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Table of H-matrices and Kz—matrices

2st row - 28th row of H

— - e ——— — — —— " - — —— - — ok - — — ———_— " ——_ -5 — ——— " — - o —— — ——— — -~ - —
P

e - ———— - W e - e - o —— - - - e o — . — — - . v = o - Y - - — ——— A - —— - - —t_

126935357 52835175 76976859 250958145 221053343 143243085 54642643
26204577 260836977 179407527 12209495 237157777 154359353 205671405
156739669 32780169 40688157 147092663 173966635 102721157 130227215
91788517 69594219 233497091 48963833 72956723 186153163 0

Mul= 28 - Mul= 28

8 CCGGGGGGI I I IKKKKOOOOO0OSSSS
6 EEGGGGGG I I KKKKMMVMMOOOOOOS S
6 EGGIIIIIIIKKKKKKMMVMMOOOOOS

GGGG T I [ IKKKKKKMMVMMVIVMOOOO

6 EEGGGGGGI I I IKKMMMMMMOOQQUU
6 EEGGGG ! I KKKKMMMMMMVMMOOOOOO
6 EEGGIIII1IIIKKKKKMMMMMOOOUU
6 GGGGGGI I I I I IKKMMMMOOO000QQ

6
3 111 IKKKKKKKKMMMMOOOOOOSSSS 3 111 IKKKKMMMMMMMMOOO000QQQQ

32511 2064767 132121023 149130767 252024377 159132213 178974771
40478689 27696081 228101347 181225689 238686925 109989669 75029785
60373771 220424553 189941587 239384903 55826597 104279187 89055883

148256169 210887573 153965959 83186275 97203285 62186573 0

Mul= 4 Mul= 4
3 . .000000000000000000000000
18 EEGGGGHHI I I KMMNNNNOOOOOOOO
6 GGGGGGI I I I IKKKNNNNNNOOOOOO

Mul= 24
9FFGGHHJ JJ J LLLMVMNNNNNNNNS S
CGGGI I I IKKKKKKMMMNNNNNNOOO
EEGGGGHH I I [ KMMNNNNOOOOOOQO
EEI111JJKKKKKKLLLLNNNNNNOO
FFFFHHHHJ JKKKKL LMVMMOOOQS S
FFGGGGI1J3JJJJJJIMMNNOOQQSS
FFGGI 1 §JJ JKKKKLLVMMMMNNNNQQ
GGGGGG I 1 11 IKKKNNNNNNOOOOOO
FITITIIIKKMVMMMNNNNOOQQSSSS

Mul= 24
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44411873
93117191
177817493

ot ek pd et fet DD DD bt bt i DD D b e e b NI DD DD

(VR R op e e 2]

Where

2064767
23762897
213392745
206682515

132121023
164938979
188963173
185478539

32511

Mul= 24
BCEGHHI I I I IKKLMMMNNOPPPQQR
BEEGHHI | JKKKKKLMMNNNOOOPQR
BEEGHHJ J JJ J J LLLMMNNNNNNORY
CCDE! I JJ JKKKKLLMVMNNNNOOPQR
CCEGGHHI I I IKLLMMNNNNNNOQYY
DEGGHHHHH J KKK L LLMMOOOOOPQR

DHHI I I 1 J JKKKKLLLLLVMMMMNOOR -

EEFFHHHI I J JJ JLLMINNNNOOPPQR
EFFFGHI 1 JJJ JKLLLMMMNNOOQQY
FFHHI I J JJ JKKKKKKLLNNNNOOPP
FGGGGHJ J J J JKKLLLLMMNOOOOOQ
FGGHHI I I 1 JJ LLLLMMMMMVINNOPQ
FGGHH I 1 J J JKKKKL LMMMNNNOOOP
GGHH1 111 1JJJKLLLLMMNNOOOOP
GGHHJ J LLLLMMNNNNOOOOPPQQRR
HHHHJ J J JKKKKKKLLLLLLMMNNOO
HHITIIIT111JIJKKKKLLNNNNOOPP
I 1JJJJKKKEKMMVVMNNOOOOPPQQQQ
J J J JKKLLLLMMVMMMMMMNNP PPPRR

Mul= 4
DEGGHHHHHJKKKLLLMMOOOOOPQR
DHHI I I I JJKKKKLLLLLMMMMNOOR
FGGGGHJ J J J JKKLLLLMMNOOOOOQ
FGGHHI I I 1JJLLLLMMMVMVMMNNOPQ
J JJ J LLLLLLLLMMMMOOOOOOPPPP

¢« =0, and A , ¢,

149130767
220848333
214328153
127052885

LoD

bt pad ek bt DD Rk RO DD DY DO b bt B DD Rt DD ket e

238424775
106613417
107826259

87254819
80688293
64565835

Mul= 4
CDGHHI JJ J J J JKLLLLMMMNNQQQR
DGGGH I J J JKKKKLLLMMMMNNNOPQ
EFGGGHHI J § J J JKKKKLMPPQQQQR
EFGHHHIJ J JJJ J LLMMVMMINNNOPQQ
FFFFLLLLNNNNNNNNOOOOOOQQRQQ

Mul= 24 ‘
CDGHHI J J J J J JKLLLLMMMNNQQQ
CEEHHI I 11 JJKKKLLLLNNPPQQQQ
DDGGGGHH I IKKLLNNNNNNNNPPQQ
DFFGHH!I J J J JKKKLMMMMMNPPPQQ
DGGGH I J J JKKKKL LLMMMMNNNOPQ
DGGHI I I I JJJJKKLMMVMMNNNNPPR
DHHHI I I I IKKKKKLLLMVMMNNNNOS

EFGGGHH I J J J J JKKKKLMPPQQQQR

EFGHHH1J J JJ J J LLMMMVMNNNOPQQ)
EGGGGG [ J J JKKKLLLLLMMNOPPQR
EGHHHI I I I J JKKKKLLLMMNNPQQR
EGHHI I 1 JJ JKKKKKKKLLMNNPQQQ
FGGHHI [ J J J TKKKKLLMMMMNOPPS
GGI 1JJKKLLLLMMMMPPPPPPQQSS
GII11J3JJJIKKKKLLLLLMMNNPQ
HHI111JJJIKKKKLLLLMVNNNNNN
[II11111JJKKKKLLLLLLLLOOPP
1 1733 JKKLLMVMMVMVMMNNQQRRRR
I IKKKKKKLLLLMMMMMMP PPPQQQQ

10, + «* ,34, respectively.

252024377 159132213 178974771
41219341
28792985

0
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81 Introduction.

Balanced incomplete block designs were generalized to

balanced graph designs by Hell and Rosa[3]. They also
studied the effect of products upon the decomposition of
graphs into various subgraphs. Many authors considered

these topics (see, for example, [1]-[6],[8] and [9]). 1In

this paper, we consider a construction for cyclic graph

designs by a product method.

Here, graphs are considered to be undirected unless
otherwise stated. Edges are identified with pairs of
endpoints but multiple edges and loops are allowed. V(G)

denotes the vertex set of a graph G, and E(G) denotes the

Research supported in part by a Grant-in-Aid for Scientific
Research of the Ministry of Education, Science and Culture
under Contract Number 321-6009-61530017, and by Research
Grant of Science University of Tokyo under Contract Number
86-1001.




multiset of edges of G. The number pf vertices (order of
G) and the number of edges are denoted by p(G) and e(G),

- respectively. The addition of two graphs G and H, GeH, is
defined by a graph with the vertex set V(GeH)=V(G)uV(H) and
the edge set E(GeH) which is a collection of edges of G and
H. 21G denotes a graph such that a graph G is added i times.
Let H and G be graphs. If there is a family @z{Gl,Gz,...}
of subgraphs of H, which are isomorphic to a graph G, such
that eaph‘edge of H ié in precisely one member of ¥, then ¢
is said to be a G-decomposition of H. Then H = G;® Gyo- -
holds.

The completg graph on v vertices, in which each vertex
is joined precisely once to each dther vertex, is denofed
b& Kv‘ A decomposition of AKV into subgraphs isomorphic to
a graph G of order k is called a graph design and denoted
by a (v,k,2) G-design. If G is a path, a circuit or a
bipartite graph, then a G-design is called a path design,
a cireuit design or a bipartite design, respectively. If
each vertex occurs in precisely the same number of
subgraphs in the decomposition, then thebG—design is said
to be pbalanced. . If there is a balanced (v,k,x) G-design,
then

av{v-1) = 2eb, vr = bk, and x(v-1) = 0 (mod d),

hold, where e=e(G), b is the number of subgraphs of the
G-decomposition, r is the number of subgraphs containing a
given vertex of 2K and d is the g.c.d. of the degrees of
the vertices of G. We can easily verify that if G is a

regular graph, which is defined to be a graph with the same

J S S S SN R



number of edges for each vertex, then a G-design is
balanced. A Kk—decomposition of xKv is simply a balanced

incomplete block design.

A graph H is said to be ¢yelie if it has an
automorphism of a single cycle of length v=p(H). If H is
cyclic, then without loss of generality, we can assume that
V(H)=ZV, the residues of modulo v. And if {a,b} is an
edge of H, then {a+c,b+c} (mod v) is also an edge of H.

Let hi be the number of edges {0,i}, in particular, h0 is

the number of loops {0,0}. Then obviously we have

v-1

_ _ . . _ i
hi—hv_i—h_i for‘leZV. For a cyclic graph H, H(x)= igo hix

is called a characteristic polynomial of H. While the
following polynomial is called a reciprocal characteristic
polynomial of H:
hix if v is odd,
— i=—(v-1)/2
H(x) =
v/2-1
2
i=—-v/2+1

J (vil)/Z i

. h _
hix1+ —%Lg(xv/2+x V/2) if v is even.

Let H and F be cyclic graphs of order v1=p(H) and v2=p(F)

with a reciprocal characteristic polynomial H(x) and a

characteristic polynomial F(y), respectively. A cyclice

v
graph having a characteristic polynomial H(z)F(z 1) with
V1va
z =1 is called a cyeclic product of H and F, denoted by
HXF. Note that, in the case when v, is even, h must be
‘ 1 vl/Z

v
even in order that H(z)F(z 1) is well-defined as a

characteristic polynomial of a cyclic graph. Clearly, a

cyclic product ¥ is not commutative. Note that for cyclic



graphs Hl’ Hy and F, if V(H1)=V(H2), then we have
(HlaHz)*F =(H1*F)e(H2*F),
and

F*(Hleﬂz) = (F*Hl) ® (F*Hz),

Example 1. Let H and F be circuits of length 4 and 3,

1 and F(y)=y+y2. Hence H¥F

respectively. Then H(x)=x+x
is a cyclic graph of order 12 with a characteristic

polynomial

ﬁ(z)F(z4)=(z+z—1)(z4+28)=23+25+z7+z9 (212=l).

H F

Lemma 1. Let H=A1Kv1 and F=x2Kv2, where 1 is even if vy
is even. Then »
Xy 0K = H¥XF @ X ,H¥1_ @ x 1, XF (1)
1+2 ViVg 2 Vg lvvl
holds, where 1, is a graph with vy vertices and a loop for

i ;
each vertex such that V(1v1)=V(H) and V(nv2)=V(F).

Proof. Let H(x) be a reciprocal characteristic polynomial

of H and let H(x) be a characteristic polynomial of H. Then

. 2 Vl"'].
‘we have H(x)=;1(x+x + ooty ). Similarly, the
2 vol
characteristic polynomial of F is F(y)=12(y+y +oeoty ).
vo—1l
2 2 ).

Hence that of F$*2lv2 is F'(y):F(y)+12=A2(1+y+y T

v v v sV (v.—1)+v -1
Note that z 1F'(z 1)=F’(z 1) and z ‘=z 1t72 1 for




ViV
172,

any integer Osigvl/z, when z Then we have

_ v v v,V
H(z)F’(z 1)=H(z)F’(z 1) for z 1 2=1. And the
v
characteristic polynomial of i, XF is AIF(Z 1). Thus the
1

characteristic polynomial of the right hand side of (1) is

7 Y1 V1 T V1
H(z)F (z )+xyF(z 7) ={H(2)+x}F"(z ")-292,

v,-1 v 2v (vo=1)v
:l112(1+z+z2+'..+z 1 )(1+Z 1+Z 1+'°'+Z 2 1)_11)\2

Vivey—1
=1112(Z+22+"'+Z 172 ) s

which is the characteristic polynomial of llszv vo+ O
172

Let G be a subgraph of a cyclic graph H of order v.
A graph G+i is defined by V(G+i)={g+i(mod v) | geV(G)} and
E(G+i)={{a+i,b+i} (mod v) | {a,b}€E(G)}. The set of graphs
{G+i]i=0,1,2,...} is called an orbit of G. An orbit can be
represented by any one of its graphs, which will be called
a bagse graph. The smallest positive integer i such that
G+i=G is called the tength of an orbit. If i=v then an
orbit is said to be full otherwise it is said to be short.
For an orbit of length i with base graph G, let

<G>= G ® (G+1) ® (G+2) ® +-+ @ (G+i-1).
If a cyclic graph H of order v is represented as
H=<Gl>e---e<Ga> for GL’S isomorphic to a graph G, then H is
said to have a g¢yelie G-decomposition. In this paper, we
consider only the case when any orbits corresponding to

G{’s are full. For each graph G{, let

AG ,(x)= b3 (x179 4 xIThy,
{i,}€E(G,)



Then ﬁ(x)=AG1(X)+~-°+AGa(X) holds.k A cyclic G-decomposition
of AKV is called a cyelie (v, k,2) G-design, where k is the

order of G. Note that a cyclic G-design is always balanced.

Lemma 2. For an even integer v, if there exists a cyclic
(v,k,2) G-design with no short orbit, then i must be even.
Proof. Let H=<G1>e'-'e<Ga> be a cyclic G—decompoéition of
AK . If the edge {0,~%~} is contained in a graph G£+j for
a certain ¢ and j, then it is also contained in a graph
G£+j+ —%~. Since the cyclic G-decomposition has no short

. . . v . .
orbit, GL+J and G£+J+ -5 must be distict. Thus the set of
all graphs having the edge {0,—%—} can be partitioned into

. . . \4 ’
pairs of graphs (G£+J,G£+J+ —2—) s. Hence x must be even. o

§2 Difference arrays and Graph arrays.

Let F be a cyclic graph of order v with a

v—-1
characteristic polynomial F(y)= 20 fpyp, then f=F(1)=2fp is .
p:
the degree of each vertex. Let G be a simple graph, which
is defined to be a graph with no loops and no multiple
edges, with vertex set V(G)={0,1,...,k-1}. A kxf array
Dz(dij) is called an (F,G)-difference array if dijezv and

every vertex p of F occurs exactly fp times among the

differences {dij~d (mod v) | j=1,2,...,f} for any two

i%J
rows i and i’ such that {i,i’}e€E(G), that is,

_ 81__




f d. .-d

v e ( y¥=1) (2)

holds for any {i,i’}e€E(G).

Example 2. (i) Let F be a cyclic graph of order 5 with a

characteristic polynomial F(y):1+y+y4 and G be a path of
2 ] length 4. Then the following array is an (F,G)-difference
§ array:
000
L 014
% 000
| 014

(ii) Let F be K5 with a loop on each vertex and G be K4,
then the following array is an (F,G)-difference array:

00000

OOO
O BN =
=N
=
D O

In the case when a cyclic graph F is the complete
graph Kv with a loop on each vertex, a (1F,Kk)—difference
array is called a (v,k,x) row difference scheme, which is
useful to construct cyclic BIB designs {(see Jimbo and

Kuriki[7]).

If there is a mapping ¢ from V(G) onto a set of n
colors such that (a)=y(b) for any {a,b}e€E(G), then a

graph G is said to be n-colorable.

Lemma 3. If G is 2-colorable then an (F,G)-difference
array exists for any cyclic graph F.
Proof. We have the lemma by constructing an array such that

the rows corresponding to the first color are all zero and




in the rows corresponding to the second color, every
vertex p of F adjacent to the vertex 0 occurs fp times,

where F(y)=2fpyp is a characteristic polynomial of F. o

Lef G be a simple graph of order k=p(G) with e=e(G)
edges. Let G* be a directed graph obtained from @ by
replacing each edge by two arcs, one direcFed each way,
between the same vertices. A kx2e matrix A=(aij),with
elements from V(G)={0,1,...,k-1} is called a graph balanced
array for G, if every arc of G* occurs exactly once in the
set of ordered pairs {(aij,ai,J)lj=1,2,...,2e}, for any

{i,i’}€E(G).

Lemma 4. A graph balanced array exists for any 2-colorable

graph G.

An mxN matrix A with entries from a set of s(x2)
elements is called an orthogonal array of size N, m
constraints, s levels, strength t and index X, 1f any txN
submatrix of A contains all possible txl column vectors

with the same frequency 2i.

Lemma 5, If there exists an orthogonal array of size kz,

k+l constraints, k levels, strength 2 and index 1, then a

Kk;array exists.

Proof. With&ut loss of generality, we can assume that a

(k+1)><k2 orthogonél array A=(aij) is standarized as follows:
ak+1,qk+r:q for any 0O<qx<k-1 and l<rzk,

and

ai’k(k_1)+j=j—l for any l<i<k and l<j<k.




Then the submatrix K=(aij) (i=1l,...,k;j=1,...,k(k-1)) is a

Kk—array. (u]

Example 3. The followings are graph balanced arrays for

graph G’s which are not 2-colorable and k<5 except K4 and

Ke:
5 0
' 012012
(i) 120201
201120
2 0 1
01 23401234
1234040123
(ii) 4 1 2340134012
3401223401
3 2 4 012312340
1 3 0112020334024
0 10212030434¢
(iii) ' 220011440033
1 0212030434090
2 4 220011440033

But the existence problem of graph balanced arrays is not

solved, in general.

The following theorem shows a way to construct an

(F,G)-difference array by using a graph balanced array.

Theorem 1. Let G be a simple graph with é graph balanced
array. If a cyclic graph F has a cyclic G-decomposition
with no short orbit, then there exists an (F,G)—difference
array.

Proof. Let F=<G1>eoo-e<Ga> be a cyclic G—-decomposition,
where G{’s are isomorphic to a graph G with k vertices and
e edges. Then we have f(y)zAGl(y)+~~-+AGa(y). Let

¢£:V(G)+V(G£) be isomorphisms. For a kxZ2e G-array A=(ai )

J
_ . X
let DL—(¢L(aij)) for ¢=1,2,...,x. Then every arc of GL

occurs exactly once in the set of ordered pairs




(o (a;5),0,(a;.5))1371,2,...,2e} for any {i,i’}eE(G),
where Gt is a directed graph corresponding to a graph G as

before. Hence we have
2e  @,(a;.)-9,(a;,.)
.2 v 4Y71j ' 51 - AGL(y).
; Jj=1 o
Thus a kx2eq array D=[ D1 D2 .o Da ] is an (F,G)-difference

array. o

§3 A product theorem for cyclic decompositions.

In this section we consider a composition method (or

a product method) of two cyclic G—-decompositions.

The following lemma is ovbious:
Lemma 6. If cyclic graphs H and F with V(H)=V(F) have
cyclic G—decompositions, then HeF, .H and 1V*H-have cyclic
G-decompositions, where the graph 1, is a cyclic graph of

order v with a loop for each vertex and no other edges.

Theorem 2, Let G be a simple graph. Let H and F be cyclic
graphs. If ‘

(i) H has a cyclic G-decomposition with no short orbit,
and if

(ii) there is an (F,G)-difference array,

then the cyclic product H¥F has a cyclic G-decomposition
with no short orbit.

Proof. Let a kxf array Dz(dij) be an (F,G)-difference
array. Let H=<G1>e-'-$<Ga> be a cyclic G-decomposition,

where GL,S are isomorphic to G. Then we have




H(x)=aG) (x)+++-+aG (x). Let i V(8)={0,1,...,k-1}—~V(G,)
be an isomorphism. For each base graph GL of H, construct

base graphs @G (j=1,2,...,f) of HXF which have vertex sets

LJ
V(G{j)={¢{(i)+v1dij | i € V(G) } ( mod viva )

and which is isomorphic to G, where vy and vy are the

orders of H and F, respectively. Then we obtain by (2)

f : f @,(i)-@,(i")+v,(d, .~d.,.)
G,.(z) = 24 24 1Y 7ig "i‘g
21 Ayt 521 (i,i’)gE(G*) ‘

zwt(i)—¢{(i’> i

| £
(i,i-YeE(6%) 3

1

Y1
= AG,(z)-F(z 7),

V4V
where 2z 1 2=1. Hence

. Vl o Vl
H(z) -F(z °) = 3 AG,(2z) -F(z )
. {‘:1

% § (z)

= AG, .(z),

=1 j=1 0 W

which implies that HXF can be decomposed cyclically by base

graphs th’s. Hence the theorem is proved. u]

By combining Theorems 1 and 2, we obtain the following
corollary:
Corollary 1. If cyclic graphs H and F have cyclic
G-decompositions with no short orbit, and if there is a
graph balanced array for G, then a cyclic G-decomposition

of H%F exists.

The folldwing corollary is the direct consequence of

Theorem 2 and Lemma 3.



Corollary 2. Let a simple graph G be 2-colorable. If H
has a cyclic G-decomposition with no short orbit, then for
any cyclic graph F, H¥F has a cyclic G-decomposition with

no short orbit.

Corollary 3. Under the same assumption as Theorem 2
H¥(Feaxl) has a cyclic G—~decomposition with no short orbit,
where V(F)=V(1).k

Proof. Note that H¥(Fexi)=(H¥F)e(aH*i) and that p(G)xl
zerovector is an (1,G)-difference array. Hence H*1 has a
cyclic G-decomposition with no short ofbit by Theorem 2.

Thus the corollary is proved by Lemma 6. a]

Theorem 3. Let G be an n-colorable simple graph of order k.
"If there are
(i) a cyclic (Vl’k’ll) G-design with no short orbit,
(ii) a cyclic (vz,k,xlxz) G~design with no short orbit
and |
(iii) a (vz,n,xz) row difference scheme,
then there exists a cyclic (vlvz,k,xlxz) G-design with no
short orbit.

Proof. We have only to show that the graph *1*2“v1v has a
2

cyclic G-decomposition. Let Al,...,An be n color classes
of G. Let Dz(dij) be a (vz,n,xz) row difference scheme.
Construct a kxxzvz array D as follows: Let every vertex of
G correspond to a row of an array D arbitrarily. And make
copies of the i-th row of D to the rows which correspond to
vertices of A, for every i. Then it is easily shown tha£

the array D is a (xz(KV el },G)-difference array. From
2 2




the assumption (i), AlK has a cyclic G-decomposition with

v
1
no short orbit. Hence by Theorem 2, the cyclic graph

lev *AZ(KV el ) has a cyclic G-decomposition with no
1 2 2

short orbit. And lv **IAZKV has a cyclic G-decomposition
1 2

with no short otbit‘by Lemma 6. Finally, by (1) of Lemma 1
xqa0K ={ K, X% x,(K, @1, )} @( 1, ¥x,2,K, ),
1+2 VyVy 1 vy 2 Vo Vg vy 1+2 Vo

we have the theorem. . , o

The following theorem can be shown from Corollary 1 by
the similar argument to Theorem 3: .
Theorem 4. Let G be a graph of order k with a graph
balanced array. If there are

(1) a cycliq (vl,k,xl) G-design with no short orbit
and

(ii) a cyclic (vz,k,xz) G-design with no short orbit,

then a cyclic (vlvz,k,xlxz) G-design with no short orbit.
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359 00 2 7 EWe B

T, Tby TP ba) - - C(phby)

t& Lo, 8L Tt a) e o BiRMR. BRI L 2

K A~ _9_2_. ﬁf\ -P’e!
TE3Hed 3; éf‘;o Cltmoc=1T (=" (=)
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B, T ER T T mplhGa) @ AOA meIEI 0
TN To Afmetype 035, %o Projective type o Ao A
v -k xB3E>T T g r20 Zﬁ*‘ﬁb’@l‘i@ﬁ
ERFTMIBINI v 203, 22 dFir T
B. Olssow 1" ATt E oW 0T CEE6) mikn T 1) 3
R TH, A MY to s 3, el
TGO TORE, XL 15%a 8, 1y 7 -otH
FH°TLY) N =247 00 Macdonald EE P Olsson 4 ¢ &
,TEL B NERE RoX L= o XF T2 T
L@ zasRL RT3 e ) TN ¥EBHLENT $3,
L LA S SR E A3 mple.Ga) o GBIz L T
R, T 03830 a7 $hERERIIANSEY
BT b 3. |

O (B=0) HP+"*P9‘—"= 0 (B=0)
| e=1)
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85 (RS, o BB

Character degrae o 5 Z 2T 0T #4738 0 i
S, M) ENTuEaTHIN. M ke s it
HILZ55 0 H g BEMEIRS BN EY a3
Yttt T T I-%HZ <o

s
2 f b+ £\
. P ?*v--c- +V (.Y')
S M) M TTIT A wk
=p N=0 p kS /X . 4 ~§=0n| |- fxtﬂ’*r APEL VP g"?ﬁ

550 RA L=l vt3e Filo FEEHLTT ()
B, tL3d) MEdBemtn, |
[ ] |
U7 L& Macdonald " Symmetric Functions and, Hall Poly-
nomials” Oxfed 1979 |
21 T Mckey " Trreduaible Representations of Oddl De3ma,
T ot Algebra 20, Hb-418 (1472) A
(3] L& Hacdonald * On the, degress of the Ik’reduible Rep-

resentations of Symmetric Growps” Bull. London. Math. Soc.
3041 184-192

43 7.8 .Olsson ' Mckay Numbors omd HQ«‘%L\J?; ot Chavacters”
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MATH. SCAND. 3§ (1476). 25 -42
U1 BBRE TN « - MR ET 0 £32 56, A0k
67 G James, A Kerber " The RﬁpheSen’raTmﬁ —H?\ng of the
Symmetric Group ' Addism-Wesley 148
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Distance-Regular Digraphs. II

BX ®# WEME HAEH

BILKZICE 135 T REOMEASER ) OWEES (19834%) g
D ERENEEY ST CHA ¢ DbOORE 1M 5 FROERC
DWTHET 3,

BT, HEYS 7 OaEERBOT. HAYS IO L &R ALY
FTENWITLRT S, BEIC, iBEL 2l kB A EERAEY
LTH L,

757 G DA xy 1HL.

da(x,y) = x 6 vy O (Hil) BRORS OR/NME
EEEET DS, FEL. x=y ORI dg(xx) =0 L EHT 5,

(UF. EDFITEERTWEIVESIZBILRED G 25T

5.) 757 GOEES EUAAL

d(G) := max {d(x,y) I’i,y€V(G)}

g(G) =G IcB T SMBORXDER/NMME
LEET D, B7.

I'i(x) = {yeV(G) | d(x,y) = i} ,
iz

['(x)=Ty(x)={yeV(@) |x & v EREELTW 3}
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EEB<o

= L. IT;(xNT I e dxy) EITRES LD

HEEYS 7 13 ER (distance-regular) & EBEIER 5,

PITF. GARHESENST, Ax,y) =i &D | Tix) N T(H) |

D% sj; tELZERT %,

SE=FH 2. (1) d(G) = g(G) FAIx dG) =g(G) -1
(2) 0<t<g@ OLi, dxy) =tZeiX, dyx) =g(GQ) -t
BB,

(3) d(G)=g(G) -1 D& EEOEAMIIHL (IM]22)

E(H) := { ((x,a),(y,b)) |y€E FG(X): a,beM}
LEFETHE, HIZEBENT, dH) =g(H) &2 3,
(4) d(H) =g(H) OFBMEN 7S 7 HIRIRT 3) OFEIcEDH#

BREND,

%

BLF.dG) =g(@) -1 2L, g:=g@, 0¥=0_ thi=g-t

O<t<g) eB, M2 k0 dx,y)¥=dy,x) &3
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bz, dxy)=kDEED
#{ﬂdmw=hﬂmw=ﬂ
% ol LB E.
Bi= (Plk) 0<jksd

% intersection matrix M5, TI;IcBIT 3BETH%E A &BL

.
d
AiAj: > pfjkAk
k=0
MBEED LD, WIS,
Pilj'—'si*j*
&N
i+1 |
AtA; = S ¢ yA: (08igd-1)
144 j§0 x x4 A
25,

UT. =4 OBERER B, A OBEIEE% 01 . 65 . 01, %

DEFEEAS my  mg  my

0100
0Oaedo0
0fdbo
kaca

Bl:-

EFBEL. 2ODNGA—HBL q AT

k=28%q- 82+ 8q-q
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az28q-8-q
b=b’(23q-,8-q+1)
c=(8-1)q |
d=ﬁ<zxsq—ﬁ—q)

e= fiq
f=(8-1)(2Bq~-B8-q+1)
61+61=a

6101 =ab
fo=d-b=-8

_n-1)g-k
- 28 +a

m _(n-~-1)a+ 2k
2° 28 +a

EEDLELZZ DI TWEY, 288D 1-NT X — 5 5

RARBENZWIEBROLSIIZLTHhMS (I31) ,

B=1td3L. k=2q-1,a=q-1‘}:&éo Zhi, F(x)i;f
regular tournament THBHLWHZ L A2BHKT 2, k23 2F3
ERRM3IZBOTULESDT. k=1, $habb, GIZ4AKTH
5. |

BUF.B220B6%%82%., BLaOBARHEAEdLE
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&, 7= B/d, A= q/d, §:=28+a LB L. my DBEHMLD
« 4 _ 53
684 +‘333-332-£—(—1—£-'50 (mod &)

b SN

2d(2).—?)so (mod 2dy A +7y - 1) (%)

LRBZENbNG,
Case 1 21 =7
(A7) =1 &D A= 1, ¥= 2 D&THE, Tabb. 8= 2q L5 5.
9@&221>7’
A=1L Y =1 LOTREENRWZ EERT,
(%) &b
2d(24 - y) 2 2dy A+ ¥ - A
Thbb
2d(y -2)(A+1)+4d+y -1 S50
EBRBILHbDPS,
7’23&:’3‘%&\
BB 22d(A+1)+4d+y -2 >0
EERDFIE,

ER.Y=2LTBHL. A 24d+2E830 (4,¥)=1kD 2
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>4d+2 B35,V bPBH. EZT (%) KR->THERDB L,
2d&1—2)§1-4d-2§0 (mod 4dA +2- 1)
<R 2N
A-4d-224dA+2- 2
Tabb,

4dA +4d -2 +4=(2d-1)(21L+2)+6 L0

| L35, ThigFE.
, oT. ¥ =1L T&Ww, BY (%) &D
2d(2A -1)=212~-2d-2=0 (mod2dA +1- 1)
rRB,A>SA+L ETBE

21 -2d-222dA+1- 2
kD d=12%50, B221KTH. A=d+12¥5L, B=d,
a=d(d+1) ensd, ql -3 knd=1 Fabb B=1L
BB, A<d+1OBEIT

2d+2-2222dA+1-2
kD

(2d+1)(A~-1) <0
aan\}=1an5:awbmoto
Case 3 21 < ¥

(%) &0
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2dy A+ ¥ - A S 2d(y -22)
XrB, &ITAHANM
EB >2dy A 22dy > /A8

ZOT. COBRGEREZ SR W,

B=2q LRAFMZHEATVWEW, (B8=2,q=1 OBSIEE
LBEWZEHIEBHIATWS, ) 8=a=125X4AKICES, B
=q =2 OFN [3] THERIhED, $ob—RBIc 8= q:=2" o

(4] THRRZh 7, 2OBREEZUTICRT,

m:=2t+1

F := GF(2™)
LB &,

F¥=<t>

L4 5. CORMEERE a(X) ¥ 5. 2 FOSBER 1(X) T
f(X) = g(X) (mod 2)
£(x) | x27-1 -y
EWETOONHET B, £2T. £(X) 20 O £ % Zg IKEMLT
T&53RERLBL |
R = 2,0 &1 = 2y[X1/(£(X))

R FAOHRGREREREY " 2352 FREOLEN ¢(X) &




U
“(9(£) = ¢(£) (mod 2)
PRLD D,
E::ZR.:{aGRIZa:O.}
U:=R-E= {q€R| alZu¥iT}
S = {azlan}
={gllogig2m-2)
‘T:;1+E:{a|a2:1}
B L,
U=ST, SNT= {1}
BERNIILD, #ZT
[“(a)]:=(1+2a)S (a€R)
[e]l:=E- {0}
[eo] := {0}
F:=F U {e, o}
Bl L.
{ [x] |x€F}
. RO S-BEDDHEE5RX5, ¥-oT. ve [zl DL %

n(x,y;z) := # {(a,B)€ [x] X [y] |la+ B=7y]}



&, [x] ICHT2RHERNE Ay T B L.

AgAy = > n(x,y;z)A,
Z .

rEF 5, nlx,yz) OBREHZMEIRROEL 5125,

0 Yy #2z
n(co,y;z) = :

1 y=2z
2m _ 1 z = oo
nle,e;z) =< 2M -2 Z=e

0 Z # e, co

PI'F. v€F &9 5,

( ) {O “ZZYy,e, 0
n(e,y;z) =
ol 1 zeF- {y}

T, x, yEF (‘:?’50

_ 2m _ y=x+1
n(x,y;co) =

0 y#Fx+1

0 y=x+1
n(x,yse) =

1 y#x+1

BIF. x,zEF 95,

0 Z =X
n(x,x;z) = {2 z# X trz=trx
1 Eh LN

0 Z=X, X+ 1
1 z#¥ X x+1

- n(x,x+1;z) = {

PIF. %, ¥, 2€F, y #x,x+ 1 T35,
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1 Z=X,y
n(x,y;z) = {2 zZ # X, Y tr (x+z)(y+z) = 0
0 EFhN

KIZ, F % GF(2) EORT b ZMEE R a, bEF 28 L.
<a,b> := tr ab
EEETDHE. <> IE nondegenerate ZHMIcR 5, H - DA

M3 5 maximal totally isotropic subspace ¥ | .

Al = Z Aa
acH

Bk,

T .
Al = X A1+a
acH

2B, ¥6l2

Az = Z
ac€F
a¢H

atl¢H

EB L,
A2 =281t 1)a 4 22,
AAyT = 2t 221 _q)p
+21@t o 1ya; + ATy + 282t - 1)a,
PBRDUDZEPS, A PAF4QEREN S 7 OBEETII L

STWBZ Wb G,



[1]

2]

[3]

[4]

SZRK
R.M.Damerell, Distance-transitive and distance-regular
digraphs, J. Combinatorial Theory (B) 31 (1981) 46-53
BAER., Distance—regulal; digraphs, [{¥ENEASHE

wOMA S (FLKRSE 1983%) ®EE, 9-16

H.Enomoto-R.A.Mena, Distance-regular digraphs of girth
4, J. Combinatorial Theory (B), to appear
R.A.Liebler-R.A.Mené, Certain distance-regular digraphs

and related rings of characteristie 4, to appear
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RE4ADOHEBEERTZT7I2DOWT
RAEMERKE H#ER HHNNE
[1] BE#HEMTSTOERLEANEH

G 2EE L HREMEN IS, V 2 G OREELTS. V
D2/ v & v IZHLT v & v 2B8REEROREX%Z d(uw)
tkRTEe 0 BEHETEHONEREZALL V IZHEHEEME 2. H
u ZHROETE¥E v OXME%E

F(u)=(zeV | duz)=7}
EL, EHI2ODKREOXHD %
| D (u) = T (u) N T (v)

EEL. T T,os BRBEEL, s DEDOLEEZALRE
KELERD. D uw) OEROMEE |D,(ww)| 27 s &
d(u,v) ZIFTHRENDERD u, v ®¢Dz;>f:z:4:67;cv\t§, RS
DHITEOERE v s EFEO V OF w, v, v, vV 2L T

d(uw) = (W) BHIE | D (ww) | = | D (wv) |
PHILTWAEET 5T G Ik BEEER Thsenwd. XE [1]
ICHEBEERI Y S T ICBIT AE L Witk h 5. |

Plig G ZEBHMENTHILTSH. H u LHEEBELTWEAHD
B# k= IT ()| BAOLNDERLSF—EIEE. k % G
D RE wd. G D2 [HHEORKIERH

d(G) =max { d{u,w) |u,v€E V}
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%GO BEE WS EE G OFAINTEIPENDODOOER
% GO WA Ewd. UTF G OWME k HEE 4 AEE
9 £¥5%. |
G OEBOE w LD, XHIEHOEH 7 (0S7Sd)
RALT D) OEEOK ¢ £25. = LBELTLS M
Fo_wh o), T (W) OWERDIZET S, ZThoDROMEE
EENEN cL0,b LB TabD
c,.= | I‘l(x) NT,_y)l
@ = |T@NT, ()]

b, = Il"l(x)ﬂl“ (u) |

741

choDH a. b?., ¢, u & @tbb%&:iﬁ&h:;bfb

nb5. ZhExE GO XX wH.

a +b +¢c =k
T T r

THN, kg0 ag=0 by e =1, by=0 LRBTL
BEEPST ChRS.  EHERIXMICRROE S LEHFANEI 552
EHHISENT WS,

O0zc¢c, =S¢ gczg.....;gc

0 1

Ic:bo_z_blgbz

CNEDRIBAERDEDIZEREDBDE G O TXEF w5,

Z eenees =2b,=

O 1 2 00000
By @y Gy v v 0o a
bo bl b2 ..... bd
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(2] BEEEERS70SHEME

BEBENSS 72 FRTHOET AL RBERTETSH L. 6
AFEEZDIPI L IRXBANEOEOBIZBELTD, 20L
DRBEBEMZS 7053 TETWR L.

0 1 1 k
0O 0 0 o
k k-1 k-1 0

(REZOBOHEMEMN TS T £F25Z Lidtil k-1 ONPTES
FERBZELALZEICRB). ZZTHEMELXE23113558
BEHEERILEN S I, EDL58%MHEL LT Q-polinomiality
LWhbNELDEEALT, FATO @-polinomial % FMEERY S
J7EBELESEWSONXE (1] OXETH3. AEAZEELR
BTWEPEEFRIZL Th .

, —F %iﬁ&:t;o—c Biggs, Boshier, Shawe-Taylor Iz2&n
RS DOEBERN TS TVFEEINE (XH [(4]) . ZOxohFe
RO EOBRD Ivanov DEMTH 5.

[E®] (Ivanov, B [12]) k¥ & M8 9 (9 > 3) O
BMEMTSTOEEIX k£ & 9 O55METEX260%.

CODEHRTHEIGNBERE d OLRIPEDAZIWOT, F 12
BEAICZSZWY, Ivanov PWHWEAIEFEIZIEEICERT,
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Biggs %I Ivanov DO HFFEOEEH LI, #HAELHYALINNY -
BEWOIHLWHERZHREL TRHS OTMICHIILE. ThEDE
BHAZRHBAERNTHY, SECAVORTEEEHBIIL B
e S LW HEES LT 5.
TREOEMERICHES O THHH, HLICHETSHD
E‘n%ﬁ@?"mv 77‘:”&7"6%)@%%7’3%§'§‘6o FZTUHEIPSAVWTY
EEXERRBOOEACTIRGOENEEERBLTHBE,
DHEMPEL 232 TRBIRAIBIR o~ (XXEREH
WESFBIZOWTIRXE [3) £3B). TXERXIILLHLEH
[9] OHARDOECEAMNELDOTES. 5L TRXEAVERE
777 OMRIcpEDERTHE Wb, ZOBIXK (6],
[13] OHRELXEXEA WL LIZEDBE.
XTHREIVED>EDT, KITRIRMEEITLRKE LD
EnWdZitrd. RIEAICI-> TROEREEE.

[EHE] Ko 4 THED 3 OEMENYS 7 KOS DIES.
1) %2757 K
2) I 8 Hik
3) MDTSTDRT ST
a) Petersen 7’57
b) EE2HTFT Ky,
c) Heawood 75 7
d) Tutte’s 8-cage

e) 12-cage
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SZTUIT G OBIIT LIG) tid G OARGERAREGEL, 2
AP 1EREHEELTWHE ECBBLTWAELTTESLSTST7DZ
L. 3) EhTW3 a) 5 e) OSEDIYI 7IZnTIhbkE
SOBEBENITST7THS. KEIOHEHMEMTS7IFLET13HE
HBHaY, ZZIRBEBHRTWAL®DIE Moore 7257 ¢ generalized
polygon Wbh53HDTH 5.
Moore 775 7
a) d =2 Petersen 757
generalized polygon
b) d=2 K3,3
c) d =3 Heawood 757
d) d =4 8-cage |
e) d =6 l1l2-cage

Moore 7572 WD DIk

EROTWBTII7THY, |A, (REE, Damerell Fiz LD oI N
Twd (X#K (2], [7D. ¥ 72 generalized polygon 2 WS Dk
clzczz....:cd_l:l, c,=k

RA3L0ODZ & (XEk (8] &H).
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(3] XXEA

G OBELTWE2/8 u v 2 THEEELT, D(uv) %M
= D 2HEFLIT . dw) =1 THEI LG, [r-s| 22
BHE D=0 t45TWE. X TKROL>ZEAZEL.

(u} = D) ,/Dé D2 /pi _pt!
Nt \Dz/{ \Da N\ a1 | N\ d
.—D D
ENNANVA — Yd-1 d
(w} = Dl N2 N3 \D4 SN
= Y0 1 2 3 : d-1

TIT D, EOMIVWTH BRI ENSOMEKSIOEET 5T
RMEEZSHDLTVE.  T2LBMTUTIERTLARNE T 5T
Bawn. ZORAAE u, v IETLIRXEA LR (2T
d(uw) =1 ERELTWAD, —BICIHERD 2 KIBT 52 XER
AELIENTED). -

XT D, O = 2&D, = NHEOAOEFERS. = »5
DL, i o THT W B DOARE
| e, 7@ = [T @ D, |
LERTILITE. v 22 $RIF |s-s'| 22 OrEi3 DL
£ DL, OMIIZIN R WOT, |
é:i(x).egl(x),eti(x).eglix),eg(x),e?l(x),e;}(x),eal(x),e:i(x)
Edgdaniddn. OFOWEIE v po0EME v »5OES

EEZDHILITEIDBERBIIEONS.
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(WE1] z € DU 2BRROERNRILT 5.

e(_)l(x) = eti(x) = egl(x) =0

e:i(x) - b1'+1

e:i(x) + egl(:v) + e;i(x) =b,

e:}(x) =c,

e;}(a:) + e(—)l(:r) + e:i(x) =€y
0 |

e+1(x) + eg(x) - a

eg(x) + eal.(x) =)

r+1

T

xeliﬂmowrﬁﬁﬁwzaﬁhi%w

[H#E2] = € D, whiE

0 +1 _ +1 +1 _
e+1(:z) + e+1(x) = eO (z) + e+1(x) = b'r

?1(:13) + e:l z)=c¢

eal(:z:) + ej(m) - e 1( -

egl(a:) + eg(x) + egl(x) = e?_l(x) + eg(x) + e?l(x) sa,
HEL»POXXEORFAKIEINLZ L ICHEE. XHIZ

b‘r‘ = b’r+1 Z oI

921(”) = e;i(x) =0
THY, EEBL ¢ =c oy ZolE

e;i(x) = eal(x) =0
ruszreMbn.  EEWE26 zED IEWLTH

0 _ o+l -1 _ 0
e, (x) =ey (), ey (x)=e_(z)
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PRDIADZ b bN 3.

—HRICiE D, DEPEOLOHAIZEDE D DEIEDERS
2, ZEXEHAOBIL->TIE, LOBEILNIOHEV—EIzkE
XNBIEDBD.  E50IBEEE AR RS & RT3
Ztiens. | |

(4] SEH DR DR

G UK 4, WASOEMENISTETE. C OHEE d,
RXEE cpeab, 0S73d) &T5. ARHF3ITHEIZENS
alzltﬁoTMéﬁ,d1:3®t%m,GciKstﬁ@&&U,
¥ 0 =2 OrEEF G BESEHKLESI LVHEERIPOSNLD
Ty BT o =1 LRETS. ZOLEE G OEEOLIZHLT,
EODEEUI AW -DBE. o +b te =4 rb ¥

T

T

FU ¢, OHFAMRZEEZFEZLHZLIZLD, G OXIXEIIE

DFIZZ2 B, 2T (L,2,1) e (2,0,2) #EREEohhhLrg
Wwe  EEIZ (2,0,2) BiIZBEhWI LD, DXDOEEILDDIS.

[EM] (@ [13])
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(i) 0 < a. < br ol @it > 0

(i1) 0 < a, < c, nelx a. 4 > 0

e

&h, (3,0,1) EdgwzZeabd»s. o TRXEIIKOEIZH

5.
01 11..12 2Cd
01 12 21 1<':1d
. 1 0

(1L,L,2), (L2,1), (2,1,1) HOMOEREENER a, 8, ¥ &T5.
C OBELE2H u, v £&D, D =D (up) EH<.

(Case 1) B8 > 0 Ok Xk
¥¥ 822 LRELTAS. [, (v 0K z 25 =
»6 T (w) THTwad% (By), [ @) KHTWw3il% (2,2)
&E¥ 5. EhBEZ2EU3AEEZELEN (n,yp), (129) & T 5.

L) NIV 2ARHTWBRTEDSE, P g €
(u) EZ->Twab. TTBHE z 16 L (@) KE»o>T2

r 6 T
1—‘(14-1
ROD (7)), (20 PHTWEHS ¢ ,22 2D, RECRT

5. [{-T B=1Th5.
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oxlz ¥ > 0 LEELTHRS. D)l =a;=1 THENS,
pl=iw) rH<. HEWOHWEEDPALAWAILICED, 2O
A RETBLERDOESITE S

e(zl(w) = e(.)l(w) =1, eii(w) =2

z » D'Asrsa-n, D (STSa-l) Er@

T ' . -1 _ 0, . _ +1,
Dr 2rsa) OFEZHIE e_l(x)-l, eo(x)fl, e+1(x)-2

a+l . 0, .\ 0 _ +1, .\ _
zeD —~&EoEe =1 ey(z) =1, e (z) =1, e (z)=1

a+2 co=1, -1 _ 0 - +1, . _
zeD Jubide (2)=1 ey (@) =1, e =1, €)= 1

xepgﬁcne%u&®mfnmﬁ&ﬁ

S | _ 0 _ 0 _ +1 -
(1) eO (z) =1, e_l(:z:) =1, e+1(x) - 1, € (z)=1
=1, 0, . _. +1,.._

(i1) e_l(x) =1, eo(a:) = 2, eﬂ(x) =1

cHOzehrn G OXIERIZKRORICETS.

0 1 a-1 a a+l
Dl\ D2 .._..Da D(x_(_1 T
1 2 a ™~ a+{ AN
D1 — Da - Da+1
Dl/ p? p% Da+1/ Da+2/
0 1 T a-1 o a+l
IheDle»o
0 1 2 a+l a+l a 1 0
D1’ DO’ D]_’ ¢ & e Da y Da+1’ Da+1y . Dz, D]_

ZERELEOBEX 20+3 DY A IADBEBZehbd b Kid
Holid, BX atl OEBEOBRELETLIR, KX 2a+3 O

2

AL INMBHIENNRE. T w 6 Dy KNS THTY

B (wpy) EEB. WK By B Dy KHTHBD (Pypy) %
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L5 COBREEOMRLT, w ke DY OF b, EUT

FEX a OBENTEL. CZOEKIC v 2RIMATEX att
DBBEEDSSE. COBBEESUDEX 2a+3 OV N

pO:v’p]_:w’pZ""’pa ’pa+1Qpa+27‘001p2a+2'p2a+3:

BHB. Py, PEOLOMAEABILLED, Py, €Dol)

TRIFNEZ SR, P, DOEOIADOHHE (WP ) S a &

a-r

a -
D Paz € Dy BB RARILT Pya,. € Do,

o 1 ~
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Lemma . Let x, y be rank 2 quadratic forms on a 2-dimensional
space V, x # y. Then

(i) There are at most two rank 1 forms 2z such that x, y € %(z).
(ii) If there is a 1-dimensional subspace U such that «x, y
€ B(U, O); then there is at most one rank 1 form 2z such that x, vy € B(z).
(iii) There are at most twd l-dimensional subspaces U such that
x, y €8U, 0), and if there do exist two such subspaces then there is

no rank 1 form =z such that x, y € €(z).

RILE G THhD

AT NzZ3 Ty
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Py Len Lo Tha 160 Gyf < Gt

T, €, 0,8 R 1 Ay | 093 Re@ftiirss, &b
AE, GFEGIRBPOT, AP =Y o fio LY
CRTIBRT (AL, ABT x0) AR NMBIIL, Gt
MERE G~ 1M THIV Y, S5BHRERBEINT,

L@WW\/,L 3 Let Xir Xy, £ }\/;\,wf,’{ DA fgymz» WL z—ﬂ,gt
0{/‘;%(?*-:%(11 0 R«c\g( ll) = =3 cw[ ;\,&()".‘v~x’_) =) T{}A\

147 —




(1) Thone exats & nomB | forme Xo Auek ot
X, % € 60, (Fm@«, the form Xo s wvww(;f
letrwnined )

(i) (@ubpu»mx&n~l)&wwumﬂadwuu.U
wh that X, 1, G, 0) kmu&gw U a
ddtrvmine A, )

A ROTHENERTITERRE Ty

Lemma ‘r Let W be a l-dimensional subspace of a 3-dimensional
space V. Let % be a set of rank 2 forms having W as their radical.
Let v be a rank“Z form with Rad v 4 W such that rk(x —v) =
for all x € %. Then one of the following holds:

(I) There exists a rank 1 form 2z such that v € ¢(z) and

% < g(2).
(I1) There exists a 2-dimensional subspace U such that v € 4(U, 0)

and % < 4, 0).

Proof. Set U =W + Rad v. Fix y €% Note that if v and

y are aa wnm (i) of Lemma 3 then v(U) £ 0, and if they are 64 A= (ii)

tin V(U) = €. Thu in s dtbn canl, Vosmd X ane
Adatid a0 im Lawms 3G fon Aoy X €%, That
fa, (D) R, Swppots thn it Voo Y ane nulitil as
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Lt 3 G). Let T denote the 2-dimensional subspace orthogonal
to U with respect to v. Let 2z be the form defined by
Rad z = U, v[T = zIT.

Then =z 1is of rank 1, and x, y € $(z). TK, "(’W\ Ué. 2,
'f’v’vwww&\, delngt digpond on . Honu (1) Retdo,

Lewrmec 50 Lot Xy, Xy bl X 2 pinmnii adjaced
nemd? L 1M¢,Cvfw Lo, with, iAsc gétx flonian [QW\A Bi, B;

B, [i i 20 ne M= 3) dimprineond /wawfm certrome]
im ke nbreals of bl hnic xi, thin gma o #hs fullinong Rl

() Thot exivt a nonde | fowm X wx dgt X € CLo)
{30/\ (=1,2,3.

(1) Thae ciikhr om (= 1) -dimerndumal Ww W ek
it X € CW,0) fen £=1,23

PMC( Core V0 X amd Xy a2 @i Lomns 31),

Let X o alts woim Lomma 30, ad St By &
;\/t.\ w«v\.{\t{( ‘ﬁ/"\i,\-’f\-u’v\ {;(?""“"\. - B\*}v i‘vTv:‘_}’ C’CL MW\(L“CM i W}-&, %

rk(B3 - BO) 2 2. Then Rad(B3 - BO) = Rad B3 0\ Rad BO. From
rk((83 - BO) — (Bl — BO)) = 2 and rk((B3 - BO) - (B2 - BO)) = 2,
we obtain also Rad(B3 - BO) c Rad(B1L - BO) N Rad(B2 - BO). So

Rad(B3 - BO) < Rad(B1 - BO) N Rad(B2 - BO) "\ Rad BO

= Rad Bl 1 Rad BZ'
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cimimd i Aol of 2ol of Xy, T ook Xy O cotracdidio
Homet 7 (B,=Be) 21 ond v e (1),

Coe L1 X and Xy J\Lg‘t\t”%‘{ R i Lo B i)

There exists an (n — 1)-dimensional subspace W such

that Bﬂw = BZ'W = 0. Suppose B3lw £ 0. I{m\ L‘MXS o Xy Xs

Wi Mtﬂﬂ‘& &8 i Ltmange G W AV W Casc | ¢ W W

(MAM g that there exist (n — I)-dimensional subspaées Wl, W2

=0 and B}, =Bl  =o0.
» 2 W2 3 w2
a contradiction.

with W # W 4 W, such that Bll W, = 1331Wl

If W1=W2, then Rad Bl=w1n W=W2ﬂW=Rad BZ"

If W #W,, then Rad By =W, N W) 2Rad B N Rad B,, amethin

Conkradichion, Tha Byly =0 stn ald,

Praef. of he Moim Tigwim, W& Mo Wb 0eb.

(aaa Vi G A 16 ramk L fomna, Tin § ot b €0),

(el T suat rek L foma X, X wd X366
white nedieals de gt ald comtasn omy (n- 3)-hamantignal
pdagpce,  In o e, wuwl@ qut #he dewned nclidion
from Lewang 5.
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redieak 0‘{~ 2ach rmh L (»oﬂm enRoamas Lsmi. (NW~3)-
tLWWVML-MVQ Miv*b/’w%g, l’ﬂ P;W“ Cark W Ma?,

Abwmy  dwe V =3 Also assume % is not of type 3. For
" each 1-dimensional subspace W, let ?,w denote the set of the forms
belonging to § whose radical is W. Assume first that ® contains
no rank 1 form, Then as qz +q+ 2= (q3 - 1)/(q— 1)+ 1, we may
assume that there exists a 1-dimensional subspace, say WO’ such

that ‘6W | 2 2. Pick 0# v € 6—ﬁw . Then by Lemma4, one of the
0 : 0
following holds:

(i) There exists a rank 1 form 2z such that v € $(z) and

b, S 6(2).
"o

(ii) There exists a 2-dimensional subspace U such that v € §(U, 0)

and \gw c 4, 0).
0 ' .
If there exists afewk | form 2z Awch ﬂ\;\,(‘ (i) holds for all 0 # v

€ @—L”w , then ‘6 = fv(z). In{«,’é l.w-p()’-.'-'\‘&Wl assumption that ‘@ contains
0 ’ t

no rank 1 form, this is Malyerobii | LR vide AR e T
f ‘

ne Lo ndegnak subspace U Ruch %k (ii) holds for all 0 #£ v
et’,—ewo,w‘é fe €U, 0). |

Thus we have l@wol < q by LMLI . Further, we see from Lemma i
that one of the follwing holds:

(iii) There exist two distinct rank 1 forms such that

z2ys Zg
for each Q0 # v e_é—gw , one of zy or z, satisfies (i).
0
(vi) There exist a rank 1 form zq and a 2-dimensional subspace

U2 such that for each 0 # v €% —@w , either z satisfies (i),
‘ 0
or U2 satisfies (ii).

} 1 Yy
such that for each 0 # v € % -—'@w , one of Ul or U2 satisfies (1),
0 3

(v) There exist two distinct 2-dimensional subspaces U
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If (iii)‘or (iv) occurs, then set Ui = Rad z, . Then in any case,
each l-dimensional subspace W with ew # ? is contained in U1

or U Set

2‘
= c i = i =
W, {w'._Uil dim W =1, G 4, W£ul, i=1, 2.
Clearly [W‘il < q. Also the above argument shows that |‘6wl <£q for
all WeW,Uw,. If }ewl =1 forall WEWH,UW,, then [g|%
29 + q + 1. Therefore we may assume, by symmetry, that there exists
Wl € 'W'l such that l@w | 2 2. Pick W2€‘ 'W'z Arguing as M’w{
1

W, Wl in place of W,, we see that each l-dimensional subspace
W with gw # ¢ is contained in Wl + W2 or Ul' This means ‘11’2‘ = {WZ).
1{_ 16, | 2 2, then a similar argument yields W = {w},

W2 1 1
which implies €] < 3¢ + 1. On the other hand, if ]’gw | =1, then

. 2

we have 8] < q(q+ 1) +1 + 1.

Now assume that ‘6 contains Agmi Nawfy | form, say b. If ¥ contains

mm\ rank 1 form x with Rad x # Rad b, then % must be of type 1

or 3. So we may assume that all rank 1 forms‘belonging to § have
the same radical as b. Note that |
Rad v € Rad b for all rank 2 forms v € §. (*)
Thus we may again assume that there exists a 1-dimensional subspace
WO such that l'@woi 2 2. Pick a rank 2 form v €& ¢ —‘gwo. Then

~again (i) or (ii) holds. But (¥*) implies that if (i) occurs then

Rad z must ‘coincide with Rad b and so x(Rad b) # 0 for all x ngo,
and that if (ii) occurs then U must coincide with Rad b and so

x(Rad b) = 0 for all x € Sgwo. Now the observation made immediately
after the statement of (i), (ii) together w'ith the argument used in

the proof of Lemma 4 yields that % is of type 1 or 2.

L, Y. Egownr /\M,,WMW of qorodnatoc fovma T, Gmbon, Thivy
Sen. A 3%0985) Vi,

L, 1 Héw‘tw,mw&wtm e M gﬂ ‘MW ‘(.@JW} , F’W‘
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Spanning trees fixed by automorphisms of a graph

Mikio Kano e fH 55 74 Akashi Téchnological College

Akio Sakamoto *R # 6 ZE  The University of Tokushima

1. Introduction

We consider a fiﬁite graph G which has no loopé and no
multiple edges. We denote by V(G) and E(G) the vertex set
‘and the edge set of G, respectively. An edge joining two
vertices v and w is denoted by vw or wv. An automdrphism
o of G is a permutation on V(G) that preserves adjacency,
that is, if e=vw is an edge of G, then a(e)=a(v)a(w) is
also an edge of G. The set of autbmorphisms of G forms
the automorphism group Aut(G). Let acAut(G) and A be a
subgroup of Aut(G). For a subset X of E(G), we write a(X)

={oa(e)eE(G) [ e€X}, and say that X is A-invariant if a(X)

=X for all oacA. We write F(A) for the set of vertices of
G fixed by A, that is, F(A)={veV(G) | a(v)=v for‘all acAl.
We denote by G[F(A)] the subgraph of G induced by F(4).
For a subset S of V(G), define the suBgroup AS of A by
AS={aeA | a(x)=x for all xeS}., If S={x}, we write A for
AS. Othervnotation and defintions not defined in this

paper can be found in [1].

We consider the following problem. Let P be a property
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of graphs and A be a subgroup of Aut(G). When does the
graph G have an A-invariant subgraph that possesses the

property P? 1In this paper we prove the following theorem.

Theorem Let G be a connected graph, and A be a
subgroup of Aut(G). Then G has an A-invariant spanning
tree if énd only if one of fhe’following conditions holds.

(1)  F(A)#é and the induced subgraph G[F(AX)]. is
connected for every vertex x of G. |

(ii) F(A)=¢ and A fixes an edge uw such that F(AX)
contains u and w for‘all x€V(G). Moreover, for every

vertex x of G, the induced subgraph G[F(AX)] is connected.

We now give examples. Let A be a subgroup of Aut(Km),
where Km denotes the complete graph on m vertices. Then
it is eaSily shown by the theorem that K2n+l contanis an
A-invariant spanning tree if and only if A fixes at least
one vertex. Furthermore, it also follows immediately from

the theorem that K contains an A-invariant spanning

2n
tree if and only if (a) A fixes at least one vertex, or
(b) A fixes an edge uw such that F(AX)Q{U,W} for all

vertices x of K2n (i.e. each cycle, in the cycle decompo-
sition of every oeA acting on V(G) with a(u)=w, has even

length).
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2. Proof of Theorem

Proof of necessity Let T be an A-invariant spanning

tree of G, where we regard T as a subset of E(G). Let B
be any‘subgroup of A with F(B)#¢. Let x and y be any two
distinct vertices of F(B), and let P(x,y) denote the unique
path in T from x to y. Then B fixes P(x,y), and so B fixes
all the vertices in P(x,y). Hence G[F(B)] is connected.
In particular, if F(A)#¢, then the condition (i) holds.

We now assume F(A)=¢. Since the center of T, which is

clearly A-invariant, is K, or KZ’ we obtain that the center

1

of T is K2 and that A fies the edgé uw contained in the
center of T. Let B be any subgroup of A with F(B)#¢.
Suppose u is not contained in F(B). Then w¢F(B). Take
x€F(B), and choose B€B sé that B(u)=w. Then a subset
P(x,u)uP(x,w)uuw of T contains a cycle, where P(x,u) is
the path in T from x to u and B8(P(x,u))=P(x,w). Then we

have a contradiction. Hence F(B) contains both u and w.

Consequently, if F(A)=¢, then the condition (ii) follows.

Proof of the sufficienly of (i) For a subgroup B of A,

.

we denote the order of B by |B
We assume that the condition (i) holds. Put XO=F(A),

and let Xl’ X2, oo Xm be the orbits of the permutation
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group A acting on V(G)\XO. We construct a digraph D with

vertex set V(D)={XO,X

10 ** ,Xm} from G as follows. For
any two vertices X and Y of D, (X,Y) is an arc of D if and
only if there exists an edge xy of G such that xeX, yeY
and A4 (i.e. A& fixes x). We shall show that D is
connected and has a rooted spanning tree T* possessing the
property that for every Qertex X, X#Xo,vthere exists a
path XO’Xa’Xb’ cen ’Xd’X in T* such that (XO,Xa), (Xa,Xb),
e s (Xd,X) are arcs of T*, In order to prove the
connectivity of D and the existence of T*, it suffices to
show that the following two statements hold.

(1) For each vertex X#XO of D, the in-degree of X is
positive. |

(2) For each strongly connected component C of D with
XO¢V(C), there éxist vertices XeV(C) and X'¢V(C) such that
(X',X) is an arc of D.

We first prove (1). ‘Let xeX. Since the‘induced sub-
graph G[F(AX)] is connected, there exists a path x,a,...,
d,pye..,sr,ys in G[F(Ax)] such tﬁat X8geeeydP,se.. LS are
edges, {x,a,...,d}cX, peX'#X and éeXO. Since A 1is
included in A_, ... , A  and |Axl=lAa|'= coo =|Ay] (as X is
an orbit), we obtain Ax=Ad=ATx,a,.. ,d}’ Hence (X',X) is

an arc of D, and so (1) is proved.
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It is immediate that if (Xi’Xj) is an arc of D, then for
for any vertices ani and beré we have |Aa|2|Ab]. Thus,
if Xi and Xj are vertices of a strongly connected component
of D, then for all vertices aecX, and ber, we have !Aa[=

=[Ab

put V(C);{Xl, XZ’ cens Xn}. Then there exists a path x,a,

. We now prove (2). Take a vertex xeX, XeV(C), and

ceesCyPsrecssrysS 1in G[F(Ax)] such that xa,...,rs are edges

of G, {x,a,...,c}cX L UX_, ceX , X eV(C), peX', X'¢V(C)

1Y .- "

and seXO. We can similarly show that (X',Xk) is an arc of
D as A =A cA . Hence (2) holds.
c X p
Let T* be a spanning tree of D given above. For each
arc (X,Y) of T*, we take exactly one edge e=xy of G such

that xeX, yeY and AXQAy, and let {e .,em} be the set of

l,..

such edges. Set

T=(a spanning tree of G[XO])U {u(ei) l l<i<m, qgeA}l.
Then it is obvious that T is an A-invariant connected
spanning subgraph of G. Suppose T contains a cyciez Then
there exists an edge e=xyé{el,...,em} such that a(x)#a(x)
and t(y)=t(y) for some g,rcA. Then rnla(x)¥x and Tnla(y)#y,
which contradicts AkgAy' Therefore, T contains no cycles,
and we can conclude that T is a desired A-invariant spanning

spanning tree of G.

Proof of the sufficiency of (ii) We construct a new
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graph G' from_G be inserting a new vertex v of degree 2
into the edge uw. Then V(G')=V(G)u{v} and E(G')=(E(G)\uw)
v{uv,vw}. For every acA, define the permutation a' acting
on V(G') by a'(x)=a(x) for all xeV(G) and o'(v)=v. Then

o' is ‘an automorphism of G'. The condition (ii) guarantees
that G' and A'={a'cAut(G") } acA} satisfy the condition (i).
Hence G' has an A'-invariant spanning tree T'. It is clear
that T' contains edges uv and vw. Consequently, G has an

A-invariant spanning tree T=(T'\{uv,vw})u{uw}.
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PG("V) -{x,z}=AUB (pabtition)

SHU. G 25 v ARDEST. 5 & 4 OARY. z & B Dfko
ZEXBIT x Lz EOBRWTHRSET I TR, G B, (( A=z O
EE. ZOEESE yz O contraction THB, ) & PA4@EEOL % G
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D 23BEE B X,z PEET B,
fER2. ORAMLO4EET ST G OEX20D/1R xvz B, G- {x, ¥, z}
D23 ZiESTE A,

(I) xz€E(G) BBIE. xyzizBNT Po-reduction HFEY %,

(11) x¥z {ZBWT Fa-reduction FEELBWEGIE, xyw RU wyz

280 Pg-reduction PHRETHE5% we FG(y) - {x, z} HEET
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FH3., 6fHMED4EETS T G OEBEOS vy OEDIC Pé’?reduction

DT Do

—%. WELIE. K %< EEO 4855 T OEROMCH LT, 205K
UEDEDMELS 2 FEHEID RN TTE 55 T0 2L 2 5 L HITE S
JLEEHRLTWS, —Ric ni#iEr 5705 mZBORL & n-msg R
AN, EOBEEHID LERERIELTW3bIITH S, CoTik. 1
HEEDEHE NSO mET. MR L SESEE 1 E50 ¢ 501l
TERB. BB m 12OV TIORREEED B L TIE, > 1AM
T m+LEI LT HBRES 1 20 ST EDTES, LENS T, ROTH:
kb5, Tabb,

EEL. 2 EOERD niliEr'S T G OEBOR v IKHLT, T o)
DBELG rEfaRs S 8K, G- ({(yIUS) 2 n-ri@Ersvec
$5XO%BID r % rin) LEZLITS, |

~S. K, -1 |%" | -independent edges } mEzrrEiz,
r= 3] -1 e¥se. EEOAL ZOEHOEED aficHL, ThE0D
relERTERET S0 0 OEDFETZOT, r(n)2 (5] #8035, =
DTLLHELEANDE, r(4) =2 %83,
$72 rin+l) Srin) +1  BENIOOT r5) =3  Thi. BB
r(1) =r(2) =1, r(3) =2 HRINZOT. LOTFETESPHAITELED
h3.
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#H6. r(6) =3,
FHE,E r(n) OLHEELT. KOREES.,
7. n25 ol r(n) £n-3, FHz, r(7) =3,

4

pad

FELIBWT, MEEOS % TH 581 REZBLEIRBTHSID.
EE2. nZgBlEOERO n@iEr'57 G IHULT, 538 ¥ MREL
T Tgly) O#Ln rEfAgatse. G- (r)US) 2% n-ri
BB ED%BMD r % r'(n) 2EL,

r’'(n) IZoWTE, ROZ LT3,

* %J < r'n) S rn) .

T, BiAI% n T, HHRSPZHDIEUTOHDTH 5,
r(1) = 0,
r’(2) = r’(3) = 1,

r'(4) = 2,

> % % %

r’'(6) = 3,
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F488. r'(n) = L%J

ZOFEYL, Slaterd TR (FES) 2EATWS,

n =5 j2onTid. 2 UMW CEERICRRREN: , BERAEER.
EHO . THEMEDSEEYTT G OUKSOIEEDR 5 LT, T
DEEE2E 5, 7 BBEE. G- (6,2) H3EERBESTTE S,

ZHU, 3D 7 IHIT SROEHEDT FUY—IB> T B, |
%M10. [Ando, Enomoto & Saito] 5Lt 3 MBS 7 DWH3
DIEED™ICIE. 3-contractibleRTAUEEL TV 3.,

OB 57 LT, 0¥ 1T ORI 15 L BB,
A1 1. 2ke3BLED 2k+LEEEYST G OWH 2k+1 OEBOK ¥
ZHUT, Tplv) 0%z kESaks S HRsr, G- ((1US)
k+ 1822 B,

Biglc. TRED S BIENFRE LT, MTFEEFTH <.

FH1 2. 2k+38lED 2k+LEEET ST G OIEBD 2k+2550%E W
HL. W ObxSY kLRGSR BNO KHLEERDBE kLSS
AT TN B
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