cur)) KRB TH %

B2, Gal(Dar/Q(Cn)) 1 (Q(Cm)*)? ZIEE T D1+, i=1,2,...,M — 112 &> THEKX
NEHIZFARTHS.

O TOZ EEENPND.

% 4.8. (1) M EEZEREOBH M > 11ZxL, -1 € (2) (mod M) TH 5L &, Gal(Ey/Q)
X Gal(Q(v/2)/Q) x Gal(Q(¢4)/Q) x Gal(Dys/Q) IZAAEITH 5. Kz, Z D FEAN IS IX
HOMDAAE G2 5.

(2) M 282H258B M > 1128L, -1 € (2)(mod M') TH 5L E, Gal(Ey/Q) 1
Gal(Q(v2)/Q) x Gal(Dy/Q) (Z[HEITH 5. Kz, T DOFEEN IS, FEOMDIAHE G
A5,

11
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EH A1 2T HEMNTEZDT, 2Dy T VI %475, O, % By DBERETS.
M|h?+h+1 %5738 H1I<h<M-1%2ERZEEL, p%E p=h(mod M) Z¥i7z3 Ey
TARPIERFEH LT D, 6, PEEy D (p) DEDEATFTINET S, 71, % Op,, /BD7
ORZY 2RI E 5, $8bb, 1, a0 = a? THD. £z, op % Ey/Q D PIZET D
TANRZYAEGHE TS, ZIT, O, /B IIME p* D O, /p \CRABBHDKE G AT
H5ZLITERT S, 22T, p=PNQu) TH5S. n%& Og,,/p DRI 2 DRIKIFEEEE
L& mp & op DEBRMPOLUTEZRS:

p=h(mod M), n(1+ ) =a, 1 <i<M-1,
n(2) = —a B2 n(=1) = B in Og(c,,)/p
S mlu+PB) = +PB, w0+ PB) =azig+ P, 1<i< M -1,
T(V2+P) = —aV2+ P22 (G +P) = U+ P
& oqp(Cu) = (Y. U%(l’ 0)=azi, 1 <i<M-1,

o3(v/2) = —av/2 1D o (Ga) = Bl (4.1)

Di, %, Dy \Z ¢ 2BMLUTRONDKETS. 4§, €M 41%2F =Ey, E=Q, G =
Gal(Ey/Q) L UL CHHfHT 5.

T 4.9. hE M| +h+12D21<h<M-1%25-38ELTE. Z0OLE,

(1) Upppaa UWpp 1 I FIERES.

(2) M ZEN TR0 M > 11ZHL, -1 ¢ (2) (mod M') THIUE, Uprp11 & Uprp—1
DRI VEREEGTH 5.

EJ.T:BH: O'(CM) = Q}\Z/[, O'S(Ii70) = 5,0, 1 < ) < M — 1, 03(\/5) = —\/5 fi’(l%f:j_ ((2) L:")L‘T‘i,
BB e, -1}ITRL, 03(l) = Bl Bii7=F)o € Gal(Ey /Q) BWFIET B I L% RT. ZD
&, EH A1 XY, 0(8,) > 0215, £/, FMEM (4.1) £ D, Fpp. i2BWT p = h(mod M),
nl+eé)=1,1<i<M—1,72) = -1 %2573 ((2) IZ2VWTI, & B {1,-1}izxfL,
n(—1) =B Hiii7=3) K p KEBEFET D L1225,

(1) 01(vV2) = V2 TH B &S5 7% o) € Gal(Q(v2)/Q) 2HlB. Gal(D},/Q)/ Gal(D,/Q(Car)) =
Gal(Q(Cum)/Q) TH Y, Gal(Dy,;/Q(¢ur)) PIERDITDOMEIEE 42 £ 0, 02(Cur) = by B2

o3 = id 2729 09 € Gal(Dy,;/Q) BFHET S, TIT, 0 = (01,02) € Gal(Q(v/2)/Q) x

Gal(D},/Q) ~ Gal(Ey/Q) & FHUE K\,

(2) (1) LEED o1 2FERD. 61T, B € {l,-1} Z—DREEL, 09({4) = B 785 0y €
Cal(Q(C4)/Q) 215, F7=, Gal(Dyr/Q)/Gal(Dar /Q(Car)) = Gal(Q(Car) /Q) 722 Gal(Dag /Q(Car))
DALREDTLOMEIEFE 22 £ D, 05(Cur) = ¥y DD 03 = id &7z 03 € Gal(Dyy /Q) HFAET
5. 22T, 0= (01,00,03) € Gal(Q(v/2)/Q) x Gal(Q((y)/Q) x Gal(Dy;/Q) ~ Gal(Ey/Q)
A g PN O

EHE 1.2 DFEH: M 2EEEOBEHE M > 1125 L, -1 ¢ (2) (mod M) THD L &, &
H49(2) KD, Upppy 1 FERESTHS. KoT, EH 35 2EM 2.1 @B 3.8k
WHT 2L THREZES. O

12
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On QMC designs and related topics

PR RFRI (BN SRY: TEHARHAE) *

1 ELUIC

R+ % d+1 X7t Euclid L 3%, z,y c RV ICHL T, 2ONE%E (z,y) £L, /LA
%zl =z, x) £3%. St={zc R ||z| =1} % d RuHbEkE L L, o4 % ST EDIE
BULI NI REPE L §5, FH41E ST TR WEZRS N 8% Xy = {z1,..., o8}
WCBALDSH D, FHCEKEMICN L TX WEBIERRE2 52 5 2 23 CE 2 HBEZ ML 72 v,
REFIFLAE I BV TUE Delsarte et al. [9] 12 & D, ZHEISH T 2 BRIfIRE 7 % 1IEAEIC S 2 % 0
EEHLELTC HRALD t-THA > (spherical t-design) 2VEA I 7,

Definition 1.1. {EE® f € P,(R4TH) Icx L T,

N
N L= [ fie) doito

DBEYLDOEE, Xy 2K LD t-THFA v THBEFH. TTTPRM) BEA XD d+1
LRGSR S 557 PIVEMET S,

BRI 79 A 3 RBIH A2 13 U o, BUERE, MEHFEEGHRE, L &4 ikic
EZEHZR O LN T WS, L Lo, ZngETichlzif, Seymour-Zaslavsky [17],
Hardin-Sloane [11] > Bondarenko et al. [5] I2& T Z OFAEREIZFEICHXTZI o TH D
D, KEERZHM7§REAZ £ 0o THET U R IR U TEBAEMNT O ST 2
2L L TIRFR L TR BODBIRTSH 22,

K754 v 22—l - IR T 2RI EBE < H 203, Z O THRICBMEREICREL 720
& DDPLHR & LT Brauchart et al. [7] 238 A L 72 QMC (Quasi-Monte Carlo, #E> 7 H
n) FHA YR E 2o B L 2 FEEIC O W TRFHCIRTED B OFERE2 B £ 2 TR
ER:R

* T480-1198 ZFIEREAFHR 7 UM 1522 F 3 BHEKE HREAT  (e-mail: hiraoQist.aichi-pu.ac.jp)
ARHFZEIE JSPS BHIFE 16K17645 OBk %EZ 7 b D TH 3.
1 BRI B TS, FFIC Chebyshev B quadrature (cubature) 230 & L THIS N b DTH 5.,
*2 Ak L SR EBREHEEIC B W TRERIND t VNE LI EHS, IBHEDERZIEAZ 2 ENTELLAR
VTZORRIEIFGA 6N TS EFU TS, #l2iE, Sawa et al. [16] ZZIH L THL W,

1
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QMC FTH 4 v RI L iF, ZHITN T 2BRAME D26 — RO L, &% 7 7 X (BRI
58T 2 X 9 1CEKE By R L 7 22[H]) 1SS 2 BRI EoREyIc L TRWIEME S5 2, KD E
S QIR 2 BT 25K Lo S0 2 L2 TH B,

BRIAIRE S OLERUEEZ X T2 70121F, ERROMEE N 2 KREL T3 EFRICZNSDHE
ICHEN T WD 2 EDBRNBIC 57259 EMBTE S, THUIERE Lo T A VIZH L TIWLDOTH
IEL W EIFRS 223, Brauchart et al. [7] O Ef§HR2 5, B 7 22HBLTLEAE, D
CERIELWI EDMRAEI NS,

RICHEE 22013 ED X 512 QMC T A v RINZRERK - BT 20 CTH 5, BRi Lo T4
YD X9 NEMERREME) TldZa DERUE) 28T L7 2 8T, REAITHNY 2Bk & & T
WMIN5Z EFMBRICHES R Bbn sy, k) BERNLBREEZ 5225 2 LIRS TlER
W, ZD7:%, Brauchart et al. [7] TIX, 2% L BTV 7D0EDTHL2REALEDY Y
F=R BTV ITQMC 7Y A VR EEKT 2 EE2FHRAL WS, Kaiboy vy ¥y —
R 7)o 7eid7 718 21E, BRAZMEPIELS 5, D0, 206 DO0H L 3RO R
KDY NG 2 L) IKHHL7DE, DEDVEODHE L 25 LT RafHIc X h s
V7N 7T 5ETHDL. ZOHETRON SR LOARBEIZ FOAEVICHN VWL I L
DHIRF I N, FEBBIC I RRRH 5 L2 H2 TG, Lo LEds, YRE26 Eido k)
ICERI TS 2 DIRAE S Tld e (BRI EICZOWTIE, Leopardi [15] 2 Z1H).

SR RiBE (Determinantal point process, DPP) DD\ O fREN R D DI R % £
D, QMC 7THA Y RINDAEZ EL RO DOFHEIC OV TH->TWw <, DPP &, 1970 FRHEH
IZ Macchi I X > TERA AR ADOEDTH LT TIIRF2ETMUT 2 7DICIREI N
IS LRBE?PSTHY, HEREICKENVPEHL 0oy —F -7V vk
o DEHIIC B L 28X < T, HEINICY vy —F - v 7)) v 2SEWIREZ ER L <
{NE06THS. i, BMNLZBRCBHRNES TH206THHS,. I6I12E, KOO
S2alb—va VT ATV RLLREINTV 16 THS (HIZIX, DPP ICBT 2320 —X
A4 & LT Hough et al. [14] 22815 Z L3 TE 3).

R TIZITB T X 9 1Bk oo DPP o ¢db REWNZIREP > 7L (spherical
ensemble), AP > P> F )L (harmonic ensemble) % 0K 9 . REDHEMNERTH LD
Sobolev ZEICE 1T 5 QMC T4 v RINDEZEEZMHFNL, FIZ LD 225D DPP 2HWw3 Z &
2k, (BA2EMIERL 20 QMC TH A ¥ RIIDHERICAEKTE S 2 E2/MNT 5, S5
RIS ROMAT I DIRAICH 2T L—L « IRTFVIvPILETARZ 2 LICLD, Tn6D
DPP 26185 12 SECEDERE 79 4 VI ENFIHECEGE D E B L T L,
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2 QMCTFH¥1Y
2.1 ERE_E®D Sobolev ZRE QMC FH 1>

A TIE BRI _E D Sobolev Z2fi] & QMC FH A v %k H. 2D 7o/ d 38KkE ST Lo
Sobolev ZEHDEFED 54T . FHIAFETH ) Sobolev Z2fiId FH M Hilbert 24 Tdh 5 Z &3
T4 DT 2479 ECIERICAERNCEC 2 E2HRL Tk L.

I XROBRME EOFRFAMELHADIESL X7 b LZEM % Harmy(S9) £ L, ZDXI0% Z(d,t) =
dim(Harmy(S9))) T2 125, Vig(z),k=1,...,2(d,t) ZXDZM &7 Harm, (S)
DIERIELILIK E T 5,

[ Yivss(@Visa (@) dout@) = 1,0
S

Rl T, T ITPRRELELD, /8T A =% s> 0 D Sobolev 42 H (SY) % R DMH % i 72 3B
Bf €La(SY) DIEBLRY PLZERE LCERT . f € Ly(SY) 07—V Z{R5K

Jur = Vi) Ly (sa) = /Sd f(@)Y) 1 (x) dog(x)

IZowT, Ni=1(l+d—1) L LT,

oo Z(d,l)
Z (14 X)*| firl? < o0
1=0 k=1
27T b0 L LCGEz#ED 2 (X D MO W T, Brauchart et al. [7] &), 0L &,

HO(SY) = Ly(S%) TH h, £ s> s LT, H(SY) c H (S 2R DD 2 LIcHEET 5.
7, H(SY) oM, ol =< (14 X))~ = (1+1)72° %2l TERESS {0/ )50 XL,

o Z(d.)
=y (S)flkglk
=0 k=1 Y
&L, VA
0o Z(d)]) 1/2
FHESSEDDS ( :
1=0 k=1 U
£9 3%,

BR1E _E o Sobolev Z2[H] H* (SY) DENTICE W TEE L &2 DY, Jaid L 7 X 912 T dyiEK
Hilbert Z2ft]ic% %5 2 L ThH 5. #HlA1X, Brauchart et al. [7] ICEIFEY v ¥ —F - 7)o 7
DEBPERE DR IL, WNiEZ TV 7 — MOESZ LX), HEMPUTO LI Icary Ry Mk
R2FRFO>Z L2 L T2 (Cui-Freeden [8] THE/R S 417z distance kernel D—ffLTH 5 Z &
75, Brauchart 513, generalized distance kernel & A T 3).

3
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e d/2<s<d/2+11ITXLT,
K (,y) = 2Va 2u(S?) — Jz —y|* ™%, Va,yest (1)
e d/2+L<s<d/2+L+1(LIFEREL) ICNLT,

K& (@y) = (1 - (~1)") Vi_oo(8) + Qu (@, 9) + (1) e -y, 2,y e s
2)
ZZ7T

L
Qur((w,y) = Y (=1 = 1) 0" Z(d. B ((w,9)).
=1
Th, Pl(d) FIERE S 172 Gegenbaur (b L < 13 Legendre) £IHTH 5.
Sobolev Z2[ H*(S%) ic&WT, 87 I(f) = [ f(x) dog(x) ICNT 5 N mEA Xy C ST
DI QIXN](f) 1= & Yaexy /(@) 1CBV 2 BEE#ZA (worst-case error) %

wee(Q[Xn);HH(SY) := sup  |QIXN](F) — I(f)]
5]

TEHTS. Z0LE, H(SY) o QMC 794 Y RINFRTEHRI NS,

Definition 2.1 (H*(SY) kD QMC 794 ¥ %51, [7]). s >d/2 £ L, {Xny} % S? Lorifks
DWERINET S, ZDEE, NIKEFELBEWER c(s,d) > 0 BFAEL,

wee(Q[Xn]; H (%)) < C](\;'Ss’/cfl) :

BRI L E, WA { Xy} % H(SY) L0 QMC FHA v RIIThHs LSS,

3)

¥ 72HHE T, Brauchart et al. [7] 12X D, —#dD Sobolev 22 W3 (SY) Ed QMC 744
2, AN DL IRkK ED Sobolev ZEICE T2 QMC TH A Y BEBRINTWDS, F7z, LHFET
\& Brauchart 512Xk D, HRALEICHT 2 hyperuniformity D#LR2 6 DWFE S HED 51T\
52 ERERLTEL.

22 DPP & QMCTFHI1Y

ARECIATHIARER (DPP) OIFEFICKRELRL 2 —2RUICE 25, EHICEBSFLES
T —_RADEECH Y, FMIc >0 TIEH 21X, Hough et al. [14] ZZMWL T LW, 2T
K(z,y): S x S — R ZA[HIBI%k L 3 5.

Definition 2.2 (S? EOfiFIRmER). ST LD F v & A RGEEL A — 2L K ICBIT 275105
WRTH B LIE, oq BT B k FMHBIBEE pr, : (SY)* — Ry 23

pk(azl,...,wk) :det(K<wi,$j))1§i,j§k, vk > 1

4
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ThzenbZETHL, Thbb, B#A: (SH* — [0,00) KX LT,

77777

—/Sd---/Sdpk(asl,...,:pk)h(azl,...,wk)dad(w1)~--d0d(wk).

WIKY IO ETH B,

RN AREN TR RBRD O £ O ThHh 2EF7 Y > T (spherical ensemble) Z i
T2, Ay, By Z&EES DB CHHER R A AMHIHES) N x N £ L, Ay By ORIH{E%
LDLE, 07 VY LEAEOEEE, -

(M Aoy AN} T3,
N—-1

K(z,y) = (1 + zy)

BT 2 IR EGBICH 3. T 2T g 2R {(t, 12, 0) | t1,ts € R} 506 2 KIHRE S? ~ %
FLAGBET B L, H6 Xy —{azz g ) [ 1<i< NY WEEF, S? ORI & 7

2. HlziE, S? ko 2 mEMHEE IR TEZ 50D ([1)).
N2 2\ N-1
p2(x,y) = <47r> {1_<]:c 4y\ ) }, m,yESQ.

RICHARB L #FEE L, Ki(z,y) 2 %HEAZEW PL(SY) ofMAKET 2, 20L&, HAEK
Kr(z,y) b &1 N = dim(Pr(S?)) < L <D d Xk S¢ EofFHIR B Xy 2EET
22 EDHIENTVS ([14]). 20PN AR 1AM P > Y > 7L (harmonic ensemble) &

bIFEN s, AR, oD 2 AHBEBIEIIX TE A 61 5,

_ Rp(1) Ri(z-y)| _ 2 )
IOQ(ZU’ y) = det RL(iﬂ X y) RL(l) - RL(l) - RL(“’ y) : (4)
22T Ry(z) XM [—1,1], EABE (1 — 2)Y2(1 + 2)Y?! ORDICHT % & 3 EZLHAT
SO WTUE, HlZ 1, Hough et al. [14] ZZ WL THL V.

H5. B OWTIZHEZ 2 EHIC

23 QMCTFHAIVICETBERR
AHETIEBRI LT R FGER L M Y T AN AR T AV BHERWICAERTE S I L

ZRNT 5. FIROGEWIZEM L, Hirao [12] IKZN 61352 2 LT3, 2L, REMIC
d/2 < s < d/2+1I1CB2RERE wee(Q[Xn]; H*(SY)) X generalized distance kernel %

VB, RO X I (B V=R - IRTFV v ILOGHRICEETE S 2 L,

1/2
wee(Q[Xn]; H(S)) = (Vd 25 Zlaz] — x> d) : (5)
i#j
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BLO, V=2« K57 v v VOFHHEIT 2 sSAHBIBIEK po Z O EICRE T2 08 TES 2
Lo TV B, RIS 2 ROGEKIA S? DGEICE T 3R E2BR S,

Theorem 2.3 ([12]). 1<s<2&T5, ZDLE, ETHNLAEKAT VY 76 ERS
57 vy L NRES XN ISHLT,

E [wee(Q[XN]; H(S?))?] = 2**7?B(s, N) (6)
DD 7D, 2T B(s,N) 3= TH 5.

CITCRY =V 7R EM5 L, BELK sIZHLT, B(s,N) ~T(s)N~5 (N = o0)
THLIENTDD. LED>T, T RER NITHL T (6) & FHMNIC (3) 2L Tw5 Z
EWah D, L7eh5 T, spherical ensemble 2> 5 EFK I NS 7 v ¥ L HELE X HE(S?) 1233 %
QMC 7H A v RINEMERINCAERT 5 2 L3005,

& ol AOTOBRI ST ICBIL T, T L 7 SIAZEN P (ST) 20 5 MK E 1B (T
Az 2 L, ROFHEIA L2325 2 L3 TE 5,

Proposition 2.4 ([12]). Xy %% HAZEM PL(S?) OFEM KL (z,y) 2 5HR I N2 N =
dim(PL(S?)) KOFMMT7 v v 7N THBET D, CDLE, d/2+1/2<s<d/2+1ITHL
T, N LM ER C(s,d) > 0 BAEL,

stz Cls,d)
E[{wee(QUXNH* (S)Y] < Tiitma

R R

FElommEdEMA ey T AR A5 L0, BT Yy 7Vd Hirao [12] TR, EED
d/2 < s<d/2+1DWSHI%ZFFD Sobolev ZERICH LT, QMC 744 v RIIZERT 508
IDIRIET B T EMTERD SN, MELDT 4 AH v a DI Marzo ITXHRD K9 I
HEMICIRI N7,

Theorem 2.5 (Marzo). Xy % %A% PL(ST) OFAEM Ki(z,y) 5K Iz N =
dim(PL(SY) MOFMT v H vy TN THB LTS, ZDEE, d2<s<d/2+1/21CHLT, N
ENFHNL BB C (s,d) > 0 DIFLEL,

E[{wee(Q[Xn]; H*(S%))}?] < C]:[(:/,dc)l)

Tirz g,

D FIARGERRIE ST X =% d/2 < s < d/2 + 1/2 D Sobolev %2 H*(S?) 12X 3 2 QMC
THA RGN MERNICERT 225, s> d/2+ 1 D Sobolev ZZ[H H(S?) 1ok L TR D€ v~
TANEL D HEOIOEEZ R T2, QMC 7Y A VRIZMRTERVWI EZRLTWS, 22
TROPBEBELMWETH 2 LEZ T3,
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Problem 2.6. d/2 < s <d/2+1 3%, T, Sobolev M H*(S?) I<%H¥ 2 QMC 74
A VRN AERT 2T AFBRED 7 7 2 2 REE &,

$7, LROTRTHAN-—TELAD > s =34+ 3 ICHLT, #MT7 ¥ 70z QMC 7
AVRINEGZ DI LW TELDRAET 2BEDRDH L EHEZT 0D,

3 ZL—=L--RFvovil
31 p-7L—LiRF>Y¥ILE DPP

AR, BRI ECE OIS RF O R T v o vl « TR F—Z2 N L CTHEINAHTNDH %
(# 21X, Brauchart-Grabner [6] ¥ — XA 1 Z N6 Z T 2 DIcKwIcEZoEEbNn ).
AEiClEpiE»L 55 EHE, DPP, 8L, Yy ¥ —F -+ 7)) v 7 oRon s ARLED, R
7 A v & ENLTEY (EHY) #HEhorz p-Tb—L « IRT> 2 ¥ )b (p-frame potential)
24 LGl L T E 7w, ERTHRICBE S 2 GERI A & FRICEHIE S 2. 24513 Hirao [13]
ZZIL TV E 0,

Definition 3.1 (p-7 L —24 - K7 v vl). p ZIEOEKLE T2, S Lo N SHTEA Xy
R 2 p-7L—0 - BT Uy v VIR TERIND,

N N

FPy(Xn) =D ) (@i, )",

i=1 j=1

Benedetto-Fickus [4] Ik 5T, 2-7 L —24 « K7 V¥ v LOR/ME, 8 X CiR/MEZERT 2
560D Xy DFEPEZ5NTW 5

Theorem 3.2 ([4]). n % —2EETS. ZDLE, S LD N HHTESICHT 2 2-7 L —24 -
EF v v lonT, Ko (i), (i) B D .

() N<d+1DLE, 227L—L4 - FT VY LOR/MEIZ N THh2. X 5IHRAMEZ K
T201%, RO N HOERIIKTH .

({i) N>d+1DLE, 2-7L—24 - FT V¥ YL OR/MEIX N2 /(d+1) TH D, 5 IHIME
ZERT 5D, R ED FUNTF 2% 3 n MO HEETH 5.

p BEROEAIE, BIAE, KISHEAT 5 Seidelnikov ORERD & 3 1ZBKE 74 ~ & OB
B SNT VLS (BIZIE, HN - 54 [2, Seidel [18] 2 ZHH).

Proposition 3.3 (Seidelnikov DA% (cf. [2])). Xy % S? LD N sl EG LT3, 2ok
E, HFp e NITHRL TR I,

U0, PISAEL,

i=1 j=1
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Z I TPFP(D) i= [gu fou {2, y)|P dog(x)dog(y) TH B, T, Xy H3S LD t-7THF A v Th
2ZLE1<p<tZilTIEEEpIc LT, EAPEL250729 2 LIZAMETH 5.

¥, p BB EAIX, Bilyk SOMEIT N =TV p-7L—4 - FT V¥ v LDR/IMEZE
HERT 2560 Xy OFBFELZENNIT 2o TE D, JEFICHEE W, Fl 21, Bilyk et
al.(arXiv:1908.10354, arXiv:1908.00885) Z M L TAKL W,

ST, AFHEDO LDV & D TR H H2RENLRTINXAEBDO D EDOTH LRI T v v 7,
BXY, 7Yy 7NN TE p-7 L =24« BT V¥ v VORHE - FHliIZRD & 5 1252 61
5. QMC 7% A4 VIBIT 2 BRER EFRBRICARENICIE, 7V =24 KTV 2 LOGEDS 2 mitH
BIREEL po Z W ZEHRICHETE S Z LIK> TV 5,

Theorem 3.4 ([13]). (i) Xy % S? 1@ spherical ensemble £ 3%, ZDLE,

N2B(N,p+1) N2 1
E(FP,(Xx)) = N2PFP N — ’ - Fi (1,1 - N; 2: ).
( p( N)) (p)+ oN 2(p+1)2 1( ) 3P+ a2)

(i) Xy % AR PL(SY) OFAE K (x,y) 25 S 2 N = dim(P(S9)) mofrFl=
MBEfEET L, ZDLE,

|Sd_1‘ 1
1S4 J
= N?PFP(p) + O(N@=D/4) (N = o0)

E(FP,(Xy)) = N°PFP(p) + N — PR (£)2(1 — £2)¥/271 gt

& 512 Brauchart et al. [7] THON TV 2 FEZEETL I LKD), Yy ¥—F -3 7Y
YZIHLTS p-7 =4 - KT v VOUIRHMED L2 6 DfHliZ 525 2 LB TE T 5,

Theorem 3.5 ([13]). S? LOE@EREICHE S WA ICERBIES DiN, ..., Dy N &, i, N
ITHRAE L 2 WIEE R ¢ DIAEL, diamD; v < ¢/ NV %fii7e &35, 22 THIBIES Din
Fo—afiroftons 7Y L N HESE Xy £ T3, ZDLE,

2
C
E(FP,(Xy)) < N*PFP(p)N — N(1 = )"
Ficd=2ntE, LADPOSRZMHEIDOLILENTES,
2 c? p/2 pc?
E(FP,(Xn)) = N*PFP(p) < N = N(1 = ~5)P/* = == (N — 0)

32 94k -70L—L&EDPP

HiffiDFHliZ b £ 12 DPP O b ) O & 2Dl & LT, DPP 23 finite unit norm tight frame ®
ROiiflz 5.2 % 2 L 2N 5.
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RIS ST B N S %S {2}, 25, R Lo finite unit norm frame TH2 &1, H 3
1IE# A, B (0< A< B <oo) BFEL, ROAFERZI T ESITV):

N
Allz|? < Z l(x,z:)|> < B|lz|? for all x € R¥.
i=1

iz A= B ®ktZ% tight frame & X5, ¥7, finite unit norm tight frame % %%,
FUNTF tEMT 22 L1295,

RIC tight frame DORHEAHFICET R R E N sl EE {x ), N 2 @TEAE &
ZOIEEMFEZ ZNETNRTERT 5!

F:RPY S RY o ()Y, (W),
N
F*: RN — R+ cZ PP Zcza:l (HAEHR).
=1
RIFESCHSNIHETH S,
Lemma 3.6 (well-known). S¢ E® N s 8Ea {z, 11, 1K LT, R (i), (i) ZFAETH %:
(i) {x:}X, 2R 1D FUNTF %747, (ii) F*F = z25Za41-

REWRGIAFBETH 2HRE7 3 v 70, @7y 70, BIY, Yy ¥y—F - ¥
TV Rk Eons T vy AREEICERT S L, Emmumxﬁofmaﬁﬁﬁw—% AT
ZHOTHONZMELRLD, 2060 T v ¥ L NEED FHENIC FUNTF 2T WG TH
22 EERRBLTVD,

Theorem 3.7 ([13]). (i) {z;},; % S? L spherical ensemble £ §%. 20L& &,

I DR 4
B F =3 BlR = v 2y

(i) L #ZHRBKEL, N = dim(PL(S?) = (“4F) + (L) &9 2. {z}), 2 s? Lo
harmonic ensemble &£ 5%, ZD¢ X,

1 1 1 d(—d + d* + AdL + 4L?) d+ L
—F*F - — T
(|l FF - - anllF) = 33 (d+L)(d+2L+1)(d+2L1)< d

d+1

=O(N~"T) (N — c0).
i) {x, ¥, 2 ST LYy y—F -Vl T5 ZDLE,
=1

1 9 c?
i+ 1Id+1H]-‘) < NI

1
E(| =F*F —
%

Z 2T | & Frobenius / VA TH 5,
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4 REIC
%I QMC T A &%), DPP OfbDE, SHOBEICOWTHFEHEE L TRbD 75,

e Brauchart et al. [7] TIF, & 5ICHED A — =28 O1t?) ORI -7 ¥4 ~1F “infi-
nite strength" 222 L 2R L TWwW3, THERATD s > d/2 1T LT, mREHE
wee(Q(Xn); HE(SY) 28 N B L THROEZIRL — F 2RO L2 BHLTwS, Lk
WoT, TORBDOF—5—TOIME t-7 A VIR TEIUIR VDD

e QMC TH 4 v &% 5 Z % deterministic 2 A & LT, EKIAITH A » 5 Fekete mifEH
EDHSN TV S0, REWNICH L VWESTIIZAS L Touky, EEYTALVaETHY S
% digital nets O FIEDORMBELIITE R A I 0?2 i, L LITENED 50
b Ly, HIAAMEEZ R 2BRIA 7Y A v (£ 32 08BY) 2K 322 LT
ERVIELI ;Y

o AGHH TIIMAERNABTARXSNER E LRI 7 v v 7V L7 v v 7V L bk
ot HlZE, BRE7 ¥y 7IOVIGESE, Beltran & Etayo I X D O & D o—Roubs’
HzonTws ([3) 2, TN Z228RE7 v ¥ v 70— L7 LEN 3 b DM h ix
(B EBRIL) T o T, 5%, COHHOMAROMEREIEENS*3,

e JT4F, Brauchart 5 DL 7V — 713 “hyperuniformity” & WX % Y8 O % BRIl Lo
GRALEOZEICR BIAR, QMC TH A v & OR#EZFRTVW2, (M) V—R - X7
VIR NARp-TL—L s RTVvT L2t OBEIZIAMEICZ > Tk, 5%, FiR5
lfEDS 2\ 725 9 B 2

SE R

[1] Alishahi, K., Zamani, M.S.: The spherical ensemble and uniform distribution of points
on the sphere. Electron. J. Probab. 20(23), 1-27 (2015)

[2] Bannai, E., Bannai, E.: Algebraic Combinatorics on Spheres. Springer, Tokyo (1999).
Japanese

[3] Beltran, C., Etayo, U.: A generalization of the spherical ensemble to even-dimensional
spheres. J. Math. Anal. Appl. 475(2), 1073-1092 (2019)

[4] Benedetto, J.J., Fickus, M.: Finite normalized tight frames. Adv. Comput. Math 18(2-4),
357-385 (2003)

[5] Bondarenko, A., Radchenko, D., Viazovska, M.: Optimal asymptotic bounds for spherical
designs. Ann. Math. 178, 443-452 (2013)

*3 FJI-F1FF (arXivi1903.04945) BB VAT OO EDIC% S EEZ TV S,

10



87

[6] Brauchart, J.S., Grabner, P.J.: Distributing many points on spheres: minimal energy and
designs. J. Complexity 31(3), 293-326 (2015)

[7] Brauchart, J.S., Saff, E.B., Sloan, I.H., Womersley, R.S.: QMC designs: optimal order
quasi-Monte Carlo integration schemes on the sphere. Math. Comput. 83(290), 28212851
(2014)

[8] Cui, J., Freeden, W.: Equidistribution on the sphere. SIAM J. Sci. Comput. 18(2),
595,609 (1997)

[9] Delsarte, P., Goethals, J.M., Seidel, J.J.: Spherical codes and designs. Geom. Dedicata
6(3), 363-388 (1977)

[10] Ehler., M.: Random tight frames,. J. Fourier Anal. Appl. 18(1), 1-20 (2012)

[11] Hardin, R.H., Sloane, N.J.A.: Mclaren’s improved snub cube and other new spherical
designs in three dimensions. Discrete Comput. Geom. 15(4), 433-440 (1996)

[12] Hirao, M.: QMC designs and determinantal point processes. In: Monte carlo and quasi-
monte carlo methods 2016, pp. 331-343. Springer (2018)

[13] Hirao, M.: On p-frame potentials of determinantal point processes and its application to
approximate fintie unit norm tight frames (in preparation)

[14] Hough, J.B., Krishnapur, M., Peres, Y., Virdg, B.: Zeros of Gaussian Analytic Functions
and Determinantal Point Processes. American Mathematical Society, Providence, RI
(2009)

[15] Leopardi, P.: A partition of the unit sphere into regions of equal area and small diameter.
Electron. Trans. Numer. Anal. 25, 309-327 (2006)

[16] Sawa, M., Hirao, M., Kageyama, S.: Euclidean design theory. Springer (2019)

[17] Seymour, P.D., Zaslavsky, T.: Averaging sets: a generalization of mean values and spher-
ical designs. Adv. Math. 52(3), 213-240 (1984)

[18] Shatalov, O.: Isometric embeddings [5* — [} and cubature formulas over classical fields.
Ph.D. thesis, Technion-Israel Institute of Technology, Haifa, Israel (2001)

11



88

Reflexive polytopes arising from finite graphs and the

unimodality of A*-vectors

DO TN

AffFEIE, Katharina Jochemko K & Mateusz Michalek K & O AL[FIAfFSE [4] 1I2HD <,

BRZZ 7 G H 5 symmetric edge polytope & BEIX N 2 KGN Z HIIA Pg H3 K T &
%, AMDEHRIZ, GVRERHIT I T THELED Pe D h* ¥l BARIZEIR Uz &
WOBLDTHB, AT, ERMRZTOEDLDL, MEVEONDBETHW S NE Rk~
IR0 = 2 DIREITHIREND T, #I LW,

1 WwFOLZEED RS

BFOZEE LT AREORK TR BB OFE {(vi,..., v} C ZEBFEHELT
conv({vi,...,vin}) CRIEERIND L EIZE S, (2720 conv(X) 1& X OMBHE%EERT,)
B MZHA P CRUTHL, 1+3°° [nPNZYn L WO REBEEZEZ D LU FO LS 7
FHBEBIZZRZZ PO T VS ¢
hy + hit+ -+ hit?

(1 —t)d+!
(772U FDOERRBUIAEHTH 5), RO FIZBN 5 IFEBEMREZL HA by +
Wit + -+ b5t % PO h* SRR E W, REDF (b, hY,... k) 2 PO FlE WS, P
D h* ZIHA % b (t) TRLU, h*Fl% h*(P) TKT,

o
1+ [Pz =

n=1

2 RAVOZEAE
B MZ A P C REDBRENTH S L1k, RIDFEHN P OWNEIZEEND, 1D,
PY={xeR’: (x,y) <1 Vy e P}
PNEHUOKFMZERIZZRS L ZI2WS, (272U () IR OERENTEEZ KT, ) KEHYE
HRE ZD R* FNZEL T, UFOREST I AR 6T WS -

w1 (]2, 3]). P2 MZHEKE U, h*(P) = (ki h},...,h) 55, TDLE PH
K CcoddZe e, hf=hy, (i=0,1,...,d) DO NLDZ LDFEMETH 5,

KK FERZEERBI AR (E-mail:higashitaniQist.osaka-u.ac.jp) ~ AWFFEIL. BLFM5E B /LS
(EFMH5E (B)f17K14177) DRI % ZIFT W5,
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3 Symmetric edge polytope

PAF, “7' 977 LWz, AREREHM S S 7283, 797 GOHEAES% {1,2,...,d}
LULB%ELE B(G) 2T 5, e,...,eq ERIDEHEREKEZRT, DL &,

Pg =conv({e; —ej,ej —e; : {i,j} € E(G)}) C R

LB, BTrMZHR Pe % G O symmetric edge polytope & IEX ([6, Section 4]), Pg
F(d— 1) T RE ML HIRIZ 72 5 Z 2o T W 5B,
Symmetric edge polytope @ h* FHZEAL T, ARHBFISNTWS ¢

(a) vEGORETBHL, by () = (140D, (1) E7RB, DED, GHRBSE (1) =
(LHW4(0i0h$:Ct&>@:Qand—U)ttéo

2
by GeKymow = (7Y =0t d-1) ens ().
v i

(c) Mz, GOV A ZNVDYE (7)) G = Kup Ta < 3D5E ([5]) O h* FINGHHRS
NnNTWa,

4 TR

AT Z EARE, BDEELREFNZEERD 2 7 AD 1 DL L THRA RSN RS 1
TWa, Rz, KRN EAERD b 5%, i 1 255722 D, £ unimodal % (JF
BEES (a1,...,aq) PPunimodal THB LI, a1 < <ap > >ag RDHEEITVWD)
AT I N T WA, L b BEARIIZ, symmetric edge polytope @ h* #1312 unimodal
ThdePHINTED, HIAIEERD S Z 7IZB U T unimodal tEEH/RINT W5,

RFEHD ERERIZ, LFOEETH 5,

EIE 2. EROIEETES a,b 1T L,

min(a

Bt (t) = o 20\ (a\ (b 1;(1+t)a+b+1—2i
Ploprpri V) T 1 1)\t

ML B,

ZOFEMDREUT, Py, @ h*FIO unimodal PEAIL 72235,

5 EEEADRN

EHL 2 OFEHIZ TRk~ B EAHW ST WD,

PAR, THRES {vo,v1,. .., v U{wo, wy,...,wp} DRI ST %FEZ%5, PoD
Hie, —ej &, i—j EWIHMEREAKL, M7 T 7 GDELEH\NIHFED 2K
DEMARCTEESMAT-ENZ I 7L RRULTER S,

(i) 9\ Proprp WHBETE M=V v 24 FT7 VDT L TF—EEL2FRT I LICE
D, Pr, . ORBEZARSEEGE ZEDHES, 2O L THRONZEE =M
PHENZBIFBEEEIE, FRHT T T Kop1per BT D SEEK SHATE 5120 D
PO REEEFIL L 726 DR T 5 Z eavbhird, BRMIZIE, BATFO 7 DOREE % 5%

LU 72HARTH 5,
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[ &% o5
NN

1: 7 DDk S

o NNNN

M RRKE K
VI

2: Ky DA+ TOOKEZEIE L3 DIE LD 1281275,

(i) 22T, UFANLT B Z LW ohn5 :
b
MKMMHKBU5“$EW”$ﬁﬁ}:<a:>
AHIE. SEAROEEED S5 12 LS,
(iii) “— M DRIIEIZ % 5 A % AV T half-open ZAMAEZUTD LS ICLTHEZ L
HHk 5,
o (i) THASNZHB=MENEDK facet F &, —fROMEIZH B Mz 128/ L, FO
A D “ON” & “OFF” 2t 5 Z & T F % half-open facet 129 %,

o EUUKMIZIZ, a B F OHORANCH B 51X, Z D facet I “ON” iZ L., HAICH B
%51, “OFF” 129 5%,

e Half-open =M D&MD S h* F & GAIS Z & A3HK D, BARIZIE,
h = #{“OFF” DA i [0 facet}
t @E)o

ARSE]  half-open=ARHE

—BOMEICH DM

3: Pr, D =145 & half-open = ff 5 &l
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512, K facet IZHIRT A RIBARDESETUTDO L S IZHIRT 5 Z L3k 5,

o T % LT OOMAEEZEEILL 22 AKRE L, €2 TDRET S,

o ZDLE, T\ X2 DDHEAED Uy, Us 1T N5, wo 2BLFH%EUL &L, &%
ARy S U, L35,

o ZZ T, &€hingoing TH D LIX, e DMRRMN U TIHRP Uy E725TWVDH E ZITW D,
o —MIELNEID facet (X INT DA T IZH U,

#{“OFF” O } = #{T ® ingoing % }.

NNNN

M ORRRKK
VY

4: Koo DA+ B2 DE2IEARD ingoing K DAL

LR 5,

(iv) (iii) THERK L 7z half-open =M E A # & (i) DARXZHWT, ingoing KD Z EIF %
ERRATI & Prypyyy DR ZEHADPLTOLSIZRD IR DN S

. ¢ 2 i+ (a=itb=G—1) jra
PKa+1,b+1 o J b—j—1

i=0 j=0

+i b (>()(iﬁl>(“‘é+?‘j>f““"“

=0 j=0

émwwwww
EOOCTT)

=0 j=

(v) gz, A TFOFERDVEFEHTE S ¢

min(ab) . b—2i a—i+j i) i
> (D))o —;§<><>< ST

ZOHERNF. Kog1p11 (CBTBRHLR AFEOHZ LIFICHEELT, 2@ DA LIT%
T LTI TE 5,

M

a

b
1+1)

FeHode, UTO@EDTHD,
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o X9 Pr,iiyn D B =
EnElzRkd 5,

o IRIZ, TD=ZMENEID facet ZHMTZ T 7DEET (T OOREZEEIE L 2K
L) HfRd S,

o IZ, HD—RDOMEIZH SN ZHNT, half-open ZAFEDENZKD, HHIT T 7
DEETHINT 5,

o TD X HIZUTKDT half-open ZfAIAEIN S, h* ZIHANZ KD B Z L HKS,

o iZIZ, ZIEMREICET 2% R RS 7D A-HEBEOHX EIFEHWTEHET 5,

AT 2L T HF—HEZFHET ST, Py

a+1,b+1

S& 3R
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The Rudvalis group Ru

(0.1) Ru : sporadic simple group of order 214 .33.53.7.13.29
o rank 3 group — the Rudvalis graph [Rudvalis (1984)]
o Point stabilizer 22 2F,4(2) (*F4(2)’ : Tits' simple group.)
e 4060 = 14 1755 + 2304.
(0.2) L : Z][i]-lattice of rank 28 [Conway (1977)]
o Aut(L)=4-Ru

(0.3) S : aset of 4060 x 4 vectors of Ly == { x € L | |x]? = (x,x) =4 }.
(S)z1i) [ATLAS, Wilson's book " Finite Simple Groups' |

o L=
{v={%v,xiv}|veS} (|S| =4060)
{
(s

(0.4) S
E={{v,u} | (v,u)=0}

,&) = the Rudvalis graph.

M.Kitazume (Chiba Univ.) Ru and HoS June 18, 2019

2/11



The Hoffman-Singleton graph HoS

[ATLAS] There are also maximal heptads of 7 minimal vectors with all
inner product 1. Each of these is one of a set of 50, whose sum are all
congruent modulo 5, and which form a copy of the Hoffman-Singleton
graph when intersecting heptads are joined.

@ The Hoffman-Singleton graph (HoS-graph) :
strongly regular graph with parameters (50,7,0,1), i.e.

diameter = 2

valency =7

no triangles

no quadrangles

= #(points) =50(=1+7+7 x 6).

M.Kitazume (Chiba Univ.) Ru and HoS June 18, 2019
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The lattice L = (S)z;

N fo (1755 x 4)

(1) Vx,yES(X;éy). (va)_{ :El,:f:l (2304)(4)

(2) L: even unimodular lattice as a Z-lattice of rank 56.
] |L2|:0, |L4|:4060><4(|e L4:S)

(2.1) |Le| = 18708480 (<— theta series)
(4060 x 4) x 2304

2
(22) Lo={x+y|xyeLu(xy)=—1}

M.Kitazume (Chiba Univ.) Ru and HoS June 18, 2019 4 /11



(2.3) (1) x,y,z € Ly with (x,y) =(y,z) = (z,x) = -1
= |x+y+z?=4+4+44+6x(-1)=6(ie. x+y+2zE€ L)
= dJu,ve€ lgsuchthat x+y+z+u+v=0
(2) x,y,z,u € Lg with (x,y)=---=—
= [x+ty+z+uP=4x4+12x(-1)=4(i.e. x+y+z+ucly)
— dvelgsuchthatx+y+z+u+v=0

Definition 1 (Pentads)

A set {x1,x2,x3,xa, x5} (C Lg) with x; + xo + x3 + x4 + x5 = 0 is called a
pentad.
Note that all inner products (x;, xj) = —1 for i # j.

M.Kitazume (Chiba Univ.) Ru and HoS June 18, 2019 5/11



Heptads (1)

Lemma 1 (Characterization of heptads (by MAGMA))

Let x,y,z € Ly with (x,y) = (y,2) = (z,x) = L.

Then the set { w € Ly | (w, —x) = (w,y) = (w,z) =1 } consists of 6
vectors (wi, wa, ..., ws). Moreover all inner products (a, b) = 1 for
aZzbeH:={—x}U{wi,...,we}.

Definition 2 (Heptads)

The set H in Lemma 1 is called a heptad. We set m(H) = Z v.
veH

(31) H={wels| (w,m(H)) =10 }.
(Proof.) Suppose (w, m(H)) = (w, a1 + ---+ a7) = 10. Since
(w,aj) € {0,£1, %/, +4,+4i}, there exists some j such that (w, a;) = 4
and (w,ax) =1 for k # j (i.e. w=aj € H). O

June 18, 2019 6 /11
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Heptads (2)

Lemma 2 ("Modulo 5" property (by MAGMA))

Another heptad

H ={x,y,z,..}={wels| (w,x)=(w,m) =(w,wp)=1}is
obtained from —x, wy, wy by Lemma 1. Then m(H’) = m(H) + 5x.

(41) H'={wels| (w,x)=(w,wj) =(w,wx) =1} = H =H".
(Proof.) m(H") = m(H) +5x = m(H'). By (3.1), H' = H'. O
(4.2) Yae H\ {—x}, Vbe H'\ {x}, (a,b) = 1.

Definition 3 (Edges of HoS-graph)

We call that " H and H’ are joined' for the above heptads H, H' with
m(H") = m(H) + 5x, and —x € H.

Remark 1 (" Intersecting” haptads)
HO(—H') = {—x}.

M.Kitazume (Chiba Univ.) Ru and HoS June 18, 2019 7/11



Constructing HoS-graph (1)

(5) Ho ={xo,...}: heptad
Hy = {—Xo,Xl, .. } with m(H1) = m(Ho) — b5xg
Hy, = {—X17X2, .. } with m(HQ) = m(Hl) —bxq

b) —

)

5x (x € Ho) 1,

e Hi:={ H: heptad | m(H) = m(H
_5y(y€H€H1)}

Ho:={ H': heptad | m(H') = m(H
H = {Ho} UH1UHo>,
E={{H,H} | HH e H,m(H)=m(H) —5z (z€ H) }.
We will prove that (#, &) = HoS-graph. But we can easily verify the
properties " valency= 7", " no triangles’, " no quadrangles’. So it suffices
to show that Hy(€ H,) is joined with some Hz € H, (i.e. " diameter=2").

(m(Ho), y) =10 (Vy € Ho) (by (3.1))

(m(Ho),z) =5 (Vz € Hi\ {—x0}) (by (4.2))
(m(Hp),w) = (m(H1) + 5xp,w) =5+5x (=1) =0
(VW € H2 \ {—Xl})

(5.1)

June 18, 2019 8 /11
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Constructing HoS-graph (2)

(5.2) Ju € Hy \ {x0} such that (u,x2) = 1.

(Proof.) By (5.1) and (xp, x2) = —1,
O=Mx0+y1+-+Yyox)=—14+(y,x2)+ -+ (¥, x2)-

Since (X0, yj) = 1 and (xo, x2) = —1, we have x # y;.
Hence (yj, x2) € {0,%1,4i, —4,44i} and thus there exists some j such
that (yj, x2) = 1. O

o Weset u= —xs in (5.2).
(5.3) (x0,xa) = —1 by xo, —xa(= u) € Hy,

(x2,x4) = —1 by definition,

(X1,X4) = —1by (4.2) (Xl € Hy, —x4 € Ho),
(x0,x1) = —1 by —x0,x1 € Hi,

(x1,%2) = —1 by —x1,x2 € Hp, and

(x0,Xx2) = —1 by (4.2).
e By (2.3)(2), 3x§ € Ls such that {xo, x1,x2, x5, x4} is a pentad
(i,e. x0+x1+ x2 —}-Xé + x4 = 0).
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Constructing HoS-graph (3)

(6) H() = {—X4,X07 .. .},

Hy = {—Xo,Xl, .. } (G 7‘[1),
Hy, = {—Xl,XQ, .. } (E Hz),
Hy = {X4, .. } (E Hl), with m(H4) = m(Ho) + 5x4.

(6.1) (m(Ha),—x%) = (m(Ho) + 5xa,x0 + x1 + X2 + xa)
=10+5+0+(-10) +5(-1-1—-1+4)=10.
Hence we have —x} € Hy.

(6.2) We apply the arguments for Hy, H1, H> to Ha, Ho, Hi. Then by (5.2),
dxsz such that —x3 € Hy \ {X4}, (—X3,X1) =1,
and moreover by (5.3),
Jx) € Lg such that {xo, x1, x5, x3,xa} is a pentad
(i.e. xo +x1+ x5+ x3+xa =0).
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Constructing HoS-graph (4)

(6.3) Hence we have x5 + x3 = xp + x1 + xa = xo + Xé, and thus
{X§’X3} = {X27X§}-
Since —x3, —x5 € Ha, we have (x3,x3) = 1. On the other hand,
(x2,x5) = —1 (pentad). Hence x» # x3, that is, x = x} and x3 = xj.
ie. Xo+ X1+ X0+ X3+ X4 = 0.
(64) H; = {X3, .. } (E 7‘[2) with m(H3) = m(H4) + 5x3,
Hé = {—XQ, .. } with m(Hé) = m(H2) — bxp.
Then
m(Hs) = m(Ho) + 5xa + 5x3, and
m(Hé) = m(Ho) — 5X0 — 5X1 — 5X2.
Hence m(H3) = m(Hj}), i.e. H3 = Hj.
This means that H; is joined with H3 (€ Ha2).
Hence we have proved that (H, &) = HoS-graph.
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IR AR FRA D ERFIRL &K B D REATH

HIET S e B8)1 ok
FHIEAE9 H 30 H

1 FUSHIC

WIZHAD —DDORIZ, FENZH U TEHRS NS RIHARNHA2LH 5. — (T, A
IREEIZR U CEBS NIRRT HR E WS 00D 5. T, BEOTITHN T 5 A
DO RBARZHEHATH Y, TOHOEARBIEZHNTERI NS, b id, KEEE
DOFATHIRDHEFE D ZHDBRED, BIHABMNH RO FRFFICFEL W L IZEADE, K
[FHEDHATHRDOME 2 W T, BIHFAADIM RO Rk O E 2 52 7. £
DEFRIRILDOWED &, BB OB ORATH RO 2 157, T, FHAHORED
FATHIARDIHRRD,) £ ORED IERIR IO MFFH TARZ 72 Rk 2 A O B3 #i i 22 [l o BL i
T IEERLTVAS.

HHEB w, 2 1DFHEnTRD 1 DL U, () = (wn, w2, ..., wk") &3 5. BIHRIIFR
ROERFRb L 1%, BZ kn O0EI N T3 U TESR S N2 FIHABRGFRR m)y (2) OZR 2 12,
r = C(mk) %Pﬁ)\ L/7L: mA(C(n,k)) }Z_\’\/‘ 5 ‘I%?ﬂiﬂ: mA(C(n,k)) O)'l\%géi’j’\é f:&bk, %E%'
EFVWLSODEATE. EXknOBEIN= (A, ) (B> A > X > > Ay > 1)
ERLUT, A =M+ o+ A & U, BEX bn OB RO TEEDHDES AF %

AZ:{)\:(AD)\%aAkn)‘nE)\lz)\QZzAknzlanH)\H

THRAD. E7, BEIUZHULT, - X € AL &) (IN, Dy, ..., [0\) € (Z/nZ)F %54
BRI LT A DREARRLIEZHDE U, v C A &= T0E v e ALITHLT,
MveA 12 A5 vEHI-TTELREIE TS, 72720, Z/nZ &, fifin DK Z
KTLTD. 20L&, FRFEEmA((up) B TFOHEZ S D,

Theorem 1.1 (see Theorem 6.1 for proof). FIHRAIFRAD FHFIRAL m () IZBAL
T, ARD D 32D,

(1) B kn OEREODE N LT, ma((up) € Z.
(2) B kn DIEEOAENTHUT, nt [N 251E, ma((up) = 0.
LSk, Rl K2 SRR AR M %, Email: yamaguchi@nagasaki-u.ac.jp

NUT R, BIFRY IS8R AR EM %, Email: yamaguchiyuka@nagasaki-u.ac.jp
BN ok, A KRR A R R HI, Email: g-shibukawa@math.kobe-u.ac.jp

1
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(3) pEHL T L. BRI pDEZEDRENIIHUT, p| A <= ma((p1) #0.
(4) 1% n EHEWICEREOEE, A e AL 2 T2, 202 E, mu(Cow) = ma(Con)-
(5) L ZEREL N e AT 235, Z0LE, ma(lnrsn) = D Mu(Cnr) M (Cn)-

vEAE
vCA

(6) A= (2% 12) e Af £ B, ZDEE, my((ow) = (—1)°(}) #0.

a

(M A=W ) eA(n>\)&T5. ZDLE,

a+2 ged(A1,n kng(A ’n)
m)\<C(n’k)) _ (_1) + 2 ged(Aq, )(2 gcd<)\1 n)) 7£ 0.

(8) kZMEL, LA IEnZ2ABMEL, A= MLM" ) e AE(N >N 2T 5. ZOLE,

(G = (1 (B T

L, FRIRAG ma(Cnny) 1, Z/nZ OFATHIRDIHDRBUZEE L\ Z & 53, Dedekind ©
ERE WD L BGITh»r5. ARG ORTHRO(G) L, g€ GIZHTBARE 2,
MoRBAREHNTH Y, ZO G OEARFEZAVWTERI NI EDTHDS. £z,
Dedekind OEH & 1%, HRATHEFORATH N2 EEBIKC LT 1LIROR T ORI /3RS
5L5DTHD. ZOEM%E Z/mZIZHEAL, 1 IRONTO/E% BT HIX, O(Z/nZ) DIH
DEREDY, my () WHELWIZ EDHRIZBONDIDTH S, oL MBI, ma(Cup) 1E
O(Z/nZ) D k FDHDRHUIZHFE L W &M FARKIZLTRES. 20 iE, B N O53E
A= (A, Ay AN TR UT, oy i= w0y, - Ty ETHUX IRDSEDNEDZ E¥on 5.

Lemma 1.2 (see Lemma 5.2 for proof). fEEDIEDEL L & n 28 LT, IRAED L.

O(Z/nZ)* = > " mr({mr)za.

AEAK

ZDOERTEY, O(G)F DIEEE NO(G)) & T1UE, NO (G)F) 12T 2RO AERMH
HbIZBoN5.

Corollary 1.3 (Corollary 4.3). {TEDIEDRE k & n IZX LT, KA D LD,
N (0(Z/nZ)*) < |A¥].

F 7z, ma((npy) DY O(Z/nZ)F DI z) DRBUZFELWI L XD, O(G) DMEEHWT,
ma(Cugy) PYEZEES 2 L BTE 5. BATHIR O(G) 1, MFOME% & .

1. O(G) DIHDRETEEL.

2. GHAHD L Z O(Q) DIHE U T 24, Ta, -+ T, MWDK, a; 725 DFEIZ G DHNLIT.
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3. 9% GOHERAMEGRY Lzl &, FETE 1, % 140 £ LTH O(G) BRZ.

Fh7=bld, O(G) D2 S DMWEEZ VT, my({nr) PHEZEES. T LT, ma((up) P
WEEFZ LT, BWOTOG) ITODVWTRET I LT 5.

ERIRAL ma(Cnpy) 1 O(Z/nZ)* DIH ) DERBUZEFEL VDT, BEIN D my((np) PFE
HPEPZHINT D Z R TENE, O(Z/MZ) DEBEH D Z LN TES. Lzh>T,
Theorem 1.1 D (3) & O, IRAVKD LD Do n 5.

Corollary 1.4 (Corollary 4.5). B p 2 FE KL T5. TDOL &, AWK LD.
N(©(Z/pZ)) = |A}].

ZIT, &8 N DIRE N5 X, Z/nZ OTERIERBLDEH TAZ % n 228 kn IRIFIIRZ IH
KD T HRILZE ] Clay, 2o, . .. 7$n]%£nz DIRTEIZFELWZ &b H 5D T, Corollary 1.4
X0, IR LD,

Corollary 1.5 (Corollary 4.6). B p 2R L T5. DL E, AP LD,
N (0 (Z/pZ)) = dim Clzy, zs, . . ., 2| 277

L7203 T, EDFEE p THLEORATHIR O(Z/pZ) DIEEIL, £ DREZ/pZ D IER]
KEIDMEFITARZE R p 28 p AR S A D SR 22 Clay, ma, ..., 2,07 DIRIEIT
HLWI oD B, ZhUE, OZ/pL) DEEKED, Clry, xa, ..., 2,07 DIEEE KT Z
LERLTWVWS.

T, a(n,m) 2 A RKEHEZ/nZ OIERRBOIEH TAZEL n 28 m XA EHA D
I MZER Clay, 3, ., 2]l DWTEE FHUR, a(n, m) 13 —IHRECE Buler © b— =
YR o ZHWT, RO LS ITHRIIZERRTE S Z VRN TWS (2] & [3)).

Theorem 1.6 (Hermite DHEER). (EEDIEDEE m & nlZXH U T, IRDEKD LD,

a(n,m) = min 3 )(%:%)w(d)-

dlged(m,n d

Z ® Thoerem 1.6 % AW, Corollary 1.3 IZIRD LS IZEEHI S5 5.

Lemma 1.7 (see Lemma 7.3 for proof). {EEDIEDEE k & n T LT, KA D LD,

N (0(Z/nz)*) < ’Af’;’ =a(n,kn) = %Z <dk;_dl_ 1)90 (g) :
djn

Lemma 1.7 DA, KEIREOKEIFEHRDOEHRILIZ R > T WD, KEFEH & 1 Red-
field [12] & Pélya [11] IZ &> T, ZNETNMTICER I NS TH 5. Lemma 1.7 128
WT n % FEHE 9L, Corollary 1.4 £ D, ¥RD Corollary R E BTG5 N 5.

Corollary 1.8 (Corollary 7.4). {EEDZEB p IZH LT, IRV D LD,

N©(/E) = |8 = = 3 (47 e (5):

pd|p d—1 d
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7z, ERBEORITHIRDOEBIZEL T, IROEFERNVPK D LD L2 RUT.

Lemma 1.9 (see Lemma 8.1 for proof). £& G 2 AR H & K DER#LTS. T
- VN ARVASR
(@ lan s —oren = OO € Clay s € H e € K]

ooy 1&r O(G) DATETE Ty 1= zpay AL 725 DERT.

HI 5 502, AT &2 RikMb U 7 BT A X O TEBUL, RikMb 9 2 i ORFTHI N DB
TH5. Ukdio T, ERHORTIRDIESZ T o FHli§ 2IRDAEFEADVFOND.

Corollary 1.10 (Corollary 8.2). HREMIEG = H x K IZX U T, IROAFEADED
ASH

=1L, 0(G),

N(O(G)) > N (0(H) K16 (&)) = N(©(H) ) N(© (k).

K2 m; #FRET, G =7Z/nZ = L/miZ X Z)moZ x -+ x )y Z & 31U, #7410
I 2 IRDAFEAD[OND.

l

HN( (Z/miZ %> < N(O(Q)) < %Z (dk;_dl—1)(p<g).

din

2 BIRFAENHF

AF T, BEABERRZOWTHAL, ZOREABHHACET 52 25
Z%. ZOFENZ, RIDVPEHRDODH 2085, RIEATIHAD ERIKMEDOIEFERTH S
ZEeEFTSDIZHWS NS,

BRIHXNMAZ 5 2 51213, BABBKROEAEDERMEGNDONMHEOIEHRZED 5
BENDH D, £, ZEEBROLEEZHVS & BRSO XV HRIZR S, Z0
Iz, £, BRBEROES DEMEANDXNFRFEDIEH 2 ED, IRIZ, ZEIFHD
FLIRIZDOWTEHIHIT 2. HRBEBHROEENIZ 0250 L L, N XA Sy O NY AD
EMZIRTH R 5.

Sy ~ NV = NV
W W W
o N~ vi= (V.. uN) = 0V i= (Vo(1): Vo(2)s - - - Vo(N))-

ZUTC, NEOEEDOM x := (21,79, ...,2n5) EZEE 1= (1, o, . .., un) € NV T
LT,

ot =t 2y € Clay, @, ..., xy] =: Cla]

95, ZoOiEE, ZEEROREE WS . ZEEROEEEZHAVNE, EX N O5E|
A= (Ao AN) (= A > A > - > Ay > 1) ISR LT, IR ADERR R

= )

BHEGN-A

4
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WEED. 27U, 6y -Ai={0-\|oe6y} £T5.
FFRE Sy DEE N ONE AT BT 3ETHARE S) = {0e6y|o- A=A} &L,
MNil = [{j |\ =i} | B, ZDEE, WA IO,

Lemma 2.1. EX N DEEDZE NI U T, IR D LD,

ma(z) [T = > =7
i>1 ogeGN
Proof. £, IRDEX
Sxl =T
i>1

DK DL DD T,

DECEED SN D

oEGN [9]EGN /BN heBy,

=&y >, 2

l9le6n /6

=|ex D o

HEGN-A

A RVASR ]

ﬁ%ﬂ/\ = (/\1,/\2,. . .,)\N) CZYﬂLbT, |/\| = /\1 +/\2+ B +)\N &’;—5 Lemma 2.1 6&, %
IR p DAEIN A p | [N B WL, A B EIARA RO BRI L OIEE T 2
ZEZFEHT H2DIZHVLNG.

3 BIRABNFADERIKE

AT, BIEXAGHRR D ERFRGIZOWTEHH L, T 5, DE1 ERRME D IEE
MTHBHI L% Lemma 2.1 ZFHWTE W Z, £ LT, EIDFEED 5 H1H BIE TS FR
KD LRI DIEERTH 5 7DD T 35M%E25 A 5. %7z, Theorem 1.1 D (7) & (8) ¥
OO Z ERT. H1ETIE, BTAROME 2 HWT, BIEAESFRR O X Rk
OWEEEDZENTED LBRRIZD, ZO+05M4L (7), (8) ITDWTIE, BfTFIADME
HEHWTIZEA5.

BEB w, 2 1DOFIn FRD 1 DL U, (pp) = (wn,w?,...,w") & T5. BRI kn D
DENZE > TERSI NS BIHAADYFRR m) (2) D 212, 2 = (ppy ZRA U2 mua((nr)
% BIH AR O BRIk b L W S .

Lemma 2.1 £V, mp((np) # 0 Ziii7z 9 N TH 2 BETDHRMII,

Z (C(n,k))g"\ = Z w210(1)+/\20(2)+---+/\kna(kn) £0

c€GCLn 0€Gyy,
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%:?ﬁ‘ﬁta“ ATHD. UIhdo T, 3E N 2 RIHA B FRR O ERFRAE D F b5 5 & 1
T BITIE, BEINDY s, ()7 DERPE P EHHITE T IN

ft@%%i&t k1T, n RO L E, DEADP Y s, () DHBRTH 270D+
DEMFFIRTHEAZS5ND.

Lemma 3.1. B8 p 2R U, i1,0p,...,5, e NET D TDEE plig+is+---+1p
IR oIX, IR D LD,
Z wire ) +io @)+ +ipe®) £ ()
p

oeG,

Lemma 3.1 29 722, IROfli#E%E 52 5.

Lemma 3.2. HAR n Z EOFEE, N % n DREEL, i1,40,...,iv €N, ZUT, fZ2Hn
O LTS, ZOLE nlip+iy+ - +iy RO, IRDFKD LD,

Zlea +iy0(2)+---+iyo(N)) =N Z flirm(1) +iam(2) 4+ - - +in_17(N —1)).

cEGN TEGN 1

Proof. £9, IRDERDL D NLD.

N
Zleo +i20(2) + - +ino(N Z fiio(1) +120(2) + - - +ino(N)).

c€eEGN k=1 o0c€e6n
o(k)=N

HEfSy>0r00(kN)eSyldaiffoT, EXOAHTIX

) flao() + - +inao(N = 1) —igo(k) + iko(N) + ino(k))
=3 Y flao() + - +inao(N = 1) —igo(k) — (i1 + - +in1)o(k))

=> ) (o)) —o(k) + - +inoa(o(N = 1) — o (k) — iro(k))

Y755, ZIT, (N = NDL X,

fli1(o(1) —=a(N)) + - +in_1(c(N —1) —a(N)) —ixyo(N))
= J(0(1) + -+ ixao(N = 1))

THD, kANDPD(N)=NDE X,

{o(1) = 0o(k),...,0(k—=1) —o(k),—0o(k),o(k+1) —o(k),...,0(N —1) —o(k)}
={1,2,...,N—1} mod N

Z DfREANE, Waring DARD —ALDBRETH 5 [9].

6



110

L7250,

Yo > o) —a(k) - Finaa(o(N = 1) = o(k)) —iro (k)
:10 )G:NN

—~Qq
Zm

[
INE

f 217' -4 iN_lT(N — 1))

R‘

=11€e6N_1

> i)+ HivaT(N = 1))

TEGN_1

Noird. O

Il
=

Lemma 3.1 Z2/~"7".

Proof of Lemma 3.1. £, 2 | iy + iy DA, BEFEIZED, Y wireWHize @) 1 g

geGa Wo
ZrEs. Bl p 2w R L b,p|i1+i2+ —Hp £ 35L, Lemma 3.2 &0, IXDHD
LD,

Z w;m(1)+i20(2)+...+ipa(p) —p Z w;’;o(l)+izo(2)+...+ip_1a(p—1)_
G€6p UEGp_1
ZorE NP Cp=(p— 1) &iii7=3 C, e NDFEEL T,

Z w110(1)+120(2)+ +ip—10(p—1) chw

0€6y1

YRFETBIENTES. 22T, Y0, Gl £ 0 WHETRET. B U, Y0, Gk =0

T, {wp,w?, . Wb RN R DT, Oy = Cy = - = Cp 8%, DED,
p|>E_Cr B, EZABMW YV _ Co=p-—)7EDT,ptY i C, THS. Lizhio
T, Y Gl £0 8705, O

Lemma 3.1 & 0, RIAHRB p DARIND, p | |N 272X, ma(Cpr)) #0805 2
Ehbhror. “Ji D, IR DNLD T E¥bro Tz

Corollary 3.3. i p 2 E L35, 20L&, BRI pDEEDODENIZH LT, AR
DILD.

p | Al = ma({p,1) # 0.

FE, pt [N B2, ma(Cpn) =02 RDIEWbRSE (ZOHEEIHE S FTRIN
%), £oT, MOFMEDEO LD EDDP5.

Lemma 3.4 ((3) of Theorem 1.1). B p 2 KL T5. ZDLE, BRI p DEEDHH
WX UT, IRDVEK D LD,

p A <= mi((py) # 0.
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EDOE r & sITHLUT, r & s DERRKANBZ ged(r,s) ERT. TD & & IRDKD L
DI ENbrD
Lemma 3.5 ((7) of Theorem 1.1). B kn D3 EI X = (n*72 ) (n > \) 1T LT, X
N AIRVASH
kged(Aq, n)

( 1)a+ ged(Ai,n ( ) 7& O, n | a\
mA((nk)) = »ged(Ar,n) ' .
0, ntai

Proof. FEIN = (nk’n—a7 /\‘11) (n > /\1) c:_j(j‘bf’
m)‘(c(”,k)) = Z wib‘l(il'f‘“'-i-ia)

1<i1 < <ig <kn

72DT,
kn
Z( 1) my C(nk ukne Z Z <_1)‘lw21(i1+~~+ia)ukn—a
a=0 a=0 1<41 < <iq <kn
kn
= (u — w;;h)
j=1

L%, 22T, d=ged(M\,n), =12 m:=22 2F1UL, ged(l,m) =172DT,1DH 3
ﬁﬁélﬁ*ﬁwl #ﬁfbf, wfl‘l = W tf‘Z)OD“C“,
u' =1 = (u—w)(u—wi) - (u—w)
= (u—w)(u—w

n

MDD, L7zhio T,

kn l 21 kdl
[ o2 = (T w%ﬂ>~( 1 utwﬁg
J ( )+1

j=1 j=1 =I+1 j=(kd—1

l

= [T -t
j=1

_ (ul i 1)kd
kd

= Z (W>( 1)dykd=)
=0 \J
kd

= (kd> (—1)7ukn=a
=0 \J

LB, 22T, Ut DR EIRT A5 L&D
kd ad
(@)en% la

n

0, Zta
nEonbd. £72,n|ad < n|a\ £V, Lemma 2RI N7z, O

(=1)*ma(Cnry) =

8
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Lemma 3.6 ((8) of Theorem 1.1). [EQ®E L 2, & L<EnZ2ahErd5. 2Dk
&, BEknOEIN = (A, A7) (AL > M) IR LT, IRBSEK D LD,

4t ged(h—rom) [ K ECd(AL — Ao, m
(—1)*tne d(A1—Az, )(Egcd(()\i _)\Z ni) #0, nlaA — )

O, n 'i' a(>\1 — )\2)
Proof. 3EIXN = (A2, A7) (A > \) IR LT, BHE LY

() = <H°"3”> (Hwéﬂ>

IC[kn] \i€l jele
[|=a

my (C(n,k)) =

RS 2L, [kn] i ={1,2,... kn}, [ :=[kn]\ I THD. 2T

m,\(C(n,k)) — Z <Hw2u> (Hwn/\gz) <er);2z> (sz\zj>
IC[kn] \i€l iel iel VIS

|=a

— (,U)‘l —A2)i ) w>\2]
= (e (1)

[I|=a

)\ kn(kn+1)

g )

IC[kn] \i€l
[Il=a
BT D, HITEMMEE, 5 LIEn TR THE I 0o ’“”“ ez THBI LT
E,mﬁé &,

M (Cn,k)) = m(, sz—a,(AI,Ag)a)(C(n,k))
%135 DT, Lemma 3.5 K Dtz 155, O

4 BTN ERE

ARETIE, BATHIR e T OME 2R KEREOREATII R DR D KN D EN I
52 LaHPTDH. ZoNEERAWS L, KEHOFTIRNDOEREZMGRIIKRRTLI L
MTE5.

T, BTAIAORERKLR Z 212 o0 TALRZITMAN TS <. FETFIRIE Dedekind (2
Lo TEHEINMETH Y (BIZIX [6, p. 150], [13, p. 224]), Frobenius I& Z DT
D C LR % KD B2 B W THRFEO RS GR2 ML 72 (FIZIF [4], 5]). Z
NS ORI BI LTI, [6], [7], [8], [13] R EAFEL V. T, BETHIRDE
BARD. ARES G = {91,902, 9n} ZHBn DR, 2, 2 g € GITRTBARELE L,
Clzy) = Clag; g € G == Clzg,, gy, ..., Tg,| ENETC 2y D OKD n BHLIHATRL T 5.
ZDrE, GDORITHIAOG) &i‘(ﬁ’C’a—Ti LND:

9



113

Definition 4.1 (F75IA). HREE G ORI ZIRTEHT 5.

= Z Sgn(a)fcgl‘lg[,(l)xgglg[,@) STy € Clzg.
o€,

ZOEHELD, BATHRIE n ZBn IRFARZHATH D Z Lo h b, £z, G P #
ThHhbdLE,0(G)DEHEUT 24,70, - To, WERNNIX, a; 725 DFEIL G DHEALILIT S
Zeonsd (EiF, o L &Y LEHF THEZ L NXRATIZR S Z e RSN
TW5. #flli% [10, Lemma 1] & [15] 2 20R).

Lo T, GBI Z/nZ = {1,2,... 0} TH 5 & &%, BATHIRDHED n IRFEXT
HBHZEEY EEDIie{1,2,...,n}ITNULT, a5 =1, £ LT, O0(Z/nZ) DHx; zy - - - 14,

DEBAERZTZDOBOREWIEIZAH PR 2 Z L&D, O(Z/nZ) DIEE, £ KHFH 1 2
LnU\—F@ﬁé nDRENIRZTEB I LN TES. £72, O(Z/nZ) DIHDRAFDREIL
BAIGIZREZ e KD, O(Z/nZ) DIEEDHDORAFOMIZn DL 5. £-T, K
SNDFEIN= (N, Aoy, AN) TR UT, 2y =2y, 2y, -2y € Cla] = Clzy),

Api={A= A, ) 1< <N <n(i>i),n||\}
X, B ey BFIEL T,

Z/TLZ ZCAmAE(C

AeA,
ENT S ZOFRRIF, FAEHEEZ EEOMRLRREVWZS.

Example 4.2. i3 OKEIFOBITHIRIX, O(Z/3Z) = 3 + 23 + 23 — 3w170923 TH 5.
IH xl,xz,xg,xlxﬂg EENTEN, BX3DHH(1,1,1),(2,2,2),(3,3,3),(3,2,1) & BT

Hol—f&Riz,
AF == (M ) [ 1SN SN <n(f>4),n ] |M}
ETHUE, B o) BEIEL T,

O (Z/nZ)" = Z caey € Clz]

AEAE

ENFB. K, TORE e 1 E ma(lpr) KELWI DS (ZOFFIFH 5 H TR
xTh3).

xC, :@%ﬁib O(G)F DIEEEE N(O (G)F) £ ThUE, NO () LT3 UTOR
%ﬁ#ﬁg G505,

Corollary 4.3 (Corollary 1.3). fEEDIEDRE k & n\ZX LT, IRHED LD.

N (0(z/nZ)*) < |A¥].

10
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ZOARERNIE, RO 25 S 7.
Question 4.4. (FEDEDEH L L n /LT, MOEXRIIHOVLDTH A S W,
N (6(Z/nZ)*) = |A¥].

DFD, TEOEDEK L L n iz UT, U, n | iy +iy + -+ ip, B HIX, BIHRX
Ty Ty i, (L OGQ) DIHTHB . THITFEVHZANE, EEDOEDEE L & n, (L
DNe Afl Kﬂbf, m)\@u(n,k)) 7§ 0 1LB% D ST D0,

CORMIFEEMNMIRINDG. DF0, I, n|ir+ia+ - +ip, ZDHE VDT,
BIHRK 25 20, -2, 1XOGQ) DIHEIZRS W, HIZIE, k=1Tn=60D% EHKHIT
H5. BIHN v12220522 13X O(Z/6Z) DIETIEZRWA, 6[1+3+3+5+6+6Thd.

LU 5, Lemma 34 X0, k=1TnAEROHAEIE FAeRbI erbhrsd
(ZOHFEFIHOETRIND). D0, IRD Corollary 23 D \ZD.

Corollary 4.5 (Corollary 1.4). B p 2 FEHEL 95, TDL &, AWK LD,
N(O(Z/pZ)) = |\, -

ZIZT, DR AL 1L, Z/nZ DIERIRBLOIEH TRE R n 28 n RERZHEHAD
3R ZER Clay, 2o, . 2] 2™ DWTTIZE LW Z DA D (ZOHRERE T ETRY
N3). DD, KA LD,

Corollary 4.6 (Corollary 1.5). B p 2 E KL 95, TDOL &, AWK LD.
N (©(Z/pZ)) = dim Clxy, xs, . . ., )22

p

U703 T, iEDFZE p TH LHEORATHIA O(Z/pZ) DL, = DFEZ/pZ D IEH
KB TR p 8 p IRIAR S A D B3 B2 Clay, 2o, . .., 2,))"" DWILIT
LUWZ ERDNB. IR, O(Z/pZ) DIEEIKH, Clay, xa, ..., x|y DEEE KT 2
LERLULTWS., ZNS5IZDOWTIE, BTHETHLLIBRRS,

5 Dedekind OEE & BIEX BRI D E %KL

AETIE, Dedekind DEEIZDOWTHHAL, ZOEHEHE HWT, XEIFEDRATHRNDRE
FDEHDOREDS, HIERBIHADO FRFRMICE L WZ L 2RT. ZOFEEEHVS L,
Lemma 3.4 Z/R$ 2 EMNTE 5.

UFTIRGEAHEL, G%GDC LOBNERRAKRDES LT3 (DI, HEm
&9 %). Dedekind 1% O(G) @ C LOBEMEZIRD & 5125 A7 (FIAIF (1], [13], [14]).
Z 1% Dedekind DEF L NS .

Theorem 5.1 (Dedekind OEE). AR AHEE G ORHTIIA O(G) 1F, C ET1IRHFD
MELUTIROESIZofINns.

o) =[] D x(9)z,.

xe@ 9€G

11
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Z D Dedekind DEHZ W2 &, O(Z/nZ)k DI x\ DRI, FRFRIL ma(Copy) 125F
LWZ enbhrs.

Lemma 5.2 (Lemma 1.2). fEE® k2K U T, IRHEKH LD,

O(Z/nZ)F = > 1A (Cnyk) )

ANEE kn OR#ET, FRFIE 1 U En T

= > malCnm)a

AEAK

Proof. Theorem 5.1 £ Lemma 2.1 £ D, IRHD3E D LD,

O (Z/nZ)" (H Zw”x]> k

i=1 j=1

i1=1 j=1 io=n+1 j=1 =(k—1)n+1 j=1
_ S { S <<<n,mn<w>l}m
AMEE kn ORET, HERFIE 1 U En AT \oeby, 1>1

= Z M (Cln,k) )T x-

MNEZX kn O0EIT, ERTIE 1 MU En MUIF

7, BHFHIRDOEHR LD, nt |\ &85 N T B 1, i@(Z/nm CEAA. o
T, d |\ 75 MTHT B ma(Cp) O ICELWZ EASDH S O

Lemma 5.2 £ 0| Theorem 1.1 D (2) BN DD T &N b, DD nt|\ &5\
12X B my((np) FOIZFELWIZ EA0N5. Liedi>T, ZOFEFEE Corollary 3.3 £
D, Lemma 3.4 23K DD Z &Aooz,

6 XKEOEFDETHADHEEI SR/ ONSBERABHYIADE
FIRMEDME

AT, KEREORATHROME 2 VT, BIEREDFRR O EHE R L OME %28 <

BEL EREIN € AMIZH LT, 1A € AY %, (N, D, ..., D) € (Z/nZ)F %584
BAPERIZE o TAF DA LIZEDE L, v C A E2HZTHE v e AL 1L T,
MrveAN1z Aoy ziloTTEs0EET 5. 20L& &, RIHARFRA DO F Rk
{BIZBE L T, IRDEFEASK » 32D,

Theorem 6.1 (Theorem 1.1). FIHRIBFRRD ERTRAL ma (Copy) ITBEL T, BARAK
DILD.

(1) B kn DEREODE MU T, ma(ur) € Z.

12
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(2) B kn OEEOAENITHUT, nt |\ %51, ma(lpp) = 0.

(3) pEFEMETE. R pDMAEROFENIHLT, p| |\ <= mi((p1) #0.
(4) 12 n EEWIZEREDOBE, N e AL L35, 20L&, myy((nr) = ma(nr)-
(5) L EERE N e AT 235, 202 E, ma(lnrsn) = D MGk (Cn)-

vEAE
vCA

(6) A= (2% 12) e Af £ 5. ZDEE, my((ow) = (—1)°(}) #0.

a

(M A=W ) eAr(n>\)&T5. ZDLE,

a+2 ged(A1,n kng()\ ’n)
m)\<C(n’k)) _ (_1) + 2 ged(Ad, )(2 gcd<)\1 n)) 7£ 0.

() kM, BLIEn 2EMEL, A= M\ M) e AF (A > \y) T 5. DL,

kng()\l — )\2, TL)) 7& 0.

— (—1)etEscd-Azn)
ma (k) = (—1) 2gcd(A — Ao, 1)

Theorem 6.1 D (1) & (2) &, FHTHRNDOEHK L Lemma 5.2 KVHONTH L. £,
(3) 1% Lemma 3.4, (7) & Lemma 3.5, (8) (& Lemma 3.6 X D 5. HHE (4) 2RI 7201,
AP T 2 ROFfEEZ HET 5.

Lemma 6.2. £6 G 2 AR, 5By 2 GOHCHAHR LTS, 2Dk E, 0(G) DAET
Ty Ty CESHZLEHT, O(G) ZALTH 5.

Lemma 6.2 Z A\WT, & (4) 257

Proof of Theorem 6.1 (4). IED®EE n & HEANMIFERRIEDORE | LLEDICI € Z/nZ IZx
U, (i) =i & TR, oy 13 Z/nZ DECREGR L 5. Lhi>T, CRBGH
% y: Clz,] 3 27 — a5 € Clz,] I &> TEHT NI, Lemma 6.2 XV, 4 (0(Z/nZ)*) =
O(Z/nZ)* £ 722 DT, Lemma 5.2 £ D, my(Copy) = mur(Cnp) PFOND. O

MWHE (5) ZRT.

Proof of Theorem 6.1 (5). Lemma 5.2 £ fESFX O(Z/nZ)* = ©(Z/nZ)*0(Z/nZ) £V,
EHIZEPND. O

PEET (6) % 2T

13
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Proof of Theorem 6.1 (6). LD X € A5 1T LT, a € NABFLEL T A\ = (22720 129) %
OO Z L IZHERLUTEL. EHED, O(Z)2Z) =23 — 22 L7125 DT,

O(2/22)" = (x5 — 27)"

=0

)

Y%, 5T, Lemma 5.2 & 0, my(Cany) = (—1)2(%) # 0235 b 32D, O

7 ABREORETIHADEHRE ERIRBEOERTARER D HHR
BZEEDRTICET 5F7FX

ARET, JHRBEORITIIROBERDOEK L, TOHOEARIOIEHATAE LD S
% ZFURIIR % THA D 3 SR B 22 B O R GEIZ B 2 AERIT DWW CEIAT 2. A R At
RREBETH 2HEIL, ZOARERIE Corollary 4.3 LEFELWIZ &b nb, ZOHEL
Lemma 3.4 & 9, Corollary 4.6 2’ &0 5. DF D, BEA OO TH R OHE2ARI,
Z OO FRIRBLOIEH TARERERZHAD LTI ER ORE L2 KT Z 2B 5.
E 72, IERIRBDOIEH CARZ R FAIRZ HA D B f AL 22 M 0ot E, “HABE Euler D
=z FEBZEFWTHRMIZRRTELZ P ONTVWAEDT, ZTHhEHANns L,
FHM OO THI RO %, Z TR E Euler ® b — = > MEEZE W TR
WWRRTELZ NN,

BERIR B2k G 138 % S D T, Dedekind DFEBLE b fF7ED y € GIZH LT, O(G)
DARETE 24 % x(9)1, LEWMUTS O(G) BALTHS. LEMN-T, y e GITHLT,
C REBG o, & by : Clzy] 3 z, = x(9)z, € Clz,] IZX>TEHRTNIX, O(G)F DIH
T Loy Loy, (KU T,

Py (Tay Tay * "'Eakn) = La1Tay """ Lay,

LB bhrb. oT, 0(G) DIHIL, kn IRFAREZEARERDES Clo), DHIE
& Clalyy = {f € Clafn | ¥\ (f) = [} CET 2. ®RIZ,

N (0(G)) < dim [ Claly; (1)

xe@

WD 0. ¥ G = Z/nZ DBEE, Z/nZ(2 T/nT) (&5 % BEIFEE 12 & > THER
NHOT, IROZRPH/ESND

Corollary 7.1. {EEDIEDREE kL & n T U T, IR LD,
N (8(Z/nZ)*) < dim Clz]}x.

14
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S = {(i1, 09, i) EN" iy +io+ -+ i, =kn, n| iy + 2ig + - + niy}
&N,

R R = C[x]}fﬁ; > (i1,09,...,0,) €S
THY, G o: S (ir,d9,...,0n) = (nin, (n—1)=1 . 10) € AF FRHH LD T, £E
X (1) 1, Corollary 4.3 B VLD Z 2 ZRLTWA Z &iTfiz 57w,
¥72, G = Z/nZ DA, Cla] 13 Z/nZ O IER KB I T ARL A i 22 [ 72

T, Clz] = Clz)2/™ v &1 35, EE V2 C LD n RHMERE L, V ORKE
(e1,69,...,6,) & T B, TDEE KBl p: Z/nZ — GL(V) % p(l)e; = wie; TEDNIX, p
FEZ/mZ DEHRBEFAETHS. ZOERE p %V EOLIHAE P[V] = Clz| NEIEL 72
LED% p 95 TLT, Z/nZ D Clz]) ~NDIEHA%

Z/nZ ~ Clz] = Clx]
w w w
i~ oz = p()r = wia,

THERNE, Cla]l = Cla)™ £ ETF 3. LizhioT, n BEK p OH4, dim Clz))™” =
Al &b ek, o, HOG) DHEESIE, oy € Clalyr = Clay™ LBk D,

O(Z/pZ) DIELRIEH, Clz]" ODHEEL 22 2 Dbhrb. Zhik, Corollary 4.6 H3E
PN L EEKT 5.

Z 2T, a(n,m) % Z/nZ O ERRBLDOIEH TAZE % n 28 m IRFEIRZ HA D B3 i
24[8] Clay, ma, . . . ,xn],Zn/nZ DTEE T, a(n,m) ik, ZIHFEHE Euler D b —> = > M
o zHWTUND XS ITHIRIZRRTE S Z Ao TWD ([2] & [3)).
Theorem 7.2 (Hermite Dt EA, Theorem 1.6). [EEDEDEE m & n 1L T, kA
DA RVASH

m

nm) = 5 (T,

d|ged(m,n) d
EoT, ZORRZAVNIL, IRD Lemma %135 .
Lemma 7.3 (Lemma 1.7). {FREDEDEK k & n X LT, IR D LD,

N (O(Z/nZ)") < |NE] = an, kn) = n;(dkj_d{l)@(g).

Proof. Theorem 7.2 £ 0|

1 kn | n
a(n,kn) = 2 (d :_d)SO(d)
M gedtnm) N d
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1 (dk+d) 1 dk+d(dk+d—1)!_l(dk+d—1)

nk+ D\ d ) nk+1) d @ld—1D n\ d-1

£ 0, Lemma lF/RI N7z, O

Lemma 7.3 D441, XKEBEDKEFEHDRRLIZZ > T Wb, K FEE & 1 Red-
field [12] & Pélya [11] IZ& > T, TNENMZIZER S N/METH 5. Lemma 7.3128
WT n % E L I1E, Corollary 4.5 & D, ¥RD Corollary EBIZH/SNS.

Corollary 7.4 (Corollary 1.8). fFEDREB p [T LT, IRV D LD,

N(6(Z/pZ)) = |A)| = a(p,p) = EZ (2;_—;)90 (g) ~

p dlp

8 EREFORTHADEKICET HZAFN

AETIX, HEBOTHAOEBUIZET 2SR %55, Z0%RE, EEREOHTS]
ROEHZ Th o FHliT 5 RER %28 < .
RO REATHI RO IS BT 2 S RIFMTH .

Lemma 8.1 (Lemma 1.9). 26 G2 6RHH & K DEMFEL TS, 20L&, RO
DILD.
(D) ymane = OH) IO € Clay, w3 h € H, k€ K.

7L, Q) 1%, O(G) DRRETE 2o 12 wpry BRALZHDERT

L(h,k)=ThTk

PTOOf. ﬁH et K%%M%MH: {hl,hg,...,huﬂ}, K = {klak27---7k|K\} C\_).L/, G Dt
9% gi = (hp,ky) ERT. 72720, i=|H|(g—1)+p, 1<p<|H|,1<q<|K|&T5. Z

DL E IRDBEY LD,
= xhzh71> xkskl)
(< i /1<ij<|H]| "/ 1<si<|K|

::13,71> ®<$A71> .
< hit ") 1<ij<H] Rk~ ) 1<ij<|K|

7272, ® 1%, Kronecker % 3£ 9. L7223-> T,

.23,71)
<M11%K®

Z(h,k)=ThTk

OG0 maner, = OUHD)IEIO(K)
A RVASS O

WIS 202, ARETT 2 RRME U BT S X OB, FkiE S 2 AT OREAT A X QI
L%, Ulelio T IRDBED LD LD D0n 5.

16
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Corollary 8.2 (Corollary 1.10). HREMIEG = H x KT U T, IROARFEADED
ASH
N(©(G)) = N (O(H)M1(K) ™) = N(©(H) M) N(©(K))

FRIZ, m; #FBFET, G =Z/nZ = Z)miZ X Z)moZ x --- x Z)myZ & 31X, BT
2T 2IROAEFERAD R ONS.

I (otzmar®) <xieen =13 (“1 7)o ()
dln
9 FRHHETZ2HEBEABENMXDOEFIKMEDTRFE

ARFETIE, FHUTET 2 BIHABS A D FRIRMEOFE R PRI OWTHRRS. fizb
3, AR D 2D 2 & 2 FAT 5.

Conjecture 9.1. IEOEEE k, FE# p, EZ kp DBEIN T U T, IRAFK D LD,
p Al = mi(pr) # 0.

ThbE, ptN %o, DENDPERIREOFE R LB 22 FHLTWS. ZOFHE
X, MOFHEE lﬁmﬁfz@é.

Conjecture 9.2. IEDFER k L FHp 12 U T, IRHE D L.

N (0(Z/pZ)*) = |Ay] = p2<dk§_dl )w(%)-

dlp

17
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HEE
BIRE DB L EITE T, ZOXIRGTORROERIEHITITHEH VAL

5TV E T, RHCHERER R IR OBE# &L LIPS, £, i, o, %

JUDHLFEAZEIZED E oD T 2 Fo TN o LB EE LT EITE# U T,

S 3k

[1]

2]

[10]

[11]

Keith Conrad. The origin of representation theory. FEnseignement Mathematique,
44:361-392, 1998.

A. Elashvili and M. Jibladze. Hermite reciprocity for the regular representations of
cyclic groups. Indagationes Mathematicae, 9(2):233 — 238, 1998.

A. Elashvili, M. Jibladze, and D. Pataraia. Combinatorics of necklaces and “hermite
reciprocity”. Journal of Algebraic Combinatorics, 10(2):173-188, Sep 1999.

Ferdinand Georg Frobenius. Uber die primfactoren der gruppendeterminante.
Sitzungsberichte der Koniglich Preuf$ischen Akademie der Wissenschaften zu Berlin,
pages 1343-1382, 1896. Reprinted in Gesammelte Abhandlungen, Band III. Springer-
Verlag Berlin Heidelberg, New York, 1968, pages 38—77.

Ferdinand Georg Frobenius.  Uber gruppencharaktere.  Sitzungsberichte der
Koniglich Preuf$ischen Akademie der Wissenschaften zu Berlin, pages 985-1021,
1896. Reprinted in Gesammelte Abhandlungen, Band III. Springer-Verlag Berlin
Heidelberg, New York, 1968, pages 1-37.

Thomas Hawkins. The origins of the theory of group characters. Archive for History
of Exact Sciences, 7(2):142-170, Jan 1971.

Thomas Hawkins. Hypercomplex numbers, Lie groups, and the creation of group
representation theory. Archive for History of Exact Sciences, 8(4):243-287, Jan 1972.

Thomas Hawkins. New light on Frobenius’ creation of the theory of group characters.
Archive for History of Exact Sciences, 12(3):217-243, Sep 1974.

John Konvalina. A generalization of Waring’s formula. journal of combinatorial
theory, Series A, 75(2):281-294, 1996.

Richard Mansfield. A group determinant determines its group. Proceedings of the
American Mathematical Society, 116(4):939-941, 1992.

George Poélya. Kombinatorische anzahlbestimmungen fiir gruppen, graphen und
chemische verbindungen. Acta Mathematica, 68:145-254, 1937.
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J. Howard Redfield. The theory of group-reduced distributions. American Journal
of Mathematics, 49(3):433-455, 1927.

Bartel Leenert van der Waerden. A history of algebra. Springer-Verlag Berlin Hei-
delberg, 1985.
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Frame numbers, splitting fields, and integral adjacency
algebras of commutative association schemes

fER #=FH (EMNRFEHFER hanaki@shinshu-u.ac.jp)

(X,8) AT VY T— 3y A% —A L5, FILRBHEE LR (2019 (EHK%)
[6] TIROK % 5 2 7=,

1) |D Ok, : »(25)

ZZT F(S) I Frame . K; $HE ©: QS = @, K; TEX2MREUK. d(K;) & K; D
MR Ok, 1& K; ORBER, e—ﬂ{865|5755 }2ThHhd, HETHPTD LD, AHE
iﬁ(f“j‘ 7 EOBEEEARE .S 13 BRI @ OK HOIAEND, Il i%<@m%ﬁ%’3—é:<‘:
Lo TIZDAZFRU |S| =3 DHEHEIZETNZIEAL -, AGEHTIEZIORZ —BRIZFEHA L.
if_%@ SRR B IEHT S, AL iZISféE’J FEWRERR E 2 fMlAGDELSZIFTTE, X
Hikz & <HETHITEL 3By, ZORFAHT Y Y T—2 3 v AF— ADRBERD W
Ab‘l‘i%%ﬂﬁ’é‘%&c‘i@fﬁﬁﬁ?ﬁ‘ﬁﬁﬁf*é# BAEDRr, AHBZIGHIZE D> TIENAEWN,

1 PYYI—YavRAx—LEBMERE. BE

X 2ARERLTE, S 2 X x X ORE, $8DH5 X x X ={J, g5 s €S FETR,
Frs#At BBl sNt=0. THdLTd, ZOLIM (X,S) WFPYIYI—YavRE—LA
(association scheme) Tdh b & 1%

(1) 1:={(z,x) |z € X} €S,
(2) s€ S ALK s* :={(y,2) | (z,y) € s} €8,
(

3) s, t,u € ST UTIEABE pY, WFHELT. (2,y) euBbiFt{z € X | (z,2) € s,(2,y) €
t}=pg

EATILET D, Rl (3) BBEETH 2 MATEEL P TV, s e SITHUT, TORET

| (adjacency matrix) oy &l&. 7. 5. LB IZHEE X THREMNIT LNAZTHIT, TOD (2,y)-

B (z,y) €s DEZF 1, TOITRVWEZ 0 LULTEEDZEDTHD, INHEHAND L,

ESLES

(1) 2 1€ S PH>T s W FHRAATH,
(2 sESIINUT, % s*€SWH>T oy =0l (MELTH]).
(3) s,t,u e SITHNUTIHEAEE pY, BFEL T, FADORICBEUT 000 =) ,cqPi0u

EEIEFTIENTED, s€ SITHLUT ngi=pl. EENT, IThzDIRiEHK (Valency) AN
Do 178 0, 13517, BINZZNTN n, D 1 2 EDZEBDN D, EED s,t,uec S ITxL
T pY = pl, MK ZDEE (X,9) (A (commutative) THD LD, gﬁ’bli 050t = 0105

5 36 FARBINHEEMRY VR Y D A 2019.6.19 ik K
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ThdILLAMETHD, /MEED s € S ITRHULT s =5 THD LT (X,9) IFH
(symmetric) THD LD, MR LIEATHD Z LN g SITHND,

FME (3) M5 LS =@, g Lo, \FERIZRD, BT E € DAHE R IZHLUT RS =
R®yZS & R-RELED, Ih%E (X,5) D R OB (adjacency algebra) &5, oy
% R EDITFIE /T {05 | s € S} DERT D RARBEBR>TE LW, (X,8) M4 51,
ERDOREER LOBERBUITTHTH 5,

R 1.1. [5, Theorem 4.1.3 (ii)]. 7V ¥ T—Ya Y AFx—A (X,S) O 0 DK K OB
R KS 130, LR >TEREMTH 5,

Wedderburn OEH [3, Theorem 2.4.3] 25, #HEBUA C LOBEERE CS IZ>WT, &
BIEOER dy, ... dy BIAELT

4
CS = P Mq,(C)
=1

8%, FEMETFADOHEN CS ORI DFAEEHOTERERLE 8D, REOX A
(ML —2R) Z23B1F (character) &\ 5, FHIBENIRHIOEGE 2 BEMEEFR L WS, REOFEH
BATHDOMEE A, TONAMIE—ETHY, BEE-RIZRED, EERLEK LD
BRI U TR EREDFRETH 2 2 & LHEEN -T2 2 LIIRETH D, BfEERE
DEEE Irr(S) &£, Ir(S) IFERBRNIRBDOFEMHEEDOES L E>TE L, Irr(S) x S A7
F (x(05))y,s & (X,S) DIEIFEIR (characer table) &5, x(o,) (FREHE L 250D T, 45
R ISR % D L 32178 TH D, (X,S) BWalHa 5HiE |Irr(S)| = |S| TH Y., fHiH
KIFETIFIEBD, e B—EEITH (first eigenmatrix) £ €WV 5,
BEEEAREUIIATHIERE UL TREBINT VD 2O, HIONLRBIN—-DEA5NTWS, T

% IRHERI (standard representation) W\, T ODFREE v ZIE#EEIE (standard character)
EWVS, EEND y(os) =015/ X| THD, FEHESEIEZ BRREORIZ 2 L

Y= Z myX

x€E€Irr(S)

LRTLE ZOHEMEE m, & x OEEE (multiplicity) &5,

2 Frame #

TYVVE=YavAFx—»5h (X,S) IZHUT, €D Frame # (Frame number) F(S) 1%, 471
fag, WA OB E HEEEZ OV TIRO L D ITERIND,

HSGS s

(1?2
x€Irr(S) m§

F(S) = |x]|!*]

Frame BUZDWTIRDO LD R Z B SENT VB,
# 2.1. [2, Chap. 2, Theorem 4.2 (i)]. F(S) € Z TH3%,

ROEHIE DT Arad-Fisman-Muzychuk [1] TRIN2EIZ, — D543 Hanaki
[4] TRIN, EFZSRORRE AREMIZIE [4] THRIZRINTWS,

EH 2.2 (Arad-Fisman-Muzychuk [1, Theorem 1.1]; Hanaki [4, Theorem 4.2]). F % IEAEE
p DIERET D, ZDL IBHERB FS B0ty (CEHAT) THD72DDBETDERMEEpt F(S)
LRBHBIELTHD,

TIVVI—YaVAF—AWABMTH S & ZJIZEFHEIZWLONDZ LB 5ENT NS,

Tz < | X|72F(S) € Z THD, D% Frame B (Frame quotient) &\ 5,
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& 2.3. [2, Chap. 2, Theorem 4.2 (ii) and its proof]. (X,S) WA TH 2R 51X, R
T %#HWT F(S) = (det T)(detT) £ RT I EMNTED, FHIREDMEMN TN THEE (HH
B 251X F(S) X FEHETH D,

(X,9) s U, fBEOMENPIANTHERTHD LINET D, ZOLIEM p: CS =
Cop---@C x5y

Y LS L7 ®--- DL
ZRIERIT, 0, (s €9) DEVIEERDFN LB LMD |detT| = |Z® - DZ : 9(Z5)|
ThY., ULENoT
FS)=|Z&- - &L: o(ZS)?
MEY Lo TV B,
Z I CfiiaslE RTH <,

Bl 2.4. (X,S) % conference 27’7 7 ( (n n_lond no L) GRIEAIZS 7)) TEED S| =3 D
7‘/“/1“‘/3 VAF—LET D, ZOL THEERE Frame I D@D,

‘Uo 01 02 ‘ mi
xo | 1 (n—1)/2 (n—1)/2 1
vi| 1 (Clevi/2 (—1-ya)2| (n—-1)2
xe | 1 (=1=vn)/2 (=1++/n)/2 | (n—1)/2

F(S)=n%-n
Bl 2.5. A% 2-(v,k,\) WRT VA VOGN ET D, LTI A VOMNEE n=k—\ &

-d_%)o
(L, O, (=1, O,
o0 = OU I’U ’ o= Ov Jv - I’u ’

(0, A _ O, J, — A
2=\ AT o, ) BT\ g, -4AT 0O, '
EBITIX. NS EBERETHE LUTHMTY VYT —Ya v AF—ANERINSG, ZDOL ZiE
R L Frame BUILLTFO@EY,

‘ (o) g1 g2 g3 ‘ m;
xXo| 1 v-—1 k v—k 1
x1| 1 v—1 -k —-v+k 1
x2|1 -1 vn —yn |v-1
xs| 1 -1 —=vn Vn |[v-1
F(S) = (20)*- (0= Dk =k =2%'n

(v—1)2

FROZODOHITIE, (—RIZIE n IZHKAFT 2 DY) Frame BT FEAHETIE AL, FHE
FUMME 0 BBENTVD, E/2TD n BEEDMEIZ Vo EUTEHENATHWDSESIZRZS
(F(S) = (det T)(det T) IZ& > TYZDRTDIZ & TIEH2H),

3 EBEIR L OBERK

FEIREOENFEE L ERORVEEIIDVTI|ZO - B Z: p(Z9)| ICHETIEDEEZER D,
(X,S) z2aj#pyy YT —ya v AFx—LEd 5, Wedderburn OEH [3, Theorem 2.4.3] »»
5. AEEUA Q ORI QS FW < O DORMA EORITFIEROEFIZFEEL & 250, W]
B2 E LTV DT, RUKIIMAT, 1TPIEROY A XETANT 1 &85, §4DD

QS®K1 @ Ky
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t&éﬁﬁ({lﬁ Ki,...,K; PWEIET %, EBRIZ K, LAIZIROESIZ5A 505, Ir(S) %
RESEAR JZOT*EEUL TORERERE x1,....00 £ 95, K; & QIZ {x;(05) | s €S}
ERMUAETE, ZOLE 0:QS - K1 & ® Ky, ¢(os) = (x1(0s), -, xe(05)) B Q-
ﬁﬂt&éokg@%ﬁ%%cm,ﬁﬁﬁo%@@@xﬁg)ﬁﬁﬁ%%ﬁﬁ%é:awg\:
DR o (T HL

p:ZS = Ok, ®---® Ok,

25| ERIT, |Ok, @ @Ok, : p(ZS)| EFEZBDNPHERTH A 5,2

4 HBI=

COFITIRANBHERIE, AREMITIE [4) THRIRINTWD,
AIRRARBUAIZIT L HSNT WD & 5 IHHIAN %f_‘m%bf Ihe—fibUCTHR
RARE L T DRBL (INEE) 18 U TEHBIRIER I NG (IR [3, §6.3] 22H),
K zke U, A% nikot K-, ar...,a, € A T 5, /2 A DARIRICATHIRE @
2HEAB, ZDLE
diq,y,0 := det(trace ®(a;a;))

EHENWT, Iz AD {a,...,a,} & ® IZETZHHFIX (discriminant) &\W5, A & A
BRIRAREA (Q OFEBRIRIEKRAR). {a1,...,a,} & A OB, & 2 A OFEHIRBH L TH
X, ZOEBEIIRBAROHBRNDEZHELFAUIZKRD, by,...,b, € A ZIEFHF5] P 2T
(bl,...,bn) = (al,...,an)P t%ﬁf:t@ké et d{bi},{) = (detP)2d{al}7q> ’Cﬁ)éo ZDZ (‘_’.753
5 oay...an WEETERFIE dyye =0 THDZLBHPZ,

L% K OIEKEETDEE, K-REA DRBZEIEALT LREAL = Log A D5
Nd, ADRIE AR AL ORBUIERI NS, HHIRNE A ORBE RTEEDSR0D
T, HYIHRBEILRLTEATEEDRY,

(X,8) 27V YT—vavAr—htl, ROXBEEEZD,

o BRERBIT : AEUL 30 crii(s) MxX
° EEU?%I% A *Eﬁ%ci ZXEIH(S) X(l)X
o A Y e X BB OB

BT (X,S) AR RET 205, ZOBICIE A = A £45, BHERE CS OMEy LT
WEEZ B,

o {0,|seS}: BETHDES

o {0 11<i<t 1<) k<d}: FAMCS =@ My,(C) IZ & HEAEFDITHH
AL

RE 4.1, di,yr = (D)X |5 [[,cqns PRV LD, 2EU e=t{s€S|s#s}/2T
Hd,

Proof. diy.yr = det(trace I'(0,04)) TH>T, trace [(0,0¢) = dgns|X| THD, FFEDA
ik s* £ s LRBEEITED B, O

ﬁ%42-%@mpzvﬂﬂﬂmm@w&m PO 12U f = sy X(D(x(1) =
1)/2 TH 5.,

Proof. traceT'(e ()e(,k),)) = jklé ki My, ChD, 2T traceI'(e l)e(l,k,) =(-1)f [enns )m§(1)2
Ths, HEOAV ) £ el) LBBEK, TRDLIMHATARLORATELZ, O

28b DA ZOWSMBEORRE T 2FANNUL, LD ECERPE LN, SEIFHEEFIZOWTIEE R,
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ﬁ%43.%$§A=@®fﬁ&Uﬁootﬁbf:}kamﬁﬂuauy4w2f%éo
Proof. HIOFETREDOBMAFOELELEZ 1 & FHIEL0, O

W 4.4, F(S) = (—1)%do 30 PRV ILD, 72E L e=#{seS|s#s*}/2 Thd,

Proof. 3 {0} & {el)} O&#ITHI% P L ¥

d d
{os},T _ (det P)2 _ {os},A
%#mr {el1A
Thd, LOWENSIEREEDS, O

Ay VYT =23y AF—AIIHUTIE A=A THo=nb, IRDEY LD,

% 4.5, (X, S) WAHR S IXERRBL A IZDOWT F(S) = (—1)%dg,, 3,00 DY ILD, 72720
e=t{seS|s#s*}/2 TH,

5 WEREZOIEA
IRDTEENZ DFFEOEAERTH 5,

FHE 5.1 (X,8) 207V T—YavAF¥F—LLtTdd, HINBUAR K, (i=1,...,0) &
Mp:QS — @, K BT, ZORMIZE-T ZS & @, Ok, IR END, =
DL x

4

i=1

2y

F(S) = (-1)° [Ta)

=1
MDD, 2T Ok, \& K; OBEER. d(K;) 13 K; DR, £/ e=t{s€ S |s* #s}
Thd.,
Proof. 5% 4.5 12& 2T F(S) = (—1)%dfs3a THB, ZITIEAN X C LOKBEERATCS
DHHREEZ TS, UL, EHEBE Q ETHEEFHINTHEZNT, ZORE Q £T
EATHMEEDDLRNDT, IhE Q- QS OEREBDHAAL LD Z LB TES,

&K OBEEEEOT (W) |1<i <6 1<) < dimgK)} 2FANE Zhid
@iy Ok, DRIELLY dy o, = [[is d(K:) THB. @, Ok, KBTS o(ZS) DI
* % 2RO RD Y VLD, 0

6 EIN/MHE

FREM (ERE 5.1) FAHE TR RN T Y VT =Y a VAF—AIZEHEI NS TH A D A,
FZOBIZIFZNWL OODREZ R L 2 TR SR, —fRIZIIRME D, 2 HWT

14
QS = @ My, (D;)
i=1

ERIND, ZORBD “maximal order” [ZHI1F D ZS O E R5DPEHRL b H,
FIEIN =B TRNZ L ORMEDHFIREZE X RS TIRAEL B, BIRTIHEZBO TS 2
T Th3B,

FEHOARZHNWDZLIZEST, HDIEOTYV V=Y a v AF—LDIEEENEZD
THEMED D B LD, FD LD AHI L THAIZW,
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Hamming A & — I _EOFHFITEEL t-design

DTV N
JUN TERZERZZGENT IR LI
HE =

JUIN TR ZZRZZ B I LA 556

1 iR

R _EOFAFIFEE T Y > @ Hamming A ¥ — L ZEIT 72D T, T ZTIRZTOWE2
Tz, ETHEAER T v o 2T 5,

X = (X R} AT VYT —vavAF—L2 L, A€ My(C) (i =0,1,-- ,n)
EEBR R EIINTAMEAN TS (TY VYTV a v AF— LAOEBMEmIZOWNT
i Bannai-Ito [5], Delsarte [9] 22D Z &), —f&iZ, CE2ERBUR. My (C) 217L%
X THRATMNT SNATHRIK, (v;:1<i<m)ZXRT Mo, v, TEONDC
Loy ERT LT 5,

A=(A4;:0<i<n)% XD Bose-Mesner K& 95, ADEL S —DDEKHIZLHIK
(E; 15 =0,1,--- ,n} RO K S ITHR S 03 ({ B} 130 A R A o FIATRS
TR TH D, LAFO—HEmIZ DWW TIE Delsarte[9] 22D Z &), —fkiz, £46 X 12
XLUT, CX % X THRAFZMT 65N CEAHERZ MV 2ED7R3 )L I — MNFEZEM
KT LT 5, My(C), LizhioT AR CXIZAED S OBMTHRIZERT 2, 4. X I
WET VYT =2 a VAR —LTHEDT, A BTN AHRFFTHIC R D, CX
FCX=WoaW @ ---0W, & A EOMARIAREGEMICELMRENS, I I T,
A DIEEAEMOBIEn + 1HTHD, THIZEFD—DEFLRTORIHN 1D b
V1 e CYXTHERING L IRGIEHMAERICREZeVHonTWE, —EEk>Z L
<, W= (1) &35, E; € Mx(C) 2, CX 26 W; NDERHFE T % CX OFHERE
THHERLZBDETH L, EEIADHLVWEELRLZZEVPHoNTWDS, 5,

1
W(): <1> T%%ODVC\ Eozmjfiﬁéo dlIIlVV] = m; tl./\ {f177fm]} %Wjo)

EREREED =D LT 5, HENT MV {fi1, -, fm,} ZIIZFNZAEARTZ X x m; £751 %
Pj=(fi,-+ fm,) £TDE, E;=P;("P)) € Mx(C) £7%2%, FZ, E; ZIFPIEEMET
»Hb, TIT, ~MTH AT LT, A AT, TNEN A DEKEFTS], TV I— b
BT 2R LT 5,
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ADZDDHRE{A;, : 0<i<n} {E:0<i<n}OMOLEHEXRTITHNE1LER
TR P, B2BETHNQ THD, THhbb, Pi(i), Q;(i) TENEN, P, QD (i,j) §s>
ERTLITHE,

A=Y P(i)E;, |X|E; =Y Q;i)A (0<i, j<n)
j=0 Jj=0

Lo TW5, LRI, B iEIX A EOMKZI@EE G EMANDERH R Ik
Tﬁb\é6ﬂ&éﬁ$ﬁﬂﬁﬂﬁ®f Pi(i) IIFEHTH S, LED-oT, P, QI
{0,1,-- ,n} THRAF DT ONEBED 2 HKD (n+ 1) IREHTHITH D, LoT, &
51T B; @ H FERHR D DFENFMTINC 2> T\ B,

X DZETIRNRIEEG CIZH LT, ¢c € CX %2 CDFFMENRYT ML, ta =(ag, a1, ,a,) €
ClOl-n 2 CORBTE TS, Thbb,

Wd@)z{h if z € C,

0: otherwise.

. 2|

a; = |C| |R:iNC?| = |C| ‘oo Aide
CREHBEIND, M veCX re XIZHUT, v(z) ToDaoln%ERT, NS A
a=(ag,ay, -+ ,a,) D Q-B¥% o = (a),d}, -+ ,d,) =aQ £ T 5, LELORELDTF, Xt

M7V v —ya v AFx—L (X, {R},) ED T-design FIXD X S ITEHRI N5,

EF 1.1 (Delsarte[9]). {1,--- ,n} DIWAEA T ITH LT, X DETHRWESES CH
T-design TH 2 &1, EEDte TIZHUT, a, =000 IDORE S D,

TZT={1,2,--- t} LHO, M7V IT—Y3a v AFx— L% ZNEHN Hamming A
F¥— A, Johnson AF¥F—AL LB &, {1, -, t}-design IZZNZENIRE ¢t DELAS, #
B t-design £\ 5, K KHIS M EEHE & —BT 5 FHAM ST WS (Delsarte[9]),
F, WO TY Y IZ—Ya v AFxF—L ET, {1, - ,t}-design D ranked poset D

FIZXDREMA IR 50TV ([10,18]). ZOWETIE. TH—DDIL {t} 1574
% Hf, T-design % RHZFAFIFEEL t-design L FECY, —f% D Hamming A ¥ — 24 ET, S
B t-design 2% %23 %, Binary Hamming A ¥ — A EOFAFIFEE t-design D\ Tld, Zhu
et al.[20] IZ X B BATIISED D 5,

N7V —a vy AFx— L LD design 136k~ 2z LA, BWARAEE S LT
B% < DHEEN R I N T WD, KT, ZOIGROYIDE D & LT, Delsarte-Goethals-
Seidel[11] 12 & 2Bk ®A%Z & ELLT 2 HARARE L UCORKET A V35 0, REH
HAEMOERMENRD =D LR >T WD, (IS DHEEDERIZDWTIX, Bannai-
Bannai-Ito[2, 5] & ZDHDOBERE SO Z L), EFlD & 512, FAFIIE t-design I%
Delsarte[9] 12 & 5T, T-design & U T TIZERI N T W22, FARROMESITEKH ETH

2
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ZA 5N, SRR t-design D EE RIS IZERT L D512, Bannai-Okuda-Tagami[6]
WZX o THHO o N7z, FAFFEEL t-design IZDWT D I N FE TOMDIFFLIZ DWTIL, R
IR AR DB S DT 1 VEERD survey Td 5 Bannai et al. [3, 256 fii] £ £ DS
EXWESHROZ &,

RIZ Hamming A ¥ — A KO % O _EOFARIfRNT % i3 LT\ < (]9, 5, 19, 12] F 2 2D,

q 2 2l EOBERE, FZ ol ok iliEfe L, FORMTEO LTS, &
2. nZHRBEL, X=F" 925, v= (21, ,20),y= (Y1, ,yn) € X ITH LT,
Hamming EB&# 0(z,y) = Oy (z,y) %

Oz,y) =0On(x,y) =iz Ay (1 <i<n)}
& U, Hamming E& wt(z) %
wt(z) = d(z,0) = [{i:2; #0 (1 < i <n)}
95, 72, 0<t<nlTHLT,
X, ={zecX wtx)=t}
&35, X FOBRER, (0<i<n) %
Ri={(z,y) € X x X : 9(x,y) = i}

TEHETZ L. (X {R)Y,) BAMT YT —vavAF—A, I51CIFP—and Q— %
HAT7 VYT =Y a v AF—LIlhBZENRHH6NTE Y, Hamming 7Y Y I—23 Y
2F—L (F7IEEICHamming R F¥F—L4) LIFENS, P—and Q— ZHAT V¥ T—
v a v AF—A, KU Hamming AF —LIZDWTOF U WS DOWTIX[5, 9, 12, 4]
FrezoZ L,

PR, FOREMEL LT, (I) FEETRVIINLTIE, F=Z, 2% A, (1) ¢»
FRBHE q=p" (pFFEH) ODHEITIE, F=GF(Q) %2545, ZIT. Z,=Z/qL =
{0,1,...,¢— 1} IZEBEBEERZ DA T TV qZ \Z X BFIRBEEKR L, GF(q) 13N q DF
fRIkZ KT &9 5,

X=F"OfFEHRE2Y =X"295, 2O, XY AT, YOLIEX Ok A
WT, RO EDIZRINBZ e oNTWS, (1), (II) DHET, HiE x, (e X) DR
HEMNDIT B,

211

(D@%é:Fgﬂ%tﬁéoC:@:WPC?)KD\y:@hma%ﬂLXKﬁbf\
By, €Y %2, 2= (21, ,2,) € X TOMEMN

Xy(f) — Caf~y — C:c1y1+-~~+xnyn

ThdLLULTED D,
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(I1) D[S : q=p" (p 1FFEH) L., F=GF(q) 3%, £/, GF(p) = Z, L A%
U. LK GF(q)/GF(p) D L —AT 2 ¥fiid %, 37805, T = Targ)crp) : GF(q) —

211

GF(p) T. T(x) =a+aP +a” + -+ LFHEIND, (= =exp (7) rL.
y=(y1, - ,yn) EXIZXHLT, fiffix, €Y &, 2= (21, ,7,) € X TOED

Xy () = CT(UE'Z/) — CT(m1y1+--~+wnyn)

ThHHELTEDD, ZOHBEIZH, x-y=x1y1 + -+ 2py, (IEENTEE T 5,

@), (I) DEBESDFEITBEVTH, y 2 X 2EEZEN K, v, (ZEEHY 24285 <,
Xy xy(2) 2o A ELTRDOCY Dt D Z e TE, LNZORKIZART, CY I
TV — MEENFEEZF>TED, TOWNET, 2 £y € X IZHUT, X, xy BFERLT
W5 (FBEOBEZBER) . ZOR, 0<j<nlZ/LT, W, =(x,:y € X;) cCX&
o5&, (W} {A} EOMKGRIGAEAZEMIZRD Z AR NT WD, x, EIXE

1
—F—Xy:YE Xj}
i
Terras[19, 3 % Theorem 2 XU page 89] Z & D Z &),

Hamming A ¥ — A D% 1 EA17F]. 5 2 EA17511E Krawtchouk ZIHAD S EETIRD
EOCFFBILVHMOoNT VWS, T4bb, Krawtchouk ZIHK

k
s - e v(3) (3
() Z( Pla=0"0) e
X UT, Pi(i) = Q;(i) = K;(i) 725, ZZT. {A}, {E;} 1% EEORKIZ Hamming
BEXLD x, (wt(y) = j) T RSN TWB, Z5. ERETHD LEokicE s L
iF. D). 10 5 5DHEITHED LD,

FEE 1. FIZED &S AR ORE2 AN TH, BETIA; (i =0,1,--- ,n) (BEEETSIO
EHRIIE L XEBERTH I Z L ICERT L) OAIEREZE W, (j=0,1,--- ,n)
ik, BERINEREORGIMEIZ &> T, IEREOHALIT 0 & B2 5 BEOH THRA T o
THzoN5, TOLIITHRAFEMN T SNZIERIZN LT, £HE1.112& 5 T-design T
BB &\ D FEE T IERE O RS D AN G ITHRIFE L7220,

m e NIZHUT, ®p(s) =[1,(s—n) EZHOmAHHA LTS, 2T, W[, 1E10D
R m T n 2R Z2H DL T 5, IROEHIE Hamming A ¥ — 4 EIZE 1T 5 F0HIHE
# t-design DFEEDREMN T2 52 TW5,

RIFAED—DHDOEEHTH 5,

EE 1. DK D 32D,
(i) 1) DEEEHER D, $hbb, F==7Leq X=1L £§%, C%&X DETHRVENE
HL95, ye X, 0<i<qg— 11U T,

ZLTWBDT, T W, DIEBERFIEKIZ 7 5 (Banai-Ito[5, 3.2 i,

c(y)=HreC:x-y=i (modq)}|

4
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UL fy(s) = S0 cily)s' LB, ZOWE C HFNIEE t-design T B B+ 5k
. ROy e X, ITHUT, f,(s) ¥ d,(s) THIDUINZHTH 5,
(ii) (II) DEEEFE A D, Thbb, ¢g=p" pIEHRLK). F=GCF(q). X=F"t9%, C
X DZETHEWEDHEEE TS, ye X, i€ GF(p) =Z, I LT,

ci(y) =z e C:T(x-y) =i}
95, ZOKE, C HFAMEEE t-design TH B BB+ 5ME, [EED y e X, 12X LT,

C
) = o) =+ = eyealy) = 1 )
M ONLDZ & Th D,
M 1 1% Hamming A F — A OB LG DFHRFEEL t-design T 5 A DFMESM: % 15
BEHOSETEZTVWAIROMEZEAT LI LIZ&>TRI NG,
R 1.1. X OZETRWERSES C DI t-design TH 5 KO BE+ 755 1F, TR

Y xyl@) =0 (2)

zeC
MDD ETH D,

EH1 LD, MORZEFES, ERES]THRRDOEEDHD Lo T\ EIZHEET 5,
FR1l.g=p plEFEK L. F=GF(q). X=F"&35%, ZOK., C C X 2
B8 t-design TH B2 51X, |Clldp THEHIDYIN B,

[6] ® Theorem 1.1 T, 1 ¥RICARWERTG E O IR t-design % FA 2, FHFIEEL t-design D
MRENEZSNTWS, RIZEZ 65N D ~DHOEEHIZZ DOMEKED Hamming A
F—LLIZETSHBUI > TED, FMFEE t-design D —fRNFEKIEEZ 52 5,

EE 2. izHARBEL, CC P& {t,t—1,t—2,--- t—i}—design £$ 5, C' C F""
%

C'={0,---,0,z): x € C}
EEDD, TORE, C'IZFFFEE t-design TH 5,

RD =D HOFEEHIIFARIELL t-design (209 %5 Fisher B FRE G2 5, my = Q4(0) =
K,(0) = dim W, = rankFE; = (’Z)(q — 1)t &9 5,
¥ 3. C % Hamming A¥—5h X = F" LOFMIEE t-design &35, Cny =
—min{K;(1), K;(2),...,Ki(n)} £ 35, ZDERE, IROAFEXDRELD LD,

1
C . (Cn,t + mt) = Bn,t (3)

7. B)ITBWTETHLYT D RDBETDFMT. FERED (v,y) € C? (x #£y) ITHU
T, Chy = —Ki(0(z,y)) PO LD L TH 5,

IC| >

5
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FR 2. F" OEDES CHHIZ, EED (z,y) € C* (z # y) ITH U T, Chy = —K(0(z,v))
THO, DO 3DEFHIEZMET-T 61X, C1F A t-design 12725 Z &
PRtES, EH 3ITBEWT, 5T 5L E, C % tight AFIEE t-design LT,

vy

FFIFREL t-design (203 % Fisher B 5K Zhu et al.[20[ 12X D, T TIZHEA SN TW
B, FEEL 31 [20) THAONTVWAEDEDALRL>T NS, [20] TR, EZED O,y 12
HIET 5HDIFLER K, (s) DEBBRIZB T2 R/MEDO~YA F AfEL LTEHRINT
WEM, EOEM 3TIEC,, & Ki(s) DERKES {1,...,n} LTORMED <1 F A5
CUTERINTED, R0]DEDEDBEVDHENIN, o T, FxDEXAERIT
200 DHDEHEHELTWVWD, I 5HIT, [20] T Ki(s) DEBRIBRIZB I 2B/ ME%RE X
2B, tHIMBEORFZ LD, B TS o720, EH 3 TIXARES LToRIMEEZE
ZTWADT, t PEBDLBETHHEMRT DI LN TE S, Zhu et al.[20] 1F WL DA DF
FFREUZ AT U T, binary Hamming A ¥ —2A E @ tight FARFEEL t-design DIFFERTE %
Ham U C\W5, A#h Tl LR o X 117z Fisher B N5 % W72 tight FAFIFEE D E 3%
EHVWT, TOEFEMEZ BET 5,

2 Delsarte DR ETEEFR N & EE 3 DERKR

Delsarte[9] 1&FR7 YV ¥ T—2 a v AF— A ED T-design X LT, $EEHETEIC X
5 N FERAR) 252 T3, Y IFNVOGX (9] Tk, Z OREERARIZE —E
BT i 7-THEZ 6 NT WA, O NFRIKIROKE FHEME O BMEIZ & > TH
Z5NBZENT LIRS ([7)).

min ZO: a;, max Z b;Q;(0),
subject to  ag =1, -

a; >0 ie{l,...,n},

z)mMQZOjeﬂw”M\ﬂ

subject to by =1,
b; <0 je{l,....n}\T,

D bQ(i) >0 ie{l,... n}
n 7=0

Z%Qy‘(i) =0 jeT.

=0

FEA DFEIZE IR DB E 72> TW 5D, FHZ FARIHEE t-design DGEIX T = {t}
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TH5HDT, AOMEIX

max ijQj(O)
5=0
subject to by =1,
b; <0 jed{l,...,n}\{t},

XpQJ >0 ie{l,...,n}.

& 7%, Hamming A ¥ —ALDGE, Q;(i) = K;(i) THDDT, L(z) = 1+bK(x) &5
&, BTDie{l,...,n I UT, L(i) =1+bK(i) >0 %% L, L(0) =1+ b.K,(0)
ERARICTH2EO2BITHE (bbb, ZORKEN B, THD) &, LiLOREE
HfEDOHEME T, j=t I Th =0THDHEDDHFTD L(0) =1+ bK,(0) ZHKIZ
TEHLOEHIMELFEMETH S, /> T, H U dual degree ¥ n—1745% X OFHE
& C (HIS GFHRIFEEL t-design TH DM, i £t 725 i 1T U TIE FHRIFEEL i-design T2
WH D, dual degree DIEMEREZIL [12] 22D T &, ) T Delsarte DFRIEEF PR
IBWTHES 2723 DOMRFET L, . Fisher BAERDEM 3 & Delsarte 12 & 5
FETERAE R IE—80T 5, 72 &H 3 &V Delsarte DFEEIHIRA XD 30D H L
TREGZZZ D05

3 WL OO DETERER & tight FAMIEE t-design DIFIERIRE

I, Hamming AF —AIZBWT, €M 3 THZ 67z Fisher BU 5 B, /87 A —
R B LIRS EBIZHAE LU AR Z R, WL D DGEITIE tight design DAFFEM:
Zigimd b

3.1 FAFNFEEL 1-design

t=10D54, AR 1-design 1$ 754 1-design & —E T 5 DT, Z N strength 1 D
orthogonal array L[RAMETH 5, € 3 THEAONZ B,y 3. Ki(u)=(¢q—1)n—qu T
HBDT, Coy=nTHY, B,y =q 725, ftoT, F"* LD tight FAM$EEL 1-design
IFNZ F D g EDITEEDIEF] 2N R72E D%, n FMiR7z g x n fTHDITRT MLiEE
55,

3.2 FAFIEE 2-design
(I) ¢ =2 DIGH
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2 2
:@ﬁ\Fzzysz}Aamzz@—g)—gzmﬁ—mmﬁg—gﬁﬁéo

ZO%4A, tight SRR design IZIRDBRIZKFE DT 65, n BMEKDEE XS TIC
Zhu[20] 12 & > TRENT WD,

nRE 3.1. Z5 LD tight FAFIEEL 2-design IXIRDRRZRET I 51 5.
(i) n DMEEDEE, K n O Hadamard 15 L [FAfETH 5,

(ii) n =3 (mod 4) DK, i n+ 1D Hadamard 175 L [FMETH 5,
(i) n =1 (mod 4) DK, fF1EL A\,

(Il) ¢ =3 DHE

:@t%\Rﬂ$2KﬂQ:9@— TH Y., IROMEVEKD LD,

in—1\> 8n+1

6 4
i 3.2. 27 LD tight FARIIEEL 2-design BMFET 272 51X, n=1, 2 (mod 3) THRIS
NX7R 570, 512, n=1 (mod 3) DHE. Byo=2n+ 1. n=2 (mod 3) DHH,
Boo=2n—-1Tdh 5,

(II) ¢ = 4 DGE

:@t%\F:CWMLQKﬂw:4<w—%_1

4

)2—%—1T%D\m@ﬁ%ﬁﬁb

AYASN

8 3.3. F = GF(4), X = F" 2§50, X LI tight FAFIHEE 2-design |ZAF1E L 72\,

(IV) ¢ =5 D&
Z@&%\F:Gﬂa\ﬂﬁm%:%(u—

VRVASH

THO. IROAMTEDK

8n —3 ﬂ_Mn+9
10 4

i 3.4. 722 LD tight FAFIHEE 2-design BWFET 5 61E n =1, 2 (mod 5) THIF
NIE7R 5780, THIZ, n=1 (mod 5) DHE. Byo =4n+ 1. n=2 (mod 5) DA,
By =4n—-3Tdh 5,

(V) ¢ =6 D55

—2
Z@t%\F:GNQ\ﬂQw%:%(w—%

2
) B 4THY. KOG
AR

8 3.5. Zy EOD tight FAFIEEL 2-design BFAET 572 51X, n=0, 1, 2 (mod 6) T
T om0, 512, n=0 (mod 6) DA, B,o=5n—4. n=1 (mod 6) DHH,
B,o=5n+1. n=2 (mod 6) DIGHE. B,o=5n—4TbH5,

8
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—RITIZIRDBRIZ, n ZFEE L. ¢ 2 KEL LTV 7ZHFOD tight FHAIFEEL 2-design ©
HEFENS A D

A |Fl=q&35, ¢gBPnillRTHAREVEE, Haomming AF¥—A5L X =F" |
Z tight FAFIFEEL 2-design (FFFEL 7R\,

AEIHE ¢ DX n TR THAREVWE E, B BRI SBWI L 2RI I LITL bR
INs,

3.3 EAFNFEEL 3-design
t =3 DA, TN 2-design DIGE L FRKIZ LT, IROEHIRE S,

EE 5. [F|=q&d 5, ¢qPnilHRTHFAREVE E, Hamming AF¥—AL X = F" I
Z tight FARIFEEL 3-design |FTFEL R\,

3.4 FAFIEH n-design
HEH D n-design 1FTRTDREZIS RV EWIFRWA, FHFIFEE n-design D5 E XX
DEDITRB,

EE 6.
C={0,---,0,c) e F":ce€ F}

W& tight FAFIFEEL n-design TH %,

4 {I5%

BRI, 3 <t <5, 2<q<6t+1<n<10®ﬁ.? B, WEBEIZRD, 2
D g NEREORX, R11DOEME2H-THEL, TD B, DEZERLUEZRERE LT
B<.

t 3 3 313 3 3 3 /4] 4 | 4 4
q 2 3 4 | 4 4 5 6 2] 2 [ 2]2]3
4~10|4~10| 4|5 |7~10[9~10| 10 |6 |7~8| 9 [ 105
B 2 9 10 16| 28 65 [126|4| 8 |10[166
t 4] 4 |4 5 5 |5/5|5] 5 [5]5
q | 3] 4 |5 2 3 3|44 5 |6]6

7 15~6|6 |6~10]7~8|10] 6 |10[6~7| 6 | 7
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On tight 4-designs in Hamming association

schemes

Al (BREERX)

1 Tight 4-designs in Hamming association schemes

THA VHERIZBWT, MEABNTH D tight 71 VO HBITERS &
AHZHETH B, TH A VHERIE—RIZ Q-FHAT VYT -3 v AFx—
LRFEIRAIZ B VT Delsarte FIZ L D #i—WRERMEDO FTHRINTE
7203, 4 QZHAT VYT -V a v AF—LOEERHFTHENIVIT
VYI—vaVvA¥—Lh H(ng) DTV Vi, H<RSHONTVWAER
4 & % ffiTd B Z & AY Delsarte (2 & D RINTWD, BFH [8] % 1979 4F
\Z Delsarte ¥ % AW T, H(n,q) @ tight 4-7 %1 2D WTI FOFER %
(S
EE 1. CANIVITYYIT—YavAF¥—5h H(n,q) D tight 4-T 1 >
LU E, MOVWTNDDELD LD,
1. (ICl,n,q) = (16,5,2) 7D C IEEX A 5 O ok EO KER5 D R
(GEEN

2. (ICl,n,q) = (243,11,3) D2 C EXEI N 11 O=7EK EO TV 1 FHD
PISSESREN

3. (IC],n,q) = (9a(9a% —1)/2,(9a%> +1)/5,6). 7272L a lFXDOEFRR %
7= T TH S 1 a=21,69 (mod 240).

3DINT A=RDGEITDWTIE, AAENE - IEFAENEIZ DWW TR T H - 72,
ZOHRELETIIZDEEDIGFHEEDOHERZHNT 5, AL Alexander
Gavrilyuk & Janos Vidali & OHFIFFEIZEDIK LD TH O, LR THERS
EHDOFEIIEERX 5] 2RI Nz,

2 Association schemes

X 2HMRES. Ry,Ri,...,Rp # X x X DZETRHRWVINESEL L, A
(0<i<D)%757 (X,R;) DBHATIIE T 5, 2D, (X, {Ri}2,) »
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IIAMD D (R TVYIT—YavAXF—ALThHbEd, RO %TE
VA B S: R R

L Ag = I x| (I, Y A %5 n OHAATH]),
2. Y70 A = Jix| (Ju & x n QEDATRT 1 OIFH),

4 AERED i, j, k1T U b B IRl DEEL T, AiA; = Y0Pl Ar
UMD URVASN

BEEEATHI TR I N D FEBUR EDONX 7 MVZER A = (Ag, A1, ..., Ap)r 1&

LRl D%&ME 4 LD REE 4D (Bose-Mesner AL FIEN ), ZDE X, A
EERM TR TH B DT, K A%%EEyWMAMJ%HwED#
57225 A DEEEMPEIET 5, RECA TS ZL DR (o LFLT) IZDWTHH
UTWBDT, 774 V¥ (Krein parameters) qu (0<4,j,k < D) ZIRTE
B3 EioBj = g Yo diiEr ZIT 271 VBIEHAEBTHE Z
PHIGNTWS, B£E {Ao, A1, ..., Ap}, {Eo, F1,...,Ep} i’*‘? M VZE[E]
ADHEETHBDT, HELIITIH Q = (Qij) =0 % Ei = \X| Z] 0 QjiA;
TEDD, ZOITH Q #E _FHAEAFTH &V,

TYVI—YavAx—5h (X, {R}E,) » Q-ZHR (Q-polynomial) T
ik, RGN EFETLOD DIEFNT Ey,...,Ep BPFELT, 7714 V8
ﬁﬁTﬁﬂLﬁz@ﬁﬁFoﬁE%ﬁ@ﬁﬂtﬁb‘ﬂ@&ﬁ@*ﬁitg
DTROEDHIRTIELRDEELT D, af =qi,;, b =ql 11, ¢ =ql
EBWT, {bf,b5,...,b5 1565, ¢5,..., ¢} & Krein array £\ 9, Q-ZIHKX
TYVVIZ—Ya v AF—LITEWT, Krein array o7 Y YT —Ya v A
F—LDNT A=K (pf,qf5,Q = (Qji) ® T T TIRREHELHE —EATSI
P =(P;)) WS RTEREI NS,
Bl1. V={12...,q} (¢=>2)&L. X=V",T3, 2= (21,...,24),y =
Y1y s yn) EXITHUT, 2,y DNI VI d(2,y) Z 2 #y; £785 5D
e d5, i=0,1,...,n CHFLTR; = {(z,y) | v,y € X,d(z,y) =i} &
L7z & (X {Ri}io) & BEAETHN Q = (Ko g,;(1)} =0 785 Q-
ZHAT VY I -V a v AF—Ltind, ZITK, iz ):23 o(=1)I(qg—
l)i*j(ﬁ) ("= “”) 1% Krawtchouk polynomial TH 5, ZNENI VT TV T—
VavAF—LL W\, H(n,q) L7,

3 Designs in ()-polynomial association schemes

and orthogonal arrays

Q-ZHERT YV VT —va v AF—L (X, {R}2,) DIHSES X OUHE
& C W t-THA Y (t-design) TH D &1k, C DFERZ MLy = xo #

140



141

X"Ex=0(1<i<t) %2532t d5,

Q-ZWHEAT YV VT —YaVAF—LADPNI VI TV VT —va v AFxF—LAh
DEE, THA U OMRITMHAERNICER SN D BRI L EHiTH 5, E
RHH OA(N, n, q,t) (orthogonal array) & 1&% 1,2,...,q £ 95 N xn
fI5 M TH> TIROMWEEAZZTEDTHS : M DILED N x t ¥BH1751
DIFTRTZ FVIE{L,2,...,q} D&EHEE X := N/¢' FIGL, NIV ITY
YT avAR—h H(n,g) DEHES CIZHLT, C DREHREFAY
MNLET 258 ME L&, CHE-THA U THBI LD M MPER
B OA(|C,n, g, t) THB = & HFAMETH 5, )

t=2e LT, |C] DFHIE Rao [9] IZX D kRD@ED GZ o517z

|C|>Z<)q—1

ZORFERIZBWTESHHLT 2 ERES] (5 LLIETHA V) % tight &
Wi,

“Tight T4 Y HEET 574 51X, Krawtchouk polynomial DFID L IEH
DERIFBEBIZRS” Z & 2R TIROEHIERNPOEETH L, I T,
HWAEEC Cc X ITRHUT, S(C)={d(z,y) |z, ye X,o £y} LEDD, ¥
7z, |S(C)| & C DIREK (degree) &S,

EHE 2 ([3]). C % H(n,q) D tight 2e-7 F 1 v &9 5,
1. |S(C)| = e Wb 31D,

2. S(C)=A{ay,...,a.} &35, ZOLE, O] (1-2/a;) = ijo K, q(2)
DD VED, T ¢ ROSTR YO Ky g s(2) 10 K [1,n] 250
THIE B ¢ [HORE 5 7% 5 %A H,

EH 21280, uTwﬂix—a—@Hm@memﬂa?ﬁ4y@#ﬁ
EPRI Nz, (n DHRSINTVRWEE I, [EED n (U TIHEGFIEDLR
TNz, )

e c>3,q>3][6],
ee=3g=2ande=4,56,q=2n <10 [7].

ER 1. [8] TIE H(n,6) D tight 4-TH A1 VBEET 54561, AAAa=
21,69 (mod 240) %7z 8 a Z N T n = (9a2+1)/5 L85 Z LRI
TWd, ZOEE, Y7 Kgari1ys6,(1) =9 (422 — 1202z + 9a — a?) /2
DERIFr=0a(3a+1)/2 THO. B o IZBEHTIERAN2S T o I3

275, fto T, BH 22 51Eqg=6,n= (9% +1)/5 DEFED tight 4-7 ¥
1 Y DIFERR S s,
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W s D CIZHLT, S(C)={a1,...,as},ap=0& L., S; ={(z,y) €
CxCldz,y)=a;} (0<i<s) EEDD,

EE 3 ([3]). C% Hn,q D t-THA e L, % s T2, ZDLE
t> 25— 2 THIE, (C{Si}i,) B7 T AN s D Q-BEHRAT YL T— 3
VAF—LTHD,

5T tight &5 A VD57 FAN2D Q-BHAT VS T—vay
Ax—nh (BRIEAZZ7) BMeonsd,

4 Main theorem
FRERIZRD ZDDHNE

(1) H(n,q) @ tight 4-TH A NS B2 5 A2 D Q-ZHAT YV v T —
VAVAF—LDS, VIADLAD Q-ZEAT VT arvAF—LA
DR

(2) 1) TRONZITADVAD Q-ZHAT VY VT —Ya v Ax—LLFAU
NSGRA=REROT YV VT —Y a3y Ax—LDOIFFEIEME DK R

MRS, (1) DNEIX, EED tight 4-T 1 2 U T Y SLOFERTH

%, —J. (2) DFERIE. (1) D q=6DHFHIB/FONDE T TAN 4D Q-%IH
RT7VVI—Va vV AF— AR U TEONBERTH B,

4.1 (@Q-polynomial association schemes of class 4

C % H(n,q) @ tight 4-THFA > & T2, ZOLE, HBEDEK a1, o
XL T, S(C) = {an,as} £785 (a; 1 2 AR Y2 Ky gilz) =0 D
fRcd ),

i€ {1,2,...,q} ITXHLT, C; ZIRTED S :

Ci ={(xa,...,zpn) | (i,z2,...,2,) € C}.

ZorE C:=L,CildH(n—1,q) DEAEETH Y, S(O) = {a1, a9, 01—
1,042—1} 873?50 éXéa)%ﬂﬁj\ﬁé 507 51, ey 54 %kaiy)é ZS() = {(:v,y) €
CxC|d(z,y) =0} &L, i€ {l,2} LT

ZDE ERDEMDIK DILD,



EE 4. C % H(n,q) D tight 4-FHFA T 5, DL E (C, {5}, &7
TANAD Q-ZHAT YV T—YavAF—LTHY, D Krein array 1

{(n=1)(¢g—1),(n—=2)(g—1),2(¢—1),1;1,2,(n—2)(¢ —1),(n—1)(¢ — 1)}
Th b,

EE 2. ClEHn—1,¢9) DEMDEAL LT, t:=3-FTHFA VD0 s =4
ThHbd, t=2s—5&RBDT, TH3IDINE “t > 25 — 2" 2SI,
Ko TEH 4 1%, KD Delsarte HEg TIZE PN WEERETH 5,

EH A4, FC;, B HN—1,¢) D3-THFA Y THOVIRBN2 THBZ L
. THICHERS i, IT LT

H{d(z,y) |z € Csy € Cj}[ =2
THBIEERMANT, (—ODEAMESICHIT B) KK D Delsarte FLFRD “t >

2s — 2 BIDERL (GEHL 3)” Z WD B ITHIRT 5 Z L TROND, #Y
TR EOFERIZDOWTIE [10] 2B I Nz,

4.2 Non-existence for some ()-polynomial association
schemes

EH 4ZBWVWT, n=(9a%+1)/5,¢q =06 (a = 21,69 (mod 240)) D& ED
TIVVIT—=2a v AF—LDIEFENEIZDODWTEZS, r=3a BT, &
JIETBNTA—RERHOTY VT =Y a v AF— LI LT BRITIRDELD
ASR
EE 5. (X, {Ri}},) 2 Q-ZHATYV VI —YarvyA¥x—L& L, ZD Krein
array & {r? —4,72 —9,10,1;1,2,72 - 9,72 -4} 95, TOLE, r=9H
HARVASH

EH 5 OFEHIZIZPA T O =B R A (triple intersection number) & Z DM

BEHAWS 2, ERu,v,we X &8, 4,k (0<1i,j,k<D)IZxLT,
“ ;’ ﬂ .= {z € X | (u,z) € Ry, (v,2) € R;, (w,z) € Ry}

OERARENS, ZERERE T4 U EEETHORIZIZIRD
EEC AN =Y ARVASN

EX2 6. ([2, Theorem 3], cf. [1, Theorem 2.3.2)) (X, {R;}2,) 22 7 AD D
DR RTY VT =y avAF—Le L, TOHE_FEETINE Q. 771V
B qh (0<i,j,k<D) &35, ZOLE,

UV w
rst

D
=0 = Y Qm-czsjcztk[

r,5,t=0

} =0 forallu,v,w e X.

NS RVASR
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EH 5 OFEHOBMIZIZA T DO®EY TH B, GAONLT VYT —Ya v

F-LFQ-FHATHLDT, D i, j,kITH LT, =045, D
£, 5, kT LT, TH 6o YR ZTHACNT 5 ZERABICHET
5 —RERADBOND, ZEHRERE RN E T 58— AREROMRIE,
r#9DBEIIEEBEE 25, L L INREERSEROEBIEIIRKT 5,

EH 4, 505, EH 1D q=06DEAED tight 4-7 YA > OIEIFLHEDHRE D,

S 3R
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