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On Mimura-type Spherical 2-designs

ArTILA SALI
Kyushu University 33
Department of Mathematics
Faculty of Science
Fukuoka 812, JAPAN

November 14, 1991

Abstract

In this note we shall determine which Mimura-type spherical 2-designs
are rigid. This work is intended to shed some lights on conjectures of
Bannai. Bannai conjectured [Ba] that there exists a function f(d,t) such
that if X is a spherical t-design in $*! and |X| > f(d,t) than X is
non-rigid. He has showed that f(2,t) =2t + 1.

1 Introduction

Spherical t-designs were introduced by P. Delsarte, G.M. Goethals and J.J.
Seidel [DGS]. Let S C R%! be the unit sphere in the d + 1-dimensional
Euclidean space.

Definition 1.1 A ﬁm‘te X c S% is called a spherical t-design in S% iff
= o f@u(e) = 5 X 1)
5 Jst P

holds for all polynomials f(z) of degree at most t.

tPermanent address: Math. Inst. of Hung. Acad. Sci., Budapest P.o.b. 127 H-1364
HUNGARY



Let P,(S?%) denote the linear space of homogenous polynomials of degree | on
S?, and let H;(S?) be that of the homogenous harmonic polynomials of degree
I on S%. Then we have that

L3
P(s%) = @ Hi—ax(5?).
k=0
This implies the following equivalent definition of spherical ¢-designs.

Definition 1.2 X is a spherical t-design in S% iff
Y f@)=0

z€X

holds for all non-constant homogenous harmonic polynomials f of degree at
most t.

For basic properties of spherical t-designs and further references the reader
is referred to Delsarte-Goethals-Seidel [DGS]. See also Bannai [Ba], Bannai-
Ito [Balt] and Goethals-Seidel [GS]. The following concept was introduced by
Bannai [Ba).

Definition 1.3 Let X = {z1,22,...,2,} be a spherical t-design in S%. X
is called non-rigid or deformable, if for any given € > 0 there exists another
spherical t-design X' = {z,25,...,2"} such that ||z; —zi|| <€ for 1 <i<m,
and there ezists no orthogonal transformation g € O(d + 1) with g(z;) = zi.
X is called rigid if it is not non-rigid.

Bannai put forward the following two conjectures[Ba).

Conjecture 1.4 There erists a function f(d,t) such that if X is a spherical
t-design in S%1 such that |X| > f(d,t), then X is non-rigid.

Conjecture 1.5 For each fized pair d and t, there are only finitely many rigid
spherical t-designs up to orthogonal transformations.



Conjecture 1.4 is supported by the fact that the known rigid ¢-designs are
very rare. In fact, besides tight t-designs, which in case of ¢ = 2 are the d-
dimensional simplexes (of d+1 vertices), the sequence of d+2-element Mimura-
type 2-designs are known to be rigid.

For the sake of compactness, we restrict the discussion to spherical 2-designs
and omit some definitions and examples. For more detailed background the
reader is referred to Seki’s paper [Se] in the same volume.

2 Definitions and Results

Here we have to recollect first some definitions and notations from Mimura’s
paper [Mi]. To a multisubset X = {ux:k = 1,2,...,n} of R% we assign the
matrix W whose column vectors are

Then X is a spherical 2-design of n points in §%~! iff W = (wj) satisfies the
following:

(0) Y4 wi =d/n for 1<k <n,
(1) dk=1Wik =0 for 1<i<d,
(2) k=1 WikWjk =0 for 1<i<j<d,
3) Shaiwd =1 for 1<i<d.

Let v1,v2,...,v4 be the row vectors of W and let vo = /1/n(1,1,...,1).
Let X be a spherical 2-design in S?~!. Then the set {vo, vy, .. .,vq} forms
an orthonormal system in R™. Let vg41,...,vn—1 be unit vectors in R™ such
that {vo,v1,...,vn—1} forms an orthonormal basis of R*. Then the matrix V'
whose row vectors are Vg4, . . ., Un—1 satisfies (0)-(3), hence defines a spherical
2-design in S™4"1,

Definition 2.1 Any matriz V constructed the above way is called orthogonal
to W and denoted by V = W+,

Definition 2.2 Let X be a spherical 2-design, then we denote the matriz W
constructed above by m(X). Let V = WL. Then the subset Y C S™%-1 with
m(Y) =V is called dual of X and denoted by Y = XL.
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Theorem 2.5 Ifn > d +2 > 5, then the Mimura-type spherical 2-design in
S4-1 with parameters n,d is non-rigid.

Mimura proved that spherical 2-design with parameters n = d + 2 exists if and
only if d is even.

Theorem 2.6 The Mimura-type spherical 2-design in S*~! with parameters
n=d+2=2m is rigid.

Theorem 2.6 provides a series of examples of non-tight rigid spherical 2-designs.
However, the size of the design is just one larger than the size of the tight one.

3 Proofs

Although the title of this section is Proofs, here we do not present complete
detailed proofs, but only sketches. The main reason for this is the limited
space available. However, the determined reader can make up the omitted
parts by himself. For the sake of convenience if X = {z1,z2,...,2n} C §d-1
and X' = {z},2b,..., 25} C S% ! are such that ||z; — z}|| < efor 1 <i < n,
then we call X’ an e-transform of X. Furthermore, we do not distinguish
between X and W = m(X), because they are just constant multiples of each
other.

Lemma 3.1 Let X and Y be spherical 2-designs so that Y = XL. Then for
every € > 0 there exists €1 such that if V is an €;-transform of X, then there
erists an e-transform U of Y with V = U+.

The proof of this lemma is based on the fact that the solution of a system of
linear equations is a continous function of the coefficients in a neighbourhood
of a non-zero system determinant.

Proof of Theorem 2.8

Let Y = X' and suppose that X is non-rigid. Let € > 0 be given and let ¢;
determined by the lemma. Let V be a non-orthogonal e;-transform of X and
let U = V< an e-transform of Y. Let W and T be matrices defined by

VIi/n(1,1,...,1) Vi/a(,1,...,1)
X T = 1%

Y U

W =



Then W and T are orthogonal matrices. Let us suppose in contrary that Y is
rigid. Then there exists an element g € O(n — d — 1) such that U = gY. Now

Vi/n(,1,...,1)
(WTTg h)w = 1%
Y

This means that WTTg~! € O(d) and takes X to V, a contradiction.

We give an (almost) complete proof of Theorem 2.6, because there is no known
general method to prove that a spherical design is rigid.

Proof of Theorem 2.6

Let us indirectly suppose that W(d + 2, d) is non-rigid, where d = 2m. Let
V be a non-orthogonal e-transform of it. Let the row vectors of W(d + 2,d)
be wy,w2,...,wq and the row vectors of V be vy,v2,...,v4. Let wgy =
V1/n(-1,1,-1,1,...,1). Then the matrix

w
w2

Q=
Wd+1

gives rise to the d 4+ 1-dimensional simplex, which is a tight 2-design. Let
v441 be the unit vector orthogonal to vp = /1/n(1,1,...,1),v1,...,vs. Then
by Mimura’s argument, the components of vgy; are £1/1/n. We claim that
wgy1 = £v441. Having established this, we can conclude that the matrix

n
T=|
Vd+1
is either an e-transform of the d + 1-dimensional simplex, or a reflection of
an e-transform of the d + 1-dimensional simplex. In any case, it must be an

orthogonal transform of Q. Furthermore, this transformation g: Q — T either
fixes the d+ 1st coordinate or just changes its sign, so g restricted to the first d



coordinates is an element of O(d), and takes W(d+2,d) to V, a contradiction.
Thus the only thing left to prove is our claim of wg4+1 = *va41. Let i1,142,...,1s
be the even positions and j, jo, - - ., js the odd positions where wg4+1 and vg41
differ. Let us assume that s < m/2. Then we have

21 g2 gl gt iz s
2 P22 2% 21 22
rank . . =2s

M1 pmiz | mia M1 pmiz My,

for z = mxvﬁawsmﬁv. This implies that there is an a such that
2 g g%y e 00 _ped . p0de £,
Then for r = 2a — 1 or r = 2a we have that
S S
Muglr lMU.SG.r =6§>0.
k=1 k=

On the other hand, by the orthogonality we have that (Wr, Wat1) — (Vr, Va41) =
0. Thus,

0 = |(wr,Wat1) — (Vr,Vay1)|
S S
= |~ —vr) £+ Y (Wi +Urik) = D (Wrjy + Vr)|
s 3
> MA.EJ.w + Vri) — MUASJ.." + rji )| — (@ — 25)e
S S
V Mgﬂmk |Mgiu.r |&m
k=1 k=1
> 6—de

which is a contradiction. If s > m/2, then instead of taking (w,was1) —
(Vr,v441) we take (wr,W441) + (Vr,v441) and obtain a contradiction in the
same way.



Proof of Theorem 2.5

The case, when both n and d are odd, is obvious from the construction.
If d is odd and n is even, then the first d — 1 rows of the even numbered
columns of W(n,d) form a 2-design in d — 1-dimension. We can rotate it
slightly and obtain a new 2-design in d-dimension, which is obviously not an
orthogonal transformation of the original. In the case d is odd we use The
Implicit Function Theorem as it is outlined in [Ba]. We illustrate it for d = 4,

n=2a+1. Thenfora=2—:-

cos & cosaq
sina sin ac

V2W(n,4) =
(n,4) cos 2o cos 2aa
sin 2« sin 2ac

cos(a + 1)a cosna
sin(a + 1)a sinna
cos2(a+1)a cos 2na
sin2(a + 1)a sin2nao

Now we change to cosia + ¢ = cosf; (i =1,2,...,a). We choose §; so that
sinia and sin 3; have the same sign. Thus we obtain the following matrix

cos By cos s cos B, cosfB; cosna

= | sing sinf, —sinf, —sinf; sinno
T | cos2B; cos2B,  cos2f, cos2B; cos2na
sin283; sin28, —sin28, —sin2B; sin2na

12W satisfies (0)-(3) iff z; = cosic and & =z; + € = cosfB; (i = 1,2,...,a)

satisfy the following system of equations:
a
>
i=1
a
PIEA
=1
a
> mi(227 - 1)
=1
a
> 2xi(1 - =?)
i=1

a
> (227 - 1)
=1



This is in turn equivalent to
a
Y =0 k=1,2,3,4.
i=1

The above sytem of equations has many solutions in a neighbourhood of zero
if @ > 5, according to The Implicit Function Theorem. One can check that w
is not an orthogonal transform of W(n,4). To finish the proof for smaller n’s
one has to apply Theorem 2.3.
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On non-rigid spherical t-designs

LMK - B
B il

1 Definitions

spherical t-design i% 1977 ££ic P. Delsarte, G. M. Goethals, J. J. Seidel [13]
K-> THELENBEE T, S48 d+1RT2—7 Y v NZERIDBATER, X
% SIOEMBAEEELET,

Definition 1 .
XH»Sito spherical t-design Th % & i3,

57 [o S @) = 7 3 )

z€X
B, Ex RO S LEOFBOBHERICEALTHRD I EE WS,

T, RELoZ2EAOERRRA LOBMEHAOCER LE—IcD £9,
CDZ &IZRD Theorem 1. itk » TRIFE N T TS
P(S% % S LD | ROBFREE\EROB T~ P AZER. H(SY) % SPLo
| ROZFRAMZBHEADKR T~ b AVERELE T,
Theorem 1 . "

P(S%) ~ P Hi—ak(S?).

k=0
o
h,“_—‘ifdimﬂ,(sd)=(’;d)_ ( “"fi‘z)
LD EF,

Zhic & » T Definition 1. iz, &R ® Definition 2. TCEWHZL B I LMW TE



9o

Definition 2 .
X 3% 8¢ Lo spherical t-design T& 3 & i3,

> fle)=0

z€X

B, FEEHEEL t RO S LOEROTNEHEA B L TRV &%
Wdo

& T, spherical t-design OEE%2 ¢ 3BIEE,L D HHVWEEDLNS DD
1 o3 rigid spherical t-design D& Td o RiT rigid & non-rigid DEER%:
A~LED,

Definition 3 .

X = {£1,%2,...,2,} ¥ non-rigid spherical t-design T&k 3 &ix. {f
EDe > 0 it LTRD 2 >DEMRM 729 & 5 72{thd spherical t-design
X'={z},25,..., 5} BEETE I LEWV I,

Lz —gil<e (1<i<n).

2.0z; =2, (1<i<n) LBBIIVERLEHRO € 0(d+1) BEHLE
LW,

BT X & rigid spherical t-design Td 3 & i3, X 5 spherical t-design »
2 non-rigid TRIZVWI & EZWV I,

2 Examples
Zh TR, W2 DFEHERBHPITOVTATAILVWEEREVE S,

1.d=10D& %
COBE. RDO2>DFEBIck~THHEIhTWE S,

Theorem 2 (Y. Hong, 1982).
X5 S ko spherical t-design 73 &1,



L|X|<2t+10E& XBEK+1AR(1<k<2)DHATH 30
2. | X|=2t+2 DEEXR2o0Et+ 1 FHEOTHEADFITH 2,
3. |X| > 2t+ 3 D& & MR D spherical t-design HEFEET 3,

Theorem 3 (E. Bannai, 1987).
X %3 S! E o rigid spherical t-design 72 5 ¥ X 3IE k+ 1 & (1 < k < 2t) ©
ERT® %,

2.d=20D¢%
BICIEZHEEERICE>THE L& o RFRTOEDE T LB O TS,

X ¥ |X| t rigid ?
iE 4 & 4 2 rigid
1E 6 mi& 8 3 non-rigid
ik 8 Mk 6 3 rigid
1E 12 & 20 5 non-rigid
1E 20 f{& 12 5 rigid

3 Bounds for the cardinality of spherical t-design

spherical t-design OFEHEICOWTRIROEERSEAN T,

Theorem 4 (P. Seymour - T. Zaslavsky, 1984).
F&D t,d <%t L T spherical t-design BSEET %,

Theorem 5 (D. Delsarte - G. M. Goethals - J. J. Seidel, 1977).
X% S E o spherical t-design 73 & if

(d;s)+(d+;—1) (1 =29),

| X| >
2(d;3) (t=2s+1).



Definition 4 .

spherical t-design %5 tight T& % & i3 Theorem 5. Ic R THERAMBKD LD &
EZWIo

EE : tight = rigid. M50 2o

Theorem 6 (E. Bannai - R. M. Damerell, 1979,1980).
d > 2 1IZAWT tight 73 spherical t-design BFEET 5Dk t = 1,2,3,4,5,7,11
DB IR 5,

Theorem 7 (P. Rabau - B. Bajnok, preprint).

N > C(d) t5+¥-1
%@t 3EZD Nicxt U | X| = N &3 3 & 5 73 spherical t-design X BEE
ER-TS

Theorem 7. 3IRERBOERIZEEbh F 445, Theorem 5. & Theorem 7.
ORI DPBYODOF vy THHEVHLBIEBBFH /NI S, TILEDETE
Bk THEEN DD 270 & LTHEEROEA & LT (B. Bajnok OFEIR
HEBHRICR VT explicit EEX F9H) TLIC explicit WAEKIRRo» -
TWE B Ao, BT spherical t-design SEN L SWDEICHR TR TE 20 &
WH L HHEAWVWHBETHS L EEVET,

4 Bounds for the cardinality of rigid spherical
t-design

4.1 Conjectures

& T rigid spherical t-design OFEFFIRIC OV TRIROFHENSH D 45

Conjectures (E. Bannai).

1. &2 Dt,dicxt LT I|X| B+23KEM B & 5 13 spherical t-design X i
non-rigid 273 %,

2. 84 Dt,dicx} L T rigid 72 spherical t-design (3 ERERER W THR
BLIAEEL W,



4.2 Technical method

d =1 DFEITIE section 20H| THI LS BHEMS R I TWE S, E. Ban-
nai [8] Tid non-rigid TH 3 Hh EI hEYET 2 HEE L CRRMAKTEESH
WohTwE T, BREFhELTIhEd> 2 DIBAIIETE R WA
EWSOBROEEEIEDE T, UTicZzoiE#H %2R LE TS

4.2.1 Implicit function theorem

{firs fizy--- fim} % Hi(S?) DERZEEE U T, BEEIERTR % spherical
t-design X = {&1,&2,...,&n} DERBRER

® Y ) =0 (1<I<L1<k< hy)
=1
2B g RIXI — RTM & 312 & & Jacobi 175113
( %(el) o e he) L g) %(sn)\
3’-’*(6)
J =
i“*(f) 3”‘—'&(&)
%'-(5) %A(g,,))

EEFET, JOTR 1P H .. DH:THES h, Fi X DIpd £ O
BETHESNhTVE T,

CDEERD 2 D>DEMEEKT-E T X3 non-rigid 7% spherical t-design & 73
BlEBbhDET,

N1. J#s full rank &£73 %,

N2. (x) OEZER% 5 X % free parameter DA O(d + 1) D parameter
DLV Z WV,



4.2.2 Explicit construction of basis of H;(S%)

S Jacobi {THIZEET 2 cvic, BEMIC Hi(S?) 0EREEZHR
LTHELsde ZHRANOEHMCRTERBEEZRBRLL S L3558
Gegenbauer ZIEAMBEHTYH

Definition 5 .
m R D Gegenbauer ZIHR, C, ZRMIICIRD & 5 ILEHT 5,
Ci(z) = 1,
C)MNz) = 2z,
(k4+1)Cli(z) = 20k +N)zC(z) - (k +2) — 1)C2_;(2).

Hi(S5%) OBEREEIR C D Gegenbauer ZIHR % {# » TEBRICIRD & 5 ICHERK
ahEd,

Theorem 8 .

Q(l) = {fmo,ml,mg,...,md_l (01’ 02a ey ed—ly od)

d-2

d Z . Mmi41+

e f eEtV—1ma_164 H(szn0k+1)mk+l Cm:ilmkﬂz (cosgk_H)
k=0

50 mg—a| <mg2<...<my <mo=1,m; € Z}
i3 Hi(SY) oEREEE T,
LHLIDEKELSd> 2 DIBAIED N1, N2, 254 &k, 2hi e
BERBRIETREBVWTHAS LEbNhE T,

5 On some non-rigid spherical ¢t-designs

5.1 Main result

& T section 4D K i Jacobi fTH|2ERT AL icL > TRD L S REH
WEREBEOSNFLEDTRLTBEE S

Theorem 9 (G. Seki, to appear).
spherical 2t-design i3 t-design & L T non-rigid ©&% 5,



5.2 Outline of the proof

IRICHEB O BIEE % 7R U % 4o subsubsection 4.2.11c 5 % 72 non-rigid 272 % 7=
B DY N1., N2. 2D subsubsection 5.2.1,5.2.2 T1 >2F>F v 7 L

TWEE 9,

5.2.1 Estimation of Jacobi matrix

FTWBOLDIETEEDE T,

de 0
Ad—y = (a-ij)matriz =f f(v,i)(fj) .
00—,

7T {f(,,',')} Bmg_1=...=my_, =0,mg_,_1 £0(0<v<d-1) &7
3LHIREBEDOESTT,
1 (v=0),
Gan(§) | €2V T (v=1),
v=1
C;? (cosby—p41) (2<v<d=-1).

def

0
Bd—v = (bij)matriz = an.

(04116

Lemma 1 .
FoOANEBIICE-TIER2RDOE> R JIcEFTE 3,
(A 0
* A2
Ad—u—l 0 0

J' = * Ad_,, 0
* * Ag—v+1

o fl&))) -

Ag-1

0
As )




Lemltna 2.

felJd) RoEERbGMBEELT

=1

PG U 3().
Lemma 3 .
fi # BRoH
S 21(6) 82(¢)
gd—V(&) aod_v V(f) 89 v *

PILE®D lemma ic oW T REEOHEICL > TRTCEBTEE T
Chodlemma 25 ERDE I, BAONAEZBEDOS & Tk J'H full
rank TH B EBbhn Ed,

Lemma 4 .
J'i3 full rank Tdh %,

t
(proof) X = {¢1,&2,..., &} b8 spherical 2t-design 72 X f;, fi € U ®() i
=1
LT
> fiful&) = /S Jifu(@)dw(z) = A)bik (AG) # 0)
=1

DD L5 Gramm matrix 2 Z8 423 LItk > T By, i3 full tank 2% 9
Ag_, b full tank . L7zH8> T J'H5 full rank &7 3, (Q.E.D)

5.2.2 Estimation of the number of free parameters

Lemma 5 .
X %5 spherical 2t-design 2> d > 273 5%

t .
. t+d t+d-1 d(d+1
d|X|>Zh,+dsz(d+1)=( J; )+( -;—1 )+(_;_2
=1

Z ®D lemma i3 Theorem 5. hSE L ICE LN E 4
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Exact coverings of 2-paths by Hamilton cycles
for Kpy2

BRRMAE  AMAED
TREHAET BER B
BRRALAE PR &E

1991411 A6 H

Abstract

C(n,k,)) design i3, K, D k-cycle D) ThHoT, K, DI
HD 2-path #H 1 )L EAFGATVESDTHS, ST, Clp+
2,p+2,2) design &, HBEHDH L TO C(p+2,p+2,1) design (p
AR OERELT.

1 Introduction

Ky = Vo, Ep) ¥ nfHOTERE L ORLY 77 £ ¥ 3, C(n,k,]) design
t i, K, ® Hamilton cycle DY) THo T, K, OERED 2-path ¥ &
JUAATOEATVELDTHE. k=nA=10DL &, Dudeney »[M
H§E L %3, Dudeney DMHEMEL X, (n AOAZMEILMAEICES &
5. OB, EDODANCOVWTH, BFUSNOEED 2 ADPEFTOWBED 125 &
JYIELBEICRE ] EWIHETHS 2,3 BFUSNDOAR -1
AThHY, 2onroEED 2 AFREBUHE, (%)) TH326, ()
EESERITEIWT LR b. —&KIC, C(n,k, ) design i kAXT T —7
VORBEELRS. ‘

F %, K,® 1-factorization T, f£&E® 2 o 1-factor F},Fp € F iZ2
WT, FUF, & kcycle D& 9685 %2 61T, {Fl UF, | ”,F, € F} &
resolvable C(n, k,1) design ¥ 5% 5.

C(n,k,)) design ¥, k=3 ® L &, f#i trivial T& Y, resolvable % f#
KoWTH, [1] THRERTVWS, k=4 0L &, f&iX, (1) n 3BHK (2



n=1 (mod 4),A =0 (mod 2) (3) n=3 (mod 4),A =0 (mod 4) DD
HFEAET 2 [6, 11). ¥ 7: resolvable ZfRICOV T, [9] THERIL TV .

k=n Dt &, n EROBRICOVT C(n,n,1) design 2HRT 2
TEHTEL[T). LL n P FROBHER, n=2°4+1 (p I, e iHH
RE) En=p+2 (p HEKT 24" mod p DRHER) O L &I, C(n,n,1)
design PR ENTVI DA TH 5 [4,10].

CETH,8 TCn=k=p+2,A=20L %, Blb Clp+2,p+2,2)
design 2§k L, A=10t &, BlH C(p+2,p +2,1) design 2T,
§4 TERT 5.

EFOLHOMBLELT, n=p+1 OEHELROGTHET 5.

-2 C(p+1,p+1,1) design

() l-factor F,, (OSzSp 1) %ﬁ&*fa
Fi = {{00,i}} U {{a,b} € B | 6,b # 00,0 + b = 2i (mod p)}.

o ¥ V, ® permutation 0 = (0)(0123 --- p—1) &¢T3. E=<0>
LBE, K, O cycle $7cik circuit D44 C KL T,.2C = {0!C |0 <
t<p—1,C€C} LEHT2.

2._1 Theorem
1) Z{RUGi|1<i<(p-1)/2} i& Cp+1,p+1,1) design TH 3.
(2) Z{FUG;|1<i<p-1} ¥ C(p+1,p+1,2) design TH 5.

3 C(p+2,p+2,2) design
Wﬁtﬁjﬁ‘:, nl P+1 -Kn1 = (VnnEm)a ni = {OO}U{O 1 2 3 i)

p—1}, F; = {{oo,z}}U{{a b} € En, | a,b # 00,a+b = 24 (modp)},
0=(0)(0123 --- p—1), E—<a> E¥ 5.



261, n=p+2, K, = (Va, Ey), Vo = {o0}U{a}U{0,1,2,3,---,p—1}
L BE,V, O permutation 0 = (0)(@)(0123 --- p—1) ¥FALEF o T
E¥. ¥lcr=(p-1)/2 LBL. :

Kn, @O l1factor Gy R0 & ) ICEHKT 3:
(()p=1(mod4) DL &

G1 = {{0,1},{2,3},{4,5},...,{r — 2,7 — 1},

{r+1,r+2},...,{p—2,g-—1},{00,1‘}}.
(i) p=3 (mod4) D & &

G = {{0,1},{2,3},{4,5},...,{r — 1,7},
{r+2,r+3},....,{p—2,p— 1}, {00, 7 +1}}.

EBDi(2<i<p-1) KOVWT G;=iG; LEDB L, p FEHTH
5Zt&h G; b lfactor &2 5.

8.1 Lemma

(1) LuG;(1<i<p-1) ik K,, ® Ha.rmlton cycle TH 2.

2 {Fo} u {G, |1<i<p—-1} & K, @ 1-factorization TH 3.
(3) UL Fi = UZZ{G:

1

B1o&SIKF, Frp) D&TO edge DEIC o 2FALLHb D% Th
TRFS F, e T (H1).

0 l 0 |
i\ _d” -\ -~
,r}d/ 1 ? ,\“;. 2
. d~/ \d\
/ o '\N\K
d. .
' v
" or e\ Y
X1
F® Fa



8.2 Lemma

(1) S{FoUG; |1 <i < p—1} BEED 2-path (a,b,¢) (a,b,cF# ) £H &
SYe2@ETo5t.

(2) T{Fo U F2, Fy U F2,,} REEFED 2-path (2, a,b), (a,0,b) (e,b # @) %
Lry¥2ETOoGL.

Proof. (1) it Z{FUF; |1<i<p—1} EE®D 2-path (a,bd,c)
(a,b,c# @) ¥br I E2ATOEbIL L, Lemma3.1 (3) LW RO 2.
(2) IBOS .

Lemma 3.2 ® (1), (2) ¥ TKR%:$H 5.

3.3 Lemma
C={FUG;|1<i<p-1}U{FRUF FRUFS,}

EBLLE,ZC ], K, DEED 2-path b H) Y 2@ET oL,

34Lemma 1<{i<p-1ik2o2nVnT

I{G,‘V)JE'BR edge} n(Fu Fr+1)| =1.

Lemma 3.4 TEX 5 14D edge ¥ {zi,4:} € Gi £B<. G; D edge
{zi,yi} PHIC ¢« 2FALLbDO% G L, F Fop1 KBT 2 (zi,0,%)
DaiPortbD%, FNENFLFl £+3. £LT

C'={FUG;|1<i<p-1}U{FUF., FyUF..}

8L,



8.5 Lemma XC' X C(p+2,p+2,2) design Td 3.

Proof. XC' iX& ¥ 13 % cycle #* Hamilton cycle T& % & & it Lemma

31() LYEHLH». TC ¥ K, DL TO 2-path 2 &L & L i} Lemma 3.3
TRIESh TV 3.

4 C(p+2,p+2,1) design

I §3 LARETA. Ko, © edge {a,b} LDV, edge DES %

d(a,b)={ Mn{p—lb—alb-al} ifa,b# oo
, oo otherwise

LPHB, T/ edge DHE %

¢(a,b) =1 such that {a,b} € F; (0<i<p-—1)

ERETD. S6, HE i, PAME (G ~j) THhAER, i=7 ik
i=p—j THBILLEETS.

4.1 Definition K, ® 1-factor B #*%&#

(1) Fo U B & Hamilton cycle T$ 2% (f£> T BU Fy = ¢),
QBRETHOEE: b D,

(3) B & TORMETRVEE (£0) 262 (foT1ODEE /T 2H b
D)

%{7-¥ £ &, B % black 1-factor £ \» 5.

K, i< black 1-factor Z#*HhiZ, §3 ERLELHT Clo+2,p+2,1)
design ¥fE5C LT & 3. BB

—3—



4.2 Theorem B % K, ® black 1-factor & L

B = {{z1,u1}, {z2, 12}, . ., {Zp-1)/2: Yp-1)/2} {Z(pt1)/2: Yp+1)/2}}
. | | | |
Bma 1 iz ip—1/2 ’ET/\JB tp+1/2
L5<. F, O edge {zi,,¥i,} P o $FALLbOE F, &5& (1L
1< (p - 1)/2), B o edge {z(p+1)/2’y(p+l)/2} U)Fﬂ‘: a %ﬁl Lbo%
B £»X.

¢ ={RUBYU{RUF, |1<i<(p-1)/2}

LB E,5C i Clp+2,p+2,1) design TH 5.

ZD & )T, Ky, < black 1-factor 2%d 1L iR % W 2¢, black 1-factor
2D LIZEELW. L2 L black 1-factor IKEWDDRESZ EXTER
i, ThEfEoT Clp+2,p+2,1) design ¥R T 5T EHTE2..2 F
mod p DEERO L X RBECHERLTVEIDOT, 2 2 mod p DEHERTL
WEEEDTHEXS. '

<2> 0O GF(p)* KBIT5 index#*2 T-1¢<2> THDL &, 0%
D, GF(p)*=<2>X<1>THILRETS. E6IKp=3 (mod 4) &
T3, ~

B = {{o0,1},{2,4},{8,16},..., {1/4,1/2},
{"1”'2}» {_4a'—8}a---a{—1/8’-1/4}’{—1/2’0}}

EBlL,

(1) B & Hamilton cycle T& 5.

(2) BHETOES% b 2.

(3) BREMETZWHEE (#0) ®)%,3/4»%<,1 L 1/4¥2EF2d
h, ZhPSNOBEEE 1ET o5, '

& 3/4 DRV L, S 1/4 D1 ORPRCEREBLICT 70,
BXRHBEZT ). REMICHE,

B @ edge {oo,1},{-1,-2},{-1/2,0}(ffi% —1/4) &



F_yj2 @ edge {c0,—1/2},{0,-1},{1,-2} %Z#|L
Thog B, F , L5l 56K

F11/2 7 edge {"’1’ —2}’ {_1/2’ 0}, {-3/2, 1/2} &

F_34 @ edge {-1,-1/2},{-2,1/2},{0,-3/2} % %#:+ 5.

BERLY, 1 oRFEo7M& 1/4 D edge % F_gyy WARDZ EHT
&5, SEITLRAMKOFEIFCLY, B cycle I a 2FATEILNTE,
Clp+2,p+2,1) design #*RHN 3.
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Circuit Chasing Technique
in a Distance Regular Graph with Triangles:

PN RS- ER ¥

1. Introduction

Let ' be a connected undirected simple finite graph.

Let 8(u,v) denote the length of a shortest path
from u to wv. |

d = max{ 9(x,y) | x, y €T ).
We set
Fi(u) = {x €Tl | du,x) =i},

D;(u,v) = Fi(u) N Fj(v) for every i, j.

' is said to be distance regular ( DRG ),
if the cardinality of the set D}(u,v) depends only
on the distance between u and v, rather than on

the choice of such vertices. We denote by
pfj = ID}(u,v)I, where £ = 9(u,v).
Let
¢, =p . =p 1 (1<i<4d),
i 1 i-1 i-1 1
i i . .
= = < <d ),
&y = Pp; TR (0= )
i i .
= - S_ .
bi pl {+1 pi+1 1 (0 < i d-1 )

which are called the intersection numbers of T.

Let

_ -0 _
k, = p;; = IFi(u)I.

In particular k = k1 is the valency of TI.



€1 %2 i a-1 %a
-t = 0 1 82 al e ad—l ad
. *

-k by b, b, by-1

is called the intersection array of TI.
The following are basic properties of intersection numbers.

(1) ¢, + a, + bi k for all i.

i i

(2) 1 =1¢ <¢c, £cg< .. <S¢y g =Cy =<Kk
(3) k=by2b 2b,2 .. by ,>by 21
(4) kb o=k, e, for i=0,1, 2, d-1
(5) kip§t= kjpft= ktpfj C for 0 < i,i,t < d.

Information about the general theory of distance
regular graphs is given in (11 and [ 4 1.

In this paper, we prove the following result.

Theorem 1. Let I' be a distance regular graph
with the following intersection array

L | 1 2 ¢ 2
t(ry = 0 a a 2a °*+ 2a
K b o b e . e
r s

If a >0, r > 1, then s < 2.



2. Interséctidn Diﬁgram

Let u and v be adjacent vertices in T
and_ D} = Dl(u,v).
J |

The intersection diagram with respect to (u,v)
is the collection (D}}ij with lines.

We draw a-line between D} and Di if there is

possibility of "existence of edges between them, and we
erase the line when we know there is no edge between them.

In general, the intersection diagram with respect to
(u,v) has the following shape.

(w) = p° pl i copd-1
1 2 / 1+1 K d
\Dl/‘ \Dz x \Di+1—- N l \Dd

2 T i+1 d
N '/ N

(v} = D} D2 pi*l ..—~pd
0 1 i d-1

Lemma 2.

(1) If ¢, = €41 then there are no edges between
D;,; and D; U D;+1
(2) I£ ci = ci+1 then there are no edges between
D;+1 and D; U D;+1
(3 If bi = bi+1 then there are no edges between
i i+l i+l
Di+1 and Di+1 U Di
(4) If bi = bi+1 then there are no edges between
i+l i+l i
Di and Di+1 U Di+1
Proof. Straightforward. ( see [ 3 1.)



3. mrmum of the Diagram
Let T
intersection array

E 1 o e 1 2 e 2
t(rH = 0O a +**+ a 2a +++ 2a -°°
wﬂ U ) .U e ) e
r s

be a distance regular graph with the following

We may assume that a > 0, r > 1, and s > 1.
Lemma 3.
(1) There are no edges between UW+H and UM‘
(2) There are no edges between UW+H and UM.
Using LEMMA 2 and 3, the intersection diagram w.r.t
(u,v) has following shape.
0 1 2 Loonr-1 r r+l
cH/// D3 Dg Dy Drv1 r+2 T
1 2 r // r+l r+2
U U * 4 0 4 —— — O
\\\ 1 2 Dy \\Uw+~ Drssg
1 2 3 r r+l1 r+2
U — 0 mn . o
0 UH Um cﬂIH Uw r+1

Lemma 4.

(1) cwﬁx.<v is a clique.

(2) ﬁHAxv is a disjoint union of cliques

.

each of whose size is a, + 1.

1



Lemma 5.

r-1 1

n Fl(x).

= - ni't
Let. x € Dr+1’ {(y) D n FI(x) {z}) = D
_ nr _ nr+l
Set P = Dr+1'n Fl(x), and Q = Dr+1 n Fl(x).
(1) { x, y}) UP form a clique.
(2) { X, z}YUuQ form a clique.
: r+l
Lemma 6. Let w € Dr+1'
There is exactly one neighbor of w in Dﬁ.
For w € Dr+1, we set
r+l
_nr
{ wa_) = D N Fl(w),
{ wB } = Dr+1 n Fl(w),
r+l
{ wy } D N Fl(w),
MCW) = icw W)
1 - -
N(w) = 1(wB,w ), No(w) = N(w) {w)
Lemma 7.
(1) wﬁ and w? are adjacent.

(2) M{w) N N(w) = ¢.

r+l1 _
(3) Dr+1 n Fl(w) = M(w) U No(w)

(4) Mw) U { w, W } form a clique.

(8) Nw) U { wB, wy } form a clique.

Lemma 8.
r+2 _ I+l
Let =z € Dr+2’ { w, X} = Dr+1 N Fl(z).

Then x and w are not adjacent.



4. Proof of Theorem. _

Our proof is based on the circuit chasing technique
which was developed by Biggs, Boshier and Shawe-Taylor in
their paper [ 2 1. We write down the distance distribution
of a circuit which is called the profile of the circuit with
respect to one of its edges! (XO’XI) and then derive the
profile with respect to the next edge (xl,xz) using the
intersection diagranm. We continue this procedure
successively to obtain some of'the information of this
circuit.

Circuit chasing is very powerful but it works only for
distance regular graphs with special types of arrays. ‘

In fact all examples where circuit chasing technique
proved successful had large girth. So this is the first
application of this technique to graphs with triangles, i.e.,
girth 3.

We hope that this technique is applicable for wider
class of distance regular graphs if we add extra works on the
study of the structure as we did in this paper.

We consider a circuit of length 2r+5

Cixy ~ X ~ Xy ™ o UM Xpreg Y Xopeg T Xoreg T Xp

whose profile with respect to (xo,xl) is as follows:

X0 Xor+qa™ T Xrvg T Xres
N
xr+4"__“‘xr+3
/xr‘+2 —
*1 X2 T T X Xre1

We note that this circuit contains no triangles by Lemma 8.

Thus D%(xt,x ) N C = ¢ and 8(xt,x ) = 2 for any t.

t+1 t+2



This means we can do the same business of circuit chasing as
in a distance regular graph with large girth. We can easily
check the locations of xi's on the diagram with respect to
(xt,xt+1) as follows:

Tt X1 T Fiers® Ftares
3T Xeez . T T Xpar Xpere
where indices are given by modulo 2r+6.  So we may consider

only the profile of ({ x } which is

t+r+2° xt+r+3’ xt+r+4

called the middle part of C with respect to (xt, ).

Xie1

We firstly determine the profile of C w.r.t (xl,xz).
We have already obtained the locations of xi's except for
r+l

{ Xpgo xr+4, X4k }, in particular X..9 € Dr and

X 46 € D§+1. Since the former diagram shows that
a(xl,xr+3) = r+2 and Xpy0 ~ Xp,q» We see X 4 must be
in D;:%. Sin?e 8(x1,xr+4) = r+l and X o ™ X o

X4 must be in‘ D§+1. Since 8(x1,xr+5) = r+l, we have
X4k iﬁ D§+1 V) D?Ii. Suppose Xt is in D?Ii, Lemma 7

implies Xx This contradicts our assumption.

r+4 = ¥reg-
r+l

‘'Hence x_- must be in Dr . So we have the profile of C

r+5

with respect to (xl,xz) as follows:

X, — ceo— r+7 — r+6
r+&,
r+4 —
X, — ce— r+l r+g ———— r+3



Using the same argument, we can obtain the profiles w.r.t

(x ,x3) and (xa,x4) as follows.

2
Xy =" ce— r+8 r+7 r+6
r+5 ——
r+4)
Xq — cr— r+2 r+3
x3 —_ ¢ o— r+9 — r+8
r+7 —___
r+5___,’_r+6
x4 —_—e to— 1r+3 —/ r+4
Now this profile is the'same as the one w.r.t (xo,xl).
We continue this procedure successively. Returning to the

first edge, the profile of C with respect to (x2r+5.x1)
must be the same as the one with respect to (xo,xl).

So the length of this circuit is divisible by 3.

Hence we have 2r+5 = 0 (mod 3 ) or r = 2 ( mod 3 ).

Next we consider the second circuit of length 2r+6

-~

Cryy ™y~ ™~ "N Yorea Y Yares Y Yarss = Yo
whose profile of C~ with respect to (yo,yl) is as follows:

LY

y

).

Yo Yor+4 ' r+6
. ~
yr+5)
r+4 y
///yr+2""”’ r+3
1T Y2 T Vrel
r+l - .

Now we have alreadylseen Dr+1 U FICyr+4) = M(yr+4) U No(yr+4
Thus we can take C such that yr+5 € M(yr+4). That means
Yr+4q € M(yr+5) and Yred * Yr+6"



Then we can easily check that C~ has also no triangle.
Using this fact and Lemma 6 and 7, we can. obtain the
profile w.r.t (yt,yt+1) as follows.

yl — - & & 0 m— O\
0
/0)
o\
y2 — 0 @ .. o 0
y' — 8 o . (W) o~
2 1 [0
Y3 —_— e [ P—
y3 — 8 0 c—
0~
—_— . 0 Q-
Y4
y '—000 A O/O
4 o\\\\\\
0
o0’
o ] ‘.——O/
4
— €@ . o 0
0 0
o—
/OJ
— & & o o 0
Vg



Now we have that the profile of C~ w.r.t (Vgr¥qy) is

the same as the one w.r.t (yo,yl). Hence the length of this
circuit is divisible by 6. So we have 2r+6 = 0 ( mod 6 ).
This contradicts the result by the first circuit.
This completes the proof of Theorem 1. n]
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Bounding the Diameter
of o Distane Regular Gragf by
a Funchion of R4

AEEELS AERs 4 K B

THEE® (1990.12, 1991.7)
Let " be a dislane reqular 3\«:\9{3\_ of diamster d,
voleney R>2. Suppose dd#o,

Then || is bounded by o function of Ry=Ila].
In particular, ®r a gven gaph A (# coclique)
there extst af mosh finitely many dwstance regular gmHs

M with &>2, with TaW)>A for sowe verter de T,
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ThecReM ( Braver- Fowler , 19455)

Let @ be a finite simple group .

Suppose @ has an inveltom © .

Then @l = bounded by a function of | Celt)] .

In particwlar, for a given finite group H . There
exist da most finttely Mony Simple growps Q with an
nwoldlion © - sattsfying  CaC~ H.

Tniziladen T w3 BRBHE 25 1% 2
AT P AR BB BB LT BATN S 228X
Z2nd, o BEROBEEQEE LI S>HP0TH3D,

Dﬁl’ame@qular Grap’&. "R3B r 2 3B AR T AL
MRt u By, TZ2R BB (Lo FRLD 3,

FR (HER-4FHR)

let " be o amsfance regulor qroph of dianfer d
and volency R > 2.

Then 4 = bounded by @ fundion of R .
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LocAal  CHARACTERI ZATION
For a %iven A=P1(u), Cﬁaro.c:\'erfze r\-'.’

AnTiropAL  ChARACTERIZATION

For a given A =T, charocterize [ 1

2. —>8eR7 A3 D=H@,q) (h:7757)
€33, MDY d Ken. Uidgs 3-1 0 BT
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Question .

Su\ppose N = a DRG with Ta (o) > Hm, %) .
Tho = H(d, g+1) ?
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¥ ¢ -0 CQr -- Qaq Cq
((P)={ O a - ay - Qa4 Gy
R ba oo by oo baa =
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Prop 1. (AA. Tuonoy 1A83)

If r=v(r) then d= 22‘&-4(7‘—“).

T 123 Y. Propi & AL NE@ FTER FEHIC
13. R o BELT Y & bound THUTFN T EGINED,

Prop 2 (19%0.12)
£ r(M) 2 2(Ra~1), then every cownedled comporenl”

of Tal@) ™ a clique. Moveoven, by = Cd-1.

Der. A DRG of diameter d 5 called thin i every
Connecled ww?oneﬁl' of Tdl) i3 aclrctue for Vder‘,



and et thin 4 by =4,
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Prop3. (with A. Wimki 19Q1. 1)

ler T be a dwlone reguor gyl with diameter d
ana \)a\em,‘a ®. Suppese. -

bi=Ca-1, ba=Ca-2.---, by =0Cd-p ., AZl.
THhen T s thin and the following Rold .
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2
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£y = { d+1 4 pla=o Viz2
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Rop4d. let I be a DRG of diameter d with Qg#0.
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Hadamard Mairices, PBIBDs,
and Amorphous Association Schemes
over an Extension Ring of Z/4Z

Mieko Yamada
Department of Mathematics
Kyushu University
Fukuoka 812, Japan

1 Introduction.

Partially balanced incomlete block designs, PBIBDs,
are designs for which the property of balance of BIBD
is relaxed. They are based on an association scheme.
We introduce the concept of generalized relative
difference sets and obtain a PBIBD from these difference
sets translating by cyclic automorphisms. On the other
hand, amorphous association schemes were introduced
by Golfand and Klin[5].

We choose extension rings of Z/42Z. Certain
amorphous association schemes over these rings were
classified[6]. There also exist Hadamard matrices,
distance regular digraphs of girth 4 over these rings[9,
11, 13]. In this paper, we recall these results, then give
a necessary and sufficient condition for the existence
of generalized relative difference sets with amorphous

association schemes, which give rise to PBIBDs.
2 Generalized Relative Difference Sets and PBIBDs.

We give the definition of generalized relative
difference sets extending the concept of relative

difference sets introduced by Butson[3].

Definition. Let G be an additive abelian group of order



v and D be a subset of G containing k elements. Let
Hy, Hy, ... H; be subsets of G such that

G ={0}JUH UH,U ... UH,, HiﬂHj=,®’, for i#j.
If for d # 0, d€G, the number of pairs (7, s) such that

d =1r - s, r,s€D has fixed values

Aq when d€H,,
Ao when d€H,,

2: ¢ when .d€Ht,
then D = R[k, 14, lz,...,).t;v] is called a generalized relative
difference set.

Partially balance incomplete block designs were
introduced by Bose and Nair[2] in 1939. They are designs
for which property of balance of a BIBD is relaxed and
based on an association scheme. For the definition of

association schemes, see [1].

Definition. Let X be a v-set and By,...,By be subsets of
X with k elements which are called blocks. Assume that
there exists an association scheme of class t on X. If
ByyeeesBy satisfy

(i) each element of X occurs in exactly r blocks,

(ii) A pair (z, y) occurs in 1, blocks if (z, y)ER,.
Then 3 = {Bl,...,Bb} is called a partially balanced incomplete
block design and is abbreviated to a PBIBD. Denote this
by PBLK, X 15005 A 450]

There are relations between parameters of a PBIBD.

Lemma 1. (i) vr = bk,
14
(ii) X k;a;=r(k-1),
1=1

where k; is the number of element y€X such that



(x,y)ERi for fixed z€X. We call k; the wvalency of R;.

Theorem 2. Assume that there exists a PB[Ic,ll,...,lt;'v]
over an additive abelian group and v = b. Moreover
assume that every block Bl is a translate 31 = {a1 gooesy ak},
that is

By=By+c= {a1+c, ag+c, ... ,ak+c}, ceX.
Then By is a R{k,).l,...,lt;v].

Theorem 3. Let D = R[k,kl,...,lt;v] and I = (X, {Ri}ogigt)
be an association scheme over an additive abelian group.
Assume that a pair (a, b) belongs to a relation R; when
d=a-2b €H,i, 0<is<t. Then D and translate of D, DI, =
D + ¢, c€X, becomes PB[k,Xqy...; A 4v].

We call this generalized relative difference sel associated
with an assoctation scheme X.

3 Amorphous Association Schemes.
Let X = (X, {Ri}OSiSd) be a commutative association
scheme.

Definition. A partition AgsAqseesA, of the index set
{0,1,...,d} of the association relations is said to be
admissble if Aq = {0}, A # 9, 1=i<e and A’i = Aj for some
J 1=%,j<e, where A’,i ={a’| aEA,,:}, Ra’ = {(z, y) | (y, x)€Ra

}. Let RA,i=Ua€AiRa‘ If (X, {RAi}Ogige) becomes an

association scheme, it is called a fusion scheme of X.
X 1is defined to be amorphous if every admissible

partition gives rise to a fusion scheme.

Suppose that X is amorphous and symmetric. A.V.
Ivanov proved that:



Theorem 4.[8] If the class d is greater than 2, either
T,;= (X, Ri) is a strongly regular graph of Latin square
type for each 1 (1 # 0) or T, is of negative Latin
square type for each i (1 # 0).

Namely |X| = n? (a square) and k; = gi(n - 1), A
(9,,; = 1)(97; -2)+n -2 ;= 9,;(9,,; -1), or k,; = gi(n +1), )"i
(9,; + 1)(9,; +2)-n-2, Ky = 9,;(9,; +1),
which ks Ag u; are the parameters of the strongly
regular graph T,

Let Lgl'”gd(n) be the collection of symmetric

association schemes I=(X, {Ri}ogigd) for which each T,
= (X, R'i,) (1 # 0) is a strongly regular graph of Latin
square type (resp. negative Latin square type) with
parameters |X| = nz, k;=g;n-1), 2;=(9;-1)g; - 2)
+n -2, p;=9;,(9;-1) (resp. k;=9,(n+1), 2, =(g; +1)(g;
+2)-n-2, u;=g9;(g9; +1)).

The converse of this theorem is also true.

Theorem 6.[6] Let & be an association scheme belonging

to L91° . ,gd(n) or NLgl' . .gd(n). Then X is amorphous.

The following theorem is well known.
Theorem 6.[4] A symmetric Hadamard matrix of order 432,
s integer, with constant diagonal exists if and only if
there exists strongly regular graph of Latin square
type belonging to LS(ZS) or negative Latin square type

belonging to NLS(Zs).

This theorem can be restated: there exist symmetric

2

Hadamard matrices of order 4s® with constant diagonal

if and only if there exists a symmetric amorphous



association schemes and (X, R'i,) belongs to Ls(Zs) or NLg
(2s).

Next we consider nonsymmetric amorphous association
schemes. We rearrange the index set {1,2, ... ,d} such
that

N={12,..r} U {d-r+1, ... d}
with 1’ = d-r+1, 1<i<r, and the symmetric part is
S={r+,..r+s}, s=d-2r
with 4 = 1 for r+1<i<r+s. Assume that I is amorphous.
Then the symmetrization ISY® = (X, {Ro} U {R; URf:}lgigr
U{Ri}r+1§i§'r+s) is also amorphous and it belongs to

L, ... (n) or NL_ ... (n), provided r+s =3.
9 Ir+s 9 Ir+s

Accordingly, we say that I belongs to

L . (n) or NL, ... .. (n).
91° " " 9pi9p41” " " Ir4s 91 " 9p9r41” " " Iras

The following is a partial generalization of Theorem

Theorem 7.6] Let X be a nonsymmetric amorphous
association scheme belonging to L_ .. .. . . (n)
91 9ri9r+1 Ir+s

(resp. NLg (n)) with r+s=3. Let 4 be a

1°° " 9ri9r41° " " Irsts
(0, 1) ajacency matrix of X with row sum n(n -1)/2

(resp. n(n +1)/2). Then 24 - J is a Hadamard matrix of

order 'n2

, where J is the all one matrix.

There is another relation between Hadamard matrices
and symmetric amorphous association scheme.
Theorem 8.[7] Amorphous association schemes belonging

to L1,1’23_1,3s(4s) can be obtained from Hadamard matrices
of order 4s.

4 Extension Rings over Z/4Z.



Let F = GF(2) be a finite field with 2 elements and
e(x) =2° + alxs—l +..+a. be a primitive polynomial of

s

degree s over F. Let ®(x) = 25 + alxs-l + .. + ag be
a polynomial over Z4=Z/4Z obtained from ¢(x) such
that a; = oa; (mod 2), 1<is<s. There is a unique

s
polynomial ®(x) whose root & satisfies 52 -1 -4,
The ring X =Z4[E] is an algebraic extension of Z
and has the radical 2 = 2R&. The residue class field

®/% is isomorphic with an extension K = GF(2%). We can

take the Teichmuller system J ={0,1,E,...,§2s_2} as a
set of representatives of R/2.

Therefore an arbitrary element a of R is uniquely

represented as

a=agt+2aq agaq €.
All the regular elements 2* of % forms a multiplicative
group of order 25(25-1).

When we put ag= t(a), then 7 is a homomorphism
of %* into the cyclic group M generated by £. The
kernel of 7t is the group & of principal units, namely
of elements of the form 1 + 28, B€9J. For a principal
unit ¢ = 1 + 28 we can regard 8 as an element of K.
For 1 + 21, 1 +2m€é8, we have

1+21)(1 +2m) =1 +2(l+m)), LlmeEK.
Hence the group ¢ is an elementary abelian group of
order 2° and isomorphic with the additive group of K.

Thus &* is a direct product of M and &. That is,
an arbitrary element a of %* is uniquely represented
as

a=§8Meg=M14+2a), c€8, e-1€?, a€K.

5. Some Known Results.

Now we consider association schemes over R. Let X



= (R, {Ra}aE.%) be the association scheme for which
(B, 7)ERXR is in Ra if B-7=a. Let E, be a coset
by M in % containing 1 + 2a, namely the direct product
of M and a principal unit ¢ =1 + 2a:
E,={Me = £™(1 + 2a), m=0, ... ,25-2}.

Let M(1 +2D) = UaeDEa for a subset D of the additive
abelian group K. In Particular, for a subgroup H of
the additive group K, M(1+2H)=Ua€HEa becomes a
subgroup of #*. Denote the coset of M(1 + 2H) by Cq
= M(1 + 2(H+a)).

Let us introduce a nondegenerate symmetric bilinear
form on K over F by

(a, d) = SK/Fab

where SK/F is the relative trace from K to F. For a
subgroup H of K, HL denotes the orthogonal complement
of H , i.e.
HL ={a€K|Sg pla,b)=0 for all beH),
We notice that <1>-L, the orthogonal complement of the
subspace spanned by 1, is the set of isotropic elements
in K, since (I, 1) = Sg,pl® = Sg,pl = (1, D).

The folowing results over 2 were obtained.

Theorem 9.[6] For a subgroup H of K, let Iy be the
association scheme over ® with association relation
given by

Ry = {(a, a)| a€Rr}, R, = Uae.?—{O}Ra’

Ry =U, €CaRa’
Then Xy is symmetric and amorphous if and only if HL
is totally isotropic subspace of K.

Theorem 10.[6] For a subgroup H of K, Xy is nonsymmetric

and amorphous if and only if there exists a totally

isotropic subspace U of K and a nonisotropic element



1'0 in ULl such that HL = U ® <I.0>.

Theorem 11.[9,11] Let D be the subset of X containing
2(3_1)/2 elements. Then M(1 + 2D) generates a distance
regular digraph of girth 4 if and only if D is a maximal
totally isotropic subspace.

For any element a = ag+2ay € R, we define the
element af as
af = a(z) + Zaf.

Hence f is a ring-automorphism of X, and we call this

the Frobenius automorphism. The set of elements of 2R

invariant under the Frobenius automorphism f is identical

with Z,.

Definition. We define the relative trace from R to Z;:

23—2
Sﬂ/z4a=a+af+...+af .

Theorem 12.[13] Let D be a subset of K containing 2s-1
elements. Then M(1 + 2D) becomes a
(228, 2571(25-1), 2571(2571-1)) Hadamard difference set if
and only if the equation
> Zy = Zs—leb, ep€{+1, £1}
a€A+d
is satisfied for all b in KX, where
25-2 Sg,z (1+20) ™
Zg= L 1 4 .
m=0

6. New Result.

Let D be a subset of K cotaining gs—1

elements. We

give a necessary and sufficient condition that the



subset D = M(1 +2D) in %* becomes R[2571(25 - 114,01y
;223] associated with an amorphous association scheme
.%'H.
Theorem 13, Let D be a subset of K cotaining 2s-1
elements and H be a subgroup of K which satisfies the
condition of Theorem 9. The subset 2 = M1 + 2D)
becomes aR[Zs_l(Zs = 1) s Apsee ;223], a, b €K/H,associated
with Iy if and only if for all k such that ke<1>L and
k&HL,
S kb
L (-0 EF <0
bebd

b&(D+k)
is satisfied. Then the multiplicity is

S k S kb
1=l - p (0 KT g () KR

1L : beD
€
keH b& (D+k)

Corollary 14, The subset 9 is a (223,23_1(2s - 1),23-1(23_1 -1))
difference set if and only if
S bk
b= T (1) E/FT oo
beD

b&(D+k)
for all k€.
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HadamardiT 51 @ K 3 B (skew symmetric)f
EHRBHEWEODVT (HFlL28XDIFESE)

BER OEW (FHEKH)

1. 3Uubp=

1991-08-23 AW T ANW, Sxo6h PXEBnD R
HadamardfT % (LB HITHERT) OHN, HHEEPII L
WITHZHITHNOIRTORBEHE2KRDSFIMERUL L
[K1]. Zhik Hall set 2R HIT Z3HOTHS5. Zhid
MEINT, 5\‘5‘:‘_’Uﬁi'lééi?fﬁb\%f%'ém(;oethals
-Seidel (GSWR!, W) BMHITHMIK2ZIBRMHB LRSI X
eIy s. TERIK2,3JEBVT, GSRHITH:®R
UCTEHTORREB Y, RMBGHITHORAB+2 T
BP>2kDT, 9, ThE2@HETS. vHD5, (1)
Rxt#R (E&WE2) GSEB XUVWilliamson (LARWE B
) MHITHDRMEHBHITHN TS5 DO E+HEH
&, (2) ZolR@EEOBMHKE E L, n=12,20,28,44 WD
WT, & 3.

AEHOLIZE»S, GSVRORBREADBT+HTH>20DT,
B) ZhOMBBIURMBHITHN TS Z2 DO LEF+



NEHE, ThPoFEILIABEONBLDONS 3.
(4) n220 T, BHEBP0FRBITHSIHITHOINT
ODEEMZRLS I, GVRHITHN TEFT+H T, B
DRADBLETHSH, n=8,12,16C W +HTH 3.
NOoOXMBROFEHROBEKEEHES 3. (5) n=28 O
GSWRIHITHOoNKHUEEROBEE2RD 3.
1.2. E&ERT
HiTM:nx 0{1,- 1} LOBERXRITH, n=4k, k=1.
quad:qu(p,q,r,s), HIT M D 1Tp,a,r,sic &k % L 1TH.
v=v(p,a,r,s):qulp,q,r,s)D2EEOHFINZ } L.
quadBFEF : V=V(p,a,r,s)=min(w(v),n—w(v))/4,
w(VIZvo & X.
HO R VD) =min(V(qu) | qué H).
n+V(p,q,r,s)=0 (mod 2).
HHEHITMCEABERHITNE2KOESERS, RYHBH
THeRAERZHTNEKOEGRA, HiTH2MG0E S
ZPHEU, HTMNOHEHEAROLSRKX MY 5.
[AAl={HI HE A ,H¢€ S}, [ASI={HI HE A,Hc S},
[SSI={HI HE S, HE&A},[INJ={HI Hg A,i¢g S ,HC H}

[A1=T[AA] U [AS], [S1=1[AS] U [ss1,



[H&%i%ﬁﬁﬁo@ﬁéﬂﬂf&ébf.
F(x): X7 FA x ©@RETH, ECn):8 K175,
J(n): BEERIXRTIOTH, j(n): J(nHDE 11T,
e(n)=Ci(n)T, 22T ndXE, L& H 3.
R: N2 F A (1,0,0,++,00% & > = % & H T 5.

TR-IRBIBZE, TUBEERSIODT.

2. GSE H T W [K2,3]
GSCA,B,C,D)= | A BR CR DR |
BR” A RD RC’

CR’> DR’ A RB

| DR’ RC RB” A | |
W(A,B,C,D): GS(A,B,C,DDRXBWVWT R=E & URDD.
k=p(HFEH). A,B,C,D & kXxD{l,— 1} LD RETH.
AAT+ BBT+ CCT+ DDT=nE(k), x" =ex(X), ex(X)WE XD &
XUTDOEZE Ol ,excess), X€ {A,B,C,D}.
n=(a")2+(b" )2+ (c*)2+(d")?, a",b",c",d* > 0.
(A,B,C,D) BWVT,

[Pi1: MWHEROKRLY »R<ED 1D 3 3 (A,B8,C,

NDoekDESE.



[Po]: BLHELLHANS D ED 18 53 (A,
B, DES.
[P;]: RMBHROEAS SRED 1D 5 3(A,B,
CDDLEDES.
[P.]: ASOMAN TXTHBERTH 5 A,B,C,000
LHKDES.
E® (1) GS(A,B,C,D)€ [STe (A,B,C,D)€ [Py-P,].
(2) GSCA,B,C,D)€ [A] & (A,B,C,D)€ [Ps].
(3) GSCA,B,C,D)€ [AS] & (A,B,C,D)€ [Py+PpePs].
(4) GSCA,B,C,D) € [AATS (A,B,C,D) € [ (P +Po)+Psl.
(5) k#3,(A,B,C.00€[P,1 = W(A,B,C,D) ¢ [AT;
WCA,B,C,D) = ~GSCA,B,C,D).
(6) k#3,(A,B,C,D)E [Py P] = W(A,B,C,D),
GSCA,B,C,D) € [N], #(W)=4$(GS)=2.

SEBH: HE[S] © W~H THBZ & &kb5. LK.

3. VIH)=0,1D H T H
— I HITHMNHDO M quadZ O 2ITOIHEE & EEREE
U, VI =VMHT) D &S5, BidE " TdHodHT. nz8

EUT, HITMRATAR TS B E > L L7EDB E Y 7TH



ERB. ABEYVHRARBVT, &5 EViTquadkh, &
5 & Y Hlquad®Z h°, hAh Epi (pivot& W >) T, OLIT
MEKTHo DT .
FiaE®: HITRHHZ B LT, V(h(D)=VH),
VCh" (KD (UMD SV B EZ U, U dh(H)Dh ()
HAXDODHITHM BB VERSRETH S L2 5B EDY
THREBEEHRT I EBTET, I VUIDERESH
VIDET1I1ENRSHEEI N 3. alt B B% .
Bl kBEFBDOIBZAE, WilliamsonBI[K4], % OGSWRY
HiTH T u=v=1. kbfﬁﬁo)t%é,Sylvesterﬂ[Kll],
X PRGSWRLIE U=Vv=0, RXFGSWRIIIZ U=1,v=0. F1.
FREBLBWVT hN\pi, h*N\pi B ZTZhZh[EU

IR DHITHMHr , HcOD ET H B & 2L, Hp=pi(DE U T

H= | Hp Hrxj(k—1)
Hexe(k—1) K

E T B2 EMWTES. LEUL, xiIKroneckerfi. ZDH%E
GSWRI & W 5.

FHEEDR: GVRIEBLVT, (1) K(Z1)BHFHT
o, V=1, (2) kBB TH L, vH)=0.

(3) Hp=HrE 2t Hp=HcT H 3 => kB E. af BH B .



3.1. GSVEOBER. kNEROESE. ABC,0E KR
BiTH &9 0 l, GWBHITHNOEREEEIXRD & 5> eR 3.
B H=GSs,Hp=F,Hr=M,Hc=M",K=F’(A,B,C,D),
K3 # 8 H=GS, ,Hp=M,Hr=N,Hc=N’,K=GS(A,B,C,D).
EU,MNEAX Damicablexd [W1]1,F=J(4)— 2E(4),

F(A,B,C,D)= [ A’ CR DR BR |
DR RB’A RC

BR RD RC’A

 CR A RB RD’ ,
(a*,b",c",d")=(1,1,1,1), (a)
AAT+ BB+ CCT+ DD"=nE(k—1)—4)(k—1). (b)
iﬂ:lwl=M§§ﬁ)bT& MEOERD 6S,,GS
2 GSEEF W, GSC(A,B,C,D)DEMEMIK2]E, HFEHE
PRBRVT, ZOFEMALT S. alk BA B .
3.2. Ws,G655,GS. DFEFITH
WBEM: (1) p=3 (mod 4) >, GS, 2FEHJT 3
(A,B,C,D)IZ A=B=C=D TH»2DOVTEIH VS 3.
=3,7 T AE[AS], Zh U TW A< [AA].
(2) p=1 (mod 4) &, GS.2FEH T 5 (A,B,C,D)IC A=

B, C=D T» 30N TE1H VDY, p=5TH A,CC



[AS], 2R TUH A,CELAA]. (3) GSHOWERE&EL
rOEFME, GS.ah BV EEHTH. COEE, Vb b
W RABETROVHBHITH R, GS.PHG6S.cHAETRL
HiTHMA2FEHEIT 32 & BT X 3%. [K3]. al BH BE .

n=12,20,28,400 8 & OGSH (VB &»HT) HITM D

HEEE EORGBEK2,3]EDPoRDIIWERSB.

n ¥(GS) #CW)  #(GS,W) $CA) #(S)
12 1AS. 1S. 1AS. 1 1
20 1AS. 1SS. 1AS, 1SS. 1 2
28(5111) 2AA,1AS. 2N. 1AS,2AA,2N. 6 b}
(3331) 3AS. 1SS. 3AS, 1SS.
44 58AA, 1AS, 2N. o08AA, 1AS, 59 2
1SS,54N. 1SS, 56N.

n=8,l6DFEDCWHHITHOREBEHEXDXL SRS,
n  #(GS) (W) #(GS,W) #CA) 8(S)  #(H)
8 1AS. 1AS. 1AS. 1 1 1

16 2AA,3SS. 3SS. 2AA,358S. 2 3 5

4. 28R DGSWR H 1T 7 © [l & ¥

mEyEE 4.1 kFHRSWE, (1) REHKGEDGSYVE



HITHUEFELVLRL. (2) YHEROGWVE HITH & H#
Hp=F, Hr=M", Hc=M, K=GS(A,B,C,D)L,

=diag(—1,1,1,1)xE(k—1),

(a"b"c.’d.)=(2’070’0)’ (c)
AAT+BBT+ CCT+DD"=nE(k—1)—4J(k—1) (b)
Td 5. aE BH BE .

COomEREBRRZIEAULULT, (AB,C,DDR2dED S
o, JSJREBRUT, RORBSE2EAT 3.
re=T (", 1,1),r =0T (,1",),7r.=T(1,1,1"),
ck(=TU,7ra’), ckx)=T (7,70,
ck(xR)=T (r R, ra); ck(ODEMAITH diag(r «,
T )% diag(r <, 7 VTCEERARZDBDE ckix,y)TD
5H7F. ck(xR,yRIZEDHEHETH 3. x,y€ {0,1,2}.
—RER2ETZIERL, AB,CD DD B, Al
A=ck(})), v ®d B,C,D W&KD),(B),(C)T D 5.
(A): B=ck(0),C=D=ck(1); B=ck(0),C=D=ck(2);

B=ck(0),C=ck(1), D=ck(2).
(B): B=ck(OR),C=ck(1R),D=ck(2R).

(C): B=ck(OR),C=D=ck(1R,2R));



B= ck(OR),C=D=ck(2R,1R).

GSS WIS T AW, @ Kt K= | A’ B C D
CBLIENTEXS. RELU B A C D’
K 7oy JREBERITHE CT DT> A B
¥ 3. | cT DT B’ A_|.

EH: (1) 6S5(A,B,C,C)€ [S]1=GS.(A,B”,C,C)€ [S],
GSs(A,B,C,C)™ ~GS,(A,B’,C,C); W.(A,B,C,C)E[S]=
We(A,B’,C,C)E[S], Ws(A,B,C,C)™ ~W,(A,B”,C,0).
(2) MOEFO24 ,(OD 2GS HHITME UL TWUH
g T, (BT GSS(A,B,C,D)'G [S1c& 3. (A),(B),(C)
e T, 28ROGS. R THHEUEBEHIISHETS 5.
(D WOV TDHBDOBEMYLT 5. 2EUB),(CDDKDE
FRdHbobh3ELEBELST " 2Goethals-Seidel B 5
S WUHRADPZBZDOET S, (4) 28R DGSVRI T FHRME
BHIEEZEDODDODRKRS h, 16 TH 5. s B B .

mEE® 4.2 n=28,V=1QOHITHORMBEHEE, U=V=

1(GSWRIHY & V=1,U=3¢ 2R EXh 3. iF2. af BH B% .

5. F#URMAT

CCTHHITHEAMBEABSV,OTHHEEIL I &N,



(V,U)=1(0,0),(0,1),(1, DO EOEEFE LY, h
POUMBUERMBEY (KBFBOHARKR) EE2RD
o on=28 TWU,DHMT $SI=167T, (1,3) W& K
BR (AHIKI]O#[AI=149) , ¥ W —MBwC V,U220
BEEEERDIENBEhLBMETS 5.

Xk, &, &,
[K1] A# #: Skew Hadamard matrices & Hall sets.
HEMEEGEHEI— I Yav T, 1991-08-23. [K2] E &,
Rttt GSER HadamardiT %, KBHHASEREEE,1986.
[K3] E&: 4o HadamardiTH, B HES B H T —
7 Yvawv7T, 1989-08-24. (K4l E&: 75 3 — LT3
EZDIMH. 1980, ET#HEEFS. [KS] XN, BXR:
HadamardiTH O AR FHICO>DVWT, REHHEAGEEERS
%, 1990. [wi]l W.D.Wallis,A.P.Street,J.S.VWallis:
Combinatorics, 1972, Springer-Verlag.
Fl. ZHFF1BIFECOMBACSI W 2 (EIARAREES) .
F2. [KS]loFm@wd»oEDMH 3.
Fid. BHEOKE, n=28,Vv=1 o HGHREEHEII2ED %

CHNREDUEBROVT, AXDEIDIWRKRE” Td 5.



Strongly Regular Graphs derivable from even
unimodular Lattices

BB AHER /NBE &k Michio Ozeki
Oct, 1991

1 ETFHICEEY A58Ess

Z > EEBHER. Q HEkL ¥ 3, Q" NOFER Z-ngfT. IE
EIHEERE AR > b D L 3. R E R TFR LR TN 5, ARG T,
TR R OBFEROAZR D O TUSRBICRTEE WS J kit b,
FEEL 3FRD L DT 2,y IS L T (2,y) €Z %5138, BIBFEEW
o SCT(,) IZFEBEICHIBEL T H 50 IBFEE L OIXHETEE L* 12

_{yEL®ZQ|(x,y)€Z Vz € L}.

KEDTEREND BFEH L 3. §XTD z € L X LT (z,2) = 0
(mod 2) i/ d L EMPBMTHI LV, L = L* 2fjid L &a=%
Ya 5 - T&% &\‘90 L WT QJ:—‘KM a4 F)D@ﬁk@&§ Lo
Wﬁt‘l‘?o {%ﬁ&‘]?\ =% /.:l. I — f&*g?ﬁ@lpé‘&‘i 8 ’C“%ﬂb’ﬂ]i’b%u
ERBRCAISTTWS,

BHASHETEE L OXJ bz 20Tk (z,7) BEEICXSDT
(a:,a:) =2m &fa‘.éc‘:é z % 2m-~X7J l")l’&@ds;.o AZm(L) %

Aom(L)={z € L|(z, z)=2m}.

KEDERINIEE LT B, Do (k2 1) itk HFEEH 8k DL TOIEEET
BRI = Vo 5 - IEFRORIERERT C &i2T 50 Tar NOWKFEF L
3. ZDE/NR7 bV v ($18bB L O~XJ Fv v T(v,v) = minggser(z, )
EB1TbD ) MK

wmr=a([§+).

%iGrcd & ERRMER ( extremal) THB EWH, ST [ | kY'Y 2DIEH
TdH b0



o ORI S W BENIS TR AR 5,
(1) FE% 8 'k y MEF Es o
BN PV 2-R7 P ATROC EidE {HISHT WS,
lA2(Es)l| = 240, ||As(Es)|| = 2160, ||Ae(Es)|| = 6720.
(2) P%5 16 T Dye BlDv— MEFEE Lis o
B/INRY P VIR 2-R7 FATIROZ EDBHISH TV S,
[[A2(Lae)|| = 480, ||A4(L1e)|| = 61920, |Ae(L16)|| = 1050240.
(3) F&% 24 @Y —FHEFEF Leech
BRI P VIR 4-R7 PAVTRDO I EHBHSHTWS,
[|As(Leech)|| = 196560, ||As(Leech)|| = 16773120, ||Ag(Leech)|| = 398034000,
||Aro(Leech)|| = 4629381120, ||A12(Leech)|| = 34417656000, ||As(Leech)|| = 187489935360
(4) P 32 DRETEE Lz o
B/INRY PV 47 FATIROZ EDBHISN TV B,
[|A4(L32)|| = 146880, ||Ae(L3z)|| = 64757760, ||Ag(Lsz)|| = 4844836800,
|A10(La2)|| = 137695887360, ||A12(L32)|| = 2121555283200, ||A14(La2)|| = 21421110804480
(5) PE%k 48 DIETEE Las
B/NRY P VIR 6-_27 PATROC EMHISHTWAS,

l|A6(Lss)|| = 52416000, ||Ag(Lss)|| = 39007332000, ||A10(Las)|| = 6609020221440.

2 R HOWTOETO TR

m={z=z+yieCly>0} 2K EEEMET 2, 91 OLTER
SN HIRBUEREEL £ (2) QAT D&M (i),(1) %2ifilcd & &, €Va 5—FF
SLy(Z) ilBd2EA 2k DEVa 5LV

a b

az+b d) € SLy(Z)

(2 ) = (e + P 5(e), with (

c

(ii) f(z) WA R T ico TEVEBAT 5,



Zeft (if) 4

3. 1(z) ©7—Y = ERA:

n=+o00

f(z) = Z an(f)exp(27inz),

n=--00

C BEXILE. TH T, c00n exp(2minz) HBIHA B T LEEKT B,

M(2k) itk D EYa S—BCBT 5. HA 2k DEVa 5 —FRDLED
B~ PNVERERT. Va2 5 f(2) € M(2k) RED7—Y) [
FHOERIH ao(f) BEw D & SRR LML S, S(2k) ik FD LS
IR E D13 M(2k) DR~ 7 P VERPER T, /N 2k ot
3 SDEFOBEERE LTEATEL,.

A table of modular forms

2k | basis of M(2k) basis of S(2k)
4 | E4(2)
6 | Es(2)
8 | (Ea(2))?
10 | Ea(2)Ee(z)
12 | (E4(2))*+,2 cusp form Aja(2)
14 | (Ba(2) Eo(z)
16 | (E4(2))*+a cusp form A)3(2)Eq4(z)
18 | (E4(2))%Ee(z)+a cusp 1. Ay2(2)Eg(2)
20 (E4(2))*+a cusp form A12(2)(E4(2))?
22 | E4(z)Es(2z)+a cusp {. Ay2(2)Eg(2)E4(2)
24 | (E4(2))8+two cusp f. (A12(2))?, A12(2)(Es(2))?
26 | (E4(2))°Es(z)+a cusp 1. A12(2)Ee(2)(Ea(2))?
28 | (E4(2))"+two cusp forms (A12(2))2E4(2), A12(2)(E4(2))*
30 | (E4(2))°Eg(2)+two cusp forms | (A12(2))?Ee(z), A12(2)Es(2)(Es(2))?
32 | (E4(2))3+two cusp f. (A12(2))2(E4(2))?, A12(2)(E4(2))®
34 | (E4(2))"Es(2)+two cusp forms | (A12(2))?E4(2z)Ee(z), Ar2(2)Ee(2)(Es(2))*

LOERTIE 3 2OEFNEE V2 5 —FAMBELONTWE, TRDE, HA
4DTAEYRIA VIBE Ey(2) s BEH 6 DTA LRI 4 VRE Ee(2) -
ZTHicEA 12 ORATER Aw2(2) £TH 3, oD 7— Y ERHLCHS

nTW3,

oo
E4(z) =1+ 240 Z o3(n) exp(27inz),

n=1

E¢(2) =1 - 504 f: os(n) exp(27inz),

n=1
oo

Ayo(2) = E 7(n) exp(2rinz),

n=1




CCTo(n) =g d" Tr(n) B322X P+ YO BTS2, THhO
DV > DHIEEFRE LTEATEL,

n | 240 x o3(n) | 504 x o5(n) 7(n)
1 240 504 1
2 2160 16632 -24
3 6720 122976 252
4 17520 532728 -1472
5 30240 1575504 4830
6 60480 4058208 -6048
7 82560 8471232 | -16744
8 140400 17047800 84480
9 181680 29883672 | -113643
10 272160 51991632 | -115920

TR L 7 — 2830c 2 W T DWW D h O BERHELFES 205,
Z DRIICB/ DO TR E 5,0

L PS8k OEMII2 =€ Vo 5—KBFHETEEE, ZORTFHROF—
IBE (=, L) B

(2.1) ¥z, L) = z exp(7i(z, 7)z).

z€L

L hEREN, ORI
(2.2) ¥z, L) = i a(2m, L) exp(27imz),

m=1

LEEHE B, T a(2m,L) = ||Aam (L)
R v OIREEST & 57— 7 B3 Po(z, ) 1X

(2.3) ¥z, P, L) = Z P,(z; o) exp(7i(z, z)z).
z€L

kD EREN, COFEHD

(2.4). ¥z, P,,L) = i Z P,(z; a) exp(wi(z, z)z)

m=1z€Asm (L)

LEEEY D, HEK Po(e; o) BIRE v 0¥ =4 vxo 7—FIEX Hy(v)
HORDLSICLTRDEN S,



P,(z;e) = H, (—7%—;)) (@ 3@ a))¥
Yk vy 7 —SIER, H, (u) RZFEOEMSHER:

&2H, dH,
-l Y _ - Y - =0.
(1-w%) ) u(8k — 1) T +v(8k+v—-2)H, =0
DTS Bo HEDDVLE 2D H,(v) 25X TE,
(2.5) Hyu) =" - o
6 3
—_ .4 —— 2
(2.6) (W) = v - o + @D
(2.7) Ho(uw) = o - gtz + mrsiteree
— IO G e F D)
(28) Ha(w) = «* - 5%5v* + e

420 2 05
— GEFIDEE+10)GEF8) ¥ T BEF12)(85+10) (K 18)(BEF6)
FoFHEEED b Lo, BTUEREANERERNS,

(1) L P8 8k DEHII2 =Y 5 FHOL &

(2.9) 9(z, L) € M(4k).
(I) L Pk 8k DEMML =€ Va2 5—18THOL &
(2.10) 9(z, P,, L) € S(4k + v)for v > 0.

(III) Leech %Pk 24 OV —FIBFRET H L&,

(2.11) 9(z, Leech) € M(12)

(2.12), (2.13) 9(z, Py, Leech) = 0, 9(z, Py, Leech)) = 0
(2.14),(2.15) 9(z, Ps, Leech) = 0, 9(z, Pg, Leech) = 0

(2.16), (2.17) 9(z, Pro, Leech) = 0, 9(z, Pra, Leech) # 0



ER : T 9(2, P, Leech) = 0 (v = 2,4,6,8,10) {4 ||[Ag(Leech)]| = 0 &
THEIR L ek 58hh 3,
EIBRDEREIC & b, LIT Of&ER (IV),(V) 218 3,

(IV) L3 %[R%k 32 OBRMENISFREE T2 L &,

(2.18) 9(z, Lsa) € M(16)

(2.19), (2.20) (2, Pay Laz) = 0, 9(z, Py, L3z) = 0

(2.21), (2.22) (2, Ps, Laz) = 0, 9(z, Py, Lsg) # 0

(2.23) 0 = 9(2, Pro, Laz) € S(26)

(V) Lys ZPEER 48 OBMENMEFREE T B L &,

(2.24) (2, Les) € M(24)

(2.25), (2.26) (2, Pa, Lag) = 0, 9(2, Py, Lgg) = 0

(2.27), (2.28) 9(z, Ps, Lg) = 0, 9(z, Py, Lyg) = 0

(2.29), (2.30) (2, Pio, L4g) = 0, 9(z, Pia, L4g) # 0
(2.31) 19(;, Pi4,Lag) = 0

3 BEIEHIZS 7212 OWT T Fliiesk

757 G=(V,E) RT-oDREEV L ELXVILE, BEV IIERES
TH-T. ZOTRY 57 G OTEREMHTNh S,

v= "V", V= {pl)p%'" 1?0}-

LB BAERY DL TO 2LER HAREL VI EREOTIEETH
WL, CORRERRIC

ady
Pi < p;.

LB 2DL S 2-BR BHBE {pir} 2777 G DALV



RI57 G=VE) el T G OREITHI LMEETN S v RDIEHTTH
A= (a,-,-) BROLSICLTERSI NS,
¥ ai; B8

so=d 1 BLp &p EOBRLTLELE
T 0 bLp=p dERRE & p EXBELTVENE &

G OFs57 G=V,8) &id, THROEEM G 0xhiE LT, Z20DH
A Epy ERENSH G THELTWIWEXH>ZDLXIBY G T
BEELTWA EERINB 57 TH B, B=(b;) 2 G OBHETIIE TS
N

(3.1) A+B+1I,=1J,

BERDILDe TCTI, =113 v ROBAIFTIIT, J REHMBLT1I D v R
DIEATTIITH %0

757 G RRO=>D5% 14 & &, WMIEAIS"S 7 (strongly regular
graph) &LIEIEH 5,

() V DIEEROTES 5 LT V O p; T pi EMET 3 b OOMEMI
T k TH Bo

(i) bl p & pj EHRBEELTVERSIE, VOIER p Tri b pj ICd
BHEL TV 3 bDDOEMKIZ. EH A TH 5,

() dLp & pj EHBHELTWIRWEE, VOTER i Toi icb pj ITd
BHEL TW3 SOOI, EH 1 TH 5o

A RFRIZS 7 G OBHES' S 7. B 270K/ 57 G OBETHIE T 3
L&, RDTEMBKYILD,

(3.2) : A=AT AT =JA=kJ
(3.3) B=BT,BJ=JB=1lJl=v—-k~-1
(3.4) A’=kI+)A+uB

Wi _FIC OB (3.1),(3.2),(3.3),(3.4) %273 (0,1) 177D A, B, Hidh
iz hh SRR SS 72075 7 LBEREh 3,

4 FE

ARDE X HEET 21 Dic—o DR L {384 2, CORTED
NTVAERBIF LV OO TRV, FEEEIZZ S 7 0EPIRICiREH



LOWERSAThTWE 5D EES,
COHFEN LB oNIFERIBESOFIRILTIRIS WS, MR HE LR
PN ARSI S 0. BHBEAE S 0 re—0E 2N ARNIEE
FREGEMBEN B CEbH b 5 B,

Example Leech %Y —FIEFHE & T B0 Ay = Ag(Leech) &L, zo € Ay
’&‘—‘Oﬁj.éo X B‘C\

A2 ={y € As|(y,20) =2}
EB Lo DED lemma HSEKH Lo

Lemma 4.1 y1,y2 € A2 &TBEE. (v1,v2) DIEIT 4,2,1,0,-2 LHED
TR

3EBH Leech Tid Vy € Leech— {0} iZX{L T (v,y) > 4 £185 2 & &, Leech
HD=Z2D Y= bV o — (v1 + v2), %1 £ yva DR (zo — (¥1 + ¥2), 70 —
(v1 +2)) = 4+ (v1,¥2), (v1 L v2, 11 £ 92) = 8% 2(y1, ¥2) DN B{HETH~

Ao DETE R 0 2 y > o(y) =y - 570, ¥ € A2 ICKDTFEERT %0 £
TDB o(y) 13 7o IKERT HEFEO LICES C &350 5.

Lemma 4.2 o(y1),0(y2) € 0(As2) EFTBLE, (0(v1),0(y2)) DI 3,1,0,-
1,-8 LPEDRIV,
CHhidd ¢ kD Lemma SR BiIcE8Mmn 3,

A& (0(n),0(y2)) =3 <> a(n1) = o(32),
(e(31),0(y2)) = =3 = o(u1) = —0(v2).

¥1ToDY =7 bV o(w1), o(ve) IEEOBIRERIT L& o(u1) ~ o(32)
Ltk D {o(n),0(¥2)} = o(n1) ZXHEHIHEA (antipodal pair) &3,
o(As2) ZBHE ~ TEI- 1 bD G =0(Ag2)/ ~ ZEX 5o

), o(@) € G 1 (o(v),o(w)) = £1 ZilifT & EDPOTOL EOBBHEL
TW3, EERTELIRELDEBE G i3 70MEEANS, CDS57
DSERNZ 5 712985 & & %R Sl (2.11) & X (2.4),(2.5) & &Y

(4;1) Z(o:,:z:)2 = %Exem(a,a)(z,x)
z€A4 = 32760(a,a)

ERROHE T, (2.6) ~ (2.17) BT (4.1) FAfl-> TUT OBIRRZER 50
(4.2) E (e, z)* = 15120(e, @)?,

€Ay



(4.3) > (a,2)® = 10800(e, )?,

€Ay

(4.4) > (@,2)° = 10080(a, @)*,
SEA;

(4.5) ) (@,2)"° = 11340(e, @)®.
3€A|

(] - ERBEET & 7 — 2 BB S PR ORRICEI T 21 8ME[ 574 77
13BEIC Hecke[3] iIc% DifER RS & & T & 55 Venkov Hi—BDHHETE
DA EERTETR. VWDIEE N TV,

7€ R T (1,20) =0 LTBEHKT =7 bV ZHBEL, &0 2 ELHEL
Tea=fzo+nr &FT5, CDEE,

(o,a) =462 +7%(1,7),  (a,7) = é(z,30) + n(z,7), = € Ay

Lz, Cho%FER (4.2) RALTER ¢ n OFEARE LTRTHREE
Hgd B Eicky, |

(4.2.1) Y (=20)*(z,7)* = 20160(7,7),
€A,
(4.2.2) > (z,7)* = 16120(7,7)%,
z€EA4
%185, [EFRICLT (4.3) ol
(4.3.1) Y (z,20)*(z,7)* = 34560(v,7),
ZEA,
(4.3.2) Y (2,20)%(2,7)* = 8640(7,7)?,
z€A,
(4.3.3) Y- (z,7)® = 10800(v,7)?,
€Ay

(4.4) oIt

(4.4.1) Y (,20)°(z,7)* = 92160(v,7),
€A

(442) Y (@30) (z,1)* = 13824(7,7)?,
z€Ay



(4.4.3) > (2, 20)%(z,7)® = 5760(7,7)°,
ZEA4

(4.4.4) > (z,7)® = 10080(,7)%,
€A,

(4.5) 5 bHEITIEAMBE SN 58T, R (4.2.1) iTRWT
Ay = A4,o V) A.g'l U Aq,_q V] A.;,g U A4'..2 U A.;,.; U A4,_4 (disjoint union)

BEIBIEIRED,

(4.2.1.1) 2 3 (2,748 Y (z,7)? = 20160(7,7),
€A T€A,2
ZRT, (431) »5b
(4.3.1.1) 2 Y (z7)?+32 Y (z,7)° = 34560(7,7),
€A1 2€Ay 2
%1823, (4.2.1.1) & (4.3.1.1) &b
(4.6.1) > (2,7) = 7680(7,7),
€A1
(4.6.2) Y (z,7)* = 600(7,7).
2€A 3
(4.3.2) & (4.4.2) 251
(4.6.3) Y- (=) = 3456(7,7)",
2€A40
(4.6.4) Y (@)t = 216(1,7)%
Z€Ay 3
DB B, Gt (4.6.2),(4.6.4) 2757 G ORMFIPEET & EhED
(4.7.1) Y (a(¥),7)? = 300(7,7),
s(IEG :
(4.72) 3 (o))t = 108(r,7)".
*(1)EG

LB v=mnEy ELT(47.2) ZEHLT, (47.1) 2B L TROR%E
#%0

(4.8) 3 (@)1 (0@, 1) = 36(1,m) + 721, 1)
swEa
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T = (ti), i = (0(0)r 0(v);)? ERBEETHI A = (aij) & OBIFRERTS 5o

wj=1 = o(y); Lo(y); EHREELTWS
= (0@)io(),)? =1

6 =0i#i <= o(u) Lo(v); EABELTVEN
&= (o) o)) =0,

i =0 = ‘7/(;).’ = ‘;(;)j
= (0()no();)? =9

XD
(4.9) T= A.+ 9.

(4.7.0) KBV, 7=0(y), €G &FBE

300 .
Z tj = Z(a(y),-, a(v); )?
i=1 i
= 300 x 3 =900
i
(4.10) TJ = 900J.
T? = (sij) LEE, (4.8) 2 bERT DL
300
s = Et.‘kih,‘
k=1
300 P - -
= > (@@ o @) (@@ o (v);)?
k=1
36 %9 + 72 o(¥); ¥ ou);
= 36%9 OT(;)' non;adj U’('y\)j’
3649+ 7249 o(v); = o(v);
LIRB T MR B T
(4.11) T? = 36 + 9J + 72T.

(4.10),(4.11) % (4.9) ZBEL CHBEHET &

(4.12) AT =891J,
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(4.13) A? =544 + 324J 4 567I.
J=A+B+1 %5 & (4.13) i3 |
(4.14) A? = 8911 + 3784 + 324B
BMICT57 G D5 2—5—i%

k = 891 (valency), A = 378, u = 324

C it Conway-Smith graph TH %, T, RETEN S DDEDHIIH -7
AREFATHIEL. WhW3 Conway-tower 2 & & bTEETH 5, Leech
lattice IZRAWTIE. CDfth
6-vector (i.e. (z0,Z0) =6 &£7XB Y= 7 bIV)8-vector & Ay DESIEES EH
SEIERIZ"S 755, BEHID b DIciE 5, 2T HIEROMEMAS 276,23 D522
75 7T, 75 ZHICIREHE  7RWAS, 276 fHD DI\ W 3 equiangular
lines 739 HiF THEMFEFNTIZFKEVHRE TH 50 (6] EBHEDO &, )
A EEN Venkov[16] DAHEE% modify LT lattice DFERIc & &9 H—1
IKIRA BEDIC LIS DT, 32 ZHD lattice T, #RI7E 8-vector ZHWN
¥ Venkov D 7°'5 7 LEIRDSOMNESND L, 48 LD extremal lattice
T 6-vector ZFIWVVHUE, ik Venkov[16] ABD 7 7 v —F T#u /- SRG
25X EMTE B, 51T, 48 T D extremal lattice T 8-vector %
FAOWhiSH LW 5 7 %2185, L LAFERE 40 T, 64 D extremal
lattice ICEA L THH LW SRG BESNDE LW RAL RN, TLA
odd unimodular lattice C minimal vectors TEROSN B LI EDMSHL
' SRG LR WEEEF D equiangular lines %782 RUABDEHBIL B ITEN .
ZDIBAITIE even weight TIRWVRRYE A LR L/ LeRIBEEA S &
KRB 1EA D,

ZE3TH
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On extended dual polar spaces

Satoshi Yoshiara
Department of Information Science
Faculty of Science
Hirosaki University
3 Bunkyo-Cho, Hirosaki
Aomori 036 JAPAN

Abstract

In this report, some recent progress of classification of flag-transitive
exteded dual polar spaces (FEDP) is described, as well as a construction
of a new non-classical FEDP on 896 points with the full automorphism
group 21112 : 35,

1 FEDPs.

An eztended dual polar space (abbreviated to EDP) is a residually connected
incidence geometry G = (Go,G1,--,G-;*%) on I = {0,...,r}, belonging to the
following diagram (as for standard terminology of incidence geometries, see [12],

[8]):

o o=—0—0 - 0—0

That is, an I — {7, j}-residue (i < j) is a projective plane if j =7+ 1and i > 3,
a generalized quadrangle (abbreviated to GQ) if (7, j) = (1,2), a circle geometry
if (z,7) = (0,1) and a generalized 2-gon otherwise, where a J-residue means a
residue at flags of type J (J C I). Elements of G; are called points, lines and
planes, respectively for ¢ = 0,1 and 2. We abbreviate an EDP admitting a flag-
transitive automorphism group to an FEDP. An FEDP of rank 3 is called an
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FEQ (flag-transitive extended generalized quadrangle) [2], if it satisfies the (LL)
property, that is, there is at most one line incident with two distinct points.

An EDP G = (Go,...,Gr;*) of rank r + 1 is called classical if its 0-residue
(G1(P),...,G,—1(P);*) at each point P is a dual polar spaces for classical ge-
ometries: That is, if there is a vector space V and a non-degenerate form f of
Witt index r on V listed in the table below such that G;(P) is the set of totally
isotropic (or singular) subspaces of V of projective dimension r —i (i = 1,...,r)
and * is given by inclusion.

Symbol Space V | Form f

C,(q) F2r Symplectic

B.(q) Fertl Quadratic

D.(q) Fg’ Quadratic (+ type)
2D,41(q) | F2+D) | Quadratic (— type)
24, 1(q?) | B2 Hermitian

2 A4 (%) Fg""l Hermitian

In particular, classical GQs (EDP of rank r = 2) consist of the following five
families: the GQ W(q) = C3(q) of order (g,q) and its dual Q(4,q) = B:(q)
admitting the simple group Sy(g) & Os(q), the GQ Q~(5,¢) =2 D»(q) of order
(¢,4%) and its dual H(3,4?) =? A;(¢°) admitting the simple group Og (¢) &
Us(q?), and the GQ H(4,¢%) =? A4(¢®) of order (¢%,¢°) admitting the simple
group Us(g?) (see [7] 3.1.1 p.36). (Note that the GQ Ds(q) is of order (g,1),
which is not thick. Thus we usually remove this GQ from our list of classical
GQs.)

By joining works by Tits, Brouwer and Aschbacher (see [1]), flag-transitive
polar spaces of rank > 3 are classified. They are isomorphic either to a classical
polar space or to an incidence geometry of rank 3 with 7 points, 35 lines and 15
planes and the full automorphism group A; (called the sporadic A7-geometry).
Thus one of the following occurs for an FEDP G:

(1) G is of rank 3 and classical.
(2) G is of rank 3 and non-classical.

(3) G is of rank 4 with point-residues isomorphic to the sporadic A;-geometry.

(4) G is of rank > 4 and classical.
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2 Classification.

2.1 Cases (1) and (3).

The classical FEDP of rank 3 are completely classified and all of them turn out to
be FEQs (see [9],[11], [8],[6] for the precise results and terminology). There are
13 isomorphism classes of such geometries, including one with full automorphism
group HS.2 found by the author [10]. '

In the table below, we summalize the fundamental information of these 13
isomorphism classes of FEQs. In the table, G is the full automorphism group
of G, v and c are the number of points and planes, respectively, and (s,t) is the
order of the GQ Gp for a point P. We use the notation in §1 to denote the
classical GQs. We set k := s + 2, the number of points on a circle. We also set
Xp:=Gp/Kp and X¢ := G¢/ K for a point P and a circle C, where G, and
K, (z = P,C) denote the stabilizer in G of z and the kernel of the action of G,
on the residue G, at z, respectively. The symbol d means the diameter of the
point-line graph of G.

19| G| v] cl Xe| Grpl(st)| Xo[ k[d]
Ao 25 : S 32 120 Se | W) [(2,2)] S| 43
A 2% S 16 60 Se | W(2)[(2,2)] S.| 4|1
Ay Ss 28 105 Se | W(2)|(2,2)] S:| 42
A_ Us(2).2 36 135 Se | W(2) [(2,2) ] S.| 4|2
K+ | 25.U,(2).2 64| 720 U,(22]Qs(2) (2,49 | S| 4|2
K= Se(2)x2 56 630 | Us(2)2[Q:2) (2,9 S.| 43
K S6(2) 28 315 | U4(2)2]Q:12) (2,4 S| 4|1
M McL2| 275| 15400 | Us(3)2 | @5(3) | (3,9) | Ss| 5]2
O [3.0;(3)2°| 378| 1701 | U,(2)2| Hs(4) [(4,2) | Ss| 64
0 0s(3).22] 126 567 | Ug(2).2 | Hs(4) | (4,2) | Se| 62
U Us(2).2| 176 | 1408 | S,(3)2| W(3)[(3,3)| Ss| 5|2
S Suz.2 | 22880 | 232960 | U,(3).2 | Hs(9) | (9,3) | My, [ 114
y HS2| 1100 | 11200 | L3(4).22 | H3(9) | (9,3) | My, [ 11 2

As for the case (3) in the last section, the following result was proved by the
author [15].
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Theorem 2.1 There is a unique isomorphism class of FEDPs of rank 4 with
0-residues isomorphic to the sporadic Ar-geometry. It is the one point extension
of the sporadic A7-geometry with the full automorphism group 2* : A.

2.2 Case (4).

As for the case (4), we first consider FEDPs of rank 4. Note that the isomorphism
type of {0, 3}-residues is restricted to W(2), Q5 (2), @*(3), W(3), Hs(2?) or
H3(3?), since the point-residue is isomorphic to one of the 13 classes of EGQs
above.

FEDPs with {0, 3}-residues Q5 (2) are classified by the author [13]. T. Meix-
ener [5] also characterized the geometry below for Co.2 x 2 as an FEDP satisfying
an additional assumption.

Theorem 2.2 Let G be a simply connected FEDP of rank 4 with {0, 3}-residues
the GQ Q5 (2). Then

(1) G is a geometry on 6300 points with the full automorphism group Co.2 x 2,
or

(2) There is a normal subgroup N of Aut(G) with Aut(G)/N = Ug(2).2.

As for FEDPs with {0,3}-residues W(2), the author proved the following
result [13], [14].

Theorem 2.3 Let G be a simply connected classical FEDP of rank 4 with {0, 3}-
residues the GQ W(2), admitting a flag-transitive group G. Then the kernel Kp
of the action of the stabilizer Gp of a point P on the residue Gp at P is either
trivial or the natural module for S¢(2) or O7(2). Furthermore,

(1) If Kp = 1, then G is either a geometry on 2! points with Aut(G) =
2(2° x 24*8)55(2), or a geometry on 32640 points with Aut(G) = Ss(2).

(2) If Kp = 2%, then we get two possible sets of relations presenting G, one of
which contains a normal subgroup N with G/N & Fy; or Fy,.2.

Two new FEDPs of rank 4 admitting Fo4 and F3, are constructed by the

author [14]. The {0, 3}-residues of the former are isomorphic to H3(22), while
those of the latter are W (2).
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It is easy to show that there is no FEDP with {0, 3}-residues Q4(3) or with
point residues the EGQ for HS.2.

However, as for the case when the {0, 3}-residues are isomorphic to H3(22),
W(3) or H3(3?), there is no classification so far. There are known examples of
FEDPs admitting Fy4, Fz4 and M for those with the {0, 3}-residues H3(22), W(3)
and H3(3?), respectively (as for the latter two, see also [12]). The classification
in these cases should be most interesting, but may require some new methods.
Because the target geometries have too many points and ranks, not only to
handle by hand but also for computers with a normal strage ability at the present
time.

As for classical FEDPs of rank greater than 4, nothing is known. However, T.
Meixner and the author conjecture that they can be constructed as subgeometries
of some (possibly infinite) buildings.

2.3 Case (2).

How about the remaining case (2) ? Unfortunately, flag-transitive GQs have not
yet been classified. Among thick GQs, there are four known flag-transitive GQs
except the classical GQs and the duals of H(4,¢?) for prime powers q (see [4]
p. 98, Summary). They are T;(0,) for some oval O, in the projective plane
PG(2,q) for ¢ = 4 and 16 and their duals. (see [7] 3.1.3 p.38 for T;(0)).

By the argument used in Lemma 12 in [11], it is easy to verify that there is
no FEQ with 0O-residues the dual of H (4, %) for any q. However, there is a new
FEQ with point-residues the dual of T;;(O4), which is characterized as follows in
[15]. (We may show that the full automorphism group of T5(O,) is isomorphic
to 26336)

Theorem 2.4 Up to isomorphism, there is a unique simply connected FEQ with
point residues isomorphic to the dual of T5(O4), admitting an automorphism
group inducing 263A¢ or 263Ss.

This new FEQ G is defined on 896 points, having 8192 planes and the full
automorphism group 24+1? : 35;. An explicit construction of G will be given in
§4 in terms of isotropic 1, 2, 4-spaces of a 8-dimensional unitary space over F,.
Taking a quotient by the unique central involution of Aut(G), we have an FEQ
on 448 points.
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3 A construction of a non-classical FEQ.

The non-classical FEQ G in the previous theorem can be constructed as follows.
Let V be a 8-dimensional vector space over F4 with a unitary form h, and H
a hyperplane perpendicular to an isotropic point, say P,. We take for the set
Gs of “planes” the set of isotropic points outside from H. The stabilizer of P,
in SUg(2) (isomorphic to 21+!% : SUs(2)) has a normal group K 2 2'*12 acting
regularly on Gs.

The stabilizer U of P, and a “plane” P in SUg(2) is isomorphic to SUs(2). By
explicit construction, we may verify that there are seven 4-isotropic subspaces
X; (i=1,...,7) containing P and a subgroup A = 34, satisfying the following
properties:

(1) The group A acts transitively on {X;|: =1,...,7}.
(2) dim(X; N H) =3 and dim(X; N X; N H) = 1 for any distinct 1 <¢,7 < 7.

(3) For any fixed X;, the six 1-dimensional subspaces (X;NX;NH) (1< j#
i < 7) form an oval in the projective space H N X;.

For example, if we take a unitary form h(x,y) = ©% 2,92, on V = F§,
Py = [eq] = [(1,0,0,0,0,0,0,0)] and P = [eg] = [(0,0,0,0,0,0,0,1)], we may
take X; = (es, es,€7,e3) and A is generated by the following matrices, where w
is a generator of F;, @ = w? and we identify A with a subgroup of SUs(2):

100 @ 0 010010
001 1 1 w 100001
t1=01011w ;| 001000
000010/ 7 000100}
000100 0000O0 1
0000 0 1 000010
100 0 00 w 00 1 10
110w 00 0@ 0@ 0 1
t3_1011w0 . 0010 1 w
000 100" * ooo0o100]|
000010 000 1@ 0
000111 0 00 0 0 w
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1 00 000

110w 00

w 1 0@ 0
t0=

0 00 100

1 00w 10

0 10w 11

The above elements satisfy the relations, which give a presentation of 34; (non-
split central extension).

A [dt]l=1(i=1,...,4), th =13 =(t;-t41)° (= 1,2,3),
(ti-t;)? =1forany 1 <1< j <4 with j —1 > 2 except for (i,5) = (1, 4);
(tl . t4)2 = d—l.

In the above, d means the diagonal matrix w/.

Now we define Gy and G; to be the set of seven 4-spaces X; and (;’) =21
2-spaces X; N X; (1 <i# j <7) together with their conjugates by K = 21+12,
respectively. Incidence is determined by inclusion.

By the above property, we can verify that G is an FEQ, admitting a flag-
transitive group KA 2 21+1% : 34;: For a “plane” P, the residue at P consists
of 7 “points” X; and 21 “lines ” X; N Xj, so it is a circle geometry with 7
vertices. For a “point” X;, the “planes” incident with X; are isotropic points
of the projective space X; outside from the projective plane X; N H. Each
“line” incident with X; corresponds to an isotropic line joining an isotropic
point outside from H N X; and a point X; N X; N H for some 7 = 2,...,7, which
belongs an oval {X;NX;NH|j =2,...,7} on the projective plane H NX;. Thus
the residue at X is the dual of T5(O0,).
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0 - design #¢ 2 - design

BRAY #HEFH & =R

1. Lo

P 2 EEOYAH v O) finite set, B % P ) k-subsets ¢) family C [Bj=b ¥ LT,
designD = (P,B) ## %, O-design X}t (b,v,k)design & IEF«S§ ZEIZTH. F-
PODEF%ZH, BOEFEL /Oy ILEREILIZTA.

D 28hT H7-0DERNLES L L TUTOLDEHNS.

L:&p 28t Ty /O%K, HILpeP k352 % [,="{ aeB|pea}.
Lo: 5 pq 28870y 7OK, BI5 pqeP ¥ 5L & I ="{ aeB|pgea}.
My : 7097 ap ICHBZEENHEOHK, HIL afeB LTHEE

me,="{ pEP|peanp }.

Pk pqid &%, aflid7ayr&ETILICTS.

DA% l-design TH 5 Lid, LA pWLOT—EDE re 252 E W
1-(bvJodesign L& ZEITT D, ZOLEr=bhlv Lizh.

DA 2-design T B ki, L, K praDk E—FDIE A THOEEE
2-(bhydesign LB T LIS B, TDLE A=bk(k - (v~ 1)) T I-design
Lirs.

D 7% quasi-symmetric design T A ki, m,, A a*p D& Ex L 72ily D&\~
2FMDEL 2L S L EEE QS(bvk)xydesign LEL ZLIZT 5.

Z T H DB %2 =T quasi-symmetric design |3 2-design 12725 &, B
LU design DHAEDAFEFEIBONTDOTHRET 5.

FTEBLHEREUTICELDTEL.
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Lemma 1. D % (b,v,k)design ¢ § 5.
(i) UTOERMPHRILT 5.
Y Gptl-28K)=20-2) ¥ (map- —’f—(L n) W

{p.q}<P {a, D}CB

bkk-1)
{pq}cp(lpq _—(lp T v-1v-2)

= (k-1y° k-1 20-1) |, bk(k-1) )
~{a§cs(maﬁz-(l+2 v-2 )m b-1 \l v-2 (V‘l)(V'Z))

@

T Z T summation |3 FNFh P,B DL T 2-subsets (7= 5
(i) ) DfE%E A, (2 DiE%E A, &L T5HL, A,A20T,

A,=0 = D} l-design, A;=A,=0 < D}l 2-design.

Theorem 2. D A% QS(b,v,k)x,ydesign 'G.LJ\"FO) 3),(4) %= A 7= 7z & 2-design
TH5.

(b xy -k (Bk - 1) (x +y 1) + ki - 1)( "2" }; 1) 0 3)

x+y < Z(kv'flz)b +1 O]
Z ZT (3) i3 D H* QS 2-design THAH7:DDNLEFRETH 5.

2. Theorem 2 ODfH

k(k -
QS(G.v,00.1 design : (4) HIHSMIHTT B, (313 Dy =1 L. &

T (3),(4)75*’&_\'2 T 5L EIEA1D 2-(byvhdesign & 7z 5. #HIZ A=l D

2-(b,v,k)design |18 & HNZ QS(b,v,k)0,1 design &7z 5.
& + 1)k +2) k(k+1) .
B T g - l2desien L sipr s, sEmzky 3), @ B

DIBA2 LR B LHDI B WL, EBONTA—-F%2FD

2-(b,v,k)design | quasi-symmetric ‘Cd) 4 (Hall [5, Lemma 16.1.2]).
k=30 k%, b=10,v=6 T ) IIRYIZON @D IFBHRE ORI LIV.
Z DL & QS 2-(10,6,3)design i3 FFE L, H D 2-design T\ QS (10,6,3)1,2
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design HIFEET 5. BEL 5 AP ORLALEE P L, P DL TDH 2-subsets H>
6570y /0 family B' 2% %, ThIIH=eE p #x, P=Pu{p},

B = {aU{p} | a€B'} & LT design D = (P,B) 2¥Ehif L.

QS(253,23,7)1,3 design : (3), (4) HEL Y L5 2-design L 72 5. T @) 2-design il

Calderbank [2, Th.2] )X (3 Hobart [6, Th.1] D#ER % @A 5 & Witt 4-design 1T

5.
Z®Dfth Neumaier [7, Table 1] £ ¥ (3),(4) 2¥7=L, »OHFEHETLIDE2Y R
N A -
b v k x y  2k-172/(v-2)+1
56 21 6 0 2 3.63...
120 21 7 1 3 4.79...
77 22 6 0 2 3.5
176 22 7 1 3 4.6
253 23 7 1 3 5.67...
63 28 12 4 6 10.31...
63 36 16 6 8 14.24 ...

3. Quasi-symmetric design {ZDWT
D= (PB) % QS(bv,k)x,y design ¥ AL &, Ty 7 ZEAIMNIcEE,
My=X DL % alBREINTVLLEETHILICLVEEY T T HTE
5. ZDT57% G(D) LB ZLITT 5.
QS design D iZHBWT d(o) = {B I my,=x } ,d(0) =B Im,,=y}LTBL,
de(a) + dy(a)=b-1 )

THY, dfa) it GD) DIESE a OREIIHFIET 5.
D 7% QS l-design D & %% aeB 23t L {(p.B) [peanp, B*a } WA BT &

&y,
x dy(a) +y d(ax)=k(r-1) (6)

2185,
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(5),(6) £V df@), df) it WS TICEE Y, G(D) i3 regular graph L7235,

D A% QS 2-design D & ¥ % acB L { ({p.a}.B) |anp 2{p,q}, B*a} & X
A5 EITLY,

(3 ) et +(3 Ja@=(%) - ™

2185,
(5).(6),(7 £ (3) 2185, BI% Theorem2iZ BV T (3) i QS 2-design T#H 5
ROOLERETHD. DL E GD)IE stongly regular graph k 72 %
(Cameron [3, Theorem 3.2] ).

quasi-symmetric design (2D W-T DX #k & L T Calderbank [2], Hobart [6],
Neumaier [7] 72 A3 HH W Thd regular %5111 L THIRZED TS,

4. #HH
D=(P,B) % QS(b,v,k)x,y design & 55 L &, LITOXEAN 728K HHE DLD.
DIZBWT { (p,o) | pea } #Hr b kicky,

Y L=bk . ®
pEeEP
DiZBWT { (p(a.B)) | peanp, (a.B)eBxB } £ x B Liz kD,
Y B= Y mg, ®)
peEP (a,B) € BxB

ZZTHID summation \3 B DT ordered pairs 247> 5.
DZHBWT { ({p.a}.0) | aD{pq} } 2Bx B LITLY,

Y ha=b ’2‘) : (10)
{pa} =P
DizBWT { ({p.a}(@B) | anB >{p,a}, (x.p)eBxB } AHX BT LIz Y,
2 Map
Y Fa= ) 5 |- (1)
{pa} cP (a,p) € BxB

% pePITHL T, { (g0 | a2{p,a}. q#p } 2HX B LIZL Y,

Y Lo=Gk-1i . (12)

qeP-{p}
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(12) kv,
)) (lp“lq)lpq:%(z (lp ) Ipq)+ ) (Iq Y lpq))
v (13)

{pq} cP pEP\ qeP-{p} q€P\ peP{q}

=k-1DY B

peEP

@)~ (1) BLT(13) D LITLT, (a_mZGB,B=2{G%CB +a§3 Moo=k
WWHELTHERZTLL (1)) 2185.

Lemma 1 (i) {38 & 4.

Note(i) (1),2) DEDE UTOFHTKDS.
PO 2-subset % index ¢ %320 ( ; ) RDRYT MLV, V, V, 2E X 2,
ZITV L TOBEN 1D MU, Vi {pa}BEFE%L+1. Vi {pa}

BFERL ETHEIPMVETE. ChERCERLTAILIZEYY, W,
W, 2185, ZZTW,ODQERR +4-228, W, 0 BRI
k_( _bk(k-1)

ba vl 0Ty LB WL W, BRERD VLD 2 FITH TG
T5DH (1),2) TH5.

Note(ii) A, A, 3F 2 Johnson scheme J(vk) 12T % B @ dual distribution
b=(by,b,,....0)Db,b, L vk POEETLEDHORI—KT 5.
Lemma 1 (ii) & Y RO Lemma %> 1§ 5.
Lemma 3. D % (byvk)design £ §5. (1)DfEi%x A ,Q2) DfE%: A, LLT,
AQ ZLUTDEHITEDB L E, Al©) 20 for ©20 THY, $H5c>0H
LT A =0 251D 2—design 'CZbé '

A()=A, + ( )

{a.ﬁ}CB

(14)

(Y
(8]
o)

2
cl.—.1+2u-c

2

o, Kk~ 1)( 2k-1) , bkk-1) )_C k_(bk_q) |

‘T b1 v-2  (v-1)(v-2) S1'v
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(14) @ summation D7 HIZFEHL T, xH0), ydc) & 2 XFERX
Z-cz+c,=0 ORLTHL ERD Lemma %785,

Lemma 4. x,y /% Theorem2® (3) ##H/=T L &, c=1 +2(k 1) -(x+y) &
THL {xy} = {xfc), y(o)} TH%.
Proof. 2 XAERIZBITAIBLFRBOMFEEFHENNIIL V. c DFERLY,

x+y—l+2(k-) -c=¢
Q) z#EHE
k(k - 1) 2(k-1) bk - 1) (k 1) ok (bk 1)
Y= v2 ooy TPy T y)b-l(v 1)=c,

Lemma 3, Lemma 4 } ¥ Theorem 2 2@ 51218 5N 5.

5. EOMOER
Lemma3 t Lemma4 % Y& 5(ZRD Theorem %18 5.
Theorem 5. (3),(4) AT HBHx<y XL, x <m<y for "ap €B D

x < smu 6<Y, &72% (bvk)design |ZTFTEL 72\A.

D % l-design L T2 L &, Lemma3 CE#L = AC)IZDWT Lemmal (ii) &
Y X0 Lemma %185.
Lemma 6. D % l-design £ §5L &, AQIZOLUEDERTHY, TOFEK
H0 7246 Dt 2-design TH 5.

Lemma 6 & Lemma 4 & Y E5ITRD Theorem % 185.
Theorem 7. (3) #A/=THB x<y L, x<m,<y for "o*p €B HD

x < 3mw< y. 723 1-(b,vk)design |ZTETEL 72\,
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k(k- 1)
v-1_

l'(b9v1k)de5ign ‘i ﬁ{f L &l/).
Proof. x=k(k- 1)/(v-1),y=k L¥hiL, 3) &A=,

Corollary 8.

Smgp for “a#p €B HD k(k 11)

<3”’ab<k k25

Zh & Y X Theorem (Frankl and Fiiredi [4, Lemma 5.5], Calderbank [1]) @ 5l
M %18 5.
Theorem 9. D (3 1-(b,vk)design T, m,,2m>0 for Yarp €B 72511,
m <UD € BEARGT B L D A symmetric 2-design TH BT k13
I .
Proof. R Emgp= U1 i3 Corollary 8 & HEBI M SHL, Lemma 6 &
D % 2-design & 72 5.

References

1. A.R.Calderbank, Symmetric Designs as the Solution of an Extremal Problem in
Combinatorial Set Theory, Europ.J. Combinatorics 8 (1987) 171-173.

2. A.R.Calderbank, Inequalites for Quasi-Symmetric Designs, J. Combinatorial Th. A
48 (1988) 53-64.

3. P.J.Cameron and J.H.van Lint, Graphs, Codes and Designs, London Math. Soc.
Lecture Note Series 43 Cambridge Univ. Press (1980).

4. P.Frankl and Z.Fiiredi, Finite Projective Spaces and Intersecting Hypergraphs,
Combinatorica 6 (1986) 335-354.

5. MHallJr., &€HR, SE#FE B8 1EF R (1974).

6. S.A.Hobart, A Characterization of r -Designs in Terms of the Inner Distribution,
Europ. J. Combinatorics 10 (1989) 445-448.

7. A.Neumaier, Regular Sets and Quasi-Symmetric 2-Designs, Lectur Notes in Math.
No. 969 Springer (1982) 258-275.

—118 —



A -pawruja, 9£ travslation F,éanw og
otdor §™ wll twe orhits of Lengdh
2 and ?ZMH— 1 o Lo

Ruggit 441

§4. [atroductoon

B DT RowRe sl T 5Ktk
NOBBT7 4 > FETTDPT « > posinkas LTAHAE
RT3 collcneatn guoup GEE> Ea L3 B,
2o £t Lgt L tRY2cETn-192592
Othtl 47553 TG Ryanshotion plane T B
(ESEq Bt aBasibrr,)

goraradizek Andre plone T Snd>7x
Pance (3 G & (6], FE[3112d, TRELE,
L5 phareo D Rowdd Lo T 23 THT,
g, FUB[3)E o TARREM R plases B KUl
[9] 2AE 2O T bouel LT T A Qm+4
(nelN) THBME T (ko HEHY) o
plares (2-HUcTB,  fornel £ oRR BTRY7C

—119 —



LE< %D ranshation pfa/wo a2 7 72 a2#dE
Boby <, ottt coBRiXGERASBZ B>,

§2. Plane MBI

F=GR(§™ 2 k=GR I3, :zf6T
FHY TN Lo BH 15, fByrreRc
LT x@= oo (0eZ) , New =™ x>
cp<. RI=(a,a -, a"™") (aehR)t
#<t, V=Alad| aeF }af ook, 207 -
BeZh LTKEMREA 7L BB, a,
- Omq €EREHLT

Qo (0)® - -- @)Y
W )
[ao,Otu,“--,Om_,J - oy (&) e (W)

N \
] J \
t ' f

Conet (Cans)” —oen (@)™

Edh<. B Mg = {[ao, -, anid] a0,
o 6F ) QLU p* = [MeMen, 0¥ | s
0} L3, 2atE, Ena (V)= (Vo —
AM eV | MeMm,)*} ) gLT ) = [V alx]
—> [(X]M eV | M eqlin,g)*},

— 120 —



ZcGlimgyoiod sz, ok,
2, . pread ack é *L>0, IZI=%"

« dst (M=N) # o0 ‘PVLM,N%
pracd at TR BEEY ) trausbateon
plore TGRS 3L CERLAZ,

TH& 3 VxV ok

To i LM+ (o, w)
22T, MeZLvin}, ww) eV
LM) = ((cza, cxaM ) | xR} (MeZ)
L) = (Lo, 1x3) | xe F

PEARIG D AR 2 A3 5 -

IW=[x,0,--,0] € M(n,9>* J= [o,1,0,
--,0] ¢ GLin 0" LR<.

WF, ReE233, w: KodERiT,
1< o<-1)a , (Ln)=4 €33, Bro,b
eF* TN+ N #0 T35,

(=2, ) = (—20,n) =4 BT At (T T(20+
J*IM) = NcotMb# o, fiboxeFR cHLT
Par= [0 (7 1@+ I IW IO , Q) = Iewu
PWtTow a2 T, = (Puod| zeFv

—121 —



LQu [ xeR] 3%, St gpread eot (=53
JCBFF. g lLeRToRoDsSB)o B
I3, (@5E8R 199 oIk e EIZ.)

@ B, 0eN, Lali O (3%, 1%1) =2

@ -+ POO=w QU | Qoo= wPah? ssmxto

2,94 e F* ¢35
POO =P & xg e (24)
Q@) = QP & ayle (t4)

B) c,deR* | A= JTo+ T*TW) = (An), —
£33, 2ok, Ao HEL (FEn) oM
Ar0THE,

BEL T.ak (b Spead sot TH3,

i) @eyheFtedro, @ fo=
et (PO-PW) #0 for xeF-{ti}) &) Jou=
et (PO -@r) o foz xeR,
WEY Foor= (N@)+N®) NL¥™¥-1) #o  for
xe F- {+1}, %= IOEE B a#o LT ru.
joo=o LR TE. W5 fw= dt PP
00 ) =uI), o ot (WI —(PWIE0)") =0
Yoo e PL) Lok teBEAC 3 5. PIov

—122 —



A, &34 e KB (KU 5] 2Re) TH 3T,
XA R n o KEn PR, 2o, ,2uy €F
2 I BABLT 3. 22 oFaRoCkEE
R, Zocs, 338l W=%, < ral)
= (M4 R, K74+ AR AW (R,
s, Ree K) O YOO = AN Rus X -
+ (R = I 4 (R —w Ry ) A" 34 -
+ (R —uRIA—uBA-UR, —-FB1RE>T
Y(IA) = A G X C 5% -+ oA
NN+ NDB)  (Car, Cusy -rcre k)
« K'\-‘i': Ry - uRny = Ry — URns = "~
Ro—uBr=0 T ALY RBus = Rus = Buy =
=R.=0 Lo L7s° S NaO(Mar N )Fe dx
PoFo  ChrFfa. O

dpreod 2. o, (= BIOTBE T trams it
Mo & TCoa,p T F2h 3 T L(2FB,

§ 3. Qonerablozrod twotad feplol pLanso
qc-‘:)“'lb (} /JF"M wet ZA': ZA,,C)&)IO = {Pa)
| zeF Yo buPmr |2eF) ind » zafot h®

—123 —



gereralized  Awited Fold plene Ty =
Ty iap EXMLCTERLDTBE, R, §
Tiyob D Lorsar, Aranshotion complemeart &
KB5H°, Loted i Toi,ob D Loneon Lrans-
Lot complement LCCres) ERELTH B4
Do FIT 0 Rorn Romobogas nBEG ko=

L( TG J:(i)) | cele*} TAZSCHEFLA., X
) H“‘H’“*fm @92 (418 Mo CAMATH3,
BEQ () LC(Te,) = LO(m) ToLacry)
(58— o)) ETRRQ BaHRE, 22T L, =
[LM)| MeZg v ()},

(D LTS o) cpury /- 3MedEma cpene
MC%E.;

b T 9 bonear Lraunshation ombmat
Tirap @ Kineon travshotzn complemont

G D BB o S HerEL I B, R

€98 Qe 2 A AEErg 35 4 HER ([47,021,031)

PHOTHEHLL S,

FR3 ) +£3°%5@ L, L)) ¢

—124 —



(Peoy | ke F*}o Q00| xeF*) @ G-orkin U8 3.

) A3 EF | Gl=n(gF-1)(%-1)

i) 7T=37 70 T L, R Y2 Howds
plare TH%o

Y, Ta,b D B Pomologus DRFSKT93
2etht R, FEREBIN ToToq, 87
Wmﬂ«\u& Am&rfe plone TF0d 3 = B3 £
M TC (HIERTETO B,
EEL  t Caffho Ch 915 SKY RTE
gereraozed And il phene T,

(h (re, (-0 (g-1)7) =4

ST, =P, prREL
i) mEE
Qi) HIEHT ob e KF

5. Bzrko
W SR 1 phore T 0,0 BEEHBAS .
TT={% .| <2 0L omy=1 | abe™
| Nt Neby#+ 3 eax.
gﬂﬂ;‘; ) pop e TT D T, T, 1,17

— 125 —



CHBESHT,, L cTTSBAT 3.
() Tpa o« T, , B o=y
(i T, Lo T, D (N@)= N&) TH
e hee R4 B35,
V) % B D \TT/x| =90 -2/
STt Yy M- ea s,
A EFR 9 ABIL (T (@ plane Tpay & & VKL
77 Zo—RBeL 2525 %3 (A2
deiFald  plane ) RIBSS 525D, )
Bt Yo Py e 523 ¢ A BedD 3,

% B

1) H.Bondeo, Endlocke zwechoch brawscta
P”"’““*"‘t’\“a"“’l”l”‘“ devew  Tivolutrau oun

Roce Focpumbte Rabow , Math .z,
o4 (1968), 175204,

Q1 ¢, Hp/uwa, , Lwectack Arowsctoce
&A,mtat&\u?wﬂm , e olenen 2 d

— 126 —



mooxemelo Anzal ven Bipumtitn von
Lwvobutimon G, Math. 2. 104 ( 1168
|50 — |74,

(3] Y. Hiamene, On tramslotion plonco
g ouler P’ with an onkhit of LugH
-1 on Lo, OsalaJ. Math. 23
(la&¢), b¢3- 5785,

41 B Heopet , Zwecfack ransolice,

m{é&skam. meta%‘\«sW >
Ma#l. Z, 68 (1357), |2¢-15o0,
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AT B A F 57 T ¢ > SPE il
1991711710

1 JE

ChETILR. Bare, J. Andre, '.G.Ostrom, A. Wagner,
M. J.Kallaher, N. Ly, Johnson, R. A, Liebler,
Y.iliramine RERKYBRINTEELIMZ 74 VTiONROEERHOD--
DU NI SR PURAA LA S NEHIERRELNT AT 74 VTl WT D
WRAHH. A7 74 il T 1’“«.{0){1'5 V)EEW‘#’V)Z UTBITIm
(Translation planes) A& 5. (%0"’}(“3:5 2THARB) AiR7 74 YViliADK
SEHCHBENA (7).‘.’.‘\459.1::!71’-'”54\.”?‘(&5&3 ARBITTR (1959,0strom, Wagner
y ADBESACRIRAAOPRYSE EATBICH< R, AXBITT (1965, Yagner)
ADEHHCHBIENAOEWE LB <, ARBITTN (1990, Hiramine)
REATHO LR RTSH A, BIHH 20 RNE 0L = LTt A7 1 ini T
HHrzrEvnULES-SHI»OEMAMShTWVWS, ([3], (4] §9~§ 158K B
HHTHONKINMLMEINERERMMTH H A, BITRiRiC< 2L, JKIZETT %L
Ho7 72 HiENVINT L 2N NI 35 60, JER N G 1 ifi O BF 5 H
HREM=HY (B PHOBIZR D) Lhad, SZTCRIEMMGD B PTRiOHEN AT
BDEMTh (WA CASHBNRENT AT 74 VFilii) K>2WT, ¥
EFTHOHATWAI L ERATHEVENED

2. BT
QEHMA, BETO s IMALTANAME A (Q, 5, 1) T, ROAMENET
LbOE7 74 ViV, ZZICAEQ, 0€F, A1 i, SARTayy R
EidHd, 7o 2 QBEAETIHDEVWS. 20070y 2R, mic#HL, R Emoitifi
DLEHBE i) FIEELROA, f=m Lhab&, RrmBIliThsEw
3. 20 E2 AmE ML,

(1) YAYBea (A#8) kHLT, A, BEBAT O 2 A~ 1ifit 5.
(2) Yaea,Wed wHULT, ALY, LTI RT O 2 mAlk—->1{ET 5,
(3) W -Tas 2R ELBVWIHEA, B, CHFNT S,

MFToo 2 EfiRLEFY, 2L (A€Q I ARLLIKHD) 2M—-HUT 5, £/
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"R RBOGOMORMMEEEXS. MFQ, SANMMBADLEEHRS.
L&, HBHAKKN (n22) AHEELT, FNBRKAELAZSOMEIE,
AMALBATROMBEn+1, 1Ql=n", |Fl=n’+n &Y, HROT
FROMEIEn+ 1, EPITHRICAThAUBROMBIEn B, Z2OEI kT T

4 VHimA (Q, B, 1) oftBewd.

(A () , A, () , ooy Auvy (o0) ) kREBZB/TOTITHELL, Q*=
QU (A, () , A: () , «=ory Aoy () ), Be=FU (£ () ) LFiE
,AecQ, €8 1HL, AT 22A10, A, (o) I =20, (),
A, () 1 02 () (for all i=1,2,---,ntl ) LML (O, J=, I ) W
(n? #n+1, n+1, 1) —HEFYAY (R ONBTE) %3, (A (0,
3, 1) oMEme) .

(EXK) e A7 24 2TilA (Q, B, 1) oASHES

o HQLOMAT, LeBtHLT (Ao |lAcf) €F
(T LoOFMBRLLHEABNB)

A=A (2, B, 1) LF. ANOHBSABEKRIEHROARICHWULTIHERT.

IhEADLACHMILITAT, Aut (A) TRT.

Aut (A) Ojgoh, 2eBiHLT L1020 HD —DOTIHA () KKHL
TIReN (o) 20 0=0) %32 %, oc%fA () O, ADtranslation L
3. ADtranslations2 kMR TMEADBITAE (ADtranslation group ) LU

T (A) THRYT. XHFAA () OADtranslationsB b M2 T M %

T (A (0) , £ (0) ) TART. Auvt (A) OBHMGH (A () , £ (o)) 7
BTHhB2IE, TA (o) 2 QKHL, GNT (A () , £ () ) H (R) LT
BTH5) ARYIDLEEWVWD. 22T (L) RR2LUEDBIRTOEOMAELRTY.

Aut (A) OBHAMGHAQ LUIBICME, TAo=A (A€Q, 0€G) =o=1]
HRYID2LE, GRADIEMAQLIENKHCEFES. cok&lGcli=10a].
HIZT (A) HFQLEFABIZMCLE, ARBITTHLIESR. COLEKGMA () ILH
LT (A) (A () , R (o) ) TIfBERSB. Aut (A) OMHMGHRES 2D
DHEBWA () , B () iHL (A () , 2 () ) FHBHLD (B (), £ ()
WL, AIRBLITiHiERY, G2T (A) a2 ARbBhTWS,
BUTHRRICBRRBESERY FUVBMONMTHIHABZZLHTE S,
1iEGF (q) ¥ FEM<. VEFLE2dXRaA2 FuBIMEL, VOd RSN
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MAERBRIMAENROEMEW, (D, Q) EMETIOLT S,

(48] W, UeEL, WU=V=W+U

(2) V=UW (WeL)

(€)) 12123
COLEEMAQLLTY, HRBABLLT (WHx IWEL, xeV) &Y, #a
WFHE LTHAMBETRXBEA (2, B, €) =A (V, L) BRBIFTHE RS,
x€V, a€eVicHL, xt (a) =x+ab@EHdrrr (a) BA (V, &) oACH
ey, T (A(V,2)) =1{c (a) la€V) &hd. LT (A (V, 1))
RAMBe -MEES. (a=p* (TaeN))

YOBGTHGEANEF, V, Ci¥L, A (V, T) ETilE LTRABIAS.
BB THOMBIE NI RS,

K(A(V, D)) ={f|f¥VOHESMAL, [ (W) SW ( Wer) ) &iH
T35, K(A(V, E)) BF&AGAHMKERS. K (A (V, II)) =K%&
A(V, ) OBERE. [(W:K)] (WOKEOKIE) A (V, 1) D0stromkitk
CHS. OstiomRENIDLEDOA (V, L) NFFLTTHTHS.

BITTHA (V, 12) 02ASHBIET (V, K- TOBMEERS.

(22TT=T (A (V, £)) T, THAut (A (V, £) ) OESBHE)

WAABRALEYESLOBITTRAMAEIATYS, BITTHKNT 3 HTOMMO
MASKRObOERTTHEL. ([4], (5] £

(M2 1) (lags LICTBIGHCASABRENTTIBETHRRLOIIRbOKLRD M
(FHWVTTHBACZ2DOTHRIAL AOOTHOFHMNMSATNS. )

(M 2) R eASIBREHED0stromRLAN 2 OBITT ik &.

3R TR

B nOAM7 74 20HA (2, B, 1) OUSHIBIER HAPRE Q LM<
¢t n. (A(Q, B, 1) 8ALEL.) '

(HaZ1) HALHMP (o) LML, RIZ (P () , £ (o)) AIBERS.
BECO (KEl) OFCTHAD., RANTBALSIE (KAL) wRvyso. (1] %
) 7= (K1) sMExhwiRior>Twihv, (HEL) OAMIZRYLOL
DLTHEHRTWVWS., ([(TA1])

— 130 —



XTT (P () , # (e0) ) =liEHE<E HNOWMMEnT, HIEROERMIML %

3. 110 () JORTOHEENET S,
(#&fumanrnaﬁtwﬁmnnr.Hum*ﬂ&pwk&otua.)

R/ (2 () ) N\ AP (20) ) EAWEBE, ABBITiERS.

(B 2) RZHIEE (2 () ) N\ (P () ) Larigic®<.

BREM<C (M2 2) OFTHASD. RPBWMBMTR FABITIRRTRVWABIEL, (HE2)

Yo, (01 BK)

‘{Casell] RANLEDFEULT R=HXG LBRA2ROBH/IEGHIFEST DL X,
: ) ADLQ (60Q) E—RETH. QkiliV, P () (HHBRDTITH

KIRE Rl —o% 0L, (xeRIQxef) =(y:, vy, - v.) ¥

5.20 % {yyv v v:y o ya) BROHREDEHRBOBLERRRETHS. GO

EEDRgIEHL, RE-20iEE—20UDTh PFEELT, r=y¢ h &1

Z.20L%f (g) =h™' LREXTHELIRGHALBHADOTHWNEE RS, WL
[Casel] BPHIMWBOBRICMAEIHAS, FRHMEBIZDVWTRAID NNy VK

TYLTHULEZLRDTZITRYURTIHN, toliohlEmes -2 THL.
(071 #m)

(ML) nAHRBT P2 Ta22 1D GHAKEMESE, [Case ik si

W,
(nampnesiE, [Case JFBIBRVILHEILABRTVS. )
(Casell RANLEHALT, ROBLI\BHAMGLHNLTR=HG (Eilh) &
A&, COWKLEREEIMBAMSAT VRN,

(23] (Casell) ILRBED7Z7 74NN EDEMASHMBIER 2HME X,
(Caselll] RAHENDARULZWHEA,
(W1) a=p® (p: HHH) f%GF (q) »HGF (q) AnOMik%EER-H 1 H

L%fRet 5. R=“"")l X, YEGF (q)} . ||=((|°>’ y€GF (§)
s 2%)
oo |

0 0l
¥ BE, RIZAG (2, a) OSMALENICE®E, RN (HiE2) £i@L, R
gHEHRLEY., (120, fO=0x (YxeGF(Y) v 124n T3 aeGrF(Zf)
[subcasei'] nAHHOLXE, '
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RAGBMDOLE, TOEIRBAOHIBHShTV RV, 2REDHT, n FRYT
NDEERKIHRVEFEELT WS,

2

(MeAa] B pcL, RAWMMp —MARBIE, RAHLATZS L &5iH.
(ROUBHpY 2difo. k)

[subcasec®] nHEBoLx,
RATHIED & &, N0 Canley KKEBROEMARETHS ([2] BK)
Giem2] Rov#%¢7 ¥ v 72 e ¥ 3.
IOk, RIEZe XZy X XZy (mM) ERBIKRY,
NRZy XZy X XZy (mM) LIPS, £n=2"mri5,

2y A=AG (2, 2°) OBA. F=GF (2~) =Z. (0) £m<.
Q= ((a,b,c,) | a0, a,b,c €I}
F= ((a,b,c) * |a,b,c €F, (3,b,c,)#¢0,0,0) , (a,b,c,)#(1,0,0))
EFic. (a,b,c) ' 124i% (a,b,c) DHTERL, 175 Ga,b, o),
(a,b,c) ' LEVWTHASIS—{FD BRI EYUT 3.
(a,b,c,) 1 (d,e, () ' :tadtbetcl=(
Zorx, MWl (Q, B, 1) BR7 oo v PTilikReY.
l,a,b
R = 0.1,a a,b €F RifFloMicWLT, (. 8, 1)
0,0,1
NASHBRELRY, Q EIENKEHL. H= (o’ | 0€R) .
RIZZ. XZo X+ xZs (nfd) LIBRRTH .

GEX) OO (4, BY) AMAXINERASH semifield 24T
) St (+) WL, dfplitsed. (FoMMcE O L3 3)
A SN 1 (B ML, leop (%7,
(i) a(btc)=ab+ac, (atb)c=actbe ( a,b,c €8)
ab=ba (Ya'b € §) MYNOLE, SIEAMA somifiold THBEVS.
Semifield SHH, ROLDIKULTT 74 TUiliA (S) A Ehsd, Zht
semifield- plane & Of.30.
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Q= {((x, ¥y) | x, yeS)

I={(Ca, b1, [c]l |la, b, c€S)

(x, y) 1 [a, bl =b=ax+y, (x, y) 1 [c]l =x=¢
THLE, NEWKE (Q, B, 1) (=A(8)) R7P7«vTFiiknT.

($3) HBmicHL, q=2*, F=GF (q") , K=GF (q) Lft%, Fh5
KADK-BREFHRIE—25X5, TikFOMERMR, RV EMv, FloH
LuZo0ft () & () $ROESIHERT 3.

x*ty=xy+ (f (x) y+f (y) x)*
(x*21) - (1*y) =x=y
(= F=(x*1|xeF)=(l*x|x€F) AR
ZHrE, F (+, ) ("=‘tK (dym, [)) BRi1EMtwLTaaah
semifiold %% L, [ ARH 4> dm>3 BHEF (+, ) RETRLY,
(i Fl=2)

(M 4) S (+, R) &alfa%dif senifiold TS| =2" k.
2= ((x, ¥y) | x, ye8) &Mi&, RoOKE (x, y) (a, L) =
(x+a, y+b+ax) raEXtss, RIZ (0, 0) %MEHEL T 5l
MEBD. RO, 7TV EA (S) EOEINERDE S EXT B,
(a, b) YY" = (a+x, b+xa+y), [a, b] 47 =
lad4x, b+ (at+x) x+vy], [e] @Y = [c+x]
ok, RIZA (S) OACTMBIEERY, A (S) OLMA LB B
ULind, RIZZa XZa X XZqy (mi) LABREET,
H= (o ! acR) THD.

(125) BEMBOT 74V TMAN, SHUALEMCEHTREMCHBIR X%
5, RANDBITMTHRWET S, ZOLEAEFHIVITIRIAG (2, 27)
X1E Semifield- plane A (S) OWTFLANITH 3 M.

(B 2) EBMOARET, Y.liremine & 2ROEMENMRN, ( (9] 2K

GEM3] n ABE, R, HO2 -2 o -—EREHRRSIE, A2 0FHIV
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THGT, R=Ze 211320 XZy 5 5.

PN EMBGHRE, SHROp—vu—lked 5. R/AHODPp -2 0 —[EA
WERER BIE, SHSNILAMT S, S n AHRCTVESHHT EBERWNE S
£, R=Zp XZo L.

B (Bi52) ORFEHLEIRVEEZORY S,
(4 5) (dual ¥alker planes)
LMKGE (q) (q=p' ) LBEWVWT, q==1 (md 6) &L, W (q) ' %
GF (q) it {1, L) $IEET AR PUBMETH. W (q) ' IEHEEERD
EHILERT S,
(ta+b) - (te+d) =t (ad+ (b=a2) ¢c) + (=173 a? c+bd)
Q= ( (A, B) A, BEW (q) '}
3= (IM, K], (o, NI | M, K, NEW (q) ') r&=x,
MOMKR | % RokdEna.
(A, 8) I M, X] =*B=A+*M+K, (A, B) I [0, NI =:A=N
orE A= (Q, B, 1)1k iBla: OBIFTHTRNT 74 > NiljE 2,
u, veGF (q) ic#HUL o (u, v) , £t (tu+v) OQLEDHEINE
o (u, v) ¢ (lath, tctd) = (LCa+u) +autbHI/Ju2+v), tet(cutd))
t (tu+v) ¢ {tath,'ectd) = (lath, (le+d) +(tutv))
EEMTBIL 0 (v, v), ¢t (tu+v) RAoBSHBERS.
H= (r (tu+v) tu, veGF (q) )
S= (o (u, v) lu, veGF (q) ), ilith (o, NI 2L ViK%
() &< L, HIE ( (o) , £ (o)) AFET, SHHLEESET S, HESIT
illa: olAnfap —MT, HSOWGIE (¢ (LO+v) ¢ (0, w) |u, v
CGF (q) ) THH., HSEQLEEMKEHL. Sk (£ () ) \ ( () )
bLafoilisM &>,

(16) (derived dual V¥alker planes)

(#HA4) HVT, D=({a, K] |a€GF (q) U (), KEW (q) ")
I\ND=F+ P, £LA, B, CEW (q) ' LU,
Ar (A, B, C)=((Aa+B, AL+C) la, beGF (q)) 32k
Ao (A, B, C) BADIEABYTifii 2 2 5.
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B= (Ao (1, ta, tb) |la, beGVF (q) } U (CL‘{F((/’\n (t+c, a, b)
la, beGF (a)) :f%x, Be+=Fs+UB &¥5. HAKWMI* 1LY,
BRBEATuosr s (A, B) (€Q) BAAMMAELY, S*+ARTBT0y Y
LE (A, B) I (M4) TOEENMAMNRI L LS, ZHOLEA= (Q, B*=,
[ =) RBITTHTHRS, (H4) Db HLREZ37 740 v Tilieasd.
DEYVHSIEQLIEMILEHLCA, FBEHSOMLZ (HS) =

{t (tO+v) o (O, w) lu, VEGF (q) } & ([e], & (o)) iffpL
5. HS/Z (11S) 1 (F () ) N {[]) EaMOuaBREHD.

LU [eo] RifiBAe (1, O, 0) 4AGIHKROTITHTS 3.
a=2""0rEt, (W5), (HE)Dkdi, (KE2) ORMEBESRL,
BITTH TR WHHAIFEST S, (dual Luneburg planes,derived dual Luneburg planes)
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On. collinedlion groupa with Sk srbits
ke K% BB ¥ & 5

REAE 1@, L) (Pl<w) " AIRT 74 > W25
Sed RaZAM pHET DR,
@)#HboF w3 28 P0€EP tBI4F8 L (-Pa) el
VY A I
pta B Lede LrenuwftEad Pepr
He Pedy) Lekh Sz BEG el (HTHR)
- it d 3.
(i) P~ Eff e m 3E P BREF 3.

2o (pl=nt, (l=nn, (L= Y0el
(LefrobBheeRmM-#33)rx) %~ 5 T3 L
& Nt 8o HTH 0 ¥Bc BaYxkd; L=G Y YEGury .

FRT 74> H@rS A mrshe AR MY LT 15
o 3.([71238) AT 74 > % BRFREHHLE)
< B3 3 Ft BAIPARAG R0t 0 24 3.

(PFEA 1) WEIMe 2 v U523 b2
Bruck - Rowla - Ryaen 2 #58 (LTI538) v uvsp
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ri~NainBEMES 22038 C.WH Lam Fic
P) +45548 cdma 2 e Rk T . 25Ra AHRA
Bz oh2 w3, Epsdi T o 340 ¢k NMEREL €775 2
3. irhs ke w3 B A EBeF. §5MREE
LT 774> %Beddr e & 185 naT7(>%®
2 Qe BBt T 7478 Effa b1 TH#p=ABR L 23
2 sr,v4“fnsm Z U 3., %o BARAL 25F5UTF RS 1T
PB4 ) BAB e 33, ((81 % 1E)
(PARE2) 74900 (5 L% a G2 B R et> 77>
F8) afon ko TAA 5" 5 23 b 2
WET R A#HBAeHETY T#HEM< >0 THAi2 v<,
CoPBEk o T Abh midmEY St £ L THE
P22 (08]) " Ta 9 59 W< 2008 2> IREL
de. ) TG LEAMH s 17 nERED (Wagnon B]i15)
@ TR REG v PLB¥ebyrrse neEEIY (Kesn
[8115%, Hinamine [21)
A REGa B3 (F1) b F R o ’MAW Aaad
YEVEC 0 TAVE B < et 15 REE
T 1T N R (Andas [8710E)
Lo (1)~3) 2 Nt R8P 03 L e €A T ®il
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B3z Mo 5d 2 a3 3™ T 10 TRICqA 3,
T(R. L) H3BCBIH #1725 3 vz 6=4 %
AN B ZITFRLEIE (27 BEE e £ & 720 2
285, GreB M3 BEesF TETE) s Ga s
N6 e LA CET (€41) cifl T o rEET3ER
NEET RE—7 o F{TFBLFT e s T L 3,
([71), aFtT#b e caFieedki Fi0 € eto
H1724F 718331855 & Te (ST) B <. Ten
Crds n3fBRr 0 <(EM LEZE et 7 2%]
R EH 1750 T ngl[n P KD

#78 Te 41 cl733A¥RE " 2 7 vl EHd T

TreEA 1208 (pn) €775, (077 %z 1)
(P $.%2)

Leanti~a) <t & =Thed |Tel=n %3
ARt Lov EHDI e R T H 3, W
B[Tl=n"c77) LaEB sy Ty 94770 1" &Y
773, £H A A EY THITHAy 20 ERAE L T
W3 e FBs e U 1Y B B 3. ([8107,95).
L2 Kellafor i< #3 20 PERE (37R) 1% 3.((8] 1%)

(PARE3) | Tel=n v 73 148 € e B 137233 (2 2),
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PP BREEEH 3 t A0 - 2 TH3 0. PEIFABYE
O T 15 ko BB E@M 0 TES K 20 0 1a 2t
L AT E oL BEES By

(BE1BAL) T4%3%5 Gro" HT#A LT ~ T8I0 ( T vdud

niREzw 530 %),

e THREGadpIsfanc s it 0 The 3, €
b WP L)oo 1TEBattEa->, OELEL tTr3
0EP, LeL B3, 0, L € atht kol

DS Pllicix B &5 725 %0 Bl AR v & 3&

(1Ge  yl=n t%39 1= OM-WWM - \ZUAF
e
A%2F¥E <53, [8]%324.3.) Gl CITW
G’o =1 e3¢ 2 (L Hthat 5% ﬁfll\L‘F\&ALfF

0.9

v 77 ) BT £%/5 o Bty A PFIZE (B3] 2 PAIRE ¢ 773
(Frziz [1ILHIL3] e )at §latdiRic an3 ot
e CTWUTFTR Cot | BEET 3.

CGo=Hel, %(=P-{0}) Lo H-#n18 21F
e bl TRAETEM LT T ={fed]| 430, ThJ44)
deg (T)= 7] edc L2263 ) .

W) YTem, FcelN i ITall=c VYoel”
@ T Tem, Pal'sd = T=T"
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Lo WRREY T=T/elh3 [ em o 24F e qp
L& U’ Y{oy = UL raxirrce
T’emMp Ler
#BRSD~ 2 H3. |Wpl=Locx 7t Ho 7osEtE
cad. 470y PU{0Y» 0633 1< 200838,
wBAE < 523 eXx 9" 707 BBa BB, 7047
B et oM< T EBrmp sz u3, ([82]12,138)
Kadadon 1% :20%%Bt (K. T 477047 BhEa 85
(1) dog (7) 22 =~ (T(@)] =n
(D) dog(T) =1 = [T =n* 223 Tas?dud
1 T% B Pt [TE =
(i) 7047 8% G T 2oL E2 iz [T(6) ]| =
48,7 SaRFpEL FdUE 7w B et 2T
YWatbhra Fhhe 73 e L B02733.
La L (i) e (i) iciz BBY b &3 Sed™ b0 A,
(C61). |
2. K=GF(%), §=2", m=ed, 2te
=f(1 2% [x.4eK]J
L={ (5)r | at,ceK | (£.c)= (0,00, Kk}
o (B)kr = {(12.8) ep| (120 (E) =0} (F-72)
M EGL, K)o BER ~alEME (KM= (M™())k%e
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2573, créAutK N xk—+zd el
T={( 1950 xyeK} D= {( ,ﬂ,)lzeK*}
G=TD(rT) £ o:<. O0=(1,0,0),
=(7)k* £=(2)K* £ L2 & 1702
T ® LEEAF v92 Go=D v GoiX
g-tor , h-107 € 770v7BnthelT D 19
dogpoe 12 2t 1e 1 (co%$% 15 720782 & +-F3
et R A< L BeFI.) THI. GadR1T
AE v 179 512 {(105) NGK} ¢ ALtz 428y

IJ\‘Y ~ N,

tafrr 7raw 7 BLEeE7 T74 > FBic hrnlrk
N EEP #3030 %3305 [TlAn* 277
Cnd TRk BER 3 le B2 0 3. (L3R
AZetsz 3.
PR T2 70078185 L LeT Bele X 220
WD P B Fe
WD) G L £289# 53,

) G rE =29 P E. e B2 C G
6303 BERAEFa £i< 287%% 453,
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