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sis'jn s'j S; (1sigm-1, 1SjSn-1),
sje = es; (2sism-1),
sje=es; (25isn-1),

esje=e, esqe=¢e,
3515.18(51-5-1 )=0, (51-5.1)351 s'1e== 0.

ERFTERFERNS, "oalgebrad A ADOBMBMIE, (FREZE1ICLTECL) W4
(m+n)lBTHY, LEeK>T, Rilk, (m+n)ITHASHhBZEBDMS.

3. grational Brauer algebra DTEHR
%, rational Brauer algebra DRZRED LERX T, 2 FET LT SHEMAMEKC(q)
Ltoalgebraz kOERTEMERTEATS. PIRY, ram+n&RETS.
ERT Tm1ros T2 TLET 1, T2, Thoqe
BEX  (T;-q)(T;+q1)=0 (1<ism-1),
TiTi =TT, (li-jl=2, 1si, jSn-1),

I
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TiTis1Ti = Ti1 TiTign (1sism-2),
(Ti-q(T;+q 1)=0 (15isn-1),

TiT) =TT (i-jlz2, 15, jSn-1),
TiTiTi =TT Ty  (1SiSn-2),

E2 = [r]E,

TiT'j" 'r'j'ri (1=sisSm-1,15jsn-1),

TE=ET; (2SisSm-1),  TE=ET; (2sisn-1),
ET{E=q'E, ETE=d'E,
ETy" 1 T4E(T,-T' ) =0, (T4-T')ET;"1TE=0.

22T =g 1434+ - +q' " ©H3. =0 algebra £q-rational Brauer
algebralM R &ICTSB. q=1&5< &, rational Brauer algebra D&RRTT & BIEE
BASNBEICERTS.

4. GLrC)DREF Y W EBROHRE
GL(r,C) DR HFR D RAM & TDORLUROBMHFBROBABIL, 131 ICHSLTL
SN, BRRO—RBEYDHEDT, £TCL(RCODRET VNRAY, D&k
SICEANBERRNICHBTIONEEATHS. MHOLEDIC, MNBITH g =
diag(xq,X, ... , X;) DBMOBPFICONTOHHER S (Stembridge[Ste]#RR) . T
EMAOFRONBAIL, (¢ V4 Vo " EBBOELBBY B, RAT
VILRROMARMIL,

(Xq +X2+... +3.)T (xf1 +x2'1 +on -»-x,.‘1 » = Zc,s,
(4.1)
EE5. 5L, BHIMICE-> THEELDHAEHDT, s - IBRRBRRTORMBA, c
REIOBEEEHODYT. HADBRAFD T I3, BERORIH (r 127 227,)

THbEhd. BEENO T A, HAOMnDRMICTE, EFDLEIICBoTIN
DPELIPL, BLBTED. s, [3x),Xz, ..., X, ORBT, KDL KLHEDENBT

&M, Mo T3 ([Ste).
Sy (X95X2) ooe s Xp) =8, 8(X1:X2, oo s Xp )/ @ g (X4iX2, - 5 Xp). (4.2)
o, 6 =(r-1,r2,...,0), a .r(x1 1X2, «oe 5 Xp) = det[x; Til-caa. Sy - &8

Schur@ IRF DIRIC/Z > TIND.
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rational Brauer algebradd %31
(4.1)DEDDOmMnBML AL &S r OREOBFERNE, BHBRAOFIROBRTF

Bbipd. CCT,

(X 4x0+... )8, g = Zj CPNF S

(x1'1 1+...+xr"1)a.r_'_(w,=zi Ay 4 5-¢;°
ERBTENS, T (11,72, T )DEND 1 DDORERSE 1 PT (BRST) C&-
RLo>THBSNIMPIUIC, ST 5. BRI, r=6, T=(21,1,0,0,-1)THHEN
BRM, V., CRHEMV €52V ALTBORIEMIE, ROLS 5T 3.

ti=(0,,0,1,0,0)
+x2'

*
V8V =V(1.1,1,0,0,-1)9V(2,1,0,0,0,-1)®VY(2,1,1,0,-1,-1)®

v(2:1 31 ,0,0,-2)'

CHEETERDLDTETOREDLS ICS.

L

B4-—3 v.,ev*a)ﬁl& (FD1)
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TICOWTE, EOBAEAOSHICHITIT, SROETHDLTHEISHD. ADH
2, BTEHICELETH>TROLIABOT, ChEHALSIRHNBEOXREVNRICERDY. O
DERDUAT, LREOSEERDTER4-4DLSICRS.

VIa, L0010V, 0,019V, 1,1),0,1019ViR,1,1).2)1
-

W

Ed—4 V., BV O (£02)

COLIIELT, 1 =15, (r=(00, .., 0)) MEBHTVEME, V' &nEF>
YNERILEI, s  ORKES/STTEOTCLHMTES. TORAR, m=3, n=2Tr
MHHICKENVEATSS.
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5. PSSR oMk
4. THE- /5713, Bratteli Digram &iEh, —hid, ROSPLMERD (57
VIDOEIBOBHIZHED) RKFIDTowerEHbLTINHEERDC LMTESD[GHI)

Bratteli Diagram @ m+n BB ICHRSABOETHDENSHAT= MM2Ee

L, 10 (0,0, .., 0)THLINIBNOTRAHS 1 AESD, MinEODH SIS
MEbasis& T HEMV  £%2, q-rational Brauer algebra 2V IC&RYT35. (E

HiCl2, CQQV , LOREERERDS. ) V  SEELRHDAE 1 DARL,
t=t, &6<.
Tm-iPEDIREER

t, o1 #8, | B8, +1FAOAAIEAYS. ChEOTRARKR, ThThIE
v, 1, ABBEXSHKTVAETS. AR, vICbox&2DfHINMAT, BSCLHfTE
. iBRLiI+1HADbxDERE (TRORSOLSKC) ENEH, (r j,c)
(is1:Cip1)ETBEE, d=d(ti)=(Cjy1-Tj41)-(cj-r))EBL<. TORDMICIEAL

i+1 F B DboxZHRICI OV EboxiBE X LDHTTI v I EMRT EICTS. CDboxBOMK
(HHREEDD) 27 v IDRAELT, heB<. iBADbOxM, i+1HEDboxDZE
MICHHE &, d=h-1, i EHDOboxH, i+1EBDboxD EMICHD L &, d=1-h&i

5.

Ui 188
V/,

0 %8

5—-1
(di+=1D & %)
COLEFALIH1BADboxE DIFIMFEANRRTTESMELEEL. d(t'))

RERDLIICERERTS.
Trm-ive = (a9/TdDv, + ([d-11/Td])vy +
(@10&&) Tm_ivt =th EEDS.

6
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rational Braver algebradd) %38
(d=-10&&) Tp jvg=-q9 vy EEHS.
T'iﬂ)ﬁ!béﬁﬁﬁﬂ
t., Om+-1 #H, m+i FH, mi+1FEOMRICEETS. chHoWRAIKE, £
NRENBBOFEIa, B, TMBEISATIVAETS. ChoERES—-20DL5ICKD
T&, 713, ahdbox%20ZMYKRNWT, B &HTES. m+BEEM+i+1EA
KERUBRINDboxDED 7 v Z7ORE (MYKNIND 2 DDboxE W /boxDEK) Zh

EE<. m+iDFBARETIRY BN Sbox, m+i+1DBEHRKETRYRM N Sboxk
Y, LEABEMCHBEE, d=h-1¢&EE, TELREMICHDLE, d=1-h &b

<.
NI inBEIRET
;A % / SRR ;;"9 m b‘ ﬂ 5b°x
/
V/A
7
%
B m+i+1#E ORFET
2208 HRY BRdv2 Bbox
5-~2
(dl=1D & &)

COLEMHZEHEM++TEE ORFTRYRNINDIboxDBIFEANRA TTE DA
ZULEBL. d(t) =-d&ixd. t, ' DRHBIRI MEEThTEN Vv, , v, &5,

T, Lk SMEERERDL S [CERT 3.

T'ive = (q9/[dDv, + ([d+11/[d])v; »
d=10&%) Tiv,=qv, ELBHS.

d=-10&&) Tivp=-qg v, EE®D3.

EDRHIBIETM
t, Om-1%8, mEQ, m 1 BEHORRICEAT S,

(M-1BREMAIBACSASNERN Y BHLLESE)
v Ibox# 1 DEHIMATTEBbOXER 1, Ap, - ApESH<. t EmBHICHL

TOHREZBEMBEOBAISHELTL ¢, tp, - 1, &T3. ChEOHDT RS
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PVEVLY, Vir o V& T3, EQRDSBEZREROLS IS, BRT 3.
Evy = Z(W(A)/W( )i 22T, wA) =5, (' " a3, .. ,d ) es

5.
(E3THNEE) Evy =0 &35,

LlEDELDICLTRDBRETMIL, g-rational Braver aigebra D WHRMEEH
6- i’\‘-’r .tm@zul-:al\f. q"—" éﬁA(/: Tio T'i' EESi. s'i. e?négit

$ DI, rational Brauer algebra ORHRMERHS.

CODEIICUTEDABRUZRICOVTUTOZ LD B[KM].
O U Fy O AMREDEENCIERMA
@Bratteli Diagramiz, ZRORLAB/RESAD
@(qg-)rational algebra ®&xTix, (M+n)ITHS

6. PLLFNOXRR

g-rational Brauer algebra D& RFEEROBICVR---QVRV "@---@V"r ICHNY
5&, cholg, 1. vzmcuqmﬁmairm:na:avbma.

T > 19-Q19T31@ @1 (1si=am-1),

_CT, Tquj Ej.j @Ej,j+Zj¢kEj,k®Ek’j+(q-q-1)Zj<kEj,jQEk’k.
T; »1@-@1T®1R-+®1 (1Kisn-1),

- . -1
SET, T =aZXj By jOF; j+ X0 By kBEy, j+(a-a )2 joiEj, jOEy k-

E-18--@18(%; a2k E; | ®F; )010--81
COEMIL, r2mendD & &, injective [CRDDT, 5. TRHAZRMM, Uqwﬂé'?

YYINBRODPLERDBRBRRERDDE LD HS.
GLIO)DRAT Y YNDHRLERGERT, LOERTo=1LME, T ;, T, E&®

hEh, s;, s, eTRERRLSOIL, rational Brauer algebra DEJREEH, r

m+nD& &, injective& /5%, #-T, 5. TERHAFRS, GL(,C)YDBEF VIV
BROPLEMOBHRMERHD 8D MD.
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Abstract

Suppose that G is a connected, k-regular graph such that Spec(G) = Spec(T)
where I' is a distance-regular graph with parameters a; = a2 = :-- = a¢4-; = 0 and
aq > 0; i.e., a generalized odd graph, we show that G must be distance-regular with
the same intersection array as that of I in terms of the notion of Hoffman polynomials.
Furthermore, G is isomorphic to I' if I is one of the odd polygons Ca444, the odd
graphs Ogy.1, the folded (2d + 1)-cube, the coset graph of the binary Golay code, the
Hoffman-Singleton graph, the Gewirtz graph, the Higman-Sims graph, or the second
subconstituent of the Higman-Sims graph.

1 Introduction

We shall consider only finite undirected graphs without loops and multiple edges. Let G=
(V(G), E(G)) be a connected, k-regular graph and A an adjacency matrix of G, which is

“On leave from Department of Applied Mathematics, National Chiao-Tung University, Hsinchu, Taiwan

e-mail: thuang®math.nctu.edu.tw
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row-indexed, as well as column-indexed by the vertices of G; also let A’ be the usual matrix
product of 7 copies of A, and A¥(z,y) be the entry of A at row x and column y. Suppose ) is
an e'igenvalue of A, then, since A is symmetric, A is real, and the multiplicity of A as a root
of the characteristic equation det(A\] —A) = 0 is equal to the dimension of the eigen space
corresponding to A. The spectrum of A is called the spectrum of the graph G, denoted by

Spec(G) = (kmo’alm; [ ’aa—lm'-l)

where k > ) > - -+ > 8, are distinct eigenvalues together with their multiplicities mg = 1,
my, - -+, and m,_, respectively; refer to [3] for more details.

Now assume I is a connected graph with diameter d, let ['y(z) = {y|ly € V(I') and
d(z,y) = i}, where V(T') is the vertex set of I' and d(z, y) is the distance between vertices z
and y. T is called distance-regular if the parameters ¢; = |I'i-1(z)NT(y)|, a; = |Ti(z)NT1(y)]
and ; = |T'iz1(z) N T (y)| depend not on particular vertices z and y we choose, but only on
the distance i = d(z,y) between them. It is clear that cg = ba = 0, ¢; = 1, by = |I'1(z)] for
each z € V(T'), and a; = by — b; — ¢;. The following array

€ € € € -+ Ci-1 Cd

@ a az a3 - a4-1 a4

b by b b3 - baoy ba
or {bg, b1, ..., ba—1; @1, €2, .. ., Ca} is called the intersection array of T'. Generalized odd graphs
of diameter d are distance regular graphs of diameter d with parameters a) = a2 =--- =
a4-1 = 0, and ag > 0. The odd polygons Caq41, the odd graphs Ogay;, the folded (2d + 1)-
cube (both defined in section 2), the coset graph of binary Golay code, the coset graph
of the truncated binary Golay code, the Hoffman-Singleton graph, the Gewirtz graph, the
Higman-Sims graph, and the second subconstituent of the Higman-Sims graph are examples
of generalized odd graphs, refer to [5] as shown in the table in section 2 for further details.

One can see from the spectrum of a graph whether it is regular and connected, strongly
regular, or whether it is bipartite distance-regular of diameter 3, but one can not tell its
distance-regularity directly [5, p.263]. However, it is known that a connected, regular graph
with diameter d has at least d + 1 distinct eigenvalues and that distance regular graphs
of diameter d have exactly d + 1 distinct eigenvalues. It seems interesting to study the
distance-regularity of those graphs of diameter d with exactly d + 1 distinct eigenvalues.
The distance-regularity of graphs with the same spectra of some distance-regular graphs
have been studied under some additional properties, for example: with large girth [6], with
diameter 3 and p = 1 [10], with diameter 4 and prescribed ), k; [8]. All graphs with spectra'
of distance-regular graphs with at most 30 vertices can be found in [11]. Following the

2



work in [13], the relationship between distance-regularity and spectrum of connected regular
graphs will be further studied in this paper.

One of the significant links between spectra and connectedness, regularity of graphs
is the so called Hoffman Polynomial. For a connected, k-regular graph G with Spec(G) =
(k,0 — 1™ ... 0,4™"1), let g(z) = IIi=)(z — 6;), then p(z) = J%-((:—';nq(z) is called the
Hoffman Polynomial of G. It is the polynomial of the smallest degree such that p(A) = J,
where A is an adjacency matrix of G and J is the all-one matrix of order |V(G)|, and plays
a critcal role in the proof of the main theorem. Some common properties, for example their
common minimal polynomials and their Hoffman polynomials, of connected regular graphs
with the same spectrum as that of generalized graphs are given is section 2. Based on
these informations, together with some known characterizations in terms of their intersection
arrays among distance-regular graphs, the main result of this paper is proved in Section 3,
this provides an affirmative answer to the question mentioned by Cvetkovié (7, p.36] that
whether the Odd graphs can be characterized by their spectra among coqnected regular

graphs.

Main Theorem If G is a connected regular graph which has the same spectrum
as that of a generalized odd graph T of diameter d, then G is distance regular with the
same intersection array as that of I'. Furthermore, if T is one of the following : the odd
polygons Cpyy, the odd graph Oy, the folded (2d + 1)-cube, the coset graph of the binary
Golay code, the Hoffman-Singleton graph, the Gewirtz graph, the Higman-Sims graph, or the
second subconstituent of the Higman-Sims graph, then G is isomorphic to I.

The following corollary follows immediately from a theorem of Tutte [16].

Corollary : If G is a connected regular graph which has the' same deck of 1-vertez-
deleted subgraphs as that of a Generalized Odd graph T, then G is a distance regular graph
with the same intersection array as that of I'.
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2 Hoffman Polynomials of Generalized Odd Graphs

Throughout the rest of this paper, we assume that G is a connected k-regular graph with
Spec(G) = Spec(T') = (B™°,6,™,0;,™2,--.,04™1) with 6y = k, and mp = 1, where T" is a
generalized odd graph of diameter d with intersection array

Cp €1 C €3 *+- Cg-1 Ca

000 O0 --- 0 ag].

bo b1. by by .- baoy ba
Furthermore, let A be an adjacency matrix of G. The common Hoffman polynomial for the
graphs I and G in terms of their common spectrum is given in this section, which provides
a way to show the distance-regularity of G in the next section.

Clearly, odd polygons Ca441 are generalized odd graphs of diameter d with intersec-
tion array {2,1,---,1;1,1,---,1}. We now recall some examples, families or sparadic, of
generalized odd graphs.

1. Let k be an integer with k > 2,the Odd graph O, of characteristic k has the (k — 1)-
subsets of {1,2, - - -, 2k — 1} as vertices, and two vertices are adjacent if and only if their
corresponding subsets are disjoint. The small odd graphs are the triangle K3(k = 2),
and the Petersen graph (k = 3). In general, the odd graph O, are distance-regular
graphs of diameter k — 1 with intersection array

()
0 1 1 2 2 ..d-1d-14d
o o o o0 0 - 0 0 d
2d 2d—1 2d~1 2d-2 2d—2 --- d+1 d+1 0

for the case k = 2d, and

(b)
0 1 1 2 2 T d
0 0 0 0 0 e 0 d+41
2d+1 2d 2d 2d-1 2d-1 --- d+1 0
for the case k = 2d + 1.

The eigenvalues of Oy are the integers 6; = (~1)'(k — i) with multiplicities m; =
(2"{ l) - (2‘"_'11) respectively for 0 < ¢ < k—1. The Odd graphs are uniquely determined‘
by their intersection arrays by Moon [14], or refer to [5, p.260] among distance-regular
graphs.



2. Folded (2d + 1)-cube is the graph defined on the partitions of an (2d + 1)-set into two
subsets, and two partitions being adjacent when their common refinement contains a
" set of size one. The intersection array is given by
[ 0 1 2 3 - d-1 d ]
0 0 0 0o .« 0 d+1],
2d+1 2d 2d-1 2d—-%2 .- d+2 0

and its eigenvalues and multiplicities are §; = 2d+1—4;j with m; = (2‘;';.'1), j <d. The
folded (2d + 1)-cubes is also uniquely determined by its intersection array [5, p.264].

In addition to these two families, Moore graphs, i.e., distance-regular graphs with
diameter d and with the intersection array
[ 0 1 1 1 .- 1 1 ]

0 © 0 o -+ 0 k-1

k k-1 k-1 k-1 --- k=1 0
provide another family of generalized odd graphs, refer to (3] for more details. It is known
that the intersection array for a Moore graph with valency k > 3, and girth g > § is feasible
if and only if g = 5 and k € {3,7,57}. The case k = 3, 7 are realized by the Petersen
graph and the Hoffman-Singleton graph respectively. The existence of a Moore graph with
k = 57 remains open, which can not be distance transitive if it exists. Some other sporadic

generalized odd graphs are given in the following table, whether these graphs are uniquely
determined by their intersection arrays are indicated too.

diameter | intersection array examples uniqueness | remarks
{3,2;1,1} O3 Yes Moore graph
[{7,6;1,1} Hoffman-Singleton graph Yes Moore graph
[5, p.391]
[57,56,1,1} 7
19,4;1,2} complement of Yes folded 5-cubes
d=2 Clebsch graph 5, p.104
{10,9;1,2} Gewirtz graph Yes 5, p-372
{16,15;1,4} the second subconstituent Yes 5, p.394
of the Higman-Sims graph
122,21;1,6} the Higman-Sims graph Yes 9, p.933
[7.6,6:1,1,2} 7 5, p.148
{23,22,21;1,2,3} the coset graph of the Yes 5, p.361
d= binary Golay code
{22,21,20;1,2,6} the coset graph of the ? [5, p.362]
truncated binary Golay code

5
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For z,y € V(G) at distance ¢, let

ci(z)y) ‘lf j=i—1)
[Gi(z) N Gi(y)| = { ai(z,y) if j=1i,
bi(z,y) if j=i+1.

To show the distance-regularity of G is equivalent to show that all ¢;(z,y), ai(z,y) and
bi(z,y) are functions of i = d(z,y) only, independent of the choice of z and y for all i with
0 < i £ d. We achieve this by showing that some systems of linear equations related to the
Hoffman polynomial have their unique solutions.

‘We now turn to the explicit expression of the common Hoffman polynomial for G and

I. Since A7*(z,y) = (A A)(z,y) = 3 A¥(z,2), and G;(z)NGy(y) is empty if j # i -1,
2€G1(y)
i or i + 1 whenever z,y € V(G) are at distance i. Lemma 2.1 is obvious, which is included

here for later reference.

Lemma 2.1 If d(z,y) =1, then

32

At (z ) = ) Az,2)+ Y Az2)+ 3 Al(z,2).
2€G1(yINGi-1(7) 2€G1(y)NGi(z) 1€G1{YINGiy1 (%)

In particular,

Al(z,y) = > ANz, 2).
1€G1(y)NGi-1(z)

The spectrum of G shall shed some light on the structure of G via that of I. Since
Ai(z,y) indicates the number of walks of length i in G joining z and y, it follows that the
number of closed walks in G of length 2i + 1 is Tr(A%+) = T4, m6;%*1. On the other
hand, @; = 0(i < d — 1) for generalized odd graphs, they have no odd cycles of length up to
2d - 1, it follows that % m;8;%+! = 0, and hence A%*!(z,z) = 0. These observations are

summarized in the following,

Lemma 2.2 1. A%(z1,1)=0 fori<d-1,
2. A%Hl-i(z y) =0 for y€ Gj(z) and 1 < j <4, and

3. ai(z,y)=0 for ally € Gi(z) andi < d—1.

Furthermore, the common minimal polynomial m(z) of ', and hence of G, is given by’



m(z) = det(z] ~ B) = (z — Op)(z — 6,)(z — 62) - - - (z — 83), where

0 o .
bh 0 o 0
bl 0 C3
B=
bd..z 0 Cd
O ba-1 adJ(d+l)x(d+l)

is the intersection matrix of I'. Let -

g(z) = m(z)/(z - 6)
= (z-0)z-6;)---(z—84)
= 294 g2 + Qd-2$d_2 +- + @z’ + izt +go. (1)

Based on the property that a) = -+« = ¢4_y = 0, the coefficients of g(z) can be expressed
systematically in terms of the parameters b; and c; of I'.

In general, let A = |d/2], = [d/2], and let
Pa' = (_1)(’-‘+1)/2c‘c’+1 AR 4 BT

whenever ! — s is positive and odd. The explicit expressions for the polynomials m(z) and
g(r) and hence for the coefficients ¢;,0 < ¢ < d — 1, of g(z) are given in the following.
Note that ag 5% 0 occurs in terms of the second half of m(z) and ¢4 occurs in each term
of the second half of g(z) which play a critical role in the proof of the main theorem. For
convenience, let i = —2.

m(z)

—

- Gd"

and

e(z}
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A d=2 d4-2142
+ z :(")' Py 3041+ z :‘-‘1‘-'|+l P at4a+ z : big€ig+1]

tal i3=0 ig=iy 43

=1 d=2s=1 d=2e41
4w dm
+ed 2""' Filt z biycig41 | Pisdapat Z bizCig4a -

fy=0 izmiy+3

. d-s$ d-3
d=1 , ° de1 20—
e Pasy t z b1yt | Pasg + z Sigcistr] |- adm2-1,
o] Ty .243 igmiy g +2

We conclude the above observations in the following lemma.

d-2
Lemma 2.3 Let g(z) = 7% + caz®! + Y qiz’ as given in (1), then the coefficients are

i=0

qd-12¢

d=2t d=31432 -2
= ("l)‘ Pf-m-o-z + Z biyei 41 Pg—m-ﬂ + Z biyCig4r |+ Pj—l + Z biyCigpr | o
i1=0 i3md 432 iWSig—142

for 1 <t < |df2),and
9d—20-1

d=2s—~1 d=2s41 X d=3
= -0 [PEL+ Y bacon [ PRl gt Y bacon || PEI4T YD b |-

Hh=0 igmig+2 femiy34+2

for 1 < s < [df2]-1.

The expressions for those coefficients of the polynomial g(z) are used in the next
section. Let v = I{,%.‘:.—)ﬂ, then g(A) = vJ where J is the all one matrix of order [V(G)| [12].
Multiplying A’ on both sides of the equation g(A) = vJ, and since AJ = 6pJ, we have
Aig(A) = 6y'vJ, 0 < i < d—1. The information contained in this system of matrix equations
can be translated into a set of systems of linear equations in variables A'(z,y) and with the
coefficients of g(z) as its coefficients. Further details will be worked in the next section.

3 Proof of the Main Theorem

Following the same notations used in section 2, we shall show that ci(z,y), ai(z,y) and
bi(z,y) are functions of i = d(z,y) only, independent of the choice of z and y,0 < i < d, by

8



showing that each system mentioned in the end of section 2 has a unique solution. Indeed,
the distance structure of the generalized odd graph I' provides nontrivial solutions for these
systems. We shall show in this section that each of their coefficient matrices has nonzero
determinants, which shows the uniqueness of their solutions.

Clearly, a; = ai(z,y) = 0 whenever z, y are at distance i at most d — 1 as shown in
Lemma 2.2. To determine ¢;(z,y), bi(z,y) = bo — ci(z,y) — ei(z,y) whenever z,y € V(G)
at distance i, 0 < i < d — 1, we shall show the uniqueness of A¥(z,y) with d(z,y) =1,
2 < i < d-1 by solving the following system of linear equations obtained from g(A4) = vJ,

vood—l-:’J

voo"'""'J/

[ Ad-1-ig(A)
AT=2"ig(A)

Aq(A)
Alq(A)
Al(A)

‘0902 J
‘Ugo1 J
v00° J

at entries (z,y) for vertices z and y at distance {,2<i<d- 1.

Indeed, for vertices z, y at distance i, 2 < i < d—1, clearly A¥(z,y) = 0if i < d(z,y) or
if i+ d(z,y) < 2d -1 is odd by Lemma 2.2, the others A/(z,y) can be regarded as variables.
More precisely, for vertices z and y at distance 2, A(z,y) = A%(z,y) = A¥z,y) = =
A%-3(z,y) = 0, the above system can be simplified into

g | L

[(@a-1 Qd-3 Q-5 - @& @ @ 0 0 0 0 0
1 gdez2 Qd~d¢ *** @ Q1 @ ') 0 0 0 0
0 g1 @a-3 - @@ ¢ @& q 0 0 09
0 1 g2 - 8% Q@ @ e 9 0 0 0
0 0 0 0 @41 Qa-3 Qd-s Qd-1 Qd—% -+ G3 Qi
0 0 0 0 1 Q42 Gd-t Qd-8 Qd-8 *** U

9

Azd-o (z' !l)

A2d-8 (z, y)

. Azd-m(z’ y)

Al(=z,y)

Az(z' y)

B AZd—((z'y) N

F kd-3 7

kd-4

kd-5

kd—ﬁ

kl

35



whenever d is even; or

[ gd-1 @a-3 Gd-s - Q¢ G4 @ g 0 0 - 0 07 A¥*(z,) ] [ kd-3 7
1 g4-2 Q-4 - @ ¢ O Q 0 ¢ .- 0 0 A8z y) k-4
0 Qa1 Ga-3 *** Q8 G % G g O - 0 0 A2d-8(z, y) kd-%
0 1 g2 - & @ ¢ ¢ @ 0 .- 00 A-10(z o) kd-6
=v
0 0 0 0 Qi1 9d-3 Qa5 Qd-1 Gd-0 *** G2 Qo Ab(z,y) k2
0 0 0 0 1 Qd-2 Qa4 Gd-0 Gd-8 ** G5 @ Al(z,9) K
0 0 0 =+ 0 0 Qa1 Qa3 Qa5 9d-r = @ G2 | | A*z,y) | [ KO

whenever d is odd.

Similarly for vertices z, y at distance 3, substituting A(z,y) = A%(z,9) = A%(z,y) =
AS(z,y) = - = A%-4(3,y) = 0, the above system can also be simplified into

[ Qd-1 Qa3 Ga-5 > ¢ @ @ 0 0 0 ... 0 ][ A¥S(z,y) ] [ k94 7
1 g4z Qaes * G @& @ @ O 0 - 0 A?d-T(z,y) k-3
0 g1 Q-3 ** @ @ @ 0 o - 0 A-9(z,y) kd-8
0 1 g2 - @8 6 @ ¢ ¢ 0 .- 0 ANz ) | _ | K7
| 0 o 0 -+ 0 a1 Qi3 Qd—s Qa-7 Gd-0 - B | | A =zy) |
whenever d is even; or
[ @d-1 Gd-3 Qd-s *** G 9 g2 g O 0 0] [ A%3(z,y) ] [ kd=4 ]
1 g4-2 Qa4 *** @1 @ @ @ 0 0 0 A¥(2,y) kd=3
0 gi-1 Qd-3 '** g8 G a4 i3 do 0 0 A0z, y) kd-¢
0 1 g-2 - % @ g e a 0 0 || A%-"(z,y) k47
=v
0 0 0 0 gd-1 Qd-3 Gd-5 Gd-1 Gd-s ‘** @ AS(z,y) I 3
| 0 0 0 0 1 942 Qa« Qd-s Gd-s - 9 )] | Az¥y) | | &

whenever d is odd.

We shall show later in Lemma 3.1 that the coefficient matrices in both cases can
be transformed into upper triangular matrices with entries 1 along their main diagonal, it
follows that A%(z,y) = ¢y(z,y) is a constant, say c,, whenever z,y € V(G) at distance 2, and
A3(z,y) is also a constant whenever z,y € V(G) at distance 3. Note that these coefficients

10




matrices for the case i = 2 were arranged so that rows 2r + 1,2r + 2 can be obtained from
previous two rows by moving one entry to right for 1 < r < |d/2| — 2, except the final row
in case of odd d. Those processes can be performed successively forall 2 <i<d—1.

Let Eg o be the coefficient matrix given in the case i = 2, and Eq4; 3 be the submatrix
obtained from Egg by deleting the last i —2 rows as well as the last i —2 columns. So we
only need to prove det Eq0#0, it follows that that det Eq;._z # 0. The system (2) can be
simplified into a system of linear equations

r A2d-2-i(z’y) - - kd_l_,- -
Azd-4-i(x’ y) fd—2—i
Aﬁd-ﬁ-i(z’ y) kd—3-—i

Eq4;i-2 : =v :
A:'-H(x’y) ki
At (z,y) k!
Azy) 1 L &

Clearly, these systems have nontrivial solutions through the distance regularity of the
given generalized odd graph I'. The uniqueness of A'(x,y) with z, y € V(G) at distance i
follows from the fact that det Eq # 0 and that det (Eg;-3) # 0 for 2 < i <d —1 as given
in Lemma 3.1, which will be proved later.

Lemma 3.1 det(Eqp) # 0, det (Eg;—2) #0, for2 <i<d-1.

" The following corollary follows easily.

Corollary 3.2 A(z,y) is a constant for z, y € V(G) at distancei, 2 < i < d—1. Moreover,
A%(z,y) = v whenever z, y € V(G) at distance d.

For vertices z,y and z in V(G) with d(z,y) = i and d(2,z) = i — 1, both A(z,y) and
A-(z, 2) are constants respectively as shown in Corollary 3.2. By Lemma 2.1,
Azy)= Y ANzw)=a(ny)A7(z2),
wEGH(YINGi-1(s)
it follows that both ¢;(z,y) and bi(z,y) = by —ci(z, y) — ai(z, y) are constants. For vertices z,

y € V(G) at distance d, A%(z,y) = v is equal to c4(z,y) multiplied by an absolute constant,
hence c4(z,y) is a constant too, say cq.

11
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Lemma 3.3 ci(z,y), bi(z,y) are constants, say ¢;, b;, respectively whenever z, y € V(G) at
distancei < d—1. Moreover, c4(z,y) and hence aqs(z,y) are constants, say cq, ag respectively,
whenever d(z,y) = d.

Up to this point, combining Lemmas 2.2 and 3.3 we may conclude that G is a distance
regular graph of diameter d with the same intersection array as that of I', this proves the first
half of the Main Theorem. Those graphs mentioned in the Main Theorem are all generalized
odd graphs which are uniquelly determined by their intersection array as we mentioned in
section 2. Hence the second half of the Main Theorem follows immediately.

In the rest of this paper, we shall prove Lemma 3.1 in an algorithmic way. Since ¢4
is a common factor for all entries on the odd rows of Eq o as shown in Lemma 2.3, let M,
be the matrix obtained from Eq ¢ by factoring out ¢, for all entries along the odd rows and
others remained unchanged. Based on the expressions of the coefficients of the polynomial
g(z) given in Lemma 2.3, in order to deal with these matrices in a convenient way, let
Soj = Fo; = 1 for convenience, and Jet

Frn,l’
) d-2i-(2m-1) d~2i-(2m-3)
= (- l)m P:-zzi'r(IZm—z) + z biy Ciyaa P::;i':'(l!m-l) + z bisCiy41 (‘ i
=0 iy=iy+2
. d=2i-3 . d=-2i-1
PR Y bimCimant [PiET Y bincian )| ))
ima1=imeat2 fm=im =1 +2
and
Srn.i

' d—2i—(2m—2) ) d=2i—(2m—4)
= (_l)m P::zzi':.(zzm—:l) + Z biy ciy1 P:-:i.:'(zzm-s) + Z bi’c"’+‘(' h

ih1=0 fa=iy+2

de2i-2

d-2i
o (Pg:?z::-l2 + z Bip s Cimes +1 (P;__:;Ilz + z b.'_c,-“.n)) .- -))

ime1Timast2 im=im—1+2
Note that c4Fm,1 = @d—2m—1 8nd Sp) = ga-2m and ¢; = 0if i < 0. Hence, the matrix M, can
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be expressed as

My |1 Ry By Fyy - Fagy

Mg |1 S, S0 Szn -+ Sa-31

M= Mz |0 1 F, Fy - Fyqy
Mg |0 1 S5, S35 -+ Sa-a1
: oo : Y Je-2)x(a-2).

Before we transform matrices related M, into triangular matrices by applying some row-
operations over them, the following lemmas are given for computional purpose, which can
be proved straightfoward.

Lemma 3.4 1. Spmy— Fn1 = (—€4-184)Sm-12 for L <m < d -3, and

2. Fny = Smz = (=C4-2bg-1)Fm-12 forl<m<d—4.
Lemma 3.5 let2 < j < [(d - 3)/2],

1 Spmj—Fmj= (—Cd_zj+1bd_2j+2)5 —1,+1 forl1<m< (d —-2j— 1), and

2. Fnj = Smj+t = (—ca-2jbd-2j41)Fm-1j+1 for 1 <m < (d - 25 - 2).

It is worth mentioning here that ¢4-1a4, Cd—2j+1ba—2j+2, €d-2jbd—2j41 are common fac-
tors of Sm,1 — Fm1y Smj — Fmj, and Frnj = Smj41 respectively. Moreover the condition
ag # 0 plays a critical role in this argument, as shown in Lemma 3.4 and then next in Step
1.

The purpose of the following steps is to transform M, into an upper triangular matrix
in terms of row operations. In particular, M, is already [1] if d = 3, and steps 1, 2 are
enough to reduced M into an upper triangular matrix in case d = 4,5.

Step 1. to get Mz from Ml with rows Ml.lp Ml,2, ooy Ml.d—2 :

1. since cq4-ja4 is a common factor for each entries of the row —M;; + M; 2 by Lemma

3.4, replace
Mg |1l Ry Fop, F3, ... Fy3,
Mpa |1 Sip 820 Sap ... Si-3a

by
My |1 Ry Fo, F3; ... Fy3,
My |0 1 51'2 Sz'z 54_4,2 !

where Mz‘l = Ml,l) a.nd 1\422 = (—l/cd_lad)(—Mm + Ml'z);

13
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2. similar for pairs of rows Mj 3i-; and M) o;, which are obtained from rows M o;_3 and
M, 2;_» by shifting right one entry for = 2,3, ..., [(d — 3)/2];

3. if d is odd, then the final row M) 4_» remains unchanged, say Mp4_;

4. let M; be the resulting matrix with rows My, Mas, ..., Ma4_o.

Step 2. to get Mj from M, with rows My, Moo, ..., Mag4 9 :

1. let M3; = M, which remain unchanged;

2. starting from the second row of Mj, since c4_2b4-; is a common factor of the row
~M32+ My 3 by Lemma 3.4, replace

My |01 S12 Sp2 ... Sag2
My |01 Ry Foy ... Fag4y

by

Mia [0 1 Si2 S12 ... Si-a2
M3 [0 0 1 Fio ... Fas2|°

where My 2 = My, and My 3 = (—=1/ca—2ba-1)(—Ma2 + M2j3);
3. similar for pairs of rows Mya; and Ma2iy wherei =2,3, ...,|(d - 3)/2);
4. if d is even, then the final row M3 42 remains unchanged, say M;4_2;
5. let M; be the resulting matrix with rows M3, M, ..., M3 (4_9).
The above two steps can be done in pairs recursively as follows for 2 < j < [453], but step
d — 2 is skipped in case d is even.

Step 2j-1. to get My; from My;_, with rows Majyy, Maj19, ..., My;_14-2:

1. let Maj; = My;_1, for 1 < i < 25 — 2 remain unchanged;

2. starting from the (25 — 1)-th row, since c4-9;4104-2j42 is a common factor for each
entries of the row —My;_)2j~) + Ma;-)2; by Lemma 3.5, replace

sz_l’zjq 0 ...01 F1J' FQJ' F3J- . Fd-zj—l.j
M2j-l.2;' 0 ...01 S1J~ SQJ' 33',' . Sd-zj—1,j

14



by
Majoi—1 [0 ... 01 F; Fp; F; ... Fao5-1
Maj0; 0 ... 00 1 Sy Segyr ..o Sa-gj-2541 |’

where
M2j.2j—l M2j-l.2j—l and

Myja; = (—1/ca-zjs1ba-zj2)(—Maj—12-1 + Maj135)-
Note that the first 2§ — 2 columns consists of entries 0 only;

3. similar for pairs of rows My;_y i1, and My;_, 9 for j+ 1 < i < [(d - 3)/2];
4. if d is odd then the final row Myj_ 4, remains unchanged, say Maj-2;

5. let My; be the resulting matrix with rows My;1, Ma;, ..., Myj -2

Step 2j. to get Myj;y1 from My; with rows Maj,, My, ..., Maja-2 :

1. let Myj4y; = My;; for 1 <1 <27 — 1 remain unchanged;

2. starting from the 2j-th row, since c4—2jb4—2j4+1 is a common factor for each entries of
the row —Mpy;2; + Myjzi41 by Lemma 3.5, replace

Ma;j; [0 oo 001 Sijn SQJ‘+1 Sage1 -- Sd_gj_g‘j“ ]

Mg,"gj.,.] 0 ... 01 Fl‘j Fg‘j F3J’ Fd_gj_z‘j
by
Majy) 25 [ 0 ... 01 Sijy1 Sajsr Sajyr ... Sa-2j-25+1
Myjpr2i |0 ... 00 1 Fu Fja ... Fagj-ajn
where
Myjyy2i = Mg and
Majnginn = (—1/ca-2iba-2541(—Maj; + Majain)

Note that the first 2j — 1 columns consist of entries 0 only;
3. similar for pairs of rows My;z;, and Majaiyy for j < i < |(d - 3)/2];
4. if d is even, then the final row My; 4 2 remains unchanged, say My;y1,4.2;
5. let My, be the resulting matrix with rows ng.,.m, Mz,‘.n'z, ey Majyrd-9.
After steps 1, 2, - -+, d — 3, an upper triangular matrix with 1 along its main diagonal

is obtained, hence det M, det Eq 9, and hence det Eq; are all non-zero. This completes the’
proof of Lemma 3.1 and hence the main theorem.

13
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Remark : The above argument does not work for bipartite distance-regular graphs of
diameter d > 4. Since ag = 0, S} = Fin) for all m £ d — 3 by Lemma 3.4, it follows that
M,, and hence Eq g, Eqg; for all ¢ < d— 3 are singular.
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strongly regular

J.H. Koolen*
FSP Mathematisierung,
University of Bielefeld,
P.O. Box 10 01 31,
33501, Bielefeld,
Germany.

January 8, 1996

Abstract

In this note we will give an inequality for distance-regular graphs. If equality
occurs in this inequality then the distance-regular graph is locally strongly regular.
We investigate the situation in which equality occur. This is joint work with A.
Juridi¢ and P. Terwilliger.

Introduction

In this note we will give an inequality for distance-regular graphs. If equaliiy occurs in this

inequality then the distance-regular graph is locally strongly regular. We investigate the

situation in which equality occur. This is joint work with A. Jurisi¢ and P. Terwilliger.

Let I be a graph. Define T';(x) = {y € VT | d(z,y) = i} for a vertex z of I'. We write '(z)
for I'1(z). A connected graph I is distance-regular if there are constants a;, b;,¢;, i =1,...,
diam(T’) such that for vertices z,y we have |I'yy,(v) U T(z)| = &, |T'i(y) U I'(z)| = a;, and
ITi-1(y) UT(z)| = ¢ if d(z,y) = i. In particular a distance-regular graph I is regular with

valency by.

*This note was written while the author was supported by a fellowship from the European Union’s

“Algebraic Combinatorics” project.



The adjacency matriz of a graph I is a (0, 1)-matrix A where the columns and rows are in-
dexed by the vertices of I such A, = 1if and only if z and y are adjacent, i.e. d(z,y) = 1.

By the eigenvalues of a graph I' we mean the eigenvalues of its adjacency matrix.

In the next section we give the inequation and gives some examples when equality holds.

2 An inequality

Let T be a distance-regular graph. Then define for # € R\ {~1} the number 5(8) :=
-1- 1—';_13. Define for a vertex z the graph A(z) as the subgraph of I' induced on I'(z).

Terwilliger showed the following proposition using standard representations.

Proposition 1 (cf. [4, Proposition 7.10]) Let T be a distance-regular graph with eigenval-
uesk =00 >0, >---> 04. Let z be a verter of T and let gy > 02 2> --- > ni be the

eigenvalues of A(z). Then b(04) = n; 2 b(8,) fori #1.

We need the following proposition be fore we can show the inequality.

Proposition 2 Let a,b,ay,...,a, be reals witha < a) < a2 <...<a, < banda #b.

Let

n
S=Za;.

i=1

Lety=4=2 qnd § = =2, Then
Y a? < ya? + 882,
=1
and equality holds if and only if 4 and & are integers and a., = @ and a4, = b.

Using Propositions 1 and 2 it is not difficult to show the following proposition.

Proposition 3 Let I’ be a distance-regular graph with eigenvalues k =8y > 6, > - -+

and let z be a vertez of I'. Then

b,0,0,
k<
= b+ (146,)(1 +64)

> 04

(1)

and equality holds if and only if A(z) is a-graph with eigenvalues X,b(8;),b(04) or I is

bipartite.
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Proof. Let 5, > 0, > ... > g be the eigenvalues of A(z). Then

k k
Zn,- =0 and an = ka,.

i=1 i=1

Now this proposition follows directly from Propositions 1 and 2. O

Examples of distance-regular graphs where equality holds in the previous proposition are
the Johnson graphs J(2n,n), the halved 2n-cubes, the Taylor graphs, i.e. distance-regular
graphs with 43 = 1, and the Patterson graph, associated to the Suzuki group, with inter-
section diagram {280,243, 144,10;1,8,90,280}, cf. [1, Section 13.7}.

For diameter three we have the following theorem.

Theorem 4 Let I’ be a non-bipartite distance-regualar graph with diameter 3 and equality
in (1). Then T is a Taylor graph.

We have the following conjecture.

Conjecture 5 Let I' be a non-bipartite distance-regular graph of diameter at least 5 and
with equality in 1. Then T is a Johnson graph J(2n,n) or a halved 2n-cube.

Remark. Let A be a strongly regular graph with intersection array {{¢(pq + p + ¢q),(p +
1)(¢—1)(g+1);1,9(p+4q)}. An antipodal distance-regular r-cover of A has equality in (1).
There are four such covers known. One of them is antipodal 3-cover of the Kneser graph
K(7,2), the complement of the Johnson graph J(7,2). This graph is locally the Petersen
graph. They are all 3-covers. It is not known if that such a cover must be a 3-cover. The
2-covers are P- and @-polynomial. More information about this family is in the theses by
Jurisié [3, Section 4.5] and Dickie [2, Chapter 2].
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SPIN MODELS AND ALMOST
BIPARTITE 2-HOMOGENEOUS GRAPHS

Kazumasa Nomura
Tokyo Ikashika University

1 Introduction

A spin model is one of the statistical mechanical models which were
introduced by Vaughan Jones to construct invariants of knots and links
[12). A spin model is defined as a complex-valued symmetric function w
on X x X, where X is a finite set of “spins”, satisfying several axioms.
Each spin model S gives a corresponding link invariant through its par-
tition function. Three examples of spin models are mentioned in Jones’
paper [12]; Potts models, cyclic models and square models. It must be
remarked that the Jones polynomial can be obtained from the partition
function of the Potts models.

A connection between spin models and distance-regular graphs was
found by Francois Jaeger [9] by constructing a new spin model on the
Higman-Sims graph, a distance-regular graph of diameter d = 2 with
n = 100 vertices, which was discovered by D. Higman and C. Sims [8],
where we say that a spin model S = (X, w) is constructed on a connected
graph I' = (X, E) if w(z,y) depends only on the distance d(z,y) in
the graph I'. Jaeger [9] proved that the corresponding link invariant
of the Higman-Sims model becomes a specialization of the Kauffman
polynomial [14]. After Jaeger’s discovery, a new infinite family of spin
models were constructed on Hadamard graphs by the author [14]. The
corresponding link invariants of the Hadamard models were determined

1
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by Jaeger [10,11], and then Jones [13] gave a pair of two links which can
be detected by this invariant but not by Jones polynomial.

These examples of spin models can be constructed on almost bipartite
distance-regular graphs. Moreover these graphs have extra regularity
which we call 2-homogeneity; an almost bipartite distance-regular graph
I' = (X, E) is 2-homogeneous if and only if |[';_y(x) N1 (z) N T (y)| is
a constant for all u, z, y € X with d(u,z) = d(u,y) = %, 0(z,y) = 2
(i =1,...d, where d denotes the diameter of I'). In fact it was shown
[21] that if a triangle-free connected graph affords a spin model with
certain weights then the graph must be distance-regular and almost
bipartite.

This paper contains two main results (Theorem 4.3 and Theorem 5.1)
without proof. A complete version will be appear in Advanced Study
in Pure Mathematics with the same title.

In Section 2, some preliminaries on spin models and distance-regular
graphs are given. In Section 3, two necessary and sufficient conditions
(H1), (H2) for 2-homogeneity of almost bipartite distance-regular graphs
are given. Then we slightly generalize of Yamazaki’s sufficient condition
for 2-homogeneity [22]. In Section 4 and Section5, our main results are
given.

There are two generalizations of Jones’ spin models by Kawagoe-
Munemasa-Watatani [15] and Bannai-Bannai [1] (see also [2, 3, 16]). In
this paper we restrict our interest to the original spin models defined in
[12].



2 Spin Models and Distance-Regular Graphs

2.1 Definition and examples of spin models

A spin model is a pair S = (X, w) of a finite set of size | X| =n > 0 and
a complex-valued function w on X x X such that (for all a, b, ¢ in X)

(51) w(a,b) =w(b,a) #0,
(32) TrexX 'w(a, (B)‘ll)(b, x)-l = néa,bs
(S3) Tzex w(a, 2)w(b, 2)w(c,z)™! = vRw(a,b)w(a,c) " w(b,c).

The equation (S3) is called the “star-triangle” relation. The elements
of X is called the spins, and the function w is called the (Boltzmann)
weight. Putting a = ¢ in (S3), we have

wa(b1 T) = \/7_“”(00 a‘)—lv

so that w(a,a) = « is a constant, called the modulus of S, which is
independent of the choice of @ in X.

The weight matriz of a spin model S = (X,w), |X|=n,isanxn
matrix W, indexed by X x X, whose (z, y)-entry is Wy, = w(z,y). For
b, c in X, we consider a vector w, in the n-space V = C", where the
entries of the vectors are indexed by X, whose z-entry is given by

w(b,x
(e = o,

Then the condition (S3) can be written as

(z € X).

Wt = VA w05, ¢) e

This means the vector u, is an eigenvector of W for the eigenvalue
vnw(b,c)1. It can be easily shown from (S2) that, for a fixed b € X,

3

19



50

the vectors uy., ¢ € X are linearly independent and hence form a basis of
V. Therefore the values \/nw(b,c)~}, ¢ € X give all the eigenvalues of
W, where multiplicities are counted. This means that the multiplicity
of an eigenvalue /nA~! agrees with the number of z € X such that
w(b,z) = A (thus this number does not depend on the choice of b).
The vector uy, becomes the all one vector j, and it is an eigenvector
of W corresponding the eigenvalue \/na~! (a is the modulus). From
condition (S2), the other vectors wy, & # ¢ are orthogonal to j.

Now we give three basic examples of spin models.

Potts model. Let X be a finite set with n > 1 elements. Let 8 be a
solution of 32 + -2 + \/n = 0 and put & = —3~3. Define a function w

on X x X by
r=y,
otherwise.

Then (X, w) is a spin model called the Potts model [12]. Potts model
with n = 2 is also called the Ising model.

Maw=§

Cyclic model. Let X = {0,1,...,n — 1}, and let 8 be a primitive
n-root of unity when 7 is odd, or a primitive 2n-root of unity when n
is even. Define a function w on X x X by

w(z,y) = o8V,

where

2__Vn

o = ———.
n—1 93
T gi

Then (X, w) becomes a spin model, called the cyclic model (2,6,12].



Square model. Let X = {1,2,3,4} and let & be an arbitrary non-zero

complex number. Let us consider the following matrix:
-1

a al —q a
al a al —a
—a al a al
al! —a al «

and define a function w on X x X by w(z,y) = Wz, Then (X,w)
becomes a spin model, called the square model [7,12)].

2.2 Preliminaries for distance-regular graphs

Let I' = (X, E) be a connected (undirected simple) graph of diameter
d with the vertex set X and the edge set £ with the usual metric 8 on

X. For vertices u, v and for integers r, s, define
Ir(u) = {z € X|0(u,z) =1},
Di(u,v) = T(u) NTs(v).

I’ is said to be distance-regular if there are integers b., ¢, such that
for any two vertices u, z at distance r = d(u,z), there are precisely
¢, neighbours of z in I',_;(u) and b, neighbours of z in [yyy(u). In
particular I is regular of valency k = by, and there are ¢, =k — ¢, — b,
neighbours of £ in I';(u). The parameters ¢, by, ar (r =0, ..., d) satisfy
(see [5] Proposition 4.1.6)

The array

51



52

is called the intersection array of I'.
It is known (see [5] Section 4.1) that the parameters

Pre = Di(u,v)l, (¢ =0(u,v))
are well-defined, i.e. these parameters depends only on r, s and ¢ =
9(u,v), rather than on the individual vertices u, v with ¢ = 9(u,v).
The parameters p., are called the intersection numbers of I'. Clearly
¢r = P11 &r = Pr,; and by = g7, hold.
Let A; (:=0,1,...,d) denote the i-th adjacency matrix of T, i.e. A;
is the n x n matrix, indexed by X x X, whose (z,y)-entry is

v _J1 o=y =i,
(Ai)sy = { 0 otherwise.

In particular, Ay = I the identity matrix of size n and A; = A the usual
adjacency matrix of I'. The matrices Ag, Ay, ..., Aq satisfy

AiA; = AjA; = l)_é PijAs.
In particular,
AA; = bi1Aiy + @A + cip1Ai

holds. Using this relation recursively, A; can be written as a polynomial
in A, i.e. there are polynomials v;(x) of degree i such that A; = v;(A)
holds for ¢ =0,1,...,d.

It is known that the adjacency matrix A has distinct eigenvalues
6o =k, 64, ..., 04, and the corresponding eigenspaces Vg, V3, ..., Vg in
V = C" (n = |X|) are mutually orthogonal (see [5] Section 4.1):

V=VoeVi® ---®&V; (orthogonal sum).

Remark that Vj is the 1-dimensional subspace spanned by j.

More precise descriptions about distance-regular graphs can be found
in [4,5].



2.3 Spin models on distance-regular graphs

LetI' = (X, E) be a connected graph of diameter d with the usual metric
Oon X. Let R; (i=0,1,...,d) be the set of pairs (z,¥y) in X x X such
that d(z,y) = i. Then X x X is partitioned into d + 1 relations:

XxX=RyURyU:.--URy.

We consider spin models S = (X, w) such that w takes a constant value
tion R; (i =0,1,...,d), ie. w(z,y) = ¢; holds for all z, y in X at
distance d(z,y) = 7. In this case we say that the spin model S = (X, w)
is constructed on the graph I' = (X, E). We are particularly interested
in spin models which are constructed on distance-regular graphs.

For three vertices z, y, z and for integers i, j, £, define

P j¢(z,y, z) = |Ti(x) N T;(y) NTe(2)].

Lemma 2.1 LetT = (X, E) be a distance-regular graph of diameter d
with the intersection numbers pf ;, and let to, .. ., ta be non-zero complex

numbers. Define a function w on X x X by w(z,y) = lgy). Then
S = (X,w) i3 a spin model if and only if the following conditions hold:

(S2) Fort=1, ..., d,
Z prtit— =0,

i=0j=0
(S8’) For allz, y, z in X,

Z% Z Z Pije(z,y, Dtitity ' = Vitogy)bol tow.)-
i=0j=

Now we give two examples which are constructed on distance-regular
graphs.
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Jaeger's Higman-Sims model. The Higman-Sims graph, which was
discovered by D. Higman and C. Sims [8), is the unique distance-regular
graph I' = (X, E) of diameter d = 2 with the following intersection

array:
0 1 6
0 0 16
22 21 0

T has |X| = 100 vertices.
A spin model was constructed on the Higman-Sims graph by F. Jaeger
[9] (see also [7]). Let 7 = (1 + v/5)/2 and put

to= (57 +3)vV—1, t; =7v-1, tp=(-7+1)vV-L

Define a function w on X x X by w(z,y) = tsy) for z, y € X. Then
S = (X,w) becomes a spin model. The corresponding link invariant
becomes a specialization of the Kauffman polynomial [7].

Hadamard model. Hadamard graphs are distance-regular graphs of
diameter d = 4 with the following intersection array:

0 1 2m dm—-1 4m
0 0 0 0 0 3,
4m 4dm—-1 2m 1 0

where m is a positive integer. There is a natural correspondence between
Hadamard graphs of valency 4m and Hadamard matrices of size 4m (see
[5] Theorem 1.8.1). Let s, tp, t; be complex numbers such that

2/m .
t1= ’

s£+2@2m-1)s+1=0, 2= Gm—Ts 3T

and put

ta==sty, l3=-l1, tg=1;.
Define a function w on X x X by w(z,y) = tsuy) for z, y € X. Then
S = (X,w) is a spin model [17]. The corresponding link invariants of

these models were determined by Jaeger [10,11].

8



3 2-homogeneous Distance-Regular Graphs
3.1 Definition of 2-homogeneity

Let I' = (X, E) be a distance-regular graph of diameter d. For a vertex &
in X and for a subset A of X, let e(z, A) denote the number of edges from
z into A; e(x, A) = |I'1(z)NA|. T is said to be t-homogeneous (where ¢ is
an non-negative integer) if the following condition holds for all integers

T, 8, 1, j and for all vertices u, v, v/, v’ with d(u,v) = 3(u/,v) =¢:
€ Dj(u,v), #’ € Dy(v',v') = e(z, Dj(u,v)) = e(z’, Di(v',v")).

This means that, for two vertices u, v at distance ¢ and for z in D}(u, v),
the number of edges from z into Dj-(u, v) depends only on 7, s, i, j rather
than on the individual vertices u, v, z with d(u,v) =t and = € Dj(u, v).

It was shown [18] that, for a distance-regular graph I' of diameter
d in which D}(u,v) is a (non-empty) clique for every edge wv, I' is 1-
homogeneous if and only if I is isomorphic to a regular near 2d-gon (see
[5] Section 6.4 for the definition).

Now we restrict our interest to the case ¢ = 2. Let us consider the
following conditions for a distance-regular graph I" of diameter d:

(H1) There are integers o9, ..., 6g such that, for every pair of vertices u,
v at distance d(u,v) = 2, and for every z in I';(u) NIy (v), there
are precisely 6, neighbours of z in I',_;(u) N,y (v) (r=2, ..., d).

(H2) There are integers v, ..., 74 such that, for every vertex z and for
every u, v in I'y(z) with d(u,v) = 2, there are precisely v, common

neighbours of u and v in I';_4(z) (r=1, ..., d).
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Lemma 8.1 Let ' = (X, E) be a distance-regular graph of diameter
d. Then (H1) is equivalent to (H2).

A connected graph I is said to be bipartite if there is no cycle of odd
length, and almost bipartite if there is no cycle of odd length ¢ with
£ < 2d + 1 (where d is the diameter of I'). Let I" be a distance-regular
graph of diameter d with intersection numbers ¢, a,, b, (r =0, ..., d).
Clearly I' is bipartite if and only if a, =0 forr =0, ..., d, and I is
almost bipartite if and only if a, =0 forr =0, ...,d — 1.

Lemma 8.2 LetT be an almost bipartite distance-regular graph of di-
ameter d. Then I' is 2-homogeneous if and only if T’ satisfies (H1).

3.2 A sufficient condition for 2-homogeneity

Yamazaki [22] proved that every bipartite distance-regular graph with
an eigenvalue of multiplicity & (% is the valency) satisfies condition (H1).

Here we give a slight generalization.

Proposition 3.3 Let I' be an almost bipartite distance-regular graph
of valency k. If the adjacency matriz A of I' has an eigenvalue 6 of
multiplicity f with 1 < f <k, then I is 2-homogeneous.

4 Graphs with spin model structure

4.1 An observation

Here we observe that the examples of spin models given in Section 2
can be constructed on distance-regular graphs. Jaeger’s Higman-Sims
mode] and the Hadamard models are constructed on distance-regular

10



graphs with the intersection arrays:

0 1 6
0 0 16 3,
22 21 0

0 1 2m 4m—1 4m
0 0 0 0 0
dm 4dm -1 2m 1 0

The Potts models with 7 spins is constructed on a complete graph K,

which is a distance-regular graph of diameter d = 1 with the intersection

array
0 1
0 k-1, k=n-1.
kK 0

The weights are given by ¢y = , t; = 3, where 52+ -2+ /n =0 and
a=-43

The cyclic model with n spins is constructed on the n-cycle C, which
is a distance-regular graph of diameter d with the intersection array:

011-.--11
000 ---01 whenn =2d + 1,
211---10

or
011-.-12
000 ---00 when n = 2d.
211.--10

The weights are given by ¢; = af” (i = 0,...,d), where 6 is a primitive
n-root of unity if » = 2d+ 1, a primitive 2n-root of unity if » = 2d, and
o = Va/(S1 67).

The square model is constructed on the 4-cycle Cy with ¢y = «,

t1 = a”, {3 = —a, where a is a non-zero complex number.

11

57



S8

Observe that all the above distance-regular graphs are almost bipar-
tite. Moreover, as easily observed, each successive three terms t;_, t;,
ti4+1 are distinct (0 < 7 < d) in each of the above spin models except the
square model with o = +1.

Motivated by the above observation, the author obtained the follow-
ing result [21)].

Theorem 4.1 Let I' = (X,E) be a connected graph of diameter d
which has no 3-cycle. Let ty, ..., ty be non-zero compler numbers such
thatt) #t; and t;2 # t; #ti—1 fori =2, ..., d. Define a functionw on
X x X by w(z,y) =tozy) forz, y € X. If S = (X,w) is a spin model,
then I’ is an almost bipartite distance-regular graph.

proclaim
This was obtained by “localizing” the star-triangle relation (S3). This
technique of localization was introduced in [19].

4.2 2-homogeneity

Lemma 4.2 Let I’ = (X, E) be a distance-regular graph of diameter
d > 1 and valency k, and let ty, ..., ty be non-zero complex numbers
such thatt; #t) fori=2,...,d. Assume S = (X,w) is a spin model,
where w s a function on X x X defined by w(z,y) = to(z,) forz, y € X.
Then the adjacency matriz A of " has an eigenvalue @ of multiplicity f
withl< f <k.

Lemma 4.2 and Proposition 3.3 imply:

Theorem 4.3 LetT' = (X, E) be an almost bipartite distance-regular
graph of diameter d, and let ty, ty, ..., ty be non-zero complex numbers

12



such that ty # t; fori=2, ..., d. If S = (X,w) is a spin model with the
weight w defined by w(z,y) = tazy), T, y € X, then T is 2-homogeneous.

Theorem 4.1 and Theorem 4.3 imply:

Corollary 4.4 LetI' = (X, E) be e triangle-free connected graph of
diameter d, and let to, ..., t4 be non-zero compler numbers such that
httiandtlio# i #tigfori=2,...,d IfS=(X,w) is a spin
model with the weight w defined by w(z,y) = oy, =, ¥ € X, then T
is an almost bipartite 2-homogeneous distance-regular graph.

Remark. The assumption ’triangle-free’ in Corollary 4.4 is essential.
Actually there exists a distance-regular graph I’ (with triangles) such
that I" affords a spin model structure with weights o, ..., {4 satisfying
the same conditions but I" is not 2-homogeneous. Also remark that
every connected graph can have a spin model structure with the weights
t1 = --- = t4 (Potts model), and so we need some conditions on the
weights o, ..., £z in Corollary 4.4.

5 Classification of almost bipartite 2—hom6geneous
graphs

Theorem 5.1 Let ' be an almost bipartite 2-homogeneous distance-
regular graph of diameter d > 0 and valency k. Then I' has one of the
following intersection arrays:

4

0 1
(1) 10 k=—1%, k>0,
k0
(0 1 &k
(2 {0 0 09}, k>1,
kK k-1 0

13
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(%) ‘g (1) kic ’ k=72 +37+1),
kE k—1 0 c=7(v+1),v>0,
(0 1 k-1k

(4) {0 0 0 03}, k>1,
|k k-1 1 0
(0

5) {0 0o 0 0 o0

1 2y 4v-1 4y
4y 4v-1 2y 1 0

™ #

@ lo o o ol ol ol k=a0resrE,
’ —
kk-1k-c ¢ 1 o °¢=70+L7>0,
(01 --- 12
(7 {00 --- 003, d>1,
(21--10]
101--11‘
(8 {00 ---013, d>1,
(21 --10]
(0 1 2 3 .. k-1k
(9) {0 0 0 0 --- 0 0}, k=d,
|k k-1 k-2k-3 .- 1 0
0 1 2 .3 ..d-1 d
(10) 0 0 0 0 -+ 0 d+1; d>1.

2d+1 2d 2d—1 2d—-2 --- d+2 0

Remark. The intersection arrays in the above list are realized by the
following graphs:

(1) complete graph Kj.1,
(2) complete bipartite graph K,

(3) antipodal quotient of 5-dimensional hypercube when v = 1, Higman-
Sims graph when vy = 2, the existence of graphs is unknown when
v >2,

14



(4) complement of 2 x (k + 1)-grid,

(5) Hadamard graph of valency k = 47,
(6) antipodal double cover of (3),

(7) cycle Caogyy of length 2d + 1,

(8) cycle Cyq of length 24,

(9) d-dimensional hypercube,

(10) antipodal quotient of (2d + 1)-dimensional hypercube.
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Classiﬁcation of Spin Models with at most 10 Vertices

Haitao Guo
Department of Mathematics
Kyushu University

1 Introduction

In this paper, we classify spin models (X, W,,W_) with 5 < |X| <10 vertices in terms of com-
mutative self-dual association schemes. This classcification is crucially based on the work about
relation between spin models and association schemes by Jaeger and Nomura and the classification
of association schemes with at most 10 vertices by Nomiyama. The notion of spin model is one of
the statistical mechanical models introduced by V.F.R. Jones [12]. The importance of spin models
comes from the fact that every spin model gives an invariant of knots and links through its parti-
tion function. Kawagoe, Munemasa and Watatani [13] generalized it by dropping the symmetnc
condition and gave the following definition.

Definition 1.1 Let X be a finite set, |X| = n = D?, w, and w_ be complez valued functions on
X x X. The tripe (X, wy,w_) is called a (generalized) spin model if the following conditions are
satisfied for all @, B, and v in X.

(1) W+(Q, p)w-(ﬁ: 0) =1, .
(2) Leex w-(a,2)ws(z, ) = nbog ,
(8) (star-triangle relation) ¥.cx wi(a,2)wi(z, flw-(z,7) = Dwi(a, Hlw-(8,7)w-(a,7)-

A spin model is called symmetric if the following additional condition
W+(a,ﬁ) = w+(p: a)’ w—(ay ﬁ) = w—(ﬂs Q)

is satisfied for any @ and g in X .

Bannai and Bannai [2] made a further gengeralization and defined generalized generalized (4-weight)
spin models as follows.

Definition 1.2 Let X be a finite set and w;, i = 1,2,3,4, be complez valued functions on XxX.

The 5-tuple (X, w), w2, w3, wy) is colled ¢ generalized generalized (§-weight) spin model if the fol-
lowing conditions are satisfied, where |X| =n = D2,

1
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(4) wi{a,f)ws(8,a) =1, waa,f)ws(f,a)=1 for any a and B in X,
(5) Ezex w(e, z)ws(z, 8) = néq g, E,ex wo(e, x)w4(a:, f)= ndqg for any a and § in X,
(6a) T .ex wia, z)wi(z, B)ws(z,7) = Dwi(a, B)ws(B, Y)ws(a,v) for all a, § and v in X,

(6b) T.ex wi(z, @)wy(B, r)ws(y,x) = Dun(B, a)ws(7, B)wa(y, @) for any @ and B in X.

Let M(X) be the vector space of all matrices with rows and cloumns indexed by X and with
complex entries, W, and W_ be the matrices in M(X) defined by W, = (wy(a,))apsex and
W_ = (w-(e,8))asex- Let I be the identity matrix and J be the all-one matrix. Let o denote
the Hadamard product of two square matrices of the same size. Then those conditions given in
Definition 1.1 can be restated as following:

(7) ‘WioW_=J,

(8) WyW_=nl,

(9) 'Wi(tW_o(Wy M)) = D'W_o(W,(W_oM)) for all M in M(X).
A spin model is also denoted by (X, Wy, W_).
Let (X;, (Wi)+,(W;)-), for i = 1,2, be two spin models, then it is easy to see that {X;xX>,
(W1)+©(W2)y4, (W1)-@(W2)-) is also a spin model, which is called the tensor product of the pre-

vious models. Many examples of spin models can be found in the Bose-Mesner algebras of some
association schemes

Example 1.3 ({7,9,12]) Let X be a finite set of cardinality n. Let Ry = {(z,z) | z € X} and
R; = {(z,y) | z,¥€ X are distinct }.Then(X, {Ro, R:}) is a symmelric association scheme with 1
class. Suppose Ag and A, are the adjacency mairices of Ry and R respectively, i.e., Ag = I and
Al=J -1, Let Wy =tgAg+t1A; (and hence W_ = tEle-i- t,'lAl), where ty and t; satisfying

+t72+D=0
to=—(t1)%,

then (X, W, W_) is a spin model, called Potts model.

A family of spin models from cyclic group association schemes and their symmetrizations is con-
structed by Bannai and Bannai [1,3]. Let X(Ga) = (Gn,{Ri}ycicn—1) be a group association
scheme on the cyclic group G,. Note that the adjacency matrices of X(G,) are given by



0 1 0 0
0 0 1 0 _

A= 0 0 0 0 |, and Ai=(4) fori=0,1,...n—1.
1 0 0 0

Furthermore, the eigenmatrix P of X(G,,) is given by
P=(J) 0<ij<nl
where (, is a primitive n-th root of unity.

Theorem 1.4 (f1]) With the above notation, let Wy = L0 t:A; and W_ = T} 71 A, where
i=n-i, and

t; = ili+2e)to for 0<i<n ~ 1,
2= Dq"/zt"___'olr)” for 0<s<n — 1,

with 5 = (,:—’_—‘ when n is odd, and 72 = (7! when n is even. Then (G, W,.,W.) is a spin model,
called cyclic model on X(G,).

Let B; = RjURp, fori=0,1,..., [3], and X(G,) = (Gh, {E}OS-‘SI%I) a symmetrization association
scheme. Let 4; = A; 4+ Ay for iz’ and A; = A; fori = ¢ with 0 < i < [}]. Then 4; is an adjacency
matrix with respect to R; for all 0 <i < [3]-

Theorem 1.5 (/3]) With the above notation, let Wy = 2!‘2!)“‘4-‘ and W. = 2!‘2{)‘.'_ 14;, where
(i) in case n # 4,

ti=n"ty for 0<i<[§]
2= D/E;-:%T)F

with n= (5 or ¢°F when n is odd, and 7% = ¢ or ¢~} when n is even;
(i) in case n =4,
ti=ntp ta=—tg and t§ = Dy~ /2

with any nonzero complez number 1. -
Then (Gn, Wy, W.) is a symmetric spin model, called cyclic model on X{G,)
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Bannai, Bannai and Jaeger [4] gave a classification for spin models on abelian group schemes. The
classification of the symmetric spin models with n = 5, 6,and 7 has been completed by Bannai,
Jaeger and Sali [6]. Also, generalized spin models with n < 5 has been classified in [6]. Ikuta [8]
classified the generalized spin models for n = 6 and 8. In this paper, the spin models with 5 < n
< 10 vertices are classified in the following theorem.

Theorem 1.6 Let (X, W, W_) be a spin model with 5§ < n < 10 vertices,
Case 1 Ifn =5, 6, 7 and 10, then it is one of the following

(i) Potts model; N

() Cyclic model on X(G,) or X(Gy);

Case 2 If n = 8, then it is one of the following

(i) Potts model; _

(i) Cyclic model on X(Gg) or X(Gg);

(iii) Spin model on Abelian group scheme on Zax 24 or ZaxZax Zz;

(iv) Spin model (X,W,,W.) with the following

w o -ww W
-w W W W

w w W -w
w W - W

W.=
where

1 1 k _ 14k, 1 =k
W—to(kl and W=

with k2 = —1 and ty any non-zero complez number;

Case 3 If n = 9, then it is one of the following

(i) Polts model; _

(ii) Cyclic model on X(Gq) or X(Gy);

(iii) Tensor product of two spin models, which are cyclic models on X(G3) or Potts models, or one
i3 cyclic model on X(G3) and the other is Potis model.

2 Preliminaries

Let X = (X, {Ri}ocica) be an association scheme, A; be the adjacency matrix of X w.r.t.R;
and U be the subpace of M(X) spanned by matrices 4;, i = 0,1,...,d. Then Y is an associative
commutative algebra with unit J under Hadamard product and U/ is also an associative commutative
algebra with unit I under ordinary matrix product. The subspace U of M(X) endowed with two
algebra structure is called the Bose-Mesner algebra of the association scheme. Let Ey,..., E4 be.
the basis of minimal idempotents of /. The eigenmatrices P = (Pij)nxn and Q@ = (Qij)nxn of U
related to the two basis of idempotents are as follows
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Aj= )Z.‘ —oPi; B,
E __E(_OQKJAI

Thus
PQ=nl

An association scheme X is said to be self-dual if P = Q, i.e., PP = nJI (See [5] on association
schemes). The modular invariance property played a significant role in the construction of spin
models from association schemes.

Definition 2.1 Let X = (X, {R.}o<,<d) be a commutative self-dual association scheme and P be
the eigenmatriz of X, |X| =n = D2 Then X is said to have the modular invariance property if
there ezists an invertible diagonal matriz T = diag(to, t1,...,tq) such that (PT)% =ty D%1.

With the above notation, Bannai, Bannai and Jaeger gave constructions of certain spin models
from some self-dual association scheme.

Theorem 2.2 ([{]) Let X = (X,{Ri}gc;cqa) be o self-dual association scheme with eigenmatriz
P, and an invertible dtagonal matriz T = d:ag(to,tl, ., t4) satisfies (PT)® = toD3I. Then W, =
DE, —otiE; and W_ = DE,_ot.A, satisfy

(1’) W+°W_ = J,
(2') W+W_ = nI,
(3°) ‘Wi('W_o(W,M)) = D'W_o(W,(W_oM)) for all M inU.

Remark : If we replace the condition ‘for all M in U’ in condition (3’) by the condition that ‘for
all M in M(X)’, we will get condition(9). So (X, Wy, W_) is called a spin model at the algebraic
level in U.

Indeed, association schemes and their Bose-Mesner algebras provide a convenient and natural frame-
work for the study of spin models (see [9]). Several subsequent works ([1,3,4,8,10]) observed that
the matrices W, and W_. of a spin model belong to the Bose-Mesner algebra of some self-dual
association schemes and can be obtained by solving certain modular invariance equations. This
observation was confirmed in the following theorem.

Theorem 2.3 ({10,11,15]) Every spin model is given by a solution of the modular invariance
equalions for some commaulative self-dual association schemes.

Due to ahove theorems and the classification of association schemes with at most 10 vertices by

Nomiyama [14], spin models with at most 10 vertices can be classified in the following way:

67



68

Step 1 Determine whether the commutative association schemes given in [1{] are self-dual, i.e.,
to check whether PP = nl for the (suitably indezed) eigenmatrices P of the scheme;

Step 2  For each case remained in Step 1, to find a diagonal matriz T = diag(ty,...,ts) with
nonzero ig satisfying (PT)3 = t9D31. Since PP =1l i.e., P = %15, we have TPT = -'BPT“P.
A family of modular invariance equations is obtained by comparing the corresponding entries of
both sides and then to find out all solutions of these equations;

Step 3 Check whether (X, W, W.), as constructed in Theorem 2.2, is an actural spin model or
nol, i.e., to check star-triangle condition in Definition 1.1.

3 Classification

In this section, we give the proof of our result. Here we use the same notation of classification
of association schemes given in [14]. For example, 6C3 means the third commutative association
scheme with n = 6 in the list given in [14] and 65 the sixth sysmetric association scheme with
n =6 in the list.

Remark : Since Examplel.d implies that there exists a Potts model from an association scheme
of class d=1 for any n, we will consider assocition scheme of classes d > 1.

3.1 The caseofn=>5

Since there are exactly two association schemes of d (> 1) calsses for n=>5, i.e., X(Gs) and X (Gs)iit
is clear that those spin models with n = 5 are Potts model or cyclic model on X(Gs) or X(Gj5)
respectively.

3.2 Thecaseofn==6

Among the six commutative association schemes of d (> 1) calsses for n=6, four of them, namely
6C3, 6C4, 6Sg and 657, are not self-dual, their eigenmatrices P are repectively as follows.

1 3 1 1 12 2 1
1 -3 1 1 100 <1
Pcs=11 o G ¢ Pocs = laf 1
1 0 ¢ G 18 a1

where a and f are the roots of $2 4+ 2¢ + 4 = 0, and
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1 4 1 1 3 2
Fsy=|1 0 -1 FBs,=]1 0 -1].
1 -2 1 1 -3 2

It is easy to check that these matrices do not satisfy PP = 6] for any arbitrary ordering of {4;}.
The other two schemes are X(Gg) and ¥(Gs). Therefore, as in the case of n = 5, the spin models
with n = 6 are Potts model, cyclic models on X(Gs) or X(Gg) respectively.

3.3 Thecaseofn=17

In addition to X(G7) and ¥(G7), there is another commutative association scheme of d >1)
classes for n = 7, namely 7Cj.

Lemma 3.1 The association scheme 7C3 is self-dual and has modular invariance property with
T = diag(to, t1,t2), where t3 = %@g, t1 and ty are the roots of t2 + g—tnt - \/7%55 =0

Proof : First the eigenmatrix P of 7C3 is

PR W
R AW

Pe,=1 1
1

where a is a root of 2 +t+2 0. It is clear that PP = 7I, so it is self-dual. To find T = (o, t1,t2)
satisfying (P, T)® = to711, as considered in Step 2, we have a family of equations as follows

331) = Jp(eg" + 37" +3157)
(332)  aff =& 37 + &7 +ot7)
(333) o= (B! +o’! +a%)
(334)  tot1 = H(tg' + a7 +ety)
(3.35)  tota=(tg" +aty" +at3")
(3.36)  atity= B35 + 27" +265")

Equat:ons (3.3. 2) through (3.3.5) give (t1 = t2)(to + a(ty + t2)) = 0. Suppose t; —tz = 0, let
1 = g, then &2 + 55 + 1 = 0 by (3.3.1) (3.3.5) and hence s = g(;+_2-;2 by (3.3.4) (3.3.6). Hence
8= i%i&l is not a root of 52+ 58+ 1= 0, it follows that tg + a(t; +t2) = 0, i.e., t; + t2 = —E'
By (3.3.2) and (3.3.3), we obtain

(B37) (i +t) = Htg' -7 - 15))

Hence, 8§ = 22 by (3.3.7) and (3.3.1) and #;t; = —¥H2D by (3.3.7) and (3.3.6). The lemma
follows immediately.
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Remark : Straightforward computation shows that (X, W, ,W_), as constructed in Theorem 2.2,
is not necessarily an actural spin model, because the star-triangle condition fails when (o, §,7) =
(1,2,7).

Hence, the spin models with n = 7 are Potts model or cyclic models on X(G7) or X(G7) respectively.

34 Thecaseofn=S=8

Lemma 3.2 There are exactly eight self-dual schemes among those 17 commutative association
schemes with d(> 1) classes for n = 8, namely 8C3, 8Cy, 8Ss, 8Cs, 859, 8510, 8516 and 85)7.

B Proof: Since 8Cj3 , 8Cyp, 8Cy and 855 are X(G3) and X (G3) or association schemes on abelian
groups Z2x 24, Za X Zax Z; respectively, clearly they are self-dual. Furthermore, the eigenmatrices
P of 8C, 899,856 and 85)7 are as follows

1 2 1 2 1 1 1 2 1 1 2 1
1 0 §i 0 -1 —i 1 0 -1 1 0 -1
1 -2% -1 2% 1 -1 1 -2 1 1 =2 1
Pcs=|1 o0 —i 0 -1 i Bss=| 1 9 1 -1 -2 -1
1 -2 1 -2 1 1 1 0 -1 -1 0 1
1 2 -1 -2 1 -1 1 -2 1 -1 2 -1

1 2 1 4 1 3 1 3

1 -2 1 o0 1 -1 1 <1

PBSM = 1 9 1 -4 PBSH = 1 3 -1 -3

1 0 -1 0 1 -1 -1 1

It can be shown that PP = 81 for these matrices. For the remaining 9 schemes, the corresponding

matrices are given as follows:

1 2 1 2 1 1
1 -2 1 -2 1 1
P |1 2 1 -2 -1 -1
8Cr=1 2 1 2 -1 4
1 0 -1 0 § =i
1 0 -1 =0 -i i
1 2 2 1 1 1 1 92 2 1 9
1 -2 -2 1 1 1
1 0 0 -1 -1 1 1 -2 2 1 -2
Py, = Pec,=|1 0 -2 1 o
1 0 0 1 -1 -1 , .
: X 1 V3 0 -1 -3
1 28 -2 -1 1 -1 1 —y% 0 1 /3
1 -2 2 -1 1 -1 —ve - ¥
8



1 4 1 1 1 1 2 2 2 1
1 41 1 1 1 -2 -2 2 1
Picp,y=]1 0 1 -1 -1 Peey=|1 2 <21 -2 1
1 0 -1 & —i 1 =25 28 -2 1
1 0 -1 —-i i 1 0 0 o0 1
1 2 1 2 2 1 4 1 1 1
1 2 1 -2 -2 1 0 1 -1 -1
Pys,=11-21 2 -2 Ps,=]1 0 -1 1 -1
1 -2 1 -2 2 1 0 -1 -1 1
1 0 -1 0 O 1 -4 1 1 1

1 3 4 1 6 1

Ps,=11 3 -4 Bg.=|1 -2 1

1 -1 0 1 0 -1

Straightforward computations show that they do not satisfy PP = 81 for any arbitrary ordering of
{A:}, and hence the corresponding association schemes are not self-dual.

We now check the modular invariance property for 8Cg, 859,856 and 857 .
Lemma 3.3 8C; does not satisfy the modular invariance property.

Proof: Suppose there is a diagonal matrix T' = diag(to,...,t5) with nonzero #; satisfying
(Pg;c«T)3 = t08§I , then we have some modular invariance equtions as follows,

5l + e+t + 51 =0,
o' +t3 +07 ~ 15 =0,
t2 —_ _t2
0 2+

So tg+t4 =ta+25 =0 and t; = ktp where k2 = —1. We have further modular invariance
equations,

= Jltg' —it3"),
t3 = T},(t;‘ + itz 1),

then t)¢3 = 3(tg2 + t52) = 0, which is impossible since T is invertible.

Lemma 3.4 859 has the modular invariance property with
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T = diag(to, %tal s —to, kto, %}k‘tn-l ,=ktp)
where k% = —1 and ty any non-zero complez number.
Proof: Suppose T = diag(to, . . ., t5) with nonzero tg satisfies (Psc,T)? = to831, As before, we have

5+t o5+t =0,
tpt+t -5 -5 =0,
tf=—t3.

So tg+ta=t3+1ts=0and t3=kty with k2 = —1. Furthermore,

t=ity! +15') = 27,
ty= g5ty - t7') = BEep.

The lemma follows immediately.
Lemma 3.5 8C)g does not satisfy the modular invariance property.

Pro’of: Suppose there is a diagonal matrix T = diag(?y, . . ., t5) With nonzero ty satisfying (Psc,T)® =
9811, then we have

tp = to,
1 = Yy(25" + 217" + 4t57), and
toty = S(2t5" + 207" - 423").

It implies t3 = 0, which is impossible. Then the lemma is proved.

Lemma 3.6 8517 has the modular invariance property with T = diag(ty, —ty, kg, —kty), where
=57 and k= -1.

Proof; Suppose T = diag(t, ..., t3) with nonzero tg satisfies (Pyc,,T)? = t08§I, then we have

=1 = Iu(eg" +367" + 5" +353"),
f=-= 00"+ +365" +45),
tots = tita = S(t5" — 7' — 3" +437),
totz = . (t5" +3¢7 — 17" - 313Y),
toty = B(tg! — 7! + 657 —13").

So tg = kta, t3 = kt; and
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6§+ totz = B(t5! + 3677),
titz + toty = B(t5" - £7").

Therefore ¢y = ~t, and 2 = "7'51- The lemma is proved.

Theorem 3.7 Any spin model (X, W,.,W_) with | X| =8 is one of the following:
(i) Potts model;

(i) Cyclic model on X(Gg) or X(Gs);

(13i) Spin model on Abelian group scheme on ZaxZy or Zax Zox Zs;

(iv) Spin model (X,W,,W_), where W_ is given in Theorem 1.6.

Proof: In addition to 8C3,8C;,, 855 and 85)9, Lemmas 3.2 through 3.6showthat8Sy and 85)7 have
the modular invariant property. The spin models constructed from association schemes 8C, and
855 on cyclic group and schemes 8C3 and 8519 on Abelian group Z2x Z4 and Z2x Zax Z; are known
in [1,3,4]. For 8Sp, routine computation confirms that the spin model (X, Wy, W_) constructed by
Theorem 2.2 is an actural model where W_ is

w W w W
-w W w W

w w w -w

w w -w w

W_ =

with

wen(ph) mweste( ] )

k? = —1. When t = 571, the spin model is identical with the spin model constructed from asso-
ciation scheme 85)7. Therefore we have the theorem.

Remark : The spin model of case (iv) is missed in Ikuta’s result [8]. By Lemma 5 in [16], one can
obtain a 4-weight spin model with n = 2 from it.

3.5 Thecaseofn =29

Lemma 3.8 There are eight self-dual schemes among 11 commutative association schemes with d
(> 1) classes for n = 9, which ere 9Cy, 9C2, 9C3, 9S4, 9Ss, 957, 9S10 9511. The other are not
self-dual.

11
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Proof: Obviously, 9C;, 9C; and 9Sg, which are association schemes on abelian group Z3x Z3, X(Gs)
and ¥ (Go) respectively, are self-dual. The eigenmatrices P of 9C3, 954,957, 9510, and 951, are as
follows

1 2 1 2 1 2
1 -1 1 -1 1 -1
1 2 ¢ 22 G 26
Py, =
Tl -1 G -G G -G
1 2 G 26 & 23
1 -1 ¢ -G G -G
1 2 2 2 2 1 2 9 4
1 2 -1 -1 -1 1 o1 2 -2
Pg=11 -1 2 -1 -1 Pye, = 1 2 —1 -2
1 -1 -1 2 -i 1 -1 -1 1
1 -1 =1 -1 2
1 4 4 1 2 6
})QC10= 1 1 _2 Pscll= 1 2 —'3
1 -2 1 1 -1 0

It can be seen that PP = 9I for these matrices. For the remaining three schemes, the related
matrices are given as follows

1331 1
leal 1
Pe=|1aa 1 1
100 ¢ ¢
100 ¢ G
1 6 1 1 13 3 2
1 -3 1 1 1 00 -1
Pa=1y 0 ggl|™MPa=|).45 2
10(:%(3 l &@ a 2

where a is a root of t? 4 3t +9 = 0. These matrices do not satisfy PP = 91 for arbitrary ordering
of {A;}, therefore the corresponding association schemes are not self-dual.

Lemma 3.9 953 has the modular invariance property with T = diag((3s2f, (38%t%f, sf, st2f, {83 f),
where t = (3 or (3, 8® =1 and f2 = }(1 4 2¢)(Gs? + ¢35 + 3).

Proof: Suppose T = diag(t,...,t;) with nonzero ty satisfies (Pyc,T)? = tog':'T, then we have
modular invariance equations as follows,

12



to—(3t2t4_-‘§(t Vot et 4 25 ot 4 265,
toty = (3 tzts—C2t3t4—-§(to ) 4ol -ttty =t h,
totg_;g(t-’+2t"+<§t +2c§t3 + Gty +2¢3t51),
tots = F(tg" +2t7 +C3t - F 2ty 4+ G+ 2,
ot = 4ty -t + Gt~ G+ Gty - Gt ),
tots = B(ty"! — ¢! +C3t2 -Gt + @t - Gg).

Hence
68+ tota + totq = to(ty" +2t ’).
tots + tots + tots = to(ty" — t7"),
and
to/t1 = taft3 = ty/t5 = ¢,
then

todtatty _ 3429 _
t= h+iatts — ti=tg 1L

Therefore t2+t+41=0 ie., t=(3or (3. Furtherly (3t = tyt4 and (3t2 = tot2, so (tg/tq)s
Let ¢y = sty, where 83 =1, then

ts = t2t4,
t3 = 12ty = stty,
to = (3s°ta,

and t) = (35%t%y. Since to = §(tg" +2t7 +5 +2t5 +¢71 +2¢5"), 4 = §(1+2t)(G2+Fs+(F).
The lemma is proved

Lemma 3.10 954 does not satisfy the modular invariance property.

Proof: Suppose that T = diag(to,...,t4) with nonzero ty satisfies (ng.T)"’ = toggT. As above
proof, we have

= %(t5! + 27! + 2: '+ 25! -+ 2,-1),
totl _-‘g(t +2t —t3 - t4-1),
2} = (215" +4t +t;‘+t +t4-1).

Sotg =t) = ¢ and t;! + 3" + 7! = 0, where €2 = 1. But we also have

13
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ty= },(2:;11 - t{,’ll- t7!),
ty=§(~t3 +2¢§ -t5)
+2t71),

t1=g3(—t3' —t3

then ¢} =} =] =1 contradiction. The lemma is proved.

Lemma 3.11 957 has the modular invariance property with T = diag(to, aty, Bto, afty), where
B=1whena=Pf=Cor(},ondtd=—1vhken (a,8) = (G,63) or (¢, ().

Proof: Suppese T = diag(ty, - . ., t3) with nonzero t satisfies (Pos,T)? = tOQ%T, then we have

§= 40" + 27 + 26" +485"),
tots = (g -t + 2651 — 2657),
totz = P(tg" + 27! = t31 - 231),
tota = titz = §(tg" - 17! = 8531 +31),
~f=4(" -4 -5 +15").

Let t) /tg = t3/t2 = a,t2fto = B and t3/tg = vy, then

t2 + 2tot) = toty — 3,

£ + 2totz = toty — 83,
t3 + 2tots = to(ty! +2t37),
t3 + 2tot3 = to(2t5" + t31),

we have

+a+1=0,
B2+B+1=0,
¥ =1 and v=ap,

and the lemma is proved.

The following lemma was proved in [9)]

Lemma 3.12 959 has the modular invariance property, but 951, does not.

Theorem 3.13 Let (X, W, ,W_) be a spin model with n = 9, then the spin model is one of the
Sollowing

(i) Potts model;

14



(ii) Cyclic model on X(Gy) or X(Gs);

(i) The tensor products of two spin models, which are cyclic models on X(G3), or Potts models,
or one is cyclic models on X(G3) and the other is Potis model.

Proof: The spin model from association scheme 9C) on Abelian group Z3xZ; is constructed in
[4). It is a tensor product of cyclic models on X(G3). The spin model from 959, constructed in
[9], is & tensor product of two Potts models. By calculating, the spin model from 9C3 constructed
by theorem 2.2 is an actural model. The matrix W_ has the following form

fa b b c dd f g g)
b abdcdg fyg
b baddececgg f
f g g a bbb c dd
W_=|¢g f g ba dbdcd
g 9 f b badde
cdd f g gabd
d cd g f g b abd
\d d c g g f b ba)

with @ = (3s2f, b = (352t2f, c = sf, d = st2f, g = t2f, where t = (3 or (}, 8° = 1 and
12 = 31 4 26)(¢as% + (35 + ¢3). It is a tensor product of a cyclic model on X(G3) and a Potts
model. On the other hand, the spin models from 957 is identical with it when s=1. Therefore we
have the theorem.

3.6 The case of n = 10

Lemma 3.14 There are exacily three self-dual schemes among 11 commutative association schemes
with d (> 1) classes for n = 10, namely 10C), 1054 and 10Sg. The other are not self-dual.

Proof: It is obvious that 10C; and 1054,1.e., X(G1p) and X (Gro) respectively, are self-dual. The
eigenmatrix of 105y is

1 1 4 4
1 -1 4 4
Pys, = 1 1 -1 -1
1 -1 -1 1

which satisfies PP = 10I, and hence 10Sg is self-dual. For the other seven schemes, the corre-
sponding matrices are given asfollows

15
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1 2 2 2 2 1 1 5 1 1 2 1
1 0 0 0 0 -1 1 =51 1 1 1
|1 2% 2¢ 22 2@ 1 10 & ¢ @& ¢
Foc=| 1 22 23 o¢f 26 1 o=ty 0 ¢ @6 a
1 28 2¢¢8 2¢s 2 1 1 0 ¢ ¢ ¢ ¢
1 2¢8 2¢ 2 2¢¢2 1 1 0 & ¢ ¢ &
1 4 4 1 1 2 2 5§
1 -4 2 1 1 2 2 -5
Pos=11 9 41 Posw=1144 o
1 0 0 -1 1 8 a 0
where o and § are roots of 2 +¢t - 1=0.
1 1 8
Pps,,=| 1 1 =2
1 -1 0
1 4 5 1 3 6
Pos,, =1 4 -5 Pps,s =11 -2 1
1 -1 0 1 1 =2

These matrices do not satisfy PP = 107 for any arbitrarily ordering of {A;}, and hence the corre-
sponding schemes are not self-dual.

Remark : Since 105 is isomorphics to 1054 via the permutation (2,9)(3,5,4,10,8,7) on their
vertices, 10Sg is ignored in the list in [14].

Lemma 3.15 1059 has the modular invariance property with T = diag(to, ktg, ™ tp, ka~1tp),
where k2 =1, o is a root of 243t +1=0 and ty = 5‘1-'&(1+4a).

Proof: Suppose T' = diag(to, ..., t3) with nonzero to satisfies (Pygs, T)° = tologT. Therefore we
have

(3.6.1) =8 = (5" + 47 + 457 + a3h),

(3.6.2) ~B=8 =250+ 47 + 51+ 57),

(3.6.3) tot; = S (tg! = ¢7! + 485! ~ 4t31), and
10 3

(3.6.4) totz = g(ty" +47 — 13" — 131).

By (3.6.1) and (3.6.2), t; = kitp,t3 = kotz, where k? = k3 = —1, then (3.6.1) and (3.6.3) become

16



to = 25((L - k1)tg? +4(1 - ka)5"),
kito = Jig((1+k)tg" + 4(1 + k)5,

Hence we have k; = k3 = k, and (3.6.1), (3.6.4) become

to=L32(65" + 483"),
h = 17_%(:(?1 - til)’

let to/t) = a, then a satisfys 2 +3t+1 =0,
By (3.6.1)

8§ = L£(1+ 4a).

The lemma is proved.

Remark : By calculation, we see that the spin model (X, W, W_) as constructed in Theorem 2.2
is not an actural model because the star-triangle condition fails when (e, 8,7) = (1,1,2).

As above consideration, the spin model with n = 10 is a Potts model or a cyclic model on X(G)o)
or X(Go) respectively.

Finally, combining the results in all subsections considered above, we have the classification of spin
models with 5 < n < 10 as described in Theorem1.6.

Acknowledgement The author would like to thank K. Nomura for suggesting the present
form for W_ of (iv) in case n = 8 of Theorem 1.6 and pointing out a 4-weight spin model can be
obtained from it.
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Remarks on Topics Connected with Graphs and Groups
Michio Suzuli

§1 Introduction A graph I' is said to represent agroup G if AutT' 2 G. This
note presents some new results concerning representations of groups, or a particular group,
by a special class of graphs, and some remarks on interrelation between graphs and groups.
An intuitive notion of graphs is sufficient for our purpose. Thus, a graph I’ consists of a
pair of sets (V,E) suc  that V is the set of vertices and E is the set of edges; each edge
being represented by a line connecting two vertices. We use the notation

V=vertl’ and E = edgeTl.

If an edge e is represented by a line connecting two vertices z and y, we say that the
vertex z (as well as y) is incident with the edge e. Sometimes, we consider a colored
graphk when each edﬁe 18 given a color. If ' is a colored graph, AutT' is theset of
automorphisms of I' which preserve the color of each edge. If A is a colored graph, we
mean b{ the underlying graph the graph I' obtained from A by erasing the colors from all’
-edges of A. A graph is said to be simple if there is no loop or multiple edge. Thus, in a
simple graph, each edge is determined by the end vertices; we may write an edge e= (z,y)
with z# y where z and y are vertices incident with the edge e.

§2 Representation by Pictures A colored graph A is said to be a picture if each vertex is
incident with exactly one edge of each color. The Cayley graph of a group with respect to
a generating set is not a picture since each vertex is incident with two edges of each color,
one going out and one coming in. However, if each generator has order 2, we can modify
the Cayley fqra.ph. to make a picture. Thus, if a group G is generated by a set consisting of
elements of order 2, then G is represented by a picture P and, in this case, G acts
transitively on the set vert P. In 1990, Behrendt [1] proved that every finite group can be
represented by a picture. We can prove the following theorem.

Theorem 1 Let m be an integer > 3. Then, any ﬁnitelyfenwated group G can be
represented by a picture P of m colors such that the underlying graph T' of P isa
simple graph.

We have constructed in [9] a picture P; of $ colors that represents G. The
underlying graph of P; is (by construction in [19]) seen to be a simple graph. The method
of Sabidussi [6,7] constructs pictures of more colors that still represent G.

It should be remarked that if P is a picture of r colors, we can construct a picture Q of

r+ 1 colors from P by just splitting each of the edges of the fixed color ¢ into two edges
of colors ¢ and ¢’ where ¢’ is a color different from any colors of the edges of P. If P

represents a group G, so does Q. Thus, without the restriction that the underlying graph

of the picture P is simple, Theorem 1 is rather trivial.

§3 Representation by a graph with given nuclear number The nuclear number of a graph
I' is the maximal order of subgraphs which are complete graphs. Montenegro [5] has

proved that any finite group can be represented by graphs with arbitrary large nuclear
numbers greater than 9. We can prove the following theorem.

1
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Theorem 2 Let m be an integer greater than 3. Then, any finitely generated group G
can be represented by a simple graph ' of valency m with nuclear number m.

This answers a question posed in [9]. To prove Theorem 2, we use another method
of Sabidussi [6]. Let I' be a graph of valency m with m > 8, i.e. each vertexof I' is
incident with exactly m .edges. We construct a graph I'™* where

vertI'* ={ (e,z) | e€ edge T, z€ vertl'}

and ((e,z),(e’,z’)) € edge T* if and only if either e= e’ and z#z’,0r e# ¢’ and

z= z’. It is clear that the gra.Ph ['* is of valency m and nuclear number m. In a sense,
we can reconstruct ' from I'*. Let I'" be the graph defined as follows. Vertices of '
are maximal cliques of order m in I'*. Two maximal cliques ¢ and d of order m are
joined by an edgein I'* if and only if there is an edge e = (z,y) of ' such that (e,;z)€ c
and (e,y) € d. Then, for an edge (c,d) of I'", the map

(cd) — e and c—z

is well defined and is an isomorphism of I'* onto I'. Thus, if the graph I' represents a
group G, sodoes ['*. o

Remark If G is a finite group, there are in fact infinitely many nonisomorphie graphs (or
pictures) of a fized valency m which represent G in both Theorems ! and 2. The same
remark would hold for infinite groups as well, but I do not have a proof.

§4 Representation by PCS pictures In a recent paper [4], Marcelo, Ruiz and Shinoda have
considered representations of a finite group by some PCS pictures. A PCS pictureis a
picture P with the following two properties:

1) the group Aut P is transitive on the set vert P, and
2) there is a subgroup of the automorphism group of the underlying graph I' of P
which induces transitive action on the set of colors.

To paraphrase the second condition, we introduce some notation. For an edge e of
a picture P, let c(e) denote the color-of the edge ¢, and let ¥ be the set of colors of P.
The second condition (2) means that there is a subgroup H of AutT' having the two
properties: .
(a/ if o€ H and c(e) = c(f) for e,f€ edge P, then c(o(e)) = c(a(f)), i.c. the images
o(e) and off) have the same color; and
) for any ce %, and ee€ edge P, there is an element o€ H with ¢(o(e)) = c.

Put G= Aut P and let Gpc be the subgroup of AutI' consisting of all the
automorphisms which satisfy the condition (a). If o € Grc, o induces a permutation (o)
of the colors of P. Clearly, the map m Gp¢ — Sym(¥) is a homomorphism of groups
and G is the kernel of 7. Thus, G « Gpe. The condition (3) is equivalent to saying Gpc
acts transitively on the'set ¥ of colors.

Assume that_P is a PCS picture with the underlying graph I’ connected (and
simple). . Let v, bea vertex of I' which will be fixed for the discussion. Let H be the
stabilizer of v,. We will prove that Gpc s a semidirect product of G = Aut P and H.

By assumption, G acts transitively on vert . Hence, for any ve€ vertI', there is an
element z € G such that v= zv,. If s€ Gpc, we have svy = 2vy with z€ G. Then, we
have z-1s € H, 80 s = zh with some A€ H. This proves that Gpc = GH.



If re GNH, r fixes vy and all the vertices adjacent to v, because each of them is
connected to v by some edge that is the unique edge of its color incident with . Thus,
r fixes all ghe vertices of the connected component of vy Since I' is connected, r fixes
all the vertices of P. Since s€ G does not change the color of the edges, we have s= 1.
Thus, GN H= {1} and Gvc is a semidirect product of H and a normal subgroup G.

) __The above argument shows that G is simply transitive on the set vertI’. We can
identify P as the (modified) Cayley graph with a set of involutive generators which
corresponds bijectively to the set of colors of P (cf. [4]).

We note that, in the above set—up, the action of H is given as follows. If ve
vertT' is written v = zvy with unique z € G, then se H sends v— sv=yw (y€ G)
where y = szs"l. Thus, if the set vertT' is identified with the set G via v= zvy — 2,
then the action of H is given by conjugation in Gre.

Remark If G is a nonabelian finite simple group, there are PCS pictures which represent
G (cf [4]3. In fact, there are many. Let M be a maximal subgroup of G. Since G is
generated by involutions, there is an involution ¢ not containedin M so G= < M,t>.
Let T= {mitmt| me M}. Thesubgroup < T> generated by T is normalized by M
and ¢ Hence, it is a normal subgroup of G. Since G is simple, we have G= < T >.
The (modiﬁed) Cayley graph associated with the gererating set T is a PCS picture that
represents G. In this case, the permutation group on colors includes the group M.

§5 Characterization of Groups Having B;’presenta.tion by PCS Pictures of 3 Colors We
need the following definition. A group is said to be (2,8) generated if G* is
generated by two elements of orders 2 and 3, i.e. G*=<s,t> with 3= 12= 1. Thus,
G* is a homomorphic image of PSL(2,1) which is known to be the free product of two
cyclic groups of orders 2 and 3. A (2,5) generated group may or may not have a normal
subgroup of index 8. If it may, there is a unique one. This is because, if G* = < s,t >
with $3 = #2 = 1, a normal subgroup of index § must be the normal subgroup generated
by the conjugates of the element ¢ We have the following theorem.

Theorem 3 Let G be a group. The group G has a representation by a PCS picture of 3
colors with the underlying graph connected if and only if G 1is isomorphic to the normal
subgroup of indez 3 ina ?;,8) generated group.

Proof If a group G is represented by a PCS picture of 9 colors with the
underlying graph connected, then G is generated by § involutions ¢, {3, and £3. In the
notation of 34, the subgroup H of GPc is a transitive subgroup of the symmetric group
Sy on 3 colors. Thus, H contains an element s of order 3. We have seen in §4 that the
element s permutes the involutions ¢, ie. we may assume sfist = f;, with 3 = ¢;.
Thus, if ¢= {;, the group G* = < G,s > is generated by s and ¢ hence, G* is (2,3)
generated and G is a normal subgroup of index ¢ in G*.

Conversely, suppose that G is a normal subgroup of index § of a (2,3) ﬁenerated group
G*=<st> with 8= =1 Then, G= < i3t > with ¢, =1 and &, = slst for
i= 1, 2. The (modified) Cayley graph P relative to the glenerating set {t,t,ts} isa
picture of 9 colors with the underlying graph connected. It represents the group

Since the element s permutes the generators {t;}, P is a PCS picture of three colors. o

Corollary 4 If G is a (2,3) generated group that has no normal subgroup of indez 3, then
G has a PCS picture representation of 8 colors. In particular, a nonabelian simple group
that i3 (2,8) generated has a PCS picture representation of 8 colors.
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Proof Let G= < 3,t; > with g3 =423 = 1. Let {3 = sity5,! and &3 = si9;t
We prove that G = < {),ty,t3 >. If we write N = < {,t3,t3 >, then both s; and ¢
normalize N. Hence, N is a noimal subgroup of G. Since t, € N, the factor group G/N
is generated by a single element s;. Since G contains no normal subgroup of index 8, we
have G = N. This proves our claim.

Let C be the cyclic group of order 8 generated by an element r,andlet G* = G x C be
the direct product of G and C. We will prove that G* is (2,9) generated. Set s = r9;.
Then, $3 = 333 = 1 since r commutes with s;. We have stis™l = yfis1"! = t3,; with &
= t;. Hence, the subgroup < s,t;> of G* contains ¢, {3, and 3. Thus, it contains G
= < {g,t3,t3 >. It follows that s; € G C < 3,t; >. Since s=rs;, we have r€ < s,¢; >.
This implies that < s,t; > contains G and s; thus, G* = < s,t; > is (2,3) generated and
G is a normal subgroup of index § of G*. By Theorem 3, G is represented by a PCS
picture of 3 colors. o

Remarks After a long line of investigations by many mathematicians, Shalev [8] has
recently proved that most classical simple groups of Lie ty?e except PSy(4,2m) are (2,9)
generated. Thus, they are represented by a PCS picture of 3 colors. ﬁere are exceptions
like Ag, the alternating group on 6 letters, as Ag has no outer automorphism of order $
and Ag is not £2,.§} generated. Some simple groups which are not (2,3) generated may be
represented by PCS pictures'of 8 colors. For example, Sz(8) is certainly not (2,3)

generated, but Aut Sz(8) is. This is proved by a counting argument. In any case, Sz(8)

is represented by a PCS picture of 3 colors by Theorem 3. But, Sz(2=) with (m,8) = 1
is not represented by any PCS picture of & colors by the same reason as Ag.

On the other hand, any finite nonabelian simple group except U3(8) is known to be
generated by 3 involutions d,\dalle—Saxl—Weigel [3]). Hence, any finite nonabelian simple
group G except Us3(8) is represented by a picture of § colors with G acting
transitively on the set of vertices.

§6 A Question There are many problems concerning the relationship between graphs and
groups; some of them are discussed in [9]. I will mention here just one such problem which
might be of some interest.

The prime graph T'(G) of a finite group is defined as follows: the set of vertices of
T'(G) is the set x(G) of prime divisors of theorder |G| of G, and two vertices p and
g are joined by an edge of I‘((‘.';'& ifand only if p# ¢ and G contains an element of order
pq. A basic theorem is due to Williams (in flO] : if a simple group G has a disconnected |
prime graph, G coniains an isolated subgroup. (A subgroup H of G is said to be isolated
if {q‘ $+ H+ G and if 1# z¢€ H, then the centralizer of the element z is contained in
H.) The proof of this theorem requires an application of the classification of finite simple
groups (CFSG). Assume that the prime graph of the group G is not connected and let =
be a connected comfponent consisting of odd prime numbers. If there is a 7—local subgroup
of even order, i.e. if there is a 7—subgroup P# {1} such that the normalizer of P is of
even order, it is easy to prove the Williams theorem without using CFSG. The classic
lemma due to Burnside is sufficient. To prove the Williams’ theorem we may assume that
all mlocal subgroups are of odd order. The question is whether it is possible to apply the
methods, either the original one of Feit— Thompson or the recent improved version due to
Bender—Glauberman [;], to prove the result without invoking the full power of the CFSG.
The paper by Feit—Thompson or [2] is written in such a way that the proof applies only to
the minimal counterexample to obtain a contradiction; but it seems to me that their
marvelous method will have some positive consequences in other situations. It is hoped
that their method might be applicable here.



References

[1] Behrendt G. Automorphism groups of pictures, J. Graph Theory 14
(1990) 423—426 & P P v

[2] Bender H. and Glauberman G. Local Analysis for the Odd Order
Theorem, London Math. Soc. Lecture Note Series 188 (1994) pp.174

[3] Malle G., Saxl J., and Weigel T. S. Generation of classical groups,
Geom. Dedicata 49 (1994) 85—116

[4] Marcelo R.M., Ruiz M—J. P., and Shinoda K. On automorphism groups
of some PCS graphs, Graphs Combin. 10 (1994) 185191

[5] Montenegro E. Graphs with given automorphism group and given
nuclear number, Proyeccions 11 (1992) 2128

[6] Sabidussi G. Graphs with given group and given graph—theoretical
properties, Canadian J. Math. 9 (1957) 515525

[7] Sabidussi G.- Graph multiplication, Math. Z. 72 (1959/60) 446—457
[8] Shalev A. A (2,3) generation of classical simple groups (To appear)

[9] Suzuki M. Graphs, Geometries, and Groups, Proc. Intern. Conf. on
Algebraic Combinatorics at Manila, 1994 (To appear)

[10] Williams J. S. Prime Graph Components of Finite Groups, J. Algebra
69 (1981) 487—513

Department of Mathematics

University of Illinois at Urbana—Champaign

1409 West Green Street

Urbana, IL 61801
suzuki@symcom.math.uiuc.edu

95



96

#5135 & Unitary Reflection Groups
DAZERER & DBEEITDNT

/NEE ER (IWFEK - #)
30 July 1995

1 Introduction
ABIETIIRO T —<ITHSTELE T,
Thesis (or Hypothesis) :

” finite unitary groups generated by
reflections (B& LT u.g.gr ) 5
ZTNSITEB LUICEHD S BT, '
coding theoretic interpretation Z&>H D
T (2 LTENSDAHMN?)

modular form theory & DBEEMNDL, ”
SOOI &R, TRICRINAETE 2 EED DO TIIN
Vo ZDRDDIZ. WL DO DEEEE (evidence) &S
THBE L,

Fh. ZHICEEL T, WL O DREZEEP TR

NDo



U.g.gr DEFREE LTIT,
G.C.Shephard and J.A. Todd, Finite unitary reflection

groups, Can. J. Math. 6 (1954), 274-304
A.M. Cohen, Finite complex reflection groups, Ann. Sci.
Ecole Norm. Sup. 9 (1976), 379-436

eBIFTE L,

2 Some Definitions

AT, BHOWRTULELF/NROAE. BETHVATZ, Tk, Il
BOWRATLEL DR ZOMEEINERET 3,

F, = GF(q): ¢ DL h B2 FRE.
Vo=F: #F, LOn RTDYz7 PNVEMET 5, V, Ok RTHI T =
7 MVEMC 2 F, LOBIE [n, k] TFH LD,

Vax = (2,23, ,2a)
y (yhy21""yn)

16 LT IS (x,y) &%
(ny) = gziyi
itEhEBINh S, )
Ct = {z €| (z,u) =0 Vu e C}
¥ C OVAFFT & D, x = (21,23, -, %,) € V O Hamming weight we(x)
? wi(x) = 8i | z: # 0}
LD ERZIND, z,y THULENETHEE,

Wc(z,y) = 2 mn—wt(u)ywl[u)
uec

%% C @ Hamming weight enumerator &i15,
X 5IT. ¢ P% odd prime power D& FHiZiE. € D Lee weight enumerator ¢

2
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KOEHICEBIND, F, = {0,£]1,22,---,+h},h = EL. 0L <
hyu = (ug,ug,---,u,) IHLT

wtj(u) = #{i [ i = +5}
EBE. Xo, Xy, o+, X % C LABMOITHISEHE LT,

LC(X01 Xl! MR ‘X'l)
= tho(u)’ th.(u), e X;:"h(“)

% C @ Lee weight enumerator &4 V9o

[ C @ complete weight enumerator |
F,={0,1,---,¢—1} ELTO0<j<q-1KHLT
sj(u) = i{i | v = j}
ET B0 Xo, Xy, Xpoy % C LAABENITIMIAEHEL T,

WC(Xth"'th—l)
= ZX(;O(U)aX:i(U)i"' X’q—ll(“)

? q=-
ugec

ICE D EE BB We(Xo, X1, -+, Xo-1) % C @D complete weight enumer-
ator &L 9,

Example 1. ¢ = 5,C = {00,12,24,31,43} % [2,1] code over Fs &35,
Le(Xo, X1, X2) = X2 + 4X1 X, 13 C @ Lee weight enumerator TdH 5,
Fes We(Xo, X1, X2, X3, X4) = X+ XaXo + XoXa + Xa Xa+ Xs Xy 12 C
@ complete weight enumrator.

ROZ|AABENENORESHADOFATH O LERHERL 5.
[ Hamming weight enumerator DZERAR |

Wc(I,y)

I(lf_IWC(I +(g—y,z~-v))



[ Lee weight enumerator DZERA |

(C.F. MacWilliams- N.J.A. Sloane ’s book "The Theory of Erroe-Correcting
Codes™)

LC‘-(XOa Xla nt axh)

q-1
= Ié—ch(xo + o) + 00w X )

[ complete weight enumerator DZEMRA, |

WCL(XO, Xl"' " an—l)

q-1
= I(I:—IWC(ZO Xl(wowi)xh e )

3 u.g.g.r.

2=4 ) —ZEMOHEE L IHRUMO—RERT. TORFHRISIILE—D%
BROTIIKELWEILLDTHS, ARI=F -8 (uggr) &3
ZF ) —RBEERRICL > TEREIND LI BHRBOZETH S,

G 2BIE—RERL VIS Z2AMBEL G H B WEZMORTTER LT 5L
%, G RUFEHOBERE C[X;, Xz, -+, X,] CDBRICHL, CDEE,
C[Xla X27 T Xn]G (S D\ G Zzgfi§ﬁi‘—c<ﬁ D i3s3 C[Xl, Xg, ety X,.] @%B
SBREFTZ LT 3. C[ X, X2, -+, Xu]C OWEIZ DT, G.C.Shephard
and J.A. Todd DROFEEHIBENITH 3,

Theorem 1 (Shephard and Todd) G ##E—RER L DL ZFMM¥LE
T3, SDEE, C[Xy, Xy, XnCOEARNERTAF>BHEABITL S
DI, G D uggr THB3LEE, MOEDEZIIRS,

COBRBREETHSH. bLIOBEIHX hicbiahii, FSEATH
N3B L OBHEARER ) & EHX BB S, ThIBBEDT—<iITH T
uggr IEEUABERITIT-LBRTH 5. Uggr KEBELEND
RHELEOFOBERIT. 1EEOHE < /NS WO EIHEE (over group) &

4
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WHIZETHB, CDXIUBICRELTH. TOFREBANROMBEL R
ET IR FEIIRIZHRBE LD L ST, MEENRL EDOBEER~<S
NAIBITNZ 2N > THE,

—RERY G ZPRDZ—DOHENEFEE LT, 7 /4 VERHISH
B(CHNIBAIRE>THREANIVMEHEDE D). THiZ

®s(A) = Y_ dimC[X,, Xy, - s XalgA™
n20

KEDEBENB, ST ClX1, Xa,- -, XS 12 ClXy, Xav---, XaG D
m ROFREH TH B Hic. G OBARBOBE, Y —T L) DR
iz DEHE LBOROBETEZL SATH S,

1 i
(X = 1G] ,é;; det(ln — AA)
ZOFEDETRT LA VEEERS &&. LITLIEEY -2 U8HEFITh
BIEDBL, Uggr. GIIHT2EY —x VBRBUIHIIRD Shephard-Todd
DM TEDOETEL oNT 3, BEOEMEICMET 20 TENEEET

5,
FRITANTEWDOES 13 Shephard-Todd IZFE > THIF b D, FNDS5E

BIEiC. G MERT 32 ZMOKTT. G DRH. FESHAROLEBITTOREY
CE X1



Numbering | dimension | group order | degrees of basic polynomials
1 n (n+1)! 2,3,...,n+1
2 n gm™'n! m,2m,...,(rn — 1)m,qn
3 1 m m
4 2 24 4,6
5 2 72 6,12
6 2 48 4,12
7 2 144 12,12
8 2 96 8,12
9 2 192 8,24

10 2 288 12,24
11 2 576 24,24
12 2 48 6,8
13 2 96 8,12
14 2 144 6,24
15 2 288 12,24
16 2 600 20,30
17 2 1200 20,60
18 2 1800 30,60
19 2 3600 60,60
20 2 360 12,30
21 2 720 12,60
22 2 240 12,20
23 3 120 2,6,10
24 3 336 4,6,14
25 3 648 6,9,12
26 3 1296 6,12,18
27 3 2160 6,12,30
28 4 1152 2,6,8,12
29 4 7680 4,812,20
30 4 14400 2,12,20,30
31 4 64 - 6! 8,12,20,24
32 4 216 - 6! 12,18,24,30
33 5 726! 4,6,10,12,18
34 6 108 - 9! 6,12,18,24,30,42
35 6 726! 2,5,6,8,9,12
36 7 8.9! 2,6,8,10,12,14,18
37 8 192 - 10! 2,8,12,14,18,20,24,30
o
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G.C.Shephard & J.A. Todd DMRIZEETH 505 HOFEEHK—DH
%, €hid B4 D uggr. DREZHARZREET 2101bHT. B4k
KEATORENWIETHS (AHELITDH > THEDLEWERBOLIN),
COBMEEBESICHMEBR I OMBEERD 2 2 &2 T (2B TIIEN
) o EDIHOBAREHFHETHEAZLHIUBBOHLOTH -7

Shephard-Todd @Y X P DPDOBURMED H B 7' IV—FiZ53iToh
3, D5 b, Y X MO No.1,2,28,35,36,37 DB ThEN Y —BD A, D, , F,, s, Er, Es
HOBO7ANEZDbOM. ENHSIBRINS DT Shephard-Todd @
TIRUMNICE O EHNEINTB L. SOFKRESHUCMB LT
@ coding theoretic interpretation ZHDZ &Ht. RAL WO TABETIE
EROHENSH Ulco £72R UEHT No.23,27,30,32,33,3¢4 O# bh L
ot
Lir L. No.l6 ~ 22 OFHIH U TIIBHFRE CIROEHELOERBRUT
W3, ZOROBISEBREBSTHNICEM LISJETO coding theoretic inter-
pretation ZF > TR EMILESNTHBRTIIE Y, [MSHODETS T
HELEOBTIHTFSORESFHNEMENH B EBLT S,

4 thesis-hypothesis D&t

FRHIZAB Z &iIZT 3,
(1) IEUEAEF (Tetrabedral group) IZHK3 3 u.ggr.

f o= ' -2VBizl? + 4
h at + 2v/3iz%y? + o
t = zy(z' —y)

E3DOD0FEHEAET B, ZDEX.

Numbered group | group order | invarint ring
Gy 24| C[7, 1)

Gs 72| C[f*, 1]

Ge 48 | C[f, 7]

Gy 144 | C[f, ¥
&,
G DHERTTIL:

7
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1 1 2
M = ﬁ(l -1)
M, diag(l,w)

i

THZoNhB, ZZT.widl D3 FEif,

Gy DEROTIE:
o 3
LF%( s :’) L==75(: J)
TE5EA5h5,
Molien #B%t :
1
a0 = T
B6,(A) = ‘

T =X = A7)
H 230t 3 72455 € @ Hamining weight enumerator We(x, y) & MacWlliams
ESXE. FEHOEAHI THHPNB I LEHS Clz,y]%. IKRTSEZ
EHEZX B,

ZOZEAN ST, 2B DA TREEXIMKRTES (boEH 20
banhisi ‘ﬁ‘) o
—2DHFRIOBEADEBICKLE LY I T — S WBERAT I HE
T LT 2 VD EORBERIMETE 5,
b —2DFEHNT A2 D root lattice DF— 7 BE I LU lattice 2T o4
THOOIEDREUT— I BBENDIZEZ B, Zholdlevel B33 DERBRICE
7% modular form IZH 5 A%, X {224 5% Hamming weight enumerator
IZRRAF 5 & full modular group IZfE 3% modular form 12755,

1

Pei(N) = (1= 2)(1 - A12)

1
(V) = T 5wy

8
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Clz,y]* = C[/,4]
Clz,3]% = CIf, 1]

(II) IE/\T4&B¥ (Octahedral group) ICH¥ET S u.g.g.r.

h(z,y) = 2%+ l4a'y® +4°
tz,y) = z'?~332%% - 332%° + y1?
f(zy) = zy(='-y')
Numbered group | group order | invarint ring
Gg 96 | C[A, ]
G 192 | C[h, ]
Gio 288 | C[h3, 1]
Gy 576 | C[h3, 1Y
G2 48 | C[f,h)
G 96 | C[f2,h)
Gus 144 | C[f, 3]
Gis 288 | C[£2, 1]
G DHERLTT :
1 1 1
o= 51 4)
M; = diag(l,i)
G DH AT :

1-if1 -1
b= 2(11)

L, = diag(—isl)

| Go |= 192



Molien ¥ :

1

(T- )1 =)
1

(1= 28)(1 =A%)

B3 #{E 2 7TH5 C @ Hamming weight enumerator We(z,y) 1259
5 MacWlliams {552.& ) We(z,y) 2% Clz, y|%. IKBT 5 = 0505,

& 512 M. Broué & M. Enguehard X TFROBRIICHE T B Clr,y]® =
Clh, 2] B C[Eq(r), Ara(r)] AR TH B = &AW Lo BEDHE.
F5 D weight enumerator IZVIEF -~ HBOF¥ olERA LKL O
55 Leech-Sloane O HETHONZ - RERDTFT— B E—KT S
CEERTIENRBERNT AT T TH o0 P> TH 53 modular forms
D weight (34 DEBDO LD LS D -7 UL L. ZRERDT—
SR LEDORITNEZ BRI TERZ b7, ELTHR
Clz,y] = Clh, 1] 2% C[E (), Bs(7)) CRABTH 3 Z L& THIRES,

q’Ga(’\) =

@6,(A) =

1
QGN(A) = (1 — A"“)(l — Au)

1
(1= 2)2

‘I’G"(/\) =

Dgy,(A) = A==

1

QGn(A) = (1 _ As)(l — A”)

1
PN = T a oo
95, ()) = _

{1 = A2)(1 — A%y
B L 7 3R :

1. M. Broué et M. Enguehard, Polynome des poids de certains codes et fonc-
tion théta de certains réseaux, Ann. scien. Ec. Norm. Sup. 4° série, t.5

10
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(1972) 157-181.

(I11) ITE=+ i@k} (Icosahedral group) IZH¥T 5 u.g.gr.

f = zy(z'*+112%°
—2%0 4?0 4 298(z'5y’ —
2%y?®) — 10005(z

h

t = 7%+ 4 + 522(z%y° -

-39

Numbered group | group order | invarint ring
Cro 600 | Ch, 4
Gir 1200 | C[#, ]
Gis 1800 | C[3, ]
G 3600 | C[A%, ]
Gao 360 | C[f, 1]
Gn 720 | C[/,1?]
Gz 240 | C[f,h]
Molien #B%X : .
1
1
1
‘I’G.,.(A) ==y
1
QCv'm(A) = (1 _ An)(l - X.;o)
1
QCv':l(A) = (1 — Al2)(1 - Am)
1
q’Gn(A) =

(1= A12)(1 = a)

11

zSyIS) - 494$10y10

20, 10
y

+ leyZD)



Problem 1: Gyg ~ Gy OAREBIFRE & (5. 7C?) §5%5 D weight enumerator
EIETASHOMENRHZN?

(IV) G BLUENICBAE U ogd
G =< A,B,C >

A = diag(l,w,w?)

1 1 2 2
B = —]|1 wto' w*+o°

VB 1 W?+u® weot

100
001
010

C

w is the fifth root of unity.
Gza @ Molien &ﬁ

1
Pan (V) = TmT = we — o)
i f\: G23 @Zzﬁgﬁitﬁ‘i C[t, Yy, Z]Gn = C[Fg, Fs, Fu)] = R] (&:E < ) T
BEXiohd. ZZT

F = 2?4+ 4y:
Fs = 284 12z(y° + 2°%) + 24323
Flo = 52%%2% —42%(y® + 2°) — 102%432° 4+ 102*(y%2 + y2%)
452320 — 102(y72? + y*2T) + 64°2° + y'° + 2
TF#RD Leon-Pless-Sloane DX T Thm 6 &L TH/IFSHhTHB LI B
Tkt 5 TERFE D Lee weight enumerator i3 Clz,y, 2] BT 3. LHL
ROBBIIE->T B ELHiICBDHI S,

Problem 2: C[z,y,z]% IHCR%} 5 TTF5D Lee weight enumerators T
BEhadhn?

12
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G DIBYP OB Ggs =< A,BC > i3 G Ao G4® Gy HND Gy & -
T G WIBHEL LB,
| Gga |= 60

Molien series for G3, :

1+A15
(1= X3)(1 - 3%)(1 — A19)

C[.‘L‘,y, Z]G;S = Rl ® F15R1 F]5 1220 Tik explicit. KISR0,

FIR{ED LDFFS D Lee weight enumerator & Hilbert modular form &
%5UMTIF 3 F. Hirzebruch & van der Geer M{1%¥% W. Ebeling O
%’J —Cﬁﬁ L—C*O‘ ( o

p %ﬁ%ﬁ&: lJ\ C = eZn’i/p &T%o 1 @p %ﬁ‘i Co = lnC|C21"'!CP_l T
R{EhzP-1=(z-~1)(z=()---(z= (") &LLBHhS

‘I’ag,(A) =

P -1

g =2 422l = (2 =)z =) (2 = CP7).
EIT oz =1&T3&E.p=01-QU1=-¢)---(1-¢") *B@5N 3,
K=Q(() &7 53, HHALEHK g K- C(1<igp-1) %)=
POEDB. chd o

p-l
Trﬁ'/Q(a) = Z a.-(a) a€ K
i=1

RERCTED, O(K) 2 K OBBRETZ. P=(1-() 21 -( DSER
ENBBFAFTINETEE. BNZ = pZ FRY LD, PP~ = (p) C O(K)
&18%Be KIS, 7,y € O(K) IHLT, <z,y >:= Tr(i;i) (¥ 43 y OPFES
®) &9 5%,

-2
O(K)={a=) 6i'le;€Z0<i < p-2}
i=0D
ERBI EHGRED. a=aotar+-+a,2(P* IZH LT, pla) = Tiaa;
ICEOERINS p: O(K) — Z/pZ i2 additive homomorphism T kerp = P
ERBIEVHESLDSNDB, T OK)/BEZ/pZ =F, &%, p 15
EEBEROK) - F, 25 p TRIEIKTE. C %2 F, OFB LTS

13



E&. Ic = p7!(C) C O(K)" i% lattice THIBE < x,y = L0, Tr(i';,E %
Do TPl x=(21,22-,2,), Yy = (41, Y27+, ¥n). T %Tc D dual lattice
&3B &, T =Ter BRHILD, £ LT C Hself-dual %551 Te f even

unimodular {Z7£ 3,
'=9P,I"=0 DBEITED, O(K)/P=F,. ye iZxL.

0;'(7'1,""7'%‘-‘) = % ezp{27riTrqu(T§)},
zEP+y

Z 2Tk i3 K @ maximal real subfield T

= (p-1)/2 =
X on\IT

Trqu(r—) = Z T;—‘( )
4 =1 4

Ik DEB/ING, 0; 12 weight 1 D [(p) = {(‘; :) € SLy(0)) | a =

d = 1(moadp), b = ¢ = 0(modp)} iZ2 T D Hilbert modular form. Z Z T,
p = PN Oy Lattice Te i3 25— 2B
bre= > ezp{ZFiTrqu(TE)}
x€le p

ICEDBEEENS, O, I weight n ® SLy(0,) ICBF 5 Hilbert modular
form 23 2 L35S N T3,

Theorem 2 van der Geer and F. Hirzebruch
arc = LC(GO) 01 y o ,0%’))

Z < T, Lc 13 C D Lee weight enumerator

Problem 3: . {3 Hilbert modular form DUMTENIIIDERE LD S
n?

PRI L 72 TR :

1. J.S. Leon , V. Pless and N.J.A. Sloane, Self-Dual Codes over GF(5), J.
Comb. Th. Ser.A 32 (1982) 178-194
2. W. Ebeling, Lattices and Codes, Vieweg (1994)

14
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(V) G4 and related group

|G24 |= 336
Generators of Ga4 :
1 00
R1 = 0 01
010
R; = diag(1,1,-1)
1 1 -1 -a
Ry, = 3 -1 1 -a
-a —-a 0
a=1(1-1iV/7)
Molien series for Ga, :
1
QG:;(’\)=

(1 = A4)(1 — X%)(1 — AN
Clz,y,z]% = C[F,, Fg, [y

Fy = (‘”1 + ""z + -"-'.3)2 - l2(-"-'1'-""1 2""3 + -"-'31"
Fe (1'1 - 32)(“2 33)(-"’3 1)
Fa = (27 + 23+ 23){(a] + 25 + 23)° + 2162(z3,23} .
Clz,y, 2] S ORFSERIPFRER > T, L L. Gu®D 4 RTT

a=zy —?EM’C’@%ET%EJGN B SERHBRER 2.
G24 DERRTE :

R, = diag(l,w,w ,w?)
1 2 2 2
= 1 1 w4w® W40’ P+
- —\/..=7' 1 w*4+0° WP4w! wtwt
] FPHe! wHow® ?Fwb

15
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ST w= e/,

G2z D Molien 3K :

l+A8+A‘°+A”+A16+A'8+A’°+A”

(7= ML= W9)(1 = X1 - 39
7 ﬁﬁi@ﬁ@ﬁﬁ% C®D Lee weight enumerator L¢(Xg, X, Xz, X3) &
B Clz,y,u,v] IZAS Z L TELRD Mallows-Sloaneis DB s o
T b, ®->THUF. Hirzebruch & van der Geer #5812k b, Hilbert
modular form DB T &7 Z &2/ D HED thesis ZBHUEXFT 3,
COFICHME LT, —ooMBENEL S,

o5(A) =

Problem 4: B C[z, y, u, v]E; 13 7 Tk Lo 8 CIHIFS CD Lee weight enu-
merator Le(Xo, X1, X3, X3) DOEBREINTHEN ? HE0IERSIhTH
RIFNEZOEOIZENED ?

B L 7 3T -

1. F. Klein, Uber die Transformationen siebenter Ordnung der elliptischen
Funktionen, Math. Ann. 14 (1887) 428-471.

2. F. Brioschi, Uber die Jacobi'sche Modulargleichung vom achten Grade,
Math. Ann. 15 (1879) 241-250.

3. H. Maschke, The invariants of a group of 2.168 linear quaternary sub-
stitutions, International Mathematical Congress 1893, New York Macmillan,
(1896) 175-186.

4. W. Burside, Theory of groups of finite order, Cambridge Univ. Press
(1911).

5. W.L. Edge, The Klein group in three dimensions, Acta Math. 79 (1947)
153-223.

6. G.C. Shepard and J.A. Todd, Finite unitary reflection groups, Can. J.
Math. 6(1954) 274-304.

7. C.L. Mallows and N.J.A. Sloane, On the invariants of a linear group of
order 336, Proc. Camb. Phil. Soc. (1973) 435-440.

(VI) Gps, Gas #5 LU ZHICBIE LIoBE
Gys =< A,B,C >

16
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|G25 l=648
A = diag(1,1,0?)
—2 w wz w
B=—]|w ww
V3 w! W w
C = diag(l,wz,l)
G5 @ Molien ¥ :

LI ]

1
(N = T amE i )
Clz,y,2]% = C[Fs, Fy, F13) = R,
Fs (23 + 23 + 23)? - 12(x¥23 + 2323 + 232]
Fy = (21— z3)(z3 — 23)(23 — )
Fa = (2} 423+ 23){(a] + 23 + 23)° + 2162123, 23)

| st |= 1296
Gze & Molien ﬂﬂ H

1
Pea(N) = (1 = A8)(1 = A1Z)(1 — M18)
Clz,y,2|%% = C[Fs, Fi3, Fis) = Rs
Fis = 432F92 - Fg + 3FFia

G3s DHERETT
D = diag(l,w,1)
1 1 1 1
E = —]1 w
V3 1 v w
17
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B EU 3 RD permutation matrices.
BTIE L 3 FTLHFS C D complete weight enumerator We(z,y,2) i<x495
MacWilliams %5k § We(z,y, z) ¢ Clz, y, 2|5 ICB T3 & &0EHN 3,

G3 D Molien R :

1424
(1 —_ )‘36)(1 - )‘12)2
R.; = CIF4, F]Q,F;z] éﬁ< &\ C[x’y’z]G'z'c = R4 @b FsFmR.; &726: &#
Mo T 5B, T,

®gs, (A) =

Fiy = 212053{27(012533)° — (2] + 23 + 23)°}

| G2, |= 2592

BTIGHE 3 JTTHFH C @ complete weight enumerator We(z, y, z) 25 mod-
ular form DUBELE N5 T L1 1994 SERROBIBEIT QR TR~ HREH
BE L 2 VOBEFIONTIR. EOHISEAXRTNENDTIITIRE
UL EFE R

BEE U 7o 3R -

1. G.A. Miller, H.F. Blichfeldt and L.E. Dickson, Theory and applications
of finite groups New York (1916)

2. N.J.A. Sloane, Error-correcting codes and invariant theory: new appli-
cations of a nineteenth-century technique, Amer. Math. Month. 84 (1977)
82-1017.

3. C.L. Mallows, V. Pless and N.J.A. Sloane, Self-dual codes over GF(3),
SIAM J. Appl. Math. 31 (1976) 649-666.

4. F.J. MacWilliams and N.J.A.Sloane, "The Theory of Error-Correcting
Codes” ,North-Holl and, Amsterdam, (1977).

5. S.M. Gagola, Jr., Weight enumerators of normalized codes, SIAM J. Alg.
Disc. Math. 2 (1981) 347-380.

(VII) Gn
G31 0)&527_5

18
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1 -1 =1 =1\ [0 i 0 0)
_1l -1 1 -1 - |iooo
n=30 -1 -1 1 _IJ 2= 010

-1 -1 -1 1 000 1)/

010 0\ {100 0)
Lo|roo0o] 010
3Tloo10 ‘“lo100
000 1) \0 0 0 1)/
10 0 0)
_|0o1 00
57100 -1 0
00 O 1}
| G |= 46080

Ga D Molien B :

1
(1= A8)(1 = AZ)(1 = AP)(1 — A%

Maschke (3 C[-‘B, Y, u, v]G“ = C[Fs, Fn,Fgo, qu] = R5 &:7’&5 Z t%ﬁuﬂb
oo TIT

QGJ!(A) =

Fy = 284+ 3% +u8 4 08 4+ 14(z%* + 2*ut + 2% 4 iyt + it + uiv?) + 16804y ?

Fiz = 24y 4" 41 - 33(3%2® + ulc® + viz® + ¥y + 'u®
28 4 gfut 4 g0 4 v+ But + v+ )
+330(y v u? + 2" + 2tuyt + oY)
+792z% v u? (2% + ' + ut + oY)

THY. Fr, Fog DERIITE > THET 3 Z LK D HHEE 2 TEITED
TN DICHT B,

19
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(VIII) G5, (G3; D over group)
G5, DERKTT: Gy plus diag(1,1,1,1)

| G2, |= 92160

G35, Molien ¥ :

1
(1 —_ ,\8)(1 —_ ,\24)2(1 — ,\40)
BN 2 TEMBAFS C O biweight enumerator BWe(z, y, u,v) 12833
MacWlliams {6%33X. B LU ZDMH S BWe(z,y,u,v) % Clz,y,u,v]% i
BT B LdBEINEB,

W. Duke {Z C[J:,y, u,v]Ggl = Rq @FanoRq &:fié = &%ﬁﬂﬂ l/\ = "9‘::
DEHS 2 RD Siegel modular forms T doubly even weights ZRF2>bD DL
FTRICABTHI LT TEITP LA, £2LTDH doubly even DEIFIDL,
it Duke @7 A F7 4% Broué & M. Enguehard O ZHDEER EITH
BLUEHUFDIEGATH D, WA/ €D EBI o b EORMEL
%ﬁﬂ T‘l \60

BEa U 7o 3CHR -

fpcgl(z\) =

1. H. Maschke, Uber die quaternire, endliche, lineare Substitutionsgruppe
der Borchardt’schen Moduln, Math. Ann. Vol.30 (1887) 496-515

2. G.C. Shephard, Abstract definitions for reflection groups, Can..J. Math.
9 (1957) 273-276.

3. F.J. MacWilliams, C.L. Mallows, and N.J.A. Sloane, Generalizations of
Gleason’s Theorem on Weight Enumerators of Self-Dual Codes, IEEE Trans.
Inf. Th. IT-18 (1972) 794-805. )

4. W. C. Huffman, The biweight enumerator of self-dual orthogonal binary
codes, Discrete Math. 26 (1979) 129-143

5. W. Duke, On codes and Siegel modular forms, Duke Math. J. (1993)
125-136

20
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5 Concluding Remarks

(1) £%D weight enumerators {32 NH¢ v.g.gr. ITEHS D HRENA S B
HEEHROHBLE L TREETHINHE VARV LEA THEN, FIZE,
GF(p) LD seli-dual code @D complete weight enumerator ZAZIZT 35—
REBED Molien U DV TITIHIER®D S.M. Gagola DEXNRH B,
EXBROBEIZ OV T ORI C.L. Mallows, V. Pless 34 TF N.J.A. Sloane
I2&3 p=3 DPAERBROTIIA L BEBLE L DIZIN,

(2) complete weight enumerators DWFFELHEE LU D THIUI. € DML L
T Lee weight enumerators ZHET 3 L b—RTHAHIRFYL &Iz
DIFE1Z13 Molien BYMODHH T S RMMFEN (2 &ic k3 EEHEOFTHI b
MNbt) o S S Lee weight enumerator & H HHHMEL U LA B DHE
£)75 weight enumerators (Fx bR HDH Hamming weight enumerators
THHAPNPHBOE LOIIFICERINTIINENWLITHBHFXHBDT
{3) %4 > T—FD composition series WREHARLHVEH LRI,

(3) Molien BEUIFR—REMBDOTOBEFMEDTF— ¥ 2 WAITHILTE T,
AHEMERELEZ 3D b LHHRAATAEARDLESITEEDT —F I
SHEHE TEZALINTOoOERBMNIESLIN?

(4) SETDHIELFTH>HBED 2 DDHFBETO—RRILE LT (i) weight
enumerator @ multiple version ,(ii) Jacobi polynornial version (3 73H B4
ET HHR—RERBOD simultaneous invariants) {2&% 5 b modular forms
EDDIEHN DB H. modular form D#AkEEE LT theta series ® Eisen-
stein series EWRBDITIE VBT, 2D modular forin OB SHIEE S
LLBOWERNMEZRET IO LHIFETE S,

/B SER

WA FBFRMERFR

990 LT/ Na)IIET 1-4-12

(Tel.) 0236-28-4530 (direct)

e-mail address : ozeki@kszaohl.kj.yamagata-u.ac.jp
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HHAEDHRBEDARERRICDONT
FHBF (k- 30E)

1= 5AMEL 12 Shephard-Todd ( [10]) ® unitary reflexion group PHBMEDHD No.9
(hr3 192 ) OBOZ L & HRLET. ZOBE GL(2,C) O#HAE T¥t Shephard-Todd D&
XD AR EHEIIC 2 EROERSFARRCEH S BEOFZERRIC>VWTIRR G TV A D
FTTH, SCTIRIOBE 2EBOERZHAR o | @oEf Clzy,y1, .- . 23] CHRIZB
BBEDRERR K2V TEZLT T, R TOFERARICOVTHRND 5 DI EFOHRIZOVWTS
LiBRET,

linear code ® weight enumerator &DB%

Fi(RE20%K RR" ¥ F, Lo n XTER2 P VvZEMELET,. BR" 02202 MV
u=(up,... ,u4n) Ev=_(v,...,0,) KHLTCarv=f{i|uy;=v; =1} tBHLET, %27}
Vu iz LT wi(u) = usxu % u O weight LEFFEY, X B" 3B (u,v) = Y0 wivg
PEELTBEI T, I" OBSZEM (linear code EFFiTh ) C 2 " OhCLicERL AW
CBIL TEISHZMW CL & —3T A8 C i self-dual THHLEVET, ¥/ linear code C @
£Z~R2 P VD weight 214 OERTH BB C 12 doubly even TH % LBV ¥, linear code C
? weight enumerator ¥ ROXTERL I T,

wC(z,y) = an—wt(u)ywl(u)
ueC

AT Cid Shephard-Todd @ No.9 OB% G ¢ HLZLELET, G220k

111 _\/—_10
al_ﬁ(l —1)' al_(o 1)

X DERSNAMH 192 OBTT, O 2EHERSTRRA Clz,y] @ G Lk 5FERR Clz, y|¢
t weight enumerator Z#ERXROEHEIMENT VET ([5])..

Gleason mE®

{ we(z,y) | C: binary self dual 2 doubly even ) = C[z,y]®
Typeset by ApS-TEX
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bILLELLARD E G ORERRIL 2 DORBMNHMUE 8 RE 24 ROSBX TEREN
TV 5 Z kit Shephard-Todd DBRXDOHFICRENTVIDTENRIXZD 2 DOSHAFEIEY
1 binary extended Hamming code [8,4,4] & binary extended Golay code [24,12,8] ® weight
enumerator T Y L LIRS EXH 2505 L% Gleason #RL2ZOTY,

modular form &OBF%

G OAZERR» 6 modular form RO L THLN S Z EHFAONTV 5 ([4]).
Broué-Enguehard OER

EFD G- FE n KARSHR f(z,y) i L F(03(27,0),02(27,0)) it weight 3 @ modular
form #5253, TZT 6i(7,2), i=2,3 it RicERSIN S H x C EDJacobi O theta K TH
A(H it LEFE).

02(7, Z) = Ze(n+§)’1r\/——fr+(2n+l)1r\/:fz
neZ
03(‘7, z) = Zen’w\/:fr+2nﬂf:fz
neZ
S HIFEL (B3 k linear code » 5 lattice #BL N30 THSH, Broué-Enguehard 12208

weight enumerator 2% LROMIEIC X o TED lattice D theta MEHFBLNB L ERLLEDOT
T

Jacobi form &DBIFE

/YECIE weight enumerator DV & DDHERE L TJacobi FBREEHELE L7-([8]). #LT
Jacobi FBROEAHZEMEG % Clzy, y1,--. , T, 1] BRI SELBRORERS ZHHFRHT
HHIEERLEL, SHLIZEA-/MHIZE Y RizR~<2 #7% Broué-Enguehard OEEDIFEH
#BonE L(3)-

CCTHLEEEFALTBETY,

R = Clzy,y1,--- 209

WRD G = (01, o2 ) DERIIRDBEYTY,

%(-’56 +¥), % %(-’Bi - i)

L4

T

77 = -1z, % = w
(i =1,...,0
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Rey,...oo = { f€Clany,... oy | deg(x) + deg(ys) = 8¢, fori=1,...,1 }

iRA -NEDER
&Mt s1+---+s = n, z::=ls.-m.'2 = m ¥R TEEOFEARY L, s1,...,8, my,...,m
R LTHUTFOI EBEN LD, 227 Ln (= 0 (mod 8)) & m HESREES NAHREHTH 2,
RO f e RS |, WHLT

f(03(27,2m, 2), 02(27,2m1 2), . .. ,03(27, 2my2), 02(27, 2my2))
i weight 2° 2, index %% m @ Jacobi form T& 5,

FEA-/MRIZE LI n(= 0(mod 8)) &m TEEL LRI DEHEDHK K & > Tweight £, index
m @ Jacobi form HETHLNBZLEFRLTV5, HER-PH-HEBICLoTn=8 m<48
DHEFEHNE LV L FRERTVS((2)). RBEEOFERE LVl ) »RARBLDICET
RC , DEBRTERGHCEBRLTRAZ PO MARGEDE L,

Clx;,¥1,.-. , X, y1] ® G-FHEXR

REODBBRAEABTRCAVLNSFETT([9)).

#H8 (Schur) R = UR,Clen,u,. .. o0 LFBLEED f e R LT ol +udl
bX RCu&gna,

S5 je{l,... 1} CHLTs; 22 MRV UDEFIZLORBIZL Y RO L) R2ESOT®RE
EETHILHTEET. Thb

af af
P+ :Rg.---,s,.... - Rﬁ,....a,._;,...,,.,n o+ f = -’51+1E+91+1'375
of of

O RS et — B P=f = Z oz Y amn
COLE p_py = s;f FRITHILIBBDIY EF. RoT o 1328 o, HEHTHYIT,
SOTLEME) E—RD R OWEIZ RE | oWERANT o 2AEPTE) S LILoTR
HDHIENTELT, ttoTRIEIE RE | OSBRSS hEIT. n=8, si=ss=---=s=1
OHEIRTTINEA-/PME-ERIC L ) REHICERTIRABERTWE T, Rk | ROJHE S 2
Rf | OLBRIEBATUHIEEZMALTR] , OBBLERELELI ELTVET, $4bb
Si 0 RS, ECOBRBOBMSMERELTEREMEST RS, | DERTLAKNHICELL L
LV b TY, BEOFTRENELIETLTVIbI Tk ) I HAMUTERIETEDD »

DET, LFICCREIFCRBOLATVWAIHREERET,

3
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FFICTHISLBELEALIT, UREROBYN 2 (FRbbzy,y,... 5,0 ) OSH
RBOWTR, . 1 ¥EAb6ZLiELET,
Q= {1,..,1},
#8280 Q OBFRE T B LT 21 = [lier Zi [Ligr vss
Xs = (Ice|| =d},
a® = (ar)rexs, b@ = (br)rex,, ete, T Xg DETCEXET bl (3) REORNS P
gbLIT,
x@ = (z1)1ex, 1t I(€ Xg)- B z; Od KTr7 W, e = (61.1)sex, B I BAH1 0 d
RTEME~S P L EERLET,
SO Ry, QWY f iz a@d x@ d=0,1,...,1 % > TROBIRDEET,

f = Zl:a(d).x(d)
d=0

REL - ik d RERZ P VEMOBRORREERDLET,
L AeD d A5 #4456 %5 Johnson association scheme J(l,d) DE—RU'E= BH
fREE4 PO = (PO3), Q¥ = (@G)) T BEFARY idempotens &% 4
(A9 0<i<d}, {(EP,0<i<d} eEbLET,
B 7% Xi T, Ik X; CEAFOG ok () x (§) 7T |1 =, [J] =j 8L, J)
Bai

INJ| = r o8 (BY);; = 1,
INJ| # r OB (BY);; = 0,

CERLIT, ot B =4 rxnid,
K % Krawtchouk SR LT T,
EROBSMT B AN ERR [1) EBRLTLSY,

BGORRCIYLL f = Yo a@ -x@ ¥ RS | L&A TR 6IE o = 0 E
B0 d#0 (mod 4) iHLTED LD LRER ALY £+, RBIIROWELBE LA, ITF

4
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EXBOFIE ([6]) 2 LRoOGEAFTCEATEET,

ﬁﬁ I € Xd, d= O(mOd 4) X LT f[ =Is +$[C + ElJIEO(mod 4)(—1)|Jn”$J kﬁ%’?‘
At {f[ I IeXy d=0,... ,%} X RE....I 2Hs,

B TERLBRE
fr = zl:asd) %@
d=0
LR7 PNVTERDTLENS FAVRROBUISZONET,
| =3 ok
ot = (B}t +Bit 12t mhoyrBhh)ep
al® = 2-4y? (~1yBMielP  ford# L, d=0(mod )
al? =y, for d % O(mod 4)

] = ¢, t#4, t=0(mod 4) DB}

(al) = (BM4+2i T (-1)"Bit)el?
[0 = (Bt

a?’) ~ 924 Y (-1) Bf.tegf), d#t, d=0(mod 4)
@  =q, for d # O(mod 4)

LORBIETLHBRIEVC—RMITIIDhEHA, LrL J(I,d) @ idempotents
E? 0<i<dizks €& o projection EIPCl) Bokiz S BB TwBIL LY 5 O
RS, tosmomsnmonimbhs sz EVCH) rrL i foo snoms zus -
L{-3,4-535-74%-11 LNOFK CHET bORGTHEILFDLY T, —ROBHE
KHADRTE ARBOEREDOIEIE AT LT TRANKE | WASVEOMERTTHE
£,

BIFTH x #5 ® RS | LOBH, x; % J(I, 1) ® idempotents B icxi15+ 3 S; OB
RHLLET,

(1) | =8 oBme(2jeR) .
X=Xo+ X4
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(2) 1 =16 DPHE.

X=Xo+ X2+ X4+ Xs

(3) 1 =24 OHE.

X = 2xo+ X2 + X3 + X4+ X6 + X8 + X12

(4) | = 32 DBE.

X =2x0+ X2+ X3 +2Xa+ X6 + X7+ X8 + X10 + X12+ X16

AEMIE G- FEZRBTROBEZL6NET,

=8 DfHE.
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T DERETENE MKt m, (Do (2. I%:
QERE Pu3u'3030RI:>nT. IRz 354
[Tz K- Lonear map T : BCR(Ct (R)—BCR(G(R), %)
1142 T hir b Aht" T fEshTu e
EEFK T3, 452 Pred 3h3 ,q,w&j/w»wp@
ERME 2 K3 S s . IR ETEFE (5. 15044
t 2. MBRANT wB o perfect caomeliy & 1 >Tp<
% hEMRE, bRz, (g QT Llock La o olfed
Group L3 Pz&) inelial guolenl (2Ce(@)
7. Eo Mgﬂm E7ds 2 W3,

48 0 27 L WRBET. principal Lbsck (2FR>

/2
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T3>z Rodks REBAERNHS. | SQEP o
BQuz~0 T T AR T . Qoe T < 231z >h.Ge(Q)
2. K $<%23, Ce(Q) & 2.%x2Z, & Ce(Q,) E03
Eoze, I, 1% ¢ MK 4385, wThathet .
Ce (R)®2., @Q CR, QCR t%238%3R o
Fiedk > tdor IR2 5384 1~ I & RE9AD
T o AT #H MRS £ AGE R 23, ¢ 2032, Raso
perfect 2omeliy (3. Z3B1) I'2 I'R $3t00,
85 ) AhtAT# 4>, 1 zxﬁﬂﬂé& 3013
I~ 20 EraxTH . 1% tE3 ok k(ﬂﬁﬂ‘.’ %0
23, A 1% MK < k23008 IRosy £ (I%
Bz, I'Ro#d kv BB U AfFe L T,
$% — 6970 penfecd wm@mﬂil? fEhT" FETho £
HEha<7ed. B8 prncipal Llsck 12 L EFFIT,
(e R) o il characko. & C6(R) @ Drvial
choracliv 12593, Eb17. BR' %38 IRz ( THoz"
1@ | 1% oMo itttc, &55¢ IR e ALk eH
22 2Rt B, Rz, BrOBROKE &Y 237"
IR IR ¢ sk § BLE¥T3o0t8E (v, 2, &
primecpl bdock o 85, Dok 3R a(2) 2 £(4) 246

/3
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U princpal Llock 1203 2 ESERFTRAT . pronipsd
Bloch 1B CHFwFBRoam et Dade 7R o b1
w3 Ei17ha 3,
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HDORADIKE EDHa Ui

RN GURKFKREF)
19957H30A

1 6RXDEK f(z;b,¢,d)

1.1  f(z;b,c,d) DB & Higsh

FHRTEREZMIDIOIERDOL I R6ERATHS -
F(z;b,c,d) = 20 + 2c25 + (2 + 2¢ + 2)z% + (262 + 2¢ + 2)2% 4 (2 + 4c + 5)22
+ (2¢ + 6)z + 1 = bdz?(z + 1) + b(z + 1) — 4dz®
=20 4 2c2% + (2 + 2¢ + 2 — bd)z? + (2 + 2¢ + 2 — 2bd + b — 4d)z®
+( +4c+5-bd+38)z% + (2c+6 4+ 3b)z + (b+1)
ST b, d (IHREDHDIVITHREKQ EMIRFER TH D,

Z O, A.Brumer SFRE2 ORFEBBOETEDY a U R REDOWUFEHMA Q(VE) 28
LIRbOLLTIRELZLOL LL,

M.Olivier, Corps sextique primitifs, Ann.Institute Fourier 40 (1990),757-767
DXEREIZ

A.Brumer, Exercises diédraux et courbes & multiplications réeles, Actes du Séminaire de
théorie des nombres de Paris (1989/1990) Birkhéuser, Boston, & paraitre
L L THRRREIRTWAMN, ZOBRXIIETORURINI-KREN 2 BHIIRERIB22E
TVewy, R TIL. A.Brumer OAEOIGRER & IXEBMRIZZ O KRDOEEZ Y u VERBL
UCREMHBHROWANCERT D, 2. BRI (§1.3). EE3 (§4) DFERAIL, BBz
DRIEFLIC & UL (Computer Algabra) IX K& L IKFLTWAZ LB & hW,

1.2 #H7H

BN f(2; 0, ¢, d) DFRIRUSHOWTIRRTEI 3, f(z;,¢,d) DHFIR D(b,c,d) IZRED LS
12723 (§2.2 DRRBM) ¢
D(b,c,d) = §(b,c,d)?
el
6(b,c,d) = 16bdc® + {(—144d + 16)b — 64d} :
+ {(—48d2 — 4d)t? + (—16d? + 192d — 144)b + (384d — 64)}!
+ {(288d% ~ 160d ~ 4)1? + (832d% + 1008d + 208)b + (64d? + 320d + 384)}
+ {(484d® + 8d%)IF 4 (32d° — 60842 + 1336d — 108)1? +
(—1280d2 + 1184d + 896)b + (—2304d? — 2752d + 256)}¢
+ {(= 14443 + 14442 + 36d)b* + (—~768d° 4+ 52842 — 2880d -+ 1008)2 +
(—576d3 — 1536d2 — 10032d + 432)b+ (—4032d? — 9408d — 2496)} ¢
+ {(—16d* — 4d®)¥" - (—16d* +416d° + 24d® + 108d + 27)I7 +
(2112d° — 1824d® — 264d — 2268)4? + (3456d° — 6096A® — 19364 — 7744)b +
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(17284° — 5184d? — 2176d — 6592))

ETHEETREZ LI, HBIENRTELFRTH D90,

(1.1) f(z;b,¢c,d) D Qb c,d) LD Ha TREL 6 RIBEDEYRE
ThD, Elb(bc,d) IKOVWTROZ EXEFELTHES ¢

(1.2) &(b,c,d) = 278 mod 4Zb,c,d)
TRbb, 60,c,d) DEREII2TP R IAEBRVTTRTITERS, &<IC

(13) bedeZ DL, bRHFRZOIE, §(bc,d) T
THd. E6IC (ERCFEBEANRTRHIDTHD L)

(1.4) be,de Z . LAEEARRBIE, §(b,¢,d) REFEAFORCER CHIHENKEWN
ZEHANB,

1.3 I#HBE
AT, —D6 RRDEICHPWTROZHS>OEBRYTT !

BR 1 0, ddFRHEQLMNLRTRERLTDEE, f(2:b,c,d DQ(b,c,d) LDOHn THEIL
(6RBIRBEL RT) SKENB A LRAETH S,

BE ZOERCLY bede QDEE, f(z;b,0,d) DQLOY u URIT—AHTIZ AsiZFE TH
% (Hilbert DREMEER), LMoL, L& & f(z;b,c,d) (bc,de Q) NRQLEHTH-THL A
TN As EIXRG 78V, FEBR

f(z;-2,0,d) = 2% + (2d 4+ 2)z* + (2d - 1)2% - 1
DOHIHL AR A, LR THD, B, f(z:d,c,d) DEERIb+1 CHINDL= -1
DLE f(z;b,0,d) IZFHITHD, DL E, SKKADE f(z;-1,¢,d)/z 1Mo VHEMIEKI0DOE
ZHREE DigDRERWVELX 5 D0, ZhiZoWTIiiid Clliliciehs,

TR 2 f(z:bed) € Zfr] ELED (bod € QTHBN, HERKTHDLEIILY) ,
f(z;0,¢c,d) DQLOHUBEIA; T D, EHIC

(*) 8(b,c, d) BTHETFEE=0
LEET D, m %6(b,c,d))m RBZFFAFOLWHRBERLTHLE, Z%EQ(vm) Lo
f(z;b,¢,d) DHREIITRDEE As-TEKTH D,

EE (1) 014) XV ER205M (*) 2T be,d TR (BHERIZ) HETS,
8(b, c,d) BFHTH Db, c,d TTHERICHFET S LBOhDM, BHIIRRBL T2V, 8(b, ¢, d)
BHEBTH D f(z;b, ¢, d) DPNTEROKL, £2THERS,

(2) (N DHLET—2D f(z;b,c,d) ITERIZZ L ODZRIED LDOFRGE Ag- K EH X B,
B b=wW+1, c=cd+4, d=d+} (U, d,d € )DL ¥, f(z;b,c,d) € Z[z] THD,

2 AHOJ#

2.1 6 RAD15:R53AF (Resolvent)

LEEE LTEZHEARLIZ| D6 KN f(z) & Do f(z) DIRE0,,02,04,0,,05,05 & LT
2.1 00, + 0,0, + 0,04 {p,q.7 5,8, 2} ={1,2,3,4,5,6}
RAEOBEAOKEEZ, Zhb¥iRETDISKK
Fis(v; /) =Ty - (opoq + 6.0, + 6,0,))
2 f(n)D15EKRBBEREV I, BOMIFs(y; f) € Liz) ThH D,



8 1 Fis(y: f) 5 Llz)icBW T, SKEENR L 10REEOXORUZ ML, f(z) DL LoD
o TR SRR SH WL SRR FEIR TH B,

FEHL. 6 AR O TR IX
(1) (JR3EB%)  Si, As, 6 REBBEERIC) S5, As
(2) (FEESEIE) Wreath 15 S3 [ S; (fU8%72), Sz [ S3 ({iLEk48) D5y EE
Thd, ZZHITECADHNOENENE (2.1) D15 BOKIIER S HTIIEHEET 3 & F O
WOEXIT

15 (Sﬁ), 15 (AG), 5410 (Ss), 5410 (As), 649 (S;;sz), 14648 (Szfs;;)
&%, BERIX f(z) DM ORI NG 6 HOBD—D (H2VWIIEDHHE) THY. Fis(z; f)
O LN BTBZEF L LTREOR EERBLETILD (—ODBEMXDO<%F) ABLAD, =
D oA THAI, O

2.2 SEE1M5IH

STERIL I f(z;0,¢c,d) DISEBRAD LD 1 ORMEEZ#LTZ L X RIEL THEHAT S
DTHHN, MR- 15KRIBROHATH D, BRITBBRBS2L LIV arBEOHE
BTRIITATRTH D, BERTLAHWETOTFEMEICLBEV LT f(2;b,¢,d) D15 KRR
KEHRLTAZ, Zhdiil 1 ORGEZEL LTI L 2BMHTHEVVE, L& ZAXBOH
AREAVWTOLRE CHOHREETITLTT E 2L TGERISBRBIL 72V, HARICZ D4y R
% explicit {IZH& T3 & AdPOARICFHRYBMARL TY LT 7T HiTb 3RV S, 8
HBOW, ZO15KBBAOS KB ORBEBHVTHBI S ¢

vyt OFEE: db— 2 —2c-2
¥ O ((—4d + 2)c+ 2d = 6)b+ 43 + 2¢2 + (—8d — 4)c— 10
y* OWREL: (—2d% — 4d - 1)? + ((8d — 8)¢ -+ (—12d + 30)c — 164 — 14d — 20)b
— 6c* — 4c? 4 (16d + 18)c? + 48¢ — 16d? — 8d — 32
y O ((4d? + 14d + 4)c — 1942 — 34d ~ 9)?
+ ((—8d + 10)3 + (30d — 38)3 + (8% — 8d + 26)c — 64d% — 70d + 2)b
+4¢8 4 5¢t 4 (—8d — 16)c3 + (16d ~ 62)c? + (~24d 4- 52)c — 484 — 16d + 33
EHOE: d*° + ((—3d® — 12d — 4)c? + (22d? + 50d + 18)c — 52d% — 72d — 27)1?
+ ((3d — 4)c* + (—20d + 14)c3 + (16d — 8)c? + (48d? 4 88d + 14)c
— 168d? — 215d ~ 72)b — ¢ — 2¢ 4+ 4¢? + (—16d + 24)3
+ (24d — 21)? — 30c — 144d® — 168d — 54
L AT THAYHIRDOMNATHIM, BERX” RERYGE” (cky (Ca@gn»d0) #
ALEDTHIN, ZhLRHKIC f(zibc,d) & FDERBHMOREALHENEL THIDTH
AY

3 —REOLOTMEIEXR

3.1 SHEEH

HE 2 K/QiHaVEK, pp2, -, P K/Q THETIRERAL LT, Moy (i=
1, , ) IHFRBLET D, KORE:

(#) & piD K/ QIZH54F B4yt Bt 2
Bl ENTV LT D, mEpipy - prim RDFHBAFOBOERL T3 L &, KK (y/m)/Q(Vm)

BFEBBHEKRTH S,
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IE. & pi® K (vm)/QIZHIT HBIEHIIM 44 THD, HEHEHM4RIE, /m ¢ K CHE
BEIZ Klein D4 TREL 22308, pidFHFETH DD 6 pi®D K (Vm)/ QI35 3 98k1L tame, $E»T
PHEBHLCERE L 2 O FB/ L 2D, Lo THpD K(ym)/QITHBIT 35383 2. THhbbs
pil K(vVm)/Q(vm) IZBWTFRRKETCHB. D

#l1p =(—l)ﬁ5—“pa. K =Q(/pi, -+, VPD), m=pipy-- pr& ¥ 5L &, M 20%HIL.
HHAR ZREOHORIR THAIRATH S,

Bl 2 FAEnBREETEORBIRA(F) 223 ZKEDOHBINE ~H LT+ 5, K% FO
QLoHNaVARLTDLE, Ml 205ARM (#)NHMEEND, ZDLE, m=d(F) 26
K O Q(vm) T, LK K/Q(vm) BFRE AR GEAE [Ko: Theorem 2| BRR) . m # d(F)
o (MHOKD A(F) I3 E LT K K(y/m)/Q(v/m) 3R Spikk 25 2.5,

IROOFITIRK/Q DM 0 UBAHERETIX LV, WICY o UBMNBERL 2L EX Y 5,

3.2 ZREDTHEPSL2, )R
KOBNT., RELEDERHTXRFEOIHREICE Y EREhZLOTHS,

#l 8 KDL TERREE XD, d(f) IXZh6DHBIKTHS,

f(z) =27 4225 - 32 — 23 — 22 — 2 + 2, d(f) = 105124009 = 102532

f(z) =27 — 28 — 25 4 7% — 23 — 322 + 3z + 2, d(f) = 157979761 = 12569*

f(z) =27 - 2% =23~ 722 4 4z + 5, d(f) = 26536735801 = 1629012
ZheD 7RO Q DN o TEHINE 168 DWMIBE PSL(2,7) THH, HICRDLIIZ (§3.40
EBEBR) Zhboo 7%0AD Q LYK 2 DGR (#) il T, FoTZhbn TR
FILE L Eh Q(V10253), Q(v12569), Q(vV162901) LR UG PSL(2, T) KA 515, £1-8
B hB LN BE2DORDTRTOIRE Rk Q(10253 - 12569 - 162901) D LizHhmL
Toiki3 M o DREAS PSL(2,7) x PSL(2,7) x PSL(2,7) DRI R% 523,

B3 I HIT = 7 REUZLEE [YKISR OIS bOTHD, 198048, MABRSF MBS HEIC
HTI=arviiAok b & IERBREIIERED/N S WVEEHARES KX, 7KK (5 k-
TITEXHAS AT, 7RNILEIHAILLT) 0N o URER~<, Mo VRS L 23 Lot
OROEEEONE, FORIZHIH O OPNPSL(2,7) &2 5 THIME 2 ONEREL T
LboIt, ED=H0R

f(z) =27 - 32° — z* — 223 4 3z + 1, d(f) = 1729312225 = 5% - 83172
THd (RELZOBSIXS B LRV, —h, ISKIXY o TR RERBEL 25 5&K
OB EHEE X boos, EOPICITHE 2 ORERM: (#) EBET LOE— DL IFHEL,
O ERD—2iX, A.Brumer DIFRE L7 6 RO f(z; b, c, d) 2346588 2 Dk S 2 il 4
LOERBICEXDLEFRTLTHS,

3.3 Dedekind DA%
KD LLMmoN Z>OHEIIL T OISV TEELRNHTH S,

#H 3 (Dedekind OFIFIEE) F EHMKRNME, D 2K F/Q ORQEHL TS, P i
Hip O F LB BIREFT. PIYD, Pelpl+DL%,

(a)d>0¢e>1

(d)ple=>d=e-1

(¢)p'lle(v>0)=>e<d<evte-—1



#i8 4 (Van der Waerden) F % n KK{EiE K 220 Q LoMavpas L, itk K/Qo
Aoty n KBRELRD, Z, T 2TNTNEH p O K LB 3HBEBFOSMEE. ik
BLT3, SHEREp M F EBVWTKROL I RFEFOMREE7-bnLT5:

p=Py'P. P, Ng(P)=pli(i=12,---,9)

CDLE, Z 1% g ADINE (orbit) 2 Fit, TOBEXRRE eifi CINLIZEE ¢; @ fi AD T-
PUEIZIMT B, '

F%aBREEL LT, TOHSIRAF) BROEELTVWAEILDETS :

(**) d(F) = (pip2---pe)* (Pr,p2,- -, P RIL DR
IDLE, Fp=p(i=1,2,7)DFEBIIIFEEFIRIXROBEOVTRALTHD (Q I
THEATFTN): '

(8) p=P{PIQ, (P, Q) =1, Ngq(P)=pl(i=1,2)

(W p=P%Q, (P, =1, Np(P)=p"

() p=P3Q, (P, Q) =1, Npq(P)=p
Z U Dedekind DHEE 3 16N D, EHIZEREIL Van der Waerden DH 4 DD L LT, &
#BA (a),(b)(c) IZHELT

(a) tHHERT RERAZSORTHIBRUCL > TERS I 20 TH S,

(b) (a) LAIL

(c) tHMERET 12 3-cycle L L > TERENBMNBIDHETH D
U EDEENE. Van der Waerden D4 BT AL HICKE2 FOQLOMnUMBLTA L
=3

(#4t) K/QDH o DA 3-cycle ZEERTNIE, H o VILK K/QILHEE 2 D&l (#) &
=¥
ZEnahs,

3.4 EE20IH

f(z;b,c,d) IXTER 2 DM (*) 2T LDL L, 0% f(z;b,c,d) = 0D—DDR, F =Q(H)
EFB, TOLE, FIIBEORE () X, £ f(z;b,¢,d) DQLOH o UEEHI A & FIE
726 KIBARBET NI 3-cycle ¥ FEARV, Lo THIEID (##) DOEM 2 HBRY MO L M9N5,

EB. (1) PSL(2,7) 27T REBREEL R & & 3cycle 2T ERV, hnbH§32083 CEZ
127 &KD Q EDOSRIEN M 2 DAL (#) HTE T Z L 89H»3,
(2) 1Bk PARIERD %4k (**) 2ili7=T L &, TOQLOFaVARDOH o UG OBBICHL
VWHIBRATD <, TER, AINOBRNALESMD LI nkERBEE RT) Git 3-cyce HDVVIIE
RZSOHTHANE2OTEEDL. ZOL 5 en REARE GRS OIE

G = An, As (n=8), PSL(2,7) (n = 7) £33 10 DEZMEBE (n = 5)
DOTNHTHEZEERIDIFRBEL X2V, & ICGAMBERE HIT (ML HRH
b)) BisEEL e, GIIZ ZIchiT 5B/t LDIZR S,

4 BSRADEK f(z;-1,¢,d)/z

9(z;0,¢) = f(z;—1,c,d) [z L BL,
g(zic,d) = 25 + 2cx? + (A + 2¢ + 2)z% + (22 + 2¢+ 1)z?
+ (A +4c+2)z +2¢+ 3 + dz(z — 1)2
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&Y, EDHBINd(g) X
d(g) = {8dc® + (~52d + 8)c* -+ (16d% — 16d — 52)¢3
+ (216@2 4 448d — 8)c2 + (8d° + 4964 + 628d + 386)c
+ (12d° + 31242 + 204d + 381)}?
= (2¢ + 3)%A(c, d)?
Ay
Ac,d) = —4d® — 8(c? + 12¢ + 13)d? — 4(c® — 82 + 10 + 41c + 17)d
- (463 — 32¢% + 44c + 127)
Thd., ZD5KADEg(z;¢,d) IKPNTRDZSODEBHHKILS 5,

R 3 cd¥ QLMURTETELETD, ZDLE,
(1) g(z;¢,d) = 0D Q(c,d) LY DB EK 10 DEE_TkBE Dy TH 3,
(2) g(z;c,d) = 0D Q(c,d) LONRKIEEND _RIEKIXQ(c, 4, /Ac, d)) TH B,

ZOERD(2) I, ZOVRICYLOEE, FHERIZL D EFILE (Computer algebra) DG
T &Rz, Zhit y? - Aed) B g(z;c,d) = 0 D Q(c,d) LOHARKIZINWT ZH>D 1 KREF
ORI DL EFRTOTHEN, EDTNTY XLLZDVTIIARH, BUl[AY:p5 ~6) %28
Bahfvy, EHILZOERINOROERENRD *

EBHE 4 g(z;c,d) € Z[z], (c,d€ Q, ¢, d IHEBHTHILEIIRVY) T, TDQLON VR
BDRTHBELNET D, Ale,d) BHD _REDHMNRE KT 2L & (B D, dizhLTE
DEHIH-ERD) . g(z;¢,d) = 00 Q(c,d) LORAREIL "Rk Q(/Ac, d)) LR DETHY |
&k Q(/Alce, d) » F#iL 5 THINS,

FE. BB DA(c,d) DEFIT
[A(c,d) ixp =5 721k p= £1 mod 5 2 B REOEHT THIN2v)
L LT LW (TR(2) 8M),

ER 4 OIHENRT, KRD (1) BL(2) 16535 5:
(1) g(z; ¢, d) € Z[z), g(z;c,d) =0D—DDREY, F=Q(0) LT3, L<AMLATVWALIIZ
d(g) = [Zr : ZIOJRA(F) (Zetd FOEBR, d(F)i2 FORMIK)
ThHHM, TR
d(F) | A(c,d)? 372 2¢+ 3 | [Zr : Z{4]|
Thd, “hid
g(z + 1;¢6,d) = 28 4 -+ - 4 (2¢ + 3)(4c + 5)z + (2¢ + 3)?
THBHIZ L L, ROBULIEEN OGNS

B 5 h(z) IFAEEFRCHHAT
h(z)=z"+ -+ qaz+ @b (q,a,b€ Z)
DBELTWDLE, q|Zp: 20l SZTO0i3h(z)=00—2DIR, F=Q(8) TH3,

(2) K/QIZH e IR D OHu IR, FXKIZEEN35kikETHLE, K I2BWTH
3 2FRBp ONWIEEITALMNIZ 2,5, T3 10 THHIH, LU EEIC

(a) p= 1 mod 572 61X, 2£/id5

() p= 22 mod 57264, 2
THHZ &85, Hilbert DRERBRMNO3MD, £2>T K B3 5558 EH 6 £-13 10 26
i, p=5 it p=£1 mod 5 ThEM, ZOLE F B} 390551 5. - Tp|d(F)
L94BE d>4 L7eD (Dedekind DHFHE3 ),
BAE (1), (2) 6. LOEEIZR~TA(c, d) DRIED T T g(z;¢,d) = 0 DY K {230V TH

170 ST ARBONEHHIL 2. Lo T K/Q(VA(e,d) RFMRILKE 125,

6



5 #Yic

ABOBHIBHMS — FB2, FH4 — T, boiEb f(z;0,¢,d), g(z;c,d) NHRBLEYK
DS ¥Rl —A%IC

Q3 bc,d DL, f(z:bcd), g(z;c,d) 1I2Q ED Ag- LK, Dyo-thK (& IZZik LDF
Gk As-TER, T3k s RIEREHIADLD) DO L, YOUDGEIBEH/3—FDDTHAHh, |

ZOMEIIA-ERIEOWTHE, BOKTRRIBDRNWTHS S, —F, D-IEXRIZHVTIT,
Zkik Q(vm) DR S 5 WILKIX [m| < 1000 DFEET
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A (Blxif-m = 613,769,977 2 ¥) W THYER c,d € QIZHT D g(z;cd) »686H
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K1 RZKIE Q(/p) (p: R¥E) O LORFRTE As-ERKEE XS f(z:b, ¢, d)

P b c d ¥ p b c d 5%
8311 -7 -4 0 1 8554027 -3 10 -4 1
25771 -11 8 -1 1 8573023 15 -1 3 1
32611 11 2 2 1 8987213 21 -1 2 -3
37987 -3 7 -1 1 9072919 39 -6 3 3
727107 -27 -6 O 1 11059123 -3 -7 -1 3
83443 3 4 9 3 11141743 -7 -7 -3 1
426427 -11 -5 O 1 11367269 29 8 4 -1
515093 -9 -5 0 -1 11456923 -3 10 -1 1
697441 -9 8 -1 -1 11464213 45 -2 1 -11
727427 -3 9 -3 1 12143441 -57 -8 0 -1
877867 -19 11 -2 1 12542939 19 2 2 25
944399 31 -1 1 3 13957429 -21 -8 -1 -1

1204243 -3 8 -1 1 14390213 -5 -10 0 -1
1207447 =23 -6 O 1 15226147 -27 10 -1 1
1294723 -3 -5 -1 1 16013611 ~11 -7 -1 1
1447811 -3 -5 -3 1 16102049 41 -1 1 -1
1606763 27 0 1 1 16237597 -5 10 —1 -3
1648379 -3 -5 -2 1 16451047 15 -2 4 13
1836811 27 -4 3 1 17110019 -3 10 -2 1
1924651 —-67 -8 0 1 17283269 -21 -8 0 -1
2118163 -11 -6 O 1 17618281 —-17 11 -2 -1
2214761 9 0 4 -1 18279497 -25 10 -1 -1
2210807 -15 -6 O 1 18389779 -3 -7 -2 1
2719001 41 -2 1 -1 18492841 -9 -7 -1 -1
2828879 15 2 2 1 18616799 -7 -7 -1 1
2056907 -3 -8 0 1 20265703 -7 -10 O 1
4176239 15 1 2 1 20855221 -37 -8 0 -l
4367879 31 1 1 21391471 -7 -8 -5 T
4460909 77 4 1 -1 21779123 43 -1 1 1
47483711 -3 9 -2 1 21787061 21 2 2 -1
5060053 -5 -8 0 -1 23577859 ~35 13 —2 1
5122259 -3 -9 0 1 23732327 79 4 1 3
6492137 33 0 1 -1 23786627 -3 -7 -3 1
6874397 =29 -7 0 -1 23881133 13 -1 4 -1
7156883 27 4 2 1 24278819 43 1 1 1
7360273 -25 -7 0 -1 25168387 -3 11 -1 1
7540529 9 3 4 -5 26204767 -23 -11 -3 43
7912319 =31 10 -1 1 27454211 -19 -8 -1 1
8358209 -3 —10 O 1 20772409 81 -5 1 -1
8540509 —61 -8 0 -1 20961859 -83 -9 0 1
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2. AKE Q(/) DEDTRYME As-IEXKEE 2B f(z; b, ¢, d)
(C X f(z;b,¢,d) PRRTHDIZ L ETRT)

P b ¢ d B¥ P b ¢ d W%
653 3 5 0 -1 32611° 11 2 2 1
5 4 0 32087 3 2 -1 1
2053 -3 -3 0 -1 36203 -3 2 -5 -1
2083 3 4 0 1 37987 -3 7 -1 1
5 5 0 38767 1 -1 2 1
3320 1 4 0 -1 39139 3 1 o0 3
7 5 0 53 8 0
4073 1 7 0 -1 44053 3 5 1 -1
5413 -3 2 0 -1 47623 -9 3 0 1
3 7 0 25 6 0
743 1 3 0 -1l 47653 5 5 —1 -1
15 6 0 51461 3 7 0 -1
8311* 1 7 -1 1 29 2 0
-7 -4 0 53923 -5 -1 0 1
10453 11 5 0 -1 54581 3 -2 1 -1
-3 4 0 54617 15 0 -1
10507 3 -1 1 -1 -7 5 0
10687 1 7 -2 1 56923 3 -1 0 |
1969 1 2 -1 -1 58567 1 -3 3 5
14321 1 7 2 -1 58603 5 -1 1 9
14323 3 4 1 1 58007 -5 -3 0. 3
15289 1 ~1 0 -1 61211 3 1 -1 3
16193 1 1 0 -1 63149 13 1 1 -1
5 8 0 63920 1 4 1 -1
16520 15 1 1 -1 67231 1 9 0 3
18049 7 6 0 -1 68891 -5 3 -2 1
9 3 0 72707 =27 -6 O 1
18320 1 1 -1 -1 74611 3 -2 0 1
19661 3 3 6 -1 75941 3 1 3 -]
21341 -3 0 -2 -1 77641 9 2 0 -7
21757 -3 1 -3 -1 23 7 0
24499 3 2 0 3 83443* 3 4 9 3
20 7 0 84317 -3 1 2 -1
25771° 11 8 -1 1 84871 17 1 1 11
24631 1 7 4 1 85820 -3 1 —4 -1
26420 1 0 1 -1 87433 7 1 2 -1
26731 21 0 1 1 94307 ~5 3 -3 1
27947 93 9 0 1 96043 5 4 1 1
-5 0 0
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AN ELEMENTARY RING THEORY FOR
THE VERTEX OPERATOR ALGEBRAS

Koichiro Harada

This is a preliminary version of my work on the ring theory for the vertex operator
algebras. Most results in it are elementary. I just wanted to say here that a deeper
research of this kind would be necessary for the vertex operator algebras (VOA).
All proofs will be omitted and no explicit references to the literature will be made.
In fact, this note was made from a more complete research paper having all proofs
and all references by deleting them. I realize that the smoothness of its exposition
is now largely lost. But I would leave it this way since TEX is more complicated
and more time consuming than VOA and any combination of the two is even worse.

If V be a vertex operator algebra (over a field K of chracteristic 0), then for each
v € V and n € Z, an element v, € Endg(V) is given. Alternatively, we can say
that for each n € Z, V is endowed with a bilinear map :

Pn: VXV V.

Writing ¢n(v, w) = vaw, we can view v, € Endg(V).

Each individual element v, is less important than its generating function :

Y(v,2) = Z vz~ "0,

nez
Relations among v, for v € V and n € Z are condensed in the Jacobi identity :

2 — 22 —

22 )Y (u1,21)Y (u2,22)uz — zg 6 ol )Y (uz, 22)Y (uy, 21 )us
s o (1)

- 2] — 2
=z 16(IT°)Y(Y(u1,zo)ug,22)u3.

z5 &

where

§z)= Z 2,
i€Z
See the book written by Frenkel, Lepowsky and Meurman for the rule to expand
quantities such as 6(-‘-%1) into a sum of monomials in z, 2, and z3.

One of the more important and often used relations obtained from the Jacobi

identity (1) is
[um, Un] = Z (T) (uiv)m-{-n—i (2)

i€EN

Typeset by ApS-TEX
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2 AN ELEMENTARY RING THEORY FOR THE VERTEX OPERATOR ALGEBRAS

where u and v are arbitrary elements of the vertex operator algebra V.

We will use Z(A) to denote the center of A, with A being a group, a ring, or any
other algebraic system. For any graded algebraic structure 4 = 3 A;, we use

T = Za:(i)
or .
z= z:c'

to denote its weight decomposition with wt(z(i)) = wi(z') = i. We often use
mapping weight rather than weight to denote the weight of endomorphisms such as
vn € End(V) for a homogeneous element v of V.

Definition 1.
(a). End,(V) is the subalgebra of Endg (V) generated by all v, where v € V and

neZ: ie.
End.(V)={vn:v€EV,n€lZ).

(b). End?(V) is the subalgebra of End,(V) consisiting of the elements of mapping
weight 0.

Both End.(V) and End?(V) can be generated only by homogeneous elements
in the sense below :

Lemma 2. We have :
(2). End.(V) = {vn:v € Vi, k € Z,n € Z); and,

(b). EndE(V) = <Un,vnz Tt Un, tUp; € Vk.‘v i wt(”n;) = 0>

1=1
Definition 3. A vector space M over the field K is a End,(V) module if M is
graded as
M= M,
rek

with M, being the eigenspace for the weight operator L(0) € End.(V') with eigen-
value r and v, M, C My(y)—n-14r forallve V,ne€ Z,and r € K.

Lemma 4. Let {a;;ky 2 i > —kz} be a subset of a vector space A over . Suppose
i=k
Z i"a; = bm, for by + k2 2 m 2> 0.

1=—kg

Then a; is o lineer combination of by, ky + k22 m 2 0 for all 5.



AN ELEMENTARY RING THEORY FOR THE VERTEX OPERATOR ALGEBRAS 3

Corollary 5. Let a vector space M over K be a Z graded module of a ring R.
Suppose an element z € R acts as the weight operator : i.e. zm = wi(m)m for a
homogeneous element m € M. Let N be a submodule and

'Zm,-:ne N; m; € M,with wt(m;) =1

where i ranges over some finite set I of consecutive integers (positive or negative).
Then m; € N for alli € I.

Corollary 6. Suppose N =0 in Corollary 5. Then allm; =0.

Theorem 7. Let V be a vertez operator algebra and M be a End.(V) module.
Then : .

(a). Any submodule of M is graded.

(b). M is irreducible if and only if Vi is an irreducible End%(V) module for all k.
(c). If M is irreducible then the center of End.(V) consists of scalars.

Theorem 8. Let V be a vertez operator algebra. Then the following conditions
are equivalent :

(a). V=V; for some i ;

(b). L(0) is a scalar multiplication ;

(c). L(0) s in the center of End.(V) ;

(d). L(-1) =0;

(e). Y(vy2)=v_, forallveV ;

(f). End.(V) is a commutative ring ;

(8)- V="o.

Definition 9. If a vertex operator algebra V does not satisfy any condition in the
previous theorem, then it is called nondegenerate.

Henceforth, all vertex operator algebras considered will be nondegenerate. We
next show that the set of operators {Id, L(n) : n € Z} is linearly independent. We
first restate the Corollary 5 in a slightly different way.

Lemma 10. Let {v(i),ky 2 i 2 —kq} be a subset of End.(V) and suppose
ky

D w(d) =0, (wi(v(i)) = i),

i=-k2

then v(i) = 0 for all i.
Lemma 11. L(n) # 0 for all n.
Lemma 12. The set {14, L(i),i € Z} is linearly independent.

We now raise the following question :

Question. Suppose v; = 0 for some i. What can we say ? (Note that v_; # 0 for
v # 0, since v_; - 1 = v, in other words the mapping v — v_, is injective).

The following example shows that v, = 0 for a none zero v € V.
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4 AN ELEMENTARY RING THEORY FOR THE VERTEX OPERATOR ALGEBRAS

Example 13. Let V =V, = 5(h7 ) ® K{L}, the standard vertex operator algebra
constructed from a suitable lattice L. Let

v=a®t"® .

Then
1

(n— 1)!(%)"‘10'(2) =Y a(-m)s~m-!

where the summation ranges over all negative m and all positive m > n ~ 1. In
other words v, =0 ifandonlyifn-1>m>0.

Y(v,2) =

Let us first make a few definition.

Definition 14. An clement v of a vertex operator algebra V is said to be vacuum-
like if v, = 0 for all n # —1.

Every scalar multiple of the vacuum 1 is vacuum-like.

Lemma 15. The following conditions for an element v of e vertez operator elgebra
V are equivalent.
(a)- v is vacuum-like;
(b). L(-1)v =0;
(c). %Y(v,z) = 0;
(d). upv =0 forallu € V and for alln > 0;
(e). vou=0 for allu € V and for alln 2 0;
(f). v, -1=0 forn # —1.
Lemma 16. If v is vacuum-like then
vy =u_1v
forallue V.
Corollary 17. Suppose vy =0 for all k > 0. Then v is vacuum-like.

Lemma 18. Let n be e positive integer. Then L(—n) is injective on V. if

24kn + (n? = 1)c #£ 0.

The following corollary is an immediate consequnce of Lemma 18.
Corollary 19. Suppose L(—1)v =0 forv € Vi for k# 0 thenv € V,.
Lemma 20. Suppose v is vacvum-like. Then v € V) and v, € Z(End.(V)).

Lemma 21. Suppose v_; - 1 = 0 for a positive integer i. Then vy = 0 for all
180 monnegative indeger k. In purticuler, v is vacuum-like.



AN ELEMENTARY RING THEORY FOR THE VERTEX OPERATOR ALGEBRAS §
Corollary 22. If v is not vacuum-like, then v, # 0 for all negative integer n.

Lemma 23. Suppose an element vy is in Z(End.(V')) for some negative integer
k, then v i3 vacuum.-like. )

Lemma 24. Let v, = 0,n # 0 for an element v. Then v,y = 0.

Theorem 25. Let V be a vertez operaior algebra. Then for any non vacuum-like
element v of V, there ezists an integer N such that v, = 0 if only onlyif j 2 N 2 0.

Example 13 shows that the situation described in Thereom 25 actually occurs.
For the vertex operator algebra Vi, the vacuum 1 and its scalar multiples are the
only vacuum-like elements, since dimlj = 1.

We have seen that if v, = 0, then v,—) = 0 also unless n # 0. If v is the highest
weight vector we can prove a similar result going in the opposite direction, though
not much else can be proved.

Definition 26. A vector v is a highest weight vector if L(n)v = 0 for all n > 0,
and it is of height A if in addition L(0)v = hv holds.

Remark. The highest weight vectors are called the lowest weight vectors in the
book of Frenkel-Lepowsky-Meurman.

Lemma 27. Suppose v is a highest weight vector of height h. Then [L(1),v,] =
(2h —n = 2)v,q4,. In particular, if v, =0, then vy =0 unless n # 2h — 2.

Problems.

1. Is it possible that End.(V) = End(V) ? If not, how ‘dense’ is End,(V) in
End(V) ?

2. Characterize the conformal vector w algebraically.
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6 EE

HOHTREWBDO=>DHM {t1a,tz4a,t28} % E->TRULL7 -V THBHROSFIZH
THRHBEN, ChIZHORTRAL T BICLEFEET A E%8B~X3, €2 Th. Moonshine
EWH, BRIBAAINRHNITZ 2, ROFBZENTETH > EWL B,

EH 5.2 DFAHDORHH, ZDOREIMEDMIZHE Y ILD Replication Formula i35 3 =
&, BEETHE. ThZERULICHETZ20RBUKOMESDIFhIEE L. £h
(2. MIET S Fuchs BT, TRAEFH, ELOBFENIZ-ED LT3,

ZDIHICT, 2 BEEXTELSEHNT 5, Conway & Norton DR TIX. T=N+S5&
#irh s Fuchs BdH 5. N OEDOHH Q ¢ Hall divisor THB L3, (Q, %) =1 %£#i:
TEETEH, £LUT, Si3 NO Hall divisor 2D THADH 8544 %Hobd,

B A% NIZ% U T, Fuchs BTo(N) %

To(N) = {( ;V 3) | a,b,c,d € Z,ad — beN = 1}.

N® Hall divisor Q iZ7t L T,

WQ.N = ( :]% wa ) 'y, Y, 2, W € Z,sz—yz% =1.

T, E¥ 5175)% Atkin-Lehner involution &45, ZHIIT(N) ODIESILBOT TS 5,

SOLTH5 Hall divisors iZ3}9 5 Atkin-Lehner involution Wy &To(N) THHK
Eh3 Fuchs BE N+ SEHBNTERT., B, SHEMELLEMAITU > TS L &1L,
the¥h, N-,N+&BLTE<,

2ORSEAVIE, S04 {tia, taa, ta} ICHIET 3 Fuchs BO =43

{1,2+,2-}.

2183,

—BIC, pEFRMELT N 2 p EEUEARKET B, 5% pNOD Hall divisors DA
T, EhiIZFEhEL2TOR QM p THNIEWET S, LT, p & S'THERINS Hall
divisors D4 % STET,

Z Z T\ pN + S,pN + 8’5, Thompson B D Fuchs BICHL > TWWB EEET S, €L
THIET 5 RO*BHE g,d&T 5B, TDEE Thompson HFD =DM

{ta’vtwta‘} »

5, FEL~% Replication Formula 287232 &2 B, COLHIB=E2HORIIKRT
5z2o6h3:



!

p| ¢ g g pl ¢ g g
2 1 2+ 2—- |[2] 3+ | 6+ 6—
2| 3- 6+2 6— (2] 5+ | 10+ 1045
2| 5- 1042 10- || 2] 7+ | 14+ 1447
2| 9+ 18+ 1849 [ 2| 9- | 1842 18—
2| 11+ 22+ 22+11 || 2 [ 154+ | 30+ [ 30+3,5,15
2 [ 15+15 | 30+2,15,30 [ 30+15 |[ 2 [ 23+ | 46+ | 46+23
3| 1 3+ 3— 3|2+ | 6+ 6+2
3| 2- 6+3 6- |3 4+ | 12+ 1244
3| 4- 1243 12— || 3] 5+ | 15+ 15+5
3| 8+ 24+ 24+8 || 3 [ 114+ | 33+ | 33+11
50 1 5+ 5- 5] 2+ | 10+ 1042
51 2- 10+5 10- || 5] 4+ | 20+ 20+4
7| 1 T+ - [|7] 3+ | 21+ 21+3

R 6.1 Fp &= {tp tyty), ZLORIIBATVELDE2LE ST B, CDEE
2L LD ERBaEE T, RD (A) & (B) KRMETH B, (C) bR ITIE. (A) DK
YD, :

(A) Tyo = Ty (mod p).
(B) Hpa(g') =0 (mod p*~?),n > 1.
() x(9°) = x(g') (mod p*)

(C) Tk, xit FOWBELTHL,
MHITER 5.2 LERTH B,

7 Atkin ¥4

ShIZHOWTIE, TR HERIEAV, Moonshine - Z THWICIHL» TWWBADTIEY
WhEWITFENH B TT,
Atkin FARIZDOUTid, Atkin [4],Koike[10], Akiyama [1] Z BT &1y,

BEXH

[1] Akiyama,S., On the 2" divisibility of the Fourier coefficients of J, functions and the
Atkin conjecture for p = 2, preprint.

[2] Atkin,A.O.L.,Proof of a conjecture of Ramanujan, Glasgow Math. J.,

6
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[3] Atkin,A.O.L. and O’Brien,J.N., Some properties of p(n)and ¢(n) modulo powers of 13,

- [4] Atkin,A.O.L.,Congruence Hecke operators, Proc.Symp. Pure Math.,12, 33-40.

[5) Borcherds,R.,Monstrous moonshine and monstrous Lie superalgebras,Inventiones
Math.109(1992),405-444.

[6] Conway,J.and Norton,S., Monstrous moonshine, Bull.London Math. Soc.
11(1979),308-339.

[7) Conway,J.H.,Curtis,R.T,Norton,S.P.,Parker,R.A., and Wilson,R.A., Atlas of finite
groups,Clarendon Press,Oxford,1985.

[8] Koike, M., On replication formula and Hecke operator,preprint.
[9] hits EXR, TRV v - EROBELABA, BFELIF—, 3 AS, 1995 £,

[10] Koike,M.,Congruences between modular forms and functions and applications to the

conjecture of Atkin, J. Fac. Sci. Univ. of Tokyo,sec.]A,20 (1973),129-169.

[11] LehnerJ., Divisibility properties of the Fourier coefficients of the modular invariant

J(7),Amer.J. Math,71 (1949),135-148.

[12] Lehner,J., Further congruence properties of the Fourier coefficients of the modular

invariant j(7),Amer.J.Math,71 (1949),373-386.

(13] Thompson,J.G.,Finite groups and modular functions, Bull. London Math.
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The Leech lattice and the Niemeier lattices

63 ESR
FHEX B HOF - HRBEEH

0 FLBIC

TRTEBYBUBERE Monster 1289 2 HAEARRHB O S 5 5 B~ # < BERBER~
THILETH, 0RO (BHBREKIE lattice THB) Leech lattice &, i 24 RTD
even unimodular lattices (Niemeier lattices) & DD & ZMRIZKF DT, D%
O THEIETORLEARETH S, BBICE > LHAEARRBOFIZO1TIE, X
ENGERCEEDBE I EEBHF L&,

o, MEOBRESCICERDE - hiFiE. HIIEARRBE Griess RBICBT ST
ARER (BRR) OERICHHIEEHELTH L,

1 24 X3T even unimodular lattices

F9, FHED Leech lattice & Niemeier lattices IZ 2 Tik~3, #H#ll (XSITEAFOL
) 12U T, Conway-Sloane ®#? (LLF [CS] &51HT B) HBEITNB1I5 5,

E» % 24 RFTD Euclid ZME L, £ZTCOWHE (/) THET. E¥ O T 224 KT
lattice, 3754 H, Z-module T E¥ ORBEEZTATNEHDETH, [ &SI,

Yv e T IZHU (v,v) 2B
2HIcT & & even, E,
I'= {z € E¥|(z,v) € Z(Vv € I)}

2H1F & & unimodular EFREND, T &%, BBOIHIT, (v,v) (B 2 v DR
& (EREIZE 9755 squared length) &by, BX 2n OeeikE I, &I EICT S,
I DFTCERFHIZ roots &34,

24 RITTD even unimodular lattices & UTiZ Leech lattice ¢, €D 2 E CRBEFEDOP.L
IZ& 5AHEA Conway DBIEBE (Co.1) THAEWNIHE, ITLDISASHTNEY, £
NEADHDHBITRTHHENTI B, FELWHRIZ, ENOHED roots DIEN S—
BICEEBR LI LTH B, TihDB,

11994 SEREIRIUIE L LR U LBER
23.H.Conway, N.J.A Sloane: Sphere Packings, Lattices and Groups

1
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IR 1 (Niemeier) I % 24 RJC even unimodular lattice &35 & %, T, 1ZRD 24D
DWFIADTHY, ThENOHEIC T IFBEZRE—FIIEE 3,

m (Eﬁé)’ Alzqa Azn, A:ss, A‘lsa D461 A54D41 AG“’ A12D52, Asa, D54’ A92D6a E64a
AIID7E61 A1221 D831 AISDSH DIOEsz AITE7a D122| A24, Esa, DIGE81 D24

71272U, An, D, E, (3BMBEB (spherical type) D root system % F3 o

[y =0 &735DH Leech lattice DIGETH S, LLT, Leech lattice 2 L &F L, REL
2E GBI, L L% Niemeier lattices &FEIIZ &9 3,

2 FFEE
AR TN U0, ROZETH B,

EE 2 N #FED Niemeier lattice £33 & %, L ® sublattice K T K = 2N &85
HOVELET 3,

L,N 1% unimodular 25, (VEZN)t = 2N &89, LD V2N S 22N D L %
Yo &2 T, LEBIIREEMETHS,

FE 3 N 2HEED Niemeier lattice &35 &%, N D sublattice M TM = 2L &153
LDONEFIET S,

AL case-by-case TITHo ENEFND N 2O T K ZHKTIDTHBH, v &D
VEDDTF I HNEERIZEETAZEICLT, FHENERE 345 EROFETED
T Z&itT 3, )

. 90T K 2RDi135D07 (Lf2L DHEIZERTS)
2. AWz EITIEBEDON? (Monster D& 2 B3 BOMI 2 DT
3. Mk, “NEFMLK LD ? (IHREERFEAREO > D)

Leech lattice {ZBI S A UIZIZDUVTIL, self-contained 2§ { 2 &EPHT[CS| ici3
&ty 3,

7$3, Niemeier lattice D5 B EJBICDLTIL, 2 THA /- Leech lattice & DRI
FTTRESASNLZHDT, 2D LZEFMUI: Leech lattice DAL EAT SN TL B, °

3).1.Lepowsky, A.E.Meurman, An Eg—approach to the Leech lattice and the Conway group, J.Alg.
77(1982),484-504




3 L/2L

Leech lattice L &=L, L =L/2L &£5<{. L oz il mohTHT, m#EELT
(32506 (F, 2 2/27) LD 24 KITDORZ MIVEMIZIE B, ZDEX Z=2+2L ¢ L izxt
L. f(2):=Uz,2) (mod 2) ik h 2RERNEHENZH, LiZShicdk D plus type
@ orthogonal space iZ78 3. fTHIT H5PWHIZ, (F,7):= (z,y) (mod 2) TEX h B,

2T, K C L % max. totally isotropic subspace & L, L TOL¥f%E K &5,
D& &, totally isotropic THBZ &,

f(£)=0 &Y (z,z) €42
(Z,§) =0 &b (z,y) €2

8D, h&y 7‘51( iZ even integral TH3 Z Ebhd, &I, [L: K]=27H5
det K = 212x2 Tﬁéb‘évlil( {2 unimodular T&% 3,

- T, 7’51( {Z 24 IRJT even unimodular lattice THHEHNS, EFE1 D24 HHONY
v TH5, EH 2 DAIADIHITIL, (7151()1 OWMENEER 1 ICHN S 2380 (O L4
ISIEA LI K ZB/~ud &, (VIEK)I C L, THANS, L hoRELOHDERBAT
{BZ&iTisd, Ly D typical 22/ TH L,

,0'), 1%),

1, 4 1 1, .,

2 %3 ZglEe

CIT B1ORTOTFKRTSEZAIL, £2 X8 AMmicBN (K- I1TEBEE) kD 16 74

RO THEIEEZE®RT B, £IH I 8 HRIZHNEBENEND T &, Golay code b
U { i Steiner system BB L TRBTEBDTHBH, ZZTIREAD LI,

KOWMED N DD EFRLTEI Ho D2 BID root system 251213, 3 OISO
TCETNTHRAE LN, ABO#A1L, B220MBDTU BWE, BIDOLODH L 4,4
B1ABT 2O HDTXRTERNT LU,

bBHBAA root system (R &EHL) ZHEBLEIITIR K 272 &S50, R%
&1 Niemeier lattice 2—BMIZEE BIB44 o, R 248 max. totally isotorpic % K
EThid, (7151\’)1 =R &3, A R= D} DIBAIE, Zhdt Dy IE8FENBSH0T,
LEOFHTIE (J5K)) = Dyy EBDWBB, #-T, ZOXIBBEITIT K 23518
LSBT SV, iIDWLERBIZOWTIZIZ ZCIRAEKT 3,

BEBICHETEDRAFELZ 2IEELTEHEL.

9, L OREFRIT Ly, La, Ly oW 3, 512, RANRLEZLOR L T—HTS
C &L, Ly Ly OBAIE, BROLLEIZENL C—8T 5. Ly DBAICIZ 48 @AML
T—HT3h, 1 EERFERAMNITIE U BETH S, “holZRQ L DAXEREES
ZErmoh T3,

RiZz,y€ L, &5, HPLATTED S,

(z,y)= -1 ® z—-yel,
(zvy)= 0 @z_y€L4

3
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bbhhib, Tibb, TE Lbi-7 Niemeier lattice @D root {2 & 3 HBEDOBIDMLRUL L IZ
BIIAHEISWRETES (MEIMIH 2, HEINEI),

4 Monster @ 2A-involution

Monster @ involution i 2 class H->T, 24 LHKEINZDITEDHLEH C(24) I
Baby monster 83 D, 2B i3 C(2B) iZ Conway BRI 3 bDTHB, LOFEL
(WL &, C(24) = 2. BM, C(2B) = 241 . (Co.l) TH 5.

ZIZT Q:=0,(C(2B)) =24 &<, Q/Z(Q) 12 etk LD 24 RDXJ MNVE
Micish, 2RERD 2 =22(Q) € Q/Z(Q) iU f(2) :=2%€ 2(Q) THEA LN B, &
22U, M 20D8 Z(Q) Z 2k EE—RU T3, i, f(z) =01 = ¢ involution T
HbBZELLFEATH B,

T, D Q/Z(Q) A Col-MBEE LT L=LJ2L ERBUIESDTH B,

Q T® involutions IZx3ET 5 DIE, L ORIBYMDITTH Y% BifficEE LKL I,
Ly, Ly DNFNHDIHRETRICIN S, KL, Ly iITHIST B DH Q D 2A—involutions
T, Lg \2HIET 2 DH 2B—involutions TdH 3,

F/, L THZXTU: totally isotropic &9 #Hiz, Q TIRTHRHAB/EEL TS
S &iTEEY B,

®-T, Gifli (E-T, EH23) TEATH-HDIE, Q DK (¥l 2%12/83)
ARESBEE, EDPD 2A—involutions DEEIIEUS 2 &85, HIiOREDEHL %
BAEGE, (MRS ERNVDP) 1,y % 2A-involutions 72X (T B) L, Dt
THREE,

zy€2B & z—yel,
TYy€2A & z-ye€l,

&35,

5 TEREAFEAK#E Griess K

SRR (VOA) (41 Monster A8 & Griess (SIS HT 2 EXHZROBERE
L5 DIL, VOA D central charge § @ conformal vector & Griess fRIDMFITEH1:1 i
METAHI L, oI, Thodb oM 2DECRIBNERNKT 25EE25X/1-I1¢ETH B,

Monster D4, MK S 3 involutions 12 2A—involutions T ), (M TR~Z) &
K38 (e E &6<) iITiT B BOENCIRAE LDHIEENTI S, (ZDI
&, Monster {i#(D Virasoro JED central charge 24 TH B &S WHITHIELTH
D, F 24 =1 x48 TREN3.)

& T Monster fREZERAIZELD VP &HoSbU, E iCX3ERTLLEDETIHHMHIBE
Vi &3<. E @ 2A—involutions {3 V3 iTAMICH{ bt EXROWMRICLBEZDES
7 (MERENICACRBNEHAN »72) B4iid, I S5IBOFETHE 2 DBEC RS

9



MREhd, (ChHAWKE-72E X3 VOA DEIH BRI h D8, I TOFEICIE
BB LAWG) SOH (EB VVIZIRER LAY Vi OACRB: b d i,
EH 21255 Niemeier lattices D roots iZ L B HFR L DMEFRII—HT HDTH B,

K, ACREB bOBMOMEIT V! ICBAAROHEMSHET S I EMTE, ®h
BESICHRYIO VIO ACRIBOHORBERET S, $745bb, q,be VI DfEoh?
V' o CREB %R, ERL, Vi OBCREE 0,00 ERTEE,

T, E2B &< a,b>= # & (a,ab)a =1
T €24 ©<a,b>=0 & (0.) =1

DI De #->T, INETOERNS, 0, LHDETHOMENRETE S,

6 HhHYIC

MR ES S BHEMERT /204 Niemeier lattices & Leech lattice DBIMEIZR
LT dTicklash/icBEZdiH 5,

Leech lattice L iIZ3 L, veERQ®L TL LOBEHIMOAELLDOEELS, ZOf
Affi (covering radius) A% /2 i275% &Uv5 DS, Conway-Parker-Sloane DEHET, X
2, v BIEACHARBOEREROT28BEY H-T, v ZPOETIEE V2 ORE L
IZHA L Dyt (EEREIZIZ L DIC 2 1T892 2 —v) 7255123 19 D Niemeier lattices D
fundamental roots system ZfE5DTH 5,

BONER 2 IR o &, BNIZ EDEHD corollay DA S LB (£ELTS
THPLIBEIB>TWBEDTHEH) EAXATHIDIEZDEBIBBET > a7t &N
IYHDRH B BEFANTIE corollary THAFXT -2 H LTHB LI ICHBR 50N,
HKRZESTHHIN?
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BLiEfEm
A EF Bl FIEA

e-mail: {anai, momoko} @iias.flab.fujitsu.co.jp

1995. 7. 31

1 RIS

HAETC, EBICSERD Galois BEHHLEII ETARBMVOLNA LR ENRTE . KBTI, R4
HEDEHRLED, FROIZOVTHBIZEAMNT 3.

GALOIS GROUP

[A] [Tchebotarev (1950)| [ Anal et. al. (1994) |
fecrotization \ v
exteasion v
{B1] :
Absohute H
resolvent 3 RESYS 7 ATIE . T 10 :
[B2) Stauduhar (1973)| Colin (1895)
| ‘ Ex & Oinvter (1064
Reladve : Y
resolvent — - . - - ‘

COMPUTATIONAL GROUP THEORY

( Neubuser (1 958)) i o Glrstmalr (1987 )hssnibes.

3 subgroup latice {nvarianl

B A hif, Galois BBt 1L Berwick(1929) % Tchebotarev (1950) DHFFFKIZHEAS. #1Ei3, Galois
BROREDL-DDELLEFTD 6 ROFIEHRD absolute resolvent (§3 BF) o partition DF (5 HITH
(partition matrix)) (§3.1 £88) 2R L T3¢, FDOMEKEI algorithmic %2 b DT % ¢, HBE, $HR

* T 12 EHUEAE AT S v Uy A 1 RURATRS (1995. 7. 29 - 31)
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OBROWBI-TLETOSERDP S 2547 T VOBREE, S, ROMPREE LT Galois B RDLHELIT
RLZICEES.

I L 1960 £ L h 5 2 2N (computer algebra) D% (SIERU S AT L) DR %
¥ 219, 1970~80 LIz 2 - T Stauduhar » McKay et. al. & DHRMNHENS. McKayet. al. DFHHiE
Berwick DHEIHL bOTH ), HRGELTORBAR LY cycle B (§3.3 BR) RO HBAL L. o0
TRETCORPEIERICHEKARE S X7 A Maple [24] ¥ X /-, Staudubar it relative resolvent (§4.1
BR) YRV LHFBRERL, RENFERERVTTREITREINL.

McKay et. al. L& 10 443 Y1, = 212 & T Anai el.al.(1994), Valibouze(1993-5) € L T Colin(1995) &
Vo RO HARDIFIEAM T X /-, Valibouze i¥ McKayet. ol DF R S 528 KU LNBEICLIRTS
X 9, FWITFF D algorithmic 24FREEXR L, T 7 resolvent NEF ) Galois HNEHHEFIA L 7. Colin
it Staudubar OPYHMNERE %, BT I ¥ BHYE LHERBB2 A L 7. Anai ef.al. i3 computer
algebra DR\ Bench-Mark & LT, FAHALRBIEREORBZROFEDICH ERORFRIRE B
2, MOEMRBE L LT Galois ¥ RDBHEX R L. Shid, (Tchebotarev & XM iz# 2 T) FHEAD
ROBLFTETOSEXNS 25477 VOFEHEENS Galois ROTE DI FHEEHI2ABEKRED
B> FiE: & strong generator NDAAIZ L D B EN7:. resolvent ¥ V5 HFETIE, £ invariant ©
EFOEELRTH D ZhiZoV T Girstmair(1987) [20) D7 V) L a0k E {REKL TV 5.

Zh5DB|ND Galois HORHIH R, [A] BRAZ2ILA (successive field extension) 1281} 5 A H
1S b0l [B] MR (resolvent) 12T bDEDKEL 2DIZHT BT ENTE&B. 72, resolvent %
Avr7: Galois B DBHIIEIC (2, [B1) #4153 #8%, (absolute resolvents) & [B2] 44+ (relative resolvents)
DELLERRATEINCELY 2HBNRLIFENDHS. FREFRIOVTOELHROFHE WHEIIEL
re&kERT.

(4] [B1] [B2]

Anai et. al. McKay et. al. | Valibouze | Stauduhar | Colin
Output Form permutation group name name name ~ name
Available Degree arbitrary degree < 7 degree < 11 | degree <11 | (degree < 15)
Applicability irreducible irreducible < 7 sq-fr irreducible | need not irred.

8~11 irred.

Effectiveness small order degree < 7 degree < 11 | degree <11 | (degree <15)
Symbolic/Numerical symbolic symbolic symbolic numerical symbolic
Implimentation complete complete complete complete incomplete
Availability Risa/Asir Maple GAP ete (?) ? {AXIOM, GAP)

[A] BBRIEKICBI 252 5 W ABHEARX f (deg(f) = n) DEYBZRT 2L, FHEEOHNL Y
&1, Galois X ROMIREEL UTHRT 5. (S hidEHEH: (direct approach) & THIF<3.) Lo T, 8
DRBOZERIOWTBATRTHS. L2 L, FREOIHHIL, REEAGELORAMSROBEIELICE
DEREI, PR W RELZHETHY OBIPRADREICZ S (Appendix D3 Table 1. BR). SR&k
PREBE, Sy DEROTAH Galois BB TH Y S 2%, (Sn DEEAVTEREINLG) BISERD, f O
BOBFTHFERAD 6% 2 ideal ~OFBUMBICRF SETHETS. COHBIIES TH S, KB,
FRAEDBH D 72D b it 200 BHE £ T Galois B2 HITFHHTHELVIRKRIZHS. SOFEN 12D
RELWHRET L2500, ZEADVBOMBRRTH L. £0LHICI, Galois BRORORBEE L L THOXK
FAILEC 2595 TH S ([2) BR).
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[B1] oFki, EX TWARYE n I2DVW T absolute resolvent ¢ partition DFIZ & ) Galois B % [6)
ETSH. DI, n KTO partition DFEH S o TIKTL2LEND ) (2O partition DR KT S
i2it, n ROMHHOLTORFHORNLETH L), TORIFHET 5K L T, absolute resolvent
DEBFREITE X, Galois Bz T3, & 2T, TOHiEiL, partition DFAFFEET HREIH L Tt
Galis #¥IRETEX 5D TH 5 (Appendix ¢ Table 2. £H). X512, mod p CORBARIZL S cycle
%% resolvent DEF? Galois H#OHS L ha8b YT Galois B2 o TV 2 L T, X VRN LRE
MEREIC 2 5. FBE, Mckay et. ol X mod p COEF#E %, Valibouze i resolvent DEF D Galois &
DOFHRLZ AL TV 5. resolvent DEMDRT—EIC Galois BNRTL LI LELLEEIRDTB LD
BETHEY, RENKEL D LEFNDIKETIRS. LAMST, ZOL IV 20D “hBWVW 25
L RBBEAST TR, (SORETT—FIZ Galois BARTILLZVET I ERT) FTELERLIEBLAT
ZLTHRDLZVOFHTEDRIAZICHASNB L LITo%D 5.

[B2) o, Sn DEABRDORMS T 7 %, Galois BN OBARICETINIDICLoTillo TV 2L
T Galois B2 [AET 2. XoT, COFEOERIZE n ROBRBEDLTORFROME (K) HR,ERV.
Galois BV OHPHI-EINI22DF A F DFEIC relative resolvent ¥ FjA+ 2D TH 5. Stauduhar i3
relative resolvent DB ZRDEUEL AVBHEMICEIL . COBE, ASHEDT A b DB, resolvent
ORI 2DLDLROBLGERDPERTHEINE I D OHEMNLEL 250, BEINFELXBWTERTHS
TEERIET AR, PR LOBEPSHTHOBEMNBEREAES TR 2. Colin DFHkit relative
resolvent OEH X EBEMIITR ). TP R, Sp-HBEOFMT I 72 MBI LIZh 5. T/, resolvent %
SIS T2 B0, LEMED T A b i relative resolvent DEMFRICL > TEBREND.

Galois #ORBEOHHDOVASVALRBEICEWT, LRICASGNE L 5, BEMRORLTRYIKEW.
L7255 T, EBOHHACRARSBOUAT VT X AOHBILZ LR HEIC 2 5. $HEHAOAES R
ix 1967 4£0) Berlekamp 2 & 2 HRELORHSRE(11) 2 20REL T5. LT, 1969 40 Zassenhaus
{2& % Hensel B4 AA L EBEREZHAROAKSRE 38] LK, XREBEFIERONQHICRRLL.
RENEASLOEHRXOBREARIZOWT D 1976 £0 Trager i2 & 2 FHE [35] 2DV 20RENT
W3, FORLTREDOKEZEWRIS, Anai etal. 26212, BEFBILSTOHEDILADEBI L 2 5.
EZTVARBISHTABORIGFEL L LTH, Colin % Valibouze DFED 10 k&R 5 LFEHiCH
@Eiz7 B, KBS, Valibouze OFE T, TR BV TRARABOBESRISLEL 2D 13 R0
DRV, Colin DHETIR, X 45 ROBELLITETERV, 22X L, Colin DFENHEIC
(2 linear factor DRI TH 2 FCHATRELBRIIIL A5 TiENIzSH 2.

ETNENOHER, EROUUAORE, HEEE, KBS L THEXSH L L%bh 2 BRETVE
Tk HIUTICHIRT 5. ; (i) Anai et. ol : Galois BOEIVNEW, $70i3, FRELBRT 2042
EREICBINTREBOFE L L L & d 2, 3 BEOHA. (ii) Valibouse : Galois B4t Sn, A, 123E
VWi4. (iii) Colin : Galois BA*AE ¢ b2 {PEL L BWVBEA. X o T, Galois BOHNOBEERDED
ThhiE, HEIZE L THVWFT B EAKYTH S,

“table-based” approach & Tb & i 5 [B1][B2] #AikiL, 3% (table) AR T o TE A viidd 5 BERH
{2 Galois X RETES. Thbi, n RKOLTH (7B) BoABMELAMISEET S 2, BE n XOT
BRORIL, 15 RETHLATV S ([15), [16], [26], [28] BH). L -T, £6 24 I 21234477 [B1][B2) » 4
DOHFERHRBATER 15 RDFERA T CLIBAATCE 2. £OBEIKT, Colin DH R T 22EH5MICE
iz Eh TV v3f Available Degree ¥ 15 KU T ERLTH. (GAP T £EOBOLTOBIBROR
(lattice) DREHATTRRTH 5 2%, KBRIZIL, S1s & D EIiTED R [17].)
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5 L3R OENRE LEER I EREHRD GCD Lo it o7 VT XADFR» SHENHK
FAE (Computer algebra) i345F o 7. HAMBL 12, HEMICIEERNQETHS. TOERLE 250D,
GCD REESRTHY, TN 2 MASOETER L RN (REIX) DiffEtds. toBFHELE
YRTON, REBRTHS. T, BRNER, HHPIELEZMTH Y, LT, HE0ZRIFHE
KREZATHL. e HEORRICR, BEHHFRLEC, RO ER LB CORSMELTT
YT &I B, (AR, GCD L LREMNLTNMTY XAt [21] BE.)

BREE T, 30 EEVEFROMARD EMTROREOES L HEHM-T, HEIBE (P2 D?) OBELD
BEXHHIBRTERT A LA (KBORHRTCEANTHL VI TRT) MEL 2o TETWA. FBIS, B
RUBFREHIIBROABEL CRIAEBONLWETETEHRIREINTE TS, Galois H#EDRtHEIE
F0—FTHbh, Galois BORHICR > TE AL, ERLBROEXNHN TH 2 AYMFRLHHHHOBNH,
% LT computational group thory THOEER, Y AF AT HOMEEN D > THDHTOTREL 2D, FANZ I
ETHLWIHROERL LTRALZDTHS. &5 I, S HENcRIAC I 2L THS
PLAMALVY, RELRTALRVITH, REEROERHEAL L THEAZ L) IXE>TETWAI LYY
EoTwa.

2 BOBREKRICLZHE

Tchebotarev (1950) [34] I FER. f OROP|-THER» L4 5 ideal IZEB L, BHFRNEFTOHOC
) ideal DIFHILEH S f D Galois BERHETH L VI FELRF LA, COFEOERIZIZEHHBRAK
(computer algebra) D FEF TN, BBFHROT N Y X LY V7 +3/E (Grobner base) DEHE7 VT X
b(12] BEDRBIES EZAHDAE . KB, Anai ef. ol (1994) [1] (3] iCRHN B & I i, B A
LOBESBROYHRILL Y LT FHEICOWVTOERE (normal form) DRt ((12] £R) »* & DFEkoiR
ERBBRATHS. ZOFTIE, Anai e, al. (1] DFEICOVTHARS.

CODFE®IL, FATVWASERDOERELERMICIER L, Galois ROTIREROBRE LTRDS. £ T,
Galois #EHIE LT, FTSEARK f(z) DARELERD, 2OFREBOLTERERATIZLRFLILE
F¥Ha. FIT, BRREMO—LEBEHR f(z) DBRANFRE K; 2R, Ky LTTRTOEERT L%
#H25. MEEMEETE20E, f(z) 12 ABEELESTHE LT3, COLHICARShBEAD, (i)
REMEADERRE, (i) () CTERINLRBNEABLTOZAROABIRTHS. 0 205HNid,
f(z) OBEBREML THASLRZBEL, FOHDOLT f(z) H—KkBFOMI2H/ENS T CHRITIIER
N REDRE .

2.1 REMEAORR

BB (SHANE) C, KB AEERDZ LI S Lid, B4 Q =HFEHH LC, 2HARD
PABERLLTERATAILETHS. 2% ), FRARBOOELKE K o KREOK ay,22,...,0, 2 Q 2
EMLTHOND LW, BRBBOIB o KEM 2 2WIBTT, ay,...,ar PBLTTRTORKUBE,
SRPNIEHERXLEDORE T (CREBEKAFTNVICL ) CEHERAR Qln,... 2] 2¥o7-HHBR
K = Q[z;,...,z.-]/I EH. DL E, B LTORBER

$: KK - da)=x; (modI)

PHEOENS. VLA, SIHASRTER ST, SLOoNAIRARHA&SO L TCERENDE I IS,
CHDLEEBELAR, [EORIZREFOMSHORE, TLOLLHISHEARIMYLTOLhSE ] 2L TH2.
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20, ERKEI RFE—2oBDIHE p 5 X ORI, (p: Qlzy,. ..,z = Qz1, ..., Z/]) MKRERD
oMb IUH +, X 13,

p(a)+p(b) = p(p(a) + p(b), pla)xp(b) = p(p(a) x p(b)

TH5I6RE. ST, 4+, X RFERRTCOFBEOMEMREET. ZO—FEMIZEH H{LRBR % normal form
v, S DR, —D A F TV Cit Grobner #/EE M-AI#RECIDER SRS, (0 2 EURARE
@ normal form ¥ 0 (2% 2 X S ICEDS. )

2.2 BFEROKBEAE L TCOEBLME E RN RE

KRB A LOSHARDOABRTROA X — AIIHMTHAE. (ZDXAF¥— 4L B. Trager 2L WIS
hizbo [35] #EEXL L, /VAELRRZLDOTHS. )

22004 K,L LT, L=K(a) CHHLTA. (aid K LAEOTHAHELDETAH. ) CDLE, L
LOSEROBUSERIL, LT OREEIFESTE L.

(1) K LoZEARXO RS REIFFIE,

(2) L £o2>0%5HR0 GCD BT FE,

(3) L/K 0/ v AR EAFE
J VAER Normyy 13 $HAR L[z] 26 K[z ~ORBILTO L I cBRICHEBE NS,

Normyx(g(z)) = Y Normyx(g)s* for g(z) =) gz’

i=0 i=0
HAMABOA X — AL, LTORRTR T LEHFTE L.
o) P2ER o) oBBETLK
NormL/K 1 Iccmm

Norm —3 Norm D YHRF W
L/K(Q) L/x(g) EHATe
CIT, APERA.

(A) e RERL T 58HKRD GCD i, kA LOMANRHABITE 2% 61T, ZXMIZIE Euclid 0 FKRE:
REDERTES. (BRIEDIRE LT, SBa#ERE, modular ki X 2 HMESHDH 5. )

(B) Normy,x Dit$iit, a ® K LOBASER m(z) 2AVT, BERICLVEHHNTES. T2db,
BELBRHEEBR K|y)/ <m(y) > DL B(y) LLTRENTWE. Zo fisHL,

NormL/K(f) = resultant(8(y), m(y)) = det(S(B(y), m(y))
&%, 22T, S(By),m(y)) 22 2DFFEX By), m(y) D Sylvester {751 TH 3.

CO28 &N, L LOSEROAYSRE K LOSHROBEARIFETREFET A LICRD, BX
EIHEROBEIZIE, chEi D ERITLV. S TORKL L IERESHTTHB L.

£ 1 f(z) 2 L=K(a) LO—ZEBESHERELTH. COL X
(1) f L LEESZ61E Normyx(f) 1t K LEERHRSHERORF L .
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(2) Normpx(f) dEFH, TOLEMBAFEHLL, ET5. 0L &, Normyk(f) D K LOBE#
HBFeht f o L LOBSHBFLEOMIi—H—REIFEETS. S6ICFEL WA, Normpk(f) O
K FoB#RTF p o LT, GCD(f,p) #4HET2 f O L LOB#HRFELS.

(3) f MEEHTHELLIE, HOER s PFEL T, Normy (f(z—s-a)) JEFHIITES. ZDXH
% sxihi, f O L LOBRHEATFE Normyk(f(z—3-a)) ® K LOBHRTF & OBz RO—3—HE
MHC&E5. p ¥ Normpyx(f(z—s-a)) ® K LOBEHATFLTRIL, GOD(f(z),plz+s-a)) it fDOL L
DEEHAFE L 5. .

(4) LR s i3, LTO LS CEAKOTERTHBEGI oD, f OEEOR BIINLT, f-s-a il
K(e,f) ® K LOBHETTHS. EEHIL oLV s 25T 2 K(B-3-a) i K(a,8)/K OHBHE&T
Hab.

2R 1 Trager DAF¥—LZE Y, f(z) DBRAFREEROLMBLFEERIBOND. LIL, #FCTE, &
B ICRLEEPHEERTS s REERTRZ6LV. T, Normy k(f) DKREIE f OREX L/K
DERKRETHY, BETROIAIPKRERELODIZL-oTLEY. 642, bk (€& 1 (4) *EH)
2EZNT, SEROBNTREDHILIZBVTR, /VAPERFIZELEVWEBENERTEI Ltb2
5. —fizit, ARSBOIAL L GCD DR Tit, BROBEND L. GHIROBR T, RENEE
RO LWHREROHEERRBETH, ADShEBERORBUBLT O(n?) : O(n!) TH 3. )
MX 2T, BEHTRVWHEDOHN, Normy(f(z -5+ a)) OEHTEVEAF BHTELTS L) %%
ERARDZIENTE, TOHATLVWETFSE Normy x(f(z—s5-a)) =[Tiz1 97 &V (e 13 pi DE
), f DEAHATLVWEATFHE f(z) = [Ti=) GCD(f,pi(z + 5+ a)) H#oHN1 3. SOHEL, FHISRAID
REOBERBINFRIAOHISHL TWH I L, hOtERH 6, S 6 I RASHLERFALLRTIENTE
5. TOKEERIEE/ VA (Modified Trager) £ L BES.

5z26hi: Q LOSHER f(z) ORANFRER, DEORBEAG LORBTRERYET L TRE
5 Tibb,

HEL f(z) DIRE—D2EY oy L5 F0, i=F EBL.

(1) f % Qo) = Q[z1)/ < filz1) > CHEFRETS. COLE, f=(z—a1) - q11° 91, LARTREN
5. [ OBHRAFITRT—XKBFL 5 Q1) PROLBIFHRE. £ CLWIBER, —kKTRvEHA
Fr—okh fo 2B, fo OWRE—2HD a3 EBL.

(2) f % Qa1 a2) = Q[z1, 73]/ < fi(z1), fo(z2,71) > CRAEARTS. COLE, f=(z—a)(z—0a3):
921929, LAXBFHENS. [ OFBHEAFITXT—KRAFLS Qay,a2) HRDIBIFFE. £5T
ZWBER, —KTLR2wWEHRTFE—2LY f1 LB f1 OB —ohd o3 LBL.

(k) f % Qlon,...,ax) = Qlz1,.. -, 2h]/ < f1,-- 0, fx > CHEIETS. SOLE, f=(z-a1)-- (-
k) gk1c Ok, LR ENS. f OBBHEFHTXT—XRAF%25 Qar,....ar) ¥R 2 B/N5R
. &5 TRVEAL, —RTCLVEHEFE—DLY fin B fiq) OPBRE—D2OPRD oy EBL.
IR, DO ¢ < deg(f(z)) PHFELT, TOFHREI{TTE. 0L 2RNFREDKBORS LW
3. LI3BE fo,.  SEFELTRILHZEICERT .

2.3 Galois BDEH
BT, KBRS LOSHAOABAB LAV f(z) ORIFRENGEEZH. COLE, KDL
RERINLTVS. f(z) DR ay,y...,00 IIIEB 21,2 WYL THRE. RADREE ¢ LTI,
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Qpplye -y 0n tay,. . a0 DFEHRNTRINATVEIEIIR B, LA T,
Kf=Q[3h---yzn]/ <fryeenrfa>

SCCi=L24+1,..,n LT, fi =zi— Aiar,...,ap), Ai RBEX E2B. ATTN<fi,...,fa>
2 JCRTEIZTS.

CORBHE 2 s TWhIE, Galois B (DTT) 2 TRTOBOMOBRODHPLBRTENCESL. £
ST, ROLOBHR o2 EBZHDTHAHN, MO D, 0 i3F index 1,....,n DEDABREALT. THbb,
k°, k=1,..,n &k, {1,..,n} DL LA

FHE 20 2BERESTS. ZDLE,

(1) o 2 Gy ODRTHB7-DDLBEFRTRTD k=1,..,n IIHLT, fi(ags,...,a1c) =0 L% 5.

(2 (1) 247TVOEECLRBEE, o Gy ODRTHALDOLREBETRTO k=1,..,n ZHLT,
Je(Zresenya1e) AT TN flyeen o > BT 3.

(3) (2) 2MHNFMOETFEIL BRI, 0 2 Gy ORTHELDOLERFRTRTO k=1,..,n IHLT,
fi(Zreyeoya1e) DAFT L fiyoo oy fn > BT 5 normal form 250 (2% 5.

FUYFACERLABRICHLT, 8 2 OHFEELY, Galois BAFREHZ &L, (ZDHEE
membership HFE L TS TIRIERT EIZT5. ) LaL, ZAOIRS Lt O(n!) B b D membership
HENLEE 2V ERORMIAERNICERE 25, 220, 2ALPOIRE 5L THERA(RDA LIS
3. T T, iBAT 30N, strong generating set ThH 5.

EHL1G % {1,.,n} LofARL+5. Goy=GetL,Bili=1,.,n M LT, Gy = Gh,.i
{ceG|j®=j5forj=1,...,5} LEETH. T, k%2 Gy =1 25RIOERETS. i=1,.,
3 LT Gi)\G(i—1) D coset representative S; = {851y 184} B4—DFEDE. (TLbb, Gy
Gi)sia U---UGg)siy;. )

TOLE, S5=5U5U--US, ¥ G O sirong generating set L\ \», § DHITL% strong generaior &
w9,

[ |

R4 DEXE L strong generating set 2 KD B LI TOBBCAEHL T 5.

(A) & coset Gj;_)\Gp) PREFTELLT { D Gy THFELEILBRE. TIT, ig_l) = {t =
f,82,. .y tm} EFTIUE, 854 ELT 3 =4,5=1,...,i—-1,i° =8, B o T LTI,

B)1,...,i DFFEHEIELATLT Galois BB TATIXi+1,...,n OFEEEBAREDTV LI
DEOBWHTZ LACE A

C @, strong generating set XKD HWBEFRATH L T, BHHIOFMEBBVICE T 5 2 Edtbhs.

£ 3 Galois # ) strong generator % K 3 128D membership HECOLEL normal form ORI,
F4 O(nd) @ (BEL <12 O(Pn2) B) TX\o.
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3 Absolute resolvents # A\\3 5%

Lagrange = & DI A & fL7- resolvent % #)f LT Galois #%8tH 32 1 2BOH KR, BB
(absolute Lagrange resolvents) DEZ SR ¥ FIAT 5 HETH 5. =D absolute resolvents ¥ v THEHR
 Galois 8% i1 3F% & LTid, Berwick (1915, 1929) [13] [14], McKay et. al. (1985, 1989) [32] [18],
Arnaudiés & Valibouze (1993-95) [37] % L' A%34T 6 h 5. T 2 Cit Arnaudiés & Valibouze D J5% .42
BREB A, FORIC Berwick DR E McKay b OFEBICOWTHREICAENS.

KT, 456K LD nROSHERX fIonwTEX LT 5. £ Galois B¥* Galg(f) £T5. n ROXH
BS ¥ nBOEEOLORARLERS. S, DHI80HE H L 15, CORGEH OETORDE
BRI E Y RER (n BHO) $HEKEO LT3;

o(@)=0wocH.

¥t H-REL (absolute H-invariant) L Hv, B3R H 27 A PHEV). COLE, S, KHT5
H-53R3, (Sp-relative H-rsolvent) I3 X TCEH S h 5;

Loyw) = [[(y-76)
T7€R
ZZTC R={%€S&I|Sn=n1HU- - -UT.H} T8 i1 70 @ [ DRI X BHBLERT. TR DL, EEM zi
ICR o ¥RALZbDTHB. =D Loy % #art H-5M3X (absolute H-resolvent) &2 3. &% invariant
i2B84 % resolvent HHEMAF 2/ %, £ invariant J UF resolvent iX f-73-¥ (f-separable) 75 &
V. Bk, S OMiTid resolvent 32T f-separable XL RETA. 7, LEVFHRAKHLT, 0 (&
Btk L) BHEFLTORBDEE (1,-++,8) (ST, 61 2+ 2dg) ¥FHANTFH (partition) L H .

38 2 f-separable 7t resolvent DFEIZOWTIIRIB L 5; Sq DETHRFEICHL, f-separabdle %
H-resolvent ITEEET 2. 72, F#RIC, £TD f 122V T separable % resolvent 2*FHET 5. ( Arnaudiés
& Valibouze (1993) (4] BH. )

31 BREL43ER

absolute invariant ¥ FIfl L = HEOBERICHET 171 7 X HBET 5.

[ @ absolute H-resolvents ® K L OBEHEFDOLAYET L5 partition i H & S, OMBRBAEL L
TD Galg(f) \=DIEETS. L >TIDHE, TN partition ¥ [Galg(f), H] LWL EIT S, 1,
H-invariant © 1202 T® H-resolvent i, 08 (0 € Sp) {22V TDoHo  -resolvent (2% LV DT Galk(f)
i3, #% (bbb, RoOBBR) TRVTRDHOHNAE.

L7285 T, —FE Sp DELTHORLFE G, H 120V T, #1650 partition [G, H] O (EEH D) % HiK
FThIZ, (CHORMIZOWTID) Galois H¥RDHILITL LS. Thbd, SLONASEAR f ion
LT H-resolvent ¥§tfIL, K L CREAH T 0L partition 2B o, ZOE (DX S LREFETH
(partition matrix) &\29) IZB S LT Galois #¥ R+ 5 I LATE 5. FWATHIZIE 2 2OMELI D 3;
(a) partition 3 %4> % resolvent DEEFH L (b) Galg(f) D Sp/H ~0 orbit FFL AL 4 1 ST 5.
ZLT, FEATHIIZ (b) 4= & DB S 1 Galois BOHEIL (a) 12X 3 &) & (272 % group theoretical At
Fid computer algebra) = DHENKHHTLHNT A7 TOXRETH 5.

partition [G, H] 28T, B G i3 Galois BB L R 58 TH 5 ) CHEHE (candidate group), 8 H
{3 Galois BFDREDEE H-resolvent &\ I TRER & 2 5B LD TRIREF (test group) &\ 5. WREREEL
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LTix, Sp DBFRLTHLTLILELbIFTidew. S, BFHOP LD, BYICRBELBY, £
2 IZonw TR 55 partition 25 2 A5ETH (S %, BAFWATTIE V) 25, ThEARLIITER
T+ FTHo L, EBATHTANC L O»rDOE LITFEFHE>TVWTH, Tho 2 EHT 2 4 ME 2 ifHst
Bonnid kv Fhsg%4#E LT, resolvent DEXHETF ) Galois # ° mod p TORFF/RIZL VEDL
hacycle B Z YA HWwH R, ShbidEs, Galois BERD S BROMBILICOTIZL o TV S,

3.2 Berwick ®F&k (6 RDBSE)

T 0 scheme i2 & h Galois BEOHE ¥ RALRDDEL LT TO Berwick (1929) [14] 12 & 3 6 kD
2 (deg(f) = 6) DERETT. LT DHA Berwick i2& 3 Sp DEFFTEFTFITH 5. RREICOVTIE,
order At EEh 48, 72, 120, 360 D 4 2D S, DEXET 8 Hag, Hra, Hiz0, H3go % BA TV 5. REHEEIE
S D16 FDOTBRBAFHTHY, TONKICL > TRL G, +,Gi6 LHHDT.

ZORWFTIR, ETOFIHRL 2 TVARTIRBZWI LIZEFT (. Thbd, Zh73) Tl Galois &%
HrHBDIZTF TR, £ T, resolvent DELFHEFD Galois BRIcEH T 5. f @ H-resolvent DEF g
0 Galois 8 I' 7%, G = Galg{f) \ABTH L (i.e. fOYrOMD g OROBEHRLLTHREND) LE, T
OEFERFTHELTWS. Berwick 12 6 ROBAIZ G i3 T IKHAED, H5VIE, G 2 RHBIZIET L
) resolvent OBHEAF D Galois B I 2HMASDOELILBENHEI L ERLE. BEDIHE, resolvent N
BEHRFTHASEL DD « PLEORDICFR LAKOITTH S, T4bh, ChodlAaSbEonsHF
ORDOBE I VERShBIEREE f OBBEKICELY.

CDEI, BOBITILTRE2TRVWEWEESTH, 5 resolvent DELE#IEAF D Galois BEX BT
AZLT, BHERBTACLETETHS.

[ lorder || Higo | Hizo | Hm Hyg |
G | 720 2 6 10 15
Ga | 360 12 8 10 15
Gs | 120 2 5, 1 10 10, 5
Gy | 60 12 5,1 10 10,5
Gs | 72 2 6 9,1 9, 6
Goa | 36 12 8 9,1 9,6
G: | 36 2 3,3 9,1 9,3%,3"
Gs | 18 2 3*,3* 9,1 9, 3*,3**
Gy | 48 2** 42 6°,4* 8,6, 1
G| 24 2 4% 2 8, 4° 8,6°%1
Gu| 24 2% 4,12 6, 4 4,4,6,1
G| 24 12 4,2 6, 4 8,61
G| 12 12 4,12 6, 4 4,4,6,1
G| 12 [[ 2" [3%1,2 [ 6,3°,1 [86,3°,3,2°°,1
Gis| 6 2* | 31,2 | 63,1 |86,63,3,2"1
G| 6 2 3,13 3,331 3,3,3,3,13

&L, TORICRT & 912 Higg-resolvent DFHFOBHORRAEZHB. CORLHANROBHDL HDETT
BHOLTE2RBILA:. & Tk~ kwif, Berwick DA iEld H. O. Foulkes (1931) [19] 2k b 7 kD
1 R (B A

Gs Gi |G Ga Go G Gu Gis
85181 ‘A\'n'sl 832 83)A3 84182 A4182 83182181 A31821‘Sl
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3.3 Mckay et. al. DFH&

Soicher IZ}ERE % resolvent & & partition PP L LT VL) Hn = Su X Sp-m DBV
Kn=Id"xS-m L WHIBDIABYTLWEE L. SCC, Id i B THh 2 (McKay & Soicher (1985)
[32]). Tl &, Hy O invariant & LT 21+ 22+ -+ + Ty %, $72, K @ invariant & U THFH
a1z + 8222+ + GmTm T LB TIT, F o iIZEWIIRL A, Zh b0 invariant 122V T resolvent
ZEHHL, K LCHEEBS#T 5. Soicher AURL 7R T b L 4HBATHIIR, TORAXRFTRIVIBONSE
HBEORRBRE H, 123375 m-sets LOER L RGBE K 1254 2 m-tuples LO{ERAH 5186 77 (orbit
length). = D53 HEBF1TFI% Fiv» T Soicher i1 7 X% COBMSARXDEIAANRRIZ D L ERL 7.

KRR, S IHBIRORFIR L SAARALTVA R, €512, KiZ~<5 van der Waerden D ER
& Tchebotarev ) (HE) ERICET (HFHOLFB LTV A,

ER 4 p 2 ERLTE. FREBER f(2) € Zlz] D mod pZz] M T 248 % 3 BRHSHER~DFHH
f(z) = () - ¢n(e) modp (*)

THY, 22T, ¢i(r) € Z[z] REFERTH Y, deg(¢) = & (1 <i < h) Thilz) & ¢;(z)(i # j) & mod p
THRE %51, f(z) D Galois Bid (12--- ) O+ 1l +8) (G4 -+ byl +--+8) &
RLBoRBREEL. ;

Z ? van der Waerden DEBOEMAL AT 72012, p REZIRZFAS 2V REEELRT IV, £9
W) p IR LT (x) #¥Bohi-t &, 20 cycle 1% shape &\ \», shape(p) = (61,---,8) /L LiZT
A. ZDk % Tchebotarev DERI

TR 6 HAEDOEHK z IHL Niny,-npz) 13, p<z 22K p T, BHR f O p 2k 3 shape
shape(p) % (ny,-++,m) THHLODAMBERTL TS, 7, v(z) 2 z LTORKOBEPB LT L,
T30 DL X Nm,';"': {2, f D Galois H#IZBIF 5 (ny,---,n) LEILE%R S ORBROFE VYT 5.

THD. HEXTVHERERDREKD shape DEAN D » THEFE XN T, 22, H2% p DEAXED bound HFF
ETHIERE 2 20FRIcET < Galois BETHAITRICEATH 2. cycle B DI >VT DRI,
11 k ¥ T2V Tk Butler & McKay (1983) [16] 28 &1, bound (22 THEEDH R & L Tl Lagarias
& Montgomery (1979) [23], Serre (1981) [30] 2% 5. LA L, ZHh 5 bound IZIER 2K Z Vi, McKay
LDHFETIE, FEBFITHEAVI2FEO—PE LTHBSATWS. 20 McKay 504 7RECD
BZHRIToWT KB, BB Y A7 A Maple ICEEEN T3, £OFMHER % Appendix I2fF L TH
{ (Fig.1).

& Y BROPAIZOWTIE, Butler & McKay (1983) [16] 123V T S, (n < 11) OTTBHAFBDO Y X b #¢
A&, McKay & Regener (1985) [25] {235V T Hp, K BIOREBREEIZHT S Sp (n < 11) O partition
R (HTBATR) MHRENRTWA. 2L, SOFELD, 8~11 RIZDWVWTIHES OF L 2-REBE 1T ¢,
#1475 & absolute resolvent 751} % V> T Galois BZ HET 2 DIX+4 T3 EdtbHh 3.

3.4 Arnaudiés & Valibouze OFH%

CHETRTELEL I, RBRBOBIRIIVDITHBRMICT 2D TV 5. Arnaudiés & Valibouze DR
LichE ] 1cd DL, S DEBORGEE Lo 128 LT Ly ORFEOIE[ATE S &2, Ly DFHFTH
DHBMZRIHADNTREIC R 5. 7', TOHEICOWTERSD (§E4it [4) BHE). 8512, resolvent DRFD

10
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Galois Bz B ¥4 % D13 Berwick {23 5 #f, Valibouze i3 resolvent DEF D Galois # (a priori) §t5L D
FLOFEEZREL, TOfFHE AT Galois B2 IETHHELRLA[37].

Partition matrix DEH 7, (1 Ll Lo) B OZE (partition) ZEHT 2. n€ N IZoWT, T ia; =
nTHrLE, £TD (ay, +-,an) € N* ¥ n O partition £ 1. TDLE #8 {i € [Ln]la; 21} %
partition D34 (support) L E 5. TH D, o 13£D partition (254 3 ¢ DFWE (multiplicity) TH Y,
support DAL D partition (ZBITBEEOKTH 5. n O partition B L, support DI & - TR Y
NBLTMME 25 (dy, -+, dp) &, FNEEED multiplicity OF) v = ag,, U =ag,y X HRTS.
&o7T,

B =[(x1,d1),---, (vr,dr)]

THA CC,LTOIHLTILCd £+ <de S, 721, 121 TH5A.

G% AMRBTIG|=NTHHLT5. C% GO (index) M e =ec DHLIBABHOIBPIEET
5 HEGobrBoHERTEL, £THM (H,C) & e O partition DMHELELS. C,eC *BAET
%. C1,Cq++,C. 1t G mod C) DEFKWT, H % C={C,,+,Ce} LIEAEERLTE. COLE, o
i2C 1B A BEED I THAH LS % H-orbit DREFEET B E, (o, -+, ) 1T e D partition CTH B, &
542, ROFWEIEILT 5.

1880 6 LIz L 7 partition (a1, -+, a.) i}, C 22T IEEFEL, CL €C DRBUTFICIREKS 2.

COEMEY, S THLNL e = e O partition (a1,---,a.) i, #l (H,C) BT IEKETHOT, T
(H,C) 1=B§F 5 partition &\, B(H,C) & 2<.

WE T H 2 G OBSHT, C & G 0HHBABVOMEMAIZL T 5. priition B(H,C) it H OB E C
EHIEET 5.

C% G nHrgaBRokBoRerLt+2;C= {0, --,C). CeC,Del zaLT, BCD) it
B(H,D) iz%Lwi$3. L, HeC. 0 B(C,D) it C, D i=B§¥ 2 partition £ \25. € 2R¥D/Jp &
WhEPS Cy,---,C LERB (G = {{e6}),Cs = {G)). “D& &, EFFTH;

P = [B(Ci\ C)hgijss

1353, ChA G It Lo TRBENZFETNTHS. ThERHTHLDC, HieC & HjeC % 2h
CHBE. e =[G: Hj] £¥5. ¥, G mod Hy DRERY {ym} £T5. 2L n=1g £T5.
SO E, BC,C) = (a1, -, a,) THY, TSTLTD L[] I2DWVT,

o= % card{m € [1,¢j] | [Hi : ymHjyn! N Hy] = £} (%)
Thd. HHRE AHL T card(A) it A DBBET &Y. T2,
B(ct'wcj) = [(”ij.l,dij,l)’ “tty (”l',j,r.'.pdi.j.ru )]

EFTBE (LRL, 1 Sdijy <+ <dign, <€y tige 2 1), () &Y B(Ci,C;) @ support DT d; e i
card(H;) = N/[G : Hi] » Ex¥ (divisor) THE2DEHALHTHS. TORK (k) L h, Sy DL THOHIE Lo
DORWITFIO (ARE%R) OMEATARE 5. & T, Galois BEZ DB DICER L R 2ROEEI R
+5.
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EE 8 LTERHINLTT P OfFiIRES. #oT, ZOfF0RSLESE C={C1,--,C} DHOERL
EREIFETS.

YoT,Chih Lyp=8, DL E (xx) EHBLNZ5WTF% b L 12, absolute resolvent @ partition %
VT Galois BT 5. COFHITHIDEBL, SHRIBEHTH S (ie. Galois BATBHTHL) £
ENpnENnH I LTHA.

Lo=8, DL ED (bx) IZXBHELXRVTHONHR (T Amaudiés & Valibouze {2 X 3) 2w
TTHBH, Thoit GAP [29) T HWTEI ERA . 4 ~ T RIZOWTiE Sa(@ S n £ 7) DELERZHAT
FIBoh T ([8], [9] BM). XoTohd b square free 2 BB IOV T Galois BEDBHHEAER SN
5. 8 RIZDoWTit S DAFITHINEFTRANBEONRT WS, S, 672 BT OREEFORRBRE L &M
BT Lb0LT (50 ) t:ovrroaoﬁ%rba. {Z# 211 Butler & McKay (16) D e/ BRIz L
5. Sg D 296 FDEHITE o TV 5, CHTHHFHEARICOVWTRBALI L% 5. BB S AL, B
hbERICEHITCE, FFITHIE r&-m ([5] £8). 9, 10, 11 kD4 (6], [10]) i3, B HD class D&
TEHNIT2ORRELOTHYLRBEFHOLDOIMBLTH A LD % v, BHBICOWTIE, FRC
Butler & McKay [16] DT BB ORICE 5. RBRFEICOWVTIiE 8 ROBRIZR 22 o 7872 % resolvent £T
YEZDL COFET, IKE 11 RIZOWT, BHEIERD Galois BEOREATTAREIC 2 5. 10 RicOWTiE,
relative resolvent b LETH 5.

—7, Lo # S, Dk 213, Galois BEDHEIZ 1L relative resolvent 2 LB E T3, Zhid, Lo # Sa DIBS
2 (%) & D185 N5 45HITRIE, BETICH~<S relative resolvent % fiv> 3 Galois BORHHHEEIZ O FI &
hgaZ L@kt 5s.

Resolvent OEF0) Galois #f & TXKiZ Valibouze (1995) [37] 12 & 5 resolvent DEF D Galois BENEE
HEFIM L7: Galois BOREIZOVWTHRE. T, COFEORELIERESLLiIZTA.

HYS, DRFEHOLE, H ORBRUZ L >TAETH S & ) 2tE K(z1,-* Zn) DTEOREE K(21,- -, Zn)
OWAHEERBTE. ok K(zy, -, 20)7 LK.

IR 9 f % square free 2R¥ n O K(z) DHEHERAL L, FOROBEE Q LT5. H ¥ Sy, OBIHL
L, © ¥ H O invariant 72X 3 5. © f resolvent Loy DML HI1E, 6 i3 K = K(Q)Gal(!)nsn Lotk
K(Q)CUUIR pyEshtTdh B,

Galg(f) =G 3B LINERBIIREEHRTS;

N [G:GnH]

K=K K(@@)CH = g(6) —— K()

h & Rk¥r O Loy DUEHRFTHY, © ¥ RIHOLT 5. 5, mod H OEHRMORKR v =1id,---,%e
By =id,-, % #* Sp mod GNH OEEKFOREARTHH LI LBESHITA. K Lo 6 otk
7N6,:-,%0 TH), ThbIk h O r WOWTHE. i =1,---,e W LT H; = %Hy! O invariant
©; =70, i3 Lo, = Lo 2B/-F 0T, LOEHELEIL, # (H,0) 24 (H;,0;) iRATHEMICRILT 3.
cheh, ROERYH 5.

T2 10 TR 9 DEEOTK, 85,-,6;, 2 Loy DHIRL LI, K(B,,-,0,) L0 K(Q) O Galois B
i Gal(f)NH, N---NH;, Th5.

CHEHRLDELIZKEES.
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ER 11 ERIDEENTIL,V 2 V=N H CEALNE S, DERRBFHTHHLTH. DLk,
Loy O Galois i G/GNV ICEETHS.

FE3 CoEBLID, “ n25,H¢ {Sn,An)} I2H LT, resolvent Loy O Galois BEit Gal(f) TH 5. ”
2185,

SEHE 10 i3 7= resolvent DETNEFD Galois ¥4 52 5. LTOERI- BV TRBEHAFOALERT 5.

TR 12 h KK r O Loy DHEMETF T, ZOHIIO,,---,6, 2L T5. SOLE, h D K kO Galois
B G/GN= Hi CABTHB. ST, Ga(f)=G T, & 6; =70 3% H; = vH;v~! O resolvent T
b5,

% 18 K 10 h & Galois RO [G: G- Hi] T 3.

B 4 TR 7EREL, absolute resolvent & S, I2DWT DR TH B, —#%IZ, relative resolvent
L f D Galois B2 E&T Sy DBHE Lo IKoWTHEROBEVEDTHS.

Fi=l-,r IKHLT A ORMIRBM[G:GNH] IKELWOT, ER I & Y, S, OFHATH 2K
FAHIELNTE F7:, FH 12 £ Y, h D Galois FiZbLPEL, b oTS, PWAHGCG L H DA%LH
WTHHTE 5. & 5T, resolvent DELHEAF D Galois FFORLIBRTE 5.

C O resolvent DELHEFOR EFWITHEL AT 2 L T, £ D separable 2 ZHRK 124 L T Galois
HLZOBRMWAFORKEES. LT, ChESETROAYAVAHE LN T THS. (37 Tik
BRLIOKDBEILODVTIR->T WS, 8 RIZDOWTIE resolvent DELFIEAF D Galois BN &
Galois #A%E 6 Vb DIZDWVT DA, resolvent DEEFEF D Galois ¥ 5 A 72. 10 RKIZoWTid [10) ¢
B2 7: 83 0BTHIO R DRI 10 Kk & Y b/~E Vv resolvent DELHEFD Galois B2 52 1. SOHER
AL 4~8 RIZDWT L 2% ) B Galois BMRETEA L H 2R 5.

3.5 Absolute resolvent M&+

FPR D absolute resolvent DFHTIZDOWTAHLANTE (. £L LTHVSLQRA bDIC (i) resultant % A
WizhE: [31) [22) % (ii) symmetric function % V> 725k [36] [7] A% 5. {12, Grobner bases % Fiv: 3
FELEALNDY, FEE LTARTIRHIIEROUFICIIZEALEL 2. F 1, Staudubar D & 9
iz, BT P % BV T absolute resolvent ¥#HE 2L b T3,

4 Relative resolvents ¥\ 3 5%

2 DB ® resolvent % FIH$ 2 Fikid, AWK (relative resolvents) V- F&ETCH B, Zhid,
Stauduhar (1973) i2& o TEHA SN 3~7T ROBEHERARNIZOWTRA LN, 5|8 & Eichenlaub & Olivier
(1994) i2& h 11 R F THOFHA IOV THFR XN T 5. Stauduhar DJEElL resolvent DEFIL % Fflisyic
129, Tbb, ROFHEAOROBIUK 2 EREE A\ 5. Galois Bid, Galois HACL OBEKBHHICE
FNEDEVISLIE ST SROBRBNERT 7 7Moo TV L TREE. QEHFROTFAME, &
fHESIZRISE S 17 resolvent # V> 5. F /-, Stauduhar D TiL resolvent %R DELH ¥ BV TEAHE
2RO TV 525, §E5-8Y (symbolic) (2B ¥ 5 F7#:4° Colin (1995) iz & WRR s e,
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4.1 Stauduhar OF%

Stauduhar D7 & (1973) [33] 2DV Tik~%. Z £ monic ZEHEER % f(z) &L, f DREEn
ETA5. f OR%E ry,rayemy EL f OSBGE KETS. 37, ROBMMLEBIIEIZbRo TS
L, n ROLTOTBERBOAMS (SnORFROERY 57) 2 BEETS. ri,r2, ™ & f(z) DRD
HIEARLITREETA. H % S, DIUBRBFREL, SO5 25N BOIFRFICOVTO f O Galois # T
2 H OWBFBRTHELTS. G it HOBFET F(z1,-++,20) BB G XL > THREL n BHESER (. e.
H-relative G-invariant ) TH5 ¢ T 5. m,---, 7 ¥ H IZBIT5 G DERHKFEORKRZEETH. cnE
&, 783X, (H-relative G-resolvent) it

k
LE(v) = [[ly - m(F(r1,- -1 7a)))
i=1
TER SN, S hiz B (rational integer) FEME S 2. T 2T, KOERIZ L ) Staudubar D HENAEH
D7 A } (inclusion test) A*EFHEN 5.

TR 14 H 1283 G 0AHKBEIREZAN S bO—2it G HEIETNBDT, F(r, - ,m) & LE,(v)
DRTHB. F(ri,- - o) 3 LE ((y) ORMBEFCRVEEET 5. 0L E, F(ry,-+,rn) ¥ (rational
integer) CHAH LAY T CG THA.

F %, resolvent DI m(F(ry,---,rn)) i= 1, k PEHTH 259 ) PANTLEAMEISDIS. b
L, BEBRMEELZUNE, TR GOLYoREFIIETHTwEWI LR ), MORHM G'(C H) 22w
TERIE D ET. B m(F(ry, - mn)) PELIETHE, COLETC iG] ChAH. Thid,
® vl =rgp) Ko TERBRAZMRFIZOVT, TCG 28%T 3. T CG THRIZ, &ik G oTBHLIH
G C Q) IZDWTEABDZ L ETL ARV, THLT, HBAF v 72BN T YD resolvent b BB H
Ielewd, VR BRPORBTE T Ty o /B H T, Galois BT 5.

4.2 B3EM Staudubar OFE

Rz, Colin [17) DFEIZOWVTHE~S. Stauduvhar DFETIX S, DESFHOHN FERR) 7 7 77’2’
inclusion test %32 E LT VilloTW{ T & T Galois BT 2RDZ LI bNTH 5. Colin DHE
b, = scheme 238503 5 b DT, relative resolvent DRI EEMIITL I AL, TRIZEVSARf O
Galois B T % S, 1284 5 T OREH [[) & LTRDD &\ 4R% 5. w112 Formal(or Symbolic)
Stauduhar method & 25 REHETH 5. resolvent DITEMINATL S BHLIL, 2 KitZBMOELBEAT
5T &iZ& o T resolvent DFEMERBTOMNERBTRT LSNPSR 2TV S,

Relative resolvent MRt & T N4FFIL B G 1 DAL EIEBLTWA L &, Stabg(4) T G 2Bl
5 EDRGRE ADBERIRERT. H G OBaHONL & (G/H), TG iiBiT 5 H OEHMKED
WEEHEL, (G//H)y TEDREREERT. K ¥*BROOELTE. X=(21,---,2a) £ T5. 22Tz it
K EDOFRETTCHA. B= (8, ,Ln) EFTAH. SZCi=1---,niHLTE: = ZjENJ1<---<ja m=1 Xjk
THa (Tibb, BEANKEKATHA). FHR f € K[T) i separable 753 5.

L% S, DWABLTAH. © € K[X] % Stabs,,(0) =L 25BHERLETH. T4%bb,0 13 LAES
WA (L-invariant polynomial) T$ 3. D& &, L iI2E > TREL K(X) DT 625 K(X) o8F4%
KX)E LU, e=|K(X)E: K(Z)] = |Sa: L] L35, 0 1351k KX)F : K(X)* DRt THS. $5b
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5,(1,6,0%,-..,0%71) it K()-~<7 } V&M K(X)L n#ETHS. LidtoT, EEDEER p € K(X)E
I —E8I
pP= Ao + A16 +---+ Ae—lee-l Ai € K(E)’ (#)
LRED. COFIZ p 2HT I LOTRIL, relative resolvent DEFEH N K(X): DTt TChHhorT Lichb.
K(X)L o5tk (#) BT o, K(X)E Lo K(D)-2 ketREMOBELBAT 5. K(X)E Lo
KO- 2RkHBR <.,.> #UTOLHEET 3. (P,Q) € (K(X)L)? IcxfL T,

<PQ>= Y o(PQ)= ﬁ T o(PQ).

0€(Sn//L)y 0ESa
D K(E)-HHE2AER <.,.> BROLSIBHRRERE L.
#H 16 K(X)! Lo K(Z)-1# 2kBR <.,. > 33EB{LTH 5.

ZhED, KX) Ot (#) OBKERTEIUTOLIIZLTTHEICZ 5. K(Z) £ 4; (0<j<e-1)
IZ2oWT D e BAOHREFEN

<p,©O >=40<1,0>+4,<6,0'> +---+ A, <6°1,0 >,

(i=0,---,e—1) RHT L. (KX)L D% (#) OB THEE b 5 —2 Colin IZFFT TV B, &
WTRWETS. ) Z5LT, KX) OFETH S resolvent DEFEM% (#) DHIcEES. TIHILTELN
7: resolvent i3 f DIRIC L AL EZE AL L CUTTRRE & S PV LW E R o TV A.

EH2L % S DD, H % LOBARLTS. Stab(V)=H Thrr5% Ve K[X]) T4bb, i
X K(X)L : K(Z) DRET% n R L84 H-FER (L-relative H-invariant) v 5. K(X)L Lo ¢ @
BRASER%E U O— LB 3R, (generic L-relative resolvent) L\ 5. bbb,

= JI w-o¥%(=z,-,za) €KX [yl
o€(L}}H)g

(HiR : absolute invariant (resolvent) 1, ¥ % b Sy-relative invariant (resolvent) DT & TH5. )

KIZ, resolvent DIEBRILEERX B. r=(r,---,rn) £ L, 12 f ORTHBELETAH. T/2,9e K(X) 12
HLTg o f ORIZLB%BILEP =p(r1,---,rn) ERT.

LH#T 28bL &, L; OBBEEEM i 1o #RALTHONSEHAR LE e Kly] L LTEH
+5. &7, L, 4 square-free THHBHTIRN Y , £ 1F r-separable 22L T Z L1275,

FOGaois BT AS, DWAR L ISEETNDLT5. H % Logna#Lts. Lbatkoitinsnc
HY, ROZVOR LY, 2DT, L§ ORBMEBKLLAEDOERDEFELF LS. T, 0 % absolute
L-invariant & L, #OBELDME 6 = O(ry,-+-,ra) = 0 REEMTHH LTS, ¥, LL OEBEH R i
KX)o Ths. LoTLADHFET R % © LBOMNHFRTHRTILNTEL. HELY S dbhoT
wa L, EEHHER i 1 f ORBTHEPObHoTVE. koT, R bbd3. 25 LTHED L, #f
Bohs.

CCTHETREIX, BRLOBRITRI0 I GHENHVBLIZLTHS. COBE, BHELORIZH
BAO0 % &% E ) %, B0 rseparable L-invariant ©' % HATLROFET L], 2 RDAIZ IV, £
DES% O BLTHEL, O EROVHT TN T XA BRENRTWS (4RI [17)).

TRMEDYE Staudubar ) scheme I2HEVy, T3, ROGEBIZ & o T Sp DHL/EDOLTORBEDOAN
o7 EERTA.
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Wil 16 L *HMBLET5. C(L) * L DRABOLTH L-igHomeL+4.C(L) kT
VHeC(L),VKeC(L),H<K<+<=3HeH,AKeK,HCK
ILE > TERSThAMFK < RIAFRETHA.

H»LOBIHTLCS, 251, HD L8 % [H|L TERT (L =8y D& [H] £8<). C(Sn) LT
<IENBEREND S DBRABROLETD Sp-RIBDHMY T 7% Gs, £ T5. Thbb, 52 HeC(S)
DF (children) it {K € C(Sn)IK < H} DERETTHB. TDY 5713 H5 A connected Tdh 5 H—4%
i tree Tk v, WD (parents) ¥ oL DHHhiE 5.

iz, 797 Gs, \=BWT Galois B I D3i&H ] £ ROV % £ T inclusion test % L, Gs, > T
Ww{. ZMDP4 inclusion test ITRDEGEHIZHKS.

SR 17 LLHIZ S, DEAB/CICL,LC H tH5LT5. r-separable L-relative H-invariant ¥ T &
T3E, Lo, MK ICREFOL ZIZHY [ = [H]L #WELT 3.

Thbb, Li, K IBEHONE DI, LS, % K ECEARARTRIZEV I EAHDB. (22T, S
NETOWBIBR H L H OLTOEKBAR M 128 L TRAOHEH (index) (H:M] & N & +2%, BY
FRTRE L, ORBUL N L hAsw)

Galois HREZ NIV XL Gs, 3o TV BOEAT v 7 TCOTNIYXARUTOX )12k, v F
BORAF 5 74EXD. ZOLE, Sy DEFROF Lo = Sp D L1 D -++ D Ly i22WT[I] < [L,] &Hd:
v, E7:, absolute Ly-invariant % ©, £ +5. HE,L=L, ©=0,,0=6,=6, LT3 M%
CL\N{L} D < IZ2DoWTHOBKTOKRE7:L TS, 5 unknown 2 T€ Sy LT Crlr ! TH3
CtidbdoTwa. [ <[L] BERAZLIHEMIAHeH, TCrH I twH L TH 3.

SOFAMRRDEIICERESNDE. HeM E¥5. B HeH %#EE (H)L=H). $HEOB:
FEH0 127 6 2V & ) % absolute r-separable H-invariant ¥ %831 L resolvent £ %8t 45. 2T
HELvor L8 ehs. coT, L =1L ChroTeRBETE LE = £, Th B,

Liz 10! &%, Tr! i3 f OBONEF 1 I28F5 f @ Galois 8 Galg(f) O S 2B ARAT
5%5. 0D rr L ABHILOHE (T2bD, 70 Dr ICLABHHILDM, Chi 6 THAE. ) idbhoTw5
Li© i3, r & rr iz X BHBETE S IZFBA0 IR 5%V, LIdfoT, (1 ikbdoTwiwna) L5}
¥EHHTCEA.

FLT, BEARICE>T LT L RAFEHOPLIDPFALTS. b L1IKEFR ST, 20
IbD10% y—p kT3, COLE, y=tV %@ F terL FHEL, Ly =H,0p01 = ¥,6p41 = ¢
EL,RDAF v F~thitr. 7, L 1 REFE2E- WSS, 1 kKEF% D resolvent 2863 F T
D HeEMIZOWTEBICEHDET. YOHeMIZoWTH 1 RAF¥#L-2WHBAR, T=1Lr! T,
EoT [M=[L] t&5.

TLEBBDF Z T, Stauduhar DF T R IZEHTL S 1 i: resolvent D4R (ie. f DIRNEER) @
BHIY I DOHELEBICRIET 21231302 ) OME L ER 21 3. Staudubar HERBIC L I WS FiE
TYOBEORMEELOIERIZL bh oW, (18] 122 L, BROHELEES 2 FEIC, %
BIRON BOBRIBHEADEIZBI T 5 Baker DFEDNDH Y, &) Baker OFETIE, —#XIS (T T) HEH
LBTHOROEPMMLRE LB LS THB. —F, Colin DFETIE, resolvent ¥ 1 FIHES R+ TY
{, O resolvent DX¥ix B4 N TH5 (N i2lT5 bound itbhoTwiw). &oTIOEEIRIZ
PLEYAIVHATTCTU L BDIRE. COFEDHIB~OHEIRTRT, BEEEHSIZE - TiltfTd
Th5s.
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4.3 Invariant OEtH

resolvent ¥ iV 54 [B1)[B2] i3l LT, TV T Y XADHA» ST S &, invariant OFL LV 5 M
PRoTwA. EWvHIDD, invariant DRI, CNECHBCHF o THTLRDORTELISTHS. £, =
hE Tt invariant i3, 5 & 6 NBRICH L TERIRT 5 5, McKay & Soicher 45 o 2-fI BB N & 5
B OREROTEH» 6 BN TV 5 invariant ) class P HEEDTROTWA. ThOHDEBICLZ T 7U—F
Tit, BkiZ relative invariant ¥ B o 5 D3 EEEIc 2T 5.

1987 4E{Z Girstmair % [20] {235V T, B invariant % BRIBNCER T2 HEEER L. S hid, absolute
& relative D FICHATRRTH S, COHER, L NABLEBAROYINDEVE TS EHRT “Bb0"
invariant ¥ 5-2 5. & 2T, S DFiEL resolvent DRSO BOTWMTLHRETH 5.
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Fig. 1

Maple V Release 3 (Fujitsu Ltd)

Copyright (c) 1981-1994 by Waterloo Maple Software and the
A1l rights reserved. Maple and Maple V
> are rogistered trademarks of Waterloo Maple Software.

> galois(x~5-60x+12);

galois: Computing the Galois group of x"5-5ex+12
galois: 64000000 = (8000)-2
galois: Possible groups: {+25, +D5, +AS}
galois: p =3 gives shape 2, 2, 1
galois:
Removing {+Z5}
Possiblo groups left: {+D6, +AG}
galois: p =7 gives shape §
galois: p = 11 gives shapo §
galois: p = 13 gives shape 6
galois: p = 17 gives shape 2, 2, 1
galois: p =19 gives shape &
galois: p =23 gives shape 6
galois: The Galois group is probably +D§
galois: Using the orbit-length partition of 2-sets.
galoig: Calculating a resolvent polymomial. . .
galois: Factoring the resolvent polynomial. . .
galois: Orbit-lemgth partition is 6, 6
galois:
Removing  {+46}
Possible groups left: {+D6}
+D6, 10, {(12346), (25 %)

Example polynomials

(1) z8+2%—42°-322+3z+1

(3) 28-2

(5) 26-22-2z-3
() 26+23+1

(9) 26-3

(11) 28 + 23+ 7

(13) 2+ 24 -9

(15) 28 =229 -2

(17) 2°+ 24 -8

(19) 2+ 28 — 22 + 52 -5

(21) 28 - 923 + 32 -6z + 1

(23) 27 +2° —122° - 724 + 282 + 1422 -9z + 1
(25) z:—l4.1:5+5623—562+22

2Nz -7z+3

(29) 27+ +1

(31) z° -2

(33) z10-2
(35) z'2 -2
(37) 219 -2

212

(2) 25-3z2+2z+1

- (4) 2% -22% +102% — 10z% — 10z - 10

6) 2*-z+1

(8) z°+2:%+922 -6z +2

(10) 2% +92% - 422 — 4

(12) 28 - 324 +1

(14) 2+ 622 +4

(16) 2%+ 67% + 223 + 922 + 6 — 4
(18) 29— 923 + 623 + 92 +2

(20) z°® + 10z% + 55z + 1402® + 17522 — 3019z + 25
(22) z°+z+1

(24) 27+ 723 + 722+ 7z - 1

(26) z7 -2

(28) 27+ 7z ~ 728 -9

(30) z8 -2

(32) z° - 152° - 8723 — 125

(34) z1' -2

(36) z1% -2
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Table 1 : Timing for constructing Galois group (seconds on SPARCstation 2)

order | £ split || total |
(1) 5 1 1. 18 1. 56
(2) 10 |2 4. 20 5. 06
(3) 20 |2 3. 50 4. 26
(4) 20 |2 24. 02 50. 73
(5) 60 | 3| 7415. 04 || 7430. 39
(6) | 120 | 4 | 2059. 06 || 2060. 25
N 6 1 1. 61 1. 91
(8) 6 1 1. 86 2. 56
(9) 12 |2 0. 96 2. 03
(10)| 12 |2 2. 32 4. 01
(11) | 18 |2 1. 98 3. 56
12) 24 |3 2. 17 3. 17
(13) | 24 |2 2. 48 4. 09
(14| 24 |2 26. 49 28. 45
(15)| 36 (3 13. 51 14. 82
(16) | 36 |3 | 364. 55| 369. 91
1| 48 |3 15. 20 16. 62
(18) | 60 |3 | 953. 42| 1029. 02

Table 2 : Comparison of method [A] and [B1] (seconds on SPARCstation 2)

Group | ¢ Mckay Anai
(Maple) (Asir)

W[ +25 [1[ o. 68 1. 56
@ [ +Dp5 2] o.82 5. 06
(3) F20 2 0. 37 4. 26
4) F20 2 0.78 50. 73
(5) +A5 3 0. 12 || 7430. 39
(6) S5 4 0. 13 || 2060. 25
M 26 1 2 02 1. 91
® | s3 |1| 175 2. 56
@[ D6 [2f 155 2. 03
)| +a4 [2| 3.07| 4. 01
()| 3.s3 [2] 6. 73 3. 56
12)| 2. a4 . [2 202 3. 17
(13) [ +S4/v4 2| 1 97 4. 09
(14) | S4/24 | 2 17. 65 28. 45

(9) | 72 [4 92. 03 95. 24
(20) [ 120 |3 x || x+162. 38
(21) | 360 |4 — —
(22) | 720 |5 — —
@] 7 |1 6. 43 7. 68
@) | 14 |2 17. 46 27. 00
(25) | 21 |2 50. 18 65. 41
(26) | 42 |2 21. 4 25. 06
27) | 168 |3 || 25157. 98 | 25497. 72
(28) | 2520 | 5 — —
(29) | 5040 | 6 — —
@30)[ 16 |2 2. 33 4. 93 |
(31) | 54 |2 18. 04 23. 38
(32) | 18 |2 9. 79 27. 55
(33) | 40 |2 18. 39 26. 54
(34) | 110 [ 2 2738. 16| 2744. 18
(35) | 48 |2 7. 91 20. 51
(36) [ 120 [2 (| 225.78 240. 06
@n| 64 |2 89. 92 119. 74

(x: # 6 B[)
(15) | 3°2. 22 |3] 2.37| 14. 82
(16) | +372.4 |3 1.88( 369.91
an| 2.s4 |3 1.68| 16.62
(18) [ +PsL2(5) | 3 || 1. 78 || 1029. 02
(19) | 3°22D4 |4 1.43] 95 24
(20) | PGL2(5) | 3 [ 24. 25 || x+162. 38
(21)| +A6 |4 o0.26 —
(22) S6 5[ o.27 —
@) +z7 [1] 1.28 7. 68
(24) D7 2f 1.s57] 27.00
(25) | +F21 |2 5.33[ 65 41
(26) F4z |2 6. 41| 25. 06
(27) | +PSL3(2) | 3 || 5. 73 || 25497. 72
(28) | +A7 |5][ 0. 42 —
(29) S7 6 0. 25 —

20
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Result of method [A)

27) 27 ~7z+3
= 63-441%. f = Ayha---hy over Q(a,b,¢)

h=z-a
ha=z-b

ha = 63z + ((2a® + 5a* + > + 7a® — 3a — 6)b° + (5a° + 5a® +
3a? — 7a)b* + (a® + 5a* — 8a? — 4a + 24)b* + (70 + 3a* -
8a® — 6a? + 28a — 6)b? + (—3a® — 7a* — 40 + 28a% - 1da +
45)b — 6a® + 24a% — 6a? + 45a — 12)

hi=z-¢

hs = 441z + (((a® + 4a® + 9a* — 62 — 10a? + 22 + 15)b* +
(5a%+6a® +3a* —23a% - 8a? + 382 — 9)b + (5a° —a® — 18a* +
12a° + 13a? + 31a+ 12)5% 4 (10a® ~ 9a° + 6a* + 172 — 16a% +
55a~18)b—45a° +9a® - 6a* — 24a® — 120% — 174a +207)c* +
((9a®+15a® +11a* 494> - 6a% + 116 — 12)b° + (18a°® + 16a° +
a* —10a® + 222 + 57a — 24)b* + (150° + 40® - 332* — 13a% +
53a? 41076 —27)b%+(11a% — 19a® + a* +25a° + 114a% +78a—
45)b? 4 (~240° — 5a° + 223* + 390 + 162 — 622 — 3)b—3a% +
9a° +36a* —24a®—117a? - 27a 4 60)c? +((—2a® —a®+10a* -
2a%+20a?410a~9)5° + (—3a% —5a° ~27a* - 172~ 120? +-a+
18)b*+(4a® —40a®~13a* +114% - 260%+-36a—3)b* +(—41a® -
10a® —26a* — 130’ +44? —61a+57)b% +(—8a® - 39a° — 93a* -
8a% + 3a% — 198a + 90)b— 42a® — 42a° +21a* — 630° — 424% +
21a+357)c+ (4a® - 12a® — 27a* 4 18a® — 47a? +- 8a+- 18)0° +
(~11a°-37a°+20a* - 18a%—9a% +13a+3)b* +(—~302°+27a° -
18a* — 203 4 62a? — 116a —9)° + (18a® — 40a° + 8a* + 2503 -
89a? — 174a + 81)5% + (—21a® + 7a% + 70a* — 63a° — 182a% 4
238a — 21)b + 9a° + 15a° — 108a* — 54a? 4+ 22502 - 3a + 30)

hg = 4412+ (((a® +a* —a® +11a? - 363 - 9)b° + (a® — 132" +
13a2%-17a? —8a —9)b* +{—a® +13a* + 0" — 42 - 482+ 30)1° +
(11a®—17a*—4a® —19a?+17a - 15)b% +(—36a° ~8a* — 484> +
17a? —90a+177)b—9a® —9a* +30a% — 15a% +177a - 129)c3 +
((—12a° —12a* — 2a% + 4% —9a +3)b® + (—12a° + 95* +19a° -
6a® —16a—39)b* + (—2a°® +19a* 4230 — 150 — 47a - 3)b* +
(a®—6a*—15a%~129a% - 43a+-117)b? 4 (—9a® —16a* - 4723 -
43a? 4-156a — 3)b+ 3a® ~ 39a* — 30° 4+ 117a% - 3a - 27)c? +
((—a®-a*4-4°—18a%~130+51)b%+(~a%+13a* +22a% -4a%+
78a—-33)b*+ (a®+22a* —64a3+-25a% — 43a4-75)b% +(—18¢° -
4a* +250° —23a% +95a—27)b*+ (—13a® +78¢* - 434° +-956% +
97a+12)b+51a® — 33a* 4 75a° — 27a% + 126 + 45)c + (~a® —
a'—34a%+17a%+15a+9)b* + (~a®~22a* —20a% ~ 11a° ~ 6a+
93)b*vvv+(—34a° -20a% +13a° =30 +118a—72)8° +(17a% -
11a* - 33 4 131a? = 17a — 174)b? + (150° — 6a* 4 118a° -
17a? - 162a + 96)b + 9a® + 93a* — 724° — 17402 + 96a + 24)

h7 = 41z + (((—a® - a* + a® - 11a? + 36a + 9)b® + (~a® ~
5a° + da* - 7a® + 2742 + 6a — 6)b* + (—5a® - 5a° — 16a* +
224° 4120 4 10a — 21)b% 4 (—5a°® ~ 100° 4+ 3504 — 84 + 6¢? —
483 + 3)b® + (—10a° + 45a° + 2a* 4316 — a? 4 350 — 159)b +
45a% + 15a* — 6a° 4-27a% - 3a - 78)¢® + ((—9a® — 3a% 42 -

214

21

7a%+5a% —2a+9)b° + (—18a% —4a® —10a* —9a* + 40? - 41a+,
63)b* + (—15a° = 2a° + 140* — 102> — 38a% — 60a + 30)0° +
{—11a® + 18a® + Sa* — 100® + 150? — 35a — T2)b* + (240° +
14a® —6a*+8a%+27a% ~94a+6)b+3a® — 12a°+ 3a* +270% +
302 —33)c®+((2a°%+2a°® —9a* +a® — 202 + 30 — 42)b° + (3% +.
6a® + 14a* — 50 + 16a% — 79a + 15)b* + (—4a® + 39a® —9a* +
53a% + a? + 7a — 72)b* +- (41a° + 28a° + 30a* — 122 + 194 —
34a—30)b%+ (8a®+ 523+ 15a* +51a° —98a% +101a ~102)b+
42a° — 9a° + 12a* ~ 120° + 69a® — 33a + 39)c + (~4a® — a® —
7a* 4+ 9a° — 190 — 2a + 15)b° + (11a% + 3a® + 2a* + 32° —a® +|
42a-96)b*+(30a%+4-3a* —110° - 3% 4262 —87)b° + (~182° -
260° — 18a* +34a® — 5a +135)b% 4-(21a% — 0% — 15a* - 27a% +
3a? + 220 4-51)b—9a® + 18a°% 4 15a* — 42a® — 9a? + 33a+ 30)

f;=a7-7a+3
Ja =0 +b%a+b%a? + b%3 + bat +ba® +a% -7 |

Js = 63c* +-((—2a® - 50 —a* —7a% +3a +6)b® + (—5a% — 5> ~
3a? 4 7a)b* + (—a® — 5a* 4-8a? 4 da — 24)5% + (—7a® - 3a* +
8a% +6a? —28a +6)b?+ (3a® + 7a* +4a° — 28a% + 142 + 18)b+
6a°-24a’+-6a%+18a+12)c* + ((a* —~2a% - 4a? +52)b° + (a® ~
2% +12a? +22a)b* +(~26° —2a* +8a4% +20a? + 158 —12)6° +
(—4a®+12a*+20a” +120% + 53+ 15)b? + (50° +22a* + 15a% +
5a? + 25a — 6)b = 126° + 15a% — 6a + 48)c? + ((5a* + 2a° +
a? 4+ 16a - 18)b° + (5a° + 6a* — 4a® + 18a% — 13a)b* + (2a° -
4a* 4 16a% ~ 11a? — 18a +- 48)b° + (a® + 182 — 11a° ~ 6a? +
43a — 6)b? + (16a° — 13a* — 18a° 4 43a? 4 14a — 48)b ~ 18a° +
48a° - 6a° — 48a + 24)c+ (4a® - a* +9a3 — 2a% — 16a 4 6)b° +
(—a®+6a* +2a% —15a2 — a+45)b* + (9a° +2a* — 22a% — 50 +
40a)b® + (—20° — 15a* — 5a® + 33a? — 8a +84)b% 4 (—16a% —
a* + 40a® — 8a? + 36a — 6)b + 6a® + 450 + 84a® — 6a — 84

Strong generators of the Galois group (order: 168),
(B\T it [1,2,3,4,5,6,7] gt xRT.)

(1234567, (1254376),
(1264735), 1274656 23),
(132656467),(1432676),
(1623476), (1627435),
(1726453),(21347665),
(3126764),(41326765),
(65123674),(6127534),
(r1263654).



A set of orders of abelian subgroups in finite groups

BFRRKFAZREARERAN TEHRER

GA2HMBBLL. n(G)={p: RY|pRIGI28Z} &7 5,

{olg) | g€ G}
{|H|| H & G OXREEBLE }

7(G) :

EF o 7(G) ICL D G ORI EER S, COLHIUMBREHoEX N TI,
RO LS LFERNSH B,

%2 (B. H. Neumann (1937) [8]) 7.(G) = {1,2,3} %51, G ~(23x23%---x Z3) :

Zg it‘i ((Zg X Zg) X (Zg X Zg) X (Zg X Zg)) : Z3 Tﬁ%o

%8 (G. Higman (1057) [5]) G A TIMEL L. 7(G) NEMMS 575 3BE LT3,
CDEE In(G)| £2THB,

ER (M. Suzuki (1962) [11]) G ZH#i#E L, = (G) RV S84 LT 5,
ZDELE G RROVWTNNERRTH 3,

G =~ Li)(q) ¢=5,7,8,9,17, Ls(4), S2(8), Sz(32).
McCNisLT,
h(M)=1{G: HERBE Ir.(G) = M}/ ~

EBLo 1 (G) KED. GH—BMCEZFZ AL LD 5, THDBL, h(r(G)) =1 &4 3
B G IO TRRDL S LERHDH 3,

FH (Brandl, Praeger, Shi [2, 9, 10])

(1) n=5,7,8,9,11,13 ik LT, h(m(A4,)) =1 TH 5B,
(2)g>3,g#9iIHLT. h(m.(L:(q))) =1 TH 5,

() G % U3, Coy UHDBBERIRBEIB LT D, CDEE, A(n(G)) =1 TH 5B,

1
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BB (1) me(As) = me(2': SL(2,4)) = 7o (2" : SL(2,4)) & D+ h(me(As)) = 00 TH B,
(2) me(J2) = me(Ss) = e(2° : Ag) = me(2°" : Ag) LD\ h(me(Jz)) =00 TH%o

RDOEHEZEDRENT B,

SEX (W. Shi [10]) G HEIMBA 5. h(m(G)) = 00 TH 3.

RO &I PIHEYBH 72,

¥4 (Praeger, Shi [9]) 8D M Cc N iZxtLT. h(M) € {0,1,00} ?
L L. RO LS LEBIRENI,

£ (Mazurov [7]) 7.(G) = me(La(5)) 7L SiE. G ~ L3(5) T4 Aut(Ls(5)) TH 5B,
bbb, h(r(La(5))) =2 THB.

Thbb, PRIRELL Ud-Te ZOLIRHIIENMIDH S,
5 (Chigira, Shi [4]) 7.(G) = m.(La(9)) %5 oI\ G =~ La(9) F£7ci3 L1(9).2, TH 3,

RiCn(G) DERDHBMEDE S EEX B,
EE 7.(G)={1,2,---,n} THBLE, G % OCHEH L),

SE72 (Brandl, Shi [1)) G 28 OC. Bt 55, n <8 THYH. ROWVTHHERABMTH
3, CZT.G=[NIQi2G ¥ N ODRRBILKT, TOMHFHN Q THHZ LEHobdT,
(n<2dtE, G2, THA,

(2)n=3 D&%, G =[N)Q i3 Frobenius BT, N ~ 23!, Q ~ Z, iz N ~ Z,%,
Q':Za —Ebao

B)n=4 OL%, G =[N|Q TROVTIIHER D I,

i) Nidexp(N)=4,class 2 L TTHYD. Q~Z; TH5,
i) N2, Q~8; TH3,
lll) G {2 Frobenius ﬁ‘c\ N~ Zam, Q o~ Z4 it‘i Q ’l‘Qg 'C'#)Z)o

An=5D,E, G~ A FNITG=|N]Q TN=~2,% Q~ As T SL(2,4)-module
ELUTHERT S,
(5)n=6 DL &, RONTIhIAERDILD,

i) G= [Ple {2 Frobenius B THY., Po~ 2%, Q~ [Z5)Z4 £ Q ~ SL(2,3) T
HBo



il) G/01(G) ~ As T 0:(G) =~ 2, T orthogonal SL(2,4)-module TH 3,
iii) G~ Ss G~ Ss T&éo

6)n=7TD&E. G A; THB,
(Mn=8d&%E,. G~[PSL(3,4)) < f> T F {3 PSL(3,4) D unitary automorphism T
HBo

TOMBDEETEHLLHEBBABROMBOREEEATELY, ChETRARLSHO
WM DOEEITHIRT B,

1.(G) = { |A] | A 13 G OTRBIE }
1(G) 1o & BBBSHEER B, OC.B LFABICKD L 5 KBERET 5,
Eﬁ Wc(G) = {1327"'7"} ?56&%\ G % OAnﬁ &‘l"jo
2B UIoK 7.(G) C 1a(G) THBHH OC.B TH-Thb OAE THBHHTIRA

Uy ﬁ‘liii\ 7|'e(A7) = {1, 2, 31 41 51 61 7} T&éb‘é OC7$ Tﬁ%b‘\ 7ra(A'l) = {11 21
3,4,5,6,7,9, 12} THEHS 0AB T

LUTF., OA Bt ORFEEZ D, T BB 5 70 EELRNERIT,

EH FHTS57I(G) &2 n(G) ZHAMREAL L. 2O0HA p, ¢ 12 G OFITHH pg
DOREVFET B EXITATHRENSE NI TS5 T7THB. v(G) THRYEY 5 7 Oltknks
DEFEHRT

1(G) REAB EFBY 5 T M S ENTE B, PAE. m(C) = {1,2,--+,17) THD
5 G 2% OAyE B oM, KM 57 I(G) RROLIIEH B,

7

2 0 o
3 5

G OA B D& &, WIWHILD,

W G4 OAB &332, COEE nf2<pSni3E™Mp IKHLT, {p} BEHK
370 1 DOHWER 5T

ROERITLCASN TS,
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53 (Bertrand’s postulate) £EDOEF t> 1 MU T, t/2<p<t ZWTEXH
DI &b 1 DFET 5,

chEhROZ Edbh B,
R GEn23155 0A B LT5, COLE, v(G)22THB,

ROZBBIIRE T 7 70 DEELFERD 1 DThB,
SE® (liyori-Yamaki [6], Williams [12]) EEOHER G icxf LT, v(G) <6 T 3,
ZIT.n/2 & n OHOFBOBBEYZ 5. ROLIUI EPFFMOENTINS,
Wl HAM - KHUT, 7(n) Tr EBALCEROMBERT ETE, DL
n > 4000 i2H LT,

log2 n

7(2n) — m(n) > Wlog o

A Y 3L 2o
8000 ELTD n il 20 TRENFHIFRBIEICE D, BRAB S5,
HE n247TOLE, J{p:FBIn/2<p<n}26HPWHILD,
ChEHRDZ Edtbins,
F GHOABEISHE, n<46 THAB.

Tl RIFHT 5 70K ERBTH S,

53 (Gruenberg, Kegel [12]) »(G) 2 2 D& ZROWTIhNIURY 3L,

(1) G i3 Frobenius Bt E 7213 2-Frobenius B TH 3,

(2) ERSABIN G G N 1 BFELT. G/Go 37 = B Gof/N (3FETTAEHL
HBE N RBREIFm H THD, ST m BERSS57 I(G) D2 2SLEERS %
H5D7,

OA. B DR 5 7 DUFEBRAOBEEIZ 2 UL TH 205 LOEFROBREW~Z - &ic &
DRDERIRON S,

SET® (Chigira [3]) G 20A B 15 n <6 TH Y. G RROVTHIERABTS 3,
G o~ 1, Sz, S;;, Sq, Ss, Aq, As.
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