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Graph Partition Problems
into Cycles and Paths

Hikoe Enomoto

Department of Mathematics
Keio University
Yokohama, 223-8522,
Japan

In this paper, we consider graph partition problems, that is, we examine sufficient
conditions for the existence of vertex-disjoint subgraphs Hy, - - -, H such that V(G) =
UL, V(H;) and each H; satisfies some properties. We only deal with the case that
the number of the subgraphs & is preassigned, and H; is a cycle or a path. We also
discuss related packing problems.

All graphs considered in this paper are finite, undirected, and without loops and
multiple edges. In the following, n always denotes the order of G,

Ne(z) = {y € V(G)|zy € E(G)}
is the neighbourhood of z in G, dg(z) = |[Ng(z)| is the degree of z in G,
§(G) = min{d¢(z)|z € V(G)}
is the minimum degree of G, and
02(G) = min{dg(z) + dg(y)|zy € E(G)}

is the minimum degree sum of nonadjacent vertices. With a slight abuse of notation,
for a subgraph H of G and a vertex z € V(G) — V(H), we also denote Ny(z) =
Ne(z) N V(H) and dy(z) = |Ng(z)|. For a subgraph H and a subset S of V(G),
du(S) = L.esdu(z). For asubset S of V(G), the subgraph induced by S is denoted
by < S >. For a subgraph H of G, G — H =< V(G) — V(H) >, and for a vertex z
of V(G), G — z =< V(G) - {z} >. For a graph G, |G| = |V(G)| is the order of G,
mG is the union of m copies of G, and for graphs G, and G,, G, UG}, is the union of
G\ and Gj, G, + G, is the join of G, and G,. Moreover, for graphs G,, G, and G,



Gi + G2 + G3 = (G1UG3) + G2, K, is the complete graph of order n, and Ky, m,
is the complete bipartite graph with partite sets of order m, and m,;. We only deal
with partitions of vertices, so, “disjoint” means “vertex-disjoint.”

Suppose Hy, - - -, Hy are vertex-disjoint subgraphs of G such that V(G) = Ut V(H,)
and H; is a cycle for all {, 1 € i € k. Then the union of these H; is a 2-factor of
G with k& components. A sufficient condition for the existence of a 2-factor with a
specified number of components was given by Brandt et al.

Theorem 1 ([?, Theorem 3]) Suppose n > 4k and 09(G) > n. Then G can be
partitioned into k cycles, that is, G contains k disjoint cycles Hy,- -, H, satisfying
V(G) = UL, V(H,).

The proof heavily depends on the following result.

Theorem 2 (Justesen [?]) Suppose n > 3k and 05(G) > 4k. Then G contains k
disjoint cycles.

It is quite common that if 2 theorem assumes that ¢(G) > d, then it still remains
true if we replace the assumption with 02(G) > 2d. Theorem ?? comes from the
following result of Corradi and Hajnal by replacing § with o5.

Theorem 3 ([?]) Suppose n > 3k and 6(G) > 2k. Then G contains k disjoint
cycles.

Unfortunately, no proof of Theorem ?? was given in [?], and several arguments
in [?] do not work under the assumption on 03(G). I tried to prove Theorem ?? by
myself, and found a short proof of the following slightly stronger result.

Theorem 4 ([?]) Suppose n > 3k and 02(G) > 4k — 1. Then G contains k disjoint
cycles.

Since the assumption n > 4k in Theorem 77 is used only to apply Theorem ??, we
can improve Theorem ?? slightly by using Theorem ?7?.

Theorem 1’ Suppose n 2> 3k and 02(G) > max{4k—1,n}. Then G can be partitioned
into k& cycles.

Here, Kox_) + mK, shows that the assumption o2(G) > 4k — 1 is sharp, and Ky, m+1
shows that the assumption oo(G) > n is sharp.

Wang [?] considered partitions into cycles passing through specified edges. The
following result was conjectured in {?], and was recently proved by Ishigami and Wang

(7.



Theorem 5 Suppose k > 2, n 2 4k — 1, and 02(G) > n + 2k — 2. Then for any

independent edges e\,---,ex, G can be partitioned into cycles Hy,---, Hy such that
e; € E(H;).
Let e; = 2;y; and T = {z\,y1,"**, Tk, Yk }- They give the following example to show

that the assumption ¢2(G) > n + 2k — 2 is sharp: Let G = A+ B + C, where
V(A) = {=i}, V(B) = {z2, - Tk, Y1, "+ Yk} B = Koy, and C = K,,. Then
a2(G) = n+2k-3, while there is no cycle passing through e, disjoint from T—{z, 1 }.

Is it possible to weaken the assumption if we assume that for each i, there exists a
cycle C; with e; € E(C;) and V(C;)) N T = {z;, ¥%:}? The answer is NO. Let G = A +
B+C,where A= Ky, B Koy, C 2 K, V(A) = {z4,+ -, z&},and {11, - -+, m} C
V{(B). Then for any %, there are k — 1 disjoint cycles Cy, - - -, Ci_1, Cis1, - - -, Ci satis-
fying e; € E(C;) and V(C;)NT = {z;,y;} for all 7 # 1.

Is it possible to weaken the assumption if we assume the existence of k disjoint
cycles Cy, - - -, Cy satisfying e; € E(C;) and V(C;)NT = {zj,y;} for 1 <7 < k? The
answer is YES.

Theorem 6 (Egawa [?]} Suppose 0o(G) > n+k, C\,---,Cy are disjoint subgraphs,
e; € E(C;), and C; is a cycle or Ko. Then there ezist disjoint subgraphs H,,-- -, Hy
satisfying V(G) = UL, V(H,), e; € E(H;), and H; is a cycle if C; is a cycle and H;
is a cycle or Ky if C; is K.

The sharpness of the assumption 03(G) > n + k is shown by Kopom + (K +m + 1)K,
taking k£ edges in Kor.m. The following immeditate corollary shows that we can
weaken the assumption of Theorem 7?7 if we regard K’ as a kind of a cycle.

Corollary 7 Suppose 0,(G) > n + k. Then for any independent edges ey,---,ex, G
contains disjoint subgraphs H,,---, Hy satisfying V(G) = UL, V(H,), e; € E(H;),
and H; is a cycle or K,.

Is it possible to weaken the assumption of Theorem 1 (or Theorem 1'} if we regard
K, and K, as degenerated cycles?

Conjecture 1 Suppose 02(G) 2 n — k + 1. Then G contains k disjoint subgraphs
H,,---, Hy satisfying V(G) = UL, V(H;) and H; is a cycle, K, or K.

What happens if we give & distinct vertices zy, - - -, T4 instead of independent edges
and require z; € V(H;)?

Theorem 8 Suppose k > 2, n > 3k, and 02(G) > n+ 2k — 2. Then for any distinct
vertices z1,- -+, Ik, there ezist k disjoint cycles Cy,- -, Cy such that z; € V(C5).



Sketch of Proof. Let X = {zy,---,zx}. Considering an edge-maximal counterexample
G, we may assume that there exist disjoint cycles C},- - -, Cx-1 such that T5-! |Ci| <

n-3and |[V(C)NX|=1for1 <i< k-1. Let H =< u" V(C;) >and M =G-H.
Choose C},*-,Ck_, such that

(1) |H| as small as possible.

(2) Subject to (1), da(z) as large as possible, where z is the unique vertex in
X - V(H).

We may assume that V(C‘-) NnX = {z;}.
Claim Ny(zx) = - {zx}
Proof. Suppose zy is nonadjacent with u € V(M) —{zx}. Then |Ny(zx)NNy(u)| < 1.
(Otherwise, there is a cycle containing zx in M.) Then dy(z) + dar(u) < |M] -1,
and dg(zi) + dg(u) > 02(G) — (|M| - 1) > |H| + 2(k — 1). This implies that
de,(zk) + dc( ) 2 |Ci| + 3 for some i. Then C; must be a triangle by (1). Let
z € V(C;) — {z;}. Then z is adjacent with zx and < (V(C;) - {z}))U {u} > isa
tnangle contalmng z;. This contradicts (2). I
Let u and v be any two neighbours of z; in M. Then dy(u) + dp(v) = 2. Hence
dy(u)+dg(v) 2 n+2k—4 > |H|+2(k—1). This implies that d¢, (v)+dc, (v) > |Ci|+3
for some ¢. Then C; must be a triangle by (1). We may assume that i = 1, and let
V(C) = {z\,y,2}. If w e Ny(y) = {v,v}, then < {:z:k,w u,y} > and < {zy,v,2} >
are disjoint cycles in < V/(C,)UV(M) >. Hence Ny (y) = {u,v}. Similarly, Ny (z) =
{u,v}. f k =2, dg(zg)+de(y) £ n+1 < 02(G), acontradlctlon So, we may assume
k > 3, and then

k-1 k-1
Z dC.'({usv’zk!y}) > Z(2|Ct| +4).
i=2 i=2

Hence, for some i, do,({u,v, Zx, ¥}) 2 2|Ci} + 5. This implies that C; is a triangle,

and d¢,({u,v,z¢}) > 8. Then < V(C;) U {u,v,zx} > contains two disjoint triangles
such that one of them contains z; and the other contains z. I

Theorem 9 Suppose k > 2, n > 3k, and 0,(G) > n+ 2k — 2. Then for any distinct
vertices z,,-- -, Tk, G can be partitioned into cycles H,,- - -, Hy such that z; € V(H;).

Proof. By Theorem ?7?, there exist k disjoint cycles Cy,-- -, Cy such that z; € V{(C;).
Let e; be an edge of C; incident with z;. By Theorem ??, G can be partitioned into
cycles Hy,---, Hy such that e; € V(H;). 1

Let G = Ki + Kox-1 + K,» and take k vertices in K. Then G does not contain such
cycles, while 0o(G) = n + 2k - 3.



If we make assumptions on the minimum degree of G, we can prove the following
result:

Theorem 10 ([?]) Suppose one of the followings holds:

(1) n = 3k and 6(G) > (Tk — 2)/3.

(2)3k+1<n<4dk and 6(G) > (2n+ k — 3)/3.

(3) 4k < n < 6k—2 and 6(G) > 3k - 1.

(4) n > 6k -2 and 6(G) > n/2.

Then for any distinct vertices ,,---,zx, G can be partitioned into cycles Hy,---, Hy
such that z; € V(H;).

The assumption on the minimum degree is sharp in all cases. Let G = (A +
K2k/3-1,‘2k/3+l + ng/;;.) + B, where A = ng/g, B = Kk/;;, and V(*‘l) U V(B) =
{z1,---,z¢}. Then G cannot be partitioned into triangles T}, - - - , Ty such that [V/(T})N
(AU B)| = 1, while §(G) = (Tk — 3)/3. Let G = (A + Ko + K;) + B, where
e=(n—-k+1)/3,and A = K, and B = K_,. Then §(G) = (2rn + k — 4)/3. Also,
O(Ki + Kog-1 + Kn-3k+1) = 3k — 2 when n > 4k and §(K(n-1)/2,(n+1)72) = (n = 1)/2.

For packing problem, it appears that the assumption in (4) is not sharp, and I
conjecture the following.

Conjecture 2 Suppose §(G) > 3k —1 and n < §(G)? — (3k — 4)3(G) — 2k + 3. Then
for any distinct vertices x,,- -+, Zx, there ezist k disjoint cycles Cy,---,Cy such that
I € V(C.').

When can we find a partition into paths? It is easily proved that if 02(G) > n—k,
then G can be partitioned into k disjoint paths. Also, if 02(G) > n, then for any
k distinct vertices z,,---,Zx, G can be partitioned into paths H; such that z; is a
terminal vertex of H;. What happens if we specify both terminal vertices?

Theorem 11 ([?]) Suppose k > 2, n > 4k -2, and 02(G) > n+2k —3. Then either

(1) for any 2k distinct vertices z,,y1, ", Zx,Ye, G can be partitioned into paths
Hy,---, Hy such that H; connects z; and y;,
or

(2) k =2 and G is a spanning subgraph of Km4s + (m + 3)K].

Suppose a partition » = Y5 a; is given and we want to find a partition of G
satisfying |H;| = a;. To partition a graph into cycles of specified lengths, there is a
long-standing conjecture of El-Zahar [?].

Conjecture 3 Suppose n = £5_,a; with a; > 3 for 1 < i < k, and §(G) >

T% [a:/2]. Then G can be partitioned into cycles of length ay,- - -, ax.



The case k = 2 was proved in (?], and the case & > 3 is still open except the case
that almost all a; = 3. If a; = 3 for all 7, we can apply Theorem ??. Wang [?] solved
a more general situation.

Theorem 12 Suppose n > 3k +3 and §(G) > (n+ k)/2. Then G can be partitioned
into disjoint cycles Cy,---,Cryy such that |C;| =3 for 1 <i < k.

We can replace § with o2 in Theorem ?7?.

Theorem 13 Suppose n > 3k + 3 and 02(G) > n+ k. Then G can be partitioned
into disjoint cycles C,,---,Cyqy such that |C;| =3 for 1 <i< k.

Sketch of Proof. If n = 3(k + 1), 02(G) > n+k = 4(k+ 1) — 1. By Theorem
4, G contains k + 1 cycles, which give a partition of G into triangles. Hence we
may assume that n > 3k + 4. By Theorem 3 of [?], G contains k disjoint triangles
Ci,--+,Cr. Let H =< UL V(Ci) >, M = G- H, and P a longest path in M.
Choose C), - - -, C such that [P is as large as possible. Suppose V(P) # V (M), and
let z be a terminal vertex of P, and y € V(M) — V(P). Then duy(z) + du(y) <
|M| — 2. Hence dy(z) + du(y) = 02(G) = (|M| - 2) = |H| + k + 2, which implies
dc,(z) + de,(y) = 5 for some ¢. Then there exists a vertex z € Ng,(z) such that
< (V(C;i) — {z}) U {y} > is a triangle. This contradicts the choice of the triangles.
Hence P is a Hamilton path of M. Let P = (z,,---,%,). By the same arguments
as above, d¢,(z;) + d¢,(zm) 2> 5 for some i. We may assume that ¢ = &, V(Cy) =
{20,v,¥'} C N(z1), and {y, ¥’} C N(zm). Let L =< V(M) UV(C) >. Note that z,
and Z,,-y, T2 and y, and z, and y' are nonadjacent. (Otherwise, < V(M) U V(Ci) >
can be partitioned into a triangle and a cvcle.) Let By = (z9,%), -, Zm-1) and
Py = (22, -, Zm,y). Then dp,(Zo) + dp,(zm-1) < m =1, dp(z}) + dp(zmm) < M — 1,
and dp,(z2) + dp,(y) < m = L. It is not difficult to show that if there are 13 edges
or more between {zg,Z|,Z2, Tm-1,%m, ¥} and V(C;) for some i, 1 < i < k — 1, then
< V(M)uV(Ci)UV(C;) > can be partitioned into two triangles and a cycle. Hence

dL({z()vzhx'vam—hzm,y}) 2 302(G) - 12(}5 - 1) 2 dm +12.

If x5 and z,, are adjacent, then z, and zy, zp,-) and y, and z,_, and y are
nonadjacent. Hence dg(zg) + di(Zm-1) € m + 3, d(zy) + dr(zm) < m + 5, and
di(z2) +di(y) £ m + 3, which is a contradiction. Hence z and z,, are nonadjacent,
and

di(zo) + de(Tm-1) = do(z1) + de(Tm) = di{22) +di(y) =m + 4.

This implies that {2229, Zm-1¥ Tm-1¥'} C E(G), and

dpy(Z0) + dpy(Tm-1) = dp(z1) + dp(zm) = dp,(2) +dp,(y) = m — 1.



If y and z,,_2 are adjacent, (¥, Zm-1,Zm,¥’) and (¥, Zm-2;- -, Z1,Zo,y) partition L.
Hence y and z,,_2 are nonadjacent, which implies z; and z,,,_, are adjacent. Similarly,
z, and z,, are nonadjacent, and r; and r3 are adjacent. Then (¥',y,Zm,¥’) and
(z1, %3, "+ Tm—-1,Z2, Tg, Z1) partition L. |

The problem of packing disjoint triangles was solved by Dirac (?).

Theorem 14 Suppose n > 3k and 6(G) > (n + k)/2. Then G contains k disjoint
triangles.

Note that Theorem ?? is stronger than Theorem ??. (If n = 3k or n > 3k + 3, we
can apply Theorem ?7? directly. If n = 3k + 1, we can apply Theorem ?? to G — v for
any v € V(G). If n = 3k + 2, we can apply Theorem ?? to G + K).)

Theorem ?? was generalized in a different way in [?].

Theorem 15 ([?, Theorem 8]) Supposes < k, n > 3s+4(k—-s) and 02(G) > n+s.
Then G contains k disjoint cycles C\,- -+, Cy satisfying |Ci| =3 for 1 < i < s and
[Cil <4 fors<i<k.

By combining Theorem ?? and Theorem ??, we get the following conjecture.

Conjecture 4 Suppose s < k, n > 3s+4(k—-5)+3 and 02(G) > n+s. Then G can
be partitioned into k + 1 disjoint cycles H,,- - -, Hyy satisfying |H;) =3 for1 <i<s
and |H;| < 4 fors <i<k.

Contrary to El-Zahar conjectue, it is fairy easy to prove the following:

Theorem 16 (Johansson[?]) Suppose G is connected, n = Y5, a;, and §(G) >
T¥ lai/2]. Then G can be partitioned into paths of order ay,- - -, a.

Egawa and Ota [?] solved a more general packing problem.

Theorem 17 Suppose G is connected, n > ¥ 5 a; and 02(G) > 255 |ai/2). Then
G conteins disjoint paths of order ay, - -, a; unless

(1) alla; =3 and G = Ky + mK,,

(2) alla; =3, k=2 mod 3 and G = K, + 3K,,

or

(3) k= 2,a,=ay= Odd, and G = K[ +me_l.

When terminal vertices are specified, we conjecture the following:



Conjecture 5 Suppose n = 5., a; and 02(G) > n+k~ 1. Then for any k distinct
vertices T1,--+, Tk, G can be partitioned into paths Hy,---, Hy such that |H;| = q;
and z; 18 a terminal vertex of H;.

If a; # 2 for all ¢, 1 < i £ k, the assumption g2(G) > n + k — 1 cannot be weakened.
(Consider K| + Kx + K, where K = {z,,---,z}.) This conjecture is true when
k<3orea; <5 foralli[?]

With a stronger assumption, Kawarabayashi [?] proved the following.

Theorem 18 Supposen = L&, a; and 05(G) > T, max{|4a;/3], a,+1} 1. Then
for any k distinct vertices T, -+ ,Zg, G can be partitioned into paths H,,-- -, H, such
that |H;| = a; and z; is a terminal vertez of H;.

More generally, we conjecture the following for packing.

Conjecture 6 Suppose G is (k + 1)-connected, n > ¥, a;, and 02(G) > T5_ (a; +
1) — 1. Then for any k distinct vertices x,,---,zx, G contains k disjoint paths
P, -+, P such that |P,| = a; and z; is a terminal vertez of P;.

This conjecture is true when £ < 2. In fact, suppose £ = 1. Then G contains a cycle C
of length > min{n, o2(G)} > a, passing through z, [?, Theorem 2]. Deleting an edge
of C incident with z,, we get a desired path. Next, suppose k = 2. By [?, Corollary
1], G contains a path P connecting z, and z, with |P| > min{n,02(G) -1} > a, +a;.
By subdividing P, we get desired paths.

Acknowledgement. The author would like to thank Y. Egawa Y .Ishigami, H.Li,
K.Ota and [.Schiermeyer for valuable discussions.
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Abstract

Let G be a connected graph without loops and without multiple edges, and let
p be an integer such that 0 < p < |V(G)|. Let f be an integer-valued function
on V(G) such that 2 < f(z) < degg(z) for all z € V(G). We show that if every
connected induced subgraph of order p of G has an f-factor, then G has an f- factor,

unless 3, ey (g f(2) is odd.

1 Introduction

In this paper, we consider only finite undirected graphs. Let G be a graph. We denote
by V(G) and E(G) the set of vertices and the set of edges of G, respectively. The order
of G is denoted by |G|. For disjoint subsets A and B of V(G), we let £(A, B) denote the
set of edges joining A and B, and let e(A, B) denote the cardinality of £(A, B). A vertex
z is often identified with {z}; for example, when z ¢ B, we write £(z, B) for £({z}, B).
Also a subgraph H of G is often identified with V(H); in particular, we write G — H for
G — V(H). For z € V(G), we denote by degg(z) and by Ng(z) the degree of z in G and
the set of the vertices adjacent to z in G; thus if G has no loops and no multiple edges,
dego(z) = INa(z)|.

Let g, f be integer-valued functions defined on V(G) such that g(z) < f(z) for all
z € V(G). A spanning subgraph F of G such that g(z) < degg(z) £ f(z) for all
z € V(G) is called a (g, f) - factor of G. If g(z) = f(z) for all z € V(G), a (g, f)-factor
is called an f-factor. Let k > 1 be an integer. If f(z) = k for all z € V(G), an f-factor is
called a k-factor. Throughout the rest of this paper, when we say that G is a multigraph,
we allow G to have loops and multiple edges, and when we say that G is a graph, we
assume that G has no loops and no multiple edges.

Egawa et al. [1] proved the following theorems:

Theorem A Let G be a multigraph, and p be an integer such that 0 < p < |G|. Let g, f
be integer-valued functions defined on V(G) such that 0 < g(z) < f(z) < degg(z) for all
z € V(G). Suppose that every induced submulligraph of order p of G has a (g,f)-factor.
Then G has a (g,f)-factor unless g(z) = f(z) for all z € V(G) and T.cvg) f(2) is odd.



Theorem B Let G be a connected multigraph with no loops, and let k and p be positive
integers such that 0 < p < |G| and k|G| is even. Suppose that G — H has a k-factor for
each connected induced subgraph H of order p. Then G has a k-factor.

In this paper, we prove the following result related to the above theorems.

Theorem 1 Let G be a connected graph, and p be an integer such that 0 < p < |G|. Let
[ be an integer-valued function on V(G) such that 2 < f(z) < degg(z) for all z € V(G).
Suppose that every connected induced subgraph H of order p of G has an f-factor. Then
G has an f-factor unless ¥ .cv(cy f(z) is odd.

We prove several preliminary results in Section 2. In Section 3, we prove Theorem 1
and make some remarks concerning assumptions in Theorem 1.

2 Graphs with No f -Factor

The following criterion for the existence of an f-factor is essential for our proof:

Theorem C ( Tutte [2]) Let G be a graph, and let f be an integer-valued function on
V(G) such that 0 < f(z) < degg(z) for all z € V(G). Then G has an f-factor if and

only if
86(S,T) 1= 3 f(2)+ 3_(degs_s(y) ~ f(y)) — h(S,T) 20

€S veT

for all disjoint subsets S and T of V(G), where hg(S,T) denotes the number of components
C of G—S =T such that e(T,V(C)) + L.evcy f(z) =1 (mod 2).

We also make use of the following lemma:

Lemma D ( Tutte [2]) Under the notation of Theorem C,
5,7V = % f(z) (mod2)

zeV(G)

for all disjoint subsets S and T of V(G).
Throughout the rest of this section, we let G be a connected graph, and let f be
an integer-valued function on V(G) such that 2 < f(z) < degg(z) for all z € V(G),
Y zev(c) f(z) is even, and G has no f-factor. By Theorem C, there exist disjoint subsets
S and T of V(G) such that §g(S,T) < 0. Then by Lemma D,
c(5,T) € -2. (2-1)

Under this notation, we prove the following lemmas:



Lemma 2 Suppose that S # 0. Then for each v € S', 36-u(S = v,T) < 6¢(S,T).

Proof. Let v € S. Then we obtain

de-u(S-v,T) = Y flz)+ 'Z;(deg(a-v)-(s-u)(y) - f(y)) = hg-u(S = v,T)
ve

TES-v

= > f(z) = f(v) + 2_(dege_s(v) = f(¥)) - ha(S, T)
z€ES yeT

= (5, T) - f(v)

< JG(S,T)

Hence ¢-o(S — v,T) < 6¢(S,T), as desired. 4

Lemma 3 Suppose that we have chosen T so that T is minimal. Suppose further that
T # 0. Then for each v € T, f(v) > degp(v) + 2.

Proof. Let v€ T, and set T = T — v. Then we obtain

8c(S,T) = Y flz)+ 3 (deg(g-s5y(¥) — f(¥)) — ha(S, T)

z€S yeT’

< ) flz) + 3 (degg_s(y) — f(y)) — degg_s(v) + f(v) — ha(S, T)

z€S y€T
+e(v,G-S5S-T)
= 46(S,T) — degr(v) + f(v)-

Since we have 8¢(S,T’) > 0 by the minimality of T, this together with (2-1) implies
f(v) = degp(v) + 2.4

Lemma 4 Suppose that V(G)—S—T # 0 and let C be a component of G—S—T. Then
for each subset R C V(C), d¢-r(S,T) € 6c(S.T) — ¢(R,T) + 1.

Proof. Let C be a component of G— S — T, and let R C V(C). Then we obtain
bc-r(S,T) = 3 f(z)+ >_(degg_r)-s(¥) = f(¥)) — hc-r(S:T)

€S y€T
< 3 f(z)+ D (degg_s(y) = f(y)) — e(R,T) = ha(S,T) + 1
€S ve€T

= 6¢(S,T)—e(R,T)+1.
Thus d¢_gr(S,T) € 6¢(S,T) — e(R,T) + 1, as desired.



3 Proof of Theorem 1

Let G, f, p be as in Theorem 1. Suppose that G has no f-factor, and let S and T
be as in the paragraph preceding the statement of Lemma 2. We assume that we have
chosen S and T so that T is minimal. For an induced subgraph H of G, we often use an
abbreviation §( H) to denote d4(SNV(H),T N V(H)). Note that §(H) < 0 implies that
H has no f-factor.

Let h be the maximum integer for which there exists a sequence

G=Hy,Hy,...,Hpo,Ho=H
of connected induced subgraphs of G with |H;| = |G| — i satisfying :
(a) Hiis a subgraph of H;_, forall 1 <i <k, and
(b) 8(H;) <0forall0 <i<h-1,and §(H) < -2

(This number h is well-defined, because the sequence consisting of a single term G satisfies
(2) and (b).) If n — h < p, then there exists i (0 < ¢ < h) such that |H;| = p, and
by the choice of H;, H; is connected and has no f-factor. Therefore we may assume
|H| = n—h > p. Let X, be the set of cutvertices of H; i.e., Xo = {v € V(H)|H -
v is disconnected}. Let B be an endblock of H. Here by a block of H, we mean a
maximum nonseparable subgraph of H ( a graph is called nonseparable if it is connected
and has no cutvertex), and a block B of H such that |[V(B)NX,| < 1 is called an endblock
of H. Also set X = V(B)N Xo. Thus if Xo =0, then B= H and X = @; if X # 0, then
|X| = 1. First we show that (V(B) — X) N S = 0. Suppose that (V(B)-X)N S #0.
Let z € (V(B)—X) N S. Then H — z is connected and §(H — z) < §( H) by Lemma 2,
which contradicts the maximality of . Thus (V(B) — X) N §$ = 0.

Casel. |B|=2.

In this case, there exists a vertex z € V(B) such that degy(z) = 1. Let F be a
connected induced subgraph of order p of H such that z € V(F). Then since f(z) > 2
by the assumption of Theorem 1, F has no f-factor.

Case 2. |B| >3.
Subcase 2-1. (V(B)-X)NT #0.

Let z € (V(B) - X)NT. We first show that e(z, H = T) < 1. Suppose that
e(z, H-T) > 2. Thenssince|X] < 1, there exists a vertexy € V(H)—X—T such that zy €
E(H). Since e(z, H — B) = 0 by the choice of z, it follows that y € V(B)— X - T. Since
(V(B)-X)NS =0, this impliesy € V(B)— X —S—T. Consequently, H -y is connected
and §(H —y) < 6(H) — e(y, T N V(H)) + 1 < §(H) by Lemma 4, which contradicts
the maximality of h. Thus e(z, H — T) < 1, and hence degy(z) < (f(z) - 2) +1 < f(z)
by Lemma 3. Consequently, if we let F' be a connected induced subgraph of order p of H
such that z € V(F), then F has no f-factor.



Subcase 2-2. (V(B)-X)NnT =190

In this subcase, we have Xp # §. To see this, suppose that Xo=0. Then B=H
and X = @. But this implies, SN V(H) = TNV(H) = B, and hence §( H) > —1, which
contradicts (b). Thus Xy # @, and hence | X| = 1.

Write X = {x}. Now we divide this subcase further into two subcases.

Subcase 2-2-1. z € T.
Let y € Ny(z)NV(B)(C V(H) =S —T). Then H —y is connected and 6(H — y) <
8(H)—e(y, TN V(H)) +1 = §(H) by Lemma 4, which contradicts the maximality of A.

Subcase 2-2-2. z ¢ T.

In this case ¢(B — X,T N V(H)) = 0 and there exists a component C of H - S - T
such that B — X C C. First we show that for any vertex y € V(B) — X, f(y) is odd.
By way of contradiction, suppose that there exists a vertex y € V(B) — X such that f(y)
is even. Since e(y,T N V(H)) = 0 by the assumption of this subcase, ¥ ev(c)~y f(2) +
e(C -y, TNV(H)) = T.evicy f(z) + e(C, TN V(H)) ( mod 2). Therefore hgy_, (SN
V(H), TNV(H)) > hg{SOV(H), TNV(H)), and hence §( H —y) < §(H). Since H—y is
connected, this contradicts the maximality of A. Thus for any vertex y € V(B) - X, f(y)
is odd. Let y, € V(B) —~ X. Then H — y, is connected and 6(H —y,) < §(H)+1 < -1
by Lemma 4. There exists y; € V(B) — X — y, such that H — y; — y2 is connected.
Since e({y1, %2}, T NV(H)) = 0, Teevic)-n-n f(2) +eC -y — 3, TN V(H)) =
Yeevic) f(z) +e(C, TN V(H)) ( mod 2). Therefore hgy—y, -y, (SO V(H), TOV(H)) >
hg(SNV(H), TNV(H)), and hence §(H —y; — y2) < 8(H) < -2, which contradict the
maximality of A. g

We now construct examples which show that in Theorem 1, the assumption that G
has no multiple edges and the assumption that f dose not take the value 1 are really
necessary. Let n,r > 1 be integers and ¢ be an integer such that 1 < ¢ < n—1. Let
M be a star such that M has center y and n endvertices zj, z,..., z,, and ¥y is joined to
each z; by r multiple edges. Let f be the integer-valued function on V(M) defined by
fly)=r(n—-gq),and f(z) =r(k=1,2,...,n). We see that if H is a connected induced
submultigraph of order n — g+ 1 of M, then y € V(H), and hence H is an f-factor of H.
But obviously M has no f-factor. Now if we let r > 2, the multigraph G shows that if
we allow G to have multiple edges then Theorem 1 is not true; if we let r = 1, the graph
G shows that if we consider a function f on V(G) such that there exists a vertex z with
f(z) = 1 then a result like Theorem 1 no longer holds.

We show another example. Let n,r,q, M be as in the above paragraph, and let m
be an integer with m > r. Let M|, M,,..., M, be disjoints copies of M, and for each
integer j, write y; and zn(j_1)+1+ 2a(j-1)+2,- - - 3n; fOr the center and the endvertices of
M;, respectively Let ¢ be an integer such that me¢ =0 ( mod r) and (2 —1)c > (r—1)q
a.nd set [ = q+ 2. Let L be a null graph (a graph with no edge) having { vertices, and
write V(L) = {r,,:cg, .., Z1}. Let G be the multigraph define by

V(G) = V(L) U (UR, V(M;))



EG) = (L_l{x;y,-u <:i< l}) U (L_l E(Mj)) .
ij=1 =1

Let f be the integer-valued function on V(G) define by f(z;) =r (i =1,2,...,!), f(y;) =
m+ec(j=12...,m),and f(zx) = r (k = 1,2,...,mn). We show that for every
connected induced submultigraph H of order { + m + mn — q of G, H has an f-factor.
Let H be a connected induced submultigraph of order { + m + mn — ¢ of G. Then
{y1,92,---,ym} C V(H). Set a = |[V(L) N V(H)|, and set b; = |V(M; —y;) N V(H)|
foreach 1 <7 < m. Thena+ ¥7., b; =+ mn — q. We may assume V(L) N V(H) =
{z1,22...,2.}. We now define a spanning submultigraph F of H by

E(F) = (E(H)ﬂ([l E(M,.)))

j=l
m =1 j
U [USzim|| Z((n=bar+e)| +1 i <D ((n—ba)r+c)
j=1 h=l1 h=1
(subscripts of the letter z are to be read modulo a). Then F is an f-factor of H. But
obviously G has no f-factor. Now if we let r 2> 2, the multigraph G shows that if we allow
G to have multiple edges then Theorem 1 is not true; if we let r = 1, the graph G shows

that if we consider a function f on V(G) such that there exists a vertex z with f(z) =1
then a result like Theorem 1 no longer holds.
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to me during the preparation of this paper.
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Definition
A k-subset D of an group G of order v is called a (v, &, A)-difference set of G if the
list of "differences”

{zy~H(x.y € DV}

contains each nonidentity element of G exactly A times. We call n := &k — A the
order of D.

Definition
The group

Dy :=<abld=b>=1,bab~' =a7! >

of order 2! is called dihedral group.

Existence of difference sets in non-abelian groups are not so much known.

But it seems that the number of difference sets in non-abelian groups is much
less than that of abelian groups.

For example,

Theorem 1
Suppose D is a non-trivial (2', k, \)-difference set in a generalized quaternion group

Qu =<a.ba®" =1,bab™! =g L. B2 =a?" >,
thenl=4. k=6, \=2.

Note that there exists a nontrivial (2, k. A)-difference set for each { in the abelian
group
Zax Zy X ...X Zs.

In the group ring ZG, let

D:=) d. G:=) g

deD g€CG



Also. for all A = ¥ ¢6 099 € ZG.

A= 5" a9
9€G

Then a k-subset D is a (v. k. A)-difference set of G'if and only if
DDV =pn.1 4+ )G

in ZG. where 1 is the identity element of G.
Let Dy has a nontrivial difference set

D=D1+bD-2

with D; C K =< a >= Z;. Let
Di =% ey di;a*. Then

DD(-I) = DID(l—” +D1D-(2_”b—l
+ 0D, D{™" + 6D, DSV
= n4+A<a>+Nb<a>.

This implies
DID(I_” + D'ZD-(Z-I) =n+A<a>.

D,Dy™" = D,D{™Y = %,\ <a>.
Let H :=< g|g¥ =1 >, and let

Ey =Y dug™.
kell)

E‘_’ = Z: (lk2g2k+l
kefl]

be elements of ZH. Then
EET+EBE  =n+r<g>.

EES = ;li,\g <g>.

Hence
E=E +E:=) ey
ke(2)



satisfies
EE-V=n+A<cg>

and all the coefficients e, € {0.1}.
We see that there is a difference set in Zy with the same parameters.

Let kl = ID[l and ky = IDgI
(Note that &k, + ky = k). Then we see
k] + k3 =n+ Al

kky =

tql =

So we have
n= (kl - k2)2.
Let
m:=k —ks>0. n=m

From the difference set’s conditions

D\D{™" 4+ DD = n4+d < a >,

D, DSV = DD = %A <a>.
we see that (for i = 1,2)
WDi)\(D;)=nor0 forall \ # \oof G.

Applying the Fourier Inversion Formula to the coeffisient of 1 of D; D( -,

k=1 & dD:D{) = T 4+ tim
XER"

Hence
m3|(tk; — k3).
Then since m = k; — Ky,
m2[ky(! = ky) = (m + ka)(! = m = ka)

= ka(l = ko) + m(l = 2ky) — m2.
We see m|(l — 2k3), and

mE|(1 = 2ky)? + Hha(l = ko) = 12



Let
{l=am.

Ryser’s Conjecture
If there exists a nontrivial difference set in a cyclic group. then the parameters
(n.v)y=1.

Conjecture
There is no nontrivial differences set in dihedral groups

Now, we have

vt=2=2am, and n=m>

where m = kl —ky, k= ky + ks
From some calculations. we obtain

—

ki ky = =(m*£m+ A).

2

A=mla—m— Va2 -2am+1).

A prime p is called
self-conjugate mod e,

if p' = ~1 (mod ¢’) for some integer i, where ¢ is the p-free part of e.
If each prime divisor of n is self-conjugate mod e. then we say n is self-conjugate
mod e.

If the order n of a (v, k. A)-difference set D in G is self-conjugate mod exp(G),
then n is a square and

D DY =n.14AG

& (D) x(D)y=n foral x# vof G
& (D) =nu, forall x # \p of G.

where all u, are roots of unity.

Lemma 2 (Ma)
Let G: cyclic group. = € Z[G]|. Then

\(2) =0 modp” for "\ # o of G

= 3,22 € Z[G], ==pr + 2P
where P is the subgroup of G of order p.



For Dy, this lemma means,
p|n = p is not self-conjugate mod 2.
Theorem 3 (Enomoto.Hagita.Matsumoto) Let D C G: difference set with n = m2,
3G, K=G/H=2Zy x 2Z,,
where w: odd. (n,w) =1, n: self-conjugate mod |K|. Then

m(m —1)

> > .
|[H| > m and A > A =1

For Dy, this theorem means

3¢|21, (e, n) = p° n: self-conjugate mod e

2l
=>e < —=12a.
m

We want to say "there is no nontivial difference set in Dy;". even for the param-
eters which have not satisfies the self-conjugate conditions.

Leung,Ma.Wong(lQQ?) prove that if there is a nontrivial difference set in Do,
then .
¢(n) <
n

This means, n has at least 3 distinct prime divisers.

N -
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Introduction to species
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1 HEBEE

RARNOFALTOBREGEREBFUIITIZ> L0, 22 EON TV AIREHRFETLLI, £
B, MALTOEGEROBENRITIZIZ, TRAK, HRIR. )V —RE. AHUELAWRL YD
RAR. Ry 7% ENHT7TY —ROEFRALERERLILTOET, TnizE by, <
OHAZBBNAEEN, HAETOMEIRCZR/IEL-TEELE, &< T Pélya #ARL Riordan
DA, ETIE Aigner [Aig T9] ® WIlf [Wil 94] DERICRHAS £ 510, BEROBRELS &,
DPRRIVEULALET, LHL 1960 EtL S, byt RRNRLOHELOF T, BFE
HMOBRLKELBBRERT. BAUNLEZXNEIATINTEE LS, #iZ Rota 2k 55—l
DEC (1964-) [RotMu 70], [DouRS 72], (BonRSV 92] & Stanley M7 [Sta 86] NREBMIKE WD
DBHYELL, 2EOHFME LTI, BRIENDESVHEMI 2TV ET,

20 L3 RBADODPT, Joyal DR (species) PEIHRIGL £ T ((Joy 81]). M X, HHMEM
BU L. HHEMME FIU] 2xESHIRR0TT, 2l o : U — V ZH LTI, £HH
Flo]: FIU] — F[V] L LTV 2+, ARNARGIE L. FHRKE U (L. ZOLOHEGY
Z7OHE GU) AR ERDEICE-T, 77 70#ABO NE, —RiC, # F O U-i%
FlU] 2. AREE U Lo@ShnidSdReMELEED R TRELARENET,

& FoBEYs

F(t) = ..Z=o 'iﬂ t" € Q[[t]] (1)

TEHELET, 2%9 [0 := (1,2....,n) EOBHENMEEK |Fln]) <BT 328K LV DiIFTT
BREKLY L, BRKOLLICRIMOSFTHEBEZ L L I T30 Joyal DT A4 FTT7 TF, TOR
2, BRAMICET VWSS REPHEAN, MOFTLTELITNERZY £FHA D, Joyal (T
EREFNAHTETHI_LETRLELE, BROFREHT ) —BESFICEL L. Joyal N
OERKE, SEROBROBRELZLB £, Z2CHTER (BKRT) OBRLERICEIOD
X, BLLOTTN, (RED) AT LY —X 1 KT, HIRBITOKRE, HHWENTIH (-1) KT
DBRIZRIEBFOTVET, 2B L, HOBROERLERMSHEHHLIZLELLE I,

28 (Joyal 1981). H (species) &ix. Bij, 7> Set; ~OMFN LTF, 2T Bij, 4 A
RIS L ENSORMNLUHDLTHT LY =0, £ Sety 2. ARMKAE L ZNS5OMNFRA



BYHFLY—TF, @FCLBHBRE U kM o: U —> V OREZNZh, FU| B
Flo): FlU] — F[V] EB< 2 &icLET, LidiaSo: U —sV & 7:V —> W IZHL,

Flroo] = FlrjeF(o], Fllu] = e~ 2
LoaTHET, S onfioR L, BREROZLTT, 229 . 0O F— G 3, FROEK
{v : FIU] — G[U]}v

T, EBOLER o : U — V IZH L. Glo)by =8yoF(o] X T L DTT, MOJFRABIL (1)
TEELET,

A, WK OPDABEENHLTBEEL L), K(ree) T Lk, 1 7A0DARVEZI 7702
LT, BITEK (rooted tree) 21X, HAMEXRELTHELIKRDZ LT, % (forest) L1,
BHERRBRTHALIRIFT7NI LT, Bt &5 (rooted forest) &1t FMBAR SRS
EXRTHALIRYFI7ZOIETT, (BIFE) RKRIELESTIEH) TLAMN, (BT E) MIERS
LFLET, KTEERXNAMF RTree, RForest. End. X (Ifliz729 =1,

RTree : U — (rooted trees on L'):

RForest : U7 — (rooted forests on L'):
End : U+~ End(U);
X : U— {U}
INHORRAKIIKTCELONET:
> u
RTree(t) = Z-n—':t".
a=1
20 Vn in
RForest(t) = Z-n—!t ;
n=l
€x ﬂn n
End(t) = th,
n=
X(t) = exp(t)

ZZTu, & va ik n BEE [n]={1,...,n} LO, ENERETER L IRTE ROMAHK T, Cayley
DEERARZEY, tp=n""Lva=(n+ 1) THBZLIRL<CHONTWVWET,

2 BOBBORR

Joyal [Joy 81] iC LB~ T, HMIOMDWAWALHRLXERELEL LS, YRANI LAN, I
SORMIT, BOBMKOMORRE 5 E<BELIVJILBLLY £,

ER®. F,C aHLT3,
- 1 (F + G)[U] := F[U] + C[U] (LA &),



-B|(F-G)U]:= [] FIVIxG[U - V],
veu
- WS F[U) = FU L (U)).
- w5 F[U]):=U x F[U), .
C B (GoF)U]:= Y Gla)x [] FIPI (= 22 I(T) 13, RE U OHBNKS),
eV Bex

SHOLITELHOBREBIANT, WA@Y
(F+G)(t) = F(t) + G(t). (F-G)¢t) = F(t) - G(e),

0 = 2, ()0 = E£0 GE0 = 6Fw)

n(-

¥

29®»T Joyal EZNIZEL 7 Ty ANHREFIBEAROHMROHBREFEY EFTITEE L, £
DHXRAIL, Bergeron-Labelle-Leroux D2 (1994) i 2 &HHN TV ET, ZNOXRDER [BerLL 98|
B3 1998 FICHMMENTORALSIIL o THAREET LA, ALAROBRICATIRINEL
BZ 7/ ABETEHEMTNT, RUNpi—FHTLihh b,

—fRIC, AEEROLEIHMCBMEAEY. BMKOREEXNLZDERNAEBHRTERD
BENIORETROZLEHRTT, LALRELEMS EWVoT, —d—MEIZ L3RS ERGERE
B3 L3R ERA, D) BEREFWoLIERFE (Wil 94] 12, L <BHEIALFBRNL
T =y HEBH>TVEIDTTH, —H—wiLE AT L 5L 8D EROLMAF L, KR
BMAZOHROZEROTT, ~LAE (1,2,... ,n} EOBRFERNEE u, PEREK

-~}
u(t) := Z %'lt"
n=l

poTeN

N

I3, Pélya DBIEX
u(t) = texp(u(t))

ERETIENERIIRENET, L<BONTVD L5, Lagrange DRELR£HEAIE. Cayley
DA

up = A"t

ABonEd, TLLs (n- 1)-EWEDS n-[RE~DER LR{TEROMO— it —2 % Bith
€3 TLEID, RREDL I 2—R—HE 2 BFMICES Z LIRFTETT, LHLZOEAHSEE
BEESLHAL YD ESIBAEL TSN TL LSS, ZOB0L I, BRAROEBNFHRT »
Thbrmy, LHLRPRIC Lagrange DRELAXND LI RT T v 7Ky 7 ZHAS L, LEPEHRA
RICLBMALRT—H—ORLE L BB TS DIITTE 2D ET,
A LETORAESERBIZLTIOWMATLESCL DS HOBRELNTT, HEEX o) =
texp(u(t)) EHNEFTEH L

RTree = X' - exp(RTree)
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bnd b gd, SORBEAKMICELD D LIETETT, $5ic (AR Lagrange
DAK) EE-T, ZOFBKE RTree 'L TR 2L 22 T&50TT, BRELT, Cayley
DEXOHAASHERHNBONET,

2 LTHROBRIBBMOBRIFLREME LA LELE, WAV ARESIOBRM LT
NEETEHE. PROBATHFEXEHORNE LTHEET L I EESRITIN, ORI -
747 —BE - BRAFBX - PRFBRALY, HLWTAFTHKRL LEEFRTITEELE,

3 HOEBROARS
LAaLEMedITFIY -85 L, BOBRIIKELRHULSY £,

(1) F1OTHE, @LxLEFOHT Y — Bij, NOHRBEDHT =Y — Sety ~DBEFETLL,
LALRRS, B7LY—BH5R5E Bij, LIIALLINTFIY—TL 25, Sety iThe~bL,
BoHDEDIFEA EETZT (almost skeletally) DAF LY =L SBUAMLET, 7Y —LLT
B, TRIOKRBOMFY S, (A FIV—LRET)OHDIIEHETH )., LEB>THE F Liassk
BE S, BRERALTWAHMMS Fln) PRITHB L bBLET, Wi, [n]:={L,2,... ,n} (0] :=0)
LOMA Fln] TREY. & Fln] 1213, 8868 S, AEALTVSZ LITERL T 50,
HABRBEDOH T IV — Sety MOHNT7 77 ¥ —2WOERLTHLEESICETVWIEAREZY X
+, BkBZB F LT, BRo: U — V 1OHBEENIBER Flo]: FIU) — F[V] 585
EFKERSNDILERBOLVOTT, LA FMELDKDBENHNTFR

Tree(U] — Tree[V]
EEIRHTERBTRIERVOTLEIM,

(2 B2OFRHE, 1 F O U-y FIU) iz, U TI~XAftFonicladbtBELHIon:
T, LEB-THROBHTIX, AAEH4RE (F[U] D) & TG INFAETEERA, LEZ
. BFEARICHETS Polya DA u(t) = texp(u(t)) :2LTH, TOMICLHIRRIZLTY, /M
AOEMII—BHICHBENZIIEERBRALTHDIOTTN, 25 IINRATRBAHE
MichoaTVET,

(3) B3 OFM, BORFAHT LY —MTHY THA, LEXEIRF.C OER

(F-G)U]:= [] FIVI = GV - V]
vgu

KENBVCU LU-V b Bij, K8ITHHOTRHY £HA, 2EBONT LY — Bij, TH.
BAMRVCU LAREU-V LEHRSZ L, —RIINERINZHA, 2FV)HT L) B8
CRA3 L, MORMOERIIF L RELMBARVOTT,

INLHTRTOTEBEREVIFESRHY 2T, TNIBORDYS, T En Ty
AEbtE (e 2T, K T 77, WAWBRARMR)DHTF LY —E2HEXH LT, TN
AR, BOLIRIF LY —DOHBREDOHI T LY —~OFEHMB LI LN L LTEX
+3oLATEET, JREUTOEBTR<THE ET, BLIZ, LOBX [Yos 98, [Yos 98b]
ARTHEEN,



4 EHROERDKMELEE

IAMERE S LTENE, BEROBROSSRSMELLNF LY —kTT, #F LY —BD
BEZL LT, [Mdl 1], [MclMo 92 ARV EBVET, EFHF IV —OBMREFEELELL
Yo EEATIY—T, UTORGEBRTLOELEDT,

(a) AEEHVINEIE: &3, NERATF IV —RETHD, THOLEBEEE S/ = HBEERT,
(b) BEFARE: £ 12+ 5% Hom-set Hom(A, B) 3ARAETH D, ERITECARBNFTRE
THdETHEFT+H7.

ZES5kATFIY— £ DBRRE. XD
= \’
) \Ze, [ -\.ut(.’\)l (3

ELTEBLET. ZI7HiE DHBORMBEANKLREARELRSZ L&TRLET, LY
Xe€ 280RBBIIHECLETRER T,

it b LET,
772 8—F . § — S ORBME%E

F(Y)
F(t) = §,|-\ut(,‘{)| “)
CEBLET, ONRET 74 —OHBE:
HX €& | F(X) =N}/ =< 0 (5)

N & T well-defined T3, EBR

r |Aut{N)]
Fo = Z IAut(X)l (FZ |Auc(x)|)‘N

NES (X)=N

EE/IFTT. POFIFRFTT,
Set; [I_F L FONTRET, FHONFBRKELB[—-R/LET

Z antl" = Z ant”.

n=0 n=0
BRF: £ —>SE77v79— N2 EDRBELEN, N L0 EMifiL L. ¥R Xef &
B ¢ : F(X) —> N D% (X,0) W2 27T, AR g 25RLFFEENET, N EOskD
D ERBiE (X.o) & (Y, 7) HERTHDEIL, & DEESR f: X — ¥ HFELT. o= reF(f)
EET LT, N EO ERBORIEEOME & Str(E/N)/= LT kL ET,



BB, 77075 F: £ — SREET. 774 —0FHMRE 3) &#rtL+3, ZnLi

Fit) = Z |Str(E/N)/=‘| WV

6
& e ()

. (1) RTree (RForest) # Rt & KOHF IV — (RIGTEFOHATFIY—~) L L=+, Hit. H
SRENSTHARME~NERT, REBRICHBL, RDZFTHLANTT, U : RTree — Sety
(V : RForest — Set;) . B{t& K (B ER) IZORERELMESHER 7775 —2 L
1, JOLEME N EO RIree-1i (RForest-tfif) ORIBSEIL, VN #THSBE LT
K (BFEHR) T, WOBVEFTH, N TIMFITONARITER (R) T, LT, U &
V oM

0

v =% ';—’!‘t". OEDY -':T';t"

n=1 n=1
(22T up,vp 1 [n] LOBRFEREBHSEOBR) L7400 £,
(2) ASet; . AIRME X L82BH~DFR a: X — X 0% (X,0) E2HENZTHITF LY —
YLEF, RELM f:(X.a) —> (V. 8) LiE. BR f: X —> ¥ T foa = Jof BT LD
<+, F:ASety —> Set; : (\,a) — X £ SHMPFLLET, 2N L%, n-S84E [n] L
ASet;-RiEDERIFDIRE Str(ASety/[n])/= &, HRERET, := Map([n],[n]) Zix—"—1I8E
LTHET:

Str(ASety/[n])/= — T,.

F(t) =Z';—:z"

n=0
ERYETY, TNLH End OBEZERLTT,
(3) G # AMAEMEE, Setf £HMR G-HAL G-BRONFIY—L LET, ZHTNEIEHT 7>
78— F:Setf — Set; »H N &+, INOLEKE [n] L0 Setl-WHENOFREL, G 13t
FRBE S, ~ORBERANTRE —F—IcHEL 21
Str(Set§ /[n])/~ «— Hom(G,Sa).

L7=pinT

F(t) = Z |Hom(G Sn )|

n-0

Ry £+,

Bl 7775 F:& — Sety OF (elements) Lid, £ DR X LFEG F(X) DT a D
3t (X,a) DL TF, SEOOTOMOR f:(X,0) —> (V,0) L i1, DM f: X —> ¥ T
F(f)(a) = b &ilit=F LTH, ROHTFTY—4% Els(F) & L=+,



F": Elts{ F) — Set;;(X,a) —> X

REERT 7T I—T, 774 A—ORBELEST,
(2) BEARME §:& —> Set, WAL,

S": Bij; — Sety; N — Str(£/N) /=

ISHTH 5,
B)EFICHML, F'2F Th5,
D HELTWARBEEREL 777 §—-DBREIIS LY,

F(t) = F1t), S(t) = ST¢).

ZOERBRLY, BETT77AA—DABELELT 777 -3 HOBREO—REE R ARE
S5 LRGN0 ET,

5 ATFINV—E¢E7008—0OFE

oW THE, NFEEOMBICHETAMENTETLE, 727725 —RH 7TV —BHZ
DNT Y, FIROBERBH I EF, ZN5ONODEBALEL £ 5, FICEHSRWVIRY, £,F,8
BAFIY—, §:E S EtT: F—m>SiA77r2%—¢LLET, SIHEREANEHO LK
ELET,
ISiIHL, avIhTaI—1185 1% (. X)) DEOHBEFHDLELTERELET, 22T
XefTa:Il—SX)TH B f:(a.X)— B,Y) 3. EBIBHfF:- X — Y T,
a=PeF(f) il L LET,

<M S+T:E+F — S(E+FZATIY—0ERM)

-
-\

"Bt S T:ExF — S5;(X,Y) —> S(X) + T(Y)

« W S Elts(S) — Sety;(X,3) —> S(X) = {8} (=L §: & —> Set; =S T, & S(f)
I HA)

< w5 S7 : Elts(S) — Sets:(X,3) — S(X) (%L §:& —> Sety; =38)
@R G118 — S (o, X) — S(X)

ATV —OEHRMAM: AT IV — EXP(E) x RO K IICERTH, HRIT (N, (Y))jen) (VN 1T
ARBETY,; € ) DEOBAT, B (f,(7)): (M, (X)) — (N, (VN IX. B f- M — N &
Hoik Ti: .\.,' —_— }’!(,') ‘,)*ﬁo

- 77 v 7 5 —DEBMAM: EXP(S) : EXP(S) — Sety; (N.(Y))) — [, Y.



« 7725 —DER: T(S): T(€) — EXP(E) — S % LUTORIZHT LV —D3| 2 R LEAR
TE#LEY, ZELIITRS:E— ST . T:F—>Sety LLTHBEET,

&) ——F

PB. T

4 . v
£ s exp(e) T2 e,

X EXP(S)

S
2T, Rank ix, (N,(Y})) ic N #¥REE€5 772 %—77,

IOEICTLTEELARAIT. KOLH)CHBEAMOBE L > Z<{HELTWET,

(§+T)t) =SB + T (1), (S-T)(t) =S(t)-T(1),

St = dS(t) S =t dift),

N |Hom(I, S(X))| SLx),
GiS)t) = ), —rreu—t
' ;EE [Aut(X))

(EXP(S))(t) = exp(S(t)), (T(S5))(t) = T(S(t)).
Bric oV T, ERYBYDLARAMNREY LTV ET,
(-7 = §.T+S-T,
(T(S)y = §'-T(S).

IITS:E—>Sety,T:F—> Sety LLET,
F-IeSicnl, Hom 777 %— Hom(Il.-) % S OHBRERME R LV RE£BITR
5, RRYBROLAKIMEI LTV ET,

8(S-T) = 81(S)-T+S5-3/(T).
S-8/(T(S)) = T*(S)-8:i(S).

#. (1) Surj, +HBMADOMOLK (X 5> X) o+ s7IV—ELET, £H (X D> X)
PSR (Y S V) ~OHRZ. FR X — X' & f: X' — Y 0" (f.f') T [lop=q¢of
EHETLOTT, $RERETRVARRENRTHT I —% Set; — {0} LLET, L&

Surj, & EXP(Set, ~ (0})
PRYILE, LRAiaT7Trs 58—

F:Surj, — Set;; (\ —> X') — ¥



DRM¥ERS L. L<asnraX
= b(n = t"
Z‘)%t" = exp (Z ;17) =exp(e’ - 1)
n= n=]

PBOoNET,

(2) ASety %. RIRME X LERBHE~NER o: X — X N3t (X, a) 2EDRTHT S
Y=, LET, (X,a) € ASet; DIREIT, B3 n>1iZHLT a*(@) =z ERHreX DI L
Fo (X,a) ODBRORE R(X,a) i, 2 — a(z) ic& > T, HRLERE C ¥MEALTVET,
NicL»T?77 75—

<

R:ASety — Set?: (X,a) — R(X.a)
RELSNET, RIS, BRAEE F(X,a) 2EHLEZT, 20Dl F(X,0) HAKEZ X &
L. {z.y} FEDATHEHLENIZ Lz, a(z)=y T HBTRVIEZLET, ££05 L%RD5]
FRLRZXHBonET:
R c
ASet; —— Sety
F PB. S

RTree <—> RForest RLO& Set,

EXP

Set,

ZITCSIEHT 77 #—TF. RForest = EXP(RTree) (2ERTS L.
S(V) : S(RTree) = ASet; —> RForest —> Set;

BBonET, TOBEAKERD L

) 1
(SN =S(V(@) = -V
BBoNET, ZZTSEH)=(1-¢t)"! HEVELE, 52 Cayley DAK V(L) = Z n""le nl

n=1

S /N

L BLLAVAEMABDNET,



6 {EHMEBBESFK

PR AERR L. F AT HNTMASOEBELRAA L& LK BBLET, 0L
ETEAPTRARETEIDRLIZILEG L, R XAOHRENAREEINT VX1, A%
HASADAR L, HGlsre nﬂmﬁ«wmm BHIHHLEAGNET, LivLieds,
INETOLARXOBESIE, ST EDI LTIV R ULOBAYVIAATHA LN ET, O
ST VAR RED LR ESRSEESNZ. 277V —0B3EROBSEFRVTREEZT,
EBH. £ FAIZL>TEHRMNET, BEABARAAT IV L LEF, o T BREF LT, 2E

I=44+B = A E7!3BHMExR
it LT, RS0 TRERS T LY —% Con(E) THL 1‘ FIY—
MNKS-ATFITU—T"H5 43, £E0OHS X SHERBOMS2HSOERMCRETHY, 20185
REMSHR (KS-SE) H—802Z L2803+, ZTHn—EHIIk4e B8k Li't‘,
X+ +Im=h+-+Jn Ua,J3 € Con())
BTN KS-FMOLE. m=n Thh, 362558 re S, £H fo: [, — J(a)
(a=1,...,n) BEEL T, KOEKXIZTRICRS:
fa

Io = Jia

ia J2(a)
x—4 Ly
ZIT. iy ko iXRHEMIAN,
B AT Y —ROBRARDEFLLBMLET,
REB.EHBKSHT LY =6,
&(t) = exp(Con(E)(¢))
THBH, FIZZOAKXMRIISL, FBHUNAR X — X+ BoRic#H2 5, £ 1% Dress P
FE@rT KS-H 7T LY -7
&€ = EXP(Con(¢))
e,

hiit, ZOLKE7 775 —TRIEL T, WAL ARIBEMEAMESEXA GBS ET, 77
Y b [Yos 98a] & [Yos 98b] # RTK L&V, LNFERZTT &N Dress DR L2, KNFHR
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VYL EOFINEHRARXTH S DD LE+ S RENSTHOUBHAZI ERLERXTHS Z
UATA i‘i ([Dre 73)),

wk
L%

7T SHORE
EYHREMEFOANTIY—T, EFE0O X ZxL. &iF
H{(4,B)| A+ B=X}/2< o (7)

EWITLENLET, 0L E, TRRB R G TAKERSAT I - E OHRTHB L ILE
K~ R ek

R/ =] = {):' axt¥ | ax € R}

Xe&
. BioRNET, BHILBLAA

eV = Y 1=

FBREBCHELELOTT,

CORFBRERLERHAFE (- B WYL Y) Fo0 T8, SR TI—RIIITTEST
Fo mEXT F(t) =1+t L GU) =B I8 L. (G(F))() = (1 +t1)2 2 ¥ H)-TEBR TS
VATLES D, BRIRBAIEERNTIETT, LE A NERE SO = Y | oxt™ ¥ Hl
DEMAN g(t) € Qt] ICRATHZ L2 5TEET, ELHDAT Y — Surj, DIGE X Plethysm
BHAHY £ ([Nav 87)). EREARHFIT J(n) = (In] —> ) PBA LTV ET ([n] = (1,... .n})
NHAELTVET, LESS>TAERED J(n) REERTALENSHY £T8. 201HIC

' . oy J(n) ' .
(Z agx—xn £ )) =Y Gy (IR

LLEF, Z5L<7. Plethysm SRNEHCERILIIRVET,

SRTTHEMZREFEDH TV L, ¢¥H LTHEAXCPSXREVASE. LTPERL. R[[Er/=
] £n6L&EL! M%E*i'él%»x“ EFET, GNEZAHIFIN—E LLTIE, BEAERFRX
([MciMo 92)) £BRADHERANHIZHLE L B i+, S5CHEKRELT. AR77v 75— (R
8 induction £ 2L 972 Green 77 75—, I ZHAREDN 2K —-R)T £RY F
T, COLEBRAMERFBEBLRCERLET,

lim T(QV), !it_nT(Q‘v).

TRERETTH., INTLEERXRPAFBHRBOFLBI A>TV ET, Iiinv T, BB
PR [Yos 98c] T ~<3FETT.
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Abstract

In this article, we construct invariants of graphs in R®, especially triva-
lent graphs.

1 Introduction

In this paper, we will discuss invariants of undirected graphs in S3 [2] [3] [4],
especially trivalent graphs in $%, and we represent graphs as diagrams on S°.
For an graph diagram G on S2, we introduce the following five transformations
(D), (I1), (1), (IV), (V).

" T==T
- 3=
@ K=
" YK %
Figure 1:

If two graph diagrams are transformed to each other by finite sequences of
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moves (I), ..., (V), then we call two diagram equivalent. We want to construct
functions from the graph diagrams which are invariant under such moves. For
our request, we make use of invariants of knots and links. They are Homfly
polynomials and Kauffman polynomials. But we modify them as regular isotopy
invariants which are invariant under the moves (II) and (III) and change under
the move (I) by some scalar constants.

2 Skeins associated with Homfy and Kauffman
polynomials
In this section, we will prepare terminologies, definitions and lemmas from knot

theory.
Let a, g be complex parameters. For an integer n, [n] and [n], are defined

as
. = ==

and for integers n > &£ > 0 are positive, [n]! and [:] are defined by

r)} = (nlln—1]---f1].

i - it

where we define [0]! = 1.

In next subsections, we discuss Homfly case and Kauffman case. To avoid
using many symbols, we may use same symbols unless we are not confused. In
diagrams, when there is an integer n beside an arc, it means n arcs parallel with
the original one.

2.1 Homfly case

We consider diagrams of oriented links and n oriented arcs on a surface F.
There are 2n points py,... ,p2n on the boundary of F, which are n outgoing
points and n incoming points and the terminals of the arcs are at these 2n
points, compatible with the orientations of the points. A complex vector space

S(F) = S(F,{p1,... ,p2n} ) consists of formal linear sums of such a diagrams
quotiented by

(1) regular isotopy and DUQ = [0]a D
@ XN-4:=064-3
B 97=a—,6 "= a'—



where D is any diagram in F and (O is null-homotopic in F. We call the
complex vector space S(F, {p1,... ,P2n}) a linear skein associated with Homfly
polynomials It is well-known that if we take S? with no points as F, then 5(52)
is equal to C and if the diagram is only one link diagram with the coefficient
1, the corresponding complex value is the Homfly polynomial of the link. We
consider a square with 2(n 4+ m) points n 4+ m points are located on the left side
and incoming n points are on the upper side and outgoing m points are on the
lower side, the other n + m points are located on the right side and outgoing
n points are on the upper side and incoming m points are on the lower side.
We denote this square with 2(n + m) by Hym. On S(Hn,m), we can define
a multiplication by setting two elements left and right, and then connecting
straightforwardly left outgoing n ( incoming m ) points with right incoming n
( outgoing m ) points. By this multiplication, S(H, m) become an algebra over
C. We denote the identity element by 1, m, which is the straight n + m strings,
upper n strings are oriented from left to right and lower m strings are oriented
from right to left. The properties of S(Hxn,m) is deeply investigated in [1], in
which S(Hp m) is referred to as H,—1,m—1. We construct an element of S(Hp )
denoted by hp m. First we inductively define h,, = hy o in S(Hn o).

b 3

A 4

I
U

"_ﬂ_' _— l;'l

Figure 2: definition of hp, = hnp

Note that if we reflect hn o vertically, we also get ko, in S(Bo,n).
Next lemma is one of well-known properties of A, o.

Lemma 1. For any integeri (0 <i<n-—2 ), we have
i

B

n-i-2

Figure 3: property of hn



Next we inductively define hp , in S(Bnm) by

Figure 4: definition of An,m

where

] | [ —

Next lemma is an elementary property of kg m.

Lemma 2. The following holds.

\-} = - = 0
s pySen

Figure 5: property of hnm

2.2 Kauffman case

We consider diagrams of unoriented links and n unoriented arcs on a surface
F. There are 2n points p1, ... ,pn on the boundary of F and the terminals of
the arcs are these n points. A complex vector space S(F) = S(F, {p1,... ,Pn})
consists of formal linear sums of such diagrams quotiented by

(1) regular isotopy and DU = ([0]s +1) D

(2) X = K = @-3(==-10)

@) 2=z a— , "G = a~! —

where D is any diagram in F and () is null-homotopic in F. We call the com-
plex vector space S(F, {p1,... ,P2n}) a linear skein associated with Kauffman
polynomials. It is also well-known that if we take S with no points as F, then
S(S?) is equal to C and if the diagram is only one link diagram with coefficient
1, the correspond complex value is the Kauffman polynomial of the link. As
F, we consider a square with 2n points, n points are located on the left and
right side and We denote this square with 2n points by K,. On S(K,), we can



n-2 2
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Figure 6: definition of k,

define a multiplication by setting two elements left and right, and then connect-
ing straightforwardly left n points with right n points. By this multiplication,
S(K,) become an algebra over C. We denote the identity element by 1, in
S(Ky), which is straight 2n strings. We inductively define k,, in S(K,) by Next
lemma is one of well-known properties of k.

Lemma 3. For any integeri (0 <i<n—2 ), we have

n-i-2

Figure 7: property of k,

3 Construction of Invariants

In this sections, we construct invariants of trivalent graphs. At first, we prepare
some propositions. Unless stated otherwise, when we consider oriented diagrams
it means Homfly case, and when we consider unoriented diagrams it means
Kauffman case. For a trivalent graph diagram G on $? and an even integer 2n,
we will induce a link diagram by replacing each edge by 2n strings and attaching
hnn or k2n on each edge.



Figure 8: diagram around a vertex

We denote Homfly case by Ryn(G) in §(S%) and Kauffman case by Azn(G)
in S(S2). Then we have linear sums of oriented link diagrams on 52, therefore
we have two complex values.

Proposition 1. We have Rpn(G1) = a~ g "~V Ron(G2) and A2 (G1) =

a~"g"Aan(G2) where
G =é G2 =*

Figure 9: G, and G,

and resulting diagrams ezpect G and G2 are same.

We define a complex value Q3n(G) by {R2n(G)} X {A24(G!)|,ugqn } Where
G! is the mirror image of G. Then we can show the complex value 2, (G) are
invariant under the moves.

Theorem 1. For a trivalent graph diagram G on S? and an even integer
2n, The complez value Q2n(G) is invariant under the moves. Therefore Qzn(G)
is an invariant of trivalent graphs.

We can extend Q2,(G) for any graph diagrams G ( not necessarily trivalent
). In this case, unfortunately Q2,(G) is not invariant under the move (V).
Therefore

Corollary 1. For e graph diagram G and an even integer 2n, Qan(G) is
inveriant under the moves (I), ---, (IV).
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Cyclic resolutions of the BIB design associated with PG(7,2) and
PG(5,2)

#H ME
ERKFRERLEFARBF RS AT L THEER

A pair (V, B) is called a BIB designif V is a set of v points and B is a collention of b k-subsets of
V (called blocks) such that every pair of points is contained in exactly A blocks.

For a BIB design (V, B), let o be a permutation on V. If B* = {B”|B € B} = B then ¢ is called
an automorphism of (V, B), where B° = (b{,8,...,b} for any B = {b;,by,...,b,} € B. fan
automorphism o of (V, B) have a cycle of length v, the design is called cyelic.

For a cyclic BIB design, we can identify V with Z,. = {0,1,...,v — 1} (mod v). In this case
c:z=z+1l(modv)and B*=B+1={b + 1,00+ 1,...,5: + 1} (mod v). And the bdlock orbit
containing B = {b1,bs,...,b} is defined by the set of distinct blocks B®' = B +i = {by +i,b +
i,...,bp +i} (mod v) fori € Z,.

If R is a set of blocks such that every point of V is contained exactly one block in R, then R is called
a resolution class. If the set of blocks in a BIB design (V, B) is partitioned into resolution classes
Ry, Ry, ..., R4 then the design is called resolvable. And R = {R,,Rs,..., R4} is called a resolution.

Assume that a cyclic BIB design (V, B) is resolvable and let R = (R, Ryz,..., R4} be a set of
resolution classes of (V, B). For a resolution class R;, let R; +1 = {B + 1 (mod v)|B € R:}, and
R+1={Ri+1L,Ry+1,....,Re+1}. HR+1=(R, +1,Ra +1,..., Ry + 1} = R then the design
is called cyclically resolvable. In the sequel, we denote a cyclically resolvable cyclic BIB design with
parameters v, k, A by CRCB(v, £, 2).

The notion of a CRCB was first introduced by Genma, Mishima and Jimbo {1997). The notion of
a CRCB is useful not only in the field of the statistical design of experiments but also in the field
of cryptography. In cryptography, a CRCB is utilized to construct a secret sharing scheme. On the
other hand, it is well known that the incidence relation of points and lines in PG(n, ¢) is a BIB design
with parameters v = 9“:—_‘;‘—'. k=q+1, A=1

Beutelspacher (1974) showed the existence of a resolution in PG(2¢ - 1,q) for i > 2. Baker (1976)
and Wettl (1991) gave constructions of resolutions in PG(2m + 1, 2) for any positive integer m, whose
automorphism is not cyclic on the points. Recently, Sarmiento (1997) showed that the BIB design
consisting of points and lines in PG(5, 2) was cyclically resolvable by using computer, and enumerated
all inequivalent resolutions.

Here, we show the following:

Proposition 1. Cyclic BIB designs generated by points and lines in PG(7,2) are cyclically resolv-
able.

As far as we know no resolution of BIB designs generated by planes (or higher flats) and points are
known. For this regards, we obtain the following;

Proposition 2. Cyclic BIB designs generated by points and planes in PG(3,2) are cyclically re-

solvable.
The above results were obtained by using computer.
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Let 1} be a set of v, points with ry replicates, |2 be another set of v, points with r; replicates and
B be a collection of k-subsets called a dlock (superblock) of V3 U V3. An incomplete block binary design
(V1,1%, B) is called a balanced bipartite block design if

(i) any two distinct points of V; occur together in A,; blocks, i = 1,2;

(ii) any two distinct points from different sets occur together in A2 = A2, blocks.

Here, we focus on a special type of balanced bipartite block designs which satisfies the following
additional condition:

(iii) each superblock of B is divided into a k;-subset of V| and a k,-subset of Va.

The following two theorems are constructions for this type of balanced bipartite block designs.

Theorem 1. Let n > 3 be an integer and q be a prime power. Then there ezists a balanced bipartite
block design with parameters )

2(gn=1 — n-1 _
n=v=¢"" b= q—————-(qq i l). rn=ry= q——(qq i l),
n qn—l -1

ki=k»= "", A==\ -1= —

1 2=q 11 22 12 7-1
Theorem 2. The ezxistence of two designs, i.e. (1) a BIB design with parameters vy, b}, r}, ky, A}, and
(ii) an a-resolvable BIB design with parameters va, by, rh, k2, A5, implies the existence of a balanced
bipartite block design with parameters

v, v, b=cbl=cbh, ri=qry, rn=crh,
ki, ko An=all. Anm =, A= —b,
vy ¥
where ¢, = b/ ged(d),ri/a) and e = b/ ged(b], rh/a).

A lower bound of the number of superblocks is as follows.
Theorem 3. If there ezists a balanced bipartite block design with paremeters vy, va, b, 1y, ra2, k1, k2,

/\“, Aza /\lg, then
4 ©) Ua
dydads \ 2 2

holds, that is, the left-hand side of (1) is a lower bound of b, where
dl = SCd(kz('-'l - l)v(kl - l)v'.')v d2 = SCd(kl(u? - l)-(k'l - l)vl)v
_ ka(n —=1) k(2= 1) (2
4 = ged ( d ' d )

For each of the resulting designs of Theorems 1 and 2, we will derive a sufficient condition for the
number of superblocks to attain the lower bound given in Theorem 3.

b m

Theorem 4. In a balanced bipartite block design having the same parameters as the design of Theorem
1, the number of superblocks allains the lower bound of Theorem 3.

Theorem 5. Assume that there erists a balanced bipartite block design having the same parameters as
the design of Theorem 2, and that
ka(ks = Dey{y = 1) ava Xy | ki(ky = Dea(e2 = 1)
d\dads and drdydy :
Then the number of superblacks attains the lower bound of Theorem 3, if

o (B2 = Do (k= D _
de( (l-_- ! (il ) -

1 (k2 — Dot )] ] (ki = Do,
- bcd( & R ged | —————., /\._.)

- lll

holds. where m = ged{My, avaAlfks), and dy. dy and dy are defined by (2).

Afﬁ
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Abstract

We show that a necessary and sufficient condition for the existence of an Sy - factorization of the
symmetric complete tripartite digraph K3 .., is (i) kiseven, k 2 4and (i) ny =np =n3 =0
{mod k(k — 1)/3) for k =0 (mod 6) and n) = ny = n3 =0 (mod k{k — 1)) for k = 2,4 (mod 6).

Keywords: Star-factorization, Symmetric complete tripartite digraph
1. Introduction

Let K, n.n, denote the symmetric complete tripartite digraph with partite sets V3, V2, V3 of ny, ng, n3
vertices each, and let S denote the semi-evenly partite directed star from a center-vertex to k — 1
end-vertices such that the center-vertex is in V; and (k ~ 2)/2 end-vertices are in V;, and &/2 end-
vertices are in Vj, with {i, j1, j2}={1,2,3}. A spanning subgraph F of K} ,,n, is called an S -
factor if each component of F is Sg. If K3, na.ny 1S expressed as an arc-disjoint sum of Sk - factors,
then this sum is called an S - factorization of K3, mans

In this paper, it is shown that a necessary and sufficient condition for the existence of such a factor-
ization is (i) k is even, k 2> 4 and (ii) ny = n2 = n3 =0 (mod k(k - 1)/3) for k = 0 {mod 6) and
ay =ny =n3 =0 (mod k(k - 1)) for k = 2,4 (mod 6).

Let Knynas Knyngr Kavnang 20d K3 s ., denote the complete bipartite graph, the symmetric
complete bipartite digraph, the symmetric complete tripartite digraph, and the symmetric complete
multipartite digraph, respectively. And let C, Sk, £, and qu denote the cycle or the directed cycle,
the star or the directed star, the path or the directed path, and the complete bipartite graph or the
complete bipartite digraph, respectively, on two partite sets V; and V. Then the problems of giving
the necessary and sufficient conditions of Cy - factorization of Ka, n,, Kina 2nd Kp o have been
completely solved by Enomoto, Miyamoto and Ushio[2] and Ushio[12]. Sy - factorization of Knyina»
K3,y and K5 oo o have been studied by Ushio and Tsurunof8}, Ushiof13], and Wang[14]. Recently,
Martin[4,5] and Ushio[10] give the necessary and sufficient conditions of Sy - factorization of K, n,
and K, ., P - factorization of Kn, n, and Kj, ,, have been studied by Ushio and Tsurunof7}, and
Ushio[6,9]. Ky, - factorization of Knj,n, has been studied by Martin{4]. Ushio[11] gives the nec-
essary and sufficient condition of Kj,; - factorization of K3, ,,,. For graph theoretical terms, see [1,3].

2. Si - factorization of K ., .,
Notation. Given an S - factorization of Ka nang let

r be the number of factors
! be the number of components of each factor

Departinent. of tndustrial Engineering, Faculty of Science and Technology, Kinki University, Osaka 577-85)2,
JAPAN.  Femail:ushiocis kindai .. jp



b be the total number of components.
Among r components having vertex z in V;, let r;; be the number of components whose center-vertex
isin V.

Theorem 1. If K}, ., », has an S - factorization, then (i) k iseven, k > 4 and (i) n1 =ng =nz =0
(mod k(k — 1)/3) for k = 0 (mod 6) and n, = nz = n3 =0 (mod k(k — 1)) for k = 2,4 (mod 6).

Proof. Suppose that K3, ,,, n, has an St - factorization. Then b = 2(nng+nyng+nang)/(k—1)t =
(n1 + ng + n3)fk,r = b/t = 2(ning + ning + nong)k/(n| + na + n3)(k ~ 1). By the definition of S,
kisevenand k > 4.

Foravertex zin V|, wehave rii((k— 1) =ng+ng, ri2 =ng, riga =ng,and ryy +rio+rig=r.
For a vertex z in V2, we have roo(k — 1) = ny + n3, 721 = ny, ro3 = n3, and ro) + rog + ro3 = .
For a vertex z in V3, we have ryg(k — 1) = ny +ne, r31 =ny, rsgo = mg, and r3y +r3o + 733 = 7.
Therefore, we have n| = np = n3. Put n; = n2 = n3 = n. Then r|) = ryp = ryg = 2n/(k - 1),
re=ra=rog=rg=r3=raa=n,b=6n/(k~1), t =3n/k r =2k/(k - 1).

Since & is even and k 2 4, we must have 3n = 0 (mod k) and n = 0 (mod k — 1). Therefore, we have
n =0 (mod k(k ~ 1)/3) for k =0 (mod 6) and n =0 (mod k(k - 1)) for k = 2,4 (mod 6).

Theorem 2. If K, , , has an S - factorization, then K| smom.om has an Sk - factorization.

Proof. Let K naq denote the tripartite digraph with partite sets U;,Us,U3 of g1, q2, g3 vertices
such that ¢, start-vertices in U/ are adjacent to both g2 end-vertices in U3 and ¢3 end-vertices in
Us. Then S can be denoted by Kiee(e+1) for kK = 2a +2. When K, , has an Si - factoriza-
tion, K3, o on has a K, ,u@s(a+1) - factorization. K ;04(041) has an Si - factorization. Therefore,

Kn sn.sn has an Sy - factorization.

Theorem 3. When & is even, k > 4 and n =0 (mod &(k - 1)), K3, has an Sk - factorization.

Proof. Put n = k(k - 1)s, N =k(k-1). Whens =1, let V; = {1,2,..,N}, Vo = {1, 2, ..., N'},
Vs = {1",2",... N"}. Fori =12,k and j = 1,2,..,k, construct 2k? 5 - factors Fyy', Fii) as
following:

FO= (A DB+ (k= 1) 1,0, B+ (k=1)+(k=2)/2), (C + (k= 1) + (k =2)/2 +1,...,C +2(k = 1))")
(A+2:(B +2(k = 1) +1,.., B+2k = 1)+ (k= 2)/2Y, (C+2k = 1)+ (k ~2)/2+1,...C + 3(k — 1))")

((A +h= 1B+ =12+, Brk=1P2+(k=2)/2) (C+ (k=12 +(k=2)/2+1,..,C +k{k=1))")
(B+1Y5(C+ k=1 +1,..,C+k-1)+*,=-2)/2)" (A+ (k-1 +(k=-2)/2+1,...,,A+2(k-1)))
(B+2C+2(k=1)+1,..,C+2(k = 1) + (k= 2)/2)", (A +2(k = 1) + (k=2)/2 + 1, ..., 4 + 3(k — 1)))

((B Fh=1YiCHKk =141, C+ (k=124 (k=2)/2)", (A+ (k=12 +(k=2)/2+1,..., A+ k(k = 1)))
(WC+1)(A+(k=-D+ L. A+ k=D +{k=-2)2),(B+ (k-1 +(k=-2)/2+1,...B+2(k~-1)))
((C+2Y(A+2k =1+ A+ - 1)+ (k=2)/2), (B+2k - 1)+ (A =2)/2+1,.... B+ 3(k - 1)))
‘(.('C+k AR =12 AR (k=12 (6 =2)/2), (B+ (k=12 +(k=2)/2+1,....B+k(k-1))) },

FP= (((A+15(C + (k= 1)+ 1, C + (k= 1)+ (k=2)/2)", (B+ (k= 1) + (k=2)/24+ 1,.. B +2(k =~ 1))")
(A+C +2(k = 1) + Lo C +2(k = 1)+ (k=2)/2)" (B+2(k = 1) +(k=2)/2+ ... 8 +3(k - 1)))

(A k= DC o+ (k= 1P o 1 ornC (k= 1+ (k= 2)/2)%, (B (k = 1)2 o (k= 2)/2 1, oo B+ k(= 1))

B+ A+ k=)L A+ k=1 +k=2)/2), (C+(k=-1)+(k=2)/2+1,...C +2(k =1))")
(B+2(A+2k =1+ L., A+~ 1)+ (k=2)/2), (C+2(k = 1)+ (k=2)/2+1,..,C +3k=1))")



(B+k=1);(A+ (k=12 +1,.., A+ (k=12 +(k=2)/2), (C+(k=1)2 + (k=-2)/2+1,....C + k{k=1))")
(C+1)'(B+k=-1)+1,...B+ k=1 +(k-2)2Y, (A+ (k=1 + (k-2)/2+]),....,A+2(k-1)))
(C+2)'y(B+2k=-1)+1,..,B+2k-1)+(k=2)/2), (A+2(k=1)+(k-2)/2+ L, ..., 4 +3(k-1)))

(C+Ek=1)'{(B+ (k=12 41, . B+ (k=12 +(k=2)/2), (A+ (k=12 +(k=2)/2+]), ..., A+k(k-1))) },
where A= (i-1)(k-1), B=(j-1)(k-1), C = (i +j - 2)(k - 1), and the additions are taken
modulo N with residues 1,2, ..., N. .

Then we claim that they comprise an Sy - factorization of K3 v v-

We can see that each of them is an Sy - factor, because it spans all vertices of K} y y. We show
that they are arc-disjoint.

Suppose that they are not arc-disjoint. In the followings, we consider A = (i — I}(k - 1), B =
G-1)k=1),C=@G+3-20k=-1),D=(R=-1)k=1), E=(l-1)(k~-1), F=(h+1-2)(k~-1),
1 £4,5,h1 <k Note that A, B,C, D, E, F, N are integral multiples of k£ — 1,

Let (X, Y’) be an arc joining from V} to V2 and let z and y be the residues of X and ¥ modulo k-1,
respectively. Then the arc (X, Y”’) can appear only in the z-th components of F‘,(Jl),F‘m according as
1<y < (k-2)/2,(k-2)/2+ 1< y< k~1, respectively.

First, we assume that the common arc joining from V to V; appears in z-th component ((A+z);(B+
k=141, B+z(k-1)+(k-2)/2Y(C+z(k-1)+(k-2)/2+1,...C+(z+ 1)k —1))") of
Fi) and z-th component (D + z)(E + z(k = 1) + 1, .., E+ z(k = 1) + (k ~ 2)/2)',(F + z(k — 1) +
(k=2)/2+1,..., F+(z + 1)(k - 1))") of Fy.

Say ((A+ ) (B+z(k-1)+y)) = ((D+z),(E+z(k-1)+y)), where 1 < y < (k - 2)/2.

Then A+z=D+z(mod N)and B+z(k-1)+y = E+ z(k -~ 1) + y (mod N). From the
congruences, we have A = D and B = E, which implies i = h and j = {. This contradicts the
assumption.

Next, we assume that the common arc joining from V; to V4 appears in z-th component ((A+x);(C +
k=1 +1,..,.C+z(k-1)+(k=-2)/2)"(B+z(k-1)+(k=2)/2+1,.., B+ (z+ 1)k~ 1))’) of
F.? and z-th component (D + z);(F + z(k — 1) + 1,..., F + z(k — 1) + (k = 2)/2)" (E + z(k' - 1) +
(k=2)/2+1, ..., E+ (z + 1)(k = 1))") of F.

Say ((A+2)(B+z(k~ 1D +y))=((D+z2),(E+z(k—-1)+y)), where (k-2)/2+1<Ly<k-1.
Then A+zx=D+z(mod N)and B+z(k-1)+y = E+ z(k - 1) + y (mod N). From the
congruences, we have A = D and B = E, which implies i = h and j = {. This contradicts the
assumption.

Thus, there is no common arc joining from V; to Va.

Similarly, there are no common arcs joining from V] to V4, from V, to Vi, from V4 to V4, from V5 to
A, or from V5 to Vo,

Therefore, 2k* S - factors P,(J”, F,(J)) comprise an S}, - factorization of Ky ~.v,n Applying Theorem
2, K o has an Sy - factorization.

Theorem 4. When k =0 (mod 6) and = = 0 (mod k(k - 1)/3), K, ;. has an Sy - factorization.

Proof. Put k = 6p, n = 2p(6p ~ 1)s, N = 2p(6p~1). When s = 1, let V| = {1,2,. N}
o =(1"2,..N'}, = (1”,2",...,N"}. Fori=1,2,...,2pand j = 1,2,...,2p, construct 24p2 Sk -
factors [ ‘,(J", I".(f). l",(f) , F‘,(J". F‘,(J"’). F'(b) as following:

FiV= { ((A+1):(B+6p*+5p—1, B+6p*+5p—2, ..., B+6p*+2p+1Y. (C+6p, C+6p+1, ..., C+9p—1)")
((A +2)(B+6p*+2p, B +6p* +2p-1,. B+6p" -p+2), (C+99,C+9+1,..,C+12p-1)")

((A+2p)i(B+10p=2, B+10p—3,.., B+ Tp). (C+6p*+3p,C +6p* +3p+1,...,C +6p% +6p— 1))
((#34+2p+1)5(C +6p% +6p, C+6p? +6p+1, ..., C+6p2 +9p—2)", (A+6p%, A+6p?—1,..., A+6p* —3p+1))
(B+2p+2))(C+6p*+9p-1,C+6p*+9p,...C+6p*+ 12p~3)", (A+6p~3p, A+6p-3p—
Lo, A+6p*=6p+ 1))



(B+3p)iC+99*+2p+1,C+9p2 +2p+2,..,C +9p* + 5p~ 1)", (A+3p> +3p, A+ 3p* + 3p -
L..A+3p%+1))

((B+3p+1)'}(C+9p*+5p, C+9p% +5p+1, ..., C+9p%+8p—1)", (A+3p?, A+3p?—1, ..., A+3p2-3p+2))
(B+3p+2){(C+9*+8p,C+9p° +8p+1,...,C+9p% + llp—~ 1), (A+3p2 - 3p+ 1, A + 3p* -
3p,.... A +3p% - 6p+3))

((B+4p-1Y;(C+12p% —p, C+12p* = p+1,...,C+ 1202 +2p—1)", (A+Tp—2, A+ Tp=3,..., A+4p))
((C+4p)"(A+6p* +1,A+6p° +2,.., A+6p* +3p-1), (B+4p,B+4p+1,..,B+Tp—-1Y)
(C+4p+1)';(A+12p2 - 2p,A+ 12p* = 2p ~ 1,..., A+ 12p* — 5p + 1), (B + 6p% + 5p, B + 6p° +
5p+1,..,B+6p%+8p-2))

((C+4p+2)";(A+12p% - 5p, A+ 120>~ 5p—1,.., A+ 12p% - 8p+ 1), (B+6p* +8p— 1, B+ 6p* +
8p,..., B +6p* + 11p - 3))

((C+6p-2)")(A+6p* +Tp, A+6p* +Tp—1,..., A+6p* +dp+1), (B+12p* -~ 6p+3, B+ 12p? -
6p+4,..,8+120% -3p+1))
(C+6p=1)";(A+2p+1,A+20+2,..,A+4p—1,4+6p* +3p, A+6p% +3p+1,.., A+ 6p% + 4p),
(B+12p° -3p+2,B+ 120 -3p+3,..., B+ 12p%)) },

FP'= (((B+1Y:(C+6p2+5p—1,C+6p2+5p=2, ..., C+6p>+2p+1)". (A+6p, A+6p-+1, ..., A+9p—1))
((B+2);(C+6p*+2p,C+6p*+2p=1,....C+6p* - p+2)", (A+9p, A+9p+1,.., A+ 12p 1))

((B+2p),(C+10p-2,C +10p=3,...,.C +Tp)", (A+6p>+3p, A+6p*+3p+1,.., A+6p +6p—1))
((C+2p+1)";(A+6p>+6p, A+6p2+6p+1, ..., A+6p>+9p-2), (B+6p?, B+6p*—1, ..., B+6p2-3p+1Y)
(C+2p+2)"(A+6p°>+9p-1,A+6p* +9p,..,A+6p% + 12p—3), (B+6p?-3p, B + 6p* - 3p—
1,.,B+6p>-6p+1))

((C+3p)':(4+9°+2p+ 1, A+ 92 +2p+2,...,A+9p? + 5p—1), (B+3p> +3p, B+ 3p* + 3p -
L..,B8+3p%+1))

((C+3p+1)";(A+9p%+5p, A+9p* +5p+1, ..., A+9p>+8p-1), (B+3p?, B+3p*~1, ..., B+3p*~3p+2)')
((C+3p+2)(A+9% +8p, A+9p% +8p+1,.., A+ 9* + 11p-1), (B+3p*-3p+1,B+3p* -
3p, ... B+3p* - 6p+3))

(C+4p-1)";(A+12p% -p, A+ 12p% - p+1,... A+ 12p* +2p— 1), (B+Tp-2, B+ 7p-3,..., B+4p))
((A+4p);(B+6p* +1,B+6p*> +2,...B+6p>+3p—-1), (C+4p.C+4p+1,...,.C+ Tp~1)")
((A+4p+1)i(B+12p* - 2p, B+ 12p* - 2p~1,.... B+ 12p* = Sp+ 1)/, (C +6p* +5p,C +6p® + 5p +
1,..,C + 6p* + 8p - 2)")

(A+4p+2);(B+12p2-5p,B+12p* - 6p—1,..,B+ 120> - 8p+ 1), (C+6p* +8p—1,C +6p* +
8p,...C +6p + 11p— 3)")

((A+6p-2)i(B+6p* +Tp, B+6p*+Tp—1,...,B+6p° +dp+ 1), (C+12p* -6p+3,C + 12p* -
6p+4,..,C + 1207 - 3p+ 1))

((A+6p-1);(B+2p+1,B+2p+2,...B+4p~1,B+6p* +3p, B+6p*+3p+1,..., B +6p* +4p),
(C+12p* -3p+2,C + 12p* - 3p + 3, ..., C + 12p*)") },

FO= {((C+1)";(A+6p*+5p~1, A+6p*+5p=2, ..., A+6p +2p+1), (B+6p, B+6p+1,..., B+9p—1)')
((C+2)":(A+6p*+2p, A+6p2 +2p—1,.. ., A+6p* —p+2), (3 +9p, B+9p+1,... B+ 12p— 1))

((C+2p)"(A+10p-2, A+ 10p=3,..., A+ 7p), (B+6p* +3p, B+6p* +-3p+ L,..., B +6p* ~6p~1))
((A+2p+1);(H3+6p*+6p, B+6p2 +6p+1, ..., B+6p*+9p=2), ((:+6p*, C+6p* =1, ..., C+6p% =3p+1)")
((A+2p+2);{(B+6p* +9p—1,8+6p*+9p,..., 8 +6p* + 12p - 3, (C +6p* = 3p,C + 6p* - 3p -
L. & +6p° — 6p + 1)")



(A+3p)(B+9p2 +2p+ 1, B+9% +2p+2,..,B+9p* +5p~ 1), (C +3p* +3p,C + 3p* + 3p -
L...C+3p%+ 1))

((A+3p+1);( B+9p* +5p, B+9p*+5p+1, ..., B+9p*+8p—1), (C+3p?, C+3p*-1,...,C+3p? - 3p+2)")
(A+3p+2)(B+9p+8p,B+9p*+8p+1,..,B+9p2 +1lp-1), (C+3p* -3p+1,C +3p? -
3p, ...,C + 3pt — 6p + 3)")

((A+4p-1);(B+12p% —p, B+12p? ~p+1, ..., B+ 12p2 +2p— 1), (C+Tp-2,C+7p-3,...,C+4p)")
((B+4p)i(C+6p* +1,C+6p* +2,...,C+6p* +3p— 1), (A+dp,A+4p+1,..., A+ Tp-1))
(B+4p+1)5(C +12p* = 2p,C+12p - 2p—1,...,C + 129> = 5p + 1), (A + 6p> + 5p, A + 6p* +
5p+1,..., A+6p®+8p—2))

((B+4p+2);(C +12p* = 5p,C +12p* - 5p~1,..,C +12p* - 8p+ 1), (A+6p* + 8p— 1, A+6p* +
8p, ..., A+ 6p* + 11p - 3))

((B+6p=2),(C+6p*+7p,C+6p°+Tp—1,...C+6p* +4p+1)", (A+12p* —6p+3, A+ 12p* -
6p+4,.., A+ 122 - 3p+1))

((B+6p—1)i(C+2p+1,C+2p+2,...,C +dp—1,C +6p* +3p,C +6p% + 3p+ 1, ...,C +6p* + 4p)",
(A+ 120 -3p+2,A+ 120 - 3p +3,.., A+ 12p%)) },

FP'= { ((A+1):(C+6p*+5p~1, C+6p*+5p=2, ..., C+6p2 +2p+1)", (B+6p, B+6p-+1,..., B+9p-1Y)
((A+2);(C+6p*+2p,C+6p* +2p—1,...,C+6p® —p+2)', (B+9p, B+9+1,.., B+12p-1))

((A+2p);(C+10p—-2,C +10p—3,...C+7p)", (B+6p* +3p, B+6p*+3p+1,..., B+6p* +6p—1))
((C+2p+1)";(B+6p>+6p, B+6p*+6p+1,..., B+6p2+9p—2)', (A+6p>, A+6p*-1,..., A+6p%-3p+1))
((C+2p+2)"(B+6p* +9p—1,B +6p* +9p, ..., B+6p* + 12p—3), (A +6p* — 3p, A +6p* - 3p -
L,.,A+6p%>—=6p+1))

(C+3p)y(B+92 +20+1,B+99°+20+2,...B+9p* +5p—1), (A+3p*+3p, A+ 3p? + 3p -
l,..,A+3p*+1))

((C+3p+1)";(B+9p* +5p, B+9p>+5p+1, ..., B+9p>+8p—1)’, (A+3p%, A+3p*—1,..., A+3p*-3p+2))
((C+3p+2)";(B+9p*+8p,B+9p* +8p+1,..,B+9p% +11p- 1), (A+35° -3p+ 1, A+ 3p® -
3p,..., A+ 3p* -6p+3))

(C+4p-1)"(B+12p2 —p, B+12p° —p+1,..., B+12p2 +2p— 1), (A+Tp-2,A+Tp-3, ..., A+4p))
(B+4p);(A+6p*+1, A+6p®+2,...,A+6p* +3p—-1), (C+4p,C+4p+1,..,C+Tp-1)")
(B+4p+1)i(A+12p* -2p, A+ 122 = 2p—1,..., A+ 12p® = 5p+ 1), (C + 6p* + 5p,C + 6p* + 5p +
L..C+6p2+8-2)")

((B+4p+2);(A+ 1202 -5p, A+ 12p* = 5p—1,..., A+ 120 —8p+1), (C+6p* +8p—1,C +6p* +
8p, ... C + 6p% + 11p - 3)")

((B+6p=2Y,(A+6p°+Tp, A+6p*+Tp—=1,...., A+6p> +4p+1), (C+12p* - 6p+3,C + 12p* -
6p+4,...C+12p° - 3p+ 1))
(B+6p=-1Yi(A+20+1,A+2p+2,..,A+dp—1,A+6p* +3p, A +6p* +3p+1,..., A+ 6p* + 4p).
(C+ 120 -3p+2,C +12p% - 3p +3,....C + 12p2)") },

F = (((B+1)Y( A+6p*+5p=1, A+6p* +5p=2, ..., A+6p* +2p+1), (C+6p, C+6p+1, ..., C+9p—1)")
((B+2):(A+6p* +2p, A+6p2 +2p—1,.. ., A+6p* - p+2), (C+9p,C+%+1,...C+12p- 1))

{B+2p):(A+10p=2, A+ 10p-3, ..., A+Tp), (C +6p° +3p,C +6p* +3p+1,....C +6p* +6p— 1)")
((A+2p+1);(C+6p* +6p, C+6p* +6p+1, ..., C+6p*+9p~2)". (B+6p2, B+6p*~1, ..., B+6p%-3p+1))
((A+2p+2)(C +6p2 +9p - 1,C +6p* +9p,....C +6p* + 12p - 3}, (13 + 6p* - 3p, B + 6p* - 3p -
L. +6p2 =6p+ 1))

((A+3p)(C+9p* + 20+ LC+ 92 +2p+ 2, C +9p2 + 5p — 1), (1 +3p* +3p, B+ 3p* + 3p -



1., B+3p*+1))

((A+3p+1);(C+9p%+5p, C+9p°+5p+1, ..., C+9p* +8p—1)", (B+3p2, B+3p2—1, ..., B+3p?—3p+2))
((A+3p+2);(C+9° +8p,C+9p* +8p+1,..,C+9p + 11p~ 1), (B +3p% - 3p+1,B + 3p* -
3p, ..., B+3p? —6p+3))

(A+4p-1)(C+ 1202 -p,C+ 122~ p+1,....,C+ 1202 +2p~ 1), (B+Tp-2, B+Tp=3, ..., B+4p))
(C+4p)"(B+6p2+1,B+6p*+2,..,B+6p> +3p— 1), (A+4p, A+4p+1,..., A+ Tp—1))
(C+4p+ 1Y5(B+12p° - 2p, B+ 12p° - 2p~ 1,..., B+ 12p* —5p + 1), (A + 6p + 5p, A + 6p* +
5p+1,..,A+6p*+8p—2))

((C+4p+2)"(B+12p* -5p, B+ 12p% = 5p—1,...,B+12p - 8p+ 1), (A+6p* +8p— 1, A+ 6p* +
8p,... A +6p% + 11p— 3))

((C+6p—-2)"y(B+6p*+Tp,B+6p>+Tp—1,...B+6p2 +4p+ 1), (A+ 1202 —6p+3,A + 12p% -
6p+4,..,A+ 12p? - 3p+ 1))

((C+6p-1)";(B+2p+1,B+2p+2,..,B+4p—1,B+6p*+3p, B+6p* +3p+1,..., B+6p* +4p),
(A+12p° ~3p+2,A+ 129> - 3p+3,..., A+ 12p)) },

F.'(,-s)= { ((C+1)"(B+6p*+5p—1, B+6p*+5p=2, ..., B+6p>+2p+1)', (A+6p, A+6p+1, ..., A+9p—1))
(C+2)":(B+6p*+2p,B+6p*+2p-1,..B+6p>—p+2), (A+9,A+%+1,..A+12p—1))

((C+2p)"(B+10p—2,B+10p-3,..., B+7p), (A+6p>+3p, A+6p* +3p+1,..., A+ 6p* +6p—~1))
((B+2p+1);(A+6p®+6p, A+6p* +6p+1, ..., A+6p*+3p~2), (C+6p?, C+6p*—1, ..., C+6p*-3p+1)")
((B+2p+2)y(A+6p2 +9p~1,A+6p*>+9p,..,A+6p* +12p~3), (C+6p*>-3p,C+6p*>-3p~
L...,C + 6p® - 6p + 1)")

((B+3p);(A+99% + 20+ LA+9p? +2p+2,., A+ 992 +5p - 1), (C+ 3p* +3p,C + 3p* + 3p~
1,..,C+3p2+1)")

((B+3p+1);(A+9p% +5p, A+9p*+5p+1, ..., A+9p*+8p—1), (C+3p? C+3p*-1, ..., C+3p2—-3p+2)")
(B+3p+2);(A+9p*>+8p, A+ 9> +8p+1,...,44+9p2 + 11p- 1), (C+3p* - 3p+1,C + 3p* ~
3p, .. C +3p% - 6p+ 3)")

(B+4p-1):(A+120% - p, A+ 122 —p+1, ..., A+12p2+2p—-1), (C+Tp-2,C +7p-3,..,C+4p)")
(A+4p)(C+6p2 +1,C+6p2 +2,..,.C+6p* +3p—1)", (B+4p,B+4p+1,.... B+ Tp - 1))
(A+dp+ 1);(C+ 1202 - 2p,C + 122 = 2p - 1,...,C + 12p® = 5p + 1)", (B + 6p* + 5p, B + 6p* +
5p+1,... B +6p® +8p—-2))

((A+4p+2),(C+ 1202 = 5p,C+ 12p* - 5p—1,...,C + 12p* - 8p+ 1)", (B+6p* +8p— 1, B +6p* +
8p, ..., 8 + 6p* + 11p - 3))

((A+6p=2);(C +6p*+Tp,C+6p2 +Tp—-1,..,C+6p* +4p+ 1), (B+12p* - 6p+3, B + 12p% -
6p+4,..8+1202-3p+1))

(A+6p-1)(C+2p+1,C+2p+2,....C+4p— 1.C +6p* + 3p,C +6p% + 3p+ ,...,C + 69 + 4p)",
(B+12p? -3p+2,8+120°-3p+3,...8+12p%)) },

where A= (i—1)(6p—1), B=(j~1)(6p-1), C = (i +j —2)(6p— 1), and the additions are taken
modulo N with residues 1,2, ..., V.

Then we claim that they comprise an S - factorization of K3 y y-

We can see that each of them is an Sy - factor, because it spans all vertices of K3 y y. We show
that they are arc-disjoint.

Suppose that they are not arc-disjoint. In the followings, we consider A = (i = 1)}(6p - 1), ## =
(-1)06p-1), C = (i+j=-2)(6p-1), D = (h-1)(6p-1), & = (1 - 1){6p—1), F = (h+{-2)(6p~1),
1€, j,h{ < 2p Note that A, 0,C, N, E, F, N are integral multiples of 6p — L.

Let (X, Y’) be an arc joining from V| to ¥} and let x be the residue of X modulo 6p — 1. Then the
arc (X,Y’) can appear only in the s-th components of f-".(j” and £, !-',';” and ), ["..(J'." and £}
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accordingas 1 S z<2p, 2p+1<Sz<4p—1, 4p < z < 6p - 1, respectively.
First, we assume that the common arc joining from V; to V3 appears in z-th (1 £ = < 2p) component
((A+z);(B+6p*+5p—(z—1)(3p—1)—1, B+6p*+5p—(z—1)(3p-1)~2, ..., B+6p*+5p—(z—1)(3p—
1)-(3p-1)), (C+6p—1+(z-1)3p+1,C+6p—1+(z-1)3p+2,...,C+6p— 1+ (z - 1)3p+3p)")
of F(') and z-th component ((D + z);(F +6p2 +5p—(z - 1)(3p~1) - 1, F+6p+5p—(z-1){3p -
1) 2 “F+6p2+5p -(z-1)@8p-1)-(3p- 1))” (E+6p-1+(x-1)3p+,E+6p—-1+ (-
1)3p+2,....E+6p— 1+ (z - 1)3p + 3p)') of £,
Say ((A+z),(B+6p*+5p-(z-1)(3p—1)-y)) = ((D +z),(E+6p -1+ (z—1)3p + z)’), where
1€y<3p-land1<z<3p.
Then A+z=D+z (mod N)and B+6p*+5p~(z-1)(3p-1)-y=E+6p—1+(z~-1)3p+:
(mod N). We have y + z - 1 =0 (mod 6p — 1). This is impossible, because 1< y+2z~-1<6p—2.
Second,we assume that the common arc joining from V; to V2 appears in (2p + z)-th (1 < z < p)
component ({(A+2p+z):(B+6p* +6p~1+(z-1)3p-1)+1,B+6p2 +6p—1+(z-1)(3p—1) +
2. ey B+6p*+6p—1+(z-1)(3p— 1)+(3p-1))'. (C+6p*+1~(x-1)3p-1,C+6p*+1—-(z-1)3p-
WwC+6p2+1—(z-1)3p-3p)") of F, 3 and (2p = z)-th component ((D + 2p+ z);(F + 6p? +6p —
1 i (; - l)(3p-l) +1, F +6p° 1-6p—-1 ; .x:-l)(up- 1} -2, F16p216p-1+(z-1)(3p-1)+
(3p- 1))” (E+6p2+1-(z=-1)3p=LE+6p*+1~(x~1)3p~2,.... E+6p*+ 1~ (z- 1)3p- 3p)')
of F'
Say ((A-v-2p+1:) (B+6p2+6p—1+(z~1)(3p—-1)+y)') = ((D+2p+2),(E+6p* + 1—(z~1)3p—z)'),
where 1 Sy<3p—-land1<2<3p.
Then A+2p+z = D+2p+z (mod N) and B+6p?+6p—1+(z—1)(3p~1)+y = E+6p*+1-(z—1)3p-z
(mod N). We have y + z —~ 1 =0 (mod 6p— 1). This is impossible, because 1 < y+z-~1< 6p-2.
Third,we assume that the common arc joining from V; to V; appearsin (3p+z)-th(L<z <p-1)
component ((A+3p+z)i(B+90%+5p—1+(z-1)3p+1,B+9° +5p—-1+(z- 1)3p+2,...B +
9 +5p—1+(z=1)3p+3p), (C+3p>+1-(z-1)3p-1)-1,C+3p? +1-(z-1)(3p-1) -
2,..,C+3p?+1-(z-1)3p—1) - (3p—1))") of F’ and (3p +z)-th component ((D +3p+z);(F +
9p’+5p— 1+(z—1)3p+1, r+9p‘+5p 14+(z- l)3p+‘2 wF+9%+5p - 1+ (z - 1)3p +3p)”,
(L"l'(3]))2+1 (z-1)(3p-1)~1, E+3p*+1-(z—-1)(3p—-1)-2,. E+3p2+1—(z—1)(3p—l)-(3p—1))’)
of £V,
Say '(u(A+3p+::),(B+9p2+5p— 1+(z=-1)3p+y)) = ((D+3p+z),(E+3p%+1-(z-1)(3p—- 1) -2)"),
where l<y<3pand1<2<3p-1.
Then A+3p+z = D+3p+z (mod N) and B+9p>+5p—1+(z~1)3p+y = E+3p*+1—(z-1)(3p-1)-z
(mod N). We have y + z — 1 = 0 (mod 6p — 1). This is impossible, because 1 < y+z~1<6p-2.
Fourth,we assume that the common arc joining from V; to V2 appears in 4p-th component ((A +
PN(B+6p°+1,B+6p*+2,.,B+6p2+3p-1)(C+4p-1+1,C+4p-1+2...C+4p-
1+ 3p)”) of F}(J—z) and 4p-th component ((D + 4p);(F +6p* + 1, F + 6p% + 2,..., F + 6p% + 3p — 1)",
(F+4p=1+LE+dp—1+2,..,E+4dp—1+3p)) of FI.
Say (A +4p),(B +6p* +y)) = ((D+4p),(E+4p—1+z)'), where LSy <3p-land 1 < z < 3p.
Then A+4p = D+4p (mod N) and B+6p*+y = E+dp—1+2 (mod N). Wehave z—y+3p—1=0
(mod 6p — 1). This is impossible, because 1 <z -y +3p-1<6p-2.
Fifth,we assume that the common arc joining from V; to V4 appears in (4p+z)-th (1< 2 < 2p-2)
component ((A+4p+z);(B+12p° = 2p+1—(z-1)3p~1,B+12p% - 2p+ 1= (- 1)3p-2,... B +
1202 - 2p+1=(z=1)3p=3p), (C+6p* +5p— 1+ (2= 1)3p-1)+ LLC+6p* +5p -1 + (£ -
DE@p-1)+2,..,C+6p*+5p—1+(x—1)3p-1)+3p— 1)) of F‘i(f) and (4p + z)-th component
(D+4p+a)(F+120 20+ 1 (z- 1)3p - LF+12p° 2p+1-(z-1)3p-2,...F +12p*
2p+1~(x-1)3p-3p), (E+6p>+5p—-1+(z—1)(3p- l)‘+ LE+6pP2 +5p- 1+ (- 1)3p-
D42 5+ 6p% +5p~ 1+ (o= 1)(3p= 1) +3p— 1)) of I,
Say ((A+4p+z),( B+ 12p% = 2p+ 1 = (5= 1)3p—y)'} = ((D+4p+x), (£ +6p* +5p— L+ (= 1)(3p~ 1) +2)").
where l<y<3pand1<z<3p-1
Then A+dp+xc=D+dp+c(mod N)and B+ 12p° = 2p+ 1 —(c - U)3p-y = +6p* + 5p -
1+ (= 1)3p—1)+z (mod N). We have y + z — 1 =0 (mod 6p — 1). This is impossible, because



1Sy+z-1<6p-2.

Last, we assume that the common arc joining from V; to V2 appears in (6p — 1)-th component
((A+6p-1)(B+2p+1,B+2p+2,..,.B+2p+2p-1,B+6p* +3p—-1+1,8+6p* +3p—~1+
2, ..,!3+6p"+3p—1+p+1)’, (C+12p*-3p+1+1,C+12p* ~3p+1+2,...,C+12p? = 3p+1+3p—1)")
of Fi" and (6p ~ 1)-th component (D +6p—1);(F + 20+ 1, F +2p+ 2, F+2p+ 29— L, F +
6p° +3p -1+ LF+6p° +3p =142, F+6p°+3p—1+p+ 1) (E+12p* -3p+ 1+ 1,E +
120 - 3p+1+2,.,E+ 120" - 3p+ 1+ 3p— 1)) of .

Say ((A+6p-1),(B+2p+y))=((D+6p-1)(E+12p>-3p+1+2)), wherel <y < 2p-1
and1<z<3p-1

Then A+6p-1=D+6p-1(mod N)and B+2p+y = £+ 12p2 - 3p+ 1+ z (mod N). We have
y—2z+3p—1=0 (mod 6p— 1). This is impossible, because 1 Sy -z+3p-1<5p-3.

Say ((A+6p—1),(B+6p*+3p-1+y)) = (D+6p—1)(E+12p* -3p+1+2z)), where 1 < y < p+1
and1<z<3p-1

Then A+6p—-1=D+6p-1(mod N)and B+6p® +3p—1+y = E+12p? - 3p+1+2z (mod N).
We have y — z + 3p— 2 = 0 (mod 6p — 1). This is impossible, because 2p <y — z +5p - 2 < 6p ~ 2.
Thus, there is no common arc joining from V; to V5.

Similarly, there are no common arcs joining from V; to V3, from V5 to V. from V to V3, from V3 to
W1, or from V4 to Va.

Therefore, 24p? S, - factors F,(J'), F’l(f), F“(la), F"(J'“, F,(;’). F(s) comprise an S - factorization of K3 VNN

Applying Theorem 2, K , , has an S - factorization.

Main Theorem. K, ., ., has an Sy - factorization if and only if (i) k is even, k > 4 and (ii)
np =ng =n3 = 0 (mod k(k — 1)/3) for £k =0 (mod 6) and ny = ns = n3 = 0 (mod k(k = 1)) for
k =2,4 (mod 6).
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Effective invariants of edge colourings
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Abstract. This paper provides sufficient conditions to
distinguish effectively any twvo members of a given small family
of edge colourings up to isomorphism. As their example, ve shall
demonstrate the difference between the factorizations GKz, and

GAzn of the complete gravh XK=, for n 2 4.



Introduction., Let ¢ and h be edge colourings of graphs.
Then wve define the induced pattern invariant (g : Al of ¢
vith respect to h as the number of restrictions of ¢

isomorphic to A.

In the rest of this paper, g and & are specified. What we
may choose as h is the edge colouring c¢cz2-m ©Of a cyclic graph
Czm Wwith every colour appearing exactly twice on an opposite

pair, wvhere m is 2 or 3.

As ¢, vwe may choose the 1-factorization GKz2n or Gdz, of

the complete graph K2a. for a positive integer n.

In the former case, we label all the vertices as 1-n, 2-n,
«»++ , n=1, and «. Then an edge of a factor F, (1-n £ i £ n-1)
is obtained so that the sum of the end vertices is congruent to
2i modulo N except for the edge between i and <« where ¥

denotes 2n-1 (see Figure 1).

Figure 1

In the latter case, let [, be the set ¢f n consequent
integers from L1-n/2] to |n/2]. Then vertices are chosen in
V= (0, 1) x [pn. We divide V into two parts Vo and V,;,
according to the first entry. We classify the factors into two

types.



Suppose first that n is odd. Then a factor F. (i € I[.=(0)})
of first type consists of the edges between the two parts of 4
such that the difference, in each, from the second entry of the
vertex in Vo to that in V; is congruent to i modulo n. A
factor F', (i € In) of second type consists of edges among each
part such that the sum of the second entry, in each, is congruent
to 2i modulo n and, additionally, the vertical edge between

(0, i) and (1, i) (see Figure 2-1 and 2-2).

Figure 2-1 Figure 2-2

Next suppose that n is even. Then a factor F; (i € I,)
of first type consists of the edges between the two parts of V
such that the difference, in each, from the second entry of the
vertex in Vo to that in V, 1is congruent to i modulo a. A
factor F’,; (i € In-{n/2})) of second type consists of the edges
among each part such that the second entries coincides with i
and n/2, or otherwise, none of them is n/2 and their sum is

congruent to 2i modulo n-! (see Figure 3-1 and 3-2).

>
=

Figure 3-1 Figure 3-2



Conclusions.

Theorem. The 1-factorizations GKz, and Gdz, are non-

isomorphic for a sufficiently large n.

The purpose of this paper is to prove this theorem. Let a
and b Dbe positive integers. Then wve define the delta function

ba,s(n) as follovs:
Sa.sl(n) =11 if n=b mod a,
0 otherwise.
Lemma 1. We have the following equation:
[GKapn ¢ C2-2]1 = N8s.0(N).
proof. Any ¢Cz2-2 pattern passes the vertex o and the other

vertices form a regular triangle. This fact certifies our

assertion.

Figure 4

Lemma 2. We have the following equation:

[GKan : C2-35]1 = N(N-1)(N-4)(N-5)/12 - Nb3.0(N)/3.



proof. First there is no 6-cycles passing o (see Figure §).

2a-b+c = 2c¢c-b+a mod n ?

Figure 5

Distinct 3 vertices can be freely chosen alternately along a 6-

cycle. The differences must be equal from each of these vertices

to the opposite one along this cycle (see Figure 6).

a ctp
b+p
b
C a+p
Figure 6

This value can be freely chosen out from all the possible
differences among the 3 vertices modulo N, depending on the

number of these differences. Now we have the following equation:

[GKzn : C2-91
= N8s.o(N)-(N=3)/6 + (N(N=1) - 2N8s5,0(N)) -(N-5)/4
+ (N(N-1)(N=2) - 3N(N-1) + 4N8s.o(N))-(N-7)/12.

Thus our assertion is verified.



Lemma 3. Left n be an odd number. Then we have the following

equation:

{GAzn ! Cz-5] = n(n-1)(n-2)(n-3)/6
+ a{n-1)(n-2)(n-3)/2
+ n(n-1-28s,0(n))
+ n(n-1)(n-4)(n-5)/6 - 2nds.o(n)/3

proof. The first term indicates the numbers of patterns all of

vhose factors are of first type (see Figure 7).

Figure 7

Next term indicates the number of patterns intersecting 2
factors of first type and ! factor of second type, because none

of such edges can be vertical (see Figure 8).

Figure 8

No patterns intersects 2 factors of second type and ! factor of

first type (see Figures 9-1 and 9-2).



a-c+p £ c-a+p mod n ? 3a-3b = a-b mod n ?

Figure 9-1 Figure 9-2

The remaining terms indicate the numbers of patterns all of
vhose factors are of second type. Namely, the third indicates
that with 2 vertical edges, and the rests that without vertical

edges, similarly to the previous lemma (see Figure 10-1, and 10-
2).

Figure 10-1 Figure 10-2

Lemma 4. Let n be an even number exceeding 3. Then we have

the following inequality:

[GAan : Cz-21 2 (n/2)%.

proof. The right side indicates the number of patterns with

both factors of first type (see Figure 11).



Figure 11

proof of Theorem. First suppose that n 1is an even number.

Then by Lemma 1 and 4, we have the following inequality:

[Gdzn : C2'2J = [GKzn N C2'2]
2 (n/2)2 - (2n-1)8s.2(n0).

Qur assertion is evident since (n/2)2% - (2n-1) = (n/2-2)% - 3

is positive for n 2 8.

Suppose next that n is an odd number. Then by Lemma 2 and 3,

we have the following egquation:

{GKan : C2-53] - [GAz2n ! Cz-3]
= N(N-1)(N-4)(N=-5)/12 - N8s.0(N)/3
- n(n-1){(n-4)(n-5)/6 + 2nbs.o(n)/3
- a{n-1-28s.0(n)) = 4n(n-1)(n-2)(n=-3)/6

After multiplying by 6, we obtain 3 gquartic polynomials with
integral coefficients in n according to the classification

modulo 3. Now our theorem is verified.



Binary, ternary, quaternary codes and modular forms
with respect to non-compact triangle arithmetic

Fuchsian groups

Masao KOIKE

Introduction

B a— FOLR2HT, BEX TV HHRBEN F, DHE % binary code, Fy DFE # ternary
code, Fy D3FE % quaternary code &FEE, TH HD a— FLFRIEA weight enumera-
tor (HSHELER) i@ L TR ARMB>TW B Z EX 7 0FRIZ Gleason, Macwilliams,
Broue-Enguehard, Maher, Sloane &V o7 AeBiC Ko THOMic&ENA, £ ZIZRA
TL BDHSL(2,Z) & To(3) ioBIT B RBBRA ETh o1,

B, SNODREELEIRNERT v 7 ABORBERZELIBRTH I LICR
BV, TRITBEFIREKERL TREBAZRHRL LS LW I RL T, HEROFRE
BEXOBMESAK@E T L IR b0 eThiE, BEETILE>RIETHD. EDR
MT/raryAy b BRNZARL XENRS 9507 v 7 ABHIAL Tk, £ORERE
REREANCERTEI I Ldibhote, ZOAMTHLH-T, 7 0OFERIZITONLIFEZ
FRAMLEI, EVIDHIDFENEETY. a— FLORBREM<DLZLIHRASAD
TRIZEZHDT, ZZTHBHOKKELERLET,

BEOWHEIIKRDO L 51T 5,

§1 Code, weight enumerator and modular forms
§2 A road to modular forms through hypergeometric series

§3 Expression of modular forms by theta functions



1 Code, Weight enumerator and Modular forms

3— FERBEAORER 2 FFORKES RO T AOBERIIO> TV BRA L/
RADRXLBERIEINBTFNE L, B4 L, binary, ternary, quaternary codes 3
EnZEELL2AOREGEEEDVWoOT, BEESNA2VWTERYT S, i Sloane [13],
Conway-Sloane (5] #88,

C % binary linear code £ T35, BRLE{R)p : 2" - F; TC 251&ER L -Re
A=Jap7!(C) ERTE. THHT D lattice 1225, % Z Tlattice A BT 37 —%
M OA(r) B ANE, =2— FILH L TREEXASGREEOoND LTS :

Oa(r) = 3 erirte),
€A

a— FOHER & LT, self-dual &A>doubly even &2 E X/ & &2, TOHEEEREY
BROEDE I RMERTCRBTEINZERTHIILIZERTHS. TOLEERIIRD
DN Q4 (7) % weight enumerator We(z,y) & Jacobi DF—FEZE > TERTHRD
DR THD:

Oa(7) = We(81(27),05(27)).
Z T 0y(7),83(1) EBN DX Jacobi DT —FRE T

oo
0;(v) = 1+?.Z({l/2n2.

n=1

50
O:(7) = 2qu/2(n’+n+l/4)

n=0
ZITH. RAIBUEXOBRICES> T, g="V"I" LED S, HH R Gleason D
EERKOZELEERLTVS :
B (Gleason) C % self-dual 22 doubly even 722 — F & 41U, % ? weight enumerator
We(z,y) 1IZRD fi, L PBEEAXE LTHIT B,

filzy) =a® + W'y + 8, falz,y) = 2y (a* = ¢')*

5612, Clz,y] PBHRT i, f; CTER SN BRI Cla,y] Db BB 5 FEXS
ELTHBT OND T E bbb s T3,
D IT. REBR EOREETNTHS

H(04(27),0,(27)) = Ey(7),
F2(03(27),0,(27)) 16A(7)

—63—



ZIZTE(r) &Y =A I 4 D Eisenstein B, A(r) XV =4 P 12OHZXTEXTE D
IZSL(2,2) DREEXTH B, SL(2,Z) PRBEFEXLEDRTROLILT, T05ltoD
FRCERSNIBREFHEATITHZ LILdH & TRET M, FlAHEY =1 b6 O Eisenstein
RETEENL2V,

binary code T self-dual 22> doubly even 72 b DA3 SL(2, Z) DREHEX L BAGHEHD Z
Lizbh 27D T, ternary,quaternary 72 23— FIZOWTREROTFRE LT I DIXBRDO Z
ETHAE), TOLEODFR, 2RIE Q(V=3) PEHEBZ 0 LT5. ZOROEA
FT7NVNTI/NVLANEI, 4DbHD (n),(2) BH B, TNTH>TAONIERERETNEN
F3,F, 127225, C % ternary code &35, BRLRERp: 0" 2 F; TC z3lxRLIB
EA=p7YC) ERTE. ZHIE O D lattice 12725, £ Z T lattice AT KD
F—FEAMOMr) EBANE, a—FIZH L TREEXAMESEOND I LIRS :

Oa(r) = Z 2=} /3
€A

ZDBE L. CO weight enumerator We(z,y) & F—FBEPEFESEMS TV 3,
Oa(r) = Welwo(T), (7).
TR, RAShHFRYERZIKRTELLND :

bo(7) = 05(27)0,(67) + 05(27)85(67)
nin) = 5 {wlG) - do(r)}

ZHUHE Ebeling D% (6] TH: EHEN 6,0, L1 ) BETEENTS, ZORYHBR
D weight iX1 TH 5,

ZOHE D Gleason DEHIZHAIRDERLEMON TS,
EH (Gleason) C % self-dual 71 ternary 72 a— F&3HIE. & D weight enumerator
We(z,y) 12 g1, 9. PEFKXE L TEHIT S,

a(z,y) = 2% + 82y, qa(2, y) = *(2* - °*)°

E6IZ, Clz,y] PELRT g1, 00 TEREN DML Cla, y] PREXE & L THIAAT
5B EbbhoTNB,

2T, RUEREOHIEETTVTEL

n{o(r), ¥n(7)) Ey(r).
g(ho(T). (7)) = 27A(7)



IHiZbinary L &L ESK WV TH B,

EN Tl quaternary RIBEIT B L SR T ERBHDDIES I 12C % quaternary code
ET%, BREERp: 0" 5 F7 TCEIIERLEBEA=p"Y(C) LRTE. Zhix
0" @ lattice 12725, £ Z Tlattice MICFBET ARDT— 5 O (r) EE AN, 2—
Ficxa U TRBBEANHIN S Eohd &b :

@A(T) = Z em'r(:,:).
€A

ZDizE Y, C D weight enumerator We(z,y) &£ T — #RAKOBAESMSN TV 3,
Oa(r) = We(go(7), (7).
ZITi., RASKHREERXZKRTHFASRS .

$(r)
éi(r)

Yo(7).
02(2‘:‘)83(61’) + 83(2T)82(6T)

TRbbh, D& i ternary &36ART—FREAETHHMN, b IV LEDIXR2S, Gleason
DEBOFAMIZ
EBE (MacWilliams,Mallows,Sloane) C % self-dual 72 quaternary 72 2 — F & ¥hif,
% @ weight enumerator We(z,y) i& by, hy DEHNE LTHIT S,

hy(z,y) = 2% + 3y%, ha(z,y) = y¥(2? - ¥°)*

&HiZ, Clz,y| PWARTg,, 9 TERENDRILClr,y] PHOIBHEOFEXREL LT
#HEFTONB L bbhoT 3,
EIANRRBMEBRLORAEEELD L.

hi(do(7),01(7)) = Ei(7),
ha(go(r),61(7)) = 27A(7)

LTV RV, ERNTRIDREERZE BT IDEEIN? Z0D I HOHR
E LD a— FICHET 27— FBARORERIRETVWS, NERT v 7 BT HREE
KEENEIT THRAORFINLZBEEZITRIER>THL2ELHRNER I, KEhbiEs
THEPREORERE, SEBIAZFHIASMR3MANEThE, TOBERTT7 OFRD2—
FEFRUBEXOMFROHRERELL TH5.



2 A road to modular forms through Hypergeometric

series

SLy(Z) ICB¥ B REFKA ZOD Eisenstein . Ei(7), Es(r) TERESNDH I R
L<AMHNTNS,

LA L. IO Eisenstein &M RUPAIK L BERAREAKZE>TROKIILREND T E
IRE R TRV,

Efr) = F( :
122, 1 5 123
— )i F(—=, —,], —
](T)) (1‘2‘ 12777 5(7)

CORBIHB TCHEERARMGE—RISEREND ZEHMFTERVOT, @AV
WHELLTIE-oTEN, AtkiniR 7 6 EBICI VH VY RETCDV VRIS ULTIORE
s TV l, F0HREBHERNAGREDOEEFEL T L %, 2oEFEICHIR
ENT, &F-Zagier [9) PRXBEZND, ZORHTHRBWTEKL SL(2, Z) DRET
KinBAVWRERESEREN:, RETIHAFL L TERF-&TF- 2B (1) bdH5. Zh5
NDHEZBEAELEISLLTIANSBRRAZEENG LN,

BN BRI EERT D, o,0, 720 TCRVWERK LTS, BRENEK F(a,0,7;:2)

&

EG(T) )6.

(1-

= ()(B)n
Flegin) = 5 e

TEHET D, ZZC(a)o=1. ENBEniZHOWTiE(a)s =ala+1)---(a+n-1)
T35,

EOAKITBEFIREEOERD L ZAITRAT Y 2 7 —RE j(r) W% 123 F LY
DERATHIE SL(2,Z) DREEKTH 5 Eisenstein BEB/OLNDIZ LERL TS,

ID7 v AR, BRI, RERKL VD 3200228 BRITH S, FiD>
IZ2WTR/ Y33y MRREBH=ZARLFRITH 5 IR TNTEWVWZ Lidbd
B, /raryry MRBRGAZARLIFEEN S BEETA 16]ICK>TI9ULnEELLY
NI EBMOLA TS,

IODZAMBMEA DT v 7 AT, EORUMKEDERLT T oo TNH 1D
B bOBMBEETS, Z0HTH 62FERMSHTH Y. G LIRS ENT
W3, Conway-Norton [4] {2 & % Moonshine DHFFED 725> T Z DAL Thompson #&
BeLTREBFITIONATVWS, 85 32LERMAHETIRAVWDO T, EOREICHET 5%



BRAPRUEXOMRRIHEY REN T2, LA L Moonshine DHIRORE & L
T replicable 22 fREBI¥ % M ~72 Ford-Mckay-Norton [7] DERICEDHEIZRN TV DD
T. BOICKIHERTESEHATE 5,

#ART 0o TOHIE%E H D Thompson MEIXELHRAZ 0 LHEELTVS, LALRAD
WRTiE, EHRZELSKRDDIZENBEETH D, HROZ LANLENLEO THLA
W, FORBEEKITSH ETRENIZEALND,

9ON=ZAKNEREERXD, 3AKXIATOLHEREZEETAIZLTESES.

14| 23,00 | (55:3:1) | To(1)

24| 2400 | (LE1) | 0(2)

2B 21w!w (i- 2 1) F0(2)

3A| 2600 | (L5,1) |[°(3)

3B | 3,00,00 | (3,3,1) | To(3)

4C ©Q,00,00 (7;'1%| 1) FU(4)

da| 44,0 | (1,31)

6a | 6,6,00 (%,%,1)

1 51ix Thompson BARK D& . 25iL 3 S TOSHUkIEHK. 3 FliTxi¥ 2 BRAIREK
D(a,f,7). 4FIET7 v 7 ABTE<LAMOATWIES, BEXLLN TS, ZEfixEn
5D KRN LRNFRTRHE VRO TV RVWRETHLI I EEFL TS,

ho 9NN EV- O ASHFRITINICH .

9 SO EMBEIATRIYT D RBBIELEIZIREAS 0 5o —> DRI TEREN D, TDE
AL IED 225> T Thompson B L FEEN D b DIXEBHRENO N A7 T L HOEE L L, &



HIAN 0 Db DL L TEEKAIZ Conway-Norton [4],Ford-Mckay-Norton[i] THEA 5T
[AY-N
LhL, BEBREKEMESE TRV ILHICHERREZ0L T LI LATH
T, BB 2HOOHET IR TOEE ZHTELSBERERL RV,
IADBEEEXTHD, TITR22OMEAE V=T & 2B TEX 50, MMM
ROTERTEZOND jEKH(r)IREZT

/D = 12,52 2

D% &5, > THR L REFRERL P! LORREEX, 3o00S% 0,1,
IETERTH S,

J(7) REHEN 744 THY, T % Thompson BN BT ETI Z Tty £ EBL,

B3 8 ODZARDBEITH L THLEXRFELED, FEITOMEE j B L DM
WERTEIICEDE, ROBTRENL O E, MRIBETOT7— Y BADEK

DIENEZBERBRICHEABT LTI RICEDS I LA TES,

tia 24 t28 tic taa ts8

-1 1 L 1 1 1 l
0 744 104 40 S 42 15
1 196384 4372 276 20 783 54
2 21493760 96256 -2048 0 8672 -76
3 364299970 1240002 11202 | -62 63367 | -243
4 20245856256 10698752 -49152 0 371520 | 1188
5 333202640600 74428120 184024 216 1741655 | -1334
6 4252023300096 431529984 | -614400 0 7161696 | -2916
7 44656994071935 | 2206741887 | 1881471 | -641 26567946 | 11934
S 401490886656000 | 10117578752 | -5373952 0 90521472 | -11530
9 3176440229784420 | 42616961892 | 14473180 | 1636 | 233078201 | -21870
10 | 22567393309593600 | 166564106240 | -37122043 0| 864924480 | 79704
11 [ 146211911499519294 | 611800208702 | 91231550 | -3773 | 2469235636 | -71022

IZTHLIFIBDn DMOIT ¢ = VT D7 — Y FEHHBE L LN TV 5,




|
oo
A
—
ot
—

3 -492 -76 -33
3 -22590 -702 -153
$ -367400 -5224 -713

-3764365 -23425 2550

~p~1

”e

-28951452 -98172 -7479

o
=

-182474434 -336450 | -20314

»f

81 990473160 | -1094152 | -51951
1 -4780921725 | -3188349 | -122229
Y | -20974230630 | -8913752 | -276656
12 [-84963769662 | -23247294 | -601068

ST 1FIED 2 OBOTIC ¢ 07— Y EEAE LGN TH 3,

2.1 FREBEAOERTIBOR7VH LY

[ %9 2OMMRZABED—2 L5, LEEDBE L LTTIZBT S weight 23k 0
REBXDRT~7 PAZEM%E M (T) TET. Thompson FEREZRMAL T M (14) H &
HELZEiIZT 5,



HENZABIDRERBEZA SR TWHO T, TNIRETARMEXNOEMOK T
MBICROOND, di(T) EEM M(L) DKRTE LT, HETIRORT o H v k¥

Pr(u)=1+ Y di(D)e,

k>0.even

THEINE. FRLIKROL SICHEAND,

r Pr(u)

_ 1
1A | 2300 | Ton T To(1)

1 +u®
9 9 -(9
2A | 24,00 T r-(2)
2B | 2,00,00 L Fo(2)
0% | == | o
1 +u ]
3B | 3,00,00 e [o(3)
1
4C | 00,00,00 Co(4)

(T= (1 - )

1 +u®
2 | 33, -
i IR T g T
J 9,8 3
da| 4400 | T 2u tU

(1 —u)(l —ud)




r Pr(u)

1 + u-‘ + uﬁ + ?-us + -2.ul° + ulz + -2u|.4 + ulﬁ + ulS
3A 2v6“ o K r- K
> (1 — a'?)(L — u2) 3)

l + u4 + 2“6 + 3us +4u10 + 3ul'2 + 4'“14 +3u|.6 +¢2uls +u20
(1 —_ ul'.’)(l — ul'l)

6a | 6,6,00

2.2 REBXDOERT

ROE CTREBROERTIRORT A VIBEBRE 1D T, ¥D weight O RE
EXEEHENE, 2EORBEXSERDONI NI or,

ZITiR 9D ZARETNAETNICOWT, AT IFRUEXTBRMEKLAVWTE
EEicE 2 T4,

FDHENEL 1A D E &IZ, Eisenstein REABRMEIE & Thompson HIEAVT. K
DEDICEEMITHF L L2PIRTS,

Ey7) = F(=

1 + 240q + 2160g* + 6720¢> + - -

3 5 3
et 2, 2
i(7) 12'12° 7 j§(7)
1 - 504¢ — 16632¢> — 122976¢° + - - -

Es(T)

(1-

ELIC. ZTOZHDHMNS SLy(Z) D weight 12 DA ZATHERX A(7) H

Ey(7)} = Es(7)?
A(r) = a(7) = 6(7)
1,1 5 199,

in et i
= q-24q" +252¢° +---

= (),



I DREGIBEFERZTHIT TV IR E M (14) DKRFTEANIE, Ei7), Es(7)
PERBADZMOERTICR S Z EBRAMAED, ZORDRNTiE(r) 2E>TR
R BT EUNEERTH S,

SETORRENL, LOEXT, 920ZARDEFLIIHNT, FOERMMEEE LN
HEv A, £D Thompson BEE LNIEL VW bho T3, T O EHE L THREE
ROLERTZ BERICRD TV,

Case of 2A
Prau) =t Rt weight 46,8 DREFR B
“(u)_(l—u“)(l—us) ol weight 4,6,8 DLREIFS 0
1 2
F(§’g’ ,%)‘ = 1+ 48¢+ 624¢% + 1344¢° + 5232¢" + - - -
1
1 : 2
(1- ti‘ﬁ(ﬁ));'F(g,g,l,tus((i))s = 1-36q-2296¢° — 13664¢> — 73976¢" + - -
1
= 5 {Es(r) +3E:(27)}
1 13 256 _ 2 3 4 5
tu(r) (8'8'1 foa(r )) = q—8¢°+12¢" +64q¢" + 64¢° +

= n(2r)°(r)®

ID3IHNDARDI LTREDLDRIZATERATH S,

Case of 2B

Pao(s) = = uz)l(l —y 5 weight 24 DREBH LT,

13, 64, , _
Fo ol —)? = 1424q+24q" +96¢° +24¢* + 144¢° + - -
= 28,(2r) < Bi(r),
M '
_F(4 4 1 )‘ = q+8¢* +23¢° + 64¢* + 126¢° + - --

n(27)'°
n(r)®
EWS ZODRBENERDITHI LN TE D,



Case of 3B

1+ ot .
Pus(u) = 1 _u.,)(‘l‘_ 7 1515 weight 24,6 DREMA £
12 27, ] 4 e s
F(§,§.1.;3—B) = 1412 +36¢>+12¢° +84¢" + 72¢° +---
1
= ‘i{Ei(T)_3E2(3T)}
1 1227, 2 3, =q .4 5 6
(E)F(g,g'lea) = qg+9¢°+27¢ +73¢" +1264° + 243¢" + ---
1
= §{E.;(r)+SE6(21-)}
L yapl 2 27 6 2 3 4 5 ¢
(E) F(§,§.1,g;) = ¢ +6¢° +27¢* +80¢° +207¢° + - --
(n(sr)*’)"
()
Case of 4C
1 . . -
Pic(u) = ST 7EH 5 weight 2 DREFEXE Z 28T,
11,16, 94,2 3 T
F(3:5:L,7=)" = 1+8¢+24¢" +32¢° + 24" +45¢" + -
- 4C
1
= —3{Ea(r) - 4B;(4m)}
1 11 16 -
QF(E,:E,L;E)Z = q+4¢ +6¢° +83¢" +---
_ n(4r)®
T op(2r)
Case of 2a
L4 o8 chm .
Ppa(u) = 7EH 5 weight 4,6 DIREBR % R,

T=w1 - )

) 1 + 240¢ + 2160¢* + 6720¢° + - - -

(1 B 43\/—-3)* F(l,l,1,4""/—‘3
6'2""

t‘.’a

= E..(T)

— 73—



11 48v/=-3, 2
Flgiz:li——) = 1+ 24y/=3¢7 - 304¢ — 288v/=3¢*
2a
—16632¢ + 1296V =3¢% + - --
1 11 48/=3, . ]
t__F(g'E’l, bt ) = ([;--1'2([%4-54([5—38([5'*-'“
2a 20

Case of 4a

1 +2u® +u®
Pule) = Ty T =)

2Ty 12/=
(1- 25 pgya B2
= 4a

Y= %{E..(T')+4E4(2T)}

t-la

¥ = 1+16vV=Tq? —36¢ +320V/—=1¢}

(1_32\/__1)«”%’%’1‘32\/3

t““ i tﬁlu

—2206q — 1184v/—T¢f + - --

1
2v-1\* 11  32/-1, i H
L l—32 L F(—,—,l,s——)" = q§+20q'%—74q=-—'2-1q§+---
t-lu t-ia 42 t4c
11 32y/-1,
Flzzh——) = I +32V/=Tg¢T —416q — 2688v/=1q}
- 4u

+70643¢q — 26?.4\/—1(1% RO

1 .11 32\/:T)s

- = = q-38¢"+12¢* + 64¢* — 210¢° —= 96¢° + - --
4’2 lig

SITHRICERND (1 - u')(1 - 0®) KRET 2T =4 P43 ORBEXZENTH

- "nla 4yTF _-_111
(47 2 t.ﬁ ) t:-lu (4' 2 tia

2B, SOZHOFRTERENZ 2EFROB EO LR OB TER SN
AN DE &5,

(1 32\/—1)%1?11 VT, L Ll VT

t4c



Case of 3A

(1= )1 = at)

P-Iu(“) =

Y= 1+ 24q + 216¢° +888¢> + 1732 + . .-

= 15 (i) +9E(3r))

O i’ 1 O
(1 - &) F( % 1,0 )6 1 18— 5047 — 4878¢® — 190264° — - - -

= '21—8 {EQ(T) + Z-I'Es(?n’)}

F(l, l, 1 108 P = 1+43¢+1008¢" + 121444 + 92784¢" + - --
6 3 t3,|(‘|')
—I-F(l,_l,l, 105 ¥ = q+6q¢* —27¢° —92¢ +390¢° + - --
t3a 63 t;;A(T)

S 03 ;
(1 ms) F(—,§,1,———‘ ZL)'° = 146 -810q° - 22134q* — 278634¢" -+

- tsa(7) 6 ta3a(7)
108 \? Ll 108, 360" — S1e8 4 T840* — 131405
1- —— | —F(=, 2,1, = q-36¢°-381¢°+ 784¢" — 1314¢° + - --
( taa("')) taa 637 " taalr) ‘ f { ! :
F(l,l,l,t—l-q(—s_—) 12 = 1 4+72¢+2376q% + 47592¢" + 646344¢* + - -+
ALY
1 11 108 . <
—F(=, =1, ——)? = q+30¢" + 333¢ + 144d¢" — 570¢° + - - -
o (53 tu(r)) q +30q q q q
1,11, 108 : .
—F(=, 5,1, 2 = ¢ —12¢° + 54¢" — 100¢° + 45¢° + - -
o &3l mm ¢ —12¢° + 54¢ ¢ + 43¢

)
os \f_11. 108, _ 2 agaand  qmrmand
(l - —) F(a, 5,1, m) = 1+ 30g-450¢q 393904 077730¢

L
108 \7 1 11 103 ) ) ]

L= — gL Moo g =127 ~ 729¢" — 043¢ — 30210¢° + - - -
(1= 5) 2Py = ¢ 10 - T8 - s’ - 021ty



TI_F(%' %* L, ? w(b,.) 8 = g+ 3d¢° + 1269¢° + 16804¢* + 134406¢° + - - -
34 34

108 \H 1 11, 108 .
l—_taA(T) E:F(Elg'l‘—ta,d(f)) = q+12¢~ - 301 q — 27248 -369130q 4+

ZZTHRICAENS (1 - u?) KHET 3V = b 12 OFREERZ

11 108 \pp 1 11 108 .,
oy it e
%&6,:@:oomrzménézzﬁoﬁtmtuﬁntﬁvoﬁtafiﬁén
AMELBRBBAORE 23,
Ga ICPT A RBE A BRARK CRRTIDIIR 2P0 T, ZOBRETIIERBE
FTW=27EL,

F(5:

3 TR ESREBEXORR

a— FEBROFT & ZARBRYUEE Z>OTF—FRENEHER L LTERTHIIEM
FHRMEERTHAZLEFHATNDG, ZHo0O7—FEOBUH LAREF,, Fy, Fy
KL T3FEHAIZLBbrasTWA, LML, FART7 v AT AEREEAN
Iho6DT—FRAKTRRAT I EMAVONIZDI> T2,

DB TRLIFISOZHIMETIRVUEANAFENIRED ZLERLE, Ih5
DFREERE LD SMFEDT— K TRES LWV O RIEERVOER, ERCHEZL
THDEFHCLERVLREFENREE S, BIIChhro/eZ LW ERR3,

1. binary code 225 6N 57— Z A D 05(7). 02(7) iIL 6 DD =MABE 1.4,24,28.4C,
2a,4a DRBERERT LB TE S,

. ternary code 6B 5NDZ 7T —FBEBDHE o(7). (1) E=ZATE3A. 3B OFRBER
ERTILBTED,

. quaternary code 226B 6N 57— ZBEAEOM Sy(7), ¢y (7)) E=ZABE 34,60 DIRBE
REZRTOICHATES, ZOHBELOZ>OHE LY bEELKFEZL TS

(3]

[

#9351 ICSh T <, 1.M. Borwein-P.B. Borwein [3] T b REBILLHRBIEH A
F—YEKERAVCTRRENTVS, DR SDRAKRTRNBAESZ EhWIRNAT S



T— A ORGRXE BRITEE TRASN D RBEN L OBEER D LN TS 4C DI
SOICREETZLIZHD. TORAUEIB.2B THET Z LISHH LTS, TDOERE
FOH TRO-FUEXOBLFMERIC L IBTRE—BIA TS, TROLAIOE TSR
NS & X G N RBREED Borwein A HICL D TF—FHEEOBOEEZ L TWAZ &I
Lizo T3, TRbb,

16 {%@ﬂ?’

e | 0s(27)?

64 _ {292(27)*03(%)2 }"
(%Y - 93('21')" + 0-1('27)4
x (e - Lo
38 L(7)

IITL(r) LEOORBTT BRI ¢o(7) = 6o(r) EALMAMERL TS,
DEIXZDH & THEAD SN 5,

3.1 binary
6 OD=ABE 14,24,28,4C, 2a, 4a IZBIF B REIEIL Jacobi DT — 7 %L

82(27), 85(27)

ERVT C[0,(27),05(27)| Dt & LTREMICHE Z &4 T& D, R LEHAO~E
FEI0IC 4 D{RELTHEA2V VB 20, 40 THBN D, E5I2Zh5DBRIBHERADEKLE
LTEIKREDELENS, TASOBIESETICHBLVWEIARDOT, &ViELLE
g3,

Case of 1A

1 5 128
Ey7) = F(E'E'l’j(_rj)q

05(27)% + 140,(27) 05 (27)" + 04(27)°



12° 1 3
Eg(r) = ( i) F(ﬁ 0l (T))“
= 0,(27)"% = 330,(27)%05(27)" — 330,(27)%05(27)° + 05(27)",

INREICHONIEBRTH D,

Case of 2A

F(é’ % L ._)4 = % {Ei(7) + 4E4(27)}
= 02(27)8 + 292(‘21')493(27)" + 03(2’.)8

(1- 9'_); F(l 3 1 ')_)6 = l{g (7) + SEs(27)}
t 38" B o
= 05(27)"? — 56,(27)%05(27)" — 504(27)05(27)° + 05(27)"?

1 ; R
1P 20,208 = perdne)
taa '8 24
1 .
= 5i0:(2r)'8(27)* {B:(27)" - G(2r)'}
BRIEAGA TV,
EoT, REMPEBIIKENDERRAEZ L

_ 1 (82027)° + 205(27)405(27)" + 65(27)°)?
B2(2r)*85(27 ) {B2(27)* — B5(2r )"}

Case of 2B

13 64 ,
- —_) = 2E.(2 L
FGILET = 2800 - B,
= 020 +By(2r)"
Lo 1364 g2n)"
f-zBr("i“" t:p y o= n(7)®

= 2%0-_!(21')403(27').'



LA oT, RERAKOT—FBAEIZ L 3 RTR

L a(B:27) + 6520))
he = e R

LELND, INHBFEYNISIA L Borwein nbOBFEREBLEZ LB,

IORRREMOEATHS, [3).

Case of 4C
11 16, 1. .
F(i, §| lym - 3 {EZ(‘) 4E2(4T)}
= 03(27')4
1 11 16, _ n(dr)
t4cF(§'2’l't4c) T on(2r)
1
= 5;32(27)"
6:(27)
Y]
be =2 an)
hiE<amshT3,
Case of 2a

{RIBAEL to 1ICKT LT, Ty = tge — 24V=3 EBIFIE,

j-1728=T2

EWITB, LiediaT

_4(0(27)'2 — 3304(27)%65(27)* — 336,(27)*05(27)° + 05(2r)")

T 02(27)203(27)2(02(27)* — O5(27)4)?

LiedoT

by = 4(05(27)! + 2v/=30,(27)%05(27)* + 5(27)")*
B T (27 ) 0527 ) (02(27) — G527 )




MELVILD, EHIC

43V=3 _ (82(27)" — 2v/=30,(27)%04(27) + B5(27)")?

S T (B:(27) 4 2V/=36,(27)205(27)? + B5(27))?

£»T

(1- 48v=3 )3 = (62(27)" = 2v/=30,(27)*85(27)" + 85(27)*)

te " (02(27)F + 2V/=30,(27)2685(27)? + O5(27)")
BE D,
KOG

28 4 142y + % = (2 + 2v=32%% + y9) (o' - 2V =32 + 4)

Kb B,
45\/—'3' . _
) F(s 91 tg—a ) E4(T)
62(27)° + 140,(27) 0(27)" + 63(27)°

(1 _48V=3

t2¢

TR 1A DBRICTTCIIBANTH B,

ZORUEORERATRIE
F'( 5 9, 43;/_ = (62(27)" + 2v/=38,(27)*0:(27)* + 65(27)*)?
2a

BT3B,

LiioT

FELLEY S om0/ TR e au(en) + 2r))

62 t

— p( 43‘/_ = l{a,(zr)l°93(2,—)'2 — 20,(27)°85(27)° + 0,(27)%05(27)'°}
tr Tt 4

MY AL,

Case of 4a



ZOBEICHLEERC L SV HERZ L TEL,
(REIBRE by o R LT, The = tia — 16V/=1 EBITIE,

tgA et 256 = T}a

EEITD, LpiaT

4(8a(27)° - 662(27)*03(2r)" + By(27)?)

T = G Pa ) 0, 2r ) - Bs2r)Y)
LieAiaT
fe = 4(03(27)2 + V=16,(27)%)*
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= %03(27)“92(21')2 - iazz(?")mb’-z(?")6

+20,(2r)%0,(2r)" - 027027

3.2 ternary

SAEAIBICHETAREERIL. ternary code 1o/ ONIEKND ZHAD T —F B
BRIATE S,
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3.3 quaternary
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On harmonic weight enumerators of binary codes
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Abstract

We define some new polynomials associated to a linear binary
code and a harmonic function of degree k, which generalize the usual
weight enumerator of the code. When divided by (zy)*, they sat-
isfy a MacWilliams type equality. When applied to certain harmonic
functions constructed from Hahn polynomials, they can compute some
information on the intersection numbers of the code. We illustrate this
with the extremal type II codes of length 32.

1 Introduction

As pointed out by several authors, many analogies can be found between the
theory of lattices in euclidean space and the theory of codes. For example,
the notion of weight enumerator corresponds in the setting of lattices to the
theta series, and the MacWilliams formula, relating the weight enumerators
of a code and its dual, to the Jacobi formula. While the weight enumerator
is invariant under a certain matrix group, the theta series is a modular form
for a certain subgroup of Sl2(Z).

But, while some more general theta series have been defined for long, the
so-called theta series with spherical (or harmonic) coefficients, the analogous
notion for codes had not been defined yet. Harmonic theta series are associ-
ated to alattice L C R™ and to a harmonic polynomial P in n variables, and
are proved by Hecke to be modular forms for a congruence group (possibly
with a character). The theory of discrete harmonic functions and its connec-
tion with combinatorial designs was developed by Delsarte ([D]). We define
polynomials W¢ s associated to a binary code C and a harmonic function f
of degree k and prove a MacWilliams type equality for Z¢ s = (zy)~*We, ;.
Hence, these polynomials turn out to be invariant polynomials (possibly
with a character) for the same group as the one acting on the usual weight
enumerator of the code.



The most interesting application of these results is to the computation
of the intersection numbers of the code, which are defined to be, for a fixed
t-set T,

My,i(T) := Card{u € C | wt(v) = w,|unNT| = i}.

More precisely, when considering certain specific harmonic functions Hy 1
associated to T, one can derive some linear equations on the n,,;(T) only
depending on ¢. In [B], this method is illustrated by the case of even formally
self-dual codes of length 12, and we derive a classification of the extremal
ones. We will consider here the case of extremal type II codes of length 32,
and compute the general form of their coset distribution. This computation
is worked out in the case of the quadratic residue code in [AP] and in the
four remaining cases in [CCM].

Section 1 contains the notations and definitions. Section 2 reports on
the main properties of the polynomials W¢ s without proofs, for which the
reader is sent to [B]. Section 3 is devoted to the length 32 case.

2 Definitions and notations

Let = {1,2,...,n} be a finite set (which will be the set of coordinates of
the code C) and let X be the set of its subsets, while, for all £ =0,1,...,n,
X is the set of its k-subsets. We denote by RX, RX, the free real vector
spaces spanned by respectively the elements of X, Xi. An element of RX}
is denoted by

f=) f(2)z
z€ X
and is identified with the real-valued function on X given by z — f(z2).
The complementary set of z is denoted by Z.
Such an element f € RX} can be extended to an element f € RX by
setting, for all u € X,

fwy= 3 £(2).
%

We may later on denote again f by f. If an element ¢ € RX is equal to
some f, for f € RXg, we say that g has degree k. The differentiation 7 is
the operator defined by linearity from



W)= >

Y€Xk-1.yCz
for all z€ Xy and for all k =0,1,...n, and Harmy is the kernel of v:

Harm; = Ker(7gx,)-

Concerning codes, we take the following notations: we freely identify
words of F} and subsets of ©; the weight of an element u € I} is also the
cardinality of its support and is denoted by wt(u) or |u|. We recall some
basic notions of coding theory, for which we refer to [MWS], [RS]; we only
consider linear codes. The weight enumerator W¢(z,y) of a binary code C
is

n
Wc(:v,y) - Z mn—wt(u)ywt(u) = Z Aimn—iyi
ueC 1=0
where A; is the number of codewords of weight ¢ and satisfies the MacWilliams
identity:
1

|C]

A type II code is a self-dual code C such that wi(z) =0 mod 4 for all
u € C. Its weight enumerator W is invariant under the group G; of order
192 generated by the two 2 x 2-matrices Ty := Jz (] ;) and Ty := (3 9).

One can then derive the upper bound w(C) < 4([n/24] + 1). A code
meeting this bound is said to be extremal; its weight enumerator is uniquely
determined. For example, extremal type II codes of length 32 have weight
8, and their weight enumerator is equal to

WC’-(msy)= Wc(m+y,z—y).

We(z,y) = 232 + 6202%4y3 4 13888220y1? 4 36518z'6y16
+ 13888z!2y?0 4 62023y%* + y%2.

There are exactly five such codes ([CPS]), among which the extended
quadratic residue code and a Reed-Muller code.



3 Harmonic weight enumerators

We define the harmonic weight enumerators associated to a binary linear
code C' and settle a MacWilliams type equality. The reader is refered to [B]
for the proof.

Definition 3.1 Let C be a binary code of length n and let f € Harmy. The
harmonic weight enumerator associated to C and f is

We.(z,y) = Z f(u)xn—wt(u)ywt(u).
ueC

Theorem 3.1 Let Wc s(z,y) be the harmonic weight enumerator associated
to the code C and the harmonic function f of degree k. Then

We.s(z,y) = (zy)* Zc,s(z, y)

where Zc,y is a homogeneous polynomial of degree n — 2k, and satisfies

Tty z-y
V2 ' V2
Corollary 3.1 If C is a type II code of length n, for all f € Harmy, the

polynomial Zc ¢(z,y) belongs to the space Ig, , of invariants for the group
G1 and the character x; defined by xx(T1) = (—1)* and xx(T2) = i~*.

onf2
Zos f(2,y) = (—1)*2,7'%.;( )

The algebra Zg, is the polynomial algebra C[Ps, P4, where Pg = 8 +
ldz%yt + 48, and Pyy = z'y*(z? — y*)?. The spaces Iy, ,, are easily seen
to be ideals over the algebra Zg,; they are in fact principal ideals. More
precisely,

Lemma 3.1

P3oZg, if k=1 mod 4, where Pyy = Py Pyg
o = { PiaZg, if k =2 mod 4, where P; = z2y?(z? — y*)?
PigTg if k=3 mod 4, where Pg = zy(z® — y®)(2® - 34zy* + %)

A first application of these results is to the study of the designs sup-
ported by codewords. Delsarte has given in [D] a caracterization of t-designs
in terms of harmonic spaces: a set B of blocks is a ¢-design if and only if
2bes f(b) =0 for all f € Harmy and for all £ = 1...t. Hence, the polyno-
mials Wc ;s are a nice tool to study the designs supported by the set of words



of given weight in a code C, since, from the definition of W¢ ¢, they form a t-
design if and only if W¢ ; = 0 for all f € Harm, and forallk = 1...t. When
combined with corollary 3.1 and lemma 3.1, one can straitforwardly recover
the classical result following which the codewords of a type II extremal code
form a “t1”-design (see [B]).

4 Example: the extremal type II codes of length
32

We show in this section how the harmonic weight enumerators can be used to
compute some information on the intersection numbers of a code, illustrated
by the example of the extremal type II codes of length 32.

Let T be a fixed t-set. One can attach to T some harmonic functions
Hy 1 of degree &, for 1 < k£ < t, the values Hi 7(u) of which only depend on
t, |u] and |Jun T|. They are described in [D] as the orthogonal projection of
T € RX,; over Harmg. When u is itself a ¢t-set, we have more precisely

Hir(u) = Qi(t - [unT])

where the Q}, are Hahn polynomials ({[KMcG]), and an analogous expression
can be given when u has a different weight (see [B]). Let ki, denote the
function such that

Hier(u) = hiy(|ul, |lunT])

for all t-set T" and for all u.
Let us consider now the polynomial W¢ g, .. Its coefficients are linear
forms in the intersection numbers n,, ;(T):

W, r(2,9) = > Hir(u)gm v yetl) (1)
ueC
= 3> hialw, D)muT) )"y (2)
w=0 =0

Hence, when C is a type II code, the fact that Z¢ g, +(z,y) falls into
the vector spaces described by corollary 3.1 and lemma 3.1, lead to linear
equations into the coefficients of W¢ g, ..(z,y) and hence into the ny,i(T).
We make this point more precise in the case in which we are here interested
in; we assume now that C is an extremal type II code of length 32. We find



Table 1: n,;(T) when t = 4

i 0 1 2 3 4

=8 A+ 182 —4) 4 284 6A 4+ 126 —4A + 28 A

w
w=12| —4A + 1876 | 16X + 5264 | —24)\ + 4872 161 + 1680 | —4X + 196
w

= 16| 6A+ 1841 | —241 + 9128 | 361 + 14580 | —24X + 9128 | 6 + 1841

that, for k = 1,2, 3, the only possibility is W¢ g, . = 0, which expresses the
fact that the codewords support 3-designs. In the case & = 4, we find that
We,H, » must be proportional to (zy)*Pay.

These properties lead to a system of linear equations, which, together
with the trivial equations involving the weight enumerator of the code:

Y " nui(T) = Card{u € C | wt(v) = w})

has a unique solution when ¢ = 1,2,3, in accordance with the 3-design
property; they are also computed in [BMS], using polarisation of the Jacobi
polynomial. The solutions depend affinely on one parameter when ¢ = 4. In
this case it is convenient to take as a parameter A = ngo(7") which has the
following combinatorial interpretation: it is easily seen to be the number of
weight 4 words in the coset T 4+ C which are different from T. It is worth
noticing that, since the code has minimum distance 8, two weight 4 words
in a coset are necessarily disjoint. Hence there are at most eight such words,
and A can only take the values [0,1,...,7]. Moreover, the value A = 6 is
not possible because this would mean that the coset contains exactly seven
words of weight 4, but, since the all-one word belongs to the code, if the
coset contains seven weight 4 words, it does contain eight of them. The
solutions are given in Table 1.

Moreover, the weight enumerator of the coset T + C is determined by
the n,;(T) from the equality: wt(T + u) = wit(u) + wi(T) — 2luNT|. We
find here:

Wrio(z,y) =(A + 1)28y* + (—4X + 28)2%64° + (2A + 322)224,8
+ (12X + 1964)z2y'% + (—17) + 6895)22%y!?
+ (~8) + 14392)z8y' 4 (28 + 18332)z6y!'e +



This expression agrees with the numerical values given in [AP] and
[CCM] for the coset weight distributions of the five extremal codes. It is
worth noticing that all the possible values for the parameter A are reached.
Of course, the number of time each value is taken in each code heavily de-
pends on the code (and on its automorphism group), although the average
value of A for each code is a constant.

In the cases ¢ = 5,6, the same method leads to uniquely determined
solutions, under the additional hypothesis that ¢ is the minimum weight of
the coset T + C, which agree with the numerical values given in [AP] and
[CCM].
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ljj: y= (YI, Yo, *, yﬂ) EF“
WH:le' (z) eF*ldu (C, v) =du (z, y), z€CI

72750, du (C, y) :=min {du (z, yv) | z€Cl TH5.
RS, BARE c HEELT [(R/DERE) H58]) KB Tdu (C, y) >tk E
2HATHEHFTEHE20H5 [(tRAEE) HI#] tEHTA.
(tFRAREH) 6153%]

AR y=(yr, yo, - -
Hh:
da (C, yv) =tDEE,
le™t (z) €F*ldu (C, y) =du (z, y), z€C}
de (C, y) >tDL &,
TERGEERT [EF)

* Yu) eF"

e, 58] & [858] OARNOBEALERENETTHS. 4k, (0
REEHE) WSE) L (Mo RHE] Lvi.



[B5&] OBHTEREELTOE, yEF IROAVFFEORESTHS,

lzeCldu (C, y) =du (z, y)I

LT, ShE@#ELEXES.

SIT, FEO [n, k] 50 I F'~F ' OR/NE#d-a %,

daa:=min ldu (x, 2) I x, z€C, x*zl|
EERTH. LKL, Ci=Image (¢) =0 (F*) SF " THA.
BNEREGEWIRLZIFSEMOEROR/MITHS.
SHNEEDHEEFLED [(n, k, daia] 5LV,

KIS, BEFFExeCICHLT, x2PLETHEELORED, (x) CSF2RNL&
IEETS.

D:. (x):=ly€F"ldu(x, y) £t| CF".
D: (x) CFiFSEx€COEF 10 “"AERH” THA.
7, RAEBOEREIOGEZDx, z€C, x+zIZMLT

D. (x) N D (2) =0
T IOOLELTTEE Tt <de /2 (FTbh, 2t+1Sdaia) THEZE
Hhhsb.

EFN0EL, du (C, v) St<dn/2%5(T,
veD. (z) 25 z€CiiM—FELT,

# 1z€Cldu (C, y) =du (2, y)l =1
Thad. TOEEWE, |z€Cldu (C, y) =du (z, y)I #FH(ZIER
YED. (z) 25z€CxBLILIIBFEINS.
Ihnid, T(tRRES) H58], t<da./208Hi, TETEERT [B5] »,
EoiE, FrORXIIE—2oTHEILERETA.
g6, 58] ndhxeCt [H58] DAAyEF IS,
de (x, v) 2t <de " 2050ENHI L &L,

!ZEC Il du (C, Y) =dx (z, Y)i = |x|
R, Shid, BSOS ERETA.
BEVBRIZE, yHxDEEL (<dan/2) O "HMED” D (x) PORUTTEZVE
D [H58] RESIEIITAIEVLE, bbb, t<dn../2&FTHE, [HEE]
KBUAENOREMN tBUTTHAMYD, woTH [HFR] XHSCHHITE. £
hig, B/dlEdaiaid, FIOTERNEEPSETHRELNRTA-FENVRD,

XTCICC, EER] +BVWEIE£). £4, T CHRRFTERIIRBTAHIIZ (@
B OAHMOOEERMELEIL). RAEZELA70THA. T4dbL, [HERK]
DAH (FT4abs, FOR) 2afiiftdHTF ORERRTILIZL Y, [HEERK] &
F'OREBMICABAZINZLOLBRLEET. oL E, HBER| 0

AAx= (x, X2, - -, x.) EF"&

Why= (yi, ye, -+, ya) €EF'D



RYFEEEP (v | x) &, REPS,

P(ylx)=0.«."P (y.| x:)

= (l—p) n=dll .z, y! (D/ (Q_l)) all (x, ¥y}

EB, 12ZL, du (x, y) IxeF"tyeF"¢tDHamminglE#TH5,
b, du (x, y) & [AER] CBI2BVORERII—HTAIEICETEEL.
LT, T5—0REEEpIXOTREWETE. TRbb,

0<p<l—-1/q (Znk&, 1>1—-p>p/ (q—-1) >0TH3)
b
ZnEE, P (ylx)idde (x, y) CHLTRBOBAEIMAELLT. T4bb,
yEF"ICHLTdn (x, y) BT HExECCF 2P (y | x) 2BKRIZTAx
ECCF " II—¥¥5.

HEOHEANBRIVELZ/IELTE “o )" & EER] ~ODANEF oR5HE
CCF "OFIcHBTA»ZLIZH S,

S, THE] 7 > FaRF (Shid, EREOEMICLHERTE) THEEE
EFT5&, [(B/EH) F53) 2EIIRY 5 HS (maximum likelihood decoding), ¥ 7%
by, [EERE] DBAyeF I LTHEEORLEY BEER] OANXECCSF %
EELTWwAIEdb»E. 37, [BER] OASx*BELEE, [HEER] 15
AL 7—DRERdu (x, y) &, FEYnp, Finp (1 —p) O2HEFHIZHES.
ndtaREnE E, 2HGHE, FYnp, FiZanp (1—p) OERPHETELUTE
B, 57, FAGNKBESERAFHTIE, 99. 7T3%M¥EMnpx3/ (np (1
—-p)) 2, 99. 9%MEMnpx3. 29/ (np (1—p)) I2&FTHhB. iy,
aplHLTHARELCEARR tZiETH L, BER] DAHOxZBLT, [HEEXH)
KBITARIOFEEKdy (x, y) e BEBUTTHABEIEBY 2 1ICETL. fIL
i, n=10000,P=1/100,¥TA5Lnp=100,np+4y (np(l-p))
=140. - -THd. TN&, FOLHI¢IHFLT, 2t+1Sda kBT X
FIFFERIT T I v,

BERICREEINS [FF58] — [HER] — [H58] 2SO CBEBLLY. &
BEl ik (1), +4obb, FOXORFIuiuzus - - - ¥ BRENZ T [FF8)
KADTHUEE V., [H58) REALERICKEI LRI F*OFXu= (u, u:,

©, Ux) EF*REMICANDENLLOLE L THBAET S, 58] Ohx=
o (u) eCCF A [AERK] (A, AEK] OOy eF 5 [H5E] IZA5.

[(cRREHE) B8], t<dma./2556i, TFETEELRT [BF) », T,
FrORMEAENE., Chod, BERMICHEBREZNS, 2212, t<dma/ 25
FiiRECHREHSATWA AR, [ZEFE] REFISHVOBEET (REAF] o M4,
bbb, FOTNDEMuiuzur- - - 2ELLEETES,

MM, BRI 0—BIERETAZELTETHAS, CHL5DEHRDOHEH (4
Ll ELHEMIZE) KB EFITAH, FELHEHMBREF OBFRECCFE
LTERTAENDTHA,



FroRaihs
CCF-
EHFEVS. I, nEHFREVH. 2L, FRERRETHA.

HBREIIHETA25D1EEHMKk=1o0og. (§C) THA. T I8,
B ERIdan=min |dua (x, z) | x, z€C, x¥+z| TH5.
chd, FEN [n, k, daa] HFEWI,
202L, SOEEWE, [HR] CORTOZRRELTRLAS. T4bb, CORTE Y
#] OEXRBHTEL, [TR] 2COTXORINELTRIZINDTHE. COIBPIILD%
oI THFF8] GBERW., 2 THF#] &, ROLSCEESRE,
[(B/E8) 58]

AN y€EF"
#H:1zeCldu (C, yv) =du (z, y)i

M(eRFEH) 5525

ANl yEF"
Hwh
du (C, y) StDE &I,
lz€C 1l du (C, y) =du (z, y)I
du (C, y) >tDE &L,
BTETEETRT %)

[n, k, daia]l HFICHMLT, K/ 0 2HFSLE (F2R3PRE), daia/ nt4
HEAEEE .
FFERGABBICENIMROBETCINIIKEVWENZEE LW,
AR R/INERIIELTETEABENNHELE2H6bTNATINLKEVNEAML W,
72, FRLELEARIEE (BEICIZ (daia—1) /2 0n) MHEALZO2OHFFIEH
FEOKEVWEMITIEREDIEE V.
chi, WRE[LO, 6, 5] FF5& (100, 60, 41] BELH~niZbhs,
SOEE, MEIXLONDHIB2B/ITHORVIITETEL. HHEE, 10005H20M
FTORNIFTETES., ChIZHLT[10, 6, 5] F5*10@EL~<TH100
DHIL20BETOMNLETETEAEIIRALL W, RELCRINLETIE2 0BT
THoTLRPUDO)L OBIZIBEULOBR Y HH DL ERTETELWAISLTHE,



FLOHDHE, RDEHII%S.

oD EFNrHLEE,
FoE, FSE, AdRIE#
DZONELEOBRYORKEVHNRNFTENLAS.

ShT, ZIEEMIEToED L
L2L, CERIETHS. [F58] & [HS58E] 2ERIELIILNTELVWET
L LTE o FRML W,
LROFRTAVFT MR O»o/2E L LS.
InkE, [F538&] LWMETISIES >
E{@q : F*=F " %#&BILTRITLIV, RAPMBESHIZTH?2EATE W,
WAL, #F=2, k=1000, n=2000&LTHALI.
#Fl000=2 IOOO' #onoo_: 22000—056.
2V FEIDLDONH2CEN DL DANDEREHEBETSH? 2?2
chizg@TT! 1)
ST, BETAIONERFSTTHAE.

MO EIZLWFEHRE, « xWESEGICELLEITHA.

ARERs | F*—F 2, TREATES !

WEER s . C—~F'd, THERRTES !

ChT, KRBMHO DN EEDLI LR ITHBRVALTETHS S ».
FEXZTHTTFEW,

lzeCldu (C, y) =du (z, vyl

NDHEBETER ETENLBRBEITTRHTS.
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§2 REFTLABBATS

FXHMBEETS. n, k (n2k) 2BARROHALTS. FL® [n, k] BEHFT
EEaRICARAFZEMF "DATEN k OBFEMCCF 2. n2HFFE, kzfifigs
(AN

dae: F*XF*—= {0, 1l,- - -, nl

da (x, yv) :=# |1 :x.¥y.}

*HammingiEgEL WS,

daia (C) :=min ldu(x, y): x, yEC, x#*yl
PHECCF ORNPEREN). daa (C) OTREFBRHEBEE WS,

EENxeC (Fiz, 0€C) IC@LT,

da.a (C) =da (C\ Ixt, x) =dx (C\ 10}, 0)
2T, X, x€FMIHLT,

wt (x):=dux (x, 0)
¥AAEVS., BpEEE, 0TL2VWHESE (COT) ORADEAI—RTS.

(7oy 788K FEREHORLHRBEIRN->THA.

(FSHmRMBE] HS5&En, F5{tEk/ n, EFHIEHEd-. (C) /nDZo%
EL/-EERIELZARCKRELTAI[FSCCF v A& T AME. O
(F5mME] EFTEEShZzeF Il TLRE

[x€C:du(z, C) =du (z, x)i
2EVLWHHARTH(ME doWiiRRERHS Y. O

B, FSE, HEE, BRI ERENETRLZ20BEFTOBRLEIBEASH 2
HELTHDS. BOEELRAETIRTREROL 2VWAEIED. ERLF Lk 5B
B+ 1 2 BRALTAFTEROL2VEIBEDL. BT, BRICKERT S, Zhik, 85
MR TAWEISEAL KBTS S,

B, honBREHEHL—LHIIRLIDI LD ELT Goppa PREMBFZT2H5.

FZHMEETH. /4, REFLAHERALIERFR (§H¥%) ABR#RAELTS. ROH
BE genus(R) TAIIMYI g &Y. ROFHRENREER(F)EET. BiGROF
LOEBMYEEL Ra(R)ERT. ROFEFENLEBFOLTE, T2bbh, | EEKAK
BIZMA Rat(R) /FORFE % Div(R) &R T.

i, ROEAFH € DivIR)ICELT,

L (H):=|f € Rat(R) | (f)+H = 0o} U jo},

QH):=lw€0'(R) | (w)=HUlot,

{ (H:=dim L(H), { (H:=dim QH)EBL. 220, Q'(R) X Rat(R) D— K
FMBEERTETS. £, dm EFLEOXRZ PAEHELTORTE, (), (o)ii€h
FRERMME € Rat(R), — KT w € Q' (R)HMITIEFET S,

—fiZ,  (H)={ (H)+deg(H)-g+1 'L N L2 (Riemann-Roch Theorem).

SIS, P L ER(F) (SR T ZRARMMEE R(R) /FORBNM L OBERE L),



i=12---ni¥FHFBGEL, BFDEDiv(R)%Z, Di=P 1+P:+---+P . £ T 5,
X7, G € Div(R) % supp(D)IN supp(G) =D 5FHEBHLZAFETH. 22T, @
E@aq aL¥,
aa:Q(GD)—=F", w—aqlw)=(resriw resrrew. " resraw),
e L(G)—F", f—ac(f)=(fP ) f(P2), - f(P.))
EBL, 2L, resrwlidBEBET A,

- - ga
\-N—‘—.

Cao(D,G):= Image(a o) EF°,
Cu(D,G):=Image{a )G F"
2 T ENBEE Goppa 5, BIEE Goppa fFH &V .
T, FNOEEHRLTREBAFT LS.
REERATTOFTE, FERE, RABECHL TIROPEIN KL IID.

1 EnS#R(F)2A2EF0EBRM iz LT,
FEEEZa(Ca(DG))=n(C(DG))=nERETES.
Ca(DG)ECLDG)IREVWIIEANTET £ 2T (FRMERIZLS).
FThbb, k(Ca(D,G)+k(C(DG))=n, Ca(DG)=C.(DG)*TH 5.
iz k(Ca(D.G)) =1 (G-D)-i (G), k(C(DG))=! (G)-I (GD)THA.
B/AE#da o(Cal(DG)), da.o(C(DG))ITARXEHBT.
doin(Ca(D,G)) = minideg(B) | ¢ (G-B)-i (G)=1, 0SB =D, B € Div(R)}
2 min{deg(B) | { (G-B)-i (G)=1, B € Div(®)|
= deg(G)-2g+2,
dnia(C(D,G)) = minideg(C) | { (G-D+C)-{ (G-D)=1, 0SC=ED, C € Div(R)|
= min{deg(C) | { (G-D+C)-{ (G-D)=1, C € Div(R)]|
= n-deg(G)
Thas.
S 342, de(Ca(D.G)):= deg(G)-2g+2, dc(C(D,G)):= n-deg(G) %,
Goppa IEBTEERE L V9. 3FIZ 28-1 £ deg(G) 2 H T (G) = deg(G)-g+l, i (G)=0THh
A, 72, 0=deg(G)= n-1 251X (G-D)=0, {7 (G-D)= n+g-1-deg(G) TH 3.
¥, G=mP, 3¥4bbB, supp (G) = {P| DHFELHFEETHS. chir—gft
FHAFT EV ). LA, Goppa DREHEBFTOERETH A,

AhnoerEETHE, Thid, AREFEOHZ e (ZThiIZBRETHS) R
HaEss, ROBKLEHES [0, k, dmia] BEFSIMERLIZEEEREL TV,
* niIABSOREEYERICEAICRETE .
* kitn2k=1tHALKLKETEA.
* n—k+1=daan—k+1-—-g%=if77.

chhs, ARELHMEAEESNI L EFRAORYUNE S ZVREBAIFRSL AV
FEeEa b s,
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LALRIZTES, I XTEAERELEVWI EIZERITFEIZE 2L,

L (mP) #BAFILT A2 L(0P):=Ua-o"L(mP) 2 EBHLTHLENH S,
Fhilit, L{o P)REHRLETAT 71 Y REAROERFEXOB L RONIT LW,
ohE, RENEELTS.

UT, FEReE (F2bb, FRTRETFOEEOREEKIZTEN) £+5. %
B, ARERTRTELETHA.

FEoMAMROERESENR & L T Weierstrass DERIETE

Y’+a XY+asY=X’+a:X*+a«X+as, a.€F
2| H TV 5 [Silverman 1986]. Z 242, FORRIETETIW.

ZZTiE, T Weierstrass DEBHEMLUNELE LB I HIEZEEHIZ, »oBRIHEX
NABEL[ZH 1997] o LB T, UT, FREERERoLhLTA.

[(EZ1L][Zi 1992, =il - BF 1993] a, b 2La<bZI3EWIIRELEARMNA
Et5. CntE ROZEXXY)EFXYI2EHFBRET AT 71 v FHlIRE
C.OHMEME,

f(x.Y):=_.u=ai«-bi ai. . X'Y'
22720, @ ,€F, @0..%0, as. 0¥ 0&F5. 0

f(X.Y) = 0 % Weierstrass DT &G DE S & 61T,

Y *+ Zasvaieni 120, i31 @avmai=ty X' Y =X+ 2,500 020 @av-2i X,

e EFEERTNITLY. (a, b) = (2, 3) DELENM, Z &IZ Weierstrass DRI
BEOLNDTHA., /2, (a, b) = (2, 2g+1) D& 2iBHAMAOIRIER L
hd, —RICC.CHARICHLTROBENEHTE S,

[EE2][=ZiH1997] FEEI1OC."HRIXY) =012 L TRMEIILD.

(1) fXY)eFIXY]iX, FLEGBHTHAS.

(2) EMRBESER/LZ—GP=0:1:000H& (Z THEXIL) #6420, PRBUORE®R
¥, £, SPEFERBMNIOBLRZE5S,

(3) Flx,yl:=F[XY]/ (f(X)Y)) LEHR (x4 T) LLEOBMAETKE
B, Zoks, (x)e=2aP, (y)o=bP, Flx,y]CL(0 PSK=F(x.y)T®
B, 12L, L{9® P):=Un-a"L (mPHIPDATEYHOF LOHFHME (KDOTT)

DLETRET S,

(4) genus(fF(X,Y))=E (a—1) (b—-1) /2TH53.

72720, genus(F(X.Y)) IZ#IB f(X.Y) =0 DK ET A,

¥/, (a—1)(b—=1) /2=#|N\(aN+bN), NiZFaBEEKLENLETHS.
5) Ix'y'l0=£i, 02jLa—-1I2EERF(x.y]lDFREEMELTHERE
257, 86, FEOBAAREmICMLT, Ix'y' 1 0£i, 0j<a—-1, ai+
bjSmlRF[x.yINL{mP)OFRALZEME LTOEES LT,

b, Ix'y'10=i, 0£jsa—1, ai+bjsabliz—kMZT,
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ly*lUlx'y' | 0i, 0Sj<a—-1, ai+bjSabliR—RERTHAS.
SSKBANSEAPLE—RBERNf(x,y)=0TH 5.
(6) RDERGIIEMTHAS.
(a) f(XY)=0i2774PHdIHE LTHEERTHA.
bbb, 1F7LELT,
(F(XY), £x(XY), fv(XY)) = (1) =F[X.Y]
THA., =720, £x(XY), fo(XY)iIHRHLRBHTETS.
(b) Fl[x.y]l=L(p).
(c) gemus(f(XY))= (a—-1) (b—1) 72.0

(=& 3])[=i#1997]

K/F2RENIOEBP 242 LD EDBOREN | EHARMMBELT .
72, a, b225a<bi3EWIELBRROELTS.
T3S, akbAHICPOERMTEVETALE, K/FIIPEMHE—DOERBIELTET
74 VEFL,

f(X.Y):=Zaibzasvs; ai. i X'Y', ¢i.i€F, a0..F0, av.0F0
2. O

LLEAt, Weierstrass DR DT 7 4 Y PEICHITHIBTHAS. ZZTid (a, b),
2720, a, hid2=2a<bLAEWVIZELRERBROA, (TiEB LT Weierstrass NDFEHE
FriimLi.

Kiz, chzt (2 2) RE774 vEMECHETA. S22, BRE: (=2) *

BEL, (BOEEKOHA .= (a1, a2, -+ -, a.) €EZ-'IEBTS. 7273L, ged
lai, a2, +, ad=1%RETA.
<o T, da:=g.c.d!a|, az,** -+, ail, 18sit, da:=0&5Y(.

ZDEE, —FKIKROBEENFALNTVE,

(75 4]

#INN(a:N+a:N+ - - - +a N}is(l+2ia1'(di-1/di—-1)ai)/2
Thd, I, FENRIALTE1HOLETFRER,

TRTDi, 2s5istiC(LT,
a./di€(a./di-)N+(a/di-1 )N+ -+ - +(a.-1./d.-1)N

P TILTHE, 2B, t=20LEINRIEWOTLIENES. O

LT, B4 nESHRLEELBEL-TA = (2, a2, -+ -, ?.) €2Z.'% telescopic
ERFREFRR., T T, telescopic ERAR
A.= (a:, az, -+ -, a) €2Z-', gedla,, a:, - - -, a.d=1

RUEDOEETSH. 28, telescopic LIXfRGLW—EDOYESIX[=i 1997] 2 BB L.
N'DASNANDERY Y,
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¥ N'—N , ¥{(n, nz, -+ -, ndli=2.-1" ain.

TEHTS.

N'OV-REFEREXEF > %,

M=(m:, m2, -+, mJd, N=(ni,, n:, - - -, n.)EN"
LT,

M>.N#%,

YM)>W¥I(N), 4, v(M)=w(N)DE &I,

m:=ni:, ma2=nz, ", Mi-1=n,-1, m.<n:. CEHETA.

(51 (=il 19971 T(A.), B(A.), VIA)EN %,

T(AD):={(0, n2, - - -, nJEWPIXN*' | 0Ln.Ed.-:/di— 1,251,

B(A):=T(A)+NXlo}*"!,

V(A ):=1(0,---0d .-/ d 0. 0)EOl "' XNX{ol " | 2£isd
EEHRTA. 0

#T(AD)=a,, #V(A)=1tIl, B(AODNV(A)=@TH5. £7:, EM e B(A )i
Y(M)=¥(N) 22T N EN'OV-REFERAEF > MTIRNDOTTHY, ¥

D B(AINDOHBRIE B(A)JSN H»5 Image(¥)=a N+ a:N+ - - - +a NEN~
DERFEFEHL. £/, VIAD+N'=N'\B(A.)TH 5.
ST, X, X2, 0 -, X EERWXFEL
SFHARF [X]:=F[X., X2, ¢« +, X J2EZ5,
N=(ni, nz, - * -, nJ)ENISHLT
XP=Xx1"'X"' - X " ETB.

(E&6l[Zi#1997) (1AP26%2) EME VIANIIHLT,
fu(X):= XM+ Zuson nasan anXYEF[X], an€F

ETH. 72730, abMIZIRTEL, ZwennaaaniEM>e N2 B NEB(A,L),

Tabb, vIM2V¥(N)EBNEB(A)IIDRY,

YM=¥(N)ZANEBAJIKMLTean®0&¥5. 0O

HBUE, Weierstrass DRPFZERLTEM e V(A)IZHLT,
Fu(X):= XM+ Zmsen. varan avon v X "EF([X], avan-vmw EF
22720, ao*0 (ab MICEETA) &€&,

(EB71(Zi 1997) 6D 1 IO LIERFBREM(X)EF[X], ME V(A)IZ
ML TRARE b,

(1) 4770 (fu(X)EF[X]| M e V(AL CFI[XliZ, FIX]D&KRT1DE
AF7NME%T. Tabb, EEABRR (X)) EFIX], M € VAL, FLEGEED
L7714 MMy ERT A, T/, Zhid complete intersection % 2.

(2) ERESRAKE—EPOADLLEN, PREMOREE LY. 7, SPIEFL
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REMIOBEREES,
(3) Flx]:=F[X]l/ (fw(X)EF[X]1 M € V(ADI) *BHR (EhE2T)
ELEDOBHEEKEBS, SnkEi, K/Fi&full constant % | ERAMMEEL 2L
(x)e=2a.,P, 12181, F[x]JCSL(wP)SK=F(x)T®5. 727iL, L(e0oP):=
Uned"L(mP)EPOATEZFHE O FLOFHNY (KOX) O THRETS.
(4) genus(K/F)=(1+32..y'(d.-1/d.—1)a)/2TH5.
72721, genus(K/F): | ERREMBEK /FolimeT 5.
5) Ix%| N € BIAVNIREFRF[X|DFRABEME LToERE2T. 8612,
EFOBAEmMICEALT, Ix"I NeB(A), v(NNsml{ZF[x]NL(mP)DF#K
EMELTOEEE T,
B, EMeVANIIHLT, Ix¥I NEB(A), vINNSv(MHI—K#BI T,
xMUIxYI NeEB(A), Y(INVSEVY(MIR—KEBTH 5.
SEBRNAERE - RBAERXAN fu(x)=0TH5.
(6) ROZBRGIZEMETHAS.

(a) EEABR WX EF[X], M € VAT 71 yREBIAL L TIHEERT
5B, Thbt, AF7TVELT,

(fnX)EFIX]I I MEV(ANUIfuwx(X)EF[XI I MEV(A), 1£isd)

= (1) =FI[X]
Tha, 120, fux X E(X)DX UL BBROLERTETS.

(b) F[x]=L(eoP).

(c) genus(K/F)=(1+3i.:'(di-/di=1)a)/2. O

EEEEFER WX EF(X], M € V(A V- REFEFERBRE>IHFHET S
Grobner basis * 2 3. £/, £0afEIEB(A)THAE. O

Bl t=3, Ai=(4651¢T3. d1=4, d:2=2, d1=1TH5.

T(A)=1(000), (00.1), (010), (0ILDITH5.

CotENEFHFEX (WX EF[XYZ], M€ V(A =1(020), (002)1i,
Y*+aoX3+a1YZ+a:XY+asXZ+a:X*+asY+arZ+asX+ar:,
Z:+boXY+b i XZ+b:2X*+baY+bsZ+bsX+bio,

7272L, a0¥ 0, boF0D_DOTH 5.

SZi, BT oMt ¢ TERESICEITSRMT LOERAG 12371 THS. O

[Silverman 1986] Silverman,J. The Arithmetic of Elliptic Curves. Springer-Verlag, New York.
[Sifi 1992] ZlHER (H5FHLEDORKRBAFS )

BT AELLETE A VolJ75-A No.ll pp.1735-1745 1992

[Ziifi - #% 1993] S.Miura,N.Kamiya:'Geometric Goppa codes on some maximal curves and
their minimum distance'.in Proc.1993 [EEE Information Theory Workshop.Shizuoka Japan, June
4-8, 1993.pp.85-86.

[=ili 1997] ZliER MRERMIES(RVTERTORE) RUEX THEKA%E
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Laguerre Character Sums
il HE (LBKF)

1 Introduction.

qEARMp DRFLL . ¢BOTEHDOHMEE F, LB, F, OREBE F*. F, OREY
(niEe) RO £ 2 FY (FF) &B<. A,B,C,M,N,x €F} £¥5. 1 £/3el2& D FY O
frigie. ¢12& D quadratic EERERT I LICTE. EBON e X KHLTN(@O)=0&L.,

NENN=1IZXDEBETD. z € F IZ8L T Ao(z) = (% := exp (%T‘f&/p,(z)) EERT

B, MEF M #1THB. weF,zeF iCRLT “ro(2) := do(wz) EEHT S, YN eF}
THd. FROpel — (1} R u="2r(weF) LB 3. UTF. F,OTu2EEbLdME
HIL T Y cB<. FMC, RENEEN 26EOLNEEBLT Y L8<,

3 N

ET. BRAICBOTEER F, £O Gauss fl. Jacobi MIRENTH. M,N eFr IKHL T

G(N) =) N(u)(* (Gauss f1), J(M,N) =1 M(u)N(1 - u) (Jacobi fn)

EEBEEIND, —FH. HHMKD Gamma . Beta BEIZEhFR. RO S BMHZRRAM
HohTna,

du
u(l — u)

I(n) = /ooo u"e""%u- (Gamma B%), B(m,n)= /01 u™(l —u)" (Beta B4%)

Gauss i3 Gamma B33 . Jacobi i Beta BI% D . TRENERE LICBIT5HEIEZ>TH
%, £7-. Beta ¥ % Gamma ¥ EE->TH K

_ [(m)C(n)
ﬁ(mln) - F(m+n)
iextEL T, Jacobi #1% Gauss FIEH > THI LR
_GM)G(N) .
J(M,N)——G(MN) if MN #1

MAEISHh TS,

COESRBEMEEAFRELOERDOMOSELUEIZHFBL T, Evans [1] 13 Hermite .,
Legendre Hl. L T. Laguerre fl. 2 FNEFhHIET DHARMBOMI ZRIAMNS ROBRICER
L.

Hyp(z) = —r-,(—in—)-/om u'"e"‘z'zz“d—ug (Hermite £H )

1

Hy(z) := m Zﬁ(u)(“z+2‘" (Hermite i)

3

Po(x) = ﬁ/cu'"(l - 2zu + u'z)"%‘—il-‘ti (Legendre ZIA)
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Pu(z) := % Y N(u)$(1 - 221 + u?) (Legendre )

Li(z) = %/c (1 4+ u)%t"e —zu (Laguerre ZER)
L) = é Y N AN(1 +u)(™ (Laguerre )

Evans D& [1] TiX. NS5 D 3 5HIC Hermite MIC DN TOAERL B2 OQAXEESALTH
5. Greene [2] IZBREHEIIHEYT 5560 (BREAEHRM) 2ERL . Evans ERBOFRE
fTo 7, Sawabe (8] I3 Legendre FIDHEIUZ DV TERL Legendre & BRANSHRMOMEE R
L7, M. Laguerre IZ DT DHhDAKNBSNL, [7] RTINS 2BNT S,

Greene [3] IX AR IRRRITE SL(2,q) DHIHROTHIMT L L TERAMFEONBEAN DL
ERLE, TNEFERIC Laguerre A H B0 H D RADTIRF L THIABZ Mo 1=,
7l Th&v, ARBORRAOBHIHEEMAL T, Laguerre IICHT 2R E 51 2 D1
o B3 THRINSIIDOVTIERS,

2 Formulas of Laguerre Character Sums.
Z Z Tt Laguerre FIC DWW TON D2Hh OLRERBN T 3,
£9. xICHT3 oA (L) " OEBDY EF.F, - CIIHLT

D¥F(z):= W Y Nu)F(z-u) zeF,

ERHETBL (28)] nBHS (L) 2SOAR

Li(z) = I—n—!e (‘%) (z°*"e"*) Rodrigues formula (6, p.204(3)] ZXEL T

GM)A(z)¢™*
gN(-1)

A(I)C-:: N z
D" (ANG)) TH B, .

AR 1 z£0485 Liz) = DY (AN(z)¢*) TH 5.

HIZN#£1DEE Li(z) =

7 iLg(z)_-L"“(z) [6, p-203(11)] IZHIEL T
21 2 DYLA(z) = M(-1)L3¥(z) TH3. n

(1, Th.4.3] L ERICROAKAELD LD,

G(N)M(- 1)«‘1M(11:)Cz AN
L) T N=1DEE, N —cDEE, c=0DLE, BENFNRDIDOLRATEHEAS

hs,

KX 3 MN#1 55 DM (A(z)(*Li(2)) =

(z) TH5. =

L GAAGKT oy, .
q

AX 4 c#£0 5 L) =--+ p
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DR 5 Ly(-z) = A(-1)(*Ldg(z) TH5. .

AR 6 L) = (AP’JV) BB, LEL (;) = N‘q‘”J(A.N) 55,2 .

Laguerre B generating function tﬁ)lﬂer_j: = Z Lo(x)t" [6. p.202(4)] iTx&EL T
n=0

AR 7 t#£0,1 25 AN - = ZL (z)N(t) TH3. .

(@t 1) nz( +1) Lo(z) [4, p.90(4.24.3)] 1ZHIELT

n=0
N —1 7re o . _ 9 _J(. . a 4 .
DR 8 a#0,-1 25 ¢ _1A(a-|-1)ZV:N(a+1)LN(z) TH5 .
Greene I3 confluent hypergeometric function
a — F(b) ! ar]  s\b—a_zt dt
l1-"l(b|:,;)_1,(0)1,(1’_0)[0z(1 Oty (6 P124(9)
IZ5HL T confluent hypergeometric sum Z XDOBRIZEHEL /.
A — — A1 — -zt =
.F.( B z) .= e(z)AB( l)zt:A(t)BA(l )T [3, (5.20))
Li(z) = (1+a)anl (H" x) [6, p.200(1)] I<HHEL T

AR z£0 B L )_¥1Fl(

z) THB, ]

Lo+ (2 4 y) = ZL (z)Lh_n(y) (6, p.209(3)] IZXEEL T

m=0
2% 10 L%z +y) = ——ZL"(I)L 7y} TH3, =
Li(zy) = Z (Ltak .\ n-mympa a(z) [6,p.209(5)] ICHIELT
y Q1+ a)mn-—m) Y ' P

m=0
B 11 AN # Loy #0 725

A\ q G(AN)
Liy(zy) = 7—1 AZ! G(AM)G(NM)

NM(1 - y)M(y) Ly ()

+N(y) LY () + %E(xy).wu -NG(A)  THB. »
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3 Matrix elements of the representation p of G.
FR—-RARBE GLS,q) DB G ERDLIIZLE S,

1l a b
G:=(g= c d @ b,de;‘:
1 cEr

V%F, LOBESANEEEDRZTXI MVEMEL. VICBIT5REE f,f e VIZNHLT

(.0) = g T 1@

2€F,

EREDB. (SUFFRV OEREXBETHB. LEL

. [ VITT z=00&%)
5(2)‘{ 0 (z#400&%) TH2.

xEF L u="2eF - (Y weF) %L, GOV DAL

1 a b
9= c d |eG feV,zeFItMLT
1

(9-f)(2) := x(c)u(b + dz2)f(a + cz)

EEDB, IOEMIIKD V OERALZEE (5} UF ICBITATHIRERE p=p(x.u) LT 5. p
TR TH 2. ge GIZHL T

plg) = ( Xx(g) | YE*(g) )
Z5(9) | WEE(9) | b cess

EEBL, CDEERDEBNKD LD,

EE 1 (1) XX¥*(g) =x(cl)u(b)5(a)
(2) Y¢H*9) = ‘/q_—lx(C)u(b)C(a)

® 250 = <o—pxtom (0- %) B(-2)

q —= B¢ { wad
L xXOUOBC@BOLE (“2) (e#00LE)

(4) W59 =9 L (o)ud)Clc)BT(wd)G(BC) (a=0,d#0DEE)

q—-1
L x(c)u(b)C(c)ép.c (a=0, d=0D&E)
e _ 1 (B=C®té‘) "
=L 63_0—{0 (B#C@&é’) THh. =
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EE2GCLEVERELT, BG, EXTPIVER YV, 2RDOIICE S,

1 a ... Qn b
(o] d[
Gn= : SCGLin+2,q), Vo={f:Fgx---xF, —C}.
L —
Ca dn » {#
1
Gn DV, ~"DHER. V, 0N, BE. 2 LEFARICBRICSZDE. BB (1) OB | RiIHE

X1, Laguerre NORAEDIS,
—fIZ, TARBORPIZHL TROBENASN TS,
WP 3 GCEEBOARE. pEC O ROBEMITHRREL . geGIZHLT
o(9) = (rij(g<ijen EBL<EE, ROWERMNLAUT B,

Z rij(g~ Yrulg) = l% itk |
9€G

COMBEEER] 2 ->T. Laguerre IZ{THROLNREH S,

%4 L)L) = %ABH) TH5. n
L€,
/RO BED LD,
BBSgeG.f,f eVIZHLT. (g.f.9.f) = {f.f) TH 5. n
NEEBL Z2HE>TROLKEE S,
2 - —_
%6 — > LiC(2)LBC(z) = 8.8 - —1—.43(-1) TH5B, n
(q-1)* & g-—1
CeFy
LK

(1] R. Evans, Hermite character sums, Pacific J. Math. 122(1986), 357-390.
(2] J. Greene, Hypergeometric functions over finite fields, Trans. A MS 301(1987), 77-101.

[3] J. Greene, Hypergeometric functions over finite fields and representations of SL(2, q), Rocky
Mountain J. Math., 23(1993), 547-568.

(4] N. Lebedev, Special Functions and Their Applications. Dover, N.Y., 1972,

[5] R. Lidl and H. Niederreiter, Finite Fields, Addison-Wesley, Reading, Mass., 1983.
(6] E. Rainville, Special Functions, Macmillan, New York, 1960.

[7] N. Saito, Laguerre Character Sumns, preprint.

[8] Y. Sawabe, Legendre character sums, Hiroshima Math. J. 22(1992), 15-22.
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Possibility of dividing strongly regular graphs
into two hyperplanes

Makiko Watanabe

Graduate school of Mathematics IKyushu University

1 Problem and the Motivation

Some colerent configuration has the structure that its embedding on concentric
spheres satisfies the following conditions: (1) its embedding is on two concentric
spheres and (2) on each sphere. it forms a strougly regular graph and for each
point on a splere, inner product with any point outside of the sphere has only
two values.

Hence, it would be interesting to study strongly regular graphs related to
condition (2) above. We state the problem as follows:

(*) For a given strongly regular graph, in an embedding (in some case in a
Euclidean space of smaller dimension), find a vector with which the inner
product has exactly two values.

We have partial results for this probtem.

2 Some consequence for *

Definition 1 [Strougly regular graph (SRG)]

A strongly regular graph I' is a connected regular graph (any vertex has the
same number of adjacent vertices) with a property that for any two vertices z, y
of T', the number of vertices which are adjacent to both of z and y depends only
on whether z and y are adjacent or not, not ou the choice of z and y.

Definition 2 [Johnson Scheme] For given numbers v,d, (d < v/2), let S
{1,2,...,v}, X = {T C S| |T| = d}, and define the relation on X as R;
{ (T],Tz) € X xX | |T1 N =d- i}. Then X = (.Y,{R,‘}.‘=o'1.___d) is a

symmetric association scheme and we call it Johnson Scheme J{v, d).

Definition 3 [ Hamiing Scheme ]

Let F = {1,2,...,4},and X = FY. For z,yin X, where x = (x(,23,- -, zq)
and y = (¥1, 42, * »ya), we define Hamming distance as é(z, y) = #{j|<; # y; }-
Define relatious on X as R; = {(+.y) € X x X | 6(x.y) = i}, Then X =
(X, {Ri}o<i<a) is a symmetric association scheme, Humming scheme H(d, ).

— 12—



Some association scheme with 2 classes are strongly regular graphs. The
vertices of the graph are the points of X and {z, y} is an edge if (z,y) € R,.

From now on, denote X to be the vertex set of the graph, A; the adjacency
matrix, and £; the primitive idempotent of the adjacency algebra.

Theorem 1 1. For J(v,2), when the graph becomes a SRG, all the vectors
such that the innerproduct of the vector and each point of the graph has
ezactly two values can be written as Y rex; E12, where X is the 2-subset
which includes i.

2. For H(2,q), when the graph becomes an SRG, all the vectors such that
the innerproduct of the vector and each point of the graph has ecractly

two values can be writlen as ZrEX‘.-” E\z where xW = {reX]|z=
(J:l,:lig).l'j = r}'
(Sketch of proof.)
Pick up a set of linearly independent vectors £y z,,..., Eyuy,—. Write the
vector that satisfies (*) as a linear combination of the above set of vectors. Then
thie inner product of the vector and the representatives of the graph has only

two values. Solving this. we get the above vectors in Theorem 1. The important
point here is to choose a good set of linearly independent vectors.

Remark
In general, for J(v,d). let X; be the collection of d-set of S which includes i
in it, and let u = Zze.\'.- E z. Then this vector divides the vertex set into two

hyperplanes. And also for H(d, q), let XY = {reX|c=(21....,2q).2; =1}

a9 = zze.\"-” Eyz. Then for the subset S C F (S # F), X ,es u! for 1 <
i < d divides the points X into two hyperplanes.

For J(8,2), there are three graphs which have the same parameters. These
graphs are called Chang graphs.

Theorem 2 Any Chang graph has no division of graph which satisfies (*).

The above theorem says that (*) cannot be proved by parametrical condition.
Now let us see a few other examples.

Definition 4 [Grassmann grapl|
Let F be an arbitrary field. V" a n-dim vector space over F, [ Z ] be linear

subspaces of V of dimension d.
,

The Grassmann graph is the graph whose vertex set X = [ tl ] , and adja-

cency is defined as y ~§ & dimyNé=d - 1.

Let F = GF(q).
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In general, for Grassmaun graph on X = ‘{; , fix a 1-dimensional vector

win V,and let Xy = {v € X[v € v}. Thenv =Y
divides the vertices of this graph into 2 hyperplanes.
We have some other examples on SRG’s which have division satisfying (*).
All the cases turned out that the vector which satisfies (*) is written as a sum
of the points of the graph which have the same innerproduct with the vector.
Therefore, the next theorem is a very natural description about (*).

vEXy E\v is a vector that

Theorem 3 Let T be ¢ SRG and X be a vertex set. Then the following state-
meunts are equivalent

1. Let X, be u subset of X, and Xy = X = X,. Then the value of innerprod-
uct of Z:ex. E\z and the point of the yraph is determined according lo
whether the point belongs to X, or X,.

2. (a) For any point x in X,, a number of points which are adjacent to z
within X, is constant.

(b) For any point x in X», ¢ number of points which are adjacent to
within X, is constant.

3. X s a I-design or I-antidesign.

Remark

The above theorem does not prove every case of (*). The remaining problem
is: Can all the vectors which make a division of the graph be described as a
sum of some points of the graph?
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Higher Dimensional Dual Hyperovals

Satoshi Yoshiara (EF7t &)
Division of Mathematical Sciences
Osaka Kyoiku University

CDEFIERAKFIFEHTI998F£6H 2 4 HIITbNIcHBEDOREDIZITERL
BRTH0 AHOKWALBImMEE L7z, ARIZ. ZRIBROBAENFERATIS
EEN/@INA (hyperoval) &) HHEHESDBRTRD —D>DERLEEANAL. £
NS EROHF LOHFRMNRE LTHBHEZE S L HDOTH I LI FROHRBE.
BR DL P Del Fra OHAPWORMEBE L TITHIHTH 5,

T q i3RBO~EEET, etk F, LD n+ 1 KTX7 PNVEMV D 1,23,...,0
RSP EMOLEICATHREZEI HbELHRE F, LD n RETHEEM ERT
PG(V) 33 PG(n,q) £EL, V D i-RTDESEM%E PG(n.q) DHBRERIE
FITR i -1 () RCOHWFEMEN, FZ0.1.2. n - | RTOHFZEMES. H
B, Fi. BFHEN D, BT, LITHICHSAIRD . RITEE L EEITRIHE
RITEE®RT B,

BRITTORXBIPF-EH & B

#HE®D hyperoval F, LOSEFE PG(2,q) D q+2 S o8 B4 O X hyperovel(
JIRETHRT~ED) ERTNZDIiL.

(P) O DEDHERIES 3 S2WM-ThH. ThoXliBTIERUIFEL
g AN

2ETHot, ZOBEESD dual (SEESERIIBAITHoNIME) 2EZ L, £
NIZHEET PG(2,9) PD q+ 2 XOEHZM STEBME O T

(P*) O DEDHERIES IEREM->TH, TN LI —ATREDSIL

LI HDDWTH B, ZHid dual hyperoval EFRITN 3B,

ROWEIIHROMRITRE S, (HEFH PG(2.q) D SHRE O HEDHR (P)
EWITHESIET |0 S q+2 THD. g M2 DRETHELEE HDOEDHKFITREHST
Ol = q+2 ZWIcTHE O BNEFEET B.] #->T ¢ BATFEBOREDEE (P) ZH
TEMRE O II” g+ | SLOEAEBECH |0 =g+ | ZlTTHE O BKRD LS
IZEN 3, —ROFEBANE ¢ I8 UTHEFRE PCG(2.q) FTERMLLE_RBHANOE
HED2K (conic £V)) EEZ AT, 2hiz g+ | D3 “I8 GEKOEFET
HIADMWMETH 558, HmH EROMRE LD EM—HFTIUIIIRTH S) 241
L. Lo (P) ZMilcd, S ¢ BEFRHENREDEFITIZ. 250 bDUIFEL
I DED Mg HHFEBREDE XL, (P) 2T g+ 1 L3 EDEN
b, YL —REBFINOFELESELTHONSE] £ ) DHHEZIS Segre a)ﬁ&'c
$H3B, ZHULF LD ZRIBBDE LB EIENRF T TH 5,
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—FhH. g R 2 DNEDEERJIEFIIMBTIIN, —RIZ (P) 2#/2T 9+ 1 E0
#£4 O HHniT (FIA W conic ). EDEFLHICHIFSEREMAE N DT NTHSH
BIMD & (nucleus EFRIEN D) 2FBT AWHATREN. O IZ€D nucleus ZHEH
DO R (P) 2872 F q+2 SORATHAIWITRENS, ENTIT LD Segre D
FHOILER (TXTOD hyperoval O IZH LT, €2 o) £ —g&ik&diwid. ®Y
D q+1 Fid conic IZ783 | RO IIHOHEHFHTEE, —RITIE I TIIEL, €9
8> TABEXIZIT O (T classical (784 UIiZ regular) &5,

L LSS, BIIRNE, ZRERBESLHEVHIBEHEA (HAHORRLIHN) OF
SHWAITED nucleus ZFEMUIBDTHLAPIRTCRE D, £ITL classical TR
hyperoval 2R 233 &) HERBERBEAKICMT I HRE LOYROMBICAE S
N3, SOMED S, TELTH-X IS Y TORRELFOIZ. HEBRERAOTHRE
SBERTORBDO—EILP. ARBFIOBESETTWICAC I EREN ST, e
BHRNREIN TS, TDLIICUTIEBEZRMBOF SMWEDIIRITIE SR &
5 12O L. Segre DL FD o FAF VT U7z b D DIBIZFIEHR DI D EESRFFI DAL
T3, ([Thl] 88) 727ZL. hyperoval 25X 2 BMABEADOHIL. L THHH
BB EFBAISN,

BRTAADEE LITRBLIZLDIZ. TD hyperoval &) BEDERT~D—RR
{tTH B, (FEBRIZIZ. hyperoval £V HED dual £EX - FHERMLL B DT dual
hyperoval DERTTIEEEZB.) HSWFL TS DT, LILD Segre DEHDH%E
R P, classical ICHETAHRDORR. £ L T, non-classical LFDFRFIDHEK (F
RITIEDTHAEAMER L FIICHRL D) FTHB. E_ORBEIIONTIZ. BTENT
5 Translation dual hyperovals 28 ¢ =2 DB SDENTHH LB > T B, HIZ. BK
Teib T AWiZ Lk » T MHD hyperoval IZBT AHRICHFI- LR SERGTENIL
HOBUTHB, EHOHRLTAHASE. FHEABVHRTHE L. 4DEZA. B
EFABHIEL TH—EBOREDNBoNB L IFE (RE?) bHb, HFEOBN%E
2L,

DTiZR~ B BAEAUTONI-DIZBHTHRE (1 99 7THEDKEE. Pasini iZL5 b
DERDLND) ODWTHEH. TOREL >7-DIT. HEITLD EGQ (extended sual
generalized quadrangles) &FEIN 5 H 3 RAMEDWBRIIOMKTH 5. (EGQ ¢
I BEIE. ZOAOEBEEEITIT [Yo2] 2BEINZL,) TheD EGQ i 3
RTCHEZEM PG(5,q) (72720 q=2°) FDOHAUHERD q+ 3 BOF@MOK Y »
5. EDT 7 4 YK GRATO—DODEBNFER) L LTHMETES, COLHITFE
ik Y OMEIIIEE DS Veronese EHEALTEZ [Yol]| . Thas [Th2] 4% Klein ¥i&%
AWTEA I, (ZOZO0MEAE CFEELEA 5012, BllL THSHh BllHD
hyperoval %% classical T3 3 & & LA 734 [Yol] o) T DRI

EDAIIR—THAEAREDED - HOXEDLNEEZTH, ThizdTHh3

ENSIHREF->T D, TEIZ q=2° = 4 DEXITHMEL- Y H. BITK&E
(P +q+2=22 HOEmMDOS7E5) M TRILHELZFHFDHDIZETNIPFLERR

—116—



L. Ldd GL(6,q) DIET M 22 ELTHROLOFBOLITHELEZISE. 2hiz
M EiZ 22 Ik Mathieu %3 ERZFZ L 2BE L7,

LOBHERH>HEEMD (EEENIZRITD) BFEMOEEFE—RIIZER I RAHD
FhoEXNIZDAE higer dimensional dual arc (FRFTTDOIHM) & HRETH .
ZORHNEHELE LTEBDEMTSH S higher dimensional dual hyperovals (F&RTD
OB BRSNS,

B (BRTORAM) HIRE GF(q) LD m RITHEZZEM PG(m,q) D d- (4F8)
RICEHBHEMDER S H¢ d-dimensional dual arc in PG(m.q) THB EiF. RD 4 R
WS NIPEF ),

(a) PG(m.q) DEDFIIXHLTH., ENEITL S DA /3—13H~2 2 BTHS, #
EThiE. SOMRLEIDIMBOA /X=X Y, ZiZ20 T, 2RiZ XNYNZ =0
ThHb,

(b) S DIERES 2 WD A L5— X.¥V il XNY ZBEETH 3,

() SDEDA /"= X 20 ThH, THEMDA - EDRbYEZEINE. £
DeEIE X 2EKT 3, X =(XNnY | Y eS\{X})

(dy § DA X—=24&iZ PG(m,q) 2EKT 5, PG(m.q)=(X | X €S§)

FEELDIIRE (a),(b) THY. (c) IZHBIITSH 5. (a)(b),(c) e hhid S
INEEM (X | Xe€8)=PG(m'.q) (m'<m)il®itd dual arc 2737

SDA =X Z—DW-TEHETEE. S-{X} DEA /=Y IZHLT XNY
3% (b) 05 X LOMHESETHIH, #iZ X LOHESE P 25X /2&&. XnY =P
ZHWIT SDANR=YITHRE () I2LDE~ | BFEET S, #->T. ROAFRE
85, ESHIKIULTHDIE. X LOEFOPES PIiIZ20ThH. XNY =P 2&IT S
DAR=Y BTE | BEETHIEETHD. DOEDERIRS,

SIS +¢* "+ + 1)+ L.

COARFENTESNKILT A48T S % dual hyperoval &R, BAFETHIL.

% (BRTORMPE) HBIK GF(q) LD m RTTHELEM PG(m,q) D d-RiTH
SEMDEE S H¢ d-dimensional dual hyperoval in PG(m,q) TH 3 &iE. IRD 3 KRikH
ﬁﬁf:éh%lﬂ’&g’)o

(') PG(m,q) DEDHITHLTH. TRESL S DA »5—(2 0 WH 2 WTH 3.
(b) S DHERES 2 WD A Lri— XV IZHL X NY EHESTH 3,
() S DA /R—=24KIE PG{m.q) 2T B, PC(my)=(X | Y &8)
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dual hyperoval IZ& Tid. dual arc DFEE (c) FEBHOICH SN T AYICEES
iz,

ZDRE (BKRITTD) dual hyperoval EFFEIDIE d =1 DEEIZIZ. BENMZIBER
@ dual hyperoval DL E—HKTH0OTHS ERIZ. d=1ELTSDREB =D
DA = XY ZEBB, ZDEE S - {X.Y} DEFED A /35— Z 1T l-subspace ($
KHS) THEADL. Z20HES XNZ EYNZitkh&ERSN, 82 Z C (X,Y)
THB. #->T & (d) 25 PG(m,q) = (S) =(X.Y) THH. m=2 &5, L
by CDEE S IHEFEHE PG(2,q) FD (g+1)+ 1 = ¢+ 2 ZOHEHEHKDMAST.
EDHIBDEDRIEE I EL—ETRDEILIINEN (RE (2°) BS). £HBHDT
$ 5. £~ T l-dimensional dual hyperoval S 2. S ELFEPDEE D hyperoval 2
OIS BHIZd=1 DEXITR ¢ M2 DRETHEIENERETNS,

BRTTRXBIP R D — eIt B
ST bFEEBNII I ETH BN KTRICERT 5,

BE1 PG(m,q) D d-RiTEBIZEMOHE S ¢ d-dimensional dual hyperoval TH 5
BOLEN DI IERMEIE. dual arc DFEY: (a),(b).(d) R (S| =¢ + - +q+2 D
1-Ehasl&THh3B,

m & d OBMIZDNTIE, D& A ROMHAER LI SN TN,

BE2-m OLB (Del Fra [DF], 1998) PG(m.q) FD d-RITIH BINBIHTELET
nig

(x) m<2d+ Tl igt

m<2d+TC) i THBEILIFRDES ICHBLZADN D, m £ 2+ T4} ig? T
H5 I EDEWHIZM LTI [DF, Prop. 2. 3] 288,

S % PG(m,q) PO d-RFTATBINR LT 5, F1HDIZ PG(m, q) i3S D ¢+ +q+2
BDA =2 EF>TL ABEERNUL, D ri=¢* '+ +q+2 AD A /3~
Xty oo Xp ICE->TEBRINAYNIEET S : ZE. o HERT A 4EHIEME
Ui=(X1,...,X,) ET5, SDX,, ... X, BERIEBEZTDA 75— X ZH LT,
X0X;(i=1,....r) &I r BORIEBEN XNV ITAB, &I AT -RTHEZEMN X
DEFEM XNU DIRITHS (d—1)-RIELLTE S, &L ¢+ +1 (< r) LIESH
DT XNU=XTFTEbbXCU THb, #-TPGm,q)=(X | Xe&)=U
&3,

T, EFSD2MD A 35— Xy, Xo DERTBEM U, = (X, X2) DHEKRT
2. XN Xy XRHEETHEIMS, diml, =2d THB, JJIZB=D A 73— X3 %
FHFIMATEEEINBZEMN Uy := (X, X, X3) OHERTIE

dim{; = dim U, + dim X3 - dim(U, N X3)
_<_ dil’ll U.) + d - di"l (.Y] n .\’3, .Yg N .\’3) = 2d + (l -1
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ERBEIND, S THHEM U,N X; DRFTETHSHET 3120, OEMIzE
N5 2 WOHEE X, N Xs, X; 0 Xz DERT 2 WAZEM 5 = (X, N X, X2 Xa) IS
MERA TN B, SHIZHSHMHBERTH S, FBRIC Uy = (X.,..., X)) OKTH

dim Uy = dim Us + dim X, — dim(U5 0 X,)
<dimUs +d — dim (X, 0 X, X2 N X4, X3 N Xy) < dimUs +d — 1

EFMEND, CCTHAFEQ U;N X, ODRITETHOFMIT 2720, COEMICEE
h3IBEOHESE X;iNnX,(i=1,...,3) DERTBHFEM [, .= (X; 0 Xy|i =1,2,3)
IZREMZ THBDREH., [, ORERTRKEE | THEIDOT. KREOFHERI G SN 3,

COEIITLTHRIFITCEI L j<qg+2ETR [ =(XinX;li=1,...,7-1)
1282 ¢+ | HOFESTERZINTE306, ZORTTIIHB | THI . ¢+3 i<
BE [4313q+2 SXBLOT. ZORTIIKIE 2 £7453, ¢g+3<j<¢d +q+2
KHBEOTIRAEBNZ dim([;) 2 2 EWHRBIFEE. RIZF +q+3IKEBE [y i
F+q+2 EX2ELDT. TORTIIMES 4D, @ +q+3<i<P+P +q+3 i
BTz dim(/;) 23 LFlIh 3,

U EDPAETFIZ N T FMER

dim(U;) < dim(U;_,) + d — dim(/,)
Zj=2hmh0¢ %+ +q+2=r FTMA DRI, U. = PG(m,q) TH-7D
5. m% qd CEMT AR (LD () TESETAKEHD) 2Eoh3,
R 1 ZOLI («) ZbLBEDHDITHESE,

q DEFITONT #BHED dual hyperoval WEETEDIL g X2 OREDEZITR S
hTHcd BREOHBEIRILEINT7LENHI & FDEIA ROBERLIFN T
e (BERGBEDOL IV LANMNERIZDNTIE [DF] B8,)

WE 3.1 (Del Fra [DF], 1998) d £ & MET 3. PG(m,q) PD d-IRITHH BIRRIHEE
TETHIZ, 122 DRETH 3B,

$K 3.2 (Del Fra [DF] & Cooperstein-Thas [CT], 1998) PG(2d,q) FD d-RTIt
HIIMHEET N, g2 2 DRETHS,

SITIIPWE 3.1 OEBFERRE, d =1 B oiE. cHEBLASN T3
S5.d>1 ELTENG S % PG(m,q) FO d-KTOBIPR LT B, (FUBHIT. d
DIEREICHBFEARDOIPRIZEFT L L 9.

SDEDA =B EEL PG(m,q) DBFMAEET 3,

EWE. PG(m,q) D—>D d RTHHEM X it LT X 2ELBEEOMEL. T
Ky M VER GF(q)™ [GF(q)*! D m RITHAHEMDLH (qm4 - 1)/(q— 1) 12%L
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Vo EZTSDAUN—THBdRTHAEM X; (i=1,...,¢% +---+¢q+2) DEH
DESUHEEEOMBIT. Br (g™ 4—1)/(g=1) x(¢?+ - +q+2) BTHBH. il
THEICED. ZHIZBEMOBH (¢™ - 1)/(g-1) EDEIT/NZOIFHFDI B, #-
T S DEDA /- BERBEMOFEET 5,

ZZTU % PG(m,q) DBFMEMT. TNXTD X €eSiITHLT X QU 2Mir-Tdo&
U.BET 3. THEHXeSIKHLT XNU 13 X OBFEEO S (d-1)-RITHHZE
MTHI. LB XAY eSHuiT (XNU)#(YNU) THB, (EFFB. XNnU=YNU
o, (d-1)-REHGZEM XNV BHES XNY E8Eh50TId<1 &G0 K
BICRT 3.) BI TS ={XNU | XeS} 2EXBEL |S=|S|=q+---+q+2
ThHb, Lrd. S HBWHIPBTH I3 6. RO ILHTPHF (HEETE S, (22
ETH d DBITFMFRLERIALT B.)

S'"13 PG(m - 1,q) FO (d - 1)-RTD “F'BUHIPR TH 5. 3§78 5.
S' & PG(m—1,q) FD (d - 1)-RABRFZEMOETH » TREMIZT. (B
1 OBV APROER L~ K)

(a’) PG(m,q) DEDHITHLTH. ThEEEL S DA L/5—i3 0 B 2
BTH5,

(b)) &' DED 2 BOHRES A L/ <i—DXH D b, HEELELIZERS
TH5.

d) (X | X €8) = PG(m—1,q) TH 3,

BT S DHRIEBZZDDAN—DEDLY (UNXNY)(X#YeS) &ELTHS
hAFHESOBYEMEST S, S DFEA//S=UNXIZDONWT, £0ESEHELD
S -{UNX} DA /R—=UNY PP —DFET S, (EE. UNX OFE%XBS
EI3RLY €S —{X} HIRE—2FELTUNY €S THB,) #-T. LDL5H
EaOEHMIT

|Uxares (UNXNY) =S¢+ +q+1)/2
TH3,

SITEHT dBFYHIEELCIBREEEI. THEL ¢DBFTEST. (¢ P+ +
g+1) BHFHTH B, #¥-T. LORLS 213 |S|=|S|=¢ +-- +q+2 %KD 3,
WoT. q BEYTETNIELSIE (—RIS ¢+ +q+ 113 g DFMTHBD g
HUBET | BB SITTFH. q FEMT BFHOLEDAHEHTH3,)

BREGESICHELZE N IWIRBTELITH A I, £72. IV LEBRT H5HS
HEEITHEENHIRUTHUEATHAH, WK 3.2 DIERFIZDTII [DF] 2Roh
AN

BT, LOHEERD EHRTROMME LB, ZhidE@ReIoBInRIZ 833
EMBO—DTH 53,

RIRH 2 d 2B, ¢ EHRMONRE LTS LEE PG(m,q) PO d-IRFTI BIRRIAIFE
TAEN? TOIIEHEMKT BN EFELRYE,
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BRIERSBIVTDFI & 3 BDOR A
UTFd>1 £33, KiERHBLOMIMSNTEL,

#1 1 (Cooperstein-Thas [CT], 1998) 4 XTD d 22t T PG(2d,2) FD d-IRFTI
BIRNTFET 5,

Z T EARRSER DHBA (3 < B¢, HBkDH 3 Al [DF, 1.2] 28t 5D T,
ZThEBROI &L, BELYI. Zofid I PG(2d,2) FD d-RITWHBIIE S TH-
T. BOED A v_—2bBERLNE S PG(2d,2) DHEEREH—DD (d - 1)-
RIEBREMELT ] EOHIBFRIZLOBRIITOhE. E0HETHS,

—fRIZT PG(m,q) FD d-RTTBIBE S DENHIDA VN~ IIETENIHEEDOHE
it

[Uxgres (XOY)| = IS|(IS]-1)/2 = (¢* +¢* ' +- - +q+2)((¢* +¢* " + - +q+1)/2

TEXoN 3, (WIOEE 3.1 OIEAFDOBEESBRE,) ¢ =2 D& FiTI2 2% +2%! +
e+ 241 =29 ] DS, O

l Uxgyes (Xn Y)| = 24(2d+1 ~1)

&E18%, €I T PG(2d,2) FD d-RTIGHBIRD ED A /38—l BENLTNEHNL
PG(2d,2) DR SDBEUT (224+- - +1)=(29(2911 —1) = (2041 _])— (2241 _24) = 29
E18B. ZOFERITI. PG(2d,2) FDOEAN d-RITWXATBIFRIIZOVTH, ZDLH S
HESDLEN—DD (d- 1)-RuEBIZEMELLTHELHAFZE S,

KERIZE 573> T ASHIL Del Fra itk hHENSH S/, ([DF, Prop. 3. 1)) #-T.
Z @D Del Fra OFER & Cooperstei-Thas DRIDOFEF T 2H NI, I PG(24,2) F
D d-RITTHABIPRY (33X T Copperstein-Thas DMEEIZE DMK ZIHE] L5
EKHRDIL->T 3B,

B2 H1ETERNIZ PG(5,4) PO 2-RiLHFEMDIE M 13 PG(5,4) PD 2-R7TIxS
BIETH S, Lrdb. 22 TEELRLIIC Aut(M) := {0 € Aui(PG(5,4)) | M? =
M} i3 22 BDO M DA X— EIZ 22 R Mathieu BBZF(SEI L. #-> TZE[BIC
fER LT3,

S, PG(m,q) T d-RENFHEIH S T. 20 LIZHEFBR Aul(S) = {o €
Aut(PG(m,q)) | S* = S} H_Ea[BIZEAT 5 &L 510 b DL, Huybrechts & Pasini 2
LOHMENT B [HP)(1998): R EERIEL. TDEIEHDEHAETHI(d> 1 &
LI &IITHEER q =2 THAD. Au(S) Fi< Singer cycle GL(¢™) #% normal subgroup
ELTEEND D, TS KEDH 2D M IZ—HT D, DENNTH S,

CORERIT. ETRTHARESVCEBCRARLEREO LS EHAKRIITD dual hyperoval
MHHFTEZBDIE q=2(L qg=4)IZROND I &LEFRT, COFEROHRIEPIT. K
SIEBOSH (CHITHREMBEDS M ELE LT S) & flag-transitive linear space D
S (CHAHHRUEROSFELEET D) ZUHHoFXAMITHANTNS, 5D
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LSWERLIME oL THRND S, SEERNZSREHICAWTE ) ITNYG
HHEZEXSHD L. B4 RERTEZAHELLEUEENSH D, @IEVLEASD AN,

. BROREEMITICSR 0O HERNB ON TNV S,

—-21Z Del Fra {2 & % 2-IRITTHBINRIDFFHDORATH 5 : PG(m, q) PIZ 2-RT
BRI FEETNUI. m =4 £/2125 THD. g3 2 D& TH 5, [DF. Prop. 4. 1,
4. 3| HiZ q=2 LREL/I:EE. PG(4,2) FD 2-RIEWHBIIBIRBEZERT 2 @
FEL. PG(5,2) 9O 2-RITIBINE H FRERT 2 BFET 5, [DF, Theo. 1,
2] lEiZ ¢ =4 D& EFITITRDEBFIRIRM (Property (T)) 285729 PG(5,4) FD 2-RT
WxBYARIIE. eDBl 2 D M IZERE/N S, [DF, Theo. 3] Z 2T d-IRTTRXFBIRRY
S D% Property (T) %73 &i2. SOED JHDHAREZ A X=X ,Y,Z #W-TH
(X,Y)NZ HHEERELEEIEET S,

$ 9 —2i2 Huybrechts ik 3 Property (T) %2iE7- 9 d-RITTXHBIIRUI T 54
£ [Hu] ©. £hit PG(m,q) FIZ Property (T) 2¥7- 9 2-RTHBIBRNEFEET
Nid g=2FRI24 &S HBDTH B, 5T £D Del Fra OFFFERERS &
PG(m,q) FD Property (T) Z#/cd 2-RuuHBIIRIT PG(5,2) Hic—D2 (it
®TES S ICRAB) . PG(5,4) FiT—2 (M ERAB) B &S HERIZE S,

BT BIPR OH L L6l

SE4F2TEEBELH, 5.& ¢=21T¥TF 3 dual hyperoval 2fE->TH LS &
B 7ML, FHEIZHEE DS BIT PG(2d + 1,2) PO d-RITEBIBRI D KR
FINERNET I EHMER, £20H%. TOEHCRIRE - FIRBRSEERLTA5E (2
NS —OBEESEHMEBIZODVWTREALGICHBARBBTIIL I, SFESITR
RTE/oDT, JIICHET S, FHISOVTIE [Yo3] 2R ohfcly,

IR THER2EES T, REMEICOOT =28 > T B NH - 7o, ThizgkrL s,

FLEOHADIEPDRIZIZ, FREWL bDAH S I & Pasini iZX DigfiEhicd, RET
BEDGNDPTRDOELLTRICHRB EN,

5 A2 BRSSO TS L o L S MESCL.GER -» T2 SHERELE LT O
Del Fra &\ 5 A 23 BICZORDOBRITHLTEBRKEOY I TRELLE, ABREOR
ROIDOFHIREEEZ TN Kantor K. 7 A 5 BRE®D preprint XHEE L THMICH
723 notes 3% » T 117z Pasini BRFOIFRITE BRI L 22,

A (Yoshiara, May 2, 1998) ¢ =2¢ & L. q Tk GF(q) 2 GF(2) LD e-KRTX7 b
NVEERS, GF(q) DEDXDLEE

V:={(z,y) | z.y € GF(q)}

EBE. Zh%E GF(2) LD 2e RITRT MNWEMERS, e EEWIRTHAEH m,
1<m<e-1 ZMOEET S, & (a,b) e VIZHLTV D e-RTTEHFZEM X(a,b) %

X(a.b) := {(z, 2 a+zb) | r € GF(q)}
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IKEDEDB, dize-1 EBL &V OEDIHEEM PG(V) 12 GF(2) LD 2d + 1
KRERBEMTHD. X(a,b) 320D dRTHAEMTS 3.
XT V OESBE C £RORELBIT L IZH S,

(1) (e,0) # (&) eC BT adtad DDDbEY.
(2) COED 3 EH—HEHEIZIREFEELLL,
3)ICl=gq.

DI UBREGRIERICBEFET S, K. V =M% Fd PG 2.9) b o—EHMR L, %
WO BEIEERB L. PG(2.q) DERD oval 0 1 2D ED I TH—HBRLIZIEHF
ELEWEI N g+l Eholldfe) ho—R 0Nl 2BRVERE CIILOZEE:
b - h e BN

CDEERNVHHBICRIETE B,

Sm(C) == {X(a,b) | (a,b) € C} i GF(2) LOBEEM
(X(a,b) | (a,b) €C) i1+ 3 d-RTEDRABIFNTH 5,

KEE. X(a,b)NX(a'\ V) FIZBXT PTRE (2. y) DEETEDIzy =z a+zb =
7 4z FTHDE (b+b)/(a+a) =2 Bzt 1 € GFq)” BEET B LI
BREHM. C OB () ICEDZDES z IZEEL. (me)=1 LDHE—TH B, DF
D 5.(C) DEIEB DDA Vi~ X(a,b) & X(a'.b) DEDYZETE THY. B 1
MD%H (b) H#Eizdh s,

SPDORIEB A V35— X(a,b), X(d',V). X(a",b") B—ETE DB &ThHhid. LOoX
5 (b+)/(a+a’) = (b+5)/(a+a") EEBM. ZhiZ C D (a.b), (d,b), (a",b")
ME—BEBRLEICEHBETEIIEERL. C DFRHF (2) IRT S, #->T\ Sa(C) D 3 HD
HRIEB A R—DEDLYIE (WESFEMERT) ZHLETHH. B 1 HiDEH (a)
-z ha,

Wiz, | HORE (¢) ITEHWIZHEIENTED,

[Sm(C)]=q=2= (X~ 1)+1=(2"" + 2272 4. 225 1) + 11

THBEDS. d=e—1 TH-72I SIHEET B &, d-(HF) KEBHEMOME Sa(C)
(2. FEANZ GF(2) EOSEEM (X(a,6) | (a.b) € C) i3 d-RIEDIHH BN T
53,

Translation dual hyperoval (E{TEBMAELBIR) £ T (\N(a.b) | (a,b) €C)
DRFTHEMITE D INEIT-EDRDBIHITIT. C DREERET ILEND S,
I TIIRD & 5 IS ME %R

h%ZelHIWMIETI<m<e~-1 2l EL.
Ch:={(t,t*") | te GF(q)} &3,
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ZDEECy BC ITMTB%EME (1),(2),3) ZMATILREBEFICHERZEINS, UT
Sm(Ch) D & EMBIC Sh E®|UT. translation dual hyperoval (1T BYAZE /2 #BIP
) &M,

DGR DEEAIL. Ch A¥ traslation oval EFFTND | FITBEHEHCHRBICFHF IR
PoBoNINSTHEH. ENUIHY T | FIROWEIEKRTOBIE Sk 12>
WTHRIIOMoTHH B, TbbB. SE ITiRKRDL S LEHCRBNEET S : (Yos.
May 16, 1998) V DT (z,y) &l a € GF(q), b € GF(q)*, 0 € Gal(GF(q)/GF(2)) iz
H¥LT

te: (z,y) — (z, 22" a + za®" +y) (CEFTBED)
my 1 (z,y) — (zb, zb(z'"“"”/(z"“)) €9
fo i (z,y) — (z7,y°) (KRED

ICEDEDOND GF(2)-BHER t,, my, f, 13 Sh DA = X(t) = X(4,t7) (t €
GF(q)) LitkOBBESIEEI L. #->T Aut(Sh) DETH 3,

te: X(£) — X(t+ a), my: X(t) = X(6™-0/C"-1g) 1 - X(t) = X(t°)
BT Aut(Sh) R SOERNERT B 558

(ta | a€GF(q)):((ms | b€ GF(q)*):(fs | o€ Gal(GF(q)/GF(2))})
= GF(q): (GF(q)* : Gal(GF(q)/GF(2))) = AT L:(q)

(—RFEERIET 7 «+ YEBBE) TS, - T Sh ER-EABIHERT 50
B (SR =(X(t) | t€GF(q)) iKBAL T3k EBAB, ZT Tridfett bL—2
Trerycre) 2&T.

h+m#Ae il (X(t) | te GF(q))=V THY.
h+m=cel@nid (X(2) | t€ GF(q)) i V DB
W={(z,y) eV | Tr(y) =0} ic—&7 3,

E->Tie—-1l=d ELTOAETIHETHIE. RIUOAT. (Yos. May 5, 1998)

h+m#e o Sh it PG(2d +1,2) B0 d-RITRAEIFRTH 9.
hem=e’Soid Sh i3 PG(2d,2) O d-KETHBIBRTH 3,

£ZT. m+h#e &9 generic case IZEWVTIE, SE 1 I PG(2d + 1,2) FD d-&K
FEIOHBINE ) LW HFLONHBIIBORFNIEEZA S5, —FH. m+h = e DFEITII.
Se™ I2RIIFl | THRB L7k 92, Cooperstein-Thas DERIZ & » TH SN2 B
BRTHHH. HLOLDOTIIEL,

Sh OFHEH Translation dual hyperoval SA 122U Tid. €D EARMIH-DMI AL
DB 2 TR WS
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(1) BIEME —Ric. [ USHZEM PG(m.q) FOR UK d @ d-RTETH @R
S &S HRABTHS &L, Aut(PG(m,q)) DT r T (SY = &' 27T bDOHH W
E D
q=2 DEXITIT Aut(PG(m, q)) = PGLnwi(2) 5. PG(m,2) 2525 m+1
RITDONY FIVER V = (S) = (§') DLBBBHER r T (5) =5 2H#tcT bo
55, L -THALTH S,

Wl e>22BBEUmAnk %l el OMDEBHT ¢ LiIZHIMNIERLbDE
FTH —DEE

(1) (Yos. May 25, 1998) m+h # e DD n+k # e 25 5 PG(2e—1,2) HD (e~ 1)-K
TR BIIR Sk & S BRBMTHEDIEI m=ndDh=k THED. m+n=c¢
Do h+k=eDEE, HOEDRKIZRS, m+n=eDDh+hk=eDEEDRA
NEHIT

Va(z,y)= (z, v ) eV

LD EX N5,

(2) (Yos. June 25, 1998') m+h = e D n+k = e 15 PG(2e—2,2) D (e —1)-
RITIAFBIIRY Si7™ & S B 2RICFEBTH S, RBERIL 2,z € GF(q) £
HLT

Ws (2,22 +2)— (2,27 +z2)eW

Lk EZ oD, (S5™ oHERTEIDR V OBER W = {(z,y)lz,y €
GF(q),tr(y) =0} THH. GF(q) Dic y itr(y) =0 2B y=2"+z &
BT ER, oI DEHH well-defined THABWHHERINS, )

Generic 73358 (m+h £ e DD n+k # e) DRERDIIHORIL. L Sk »o SF
~DRBEHEMHNIE. FBEH r LLT.

(1) SE DA »r3i— XE(0) & S* DA 73— X5(0) iITB U (EiT XA(0) = X50) =
{(z,0)]z € GF(q)}) « 2.

(2) Aut(Sh) D8 my (b€ GF(q)*) DISTEE MA % Aut(S¥) OH my (b€ GF(g)%)
DITTE ME BT

EILHDUEET B, LI PRTH3, KB, COFEBEEIZ {(0,y)ly € GF(qg)}
NS AR DB TIER EEZ WL - T, TELSRBMBEQOELIFRERESH
TUEL, %3, KEE M: OERTH KEBE ME O LDORITERTICE 50 EHE
LTEBOhI4RARERL & LORRNBB OIS, (41T (Yo3, Prop. 11] BE)
ET. (1) 2@t &5 BRANEROEE L Aut(SH) OTBHI ST NS0, E
I2(2) 2T LHiIcbTE S &L Kantor 265 A 23 HOROFOEKICHBLT
720 ZhiZ Sylow DEBEITMIZ STy EdDIE. £9° (1) 2T Aut(Sh) O

VZHIIRIR TR L & &ICILRRIRTHMME 3 & L7zht, BEICHRRLA
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SEDITTEE AL (Aut(Sh) I2B1F 3 XA (0) D stabilizer) & XA (0) Li2 faithfull i2fF
ATE (#E>2TGL(2) OEABERRE) ) PRIMEETE B, A IZOTHRE,

ST Him (beGF(q)") DISTEE ME 12 AL DA T. €DOMMIT -1 =2°—1
RELLDDS. e=6DEELIAIT X -1 (i=1,...,e—1) EFTRTHEHWNNIETHB &
515 2¢ — | DFERAF p BEET B, GL(V) = SL,(2) Do AREBRTNUIL. ME
i3 AR @ Sylow p-subgroup PA £2&A T3, Fi=. MR 13 AL 288 GL.(2) D
Singer cycle TH B 5. €D centralizer Can (P2) (& MA 1IT—8T 5. ERIC M} i
A% @ Sylow p-subgroup P¥ &%, Cu(PY) = M} TH 5.

EZT(l) #MIcTER r EMBE. (AL) = AX THBH. PL OB (PR i3
p D AF DEBBEILDT Sylow OFEEIT L » T B g€ AX WAL (PA)? = PF &
155, FE>T rgid AR 128135 PE D centralizer M2 % A* iT¥5435 P* O centralizer
ME 28T, B8 rg 3RE (1),02) M TRBEREES, (e=6 DL FIIBPHE
FDOFERDPIEID. TDEE D Singer cycle DILTHITIHE T 5.)

(2) BCAE  BEIT Aut(Sh) 13 ATL,(q) 28E ¢ BD d-RITWBFEMOBRA S Lo
—EABETHBEIGR D> T Do Aut(Sh) 1285135 X(0) O stabilizer IZ5EIZER L
12 &9z GL(2) DEB5HBET. Singer cycle M: (23 q—1 OKEB) 2 SHHDTH -7
Mo, TOLHEHROFTER (Ka|(Z it Cameron-Kantor iZ & 5 antiflag-transitive
EHEFAOSBICRG SN, JJRIIFREOSHERII—VILETIINN) H#EZ 5,
L LS GLa(29%) DFEDEsBEDE U B R[REH L EDOBUZIET DL (FiZ d = 2
DEX) ZDONWTHR. ThRHYOFEHNNLETHS, —&Ki< Sh OBCRBOEETS
HESDORESHIERIHFRLE OO THAWHIHINE DT, ehh ots SRS
3, (24 [Yo3, Lemma 5,6, Prop. 7] BH)

Al e>2 ET B, Aut(Sh) RRDFIANERNTIXT—RIEDERET 71 VB
ATLy(q) ITFE LW e =3 T (m,h) = (L,1), (2,2). BISADEZIE S) =87 TH-T.
Aut(S}) = 23 : §L3(2).

Translation hyperovals OXESR{HT - FRMTT FATBRYTHES NG BIPRNI. 55
TR b NS GERE OREEHEPD hyperoval DR TIZH RS DicHEYT3)
THEEMFEINB, #->T. ROLS LMEELEERTETH A9,

PR PG(2d + 1,2) D d-RFTEDOFTBRIFIGEISASEIBR S ERD UL Fhbh D
He#id PG(2d +1,2) O J-KIEERGBIPY § & LTHRAFITESH0?

(i) CBMIEMEE) PG2d+1,2) D &-REFHSEMY TED X e SE iz LTH
XNY =0 L3300 H %5,

(i) (REMIFLE) Aut(S) iT translation DT THEZTEL. (LM AMLi(q) &
L. EWHEEDSHEDTH &UN)
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BoZEM {(0,y)ly € GF(1)} 3% # (1) 28T, ZD%RH: (1) DAICLARFRTITE
BHT 0. BLULREITESIH AN, I DI PG(2d,2) FD Se™ &
G (1) EBUDEREIZL > TR TE S LFhid. PG(2d,2) FD dual hyperoval
{29 ~T translation dual hyperoval LRBENZEZICA D (TRESHH] TD 1 OR
FHEBHR), ChEV BT ELIRRELBAID0TH S, L KETHEBLTRL
BAENFRM I REZROKETLENRS S,

—%. & (2) Db ET St AT TE S (PG(2d,2) D SEH-™ H3HT) .
EVIHIE, FROFEHGER D hyperoval THROENTNBLWIHIEISRT, +58
#HBLTRLWHMEEDNS,

&5 3Bk

[CT] B. Cooperstein and J. Thas, Communication through A. Pasini and A. Del Fra.
[DF] A. Del Fra, On d-dimensional dual hyperovals, preprint, June 12, 1998.

[Hi] J. W. P. Hirschfeldt, Projective Geometries over Finite Fields, Oxford Univ. Press, Ox-
ford, 1979.

[HP] C. Huybrechts and A. Pasini, Flag-transitive extensions of dual affine spaces, preprint,
1998.

[Hu] C. Huybrechts. c.AG*-geometries and their consequences for some families of d-
dimensional subspaces in PG(m, ¢), preprint, 1998,

[Ka] W. Kantor, Linear groups containing a Singer cycle, J. Algebra 62, 232-234 (1980).
[Pa] A. Pasini, Diagram Geometries, Oxford Univ. Press, Oxford, 1994.

[Thl] J. A. Thas, Projective geometry over a finite field. in: Handbook of Incidence Geometry,
Buildings, and Foundations (F. Buekenhout, Ed.), Chap.T7, pp.295-347, Elsevier Sciences,
Amsterdam, 19935,

[Th2] J. A. Thas, Some new classes of extended generalized quadrangles of order (g+1,¢ - 1),
to appear in Proceeding of the Conference at Deinze, 1997.

[Yol] S. Yoshiara, A construction of extended generalized quadrangles using the Veronesean,
European J. Combin. 18 (1997), 835-848.

[Yo2] S. Yoshiara, Extended generalized quadrangles, Report of talk given at Kyoto RIMS on
March 9, 1998, for the Conference on Algebraic Combinatorics and related Topics, to
appear in Suriken Kokyuroku (ed. by A. Munemasa).

[Yo3] S. Yoshiara, A family of d-dimensional dual hyperovals in PG(2d+1,2), preprint, August
4, 1998.

—127—



HARDBCBISTC P
ey Ric (BRX &)

L ¥4 k¥
EEpIcHLT. BRESp BN Op(C) 481 L2HMBYEC £H A 5, p HyHEH
C:il<lU <+ <Un

EEZD. COMHBRCOESEmMmEL, Ol THT, . 1 THESGC O p Rt KkE

PB(C) THT. 9€ GITHLT.
CI:1<Uf<---<U},

&L, PG 0 G- hiBDRELRERE P(G)/C TET. C DEMR(LME

m

Ng(C) ={g€CIC? =C} = (| Ne(F))
j=0

&F35, 22T, Gopblock B, ATAWERIIIHLT. No(C) OMEFMER VOS5
(i) |Ne(O)I/¥(1) @ p 4ras p*
(i) ¢ A8B3 2 Ne(C) @ p-block b #156¢ = B
e THO2KkE In(H, B, d) £¥ 5,
BEOBEOTFT. KOLI TINS5,
Conjecture 1 (Dade’s ordinary conjecture [D1]). defect #10 T7/2\y G @ p-block B L3885 d >0
X LT
Y (-)E(Ng(C), B,d)| =0
CeP(C)/C

MRRDILD .

ZOFHERDEHLDELT, ROESIRHLONHS,

GaERzpEsLsL, CeP(CG) D EDERNEES, &> T. Ng(C) ={g € E|C? =C}
HEED, No(C) a Ne(C) MrEDID. Sh&kb ¢ € Iir(Ng(C)) Ad Ne(C) iz k {ERINEE 5,
CCT.

Tugic)(9) = {9 € Ne(C)|¢* = ¢}

&5, a5z, FAEB/GITHLT. ¢ €lir(Ne(C), B.d) d>5
(iii) CTngc)(9)/G=F )
BT HO24kE If(Ng(C), B4, F) &5, ZokE,

Conjecture 2 (Dade’s invariant conjecture [D2|). defect 4t 0 Trz\» G @ p-block B + 3%
d>0, FaE/GicxL T,

3 (=1)€lIre(Ne(C). B.d, F)| =0
CePp(C)/C

AERDIAD .

Typeset by A5-TEX
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s
r1
A

Irr(Ng(C), d) = U Ire(Ng(C), B, d)
FARTOD p-block B
& L. Conjecture 1 23 XTD pblock iZDNTHMA D &,

*) d>0pk = Y (-1 Ir(Ne(C), d)| =0
CeB(C)/C

ERRB, 1L, d=00f&t defect 0 @ p-block ICxE3 275, HIF 023 LRBSRW, #
ICBWTH. p-block ZEBALK (") 2RY.

B Dade’s conjecture AN IIDPEHRENTWV BRI, HEFHO T EAMNOROMIL.
Gaa)(pta). 2Ga(32 ) (p £3). 2F(2*!)(p #2). Sz(22"*'). GL(n.q)(p|q). Sa MB35,

(p MEBBISDNT).
HARBAOEESL L TROLSBHOEHFAS,
P(G): | TES G 0 pRABR S
E(C): C OFETR r-HEARN 5725 P(C) nEReE
NG): G-RHMB C: 1 <1 <+ <Un T, Ui QUnm 2T HOLE
RG): G-BARYBC: U <V < <UnT. Po=0,(G) 1D P = Op((jp Nc(P;))
(=12 ,m)2@¥T L0k
T, Op(G) =125, R(GC)ZP(C) DEHESTH 5.

Lemma 1 ([KR], [D1]). O,(C) =151 X 2B(C). €(G). NG). RG) DWThOBETY

Y. (-1)Clire(Ne(C), B, d, F)|
CeXx/C

OHIAFL .
LT, X=R(C) THKEFI.

2, G CHEVALLEY BT p G OERGOEMESZLWVES

G % Chevalley T, pC DEBRKOBEEISLVBSEEA 3. ZOB(BT|[BW] L. R(G)
% G @ parabolic BAROMBMEHEN 5723 B(C) DEELETH S, 512G @ Borel i8¢ U
2EET L. R(G)Y/CGC U 288 C o parabolic B0 hHLERS BN 5725 P(C) D ERL KT
55,

U 28t G @ parabolic Bir it tkiz. G OEXN— LR ] OMAEELEITEDING A LS
XTEZZENMHONTNS, chuckD JCTIcHIETEASHEY v 7RI E P TET, 25
{Z[W] [KR] iz& b, Conjecture 2 {3k &FBTH 3.

Conjecture 3. defect ¢ 0 T/x\2 G @ p-block B -85 d > 0. Fa E/GizHLT.

Z(—I)II\J||I"(PJ'B‘ d, FI)' =0
JGI

MERDILD .
#il C=GCaq),q=2p=20Ha
[EY]ic&k b, Gaq) EFDNFTHY w7 BAROEHIEEIMRD SN TV S, Gu(q) DXL —F

#rel={ab} &¥2L KRV BB P =U, Pa). Ppy, PL=C2(q) D4 DTH5B. =
D&E, |Ir(Pr,d)| iZROEDEDICRD, (*) RV IDZ MM 5.
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d=6f d=5f+1 d=5f d=4f d=3f d=0
J=0 q° 4 4q — 3 + ged(q — 1,3)* q
J = {a} 7 4 2q+2 q 1
J = {b} ? 4 4q — 3 + ged(q - 1,3)?
J=1 ¢? 4 2q+2 1 1

3. G = SL(n.q). plg DIBSD DADE’s CONJECTURE

G A 4sRRER SL(n.q), g =p/ DPSEHR B,
BEI—bFEEI={1,2,-- ,n=1} &L, Borel A48 U L L TT=AGTANSRERELES,
:(Dt’é'\ Jg[ ﬂ‘ I\J = {alv"' ,ﬂk} T&nii\

Py ={(pij) € SL(n.q)| BBk icDWT i Car ETfokd 7> ar 25 pi; =0}

« 00 « = 0
M2 n=308s [ ={1,2} tT%&\‘%:{ * = 0 }, PU)={ «x x 0 },
x x5 x x x %

+ 0 0
P{g} = { x * * }, P[ = SL(qu) &méo
x *

*

cnEE, |Irr(Pr,d)| ROEDEDITIED., (%) ARDID I EHM B,

d=3f d=37 d=0
J=0 q° -1+ gcd(qg-1,3)* qg-1

J = {1} q* =1 +gcd(q —1,3)? g-1

J ={2} ¢* = | +gcd(q —1,3)2 g-1

J=1 q® — 1 +ged(q —1,3)? g-1 1

EIS5k—RDOn oL Tit. E=GL(n q) o4& @ Dade's invariant conjecture AN LD, 3
b5,

Theorem(S2|. G = SL(n,q), plg, E =GL(n.q) &F 5 &. Conjecture 3 HSiE DL D,

Z 2. SL(n,q) @ princial block {Zfi A~ D IR BB FROM & /25 k¥ n(n - 1)/2 kMO
BEREIR S HTH 5[S1], Shit PSL(n,q) @ defect 0 Tz \—D p-block *H—TE3, =D
CELDIEFEBICRDOIENBRSB.

Corollary([S2|. G = PSL(n,q), plg, E = PGL(n,q) &3 5 &, Conjecture 3 HSgEn D,

Theorem OEINIROLIICHBZHT,

(1)GL(n, q)/SL(n,q) 2SQERETH E NS, TOMARILKTRETES, ZDC & & Clifford ®
FEEERWT. SL(n,q) OFBOBERT(LHICHTIMEE. GL(n,q) OHEIED SL(n, q) AOHRICE
AR DOERICHTIAEICENRABZ ENTES, TibL, G =GL(n,q) 0 parabolic &
S8t Py oL, Ir(P), B.d) 0EET P)NSL(n, q) HRICL 3 BORSDOEN s THEHDOLEKE
Ir/ (P}, B,d,s) &35 &. Conjecture 3 LR ERIMTH D, (G DEBI T/ defect 2% JD p-block
BEds>01cHL T,

> (-n)"\ied' (P), B,d,5)| =0

JC!

MRRDILD |

(2)GL(n,q) IDWTiL Conjecture 1 ARKNIDZ EMBEHAE N TN B[OV, ZgEeaz (LS| &
Mackey 3RERWNWT PN SL(n,q) MBETHBICANHBICERL . BEMICIK. P 20>
O —A B RNED parabolic BRAREDHIE E N/ TRIEMEAREOLEEBTHRL. ENXKOM
Bichtsidac sickomml .
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“EHEHOEER T L HEUBOARER

X -2 AMAHEX

7=+ TlE, BToOFRTREFRBIZOVT, ZOWENE C LOBROWERITH 2
ET 3,
LB 2m OZTHE Doy (M >3) : Doam=<s, t|s™=11t2=1, t-lst=5"1>
{3 dn O—BIUTHE Qi R>2) 1 Qe =<s, t|s =1, 2=s", t-lst=5"1>
- % 8p DB SDs, (p23) | SDgp=<s, t|s% =1, =1, t"lst =521 >
- ROFTFEFHOUH 8 (D> 3) DB . SAgp :=<s, t|s¥P=1,2=1, t-lst = 5%+l >
¥ m OREIFEMNE 2 OLEFED wreath | W2 (M2 3)

Wama =< 51,89,t | s =sP =1, 2 =1, 5152 = 5251, tsit~t =52 >

CARTRE Ay

Ay =< 5y, 89,1 | sf = s% =1, 3 = 1, 8152 = 82581, sy = §2t, L5182 = 51t >

8RR DL Drinfel’d [3)ic X h & 2 S hiz, Drinfel'd[3]& Jimbo[ 5]k MHF B8]
ETRER 5 ERATOITRIERTRE v 7TREE ER LA Drinfel'd 2, &5, BFHIC
=k y 7TREOMEN [A5] SexRvdil, REHICEERITAIEMRE L TRE.
EFNLR, < OMREFIL - TEZAK y 7RBOBRPLFHHASI N WOFEHIEOBEAT
BRENTYWS, BEfky 7REPHBRITADEREBVHLTEIIH(3][4].

##(Drinfel'd) A= (4,A,¢,5) ¢k 7RE L. Re A®A £TittL+5, # (A, R)
PRy TRBTHELE. RDOI2DOEEIB/I-shrLEL S

(i) A'(a)=R-A(a)-R™! forallac A

(i) (A @ id)(R) = Ry3Rz3

(ifi) (id® A)(R) = RysRuz

CCT. A =ToA T:AQA— ARA, T(a®b)=bQa ThHhH. R; EARARQA
i Ry = R®1, Ryy = 1@ R, Rz = (T ®id)(Ras) THALNB, R & @RI
He

HRIE G LT, FOBRR C[G] &
Alg)=9g®g, e(g)=1, S(@=g' geG

ko Thy 7REC RS, BR C[G) DRBRITAIEHME G OHBRITFNLIFRS £I2T
5, 1 HBRE G OMITETALE, HOPIL, R=1Q1 1 G O¥BRITFNTH 3,

TBRIFR DAL, LDES3LVWIENHLIDIEAShy WAVWALEINDH D LD SH,
SCT, BAREMERADOIEBEV S MENrSBRTHIV,
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IV Fd v TREAD2ZODRBUIHLT, 7YY VRRAIERENDZLIZEELE
. VW ZE A-MBEE T2, COLE, R MEMELTOF Y YMRVOW ~D AD
1k

ac-v@w=) 6 v®d-w, acAveVweW, A=) «u®ad

EEDD, A PREBEFBTHLZ L O, COERIVOW Ik A-NBOMEE5 X Ty
A EHNbh s,

=R VOW L WRV oMo~y b vEME L TOERMLEN vQuw — wQuv ik
A DERERZEV, AICEERTY RIGETHE. VOIW EWRV oo ELT
DERMEESS LD TED, EBE.

Rv,w(v@w)=2ﬁi-w®m-v, veViweW, R=Za;®ﬁ;

ko TERENIER Ry w RSk y 7REOKME (1) c&h, RBE LTOREEE5X
BT bdtbirs,

HRRITALEL DL TAY RS LR, B=fiky 7REOFRRV £#5232812, n KilA
8% B, DR F: B, — GL(V®) I ROEICLTHShBEVHI T ETH B,

F( } |Xl | )=idy ® ---Qidy ® Rvy ®idy ® --- @ idy

KB, BEfR Y TREORHE ()(i) 5
(Rvy ®idv)(idv @ Bvy)(Rv,v ® idy) = (idv ® Rvv)(Rv,v ® idy)(idv ® Rv,v)

PEYVIODT, Fit B, 0ER(5L5ZEdbhrs,

458~7: B, DEILF ##- T, BABORERLBETHHELMBLCHAL LS. H4E
i, FREOAEO 3ATREA S 712 3RKT2—2 ) v FZEM R ~0fEDAAD T E
20y, §° F7:12 R? © ambient isotopy T2V 2 00MABIELEAB LA&%T,
A b DHMEXBINOL RN SbELT LIZE), BHB PV 2 B2 E0TEE, VW %
b DA LIS, Alexander i2& > T, HEENOEAEIZH 2BHEOHMDLL LTHLONBZI LD
bhoTwd, 2Fh, ROTRARNLEOERIILHTHS, COERIZMPTIREV, K
B 202 008AMOMATIEFLEHAELE L EDERICOND, Tz, 20084k
DHAYE LA E LS LB mODLEFFRMEIE, 202 20MHH, MAMMER(RI)S
SUE 20 2 o0MAXMNEATH 5 L v REROFRFITHHESTONAZ L THL LW
5 hTw 5 (Markov DER),

UB., MaELEB e links)

n21

el |
U GL(V®") Trace, o

n21
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Ve
Ve

-
/

5 1 [ 3

LIAT, W=k 7REORA V 516N 2 L, RiFErD LS5 i2L T, A4ilEt B,
DERHF H5ohb, L7:d>T, B F:U,B, — U,GL(V®) #Boh 3, V 2FHR
KRR 6, VO LOBHETRICHLTIRFL-R% L2 L0 REITIETSH 5, (BELR
RRHLT R L=—A% 20 RELMAMICH LTHB 2L W) BRI [AIL] L85 2L
PTE&D, SCT. [RAL)] kvof:nix, EE564H2HNE/ A S VBICBHBFL—RE
LTHASNB EWI)FRTH S, )b L.

TraceF( E!Irzﬁ ) & TraceF( I;II"] )} F—ETER6IE,

LOBRETRIZT AER F: {the links} — C 2 #Hh T, SAHORERHIBONE,
LirLzdts, —fIS, ko2 2133 L { %\, Reshetikhin & Turaev [10]¢k. B=f+v 7
RENCZ 1Y KT LRI D L WHEREFo o TEAFET 2251, V 2 RRTRG RN
iED, PU—REBTFHBEFLCEICED, BRETRICTHHAHORER F 5052
EgRLAt,
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CH)LAHETEHSNIBABORERELTIE, KD 220010 L LHFREATW
5, 120k, RFHOKRALF->TERERD, WHWIRTFAERTH S, COTERNE
(&, Alexsander ZIHRA R Jones FHAL YD L L AL M FHARER L BEICETATV S,
b9 1ok, FREOBROZ TRy 7REERFEBE[I| T2 i o hA=F%
VTR CERESNAFERTH S, COR=Mty TRED SESN 24 BORLERIE, #
HEOMBHOEFFD T DEARBE~OHEHNEFOBYTH S,

[P LB D | =+ y TREEM-> T, FERBROWREREH L S LY TELVWESS
o ARBOBRO Ty 7RI (FEEBL ) HERITHIORE R 27T, Reshetikhin-Turaev
DHETAERERB LIS L0 L5 2 RERYBOh 1555 9. SHCBLTIE, H.Murakami,
Ohtsuki, Okada[7[ic L 2 HHEHH 2, bk, B EBABORATANEAVT I RTSH
BOREREWB LD, CORERE, FENIC, LEHFORROEBRITA>OMEENS
Reshetikhin-Turaev MORERTH 2 (L TREAL koo 72205, B=fH+y TRUEEORH
DERBOKYH H2BOE&GELHB AT E, FhOORAOKICKH L TRABOREROMEL B
EilEk . SRTEHREDOTERNERENS(11])e SOFRERIEE7. Dijkgraaf-Witten T
ERLEBAER L LD 3 RS HEDF L Date, Jimbo, Miki, Miwa I k> TE#Eh
7o# A B O cyclotomic FEREFHRIMBL TWB T £ THHRKEY,

Tik, ETRLZARBEOHERITHIH S5 Reshetikhin-Turaev MOREREMBE LS. b
2 EAEHWAERIBEONIDTIR WIS H, RO, )R> THBRITAETRD:
SIVDdhbisidrolod, NhkELLNDHTFLHo T, K 8 04k Dy . LK
8 D—EMTTHEBE Qs. L% 8p (p > 3) DHZMHABE SDsp. ¥ 8p (p > 3) DB SAg,
KHFLWEERTAOFAERDOITAZ LI TEL, RELXZ LK, ENLOFLWVWHBRITH
t%. Reshetikhin-Turaev B 3 ARXSHEDTRER L BRT A DICLE LB LR/ LTVE
WwZ kb ol:, £/, Reshetikhin & Turaev DHETEZENABABEORERIZONWT
2, ¥DL) LHAEICOWTHRALEE LS, 2ELLVWRERTHAILbDIro T,

GDEZhH, FRBOERTOSRAB=MFy TREDHES, REE (HHWik, Tho
DHAMTHORAT—~IE) 2OBRESAAIFRERLELS L) LABVWTAERBLNATWE
Vo, bbB A, TRTOHFRBIZOVTHRET DT TR E2VWOT, £, FOHIZHKREN
bORENTWAIRBIITFETE 2\,

§.1 xEH
9. KEROHBRITFICHLTALATYWARRESIAT 2,

#9 1 (H. Murakami-Ohtsuki-Okada[ 7], Radford[8)(9]) Zm #f# m OXEELT S,
COEE, Zyn DHBRITNIZMBT m W@H5, s ¥ EDERTEL. ( £ 1 DRFLE m RAL
THEE, Fh o

m-=1
R= l z C—iksk ®sdi

k,i=0

THALNB, 2T, de {0,1,---,m—1} Th2, LF. ZOHBRITFI%Z Ry £ LT
A¥3, 0

mitILLOER. n i 1 ALK, g2 1 <gs<m-1 Z@ATERTHBLL. 2
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SORTERSNHHRE
Dmpng=<s,t|s™=1, t2=3s", t"lst =57 >

235 Dnpgldm=ndog=10tE ¥ moOLEREUY 2 OKXEEEOHEF
THY. m=n»2q=m-10LEL¥ 2m O_EHETHY. m=2n»oqg=m -1
DEEMY dn O—LHETHBTHY . m=n=4p»D2q=2p-1 DL 5{I¥ 8p D _MH
8t SDg, THY. m=n=4pd»oq=2p+1 DL E{M 8p DF SAs, TH2.

Dmyng DUEH 2m THAHEE, s TERENSD Dypg PEAE < s> K m OXE
&?&60)?\ Ch% Zm tﬁl"’ﬁbr Zm % Dm,n,q 0)%%#&&72?0

m,qg ¥%#% (& ke {01,---,m—-1} CHLT ¢gj =k (modm) %25 j ¢
{0,1,-- ,m—1} PHE—FETS] ZW2ELTEETE, COLE, ELkitHdLTE
$2 7% a(k) bBLIEIT S

(1.1) go(k) =k modm.
bL, £&D i,ke {0,1,--- ,m -1} Ko T
(1.2) o(t)a(k) =ik

PRDELoTVBREIE, Ry (d=0,1,--- ,m~1) {2 A'(t)- Ra = Rq- A(t) 27T 0
T, C[Dmng) DEBRITLE, g=m—1 0BHE. m=n=4pH»oqg=2p+1 (8
L.p23) OBEOWThOBE L RHE(1.2)2#ATOT, Ry it C[Dm,png| DEBRITH
i3, FERVBRILT B,

EE 2

(i) 8 Dnnm-1 (m 23, n21) 2 Ry (d=0,1,--- ,m— 1) BAO¥BRITFEHFOD
i, m=4 22 nEBDEL EIRE, m=4 2o n EHDOEE. Ry (d=0,1,--- ,m—1)
PADEBRITAIIRORTEL OGNS 4 DTHAB,

ap = 7
a,8,i,5=0,1

1-2 1 Z aaﬂ(_l)aﬁu+ja+iﬂta82i+ap ® tﬁs2j+ﬂ#

BL, a®=(-1)%, u=0,1 TH 3,
(ii) # Dapap2p—1 (P> 3) & Ry (d=0,1,--- ,m — 1) BSLOBERITH% 4p MEFD. €
NHEIRROATHERAENS,

Rc = Z aaﬁ(_l)ﬁ-y+aéc-2caﬁtasca+2p—y ® tﬁscﬁ+2p6

o.f.v,6=0,1

BL.c=0,1,---,2p—1 Thh. (2 1 DB dp TMTH Y. a? = (~1)°¢% TH5,
(ili) B Dapupzpsr (P> 3) 1 Ra (d=0,1,--- ,m — 1) LHAOEBREN % 4p B>, 2
hHiRROATHALNS,

- 1 s kit pm . .
R.= 5 E : aaﬁcja+tﬁ E : C 2(ki+lf)+2¢({2kl—ka lB)tas:®tﬁsJ
P a,f=0,1 k=1, 2p
§,j=0.1, dp—1

| =
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BL.c=0,1,---,2p—1ThHh, ( iz | DRSS dp FETH Y. a® = (-1)¢* TH 2,

ERZRRDOETHEBPEND, KIZ, Ty & Zy ED wreath B Wop2 L4 RXKRE A, ©
BERITVICHT 28R 2 E<5/-012, BEE 1 251AT 5,

% 3 (Radford[8]) Z 2 MM m ORERET B, COLE, Zn © Ly OHERFTAILL
BT mé Wb 5, 51,50 P ENERTEL. (£ 1 DR m RRETALE, Thow

G ) , )
_ +ki) i ok pi+rl _qi+al
= m_ z - (Uit glss @ s sE

THA6NB, ZIT.pgrs€ (0,1, ,m—1} TH2, UT. COHBRITNL Rpyrs
ELT3RY 5, O

wreath §t Woma (m > 3) @ 31,50 TERSNABAREL Zmn © Zm ER—-RTBLE,

A’(t) . qura = Rarqp : A(t)

PHRIELT 5, 2T, Rpgep (p,q € {0,1,--- ,m —1}) & Wy,2 OEHBRITITH 2,

4RI Ay D 31,50 TERESNARTELY 2,02, LR-RTHLE, 2.0 Z;
D16 BOEBRITAD > 5. A(t) - Rpgrs = Rpgrs - A(t) £#7F 6 D12, Roggo = 1®
1, Ro110, R1011, R1101 P 4 BDOATH 5,

yi$: Y

(i) Zm & Z2 D wreath §&t Wy (m > 3) ORHERTPIZLBT m2 WHH, £hb
. 51,52 TERSNAREROERNOHERTAOPD Rpgep (p,7€ {0,1,--- ,m-1}) T
3,

(ii) 4 KRB Ay OHERITILBTIRH . Thbid, 51,50 TERShIKEEHO
EHOERBRITNOPD Roggo = 1 ® 1, Roy10, R1o11, R11o1 TH 5,

FE4GEE2 LEROFETEHS AU,

§.2 &8 2 DIFH

B, 20/ — FTCHVWAEERNYHEL 2 OATELTE L, BRUDOHBITR=Mk v 7K
DEEDIGLLELICBONS, 2HEB0OMEIE Rodford [8] k> TR S hr,

AES 4 (A R) PB=fiky 7REZ G, (®id)(R) =1, (id®e)(R) =1 #HIh L
2,0

%6 ([8, p.4d Lemmal]) A %y 7L TH, COLE, REARQRA XN
(i) (A ®id)(R) = RiaRzs
(i) (¢ ® id)(R) = 1
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WL TWA 26, RETHETHS, O

—&ic. FRE G O C LOBRWHEEO2EL X1, - Xn ETHLE Bi=1,--- ,n
HFLT

degx: -
E;:= éx Y xi{g™hg €CIG)
Gl &2

LBCE. Ei(i=1,-- ,n) & C[G] DRAREBRTHS, Tabb,
E,'Ej=6ijE,' (‘i,j:l,---,n), Ei4+ .- +E,=1

FHIT B
T 2B M OREBRE L, ZOERTE s £T 5. ( & 1 ORMEm RRET 2, Zn O
BESISBE x (k=0,1,--- ,m—1) &

Xk(si)=<ki (i=0711"' ;m—l)

TEAGNB, xk (k=0,1,--- ,m 1) i2HET 2 RGBS EET B &

(2.1) Z (ks

i=0
Thbo, Exs=C*E; L2356, i=0,1,--- ,m—-11EHLT

m-—1 m—1

s=1-5= Z Eksi = Z CikEk
k=0 k=0
PHALT S, HEE, BEOER L ISHLT Ex 2(21)DEBIZE o TERT N, Eppr =
E, (k€eZ)HBHLD, (&1 DK m RRTHHDOT, EROER p IIHLT

ZCIP_

mol { m  if p=0modm
=0

otherwise

ttﬂ%o u@utewﬁﬁTbt A Ek) Z E ®Ek—J %15‘60

=0

(ER2OEH) m I ULOBEM. nid 1 BEOER, g3 2<g<m—1 2@ ¥ER

CHBET B0 Dmng DHME 2m ThHBET Bo s TEREND Dy g OB < 5>

REM m OREBFTHEOT, Sk Zy ER—HRLT Zy, % Dpypyg PHAIBERRT,

ZDLE, RBRO: T, ODEESEET Eg, 1, ,Epm_y 12 tEy, LBy, tEn_) Th0

ZTHBOND 2m BD C[Dmngl PTEHE ClDmng] PEEL LT, REGIOEEEEoT

g=m-10H4& m=n=4p 2 q=2p+x 1 ODHEI Dy n,q DHERITHIZRET S,
: e I Dm,n,q DHEFERD> S

st=1ts" forvVieZ
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HBHINRBEZ LIIEET S,
Fke{0l,---,m~1} CHLT gj=k modm £#7F je {0,1,---,m -1} »%k
—FETHERET S, D j ¥ olk) B B ke {0],--- , m -1} KHLT

Eis = C*E, Ext = tEqu)

Lk,
R e C[Dmlnlq] ® C[Dm|nvq] % Dm,n,q Q%ERﬁy‘l t L\
R= )  ogit°E:®t°E; (a3ieC)
a,f=0,1
3,7=0,1,-- m—1
L#H<,
R-5®@s= Za"' e g QtPE;,
i J
5®s-R=) afit*sTE;®t’sTE; =) afi(T It E; @ °E;
@ ad
%J 1,J
£
s®s R=R-5Qs5s < ‘13' '+J—a0*¢q i+e%j for all @, B,4,5 - (0)
Lk, WIS,
et =adi =0 fori,j=0,1,- —1 (@)

ERBILYDHB2<g< m~—1 iEE), Kic. Ekt=tE,(k) (k=0,1,---,m-1) &
RBIEDE

tQt-R=R-t®t < aﬂj—ag:&)) for all @, 3,4, - (®)
PBERB, LT, afi ORF i,j i m £EELTEXHI LT 5,

(A®id)(R) =) ) afi t°Ex ® t°Ei_x ®t°E;,
af k
LW
R13R23 = Z aglkagl;' taEk X t« Ei R tﬁ+ﬁ Eo"'(l)EJ‘

a,p,a’p'
“‘j'k I‘

=Y. D Rk B @ 7 E 9t E;

a,a’ 0 Br+62=0
i,J.k

E#3, LI#o T, (AQ®id)(R) = Ri3Ras L% 210 DLBE+FEBIEED a,a,0 =
0,1, i,7,k=0,1,--- , m =1 IKHLT

k _
S alag ;+ Z aﬁw_n:o)aﬁucmﬁxﬂ: ...... (0)
Br+P2=8
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LRBILThHE, SOT, baor RITRYA—DTNITHE, FIRUICLT, (zd®A)(R)
R13R12 LB HDULEARRGEIETD a, ﬂ ﬂ' —0 1, ¢ J,k 0 1, ym=1EFLT
bpaafiy= ), a3 Vagi(rines (0)

a1 faz=a

LB L ThHA, (O)(0)E#NELANT

(A®id)(R) = RiaRas
= 8D a,=0,1,4,7=0,1,--- ,m—-1IXHLT

t
1 _ 1 i BuBo
(22) ag .;+ Z (]._.[ aa, a'ay+l""'-5{+l(j))agi+1;cn1 E"<" . ’
Br+Ba+--+Bi41=F 9=1

(id® A)(R) = Ri3R12
= ¥ a,=0,1, i,j=0 1,--- ,m—=18LT

(2.3) a3 i+j = Z (H o5 o —ag ._aj+l(i))ag,-+1licni D ucy, Sudo

aytazttajpi=a g=1

L85, ST, (@)1 L
0.‘13 AR 63.54-1( H a'i ;—UU))aniQFz’

J

(2.4)
af iy = aJ+1(H ay )R

LhBI kbbb, BL. 8541, 0o b1 i 2 FEELLSOAY A—DTFNI ThHb, Lo
T.i,j=0,1,-- ,m—1HLT,

a},j—O if 1 is odd,
(2.5) alt=0 ifjis odd,

ai5=0 if{orjiseven
Thd, q=m—-10BPEELIm=4p 2o q=2pt 1 DHEIIF o2 =1 LWL T
A6, (24)&D

aclv gf 1 —(‘11 21-1)"(“1 a(21- 1)) C"m_l)(zk-l)k»

(2.6) a? §f 1 (al 2k-1 l( 1 a(2k 1)) Cn(2k—1)(2l-1)l,

1 2k—
a1 27 =(af 31-1)*(al ; a(2t-1)

=(a{ Ek-_l)t(ai «;(2k-1))1—1cn(2k-1)(2!-1)1

)k—l Cn(2l-— 1){(2k-1)k

D k1 =1,2, - ,[%] A LTRIT 5. Bz KHLT, [z] 1} £ 2BLVERAD
BHrRT. IS,

1 2k—1 1

a1 = (a1

o (e o
12 1



b, Chkh, a:=a}ll =0 %561 (a,B8) # (0,0) 238D o, =0,1 LEED
$3=0,1,--- ,m-1EHLTaf;=0%,%h, RiZ <s5>OWBRITAL% B Lathhy
B, UTF, EHAOREETa=all £0 LEET 3,
(@B Ta=08=1,/=0,i=0,j=k=1&¥5¢L
0=aj ;o § +ai {69}

a0, (25)05 a}?=0ThHh)., BELS a#0%DT, o)) =0 283, —
B (e®id)(R) =1 2@/ 8 e NE 2 62O T,

adl+ajl=1
$185, $75, (24)BVTB=0,i=m—1,j=1EBZLICLY
6} 0 = Gy m(al IBFHIH1 (gl oWy IgIn 2=
2185, TLOBL
(2.8) do,m(a} {)lz_r'Hl(ai 7(1))I%\lcnﬂ%._q _1
#BOND, ZO%ARG., af {7 £ 0 THINIES T, LoT, EED k=12, ,[T]

RHLT, al 271 al) | @30 TRV ENDHS,
(@cBnwTa=0=1a=0k=112EBZkiZLDh,

—_pnll 0 11,04
0=ag 5-1(;581 j + 01 5% ;

¥HB5 A EHeo, o) i=0,a]l} #£0 20T a)i =0 2185, FH(O) 6 i
PEHEOIE o) L =0 £8B5, #B.

(2.9) a3 ; =0 ifiorjisodd
»H oI,

[.qg=m—10%HBE . m IFW¥e o, 28RV Lz vdhs, m AR TLIE
o%v, m#4 OB, Q)LD all=02tn50T, BECKT S,
m=4 OBEEFEXD, i=0,1,2,3 ZHL T,

o(i) = -t (mod4)

Th, (28)05
(o} P = 1+-(@)

Thad, —H. (26)0 ol B MTEEREBVT k=2,{=1 DBBEEXT,



185, FLL(2.6)85

Ennd, (@)cEh ald=all 2oT,

(@ 3)?=¢™ o (@)

5%, (0)(0)(@)25 (=1 2B30T, n RBMTLTRIELL 2w,
BUF. n 3BRETE, oL (@)&h a®= (1) THH. (@)&D
a3 =av (L. v==£l)

LB ENTED, BEDERE(26)P6

av  if (§,5) = (1,3), (3,1) 1 if (4,7) = (0,1), (0,3)
eli=¢a if(5)=(@1,1),(3,3), ai=all=( v if(i,j)=(21), (2,3)
0 otherwise 0 otherwise

bbb, (@) kl=12HLT
0 2k 01 02k-1_ .01 ,02k=1_ 01 02k-1_
ey 2t = Z G5 o-sa0p 21 =Go a0 2 TOo Gy =1
p£=0,1

b, QLY. g=m—1d2a=a]l#00HEIKE n REBHTHY.

R= z aaﬂvm"'akt"Ezk_g ®@tPEa_o

a,f=0,1
kl=1,2

8L, a% = (-1)%, v =£1 EBF TV Latbdorz, IS, ZOHD R 12 CDmanm—1]
DEBRIFNC Ao TVAB I LHHIDON B,

0. m=n=4pd»2q=2p%1 (p>3) OHE: q=2p-10HLixk=1,---,2p
ERLT
o(2k) = 4p — 2k,
o(2k-1)=2p—-2k+1 (modm)
b, q=2p+1 DB Ek=1,--- ,2pCHLT
o(2k) = 2k,
o(2k—-1)=2p+2k—1 (modm)

LB, WFRICLTS o({1,3,--,dp—1}) = {1,3,- ,4p~ 1} PRH T2 TWB, D
SEE(24)E(29)PS ot (0,8=0,1, i,5=0,1,--- ,m~1) DI

02 .12k 02k=1 1 2k-1 _
@9 3ty B0 21-1) Lo s By (Kl=1,2,---,2p)

PAEF RT Q0 it b 2 b2 s,
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(2.8)&h (aa} l )P =1 THBHH
aaj sy =w (L. w ik 1 @ 2p i)
EBLIEYTES, £oT.
(2.10) o} 700 = g! sy =0"w
&b, QNLVEED k1=1,2,--- ,2p iZHLT
(2.11) o ¥l =awtt, el fi = ettt

En3, (210)E(2.11)26
azcu";i =1

25, ThEAWT, (26)EVEED k,1=1,2,- ,2p ISHLT

g=2p—-1 DHE g=2p+1DHE

126 _ k 12k _, 2kl—k
Qp g1y =W Qp 31 =W
02k—1 _ 0 2k~1 _  2ki—
)9 =W Gy g =W
12k=1 _ . k4i—2 12k=1 _ , 2kl—k-l
Q) g1y = @ a) g T AW

LRBIENDRD, LT, (@)K kl=1,2--- ,2p HLT,
{ q=2p-10& o =340, ag L-”(Zl)aoﬁ A-1=1,
q=2p+10t % qf ¥ = 23:0.1 a% ;-ﬂ(zt)"% 22’1‘_1 = W

E%%, BB. m=n=4p»2q=2p~1»2a=all#£00BHaicIZ

R= Z aaﬂwak+Bl—2aﬁtaE2k_B ® t‘GEm_a,

a,F=0,1
kvl=1v2|"' 2p

m=n=4ph2q=2p—-152a=0jl#0DHEIZiX

R= Y ofu-fl-ekiepy @By o

a,f=0,1
k=12, 2p

LHFTVAS Edbtrot, SIT, a2 =w™ T, wit 1 @ 2p BETHS, #iz. ZOKD

R & C[Dpm g DEHBRITAUC o TWBI LATODOND, w=(* (c=0,1,---,2p—1)
EBNVT, (2.1) ¥oT. LROHEBE s & t THEHEEE, BH 2 0(ii) (i) oRic k5. O
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8.3 AEMHER

ER2DOHF LVERBRITNEZE> T, THROHA/AEBDOTEREH LR TE LD o205,
CHSDEBRITANCHLTHLIETRAKRBO I ED*H B, Thid, HERITH(DK)HMIH 8
DM Dy LHUTHEE Qs *EHFAHMEFo TR ENITETH S,

Dg & Qg i, BELTUFRBTREVWY, FNHORARIFBTHAIZETLILMOAT,
5, BLLTCRIBTRWI Eid, Dg I8 2 DT 5 MH 228, Qg it 1 AL WwI E
PoFIibdb, Dy b Qg DEAMIFERTH A Lid. ThHOBEERI—KTHZED
5F Clebh s,

8T, (AR) tB=Axy 7RUEL, TOEERITIR Y R=),0:®0; . 20
L&,

ui= ) S(B)

En) ADREEZD, CCT, Sy 7TRE A ORHETH 5, u D A ~DEFEHPOLE
I ABWERD ML — A1k Majid[ 6 12 X o TH=F:k v 7RE (A, R) OBBEFITh, &<
MRanTw3, BEIB=fky TREOTFERTH S, Eit, SORNE C[Dg] & C[Qs]
DFRTOHFBRITAICOVTEHET A EICE D, Dy & Qg FEIRILBETL WS EAHIEHN
Eha(14.

22, HENFEL {ARTVLVY, HBRITA(DOK) 2 - T, HFREL Ty 7THREOZEIC
BATHIEDTEDWEUNDHD, COH/hEiZoE&hEED LR, KkORHBD 1 OTH
3,
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PiEoid, v INTAT A (=HABDT AT/ 2BEMBICL> TR DICLAE
EIBONBEE—R)EHETHE OTD »f (B4 4@E] ¢HOZLICEBLL, LT,
OTD #5% v 7REDOEAND 2 TE~D (B2 28i1) 2 ROMFIBRENILODFY TR
MCHT B+ ARHELE LT, YEvhy 7REEW ) BEEE#EW, HETIE, B OTD o#F>

(B0 BE] BEZCHTEN, 20 L) 2 BEEHFOBI tortile BERIFh T3, OTD
Rl OOHRTERENS tortile BOPTRLFBHLEL L THETDITENS(12].

m—1
H:¢%10REmRR e=1,2 & LT EO :=% S (ki bpE, BEELT
: i=0

{teEVEP |a=0,1, 1,j=0,1,--- ,m —1}

2BATHT 5,
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The number of p-th roots of unity in a symmetric group

Yugen Takegahara (174 & #IT)
Muroran Institute of Technology (ZM ¥ K%¥)

For a prime p, define positive integers a(n) (n =0,1,2,...) by

= a(n) . P
n;OTI —exp(a:-i— p).
Then i/
il n! H{z € SalzP =1} n21,
o(n) = ,g (n — kp)lkipF { 1 n=0,

where S, is the symmetric group on n letters. It follows from [3| that

(%) a(n) =a(n-1) + E: : ;;ia(n - p).

If p=2andif n > 4s — 2, then 2° divides a(n) by this formula ([2]). The following results are
well known.

Wilson’s Theorem
a(p)=1+(p—-1)=0modp

Frobenius Theorem
a(n) = 0 mod p, n2p

The p-adic power series

o0 .

Bl =exp (55) € 2,01

=0
is called Artin-Hasse exponential. One of the important property is that Ey(z) € Z [[z]]. It
follows that 4
2 a(n) , zP b z?
Y 7 % = exp (J: + ;) = Ep(z) [] exp (—F) )

n=0 i=2

Using this fact, we have that
a(n) n 1
d, | —| > =2+ —
or P( o ) 2~ (2+p—1)

ordy(a(n)) 2 3 L—';-] - l% (2 + %1) :
j=1

Our purpose is to determine ordp(a(n)), which is the exponent of p in the decomposition of
a(n) into prime factors.

([7]), or equivalently,
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Definition 1
a-[3-
p] P
By the preceding result, if p = 2, ordz(a(n)) > ¥(n). Moreover, the formula (%) implies the
following.

Theorem 1 ([4]) For each n, let y, = [n/p?].

(1) ordp(a(n)) 2 ¥(n)
a(n) _ . a{r) _ 2
(2) W=(_l)y Wmodp, r=n-—7p"Yn
(3) ordy(a(kp?)) = ¥(kp*) = k(p - 1)
For a prime p and for a positive integer [, define positive integers a(n,!) (n =0,1,2,...) by

i a(n,l)rn = exp (Z 1:") .

1 o
n=0 i=0o P

Then
e(n,)=f{z e Sz =1} (n21), a(0,l)=1

As a generalization of Theorem 1, we get the following.

Theorem 2 ([6]) For each n, let y, = [n/p'*!], and let fi(n) = T;_,[n/P'].

(1) ordy(a(n,1)) 2 fi(n) - lya,

—1)¥n!
(2) a(n )= p“*”v-;,.!(r)t "
(3) ordy(a(kp™' 1)) = k(p' + P~ + - +p =)

a(n _ p'“y..,l) mod pf:,(n)—ly.-:'l-l.—l'

In particular,

(=1)yn!
p¥ya(n - py,)!

2 - n
a(n — p’ya) mod p"M*?, g, = [F] :

a(n) =

To prove Theorem 2, we use the property of Artin-Hasse exponential: E,(z) € Z ,[[z]]([6)).
Corollary 1 The p-adic exponential function
{ p'
z
exp —_
(=%)
converges only in the open disc of radius

- gite=)
p " THp-1)
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Corollary 2 For a nonnegative integer r less than p*,
ordy(a(kp® + r)) = v(kp*) + ordy(a(r)) if ordy(a(r)) < ¥(r) +1,
ordy(a(kp® + 7)) 2 v(kp? + 7) + 2 otherwise.
When p < 300,
ordy(a(r)) < 7(r) +2
for any nonnegative integer 7 less than p°.
Ezample([4, 6, 8]) Let p =2. Then
a(0)=1, a(l)=1, a(2)=2, a(3)=4,
_ [ v(n)+1 ifn=3mod4,
ordz(a(n)) = { ¥(n) otherwise.
If ord,(a(n)) = 7(n) + m, m is called the type of n for p. If ord,(a(n)) > y(r) + 2, n is called
exceptional integer for p.
Ezample([4, 8]) Let p = 3. Then
a(3) =3, a(4) =9, a(5) = 21,
a(6) =81, af7) =351, af8) = 1233.
Hence, 6 is a unique exceptional integer less than 9.
ords(a(n)) =2 ¥(n)+3 if n =24 mod 27,
¥(n)+2 ifn= 6 mod 27 or if n = 15 mod 27,
ords(a(n)) =< 9(n)+1 ifn= 4mod Yorifn= 7mod 9,
¥(n) otherwise.

Especially,
a(15) = 168369111, a(24) = 13428028220072049,
ordz(e(15)) = 6 = y(15) + 2, ords(a(24)) = 10 = ¥(24) + 4.

A transfer matriz T(z) = (ti;(%))1<i,j<p is @ pX p matrix uniquely determined by the formula
(%) such that

a((k +1)p*) a(kp?)
a((k+ 1:)1,2 +1) = (k) a(kp-: +1)
a((k+1)p*+p-1)) a(kp* +p-1)

for any nonnegative integer k. In [8], Ochiai considered the following condition.

Condition A :
(1) ti(z) € Z]z|
(2) tij(z) = t1;(z) mod p for any i and j
(3) tu(z) +taa(z) + -+ + tpp(z) £ 0 mod p
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Theorem 3 ([8]) Supposep be a prime satisfying Condition A. Then there erist p-adic analytic
functions

A(z) € Z,[[z]] and f.(z) € Z p[[z]]
forr=0,1,...,p* — 1 convergent on {z|ord,(z) > 0} such that
k
a(kp® +r) = p*P=V (k) TT AG)
j=1
for any nonnegative integer k. In particular,
ord,(a,(kp"' + 1)) = k(p — 1) + ord,( f.(k))-
Proposition 1 ([5]) Any prime p satisfies Condition (d); moreover,

(1) tj(z) € Z + pZ (2]
(3) tu(z)+taa(z)+ - - +tpp(z) = —1mod p

Moreover, we have the following.

Theorem 4 Let r be a positive integer less than p*. If r > p, then there ezist integers ¢ and d
that are divisible by p"("'** such that

alkp? +7) = (1 > w“k) a(r)a(kp?) + (~1)*p0~1)(ck + di?) mod prh¥' 47143,
1Sw<y(r)

for any nonnegative integer k.

Using these results and Hensel’s lemma, we get the following.

Theorem 5 Assume that ordy(a(r)) = ¥(r) + 2 for a positive integer r less than p*. Then
there ezist p-adic integers s and t such that

ord,(a(kp® + 1)) = v(kp? + 1) + 2 + ordy(1 + sk + tk?)
for any positive integer k.

When p < 300, the type of each exceptional integer less than p* is 2, and there is no exceptional
integer in each of the cases where

p= 2,5,13,17,31,43,67,73,79, 83,
101,113,137,149,173,179, 193, 197, 199,
233,241,251,257,271, 281.

Let = be a positive integer of type 2 less than p?. Put b = p~7"-24(r). By Theorem 4, there
exist nonnegative integers ¢ and d

alkp* +r) = (—l)kp"(k”:*")”(s + &k + dk*) mod p"“"’:*")*"‘.
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Ezample([8]) Let p = 3. Then

a(9k + 6) = (—1)k37(9k+812(] 4 k) mod pr(ok+6I+3,
ords{a(9k + 6)) = 2k + 4 + ords(u + k),
where
v=1+2-3+3%+2-334+2.3'4+2.35+2.3°+3%+2-3% mod 3.
Especially,
ordz(a(105)) = 26 + 7 = 33 = y(105) + 9.
Ezample([5]) Let p = 23. Then 127 is a unique exceptional integer less than 529, the type of
which is 2. We have that
a(529k + 127) = (—1)t237152k+12142 g
and that

¥(n)+2 if n =127 mod 529,

y(r)+1 if n= 92,114,217, 233,243,286, 381, 402,
420,484,494, 511,514 mod 529,

¥(n) otherwise.

ord,(a(n)) =

Ishihara decides all exceptional integers for p < 300.

Exceptional integers = less than p* for p < 100

P r | y{r) | type | b+ &k + dk?
3 6 2 2 1+ k&
7 28 4 2 6+ 6k

48 6 2 1
11 49 4 2 3+ 3k
58 3 2 10+ 9%
19 83 2 2 15+ 13%
249 13 2 15+ 16%

23 127 5 2 6
29 | 259 8 2 9+ &k
37| 1348 36 2 10 + 22k
41 | 1264 30 2 30 + 33k
47 | 2099 44 2 26 + 32%
53 | 2075 39 2 14+ 46k
59 T14 12 2 42 + 47k
2885 48 2 274+ 26k
61| 690 11 2 6+ 25k
71 | 2859 40 2 16+ 70k
89 | 3544 39 2 14+ 664
97 | 3894 40 2 22 + 45k
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When p < 300, the answers of the following questions are 'yes'.

Question 1 For any exceptional integer r of type 2 such that p < r < p?, does there exist an
integer b(r) such that b(r) = 0 mod p"")*? and that

a(kp® + ) = (=1)*pP"D(a(r) + b{r)k) mod p4 713

for each nonnegative integer k?
Question 2 Is the type of any exceptional integer less than p* necessarily 2 for all primes?
Question 3 Does there necessarily exist any integer of type 1 for all primes p?

-1
If Wilson quotient w, = -I-M is divisible by p, i.e., ordy(a(p)) = 2, then p is called

p
Wilson prime. It follows from [1] that all of Wilson prime less than 5 x 10% are
5,13, and 563.
Therefore, a(p) < 2 for p < 5 x 108. Finally, we present the following conjecture.

Conjecture For any n such that n > p?, ord,(a(n)) < ord,(n!).
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1. Introduction

Affine difference sets are a special class of general relative difference sets
introduced in Elliot and Butson [4]. Its parameters are of the form (n +
1,n—1,n,1) where n(> 1) is a positive integer. In Dembowski and Piper [3],
a classification of finite projective planes admitting quasiregular collineation
groups is given. In the case that the plane admits a group G of type (d)
in this classification, the incidence structure = consisting of the points and
lines in the maximal orbit forms an (n + 1,n — 1,n,1) divisible design with
a Singer group G, and hence can be described by some affine difference set.

The aim of this paper is to present some information on the structure of
abelian groups containing affine difference sets. It is a well-known conjecture
that if D is an affine difference set in an abelian group G, then for every
prime p, the Sylow p-subgroup of G is cyclic. In Arasu and Pott [1], it was
shown that the above conjecture is true when p = 2.

Theorem 1. (Arasu and Pott [1]) Let D be an abelian affine difference set
in G. Then the Sylow 2-subgroup of G is cyclic.

We denote by w(m) the set of primes dividing an integer m. For a set of
primes mp and a positive integer m, we denote by m,, the my-part of m. If
g = ¢, then we set m,, = 1. For a positive integer s, we set G, = {z €
G | z* = 1}. H G is an abelian, then G, is a subgroup of G.

In section 3, we present the following theorem concerning the Sylow p-
subgroup of G for a prime p such that pjn + 1.
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Theorem 4. Let D be an abelian affine difference set of order n in a group
G. Let p be a prime divisor of n+1 and let r be the p-rank of G. Assume that
p divides w + 1 for some w > 1 such that m(w) C w(n). Set s = (w — 1),,,
where mg = w((w — 1,n% — 1)). Then,

r < log,(|G,| + 2).
As a corollary, we have :

Corollary 1. Let D be an abelian affine difference set of order n in a
group . Let p be a prime divisor of n + 1 and let v be the p-rank of G.
Assume that p divides w + 1 for some integer w > 1 such that n(w) C w(n).
Set wp = w((w — 1,n% = 1)). If the Hall my-subgroup of G is cyclic, then
r< logp((w - l)ﬂ'o + 2) .

Corollary 1, together with Theorem 1, gives the following.

Corollary 2. Let D be an abelian affine difference set of order n in a group
G and let p be a prime dividing n + 1.

(i) Let w be a prime divisor of n. Suppose there ezists a positive integer
£ such that plw'+1 and n(wt —1,22 — 1) = {2}. Ifp* > (W' — 1) + 1, then
the Sylow p-subgroup of G is cyclic.

(ii) Suppose 2|n and p|2¢+1 for a positive integer £. If (2'—1,n%—1) =1,
then the Sylow p-subgroup of G is cyclic. In particular, if 3|n + 1, then the
Sylow 3-subgroup of G s cyclic.

When n is a power of an odd prime, we have :

Corollary 3. Let D be an abelian affine difference set of order n in a group
G. Let n = w® where w is an odd prime and e is a positive integer. If 3|n+1,
then the 3-rank of G is at most logy(|Gw-1]| + 2).

Throughout the article all sets and groups are assumed to be finite. No-
tations and teminology are standard and taken from [8].
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2. Preliminaries

Let G be a finite group of order n? —1 and let IV be a normal subgroup of
G of order n — 1. Suppose D is an n-subset of G with the property that the
list of differences d;d;'(d;,d; € D,d; # d;) contains each element of G — N
exactly once and no element of N — {1}. Then D is called an affine difference
set of order n in G relative to N. An affine difference set D is said to be
abelian or cyclic if the group G has the respective property.

Given a prime power g, (cyclic) affine difference sets of order ¢ have been
constructed (see Bose [2]). Basically, we consider the finite field GF(g?). The
set D = {z € GF(¢®) | tracegp(q)(z) = 1} is an affine difference set in the
cyclic group GF(q?)" under multiplication. These correspond to Desargue-
sian planes. Some non-abelian examples are given by Ganley and Spence (3]
which also correspond to Desarguesian planes. In the abelian case, the only
known examples are the cyclic ones given above, and these are of prime power
order. Hoffman (6] conjectured that affine difference sets of other orders do
not exist.

Let D be an affine difference set in a group G. Then the set Dg =
{dg | d € D} is called a translate of D for each ¢ € G. A (numerical)
maultiplier of an abelian difference set D is an integer ¢ relatively prime to
n? — 1 satisfying D) = Dg for some g € G. Here DV := {d*|d € D}. We
shall use the following result which is essentially contained in [4].

Theorem 2.([4]) Let D be an abelian affine difference set of order n in a
group G. Let t be a positive integer such that w(t) C m(n). Thent is a
multiplier of D.

Lemma 3. Let B be a subset of an abelian group G such tkat (|B|,|G[) = 1.
Then there ezists a translate C of B satisfying the following:
If C® = Cu for some integer t and some u € G, then u = 1.

Proof. Let T" be the set of translates of B and f a mapping from I’ into G
defined by f(Bz) = [I,c5. 2. We note that f(Bz) = az*, where a = [I,¢5 2
and k = |B|. Assume f(Bz) = f(By). Then az* = ay* and hence (zy~!)* =
1. By assumption, (k,|G|) = 1. Therefore zy™! =1 and so =z = y. It follows
that f is bijective as |[['| = |G|. Thus there exists a unique translate of B,

say C, satisfying f(C) = 1.
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Assume C® = Cu for some integer ¢ and some u € G. Then f(Cu) =
F(C)*. Since f(Cu) = f(C)u* and f(C) =1, we have u* = 1. As (,|G|) =
1, u = 1. Thus the lemma holds.

If D is an abelian affine difference set of order n in G, then clearly Dg
is again an affine difference set of G for each ¢ € G. As an application of
Theorem 2 and Lemma 3, by exchanging D with a suitable translate, we can
choose D such that

(+)  m(t)Ca(n) => DO =D

We now recall some facts about abelian groups. Let G be an abelian group
and let p be a prime dividing |G|. We know that the set of p-elements forms
the unique Sylow p-subgroup P of G. Furthermore, any abelian p-group (such
as P) is the direct product of cyclic groups. Let P = Hy x --- x H, where
H; = (z;),z; € P. The integer r and the orders |H;| are uniquely determined
(up to ordering). The integer r is called the p-rank of G. Clearly, an abelian
p-group is cyclic if and only if its p-rank is 1.

3. The Structure of the Sylow p-subgroup of G

For the rest of this article, we assume that G is an abelian group of order
n? — 1 and that D is an affine difference set of order = in G relative to a
subgroup NN of order n — 1.

In this section, we present the following theorem concerning the Sylow
p-subgroup of G for a prime p such that p|n + 1.

Theorem 4. Let D be an abelian affine difference set of order n in a group
G. Let p be a prime divisor of n+1 and let r be the p-rank of G. Assume that
p divides w + 1 for some w > 1 such that w(w) C w(n). Set s = (W — 1),
where w9 = w((w — 1,n? — 1)). Then,

r < log,(|G.| +2)-

Proof. By Theorem 2 and () in section 2, we can choose D so that D) = D.
By Theorem 1, we may assume that p > 2.
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Let Q := {z € Gl2* = 1,z # 1}. Since pln +1 and |[N| = n - 1,
then for every element z € 2, we have = ¢ N. As D is an affine difference
set in G, there exists a unique pair of elements d,,d, € D such that z =
did;!. Now z €  implies z7 = 1. From this, ¢ = z™" as p|w + 1. Thus,
did;' = d¥(d¥)~!. Note that d¥ and d¥ are both in D because D) = D.
By definition of affine difference sets, we have either d, = d; or d, = d¥ and
d2 = dY. But clearly, d; # dz as = # 1. Hence d; = d% and d, = d¥ hold.
This gives us = = dy~!. Thus, every element of {2 may be expressed as d*~!
for somed € D. f £ = ¢¥~! = d“~! for some ¢ € D, then c¥c™! = dvd-!
and ¢,d,c”,d” € D. Hence ¢ = d. Thus d is uniquly determined by =z.

Clearly G, = QU {1}, a maximal elementary abelian p-subgroup of G.
Choose distinct elements a,b € 2 and set

T={(u,v) | (a,b) #(u,v) €A x Q, wv!=0ab'}.

Since (ab™1,1), (a,b),(1,ba"!) € T', we have |I'| = p" - 3.
Let (u,v) € T and set t = w —~ 1. By what we have proved above, there
exist elements d,, d;, d3,d, such that

a=dy, b=dy, u=dy, v=4d,.

Set z = (did3")"Y(dsd;'). As uv™! = ab™!, we have 2* = 1. Set t = s¢',
where 7(s) = m, and #(s') Nmy = ¢. Since the order of z is a divisor of
|G| = n® — 1 and (¢',n? — 1) = 1, it follows that z* = 1. Thus z € G, and so
did;' € G,dyd;'. From this we have |[| < |G,did;' — {did7'}| = |G,| - 1.
Hence p* — 3 < |G,| — 1 and so p" < |G,| + 2. Thus the theorem holds.

Let X be a group and Y a subgroup of X. Set m; = #(|Y]). Y is called

a Hall m,-subgroup of X if (|Y],[X : Y]) = 1. We note that the trivial group
{1} is a Hall ¢-subgroup of X.

Corollary 1. Let D be an abelian affine difference set of order n in a
group G. Let p be a prime divisor of n + 1 and let r be the p-rank of G.
Assume that p divides w + 1 for some w > 1 such that n(w) C n(n). Set
g = w((w — 1,n% ~ 1)). If the Hall mg-subgroup of G is cyclic, then r <
logp((w - 1).,0 + 2) .

Proof. Set s = (w — 1),, and let H be the Hall m,-subgroup of G. By
assumption, H is cyclic and therefore |G,| < s. Applying Theorem 4, r <
log,(|G.| +2) < log,(s +2) =log,((w — 1)x, +2). Thus the corollary holds.
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By Corollary 1, we have

Corollary 2. Let D be an abelian affine difference set of order n in a group
G and let p be a prime dividing n + 1.

(i) Let w be a prime divisor of n. Suppose there erists a positive integer
¢ such that plw’ +1 and w(w’ — 1,n? — 1) = {2}. Ifp* > (w' —1)2 +2, then
the Sylow p-subgroup of G 1s cyclic.

(ii) Suppose 2|n and p|2¢+1 for a positive integer £. If (2¢—1,n%—1) =1,
then the Sylow p-subgroup of G s cyclic. In particular, if 3|n + 1, then the
Sylow 3-subgroup of G is cyclic.

Proof. (i) follows immediately from Corollary 1. Under the condition of (ii)
assume (2°—1,n2 —1) = 1. Then, by Corollary 1, the p-rank of G is at most
log,(1+2) < 1. On the other hand, if 3|n + 1, then the 3-rank of G is at
most log;(1 + 2) = 1 since 3|2 + 1. Thus (ii) holds.

Example 1. (i) Let n = 3%*2 and D an abelian affine difference set of
order n in a group G of order n? — 1. Then, since 5/32 + 1, 5|n + 1 and
7((3%2 — 1,n? — 1)) = {2} and since the Sylow 2-subgroup of G is cyclic by
Theorem 1, Corllary 1 says that the 5-rank of G is at most logg(8 + 2) < 2.
Thus the Sylow 5-subgroup of G is cyclic. Note that if 5° | 2e + 1 then
5%+! | |G| (cf. Theorem 6.3 of [7]).

(i) Let n = 5%¢*! and D an abelian affine difference set of order n in a
group G of order n?—1. Then, since 3|5+1, 3|n+1 and n((5-1,n%-1)) = {2}
and since the Sylow 2-subgroup of G is cyclic by Theorem 1, Corllary 1 says
that the 3-rank of G is at most logy(4+2) < 2. Thus the Sylow 3-subgroup
of G is cyclic of order at least 3*+!, where 3%|2e + 1 (cf. Theorem 6.3 of [7]).

(iii) Let p and ¢ be primes such that ¢ = 2p + 1 = 2(mod 3) and let
n = p°¢®, where a + b = 1(mod 2). Then 3|n + 1 and 3|g + 1. Since
(g—1,n%~1) = (2p,p**q** —1) = 2, the 3-rank of G is at most logs(2+2) < 2
by Corollary 1. Thus Sylow 3-subgroup of G is cyclic. Note that 3? | |G|
when a = 3 (mod 6) and b = 0 (mod 6).

Example 2. Let n = 10646(= 2 - 5323). Then n+ 1 = 3?7 -13% and
|G| =3%-5-7-13%-2129. As 2|n and 3|2 + 1, the Sylow 3-subgroup of G is
cyclic by Corollary 2 (ii). Since 13 | 26 +1, (2% —1,n?~1) = 3?7 and since
a Hall {3, 7}-subgroup of G is cyclic, 13-rank of G < log,3(2° —1+2) < 2.
Thus the Sylow 13-subgroup of G is cyclic and so G is also cyclic.
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Example 3. Let D be an abelian affine difference set of order n = 2¢ where
e is an odd integer, in a group G. Clearly, 2°+1 =0 (mod 3). By Corollary
2(ii), the Sylow 3-subgroup of G is cyclic of order at least 3*+!, where 3°|e
(cf. Theorem 6.3 of [7]). If a > 0 and e < 100, one can check that G is cyclic
except in the folowing cases.

(l) n= 221, G~ Zg X Z‘r X Z7 X Z43 X le-r X Z337 X 25419.

(i) n =28, G = Zyr x Z7 x Z7 x C, where C is a cyclic group.

The next result considers the case that n is an odd prime power. Under
some conditions, we shall show that the rank of the Sylow 3-subgroup of G
is relatively row.

Corollary 3. Let D be an abelian affine difference set of order n in a group
G. Let n = w® where w is an odd prime and e is a positive integer. Suppose
3|n+ 1. Let v be the 3-rank of G. Then r < logy(|Gw-1| +2). Moreover,
r < logw if either (i) (w — 1,e) =1 or (ii) a Hall 7(w — 1)-subgroup of N
is cyclic.

Proof. As 3|w® + 1, we have w = 2 (mod 3) and e is odd. Hence 3|w + 1. It
follows from Theorem 4 that r < logy(|Gy-1| + 2).

Set my = m(w — 1) and m, = w(w — 1) — {2}. If (w — 1,e) =1, then
(w—1,w*'+--.-+w+1) = (w—1,e) = 1 and so the Hall my-subgroup of G,
say H, is of order (w — 1)/2¢, where 2¢ is the 2-part of w — 1. Therefore, as
the Sylow 2-subgroup of G, say P, is cyclic, we have G,,_; = H x Pp.. Hence
|Gw-1] = w — 1. On the other hand, if a Hall mp-subgroup of IV is cyclic,
then clearly |Gy-1| = w — 1. It follows from Theorem 4 that r < log;(w + 1)
in both cases. If the equality holds, then w = 3" — 1, which is not the case
as w is an odd prime. Thus 3" < w and so 7 < log,w.

Example 4. Let D be an abelian affine difference set of order n = 113"
where b and ¢ are positive integers and neither 3 nor 5 are divisors of c.
We have 3!*%|113* + 1, and since (11 — 1,3 - ¢) = 1 it follows that r <
log;{(11 — 1) + 2}. Thus r < 2. We have shown that in this case, the rank
of the Sylow 3-subgroup of G is relatively low.
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ON ADE GROUPS IN ABELIAN GROUPS
TAKASHI OKUYAMA

All groups considered here are arbitrary abelian groups. Throughout this article,
let G be an arbitrary abelian group, T be the torsion-part of G, and G, is the p-part
of G.

Fuchs has given an interesting example(l, Vol. 2 p.186 Example 2}. This group
has subgroups to be almost-dense and T-high. Then this example has caused us to
define almost-dense extension groups of torsion-free groups as follows:

Definition. Let A be a torsion-free group. A mixed group G is said to be an
almost-dense eztension group (ADE-group) of A if A is almost-dense and T-high of
G. Such a subgroup 4 is called a moko subgroup of G.

In [2], we have considered an ADE group G of which moho subgroup is of rank
1 and of which G, is cyclic for every prime p. In this article, we give the structure,
the representation, and the realization of more generalized ADE groups G such that
r(G/T) =1 and G, is a direct sum of cyclic groups for every prime p.

Structure Theorem. Let G be an ADE group with A as a mohko subgroup such
that r(A) = 1 and G, is a direct sum of cyclic groups for every prime p, and let
a € A such that h;‘(a) = mp for every prime p. If m, < oc, then let ap, = p+,a.
Then, for every prime p, one of the following three cases holds.

Case 1
(1) Gp = ®E,(ypi}, where o(yp) = p#ifor alli 2 1.
(2) (G/A)p = ®2,{9pi +A)f where gp; € G and o{gpi + 4) = p for alli 2 1.
(3) tpi < cpi < tpigy foralli 2 1.
(4) yp1 = ap + P "'r' gy and ypity = gpi + P TP gpisy foralli 2 1.
(5) For everyi 21, h,(p"g,.-) =k for all k < tpiq,.
Case 2
1) G = @:-';l(y,,':'), where oypi) = p'rifor all1 S S n,.
(2) (G</A)<p = @;2,(gpi + A), where g,i € G and o(gpi + A) = p» for all
15: S n,.
(3) tpl <cp < tpz <ecpz < tps <---<Cpn,-1 < tpn,, < €pn,-
(4) ypr = ap + p "1 gy and Ypiv1 = gpi + PP i gpiyy for all 1 S i S np.
(5) For every1 i S np—1, hy(p*gpi) =k for allk < tyit and h,,(p"g,,.’) =k
for all k < cpa,,.
Case 3

(1) Gp = D22 {vpi) D(yp). where o(ypi) = p*#ifor all1 £ i < ny and oly,) = p'*.
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2 TAKASHI OKUYAMA

(2) (G/A)y = G2, (gpi + A) @ Dy/A, where gpi € G and olgpi + 4) = pi» for
all1 S 1 S np, and Dy/A is divisible of rank one such that

Dp/A = (dp; + Alpdpj1 = dpj.pdp € A7 =1,2,...)
and dp; + A = p'»~ly,.
(3) tp <cp < tpa < cpa < tpa <0+ < Cppy—1 < tpn, < Cpn, < tpe
(1) Yp1 = ap + Pc"-‘“gph!lpﬁl = gpi +p"'“"‘g,,-+l foral1 £ S n, —1,
and yp = gpa, + pdpy, -
(3) ;‘or:;;e;y 1S i S np—1, hy(phgpi) = k for allk < tyiz1 and hy(ptgpn,) = &
or <t,.H

A moho subgroup 4 of G is torsion-free of rank one. Hence .4 has a type. We
define the moho system of G as a representative of the type of 4. It is denoted by
M#4(G). Let A = Ra, where p, are all primes and R is a subgroup of Q generated
by all p;!» such that I, £ m, and x(a) = (m,m2,...). Let MA(G) = x(a). If
we describe a generator a of A precisely, then we denote M?%(G). It is deseribed
by a sequence of nonnegative integers and co. We define the p-coordinate of the
QT-matriz, denoted by QT (G), as follows:

1 TA - Cp1,Cp2y.-+:Cpny )’
( ) Q p(G) (t,l,tpg,...,tp",

if Gp is in Case 1,

9 A = cphcp21‘--1cpnp)’

( ) QTP (G) (tplvtp21 R 1tpn,

if Gp is in Case 2,

Cpl:Cp2y:+-4Cpn, X
3 TG =( pl:Cp Py ,
( ) Q 'P( ) tpl,tp‘z,...,tpn’,tp

if Gp is in Case 3, and

@ a6 = ({)

if Gp = 0. Hence such an ADE group G is determined by the moho system and the
QT-matices.

Realization Theorem. Let M= (m2,m3,....m,,...), where m, is either non-
negative integer or oo for all prime p. For every prime p, let QT be a matriz (1),
where t5; < cpi < tpiy) for alli 2 1 and my < 00, or QT, be a matriz (2), where
tp < Cp1 < tpz < Cpa <lpg <--+ < Cpn,—t < tpn, < Cpn, and mp < 20, or QT, be
a matriz (J), where ty < cp) < tpz < cpz <tp3 < -+ < Cppy~1 < tpn, < Cpn, <
and m, < oo, or QT, be a mairiz ({). Let A be a torsion-free group of rank 1
such that M is a representative of the type A. Then there ezists an ADE group G
with 4 as a moho subgroup and with QT, as the p-coordinate of the QT-matriz for
every prime p.1
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Example. For every prime p, let
Tp = 1-3?.‘;..(!/,».'),
where o{ypi) = p*' and define
bpi = (0,10, Ypir PYpit1: P Ypitzs--- ) € 12, {ypi)
for every prime p and ¢ = 1,2,.... Moreover. define
a = (bay,byy,....bp,...) € T, (ypi)

and . -
9pj = (b!zl-l‘b?,n_ yererDpjs...) € np(n?;l(ypi))»

where pbl;! = b;','_’ and b9, = by, for every ¢ # p and j = 2,3,4,.... Then
a = gp for every prime p. Let T = 5,7, and

G = (T, gp5l7 = 1.2....).
Then T becomes the torsion part of G and G is an ADE group of rank 1 with 4

as a moho subgroup. G also has (0,....0,...) as a moho system and the following
matrix as the p-cordinate of the QT-matrices:

wmo(3111 )

Standing Assumptions. Let G be an ADE group with 4 es a moho subgroup such
that r(4) = 1 and G, is a direct sum of cyclic groups for every prime p. Moreaver,
G has either matic (1} or (2) or (8) or (4) as the QT -matriz of the p-coordinate
for every prime p, and let a € 4 such that M (G) = m,. Letap = p+,a €4
if mp, < 00,tpn, 41 = tp, and for every p and i 2 1, gpi and y,; be the ones as
mentioned in the structure theorem in the former article "On ADE groups of rank
one {”,

From now on, let G be a group satisfying Standing Assumption if we do not
give special references. Our goal is to classify ADE groups G satisfying Standing
Assumption.

Definition. Then, for every prime p, let

0 forn=0
e,’,‘“(G) = { tp forn=1
tor + Tiny(tpi — cpimy) forn 2 2if £, # 0.

en{G) is called the nth elevation of G under a moho subgroup 4. Let a € 4. If
n i3 the largest integer such that hi’,‘(u) 2 e;‘,,(G‘). then it s said that a has nth
elevation at p and we denote ep(a) = n.
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We consider that if G, = 0, then ef(G) = 0. By [2, Proposition 2.2(2))], if
hil(a) = oo, then G, = 0. Hence we have ey(a) = 0 and it is well defined. The

elevatxons play a pwote role in changing the configuration of these ADE groups.
Moreover, let

PBUG) = {pe P(G)Im, 2 tp}.
We call the top row of the QT-matrices the p-coordinate of the quotient system,
denoted by Q"(G) Moreover, Q/,(G) means the ith coordinate of Q:(G) at the
prime p, that is Q {(G) = cpi a.nd define
1Q;*(G1) - Q;*(G2)| = Spleyi — <hils

where Q7 (Gi) = (¢);),¢ = 1,2,7 =1,2,...

Classification Theorem. For i = 1,2, let G; be an ADE group with A; as o
moho subgroups such that r(A;) =1 and (G;), is a direct sum of cyclic groups for

every prime p. Then G| = G, if and only if there ezisis a generator a; of A; for
t = 1,2 such that

(1) T(G1) 2 T(Ga),
(2) for esery prime p, e5(ar) = ¢5(an) = rp,
(3) Zpeper60)1Q(Gr)- Q;*(G2)} < oc and
EPW'I(GI)IM;“(GI)"M:’(GQ)I < oo fif we set oc — 00 =0, and
(4)
Epeper 61 {Zige, My (G1)+ S, QA (G1))~ (M;(G2) + 52, Qp7(G2)))} < 20

Spepei (G1).i>r, Q1 (G1)~ Q)i (G2)| < o0, and
Spepe1(Gr)isr, IMa (G1)— M32(G2)| < 00. [if we set oc — 00 = 0.

In general, let G be an ADE group. If T is bounded, then G is splitting. However,
the ADE group G mentioned in Example in the section 1 in [1] is not splitting. Then
we can pose the problem: Which ADE group splits ?

Now we give a necessary and sufficient condition for an group G satisfying Stand-
ing Assumption to be splitting.

Splitting Theorem. G is splitiing if and only if
(1) there ezists no prime p such that @2, (ypi} end
(2) there ezists a generator a € A such that
ep(a) 2 { '.f ef.—-,'l(ypi)
np+1 if @2, (ypi) D (y,).0

Corollary 1. If G, is not bounded for some prime p, then there ezists no T-high
subgroup that is purifiable in G.H

Not all moho subgroups of an ADE group G satisfying Standing Assumption
are isomorphic. Then we characterize a group G that all moho subgroups of G are
isomorphic as follows:
Theorem 2. All moho subgroups of G are isomorphic if and only if, either

(1) G is basic or
(2) for almost all p € BHG), cp1 = tp1 + 1 and mp =t .M
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1 Introduction

Let R := Z, = {0,1,2,3} be a ring of 4-elements and V' := R" be the free module
of rank n consisting of all n-tuples of elements of R. A code C of length n over R is an
additive subgroup of V. We note that C is also an R-submodule of V'. An element of C
is called a codeword of C. Codes differing by only a permutation of coordinates are called
permutation-equivalent. Any code is permutation-equivalent to a code C with generator

matrix of the form
L, X Y
0 26, 2Z )’

where Y is a matrix over Z; and X and Z are binary matrices (see [2]). The code is then
an abelian group of type 4¥12%2 containing 2?51 +%2 codewords. We indicate this by writing
|C| = 4%12%, In this paper, we use four kinds of weights, namely the complete weight, the
Hamming weight, the Lee weight and the Euclidean weight. For every r = (zy,:++,z,) € V
and r € R, the complete weight of z is defined by

nz):=|{i|zi =r}|

Given any element z € V, the Hamming weight, the Lee weight and the Euclidean weight
of z, denoted by H-wt(z), L-wt(z) and E-wt(z), respectively, are defined by

H-wt(z) := ni(z) + na(z) + n3(z).
L-wt(z) := ny(z) + 2na(z) + n3(z),
E-wt(x) := ni(z)+ 4nz(r) + na(r).
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Put N = {1.2,---,n}. We define the supports of Hamming type, Lee type and Euclidean
tvpe of a vector £ = (Zy,-+,Za) € V', denoted by suppy{r). suppy(x). suppg(x}, respec-
tively, by

suppy(z) = {i € N |z #0},
suppr(z) = {ieN|zni=13}U{jJjlz;=2j€ N},
suppg(z) = {i€N|ri=13U{jjJilz =2, €N},

where supp,(z) and suppg(z) are viewed as multi-sets. Clearly, we have that [suppy(z)| =
|[H-wt(z)|, |supp,(z)| = |L-wt(x)| and |suppg(z)| = |E-wt(x)|. The minimum Hamming,
Lee and Euclidean weights of C, denoted by dy, d; and dg. respectively, are the smallest
weights among all non-zero codewords of C. The inner product of vectors r = (zy,---,zq)
and y = (y1," - . Ya) is defined by

(r,yy =xiy1 + -+ + Toya (modd).
The dual code of C is defined by
Ct:={yeV]|(r,y)=0 (Vz€C)}
The following proposition is well-known as the Singleton bound (see [7]).

Proposition 1 Let C be a g-array (not necessary linear) [n, M, d]-code, where M = |C|.
Then.
M < gv it

The main purpose of this paper is to give an another proof of the above bound for dy
over Z, and find the similar type bounds for d; and dg over Z,.

2 Another proof of Singleton bound for Hamming
weight

In this section, we prove the Singleton bound for Hamming weight over Z, by using the
algebraic methods. For a submodule D of V" and a subset M/ C ¥ = {1.2.--- n}, let

D(M)
D"

{z € D | suppy(z) C M}.
Homg(D, R).

Clearly D(M) = DN V(M) is a submodule of V" and [V (M)| = 4/¥l. By the fundamental
theorem of finite abelian groups, we have that |D| = |D*| for any submodule of V". The
following lemma (there is a similar result over GF(q) in [10] ) is essential.
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Lemma 1 Let C be a code over Zy and M C N. Then there is an exact sequence as
R-modules: )
0 — CHM) ZS V(M) Lo I8 oV - My — 0,

where the maps inc, res denote the inclusion map, the restriction map, respectively, and
the map f is defined by
fiy— (g {2,9)).

Proof. Clearly the map inc is injective. Since Z, is a self-injective module over itself, the
map res is surjective. If we take a codeword y € C+(a{), then

gz {(z,y)=0 (Yze(C),

and so y € ker f. which implies
Im(inc) C ker f.

Conversely, if we take an element y € ker f. that is, § = 0, then
yeV(M)NCL=CHM),

and so
Im(inc) 2 ker f.

Thus we have
Im(inc) = ker f.

Next if we take a codeword y € V/(A[), then
gz {z,y) =0 (Vre C(N-M)),
and so y € ker(res), which shows that
Imf C ker(res).
Conversely, if A € ker(res), then
Mz)=0 (Ve C(N - M)),

and there exists y € V with A = j. (Note that V — C=:v — ¥ is surjective.) So
{z,y) =0, that is,

y € (C(N=M)r=(CnV(N M)
= Cr+ V(N = M*=CH+ V(M)
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Since 2 = 0 for any = € C*, we have
Imf D ker(res).
Thus

Imf = ker(res).

Hence the lemma follows. 1

We remark that we can prove the MacWilliams identity for codes over Z; ([6]) by using
Lemma 1 (there are similar results over GF(q) in [8] and [10]).

Using the above lemma, we prove the following proposition.

Proposition 2 Let C be a code of length n over Z, with |C| = 4%12% and the minimum
Hamming weight dy. Then
2y <2n =2k —ky + 2.

Proof. By Lemma 1, we have
ICI-|CH(N = M)| = V(N = M)|- |C(T)),

where M = N — M. [f we take a subset M of .\ with |AT| = dy — 1, then |C(M)| =1 and
[CL(N — M)| 2 1. Thus we have the following inequality:

4k| 2/:3 < 4'\—((1”—1]‘

Hence the proposition follows. '

Example. Let C be the code over Z; with the generator matrix
G=(tfa 1),
where 1 is the all-one row vector. Then, C is a code with the equality in the above theorem,
sincek, =n—1, k=0 and dy = 2.
Recently, IX.Shiromoto and T.Yoshida([9]) prove the stronger Singleton type bound than
Theorem 1 as follows;

Theorem 1 (Shiromoto and Yoshida) Let C be a code of length n over Z, with |C| =
4425 qnd the minimum Hamming weight dgy. Then

dy <n—-k —ky+1.
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3 Singleton bounds for other weights

We also can get the similar results for d¢. dg. Now we give the similar definitions and
notation. For any subset M = {i),is.---.im} C N. M,, M, denote the multi-sets such
that

“’2 = {illilai'lri% ''''' :inhim}v
My = {il;ilvilsihibihi!vi% """ vaimim“'m}-
For a submodule D of V and a subset M/ C N = {1,2,---,n}, let
D(My) = {z€ D|supp.(x)C A:},
D(M,) := {z € D|suppg(z) C M}

Clearly D(M;) = DNV(M;) and D(M,) = DNV (M,) are submodules of V and |V(:M,)| =
[V(M,)| = 4™, Under the above notation, the following two lemmas also can be proved
by the same way as Lemma 2, so the proofs are omitted.

Lemma 2 Let C be a code over Z; and M C N. Then there is an exact sequence as
R-modules:

0 — CL(Ms) 25 V(M) -5 €7 2% C(NVa = M) — 0.

Lemma 3 Let C be a code over Z; and M C N. Then there is an ezxact sequence as
R-modules:

0 — CH(My) 25 V(M) - € 22 C(N, = M) — 0.
Using the above lemmas, we have the following theorems.

Theorem 2 Lel C be a code of length n over Zy with |C| = 4"12% and the minimum Lee
weight dy. Then
5 [dL -1

P4 >

< 2n — 2y — ky.

Proof. By Lemma 2, we have

IC|- ICH (V2 = M) = |V(N2 — AL)] - IC(AT),

where M, = N, — M,. If we take a subset M of V with LTI;l 2 [ilz;'], where [a] :=
Max{m € Z|m < a}, then |C(Mz)] = 1 and |C*(N; - Mz)| > 1. Thus we have the
following inequality:

4ok < 4"'[4";‘]
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Hence the theorem follows. )

The Gray map ¢ : Z;, = Z3 is defined by ¢(0) = 00, o(1) = 0l. o(2) = 11, and ¢(3) = 10.
It is well-known that ¢ is a distance-preserving map from (Z7 . Lee distance) to (Z3" ,
Hamming distance) (see [3]). Using Theorem 2, we have the Singleton bound for some
binary nonlinear codes.

Corollary 1 If a binary nonlinear (2n, M, d)-code B, where M := |B|, is the Gray map
image of a code over Z,, then

- P S 4n - 10g2 .‘I.

.)[d—l

We now prove the Singleton bound with respect to Euclidean weight.

Theorem 3 Let C be a code of length n over Zy with |C| = 492 gnd the minimum
Euclidean weight dg. Then

<2p =2k - k,.

2 dg ~ 1
4

For convenience, we give the proof of Theorem 3, though that is similar to the proof of
Theorem 2.
Proof. By Lemma 3, we have

IC|-1CH(Ny = ML)| = [V(Ny = ML) - |C(ML)),

where M, = N, ~ M,. If we take a subset M of N with || = 4 [i"-':—'], then |C(M))| = 1
and |C*+(Vy — M3)| 2 1. Thus we have the following inequality:
ghak < o=,

Hence the theorem follows. 1
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4 An application to codes over 7,

We can prove the Singleton bounds for codes over Z; as well as codes over Z,. Nat-
urally, we can define the Lee weight and the Euclidean weight as follows. In the case of
{ = 2k, the Lee weights and the Euclidean weights of the elements 0, £1, £2, £3,-.-, +(k -
1),k of Z; are defined by 0,1,2,3,---,(k — 1),k and 0.1.4,9.---.(k — 1), &%, respec-
tively. In the case of I = 2k + 1, the Lee weights and the Euclidean weights of the
elements 0, 1, £2,£3,.-.,x(k — 1), £k of Z; are defined by 0,1,2,3,---,{k — 1),k and
0,1,4,9,---,(k—=1)% k?, respectively. The Lee weight and The Euclidean weight of a vector
are the rational sum of the Lee weights and the Euclidean weights of its components respec-
tively. The Hamming weight of a vector is the number of non-zero components in the vector.

We define the supports of Lee type and Euclidean type of a vectors = (zy,--+,z,) € Z}*
by

{ii € N |z, =1} U {is,iz ]| zi = £2,02 € N}U - U {Zy bk, -+
T =k €N (if { = 2k)
supp;(z) = |z } k times
{ineN|zi, =1} U {ir iz | zi = £2, 02 € N}U - - U {tk ik, ik
| | zi, = £k, 0 € N} (if { =2k + 1),
, &2 times
{heN |z, =£1,}U{iz,iziaiz| zi, = 22,02 € N}U--- U {tg, ix,- -+, 0k
zi, =k, €N if | = 2k)
SUPPE(:C) = | . . } (k7 times
{iL€ Nz, =1, }U {i2, iz, 80,02 | zi = 2,02 € N}U--- U {ik, ik, -5 ik
| | i, = £k, i, € N} (if { = 2k + 1),

where supp;(z) and suppg(z) are viewed as multi-sets. Similar arguments to Theorem 2
and Theorem 3 show the following results, so the proofs are omitted.

Corollary 2 Let C be a code of length n over Z; with the minimum Lee weight d; and the
minimum Euclidean weight dg. Then
{ lﬁ;—' <n—logy|C|l (il =2k)
dr=1
*

. and
dp~1
2]
{ de=1
k2

<n-log, |C| (ifl=2k)
< n—logy, ICl (fl=2k+1,
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The Complex Leech Lattice and the Suzuki Group

1LEF EFR
TEKX BEH &F - HFREEFEH

A TiX, Complex Leech Lattice 225 % L T, Monster & VOA {TBIHE# L TH~
VBRIV ERB2TVDZEIZDNTERET S, FILVWEREV I boREFEATY
BRNZEEHONMLDITHREVE,

1 Complex Leech Lattice

%9, Complex Leech lattice ZEHEL £ 7,

IZU®IZ, % Gy, T ternary Golay code &3, T4bb, G, RE&E1203 5k
EEDOHE (12KT~7 PZEMF? OMIEM) T, KROERTHITEREEND (£
DF~7 PATEREND) bDETH,

£

0000001111711
100002012210
010002101220

Yo01002210120/
000102221010

loo0o0o012122100)]

BEIXERTHOEMICHEATINENAIL IICTAIOTH I, $TOBETESHR
BT RBEIIILTHS, 1 2FBHORT ¥ —FANCESRBEANITFEE R HOICR
3, 2B, LROE6-HO~Y bAO&IE(1,1,1,1,1,1,1,1,1,1,1,1) 12720, #-T,
(1,1,1,1,1,1,0,0,0,0,0,0) b Gz BT 3,

KRiZ, Zlw] LD lattice [y ZFRDPATEET S, ZZT, w1 DRBEIRIRT,
0==3 &BL, £, G, PRSEBHERRLE~NS PL2ER G, TRL, &5
i85 0,1,2 TREVTRTELY (FNEN0,1,2 D) X7 MERTIEICT S,

0+ 0c+3z & Tz; =0 (modd)

A={ 1+06c+3y €€Ci s =1 (mod 9)
: Ty, < € z[‘*’]lz! —_

2+ 0c+3: £z=2 (mod 9)
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TITi, BRO2=FUHBEBZBIELELEL, B MOBREOELFE~RJ b
NDJNWVAERREZEILLE D, THE, [ DIXD /L LIXIOFKIZRD, BT B
NERRW TSR/ VAL 8IZ2B, £ZT, BRE 9n O 2% Th(n) EET
TET B, BELDR =230, ETHHN, FHZ (2 OREVLOHTBVTE
Z9,

(6°,0°),(3,-3,0'9),(2 - 6,w°,1°),((-2)%,1'°)
=L, 8 EBNTHIDITIBEHRICHIEVIERTHD, BHATL<ALNS
$%u ZOECEREE Aut(T),) BIBEROSKRBEMELMNE 6 DPLTILR LRI
RoTVWBENWIZETHD, THRLL

Aut(l);) =6 - Suz
WIZ T12/8C 13 IZPWTHERS, EFMMBEE L Tix
[12/6T 2 = F3

BREYILD, TDEE, mod T, TORETIZIFENS bl Tp(2)ul(3) o eh
BIENHLBNATWS, £, ZIRIFKRICK>THBENERSNS,

(%,0) := 310(1: y) mod 8
TR TV I T4y 7 2ER (Tabb (2,2) =0 PRV IUD) L2, DEDDE
2R, ZOEMOBRKESETAMSEM W 2LbhLx, TOLELETw X T, O
ED L D72 sublattice i@ 2 TWBKEB I, EVIBDTHB,

Z 2T, BB sublattice DNEDD (B4y, BLREKED) FlEETF LI, TT
ERBTBIELLAMETH S I8, BOBBLHoTHRTVRNY, F7Ahsvnins,
Bh) 5EHLBEDLBVETTHE, Lal, B, EsBONL—FFF 4 X% complex
lattice LR LHD (ENnFirank 3,4) BHTL B THA I,

ZITOLIHENIDIE, RTERENDILDTH D,

(6,6,6,6,6,6,0,0,0,0,0,0) (0,0,0,0,0,0,8,9,6,8,9,8)

(3,-3,0,0,0,0,0,0,0,0,0,0) (0,0,0,0,0,0,3,-3,0,0,0,0)
(0,3,-3,0,0,0,0,0,0,0,0,0) (0,0,0,0,0,0,0,3,-3,0,0,0)
(0,0,3,-3,0,0,0,0,0,0,0,0) (0,0,0,0,0,0,0,0,3,-3,0,0)
(0,0,0,3,-3,0,0,0,0,0,0,0) (0,0,0,0,0,0,0,0,0,3,-3,0)
(0,0,0,0,3,-3,0,0,0,0,0,0) (0,0,0,0,0,0,0,0,0,0,3,~-3)

Zhiz k< mb 7= Coxeter-Todd lattice @ 2 DD EF & RABIZ /2> TV B, Coxeter-
Todd NDERILLZ2VA, EBOST FADHIED 6 DDERSTEREND LD, LD
DONREREDHLDODTH B,

28 CRIBIEICIIT D sublattice DEEMFIEL 3-local EXREASFIEIZ/2>TWT, &
AHEOPFTIEI - Q7(6,3).2 EWVIBELTWD, £z, Tp(2) KBTI~ biclT
% complex reflection 23, ZOEMYPEERL TV 5
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T, I3 LRKREIBERNBMEE Monster M O THIETAZLNTES, MO
(LB 3DXDILEFUL22H B85, Fh#E ATLAS DIIETIA,38 LB Z LT3 L,
3B OO LML ARENREN B,

Cm(3B) = 3LF13(2 - Suz.2)

TIT 35 I EK 31417 @ plus type D extraspecial 3-group ¥FEL, ThE Q, &¢B
CIERTH, ZOBRNEIOPLERD, TOFIRMEIL elementary abelian group I

2%, TRbbH
Q3/Z(Q3) = F¥?

T, bR E=1Z(Q3),5=yZ(Q3) € Q3/Z(Q;) <AL,
(£,§) =27'y "2y € Q3/Z(Q3) = F3

&Y, YAV IT a4y I HRPERTES, THAICLXVHREDOERZIAAICLT,
=AY

Q3/Z(Q3) = T'12/0T
AR Y M0, BT DWTIE, ERREICSNAEE I T(2) UT(3) »oRE
EZNRENDY, TRBEDBITS 34,38 ISHE LT3,

34— [n(?)
3B «— [12(3)

T, AR O0IC2BZ L1, [, TREXKEENRT S8, Q; TROUIREENRT S, K-
T, T2 @ sublattice DiEIX, Q3 M elememtary abelian subgroup DEEIZR 5, KITH
iF7e Tw ICHICT DALY By B2 EIZTH, Tw OERTHT ST (2 P
TTHATEND, Ew 12 IATXTEREND, BEHL, DX H72 Q3 D elememtary
abelian subgroup I%, ZHICRA L HicBbh 3,

2 (Real) Leech Lattice

LA ETi~_7e Z &%, Complex Leech Lattice 7>5 3593, % @ (Real) Leech lattice
PHER L TREKROBIRZED D Z LMBTED, ThIIHWTiE, FEMNOREMMESE
RYURIITLTBHELLTWADTHBY, ZTEréBESLELTALI,

[y T Leech lattice 2R T Z &i2T 5, T720H, 24 RITD even unimodular lattice
T/ NL2DF (— PSR 2¥8ERVLDTHD, = rEBFLLOOFELTE
TOWTRIREZRVWT2 3BFET S, b #8¥ L T Niemeier lattice £FES, Leech
lattice D / V& 2n DT FAEEE Ty(n) EERT, Tnu(l)=0 TH5,

Ty PBCREAEEE LT Conway FENRN S,

Aut(lq) =2 (Co.l)
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T OREX, Monster DI 2 DT (2 2DOIHIEE 2A,2B D5 H D 2B) OPL{LEEE L

THLRID,
Cm(2B) = 2{7* . (Co.1)

ZORLROER -8B 21M) & Q, £B<,

Q2/2(Q;) K F¥ ERBUCR2Y, 2RBRAMN 2 =12(Q2) € Q2/2(Q,) IZHL f(3) :=
2 € Z(Q) 2 F, THAOLGND, (BES2HROTCHICHANERTEIZLUENZE
2722 TV 3,)

ZD Q2/2(Q2) B Co.l— MEEL LT [yy/2T ERBUTAZD,

Q2/2(Q2) = e /224(= F3Y)

BADOREBRIE Mq(2) UTu(3)UTnu(4) 2ot 3, RV EDDOREREAMELT
W3,

2A — T4(2)

4A +— T[2(3)

2B« T3(4)

IIT, 2%5FBaZEM W xEANE, £hiE Q; D elementary abelian sungroup Ew
& [y D sublattice T 2525, FLWHEIE, ZO sublattice & LT Niemeier lattice
D V2ERTRTRRBENVIZETHD, ImEXHE,

‘/5(53 @ Es & Ey), \/§F24

i¥ T4 D sublattice 12725, A& L [4(2) ICBT AR TEMEH, BFIL Tu(2) DEE
Wo EWEERV, - T, BT D Q, DESIEE Ew X, AiFIX 24 T TERSH, &
FX2ATEETER,

3 Monster Vertex Operator Algebra

ST, TZIOLBIERERARNRE (VOA) DFEIZB D, LAT, AEOERIZI TS THEE
T3,
Monster VOA % V! TR¥, TO2ACRIBBENKERHEAMR Monster TH D, B
KEEEZEROERICENIE Monster DAL IDTIXLL TO L SR+ 3 ¢ uTx 3,
Ve @D subVOA &LTS = L(g,O) & L(“g,3) EWVIHLED LONRTEET D, ZO
subVOA DRMMPEIZBIEZEREVT, KO BEOWThhicERTH B,
41, 4 1.
51 U5 )
AT, VOIZ S-IEE LTLERERMBZLDDW OMCTEIEINAMN, FOHRERNS
KROLSIRUKID VI OECRIR s BEBETEZI3DTHSB,

4 4 49 47 42, 42
L(g.o) ® L(3,3),L(3, g) ® L(g' 5),L(3- §)+v L(g, 5)" L(
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L(3.0) & L(3,3 (yQ@LgW)OLTwM$%m
L(3, )*Mywrwtrwum
L33, L(}, L) DETIR L

ZhH Monster D JATLEEZTVS
RiZ rs DEEEMEELXLS, BEZEML I VOA O#EERKES, SEIXFZICH
H2DBECRAE s DEBTEZHANDTH 3B,

L(3,0),L(}, D) » L TRIBS LS
L(3,3),L(,}) OLETI -1 %

5

bHbAA, ZHix Monster DL TRV, LA2L, Monster Dt 75 E#ELTWH T &
ILEENTH D,

ZZ T, 1EiTili~<7=& 572 elementary abelian group Ew #8%2 5, £0 3A KT,
Skt s ORTHEALND, Ew DEEZEME LD E, T o5 OB ERATS
TEITRD, T, EDLIRBEEERTIOES I, X, ZnZ LicTs—
BBRITELR2L, BExirbhsRV, L2L, 18TRRALIR £y OBEEEZLS
&, 0°(6,3).2 LW SENHTL ZDNAERLLEBIDTH S,

BkOFEE L T2HORBICET 2 bDRT TICH > T, EhRIZETR SN
2o TWWA,

Ve D subVOA & LTT = L(5,0) &V WBEDLOREFEL, TOMRMMEEILER
EERWVT,

1 11 1 1
L(-,O),L(-,"),L(E, ﬁ)

DIWHEOWTIANICRIR TH S, V! & T-MEEL LTHRTHIE, EIhoRDESIR
U 20BCRE rr BEBTE D,

L(L,0), L(L, L) O ETRIESES

L(L, L) OETH -118
Z At Monster D 24-t 2 52T 5,

rr ODEEZEMICIE, EFHLWVE2OBCRAY o RERTE D,

L(1,0) @ ETIHEHER

L(3,}) DETH —1 &
FIT, 2HNEIIC Ew &, TOBREEMEEALD, IKL, Ey LTI 24ATE
BLbLNELED, ®2T, Tw ELT VAN, BRADBORIREXRY, EITHE, £
IR 2ARIEHEL Tor RHBEAL TV IO TH I, ThHDHEIREAKICEK
YREENTEY, 3-transposition group (2425 &) —x&@anH 5, EBR, or LD
ST B sublattice Tw @ root 1295 reflection group ® 2 BEIZ L BIEKEEMT B,
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X512, WEODPDBEICIHEZOEEZR® VOA OMELRLICERTET, Wb’
binary code VOA & LTI SN B,

T X IHIZ, —HIZHE Niemeier lattice ° code VOA &V o loFE EN O EREN
FEETADT, £D complex version, binary version B2V EAS I, L5 DHREED
FHELOTHD, MBICE-TLEAE2 £ 3DBVWVEIFROER, ERTBITIENLET
AFATHRYRNXITHAB,

B#ICIREV S 2035 T THL,

1

] J.H.Conway, N.J.A.Sloane, Sphere Packings, Lattices and Groups, Springer

Code, lattice tIZ2WTit, ZO 1 MEHIFTNIZZIE+FEA D, ELBIEHHED
LITHB,

[2 | C. Dong, H. Li, G. Mason and S.P. Norton, Associative subalgebras of the Griess

3

(4

(6

(7

algebra and related topics, preprint.
Leech lattice & Niemeier lattice D V2 EREEND Z LIX DRI 2NH B,

] M.Miyamoto, Griess algebras and conformal vectors in vertex operator algebras,
J. Algebra, 179 (1996) 523-348.

] M.Miyamoto, Binary codes and vertex operator (super)algebras, J. Algebra, 181
(1996) 207-222.

] M.Miyamoto, 3-State Potts model and automorphism of vertex operator algebra
of order 3, preprint.

] M.Miyamoto, A new construction of the moonshine vertex operator algebra over
the real number field, preprint.

FEEOCHRBICOWVWTIRHRENLR DR 4 HET T,

] M.Kitazume, M.Miyamoto, H.Yamada, Ternary codes and vertex operator alge-
bras, preprint.

i ternary case D—2DRLTH B,
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HEHAM
BEKE BEEZL 57— 331-0851 KEHMHAT 682-2
EFAR (WEF) dotera@u-air.ac.jp

ERAAFBCEAFENDY F VBN IZTE LV, EZ+HEAIIC L 52 RTEMFEHUEITE L, L
7ehto T, EROOFD 5 BHHENT 2 OPRIZIBAR LTIV, ERG(BLLAT
oo LAL, 1984 EV b bo U oill o TTAIRELSIRASN-BESIE. E=+ @
ERHE (5 EHRNE) £AL. SoICEHEN, 1970 FRICEHNBRTHE LN O0—-X
DRALLIZERMB S A VY (A1) ENRBEMNL 254 o N—FHIZHERHENSIZRAT,
PRENTFTCRELZEY -2 a VEBREARILY, 72, | FAEAMKES L2, RO D
2RI S BIXFENDH 5 2 ATMHEZORREN T2, 80 EROBEIZBRNENEE
MERFER SN, F0LR, F{OMEMICTETRRBOL L VWBREGIHES MBEICES T
Wb, (BEFXEK)
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e A

| 2HEOBETHEORAIRYO-XDY 1 IVED

SOEROVABOKELIRNNHL 9 0 ERDPLPLELHVWAHELRELTAL L, R
R7: BARR SN, HRLI 2HE (LER) 2% LW 0rEEANMBEZORRT
HBHRRNDFERELPLCIBAYEBRN 7 ) TRAICKE(EFL TV A LDIZEL LW
BEbhs, BEGOANENREROREICMNTI2HBF (i F¥F-—Hx  to-BF) O
RFL2VTESYT . BRDLIBBENRBENIRENEIDN . TV TLRTHLETENT
7ADEHIIEARYREFREBOEATVWEZOLNE I DT o hOMNo TWRWHBEFIZLEST
BEENWEE > TV ES I WRIBERBEOERILE LTIk [HRTHGE] PRRILL.
FNEFAALTEBLEZDMBR DN TELLNODO WEREMBEIZHE S AWE LIBSRRIC
228V, T8 T % K L THE L 207 i % 6 2B RO BRE b BIRED &)
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bbb, EHIEBAESTHIIoh, BREGKGOPUES, WP EHFETITHOMILD, £h
TORHRMVRLICEHFEN, BRATRETFT—IFLVEVHBREROME LML T 5,

Vo PEEL LTRILEBAIMOBLNT 5D TH LA FIXILBEHN & 5 2ICAR
RWHIIT,. RELDN 1 0EULEBT, TAY A R ETUHYREENTFUAL B THRT 29
TiR%u(E2Twd, L L, Ak TOREATREERN (BENL) BB, 2L
bIT, 7F VR - FAYLREBERAN O,

DT, 7=F 2 H=FF=PBHALrF4 7422 - TA)AEIIRY - XDIERAMS
SANBHNRAV I ADBHEEBALACELELD) BE BV TREFEDI—F—ICHIES
DB/EERBLI-TFYNZ v, FEAL O LA BEEOHIEHBEOYREEF L h it
SOV THVAI YD D, LHIHELLVERTI v, PEENMSBLIRLDLS, £
LR EMFIC, BESO—FORUTH I BFAMEOBFNLERBE L MEIHETh S, — KT
HMAMBR» BT > T Ay O—-XORR LEAMES ) ¥ 7IRRSh 2 8EMA Y 4 Vi
. FRODPENEROREIRENATVE L HIZBbNS,

COHMETTIE, WEICHAME, —ARRESEBHL. ML TEEIGW ECHUZERK
I2onWTRAETH, BIEICHBIEHOENTHEI 7214V VENEETDOEAIZOWT, GWVig
EhR5,

EE A
BOICHEEAMEOEBEEPLLEBEVWHEBLTALD : 774 > (d Rx) =MHE, L
D (d EXED) BN, BRATEMR" TEREI N/ n EEHOALMED (7
74 BAEEELTEDAENE) EANOHERTHSR. TOMEE NEH
H#) TH3. BEAAEDAETNALZEME, (v b) NEAHRKORED %
TFIZEBHROBEZEH DRSS, DED ENBRTFISRIBAEMICEITRS.
COBBDE NDHIBEHEZEAPHTH S, LML, Iy hOFEIERZH
25, DED. by FREFTERI VB2 ZERINERUNDOBFRE—DD
SFERNVWES, ZOFRIIAMEERTIRWL, ZEAE x &y D 2 EXHEK
f2EXS:
f(x,y) = cosx +cos~/2y (1)

ZOMIE x. y) EFETREREASHNTSH S, bhibiudy=x Lo AR B
HREED, TOBMKOIE—EH X D (x) =cosx+cos2x /25 MK CAMM T
iz, &3 DHIYA VHABDZDODATENREBELENS T, ZD6 i
HEH%TH 5.

WEAYBZORLFARERARLBEOERZICE TV TNS, DX, BX
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TRERFED HEE) ICLP2BAMY 1 NOMKEIR. EICBD (h-d)RTD
BICTENDBR ONDBFADRELDBZLIZHS (B2) . ZHidBica
EXELIMINEERLETHELLTHAVWSNZEND TRL., (IENEH
ICDOWTIRERBH 200 BOKEED T, BETFEERET 2 HEMN. BRE
DREFHEREDE AR FEE RS> TS, £i-, HETHRRB3TI1V/UE,
NIFBOEN (BYr) ELTERBIEMNTES,

. . . . . . . . . . . . . L
——

a
M2 HEHEIZL - THESN—RTHEES
BROURENTEARARICHODNIBERII—F2LHNDRNT A K5 v F
g, B2nLHic, EFBFICEERON (L7 TRENEHEEL
Evd) OEEERFOFBET ENITLIVOTHAH, WHETIHEREZ A
Winek 74 FF v FRESEIENLEVWI ENESTH S,

—RcHEaAT

HROLES, ThEBMUFIE LRI EIZT 55, BUFOEBENERYEL
TEDLENBALFH X ITIIERL L5, WEBENIZIE, ¥ BHENFTE
BONTEVIDIZEEBELI ETH-o T, RFAFMIIBR TREILTH
AL, DREMHIIVAVALEELVWEREBLH S, L L, UEDODB
bHbeEFNELT, MBLAHAAEBRTAHAL I,
HEXFEFNOBBEEIREROTH) ., FIOFORYOBREL FO/cHH X
FORRBIZ, E(RALREB® LY. BVELOBLBALLETFEETS, SO
LiddaBETF0 (BFM) BEFIAVF—HIFTILVLOTH- 1254,
FNHHRDEL CHIGIEFINFTER L LS IT2BELTHZRINF—HIZ
FELWEWIER2L5TFT, —F. 77 ¥ LHTiiHi4+DRFRENFE
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T5D, TEINF-MIEDTRTHEFEFLVDODTHLTREHEMNT ey
5. TREICZBDTH b,
DEDZe%EZD, TXRTOBEAMS 4V (ifctE. BATER) AR R
KERSNEDITTIE RV, DROBESHI L2 0 BEAHELFE > E W
S, BESICEEINEARTFISAS—L LT 2 0EANHELFEOLOIFE
ETANOTH D, BERIIBVTH 253 Phv (BEt) BETSED
FEEMR S A VR ENBEZ ENEEF LY, 2Fh, BEMIZEZ, KFs 5
Ay ~DEFIDAEEN R BZRL P VHAASH ETHR ST 5 i RiEE 8
N TV B TEEEAE V.
SITIRELCERTELZVY, 2HIV- - FHNRBNER»SOHED
S, 2 0EGFEMAHHLEEVEDYDHE, XN —ATHEKND 71K+
g FHES T ATHESORYO—-X 74 VOMEIZIZERYD B,

—RTHEER (7 1K F v FEBR)
7148y FRSE
f::-o-‘z:f;."'f:..p fl=l\ f:_,:z
TEHEND, ShEYHFORMBEL LTHI oA EPELOATVE, T

bbb, A(Adul), BBaby)X—t{EL TLIZRDIIIICBERIONS,
{A-—)BA

Bo>A "
CHIIACHEEDH P S FLERETH LM, AELLNELTRDFIE
MBhHbo XFFIS 2EZX L)oo MIDZODILFFN &2 %IT,

S,=8,..8,.
THI R ERT 5, TZT, §,=B. §,=A& L TEMEIITITIL,
S,= B
S, = A
S,= BA
S,= ABA
S,= BAABA

M N
[

kb,

XFA. BOBOKIZEHTE 71K+ v FEDOETHD, S0 () EREF
DR TE, F0ORITR{ MBS

=125=Lm&~

IR T 5, SABDHAROFTINCORPERL2 I LIRS A TV,

T
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g ‘:.t—— 5 ——‘? -—,-..Q\‘v-u',y'\t-.:-.
RIAL LR KA
EOARKIDPATNNKE,
LA DS
SNSRI
NLI7 8y YA\ /04
B2 O8N = Ta)
S RINARISS S &
!¢ﬁhjbqﬂhﬁﬂﬂriSﬂ
AT AR
PSSR Y
ORI AOE,
R AN AT
AN ZA AR IAY

B3 ~Rro-=—XyA b SHAa7 4 F+ v FRESORENIFBIATVWS,

D—BLEDT K+ F5
M, e SLQ2)IZxH LT,
Mn = Mu-IMn-I
TEHZINAFTHDO 74 RKF v FHIDOFL—R
F =uM,

ik,
EH-Z = Eu-ll‘; -F_

-1

RN LD, S EHHE TiE. Kohmoto,Kadanoff&Tang ® b L — A &3 (#ER)
Lidh, —RTELOEFE L EOMEICBRIOFERATH L, SD#1L
i,

I= Eu-zz + EH-IZ + Fllz - EI+2F F,

n+l*n

AT ARERDEDH S, TR ENERERBBTHIFARAELRILT, X
HOEAHDLZHABEPABER I F AN AL IVWERANLEVIRAD
Hb, CCETHRELHONTWAHET, T I»6 (BERLZKILEES
HT) BALBEOHRIRE L, BEXEM2 rHBEN73 50,
WRELLTIE, EFEREL LT, AMROERARZ MV, ¥4 R
DEARY PNVOBREIIH S [FHREFART PV] L LTEBV L2 BEE
BV, EE, EhWirEERECKEE S (BRL¥E0ks ) . L
POEBMRTH N LA, LR (TEVLT77R) LhSIERMPKEL,
EWENIRIBFVEZLOT, SREHKART P LA, #F0L) EHBEVER
CTEREND—LTH S TREMEIEE V.
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BHSHESHEKX
XT. DELBATEENARKRDLIVWI A KTy FIREONI==T7E L
T, 8k Tiz %, LD74 K+ v FROFARXDOFRICHHHBLRICE
&9
%, EFARSICOVWT, tP=0%5T5ERAWE L,
G, =tr(PM,)=(PM,,M,_ ). H, =M, _,PM,_ )

IZ2WT, &0 ML —=ZA2AK O THIFII,

1'7”2 = FIH-IE! = Fll-l
Gn+2 = EH-IGII + Gn-l

HM-Z = G F —Gn-l

a+l®n

t&?f‘l"%o Z‘%ﬁ‘i
I=F +F

n+d n+l

J = (-l)n(—Eu-ZGruZ + FlH-lGn-'-l - F!IGI! +F,F.G, )

n+2% nel™n

= (-I)R(En-sz-z + FIH-IGIH-I - FﬂGﬂ - EH-ZGM-II':)

F.F,

n+ltn

*+F*~F

n+2

&b,
T, PEROBORVWEBTFEED» S TTEMMENTHE LT,

M_x—l M_x—l/rrx-r |
(5 o) m=( T T)
YRAT S , rBESUNBINEBEERT T A—F T, r=13ERIHT

T2, xiZPBHICITZRANFEF—ART PIIHIETHDTH A, S TkE
EEEBoTWEWT LW, T-HEMTRMARELZDOTH B HE,

p= (—Zrzx2 +1 2x(r2:cz - l)]

-2r’x 2rixt -1

*RATALE. ROMMEE (seed functions) F 5N 5,

F(x)=x E(x)=m*-r-1r F(x)=rc’ =(2r+1/r)x
G(x)= (2r2 - l)x G,(x)=rx*+r-1/r G;(x)= (2rJ - r}xJ + (—2rJ + l/r}x
H(x)=x Hy(x)=(2r =r)x* +1/r-r Hy(x)=r-x/r

I=(r+Ur). J=(r+1Ur)(r=-1/r)
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O LR THEONZEHER E() 2% 1 BEoBCHAME AR, G (x).
H(xEE2HE) [BCHAPSHEA] tBEZLi2T 5,

CHNOSDHOCHBSHADHE L LTRDHD (1) ~ (3) 2H %,

(1) r=10& &, E(x)iE7 14K+ v FEEFHDE 1 # D Chebyshev NEHFR
—XL. G,(x). H(x)IE7 1K+ FEEBDE 2ED Chebyshev NDEIEHFR
=BT %, COFKRT, BCHLUSEIL Chebyshev DSBER DR ZRIILTHR
o Twvd, (BROERTHE—HLTW/A G LH IELRETIE—RLE
Vi )

#oT, FL—RAARBLRANI LR EVWEHMBEONEER
2cos(a + B) = 2cosa - 2cos - 2 cos(a - B)
2sin(a + B) = 2cos - 2sin f + 2sin( - B)
2sin(a + B) = 2sina - 2cos f - 2sin(c ~ B)

G LD THAI Ehbhs,

(2) re<lD &, CHITHERZEMNHNBFETTHHH. F(x). G,(x).
H(x)IZRD &) 2 ERTEHCHEEZ D,
(a) 394270 |x<|d<«<1DE&MHDL LT

F(x)=F(x/7) F(x)=-F(x/r) F(x)=-F(x/r)
G(x)2-G(x/r) Gx)=Gy(x/r*) Gy(x)=G;(x/r*)
H(x)=-H(x/r*) Hy(x)=H,(x/r*) H(x)=H(x/r*)

1al 1 i 15 1

-20 -.l.'o .-.IO -& ] S v 13 N -02 =013 =01 -048% 2 008 o1 QIS 02
3

B4 BCHUSHROACHME (341 20) (r=1/10) : (k) EHAK (n=12,3)
EEWK (n=4,56) ORLBFD 100 EDHKE,
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I <|f<<1Db & ’Cliﬁﬂﬁ&iifk@l IWEPBTET,

dRIIE % B A5,
E(x)=x E(x)=-r=lUr FE(x)=-x/r
G()=-x Gx)=r=-1r G(x)=x/r
Hx)=-x/r

A(x)=x H((x)=Ur-r

“F(x1r") ()= K

Eb, TIHH
x/rl)
/

F(x)= P;(x/rz) F(x)=
G, (x)= —G‘(x/rz) Gy(x)= (xlrz) G,(x)= G,(x rz)
H(x)= —H,(x/rz) H(x)= (x/rz) H(x)= H,(x/rz)
BEFDOFVIRIFTETE 5,

x| <] << 1D&EHKDE & T
F(xtR)=+F(2x/r)

F(xxR)=tF(2x/r)
= £G,(2x/r) Gy(x:R)==xG,(2x/r)
=+H,(2x/r) Hy(x*R)=xH,(2x/r)

(b) 24470
FE(xxR)= F(2x/r)
G,(xxR)=G,(2x/r) G, (x%R)
H(x+tR)=H(2x/r) H(xtR)

b, CTZTR=r+l/rTh5,

CITHA <A<« 1D ETRERRIKRDIHITEUTE T,
E(x)=2(r+1/r) FE(x)=%2x F(x)=2x/r
G(x)=t(r=1/r) Gy(x)=+2x G,(x)=(4r-2/r)x

Hr+1/r) Hy(x)=F2x Hy(x)=2x/r

I:Il(x) =
Elgh, TIMH
F(x)=FQ@2x/r) F(x)=xF(2x/r) F(x)=+F(2x/r)
G,(x)=G,(2x/r) Gi(x)=%G,(2x/r) Gy(x) =G,(2x/r)
Hy(x)=H,(2x/r) H,(x)=+H,(2x/r) H(x)=+H,(2x/r)

HERETE 5o
HEMEASE VIBE ISR, DRICHEBENSAL BHbDh L LW FKR T, MY

BItHItR OB EEMEBELELISEVEBEA), ING3HALA 7 VE2H AT N
DZODARYy =) v VEREFO/L - 757 s Ve ACHMEOHE S ER

t+aE, 714 K+ o FOREBEN B EE D, FRIEFELL 71K+
y FHESOBCHUEERB LD THEI L bh b,

(3)%5 1 fi? Chebyshev DF RN FNESICH L TEXE#FOZ L5
nNTw3, E1HEOEHCHUZERXFE(x)ZFOX¥OSICHE L TERE 2 FEL L
WHOD, FORMOEIX7 1 FF v FRLEEUTIEFABLUNSFA—5—r
THLIEHHERSE ZEHFAPEMIZREIRTYWS, FERHIERV,
PEIBHAFT-REFEENERTH D, FFL LIRS IZH 5,
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Zx 1YV AN
T4KFy FREKTO 724/ V8 EIZ, ELVWHICBWT, XFFID
HFEANRIDBILTHE, ThbL—FIEnT724V/ VBN
AeoB

Thbo 2ATULETHIANDERBFIEVIFKTHFET S, REDPYET
RARMENFFEEL. Sl idbh 74/ Y ENRDH B,

HatEEE LT, $—iC 724V VAR RIIBTAERN I HICHE
AETHEFITORLVWI LY HE, FOM. FANED, EBIICHEL
227 2 AVVENOEARTHAWERIIXEE6 . 7TiZH 5,

717 O | BERSGERTR

WERICGEBTLIEVHIMENH Y, BBHEEE, DEMA L E0BME

Bhrehdbb, TNOICHEL TEEFRERERE L >TWE I L EREICH

L LI,

T, 74K FoFRHEROFLERNNEEZ 5, BICBAL LD ELIEZESR

Mo TWABI LIZEET 5,
ABAABABAABAABABAABABAABAABABAABAAB.--

KRR TERES CRESNATREEL S, TR, T4 KT F

RERFIOR I T OEDTERN S5 B8, TRTEOXFAICBERL S,

AAB — ABA

+2 LROFINTE B,
ABJABAABABAABAABABAABABAABAABABAABAAB. -

ZHIZABHEIZHE T, 2XFE7 1 KF v FRESVLGIIBEI T2, Chi#g)

Pl ol =

AmAmAquAquABAABABAABAABABAABABAABAABABAABAABm

DEHI, EIZABEEN 7 4 K+ v FRERDP GHEEEIN T 5, —fLid
?é-‘:g‘c.\

BA — AB
i, AR,
ABABA — ABAAB
i, ABAE SRS
ABAABAAB — ABAABABA

Edhid. ABAABERMEL 5,
SHICEEE L 2RTEND S 32— a I8 b 5,
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Pisot¥k 7572 9NV 5 A1) VI

£kl rEst
TR 10%E 118 58

1 —¥9HiEE Pisot

Pisot T ERT AN —MAHREEIEL LI €8 (u,) n=1,2,... 22 5,0<a<bgl
%5 a,b 8 Uxjas EMEI[a,b] 9 characterictic function F %&b 5

_J1, zelal
x2) ‘{ 0, zglab

EERET S, DL E

TE (un) ¥—RIHTS (AT up:ud modl EHFL) ki

~ .
Nliflw Z Xlﬂ-bl({uﬂ}) = /0 Xfabj(z)dT =b—¢a
n=1
AEENO0<a<b< 1 HLTELITAZE# S, SSTlz} it z DAEBATH 2,

B 6 AhS S AL (up) OMNEEBSA—HUZ [0,1) 125 LTV BB ERL TV B, Vi 5 FIA—
+5OMIRFFECHEOMATH S, BUOLANEREFL 0L H-Weyl TH o720

FE (Weyl) (up):ud modl THAZLIRUTERMTHS, £TH [0,1] T Riemann TikF %M
BAEHLT

N 1
Jim S f{uab) = [o f(@)ds

n=1

CHTRERLDOBPNLIMBEHMLLAL I THAH. RBHIZBHRLHABLZTHE~NIL W, T%
bt

EE (Weyl) (up):ud modl 3T ERMETH S, TN A=1,2,3,... 12HLT

N
Nli_r‘noo ,,Z.., exp(2rv-1lhu,) =0

CID/ = bk, BIRRETHDOLL YL [REMHASER] 6A228-258 (1998) TH 27 Pisot £ MT 55
L0HE Esurvey 2 EDL6DTHE,
1CORBCRBOBRIZAL TR (1L, [7] ¢8R, TL-RIFRUMTLIEINFL R0 2R %,
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COFER Weyl DHRBLIFIINTVE, —RANTRORELBFECORABES ORI EATS
LA DIG L TRETIZLIZENNE, ZZTREINIZ2VWTRBBL LW, SEHRXA—-¥—0
WAL TR —BFENHIBESC NI/ ATHEALIATEY., 18t — ¥ — RN T
RidmonTuiv, —%, MEGOBRIERS-F-TLHETS,

T (Koksma) ¢t £MEM [o,b] icfHlis &A1 T7A—-F LT 2B, folt) n=1,2,... ZEHMUMAZR
TE f() Xt CRALTRATRERET S, E6IZ2TO mn(m#n) IX20WT f1(8) - fi(t) 12t DHEH
MMTHHEL, 5 K>0DPHFELTETDO man(m#n) BLUFETOLE [a,b] 122V T

[fm(t) = fal®)l > K

PELT S5 THEFORANCRTR2TD t € [0,8] (22VTES (fa(t)) n=12,... E—HRIH
T%,

SNEEBDIHRIZT CIZHES,
1. o>l ¥AETEEE (Ma®) n=12,.. HELAYETORERE I CRALT—RSHT 5,

2. A0 %@EETS, SOLE&E(Me™) n=12...BELAYETNa> 1 LHLT—KIH
T3

SIT [MFEAEET] EVviniE, BESOFAALYRVWTEVIERTHAVWTVWS, FIZR2. 25
BEAYETDa>1ISHLT (o) n=1,2,... E—WTHTHL, (PRPE(REZLLD) —DLLT
BB (@) A —BFH TS a HHSATWRVWDTH B, 2

REFRME ((3)") ® () R—BFHT A5

LHLado (an) H—FHRIH LEWTIREBRICSFET 5, 7:eid o £ 2 L EOBEE THIS/NEE
R VOTHLMI-BFHTII LV, S o LIEEBALAGH S,

Bl wEREH 8 L12, COLE | - 0 FEN IO, ST 2]l 4z EBERENERT
EY R

COBRKIE w AT Pisot LTINS Koksma DEBRNFNKSICETAEISEL B,

EE FEHX P > 1A Pisot(-Vijayaraghavan) HTH A & (3, REMBRTHo-THFTHG L R 5 #*1T
DREIEN L EDADEEVI, FLERF>1 M Salem HTHALIE, KAUMNBERTH-THTHS
ERGAXZOEREA L UT THoTHL (L L —20%BNERHEIN THLLDE VI,

M w= 1585 = 1618033988 - DIt = 158 ThHoT /| < Lo LA Tw it Pisot HTH
Bo Tt - -zl —r+ 1D LDRGEHR

1+4f1‘3+% f1_32-‘ = 1.7220838 - -

SMAT NI ARRLEDTTA, CORBIZVIIHEN27:2 5 T+, Mlevin ¥ (o) HCNE S 4 a £ RIEOIZIRE
LTwELL, SHLROMELLCOR-BTEINEVER—RFIFLVIERCAL L. T Discrepancy 6 BBV L
MODEFLIFSET, [0] ) 18p-138p £ TUTF S 220, WOMBIERAMBHE RV a OHELRZATC SR L TvL
TOELZOFEEATH- T, LOHRNOBSMERIULTFHID £44,
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i& Salem $CTHh 5,
ZnEARMNEBTE S,

& o H Pisot H% oW limpyego [[a™]| = 0 2% 0 /2D, 72 a #° Salem % 61E " OIERS
{a”} 42 [0,1) CEIHAT A5 (o) X—BRFHFL LV,

SOIEMSIERELRBRTEIIL
FH# limy—o |la”]| =0 %2 5L a 12 Pisot ETH 3,
L3 bNTHD, COFRINTATY v 70FBIL8BML &I,

£ (Cantor, Decomp-Guilloax, Grandet-Hugot (7]) EM a > 1IIHLT, $2 2> 1 MF
ELTETNO n=0,12,.. 12T

"l < -
2ea(a + 1){1 +log \)

MELTAHILL a ¥ Pisot XE/2L Salem | THS 2 EILRMTH 3,

l[Aa

COE"BISIERAGES
£ Jla"|l=0(}) % 5i a I& Pisot ®HTH 3,

ORI o™ PO IZESL TR EFDOAE - FAFKFBITNIEPisot S %o TLEHI L EE
BLTWE, SNAE-F% 0(7':) RO TOLRLERMRLT AN N TS,

2 Pisot EOSHICHOWT
Pisot BIZHAL T—EMHIALNATYWARLHO>PBAL LI, ETHELTFEELT
W EHEE RS LLELL—2D Pisot iESL,

S 2T Pisot il L2 Pisot RTENESLRBBIIBVWTERTHE L2V, BWE i hid Pisot
Wk (2 Pisot RCENBANFHANEREN £1 DN TH 5, D Proposition NAEEAIZ 12 Dirichlet
OUBEBOBRYA LA BV gL L v,

& T Pisot #N—BH2FHKRIZML TIXROIIIVWLREIBFRIASN TS, S £ Pisot ZNE
EnLTRELLEI, UKSC[l0) THEAEHI

ZEI2 (Salem) S & [1,00) T closed THh 3,

COFBLBNICE S A1, 0) THEETHEDOTREIEZSDBEFIERLER o T/, EPEIC
I SIESNE™RIZEY nowhere dense 1% 2 TLE I, L¥RHHEE r DHEB U CRELSERICE
NDUCS ELRANID U ILIILR, ERHTLVWARRCRENTLVWANZTEATLEINTFETS
METH3, §I—2001LH Salem 125 3 LN P LISOERINS B,
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E (Salem) fE#D Pisot it Salem MOKAOMRIKETH 3,

DBz Salem AT Pisot ROKE S DERMAL VI FELOW, ELHNLALWILKITEDS:
A, ERISIRIBHIZEL ( vy,

5T § #[1,00) CHARETHLULRAD Pisot BAH 3D THAENINIZKRTELONS,
ER R/ Pisot Bid 23 -z~ 1 DIE4R 9 = 1.3247179572... TH 5,

CHEBRNOBYDITAIL C.LSiegel 1252 & AZHVANRIZREBRTE LD o7 wWFRIZEE, ML
NERNERTHHARLTEHETII %V, D.Boyd RIEENEM [a,0] £FA L EENDPIZH 5 Pisot
BERETLETANTYXLER L, BTIZAS W Pisot MEFORNSHRNNDFELE-L 5, EfHIL ...
T2 TTH5,

1.324717957... -z-1
1.380277569... t-z3-1
1.443268791... -t +z2-1
1.465571231... P-z2-1
1.501594803. .. 2 —xf 2?21
1.534157744. .. -3 -22-1-1
1.545215649. .. -z -25472-1
1.561752067... | 28 -203 +z¥ -2+ 2 -1

8612 S DRDERERBE, w THHZEHFHOGN TS,

3 Pisot BICL3HFR

Pisot $0#R4 LIEAICKLTIX (7] IS8 Lv, BTREIDIE, SORIZRELR> THlvskBRiR L
HENZWFHFTH S,

IYEEO B> 1 2 BET 5. THLIEROER £ 12(0,8) DMDOER o; EANT
= Z a_;ﬁ"' = a..NoB'N" + a_No_IB'N"" + ...
=N
EBRSNA, CCTRIDRMANFETHBEN > Ny L TREB LT LDOET S,
N .
k=) a8 < BV
No
SDEHRM%E z DK B2 L 5MKER (greedy expansion) & & &,

Bl 2=10,8=V7T EL&3, +5EHLAdigit 12 {0,122} TH>T
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1
7f Taat
ﬁ2+ﬂ+23‘2+;3‘ +073+..,

110.02101...

10 T+VTe 2 =+

L, BEDORTEI0GER EORRIIT > T digit 25 EXLLOTINL S LRBELUTTCHLE
BICHVS, 25, CORBMBRLAWS L AEHTES, (1))

2T > 1 $BRTLEVEENERE L LS, 1 - [0)/3 % greedy ZEMT 5 &

1-[Bl/8 = 62872 +b6387%+... (1)
= Zb_.-ﬂ" (2)
=2

ERANIIToh, =[0] EBVTRDLHIZERT 5,
E® 1= z?lb'iﬂ_i =.b_1b_2b_3... *1DEME ;Ud(l.ﬁ) =.b_1b.z... EHE<

1 DB greedy expansion ¥ EF—F X R/Z~[0,1) I NERELTESD R D E ERPLEN
FRITENHOATYVS, (12)) LT, 1 ORMAEEDOHIETE7— F b_1b_zb_3... EFE—RT 3,

fl w=(1+V5)/2NL & d(1,w)=.11. §/) Pisot £ 6§ DP& d(1,8) = .10001 £ % 5,

0.8)NZ £AV/T— FREDERENSATD d(1,8) EEH~NFERMFE T v 2 5 (F admissible
&9, greedy expansion &2 TTE D7 - FIZ biZLRAN LAY A%V T admissible E% 5, 2N
W FN L BMERTIZELY, ([12] AL, )

E# d(1,0) ¥HBEANOLE § DI L % simple beta number £, 71 d(1,8) FRRBTIBE (Y
R, HFEROGESLED) 2622618 8 DI & % cyclic beta number £\ 9,

ZOEERVASATWS,
EE (Parry) [0,00) 23T simple beta number (2FETH 5,
£ (Parry) cyclic beta number DRF B & £ D { REDEA{EIZ 2 K\ TH S,

W2 ~<7: Salem NDER & BT NIL cyclic beta number 1& Pisot ¥t & WEIFFV 2 L HFh b, ZD
2EVIRFUIRER w ICETHATE2S, STHEED greedy BRIZ2WTIZRMEHN T 5,

EH (A.Bertrand [8}, K.Schmidt {14]) 8 % Pisot & +2L &, Mz >0 HWRTHLLz
P Q(B)so BT HLIAEIMTH S,

FI2 (K.Schmidt (14]) (> 1 *EEOEKE TS, 2TH r € [0,1NQ # F £MEL L7: greedy
expansion TIWHIRT 5 % & (E6 (X Pisot ¥ £/:1% Salem 8 ThH 5,
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Salem VB E I TORRENWRT 20T IGRBELRFEAMBTH 5, wIFRIZE L Pisot Bt
EET 2 greedy RMIZFEOREVEIRHRTH S, LAT Pisot MTHEENEREBRM T 5 Hik% Pisot &
R LR, Pisot BAD greedy BRI £ WX TV A TEEBLPO—2IZ, 62 L EERORMNE
BLeoriv)l#@r’H s,

EHE O>1 *REOERL L. Fin(d) £ 2THHMR greedy BANLTRELT 3,

%8 (Frougny & Solomyak (10]) Z5¢ C Fin(3) % 51& 3 12 Pisot ¥ 7:12 Salem ¥ T 3,

EICNERIZROLHIIUETES,

&M (A [4]) Z50 C Fin(8) % 51 B [ Pisot & TH 53,

ORI L Pisot HMREFFNRTRELOIDBALBALTWIELFRIOGND, RNEHEF
F N

(F)  Fin(B) = Z[B"]»0
SDHRMEEI0EED =10 TIZAETH S, —RITSORFEORLTHAFEL /oW EIATH 55 Pisot
BCLoNRGEEBLELVLDLE(HEET S, (F) 2ifi/-T Pisot OB LERFIHEHBROW
CRAZIECETBSTRERIND—2 L oTW3, UTRIXREMEL In(B) % B DERIEEKX (FF
®HEZ)eTH, Sk’

£ (Frougny & Solomyak [10] ) Ir(8) = 2™ - am-1Z2™"! = am_22™"2 = ... —ag D @iy 2
@ i=0,1,...m-2% a>0 i+ %5, 812 Pisot MTHT (F) £ilir+s

EVWIEBLVWEERNDSL, LA L, CORGFRILELTFTEETIEZV, —4ZD Pisot HNEH/EITITRD
FETHETE S,

FE(A, (3]) 6 (F) £BATIELROARRENLTOTAHREMN SN 5 = &2 EHl,

{zeap o<z <Ll s B j=20.m= o)}

TN (j=1,2,...,m)E zeQP) PHRIETHH, CHERILERE L /- Pisot ¥A* (F) &ii/:
THhEIDPOHUERGEESLHA, BN LERTTCLVOT Irn(3) DREE A LT TI (F) il
PEIMEIFEIEL, LALERBRECOEREAVT 3 KD Pisot UHT (F) tilicTbotiret
BIENTEL,

FIB (A, [4]) 8 % 3:KD Pisot BHET S, B #° (F) £WBATLHDLEI KR L RMHIRASHR
KUFORELTLD L 53Th b,

Irr(B) = P —ar® -bz -1

Mo —1<b<a+lo

DD TR (1| DEERELERD,
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X (A, [1]) 8 A Pisot BET (F) £WAFTELL I, CHEEHLERHHFELT V2 QN0
@ greedy expansion IZRIERT 5,

COERIZ, BHEHLEZIZRATOWTWED 2 22D IEHLUTIZB~S Pisot ROERMT A7 1 LB
EHIRCHABL TV A,

4 Pisot Blc&LD %21 IIEY

LFOBREIZKE n @ Pisot MG LTTRTHAINFIZCia BB MEICT 5725 3 KD Pisot &%
TREETLZVLDET S, (—BBII2VW T 3] £EH,)

8% 3RNDEETH Pisot KT (F) 2ilicT oL +2, —2n g OWUFL£TEF ¢ R 2EET
. bR [ E FICEAREERLT S, ET I (F) 2i@TOTHAH2%, Fin(f) PREFNINK
BAIHL THET 52 £ETRD disjoint 25WEBR5,

Fin(8) = | S, 3)

SITwiE S, ORDNEBFERTT—FT, 722X 1R2° 001 25X THa, BELw HEELD
WEItiE S, RARBID%ZV Fin(@) PXnKEN LT E, 0 3) DHEAN S, &, PLEZXS LRT
BENZ L 2EMBIIERTH 2PN DS S, E612 Ry PP TERIRBETHLNDT closure £ L 5 E—
KLy 4 wgh

Ryo=| |50
585, LAMLE S, BB, FRTLEVOTERBRLI(GPSL, F2T ) 0BSIER® L.
CTHaztst’

c=| T ()

g ohns (EWE (2] &£ (3] Pisot MTHEI L |0 <1 WXE B(S,) WERLI LIERET 5.
$7: & HEORMERLOT (3) LA, B5(5,) GEFBMLERVCHRUMOT ¥y b EEd
S5hb, X612 8 MNHREESITRMDME,

T (A, [2]. —MCE [3]) B % 3 ROBATLL Pisot BT (F) 4T onETE, SOLAR
At B(S5) DAL TH B,

SOREATEEANLIETC NAVLE, BT VOARLSRSIIHETHLI LY, &1 IVOHR
D 2 KT Lebesgue MIENFTHAPAAAENL, T b LARBENNT /737 MERESOEITHRHIZE
NHEEMPTALVBDENIAUVDEL N RETLNTHL, BERFIXZNLIIZLTHEONS T
SOILILANBNIZHREL > THRDTH B, CHDFAILVBHOLOFALX—275HEVTE . ch
RIr(@) =2 -22 -2 -1 DHET G.Rauzy [13] 12 LD RRENL L DTH N BRE Rauzy fractal LIF
EnTwa, LEBXAEEHETERERNVIERISABTESEA 5, LIED L 9 % formulation {&
(15] 42 & B,
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HR ROOT %M THETA H¥ICBIEL /-
HIEHEHLE/IFRICONT
(AFFINE LIE RORREEH/ELT)

PAIiE B (SaTosHI NAITO)

REEKE - BER

1. NONTWISTED AFFINE LIE BB &, £ DBEF) HIGHEST WEIGHT £

Z O §1 TiZ, nontwisted 7 affine Lie B § &, £DEE# highest weight F3 L(A)
20T, BEOMRFELERNLTNSEOMDRHONIERLEURTS. b, &
IS S ISORY, X7 FAZEMITETHENGE C LOLOEEZL 3T 3.

1.1. Nontwisted affine Lie |}. £9, X = 4,D,E & N € Z3, IcHL T,
g:=g(Xn) % Xy D (Cartan matrix %#F2) FIRRICBFEHS Lie BB, h 2%
@ Cartan subalgebra &9 3 (N =dimch TH3B). g ITROHEE root space 537

xH0:
9=(@ ga)ebe(@ ga)- (1)
Q€A a€A,

Z I T, Ay C b* := Home(h,C) 13 positive root D24k, A_ = — A, i3 negative
root DEETHY, g (T root 0 € A= AL U Ay {ZHIET B root space (Z DIFE
(3, £T L RIE) THB. LT, 0 = {a} L, % simple root D24k, Q := TN Zo;
% (g D) root lattice &5 3. FEFICRLAOSNTHIHETHE ay,... ,any EH*
2 C ET—RENTSHY, Ldb 84 C N Zroai EHTHB.

X, (‘) % ¢ £ Killing form (JEBILEXFHFRN—KRERXTAE: ([=,y]l2) =
(zlly, 2])s 29,2 €9, WD) &L, THhD h ~DHIPRY §* _EITHEH T 2 FEBILAER
W—REXLRILLES () TERY. BL, LITTIXHIZ, £2TD (long) root a (¥
LT (ale) =2 &38R Killing form (-|-) % normalize LTk bDEF 3. (g
M ADERIDOT, 2TDroot a € A DEX (aa) iFELLY)

XT,§:= g(X,(\;)) = L(g) = (C[t,t~")®cg)DCcdCd % Xf\;) T D (generalized
Cartan matrix %§F2) nontwisted affine Lie E, h:=h®Cc®Cd %D Cartan

Typeset by ArsS-TEX

—198 —



2 Pk ¥ (SATOSHI NAITO)

subalgebra &9 3. affine Lie BB @ @ Lie & L T, ROZBMFEICL D E
£5:

[, 6] = 0; (2)

" @z, t"®y| =t"*" @ [z,y] + MEmsno(zly)e, z,y €8, m,n€EZ;
[dt"®z]=mt™ @z, €9, mEZ

= DEF g (2IRDHETS root space FMEEFFD:

§=(®§1)@6@(®§1)- (3)
vE€EAL YEA 4

SIT Ay ={j6|j€Zx}u{jb+a|j€Zy,a € AJUAL I3 positive root DL
% A_=-A, i3 negative root D2&ETH Y, g, L root v € A=A_uU Ay icxt
J593 root space TH5. {BL, § € ()" 12 null root LFHTNBTTT, 6(hSCc) := 0,
§(d)=1IK&DEHEENS. & root space g, IZEMAKMIITIZ,

Gis=t'®b, §is+a=t'®gs, jEZ,a€A (4)

&BitB. £ LT simple root O&tk%k 1= {ap:=6—0,0y,... ,an} C (h)* &7
hif (8 € A, (2 highest root TH Y, §,ay,... ,an € h* — (§)* EAHELT3B),
Zh5id C ET—REBYTH T, Livd Ar C TN Zooai T3,
X, g E® normalized Killing form (-|-) {3, ROKIZL T g &K D LOARZELIE
BICHBRN—KIER () IKHRENS:
(" ®@z|t" @ y) = bm+no(zly), z.y€9 mneZ;
(Ced CC[t,t7 ] ®c9) =0; 5)
(cle) = (d|ld) = 0;
(¢ld) = 1.

0 () D h ~OHBE () LISHEBT B IEREABR—GFER b, ALES ()
THEIHICTS. O, 2TO e ACH < (§) iZHLT (ala) =2 THAH
ICEET 3.

1.2. § OB highest weight 3. Z Z Tl affine Lie B § DL highest weight

#BAEZ 3. dominant integral weight A € Py := {A € ()" | (Alai) € Z0, 0 <
i S N}IZHLU T, 2D A % highest weight £33 g ® EE#) highest weight I %
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L(A) &3, chud, LUTOKRE4EBENT Lie 3 § DEH (highest weight BH) T
HoT, BHLELDELT—EMICEE 5:
(a) weight A 2#D nonzero weight vector vy € L(A) T, £T® positive root
v € AL 122 LT §4v4 =0 753 1D (highest weight vector) DFEET 3.
(b) U(@) % Lie B} @ @ universal enveloping algebra &3 38%, U(d)vy = L(A)
LR oTHE (BB, L(A) 13 g MBEE LT va K& DERENB).

LIF Tl dominant integral weight & LT, basic fundamental weight \o € (h)* %
MAZHZT B: Ao(h) :=0, Ao(c) := 1, Ap(d) := 0. ZDED § DEEFY highest weight
FH V := L(Ao) 12 basic BELEFiTH, ZOAKMIHER (1214, Frenkel-Kac D
WAk [FK]) », 84K (Weyl-Kac Ofs#E03 [K4)) FEIR (SN T3, £1
SOPT, RICHELLDIERERONMRMTIEICTS.

%% de g ERNT, basic BR V = L(\o) ICROBE Z-REAF1S (basic
gradation) %479

V= @ Voo Vmi={ve€V|dv=-mv}. (6)

mEZZo
COK, F m € Zy IXDWT Vo BERRRTHE53HENFN5, £2T, 2O
dimg Vi, OTFBI%L (graded dimension)

f(g) == dim, V = ) (dime Vin) g™ (7
m>0

EZEZIZWHERS. ZD flg) IKMLTIE, Kac DR E LTROFEI SN T
3 ([K4) &8).

Fact 1. basic Z8 L(Ao) = V = @mpo Vi D graded dimension f(q) = dim, V
i3, ROBRICEYE S.

_ 9¢(9)
fla) = 555w (8)
<<,
Oq(g):= Y qltl® (9)
a€Q

{2 g D root lattice Q D theta BT H Y, 6(q) := [[oz,(1 — ¢"), N = dimch T
5D FHI, f(q BBUEM e COMMELT gl <1 T (L) BXYURLT
WAEABEETSH 3.

Remark 1. Q i3 even lattice THBH (B, ETD a € Q IIH LT (ala) €2Z T
H3) JZEETAS.
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1.3. g ORRELTO V ORMAR. THRIE (2) D (41209 =025, V =
Om>0 Vi DEHRMS Vim 12 g DIEHTRE (qVin C Vi) THEEXSDB (g
20®gC g LA—RILRKS) 0, &V, ZARKRTLOT, HRKTH
T Lie B g OXTAELT (g ©) HRKRTTES highest weight FH L()) #
DOFBEOBRMIZHET AELNFINSE. Z 2T, L()) iZ dominant integral weight
A€ Pp:={A€h" | (M) € Zyo, 1 < i < N} % highest weight &35 g DBE
#3 highest weight & (#- T, HRMICHRKT) TH3. £2o0T, TOEHESE
®(Ao, A)m € Zyo EBLHICT S:

Vi = D (20, )m L(A)- (10)
AEP,

ZL T, JOMBEEOREE

®(Ao, A)g) := ) B(Aos Am g™ (11)
m2>0
EEZDPICTD. 2D B(Ao, A)(g) KL TH, RD Kac DERIASH TS
([K4] £8).

Fact 2. A€ P, &3 5. OB, THE $(Ao, \)m DEBISL $(Ao, A)(g) 13, A ¢ Q
ISR LTI B(Ao, A)(@) =0 T, ELT A€ Q i LTid

i
qz(MA) Ha€A+ (1 - q(*\+P|°))
é(q)Y

TEALNS. ISTp=1L¢a, 0 THS.

(Ao, A)(@) = (12)

Remark 2. g (3FHIBKRTT Lie BUEDOT &AL BHBMRATHY, #->-TED Fact 2
KEiT58 [loga,  RUT Loca, BRENENHMRY, FROTHS.

2. THETA #RE Oo(q) IKMT 5 H5EK

Z D §2 T, An, Dy, Eg, E7,Eg D root lattice @ D theta H%L Oo(q) 1ZHY
TH2HHH5RE, §1 THRYPLALBRERI ST/, PIHICH > THEMEIFNEE S0
M, COFERIZEL D Fact 1, 2 D SEBICHINSE bDTHEDT, IHFFMALHR
DO Kac BFICL > TEBEHIRREN T 3. £D—13 [K2] D Proposition 2
D#%®D Remark (d) iCHAHNXTH D, b5 —213 [KT] D Remark 5.2 253 H3k
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TH5. BL, ETHICEOTRATIRIC, COHERIQ B, C, Fy, G B
BRERITCHERL Lie IR g D root lattice THAHAICH, ZDEF DR TR
BHRES. CHhoDEHESITOWTIRR, VR EL EEDXE TN Sh TUVIK
BTH5.

Proposition 1. Q % Ay, Dy, Es, E7, Es BOFRRTHEFEESE Lie B g D root
lattice, (-|-) % h* LD normalized (£ TD a € A iZHL T (ala) = 2 TH3B)
Killing form &3%. "D, Q O theta 3 00(e) = Toegq + MLT, KO
RO Y L.

Oqlg)= Y. d)gW TT (1-gi+a). (13)

AEPLNQ a€d 4

{8 L dominant integral weight A € Py C h* iIZxt U T, d(A) & XA % highest weight
&ET 5 g OBFIRRITELFY highest weight FIR L(A) DRFC dime L(N) 2% T

Remark 5. EOER (13) 3, WREH ¢ € C OEMMBIMT3ERLLTH
gl <1 KiIsLTERERD.

Remark §. L@ Proposition 1 IZ&1F3 d(A) {3, HEE Weyl orTARICLY
Killing form (-]-) 284 T,

an= ] Gtele (14)

sea, (Plo)

EFEEAS.

(Proposition 1 DIFM.) L(Ae) =V = ®m>0 Vn D graded dimension f(q) =
dim, V = 3 5 (dime Vi) g™ ZROBRICHAT H. %7, Fact 2 29 A ¢ Q ioxf
LTI $(Ao, AN)m =0 THAWITEETNIZ, (10) KD oBEBIC

dimg Vin = Z d(X) B(Agy M) m (13)
AEPLNQ
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283, %-T,

flg) =" (dimg Vi) g™

m2>0

= Z( > d(A)@(Ao,A)m) " “by (15)"

m>0 \AEP,.NQ

=Y Y dA)®(Ae, M) g™

m>0 AEPLNQ

= Y D d) (Ao, Nm g™

AEPL.NQ m>0

= Z d(A)(Z‘I’(-'\o,}\)mqm)

AEPLNQ m>0

= > d(2)®de, M) “by (11)"
AEPL.NQ

A H (1 - q(A+pIa))
= ¥ d (q o€y )

AeP.NQ #(q)"
=o(a) Y dn¢EM ] (1_ qu+p|a))

AEPLNQ a€A,

Hby (12)”

&3,
—#, Fact 11240 f(q) = ¢(q)"NOq(q) TH-7. ThSZEDD f(q) OFR
2 HA~NBZHICL D, Proposition 1 %X B o 3. O

Remark 5. EOIRICHE T ZAERR, ¢ OERMRFEHRICEIIZHDLEER
THRUV, BHEEH e CD (Jg <1 iKki33) ERMSICHETIHEELTHE
“kxhs.

3. THETA & Oq(q) DRAICMT 2 HHER

O §3 T3, affine Lie B § D basic ZH L(Ag) = V = @m0 Vm ~O, AR
WG Lie Bt g (— §) @ Casimir operator Q DEAEHERBZTICL Y, theta B
Oq(q) @ q iKBIT RS (1< ¢ BBHIL D) ¢4 0q(q) KKMTEH5FXTHL.

3.1. g @ Casimir operator . %£7, FRRTHUAHS Lie IR g O basis D#l
()M, (WM, T (wilwi) = 6, 1< i,j < M, %55 b0 (Killing form (-|-) 1218

i=1

93 dual bases) #IR3. T T M =dimcg TH 5. g ® Casimir operator Q {3,

—203—



THETA BT L %K, 7

universal enveloping algebra U(g) icHtJ 3RDTE L TEEZ N S:

M
Q:= Zuiu‘ € U(p). (16)

i=1
Remark 6. Casimir operator € U(g) {3 g @ dual bases DE Y FiZk S
I

M M
Q= Zuiui = Z u'u; (17)

=1 =1

THS.

Casimir operator 2 € U(g) {3, $it universal enveloping algebra U(g) @ center
Z(U(g)) DFTETH Y, 1> T g DEEF highest weight I L(A) LI scalar Cy € C
ELTERTS. E612, 2O scalar Cy, i Killing form (-|-) &> T

Cx = (A +2p|A) (18)

L3 ([K4] BR).

§2 Tai~<72BRIZ, basic gradation I & D REKfTIF%E LIz basic FH L(\) =V =
Om>0 Vm D (ARRTD) HRES Vi 13, g DIEAIRK D ARETH > 120 5, R
Casimir operator {2 € U(g) DIEAITHARETH S. €T, CORBER Qly, O
trace Tr(Q|v,,) € C OFBIEL (graded trace)

9(g9) =) Tx(Qlv,) ¢" (19)
m>0
ZEZHH|NHES. D §3.3 Ti, 2D graded trace g(q) Z_FH D HETEHE
T5.

3.2. § @ Casimir operator . = TiZ affine Lie B § ® Casimir operator
OB EERICOVT, BLASKAROHIOBEREMETE. 20 Q i, § H4ER
WIETHBE, biIPilIED universal enveloping algebra U(g) DICEiZiL DIBATL.
ZhTh U(§) D restricted completion EPREN 35 3HDEMLDOTE BT H
NWET, ROFKickEh 5 (K4 B8):

M

Q=Q+2c+h")d+2) ) (" @ u)(t" @ u’). (20)

=l n>1
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{BL, AY {2 dual Cozeter number E®|Ih B scalar TH 5.

Remark 7. L@ dual Coxeter number hY {3, RTEZI o 5:

N+1 if Xy =Ap,
2N -2 if Xy =Dy,

RV ={ 12 if Xy = Es, (21)
18 if XN = E'h
30 if Xy = Es.

oI, LEDLETOHEI
M =dimcg = N(1+hY) (22)
R AL ([K4) B]).

Casimir operator {2 i3 § DEE# highest weight BH L(\) D LIZ/EAE €3
DT, L EDERIE § OERETRTSS. KB, Q13 L(A) LS scalar
(A+25|A) EUTHEATS. SoThe(h) 13, (flai)=1,0<i< N, & j(d) =0
(E->T (PlA) =0) ICLH—TMICEZEATTH D, p=p+hVAo EFHITS.

3.3. Graded trace DFtH.

o graded trace g(q) = ngo Tr(Qv, ) g™ DHBEETHIDTHEY, £D
BB FRELE 3 >HELTH L.

£, ROFHAITHBARO FERK) DECHFMEBETH 3.

Lemma 1. FRRTOBKPEM V, W &, ZhoOloRBERL ALV - W,

B:W =V 2HBLETE O GRFR AoB: W - W O trace TH(AB) &&
BB BoA: V =V O trace Tr(BA) {3FE L.

Proof. V, W DEEAM »T, KEZ Tr(AB) & Tr(BA) 2B THNEWH SN T
»3. 0O

§1I2H T é(q) = [[2,(1 —¢™) &9 g < 1 k3 (BISL ST EA
BYBE A L7, T OICRD |q] <1 KB AEAPRERATIHIZT S:

h(g) := ¢(q)™", H(q) := log(h(q)). (23)

RD 2 SO, MERERCNTIZFHOI L LOTHAIN, CZTIIHAT ¢
DRI RFRBIROFPTHRL THL.
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Lemma 2. H{q) ® ¢ G:Bﬂﬂ'éﬁﬁ}l: DT, OB D ALD.

H(q) NY nd qv. (24)
n>l 21
Proof. %&73°
H(q) = log(h(q)) = (~N) ) log(1 ~¢")
n>1
THado, chkg i:ou\‘caﬁﬁ} LT q 2#rhid,
nq
H (@d=N ; T- (25)
= JJ:E: j{:qﬂ’
a>1  j>1
#1845, 0O
Lemma 3. h(q) & H(q) D q iIZBT 3R DT, ROBAFHBL D L.
d d
d—qh(q) = h(q)- d—qH (9)- (26)

Proof. MORAEAMEANT h(g) = [[,y, {(1 - ¢")7N} % ¢ iBL TRSAITHIT,
—h(q>—2 [ =gy -Na-g)y ¥ jg™!

j21 n21
nEj

=> [a-M[[a-¢V | ¥a-¢)jg

i1 n>1
n#Ej
=) (H(l —q")'”) N1 =g o
j21 \n21
-[Ma-o* vy 2
n>1 i1 7
= h(q)- %H (9) “by (25)"

*%5%. O
Z ZT, affine Lie B § ICHIF B3CMME (2) 965, 1 <i <M, n 2 1 iZHLT
(u'|u;) = 1 20 S)
e, ™" Qu] =" ® [u', ui] + nc =1® [u',u;] + ne (27)
DD AHOPWEEFRLTHC.
AT, KHBRA2DEEHTH 3.
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Theorem 1. Q % Ay, Dy, Eg, E7, Ey ROFRRTTH TS Lie B g D root
lattice, (-|') % Cartan subalgebra @ dual h* E® normalized (£2T®D a € A 1IZxF
LT (ale) = 2 ©#%3) Killing form, LT Og(g) = Tacqt F % Q O theta
BMET S, Ok, ROFANB D ID.

d A a
A1 +h)a7 0o = Y. dNG+200) ¢ [ (1-¢*47). (8)
7 AEPLNQ aEd
{8 L, kY % dual Coxeter number TH Y, p = %Zaea,, a, d()) = dim¢c L(A) T
5.

Remark 8. ED%, (28) (3, HEHFEH ¢ € C OEAIMEUCBTIERLLTH
lg] < 1 ITBNTERERD.

(Theorem 1 DIEBY.) §3.2 Tili~7F=#ic, affine Lie B § @ Casimir operator Q {2
basic B V = L(Ao) T scalar (Ag+25|\o) & LTIEAT B, EZAH, (Aoldo) =0,
(BlAe) =0 TH B S, Eid Q2 V _EIT zero operator & LTIEAT ZHICH B,
—%, € i universal enveloping algebra OFEM{LDTTE LT, (20) RO ETREFF -
Thvie. CORTFRITENT, ¢ i3 g D center DITIEM S V' EIC scalar Ap(c) =1 &
LTERAL, d (ZBHFRERS Vm EIZiE scalar —m ELTEATS. &»T, V L
DIEARELT

lw
0=Qlv, —21+h")mIy, +2) ) ui(-n)u'(n)lv.,

i=1 a2l

MEDILD. STz €9n€ZicMLT, z(n) €EEndcVidt"®z €D
WD basic BH V = L(A) LOEATFELERL TS, BL, KHRERK (2) @
[d,t"@z]=nt"®@z &V, z(n)Vn C Vn-n THRIBICEETS. E-THR, &
m 2 0 136 U TR D SLDFHIL B,

M
Te(Qlv,,) = 2(1 + AV )m(dime V) =2 Y Tr(ui(—n)u'(n)lv,)-  (29)

i=] n>1
Claim1l. £1<i<M,n>1{IZHLT, Te(ui(—n)u'(n)lv.,) i

Te(uil ~n)u'(n)lv,,) =n Y dimc Vinon; (30)
it

—207—



THETA @EICER L - %R, 11

TEAOND. IS, COHIR 1 <i < Mizksiit,. BL, m < 0 2L TiZ
Vm :={0} £LEXBHDET 5.

Claim 1 OIFIAR#TEX 3B LT, 22Tz i3 T Theorem 1 DEEBA
ERBREES. (20) RE Claim 1 © (30) K&k D

Te(Qly,) = 2(1 + h¥)m(dimg Vi) = 2M ) 1 ) dime Vines; (31)
n2l ;21

LB 5, Tr(Qly,) DEBF 9(q) 13 fg) = Lo (dime Vin) ¢™ AT

o(g) =) Te(Qlv.) g™

m>0

=2(1 +h")q— HOERI'DY (Z n)_ dimc v,,,_,.,)
“by (31)"

m20 \n21 ;21

—2<1+hV)q ) - 2M YY" n(dime Vinnj) g™

m20n>1
i1

=2(1+ h")q—f(q) -2M )" S n(dime Vin—nj) g™
n>1 m>0
21

2L+ A g @ =2M 3 5 n(dime V) g™+

n>1 m>0
)Sl

<1+hV)qd fle)=2M Y Y n(dimc Vi) g™+
m2>0 ngll
1Z

=2(1+hY) g f(q) -2M (Z(dlch )g™ ) -(Zan"’)

m>0 a>1 j21

d
= AL+ ) a5 f) - 2M1(0) - o3 H() “by (24"

E&FxEB. EZAT Remark 7D (22) Xk 9, M =dimcg = N(1+AY) THH
ho,

9(*1)—241{(1+h")d flq) - N f(q);-H(q)}

=2(1+ hV)q.{Ef(q) - f(q);,;H(q)}
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&733. X, Fact 1 £V f(q) = h(q)Oq(q) TH 75,
d d d
Ef(q) = @Q(Q)d—qh(q) + h(q)d—q@Q(q)

= 00(q) (h<q) : %H(g)) N h(q)difleqm

- f(q);—qH(q) N h(q)di;eq(q)
EWNE. ZhoiksbhdT, #5
9(a) = hlg)-2(1 + h")q;f—q@o(q)

THAIEIM 7.
ETZZT(10) K& Fact 2 BT & FRES Vi 12

Va= B &1, M)m L(N)
AEPLNQ

“by (26)"

(32)

&, g DAY highest weight I L()\) BOBEMIZAMML T . £ 2T, g D Casimir
operator §2 {3 L(A\) LiC scalar C) = (A +2p|A) & LTHEATAFIEETHIT, &

m20iZxXFLT

Te(Qlv.,) = Y dA)A +20|A) &(Ao, \im
AEPLNQ

THIPHFNS. #€-T

9(9) =) T, )"

m2>0

=Y Y dOA)A+20/A) B(Ao, A)m g™

m>0 ,\EP+nQ

Z d(A)(A +2p|A) (Z P(Aos A)m q"‘)

AEPLNQ m>0

D dA)A + 2000) $(Ag, A)(g)
AEPLNQ

AEPL.NQ a€i,

Z d(A)(A + 2p|r) (h(q)qugﬁ H (1 = gtA+elay

(33)

'-Lby (33 )"

“by (11)”

) “by (12)”

= h(q) - Z AN + 20| A) g F I1 (I_qm,,m)

AEPLNQ a€ld,
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ERES. COERTRELIBON: g(q) DFER (32) REH~NBFIZL Y, Theorem
1 05 0Bohsd. O

Remark 9. LOIWIZHITHHEE, ¢ DERHXFRBRICEITEZ2HDTHS
D, HEREEH e COD (lgl <1iCHiF3) ERMBICETATNE L L THEHE
ha.

(Claim 1 DFEBR.) %£9, F1<i <M, n21iZ20T,
u'(n): Vi = Vincn,  ui{=n): Vaop = Vi
THD, £>T
ui(=n)ou'(n): Vg = Vi, ui(n)oui(=n): Vgen = Vi
THAEIEFTS. 57T Lemmal &P
Tr(ui(—=n)u'(n)lv,,) = Tr(u'(n)ui(~n)(v.,) (34)

TH5. X

w'(n): Vimen = Vin—2n,  #i(=n): Vin_2o0 = Vin—n

u;(—n)o u‘(n): Viren = Vinen
ThIAIFcEESThE, LRk (27) o

Te(w!(n)ui(=n)lvn-n) = Te(wi(=n)u' (n)lv,,_,) + Tr([e', willvinon) + 2 Te(Iv v, )

KA. T, B Lemmal LD

Tr([u', ]| Vo) = Tr(u' v © Uil Vo = Uil v @ 2]v,)
= Tr(% [V - o YilVimon ) = Tr(il Vi g 0 |¥i )

=0
THaho, £h

Tr(u'(n)ui(—n)lv.._.) = Tr(ui(—n)u'(n)y,,_.) + a(dime Vin_,) (35)

—210—



14 NEE B8 (SATOSHI NAITO)

Ao oIS, €I T, (34) K& (35) RESDEIHEICL D, LR
Tr(ui(—n)u'(n)lv.,) = Tr(ui(~n)u’(n)lv;,_.) + n (dime Vin—n)

21B5. ZOHEEDI S, FRFRECEH 7 ICHLUTIE Vs = {0} THAHICHE
'LT,
Tr(ui(—n)u'(n)|v,) =n z dim¢ Vinen;

j21

r&E»rhs. O
3.4. Example. Zbli#AIHEE LT, g 2% A, D 8 RTHERBS Lie ], A5

g =s((3,C) = {X € M(3.C) | Te(X) = 0}

THSHAIC, Theorem 1 DER (28) 2L HBHMICHEZTLTHAS. ZOHS,
Cartan subalgebra {2

') = {h =dia.g(h1,h2,h3) | h,‘ € C,l S ) S 3, h.] +hg +h3 =0}
TH Y, simple root (L a; = Ay = Ag, @2 = A2 — A3, £ L T root lattice {T
Q = Zay ® Zay = {kay + may | k,m € Z}

TH5. 8L, M, Az, s 1 h = diag(hy, ha, hs) € b IS LT A(R) := h; THE S b°
DFTTHB. BB, CHoD A, A, A F—REIATRE, M+ X+ A3 =0TH3B
WICEET S, X oI, positive root 12 Ay = {ay, 00,0 + a2} DT, p=ay +
TH5B. £LT Remark 7 @ (21) % Y dual Coxeter number i3 hY =3 THX S
ha.

X, Killing form (-|-) i@ L T2

(aa]ay) = (az]az) =2, (oq]ez) = -1
THYD, L>T A=ka; + mas € Q 1221 T

(Aplay) =2k—m+1, (A+plaz)=—-k+2m+1l, (Atplay+or)=k+m+2,

('\g\) =k2—km+m?, (p\)=k+m
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THA WICA=kay+maz €EQIZHLT, A€ PLNQ THEIADEKIT 2k—m >0
D 2m — k>0 (IO, AREJZ k,m >0) TH5:

P,NQ@={kay+may |2k>2m>0,2m >k >0, k,m € Z}.
ZLTA=ka; +maz € P.NQ iIZHT S d(A) =dime L(A) {3 (14) K& Y
d()) = -;-(2k—m+1)(2m—k+1)(k+m+2)

E1RB.
v bEER3 i, Theorem 1 DEH, (28) IZROBRIZHIT 5:

8. Z (kz —km + rn?)qk’-km+m3
k.meZ

= > (@k-m+1)2m—k+1)(k+m+2)(F - km+m® +k+m)

2k>m>0
2m> k>0
k,meZ

2_ 2 - -
. qk km+m (1 - qzk m+1)(1 - q2m k+1)(1 - qk+m+2).

4. TWISTED AFFINE LIE BRDiE4

D 84 T, By, C, By, G, NOF[RRITTHEFEBS Lie BD root lattice iZH LT
%, it H Proposition 1, Theorem 1 & RO RIEL Y L HP LM HIZIREAT 3.

4.1. Twisted affine Lie IR. C Z Tl twisted affine Lie BiZ2 T, B{AI5h
T3 O0DERE [K4] RU (W] iIC#-TEHETS. £, Xy = Ay~ (123),
Dipy (122), Eg, Dy iR LT, g:=0(Xn) 2 Xy ROFRRTHEFRELH Lie |, b
%% ® Cartan subalgebra, (-|-) % §* LD (£TD root a € A IZ2T (ala) =2
Td 3 4£iC) normalize &N 7: Killing form &35, €L T ¢ %, Xy BD Cartan
matrix 4 := A(Xn) = (4::;,')}""}'=1 (@ Dynkin BI) @ diagram eutomorphism &9
5. 5 u BBFME (1,2,... N} ORAT, &4

Auiyu(j) = @ijy 1S 4LjEN (36)

EW/ T HDLETS.
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Remark 10. Xy = Dy OHFEICIE, diagram automorphism u {3 2 - (R b D
) HY, ThoDuBiL 3 THA. TOMBOFEIIL, diagram automorphism u (3
12K THY, 20T 2 TH 5.

ERIZHDBERIC, O diagram automorphism u (3, g ® Lie BELTODEC
FIBER u:g—9g T,uh)=h K3 bDIKBRICHKREZ N S. ZDEF Killing form
(1) 1 p-AE:

(u(2)lu(y)) = (zly), =z.yeaq (37)

THLIPEREBLTHE. SO pu OMEr ET5&E (r=2,3 TH3), g RO
Xy OERFEMIZSET S:

g= @ gk, gk = {z € g| u(z) = z). (38)
keZ/rZ

SlTe=exp(BE) e CTHE. X, p(h) =h THABEDS, 5K H b

b= P b br:=gnh (39)

keZ/rZ

EHET B, ESIZ, & gk (T ho D adjoint action IZ LY

9 =h & @ Bk,a (40)

a€dy

&, ho ICBIF 3 weight space iZ3887 3.

UTFTR, B : € ZIXHLT, BFR Z/r2 IKE80T i OBT5RRFE
i=i+rZ €Z/rL EBLTICTE. pid g D Lie RELTOHCRAREREDT,
LIEZIHLT

(9,951 C 9145 (41)

THAB. il g 13 g OIS Lie RT, g; & g_; (& g5 D adjeint action 2R L TR
BUERRZMENE > T 3. ToIT, K g5 IIHRRTHUFENSE Lie B g(Y,) TH
D, ZOR Y, IRDOHAYTH 3:

Ci if Xo = 4dopy, r=2.
Bi i Xy=Diy, r=2

= 42
Yo F, fXy=E;, r=2 (42)

G2 if Xo =Dy, r=3.
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X, Killing form (-|) 2% - RETHI3ED S, i, EZIZH LT, i+] £0€ Z/rZ
D¥IL (gilg;) =0 THH, 147 =0 € Z/rZ ORI pairing (-|-): g; x g; — C,
(1): b x by — C {FSHTERILTH B B0 5.

£7hTIZ, X,(\;) = -‘L(j)_,,Dﬁ)l- EP, D® izt X}J) RO (generalized Cartan
matrix %2#52) twisted affine Lie ] g := g(Xg)) = L(g,pur) EHALLS. =
T, Xf{,') KD generalized Cartan matrix {2 (I + 1) x (I + 1)-fTHITH AP ERTL
g s 2L, X§' = EP ogaiz =4, X0 = DY ogaizi=2
ET B (BULIR (K] 2BBIhice)

LU twisted affine Lie B § £BAT 37iic, BEORAERT 55, X B
nontwisted affine Lie B g(X{') K3 2824 51 55 §3 T TR BB bod oy
LEBELTHBHENSS. £2ITIO 84 IZHTIZ, X D nontwisted affine
LieB%a= g(Xf\;)) = L(g) = (C[t.t™"| ®c 9) ® Cc' SCd', #D Cartan subalgebra
2h=haCdOCd LF{HFT 3.

T, X B twisted affine Lie B § := a(X\) = L(g.4,7) (2, § DEBS Lie
BELTROBICERSNS:

JEZ

ﬁ(g,y, r)= (@ t® g;) & Cca Cd. (43)

BL,c:=rd,d:=d T%3. § ® Cartan subalgebra {2 h := h3 5 Cc® Cd TH
D, h iIzB3 3 positive root DLk Ay c(h) iz

Ay ={j61j€Zn}U{jb+0alj€ls,aci;}u(Ag)s (44)

THB SCTEe(hp) 12, D nmullroot S € (7)) £ HChHICHRLIE DTS
%. %& root v € Ay ICHIET B root space §, 13

§is =t @50, fjbra=t'®0j4 JEZ a€L; (45)

EWiFB. X, § O simple root D2tkE = {oi}l_, CAL ELTHL. (BEES
{a:Hoy % g O simple roots 5 EDEEICED BIE S B AL BUAT~E DL,
& U7 DT Z ORES & iz kte.)

(42) iz H BHC g5 RABRTEFEUS Lie B g(YL) THo7odt, — 5T D
g5 12 ° Qg5 EA—MRTBYITE D twisted affine Lie B § = g(XV') D5 Lie B

—214—



18 MRE 22 (SATOSHI NAITO)

EbANES. Kz DB Cartan matrix Yy {2, generalized Cartan matrix Xg,')
NOBRFE 0 ICHET BT ENNEMHYBROTH o3 principal submatrix TdH - T,
o(Yr) =95 = t°®g; (2 g(X§)) = g i “BRICEDAE NI 55 Lie RIS T
U 3. %12 g(YL) @ Cartan subalgebra it hy C B, root D&tkid Ay C (hg)*, EL
T root lattice it Q := ¥i_, Za; C (hg)* ERMEE 3.
X, g £® normalized Killing form (:]-) 205, IROKICL T a D LOAREN
FEBILH BN —WER () EHENS:
(F @zl @ y) =rYbirjo(zly), 1,jE€EZ, zEm yEgy
(CcaCdlt’ @ g;)* =0, j€Z, z€ag;

(clo) = (dld)"* = 0;
(c|]d)* = 1.

(46)

T, g5 =a(Y1) (2 9= 9(Xn) DL Lie BTH B & RIBFIC, twisted affine Lie B
§=g(XV) OWH Lie RTbH 12 SO, LOERSPSAPBHT, s,y € g =
g(YL) oL T

(zly)" =~ (=zly) (47)

EWHBARNHS. E o0, ARRTHFES Lie B g(Y2) £ Killing form (-, )
4T long root @ € (Agh IKH LT {e,a) =2 &2 38 normalize Licb D
i%, ¢ £ D normalized Killing form (:]-) % g5 = a(¥2) IKHBRLA-bD&—FT 5:

(z,y) = (zly)v T,y€0 = Q(YL) (48)

Lo TLTTIE, AIRRITHFERS Lie B g(YL) LD normalized Killing form % b,
iEF () TRTWIZTS.

%12, twisted affine Lie B § @ Casimir operator Q DHRIZONTH~NTE
{. 2D Q i, § D universal enveloping algebra U(§) DSEMHLDTTE L TROKIC
#Ixh5:

dim [: 1Y

G=r@+20c+hVd+2r 3 3 Y o)) (49)
keZ/rZ nzi i=1

ZIT, N e Z(U(gg)) 2 YL ROFRKRITHESE Lie B g5 = g(Y2) @ Casimir
operator THYD, B L € Z/rZ iZHf LT {u(ik) [1<i<dimege) & (P |1<ig
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dimcgi} (&, € Eh by O adjoint action iZMF 3 weight vector D SK S g &
g—r D basis T,

{ (Plu®) = 6, 1<i,j < dime g (50)
S ful®, u] = 0 € bs
HALDTHA. ZLT A I RTHEA 5135 dual Coxeter number TH 3:
A ifxy =43,
e 3 (0) _ p2)
o) 2 XY =D, (51)

12 Xy =EP,
6 ifx§ =Y.

Remark 11. X = A, DV EP DO 0eTOHAIZ, & k€ Z/rZ LT
dimg g = (1 + hY) dimc b (52)

THAPXNEHEFARIC KL VHODONS. LUTTR, I :=dimch, &HFLFTT B,
OBl =11li=1_ TH5.

4.2. By, Ci, Fy, G; ROBAOKE. UT, XY = AD , D2 EP DD ¥3.
XD B twisted affine Lie B § = g(XY) I2D4 T b nontwisted affine Lie BZD
B & FI4RIC, BEY highest weight EILP basic ERENEALSN3. BB, A € (h)°
2 Ao(hs) =0, Ao(c) = 1, Ao(d) =0 iKW EFE 5 basic fundamental weight & L,
V := L(Ao) i Ao % highest weight &3 § DEE# highest weight FH (basic &
B) &75. ZODbasic KR Vi de g AT Z-REATH (basic gradation):

V=@ Vm Vmi={veV|dv=-mv} (53)

mezZQ

21T - 120D dime V,, OFH#L (graded dimension)

f(g) =dimg V = ) _ (dimc Vin) g™ (54)

m2>0
{2 LT, Fact 1 LAMORDERVE ST TS ([Ke] BH).

Fact 3. §=g(X{) % X\ WO twisted affine Lie & &3 5. ~ D8, § D basic
BRV = Om>o Vi D graded dimension f(q) = dim, V (3, IROFRIZHHE 3.

f(q)=( 10 m(qr'-) - 9q(a). (55)

k€Z/rZ
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22T, QC () — (D) 1Y, ROFBRTEBHS Lie B gy = g(Yy) O root
lattice T,

Oq(g) := Y gitele)” = ™ gitale) (56)
a€Q a€Q
TH3 X, EkeZ/rZitHLT
or(g) = [J(1-¢" (57)
n>1
A=k

TH5.

Remark 12.  (47) RUTH BB, ki, ho € b C NG ISR LT (hilha)™ =~ (h|hs)
THo12005, e, € (h)* C(H)* NH~ 1= LT

(alB)” = r(alB) = r{a, B) (38)
R D L.

Vm) THY, 0T Vi 2 gg DEHRELT

Vi = €D ®(Ao, A)m L(A) (59)
AEP,
EEHMISRT S, T Pri= (A€ () | [olo € Zxo, 1S i<} 12 g5 = 0(Yi)

@ dominant integral weight O£k, L(A) {2 A € P, % highest weight £33
g5 = oY) DHIRIKITEES highest weight B TH 5. ZOEBIAE &(Ao, \)m OFE
B

B(Ao (@)= T B(Ao, M) g™ (60)

m20

IZBI LT, Fact 2 & FIRORDEEIM SN TS (K4 BR).

Fact 4. §=g(X) % X B0 twisted affine Lie B, A€ Py &F3. =D,
MBI B(Ao, N)m ORBIE B(Ao, M)(g) 13, A € Q X L TIE (Ao, A)g) =0 T,
ZLTre@QizxLTIZ

<1>(A.,,A)(q)=( II ¢k(q)“‘) g T (1o} (61

k€EZ/rL a€(dg)4

THZOhA. ZZTp=3 EaE(th. aThHa.
EEBD Fact 3, 4 25, Proposition 1 & [#RIZ L TRAGRE 5.
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Proposition 2. Q % B:,C, Fy,G, BOFMKTHEFES Lie B g5 = g(YL) O
root lattice, (:|') % (b3)” LD normalized (£T®D long root a € (Ag) IZXLT
(ale) =2 TH3) Killing form &3 5. ZODB, Og(g) = L oeq 771 iKBILTK
DERAEL Y L.

Oa(a)= Y. dNgiOW T (1-g o). (62)

AEPLNQ a€(Lg)y

{B U dominant integral weight A € Py C (bg)* tIF LT, d(A) i3 A % highest weight

&ET 3 gy DERIRTCEES highest weight £ L(A) OKRIT dimg L(A) 2 L,
d()) = H (A +ple) (63)

actag), (Pl
TEZohA.
Remark 13. Proposition 2 @ (62) RiCHWT ¢" 2H 72D T ¢ LifttFid, Propo-
sition 1 @ (13) K&/ UEDOAELB.

LIFTiZ, Theorem 1 &RBEDERN By, Cy, Fy, G; BOFIRRITH FHE Lie B
g5 = 9(YL) @ root lattice Q I U T LY L>FERATS. £, & k€ Z/rZ
X LT

hie(q) == ¢e(@)™™, Hi(q) :=log(hs(q)) (64)
¢T3, 2O Lemma 2, Lemma 3 DEZNEhERBIZLT, RD 2 DOHEE
#/a5.

Lemma 4. % k€ Z/rZ iZXL T,

17 HD) = Y n 3" (65)

21 j21

n
A=

P

DK D L.
Lemma 5. & ke Z/rZ iIZH LT,
d d
d—qhk(Q) = hi(q)- EH"((’) (66)
DR Y L.
WRUZD §4 OEEHTH B,
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Theorem 2. Q % B, C, Fy,G, ROHFBRTHTHS Lie R g5 = g(YL) O
root lattice, (-|-) % Cartan subalgebra @® dual (h3)* £®D normalized (£T D long
root a € (Ag) 1ML T (ala) = 2 T 3) Killing form &4 5. Z DB, Og(g) =
Taecg 701 1B L TROERHEL Y 3L

2r~11 4+ hV)qdieQ(q) = Z d(A)(A + p|A) gF IV H (1 - qr(A+p[a)) )
7 AEPLNQ a€(Ag) 4
(67)

8L, Y i3 (42), (31) RTEA 513 dual Coxeter number THD, p= 1 Toen, @
d()) =dimc L()\) TH 3.

Remark 14{. Theorem 2 @ (67) KiCHWT ¢" £H672HT ¢ &ifiFiE, Theorem
1D (28) KEFMUEDOKLELS.

(Theorem 2 DIEER.) HIRKTTHFHH Lie B g5 = g(Y1) D Casimir operator 2
1220 T, Tr(Rv, ) € C OFMH

9(9) = ) Te(Qlv.) g™
m>0

AZBDOHETHET S, twisted affine Lie B § @ Casimir operator {2 {2, basic
£H V = L(Ao) LI scalar (Ao +25[M0)® ELTHEATS. ST j € ()" 12,
20plai)® = (eila), 0 i<l & (A =0 ICL D —FEMIZEBEATTHS. &
ZAD (AoJAo) =0 THBEDS, £B Q12 V £ zero operator & LTHEALT
WAESIL B, —H, Q@ OFF (49) R& Ao(c) =1 THAEN S, V OEFRES
Vm LOERAFRELT

dim g

0=rQv, - 21+h)mly, +2r > > 3 u®i(-npuP@),

k€EZ/rZ n21 i=1
=k

DD ILDELDNSE. L->THRB, Em20IXHLT

dim ga
rTQly.,) = 2(1+hY)m(dimc Va)-2r > Y Tr (( zf u(“-‘(-n)uf."’(n))wm)
eren N

i=1
(68)
TH5.

—219—



THETA B&CBIM L A= %= 23

Claim2. K ke€Z/rZ &a=kLRBHn>1ICHLT

dim gy
Tr (( > u“)"(—n)uﬁ"’(n))lvm) =r"(dimcge)n ) dimc Voon;  (69)

=1 i

DY D L.
4, 20 Claim 2 28» 33HIThid, (68), (69) DERXESHEIHFICLD

rTe(Qlv,) = 2(1 + AY)m(dime V) -2 ) (dimcgx) Z nY_ dimg Vin—n;

keZ/r2 n>1l  §>1
A=k

&R, #->T, Theorem 1 DIEBALFHRIZLT

9(e) =3 Tx(Qlv.) g™

m2>0
d d
=2r"Y1+AkY)g—f(q) - 2r~1 (dimc gi) - l_lf(‘I) -q—Hi(q)
G0 2 mee) @ gl
d d
=2r"(1+AY)q {Ef(q) -f@9- ) Eﬂk(q)} “by (52)"
k€Z/rZ
d
=2 (1+hY)q ( I1 fu(q)) - 00(a) “by (66)”
kez/r2 1
EREIWHEGN5.

—% Fact 4 5, 2131 Theorem 1 DIEFREFERICL T
s@)=| II hk<q)) LY AN +200)gEON T (1 grOele))
keZ/r A€PLNQ a€(lp)e
HWRES. £CT, ChoZ#liDD g(q) DEREH~NBEIZL Y, Theorem 2 DEHR
MRohi. O

(Claim 2 DFEHA.) £, F Kk €Z/rZ, a =k IX5¥H n>1,1<i<dimegy i
LT, TRBK (2) 25 (¢ =r"le THAIYIEELT)

[t" ® ugk)‘ ™" ® u(k)i] = tl) ® [uf_k)‘ u(k)i] +n (I;Ek)l‘u(k)i)c'

= [u.gk), "M 4+ r=Tne
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THB. £->T(50) R&kD, B ke€eZ/rZ En=kTBBHn>1IZHLT,

dim g,

T [t @ u®,t7" @ u™¥] = r~}(dimc ge) ne (70)

i=1

%18%. #%id Claim 1 DIEBAERFRIZL T,

dim -1
Tr (( > u"‘)‘(-n)uf."’(n))wm) =r~!(dimcge)n Y dimg Vin—nj
i=]1

J21

THHEHRES. O

[FK]
(K1]
(K2]
(k3]
[K4]
[KP|
(KT]
[KW]

(W]
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ZEE S EROHLSBEFRRXDOEEIZDOINT

RERE
KR RF BEFRER - FHEHER

Riemann @ {(n) DEZHILO—HEMTHHIZEFT—FEOMEIX. Euler ETEMDIF
B LNTET, BAE T D. Zagier *° M. Hoffman, J. Borwein #iC & > TRAICITHI
TWET, FEET—FEZARDZLIX, Yo 7RBE, mixed Tate motives R Vassiliev-
Kontsevich knot invarians 2 ¥ DAL EAK L TV 3 L EDbh., BERLSAOLIFNG L
EL BREBZATVWA KD T,

EETIE, 2EEY—EMOBEEREZE X T3 “sum formula” & “duality formula”
28, AHZ-OOKROER (BEB1. 2. 3) . AFK—RELL-ER (EE4)
IZOWNWTIRARENERBVWET,

% 1 8T Riemann ¥— S B L SHE-FHICOVWT, EBLEHDTHILET,
%28 CiX. “sum formula” & “duality formula” 2 &%, FEX—F{HEITH>WTHL
NTVWHEGRRORNEI>HEBLEY, FIHTIX, SEOEZREBHALEZT, F4
#i Tix. Drinfel’d, Goncharov, Kontsevich, Zagier A& X = FHICBWTHESINL TV 3
REXOBEHKE. EER1LELNIBEAROBEEEKLEY, F5H TR, WI—£&
FiCk>oTEAShE, FENX—AEEFREBESTCOMBICHE>T—FBEEO.
EEZAOEICH LT, ERREAVEBREITVET,

1 Riemann OYF—42BKLLEEF—4{E

Riemann O¥—#% Bk ((s) .
21

()=> =

3
n=l n

TE#RIND. BERICBIIAEELREOVLESTY, ZORKE. Re(s) >1 0&@HE
TIREL, s=1 O0—UDEEHRL £ s—FET. EAICETEREIN =3, Riemann @
F—FHAMICHOVWTIE, EXEFDRLALNIEHLENVED T, AELRBEMELLT
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{XZ. Riemann FELZYLEHVET, EE TR TWIBELATOME (3FHME) LT
H, AOBESLETOBRETOERRALI—AEL 7 2E-THITDZ L (ADEK
ETOMEHRTRTO THBI L) BHLTWBDTTH, ((3) R ((5) #RELHELT,
EOFHEETOREHREITDI> TV 2WVE D TT,
Euler i%, Riemann ¥ —# %, 2ERICIE L 280, EHXETOEIZSW
THELTWE LD T, TN,
Chik)= Y —

0<my<my mlklmzkﬂ
EVWIHLODT, TOEDEK. by 212Dk >1 THRELED, Euler Tl
Riemann ®¥ —# B OMBRBEOBEEESHEL,

k-1 152
¢((l,k-1)= —-2——C(k) -3 > ¢(r)¢(k =) (Proved by Euler.)
r=2

EVOEBREBRLTVWEY, COBBERXTE=3 LB L.

1
777'1777-22

=§:£_

3
o<m m

¢(1,2)=¢(3) »%n,

0O<my<my
EnH | BELLKEZEY—FHEOERLFVHEEXAEBONET,
oo, ¢(1,2) = C(@) . FAEUTOL > IR ET,

@+ = ¥ 531
@+ = ¥ =2 -
m21 n? =17
_ 1 1 1
- Z F (1-1__11 +n
m21 1 na2>1 2 1 2
_ 1 + 1
mzl, ra21 m(ny + n2)2 m21, ng>1 na(ny + na)?
1
= 2 = 2(1,2)
0<mi<mg m1m22

£ ® Euler OBMERIC k=4, 5 XRATB &,
3 1
(L3 = o) - 2y

¢(1,4) = 2¢(5) — ¢(2)¢(3)
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REDBEGXEBONET, ZOLHIC, JZEBRBTHIHERBEOMIZIE. VWAWBARH
FERNEETDH LMY T ET,

EOBGRTIR, “2EE—FE" 3 ((1,k-1) DBEFICRDETAE, Z2T((2,2)
EEXTHBIEICLET,

(@ = (X =3 =
m;:l‘m'12 !'nz=lm'22
= i i 1
mi=1l ma=l m12m22
= (X *‘%H( > —lz,ﬁ)*“( S =)
O<mi<msy 1 T2 O0<m=m, 11 T2 0<mgem; T M2
1 1
A ¥ )+ (Do)
0<r§<m¢ my?my? O;n m?

= 2((2,2) +¢(4)

o T,
€(2,2) = (¢ - ()
EVHBERRBOLNIDOTTY,
ZOBMEREED ((1,3) ORXEEEDEB L,
¢(1,3) +¢(2.2) = ¢(4)

EVIHBEFEKXLEONET, ZoRERIE. RIZ2# TR T D “sum formula ” & BT
h3RFERDO—Flicizo TV ET,
FHEIZ C(2) & ¢(3) PMEHATH L.

¢(2)¢(3) = ¢(2,3) + ¢(5) +¢(3,2)
L) BERARBLN, ThEED ((1,4) OREE@EGDED L,
¢(1,4) +¢(2,3) +¢(3,2) = ¢(5)

EVWIHBGEXABONET, ZOBEXD “sum formula " O—FTH,
Euler ® 2 BE{LOFMICHE> THICFEILEZEDD &, UT0 LS Ik (FHEY—
F{E) REBINET,
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EﬁnZl , kl,kg,...,kn_.lzl EJ:U:,C" 22 l:ﬁbf\
k = (k1, ke, ..., kn)

% index set LS EIZL, ZnicHTHIZEEY—FE (k) %.

1
mlkl m2k2 coa Tnnk"

(k) = Clkr ko, k) = Y

0<my<ma< < Mmn

TCERBLET, ST . k=k+ky+ -+ ko & k Dtotal weight FV . n X kD
depth L EVWET, > T, Euler BHFEL TV DX, depth 23 2 DFE LW Z &I
2YVET,

ZBEE-FHEOMTHRXMBELFELEI 2RI LI LBREN TV ELD
TIH, RENRERKXEZROIFER, SEEBARTOATV DI TRREVE)
T, LIAMEEIZRST, depthn>1 DEEY—FEOH-TEHRERNEZHRSZZ L
A3, mixed Tate motives R knot invariants 72 Kk« 2B OHRELBEBRL TSI &M
#rxiz¥ o> TE T, D. Zagier, M. Hoffman, J. Borwein, A. Granville 72 ¥ £ < O E&FE
%, D.J. Broadhurst EMEBROHFREIC L » TRARFERTOATHWET,

2 EIROBEERD 3 D20RS

UT Tk, BEREZEZKITTELZTVWARANERBD I BDIH:2HELET, &
SHMTRRAEFRIT. INH3SOEBZAMKICAS L, LBRLEDLDORRZS>THET,

BlX 1992€IC5 X b=, depthn & depth n+ 1 DEHEEF—F HEORDOBRHEX
<9,

R 1 (Hoffman[7]) £E® index set k = (ky, ka, ..., kn) 128 L TEATASEL D 322,

Clay + ki,a0 + ko, ...,an + kn)
a1+ag+-+an=l1
Va;20
k=2

= Z Z C(kli"‘!kl—lrj+ lvk[ -jvk[+lr"'rkn)‘

1<I<n j=0
k22
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WIZ “duality formula” %BE~<3 =iz dual index ¥ EFEL 3, £F D index set k
it LT,

k=(1,...,1,b0+1,1,...,1,bo+1,...,1,...,1, b, 4+ 1)
| S — e N/
a -1 ay—1 a,—1

¥HT-TEE s> 1 Lay,b,anbe, ... 000 > 11, —BAIKEREVETN, FROIC
% LT index set k' *

k=(,...,1,as+1,1,...,1,851+ 1,...,1,...,L,a; + 1)
N et S—— Nt
b, —1 by1—1 bh-1
LEDAELEE. W% k Ddual indexset LS EIZLET,
“duality formula” & iIZLATD L 5 RERTT,

BE 2 ( duality formula cf. [2][18]) & D indez set k & D dual indez set k' i
L TEAT AR ¥ 322,

(k') = ¢(K).

Tz, “sum formula” LIZLLFO L S IC, FEE—FENT#% Riemann ¥ —4# B
BONBRETRLEELVWERTT,

EE 3 (sum formula cf. [2][7]) BE 0<n <k I L TLLTHEY L,

Z C(klka)'--akn) = C(k).
kpkayenkna121,kn>2,
k1 +ka+-+kn=k

ERE2 LEE3IDIERICIL. Kontsevich itk > TEX N, BBEF—# D “ Drin-
fel'd MART" (cf.[18]) LFIINBLUTORERAVONET,

Clky,... k) = 1(1,9,...,0,1,0,...,0,...,1,0,...,0),
k-1 ky—1 kp,-1
el LIZTe=1,6=00¢...,65c1 € {0,1} L. A(t) =t, Ai(t)=1-t &T 5

L&,
dt, dt;

Aq(t) Aty

I(el)"')ek) =/:”
0<i) <ol <]
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3 IHR

SE, B2HTHIE L3I H>OEENOTEN, UTOLHIBELINELE, ¥H501S
T, BHDO3IHDOEEBNREZNTVINICHOWNVTIE, TBEOHOET THRET 3 -
LI LET,

BE 4 (EHE) £BO indezsetk = (ki kn,... k) LBKI>0 IKHLT Z(k1) %

Z(k;l): E C(k1+cl,k2+C2,...,k,.+cn),
C1+caeten=l
Ye; 20

E L. K % k O dual indez set £33, ZDOF, KBELIID,
Z(K:1) = Z(k; 1).

FRE  LOoEEZE4% =0 IHIBRINET. TENBEDOER 2 (duality formula) & F LI
RHZENBBRICOIYET,

Ek. BE4 T, k Ddepth % 1 iZHIRTNIE, ZNITER 3 (sum formula) ¢RI L
ERICRVET, KB, O<n<kiHLT,

k=(n+1)
@ dual index set X
K =(1,1,...,1,2)
N’
n-1
TIhb,
ZK;k—n—1) = 3 C(l+eci,l+c,..y14 cnm1y 2+ ca),
c+ezteten=k-n~1

ve; 20
L2y ZOEDIZFES total weight k Tdepth n PEEEF—F HLBORICRVET,
—%. BROEDE Z(kk—n 1) = ((k) T

Ebic, EB4RI=10DHERERL bEATVET, 2V ER1OEINSE
B EIELETRTER2 TEEMRADEL, EB44TI=1 L LG8 LE<RALER
20 £,
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4 Drinfel’d, Goncharov, Kontsevich, Zagier O%8 & O HE&

total weight 23 k DFHEY—F{HEHD QREO—KFELSLED R+~ FLZER
A LT HR, -
> Ax
k=2
DRBELEBRT DL W ODRDRFOHR L 2B TREEERZ>TWAH LD
TR, ZORMBEICHEELT, & A 50 Q LOKRTICHOVWTUTOFEREEONT
WET,

%% 1 ( Drinfel'd, Goncharov, Kontsevich, Zagier cf. [2],[18]) %% d, %
dy=dy=dy=1, dp=de2+dk3

TEET DR,
dimQAk < dy.

SEDER4ANORONIBIRBEHEROBER L. LOFETLELEIN TV AL
RBEEXOEK L AR THLREOROL IRV ET, o T, ZOEEDOEBIC
A2 TV sz 2 BERAS, BIR T weight k£ = 10 Tt 508, weight k = 11 Tt 928
FETHEFRINTHHILIIRYET, BRE D L. dimqAg < 57, dimqA,; < 101
BEBANHEMNDZLICRY ET, weight 4 < k < 11 OEETIL, FREN AT
RBEGRKOBERO TR LN EREA OB LNIIERDII T,

FH1LEBA4DOKLE

total weight 2134}5] 6 7| 8 9, 10, 11
ZEY—FHEOEE (indexset DEEL) |12 48|16 32| 64| 128 | 256 | 512
self-dual 72 index set DA 1{o|2(0| 4| O] 8 0| 16 0
duality D {E#% Of1|1|4| 6| 16| 28| 64| 120 256
duality D@D R 012|612 28| 56| 120 | 240 | 496
EBATEHONDIMII2EEROMEE (0]1|12|5|10{23]46| 98| 199 | 411
FHREIN TV I MLREAFEROBERK 0|1|3|6|14|29]|60 | 123|249 | 503
FHEh TV IR (1f1)1]2] 2| 3| 4| 5| 7| 9
(TE4 CRONIBIZRAFEROBRORHREENICRFREIL o CHBNE L, )
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5 RI-EFOE—2HYOHHE~DEH

SEANVX—A 8 BE i3, @HEO_NX—ABO—K{L: LTEF0) Itk ES
EnELE (ZZTHR 2 oEBICHENET),

BATWBEE) T3, k=108 BY ZHEO_LIX—1 KT,
BESE FI—&F (1] IKXoT, k2 1 KA LTHUTOBREK &(s) KEBShELE,

-1
&@)=Féy£”;14an-e4wt

FIMN—F X DORKD Re(s) > 0 TETAHZLETFL, FHiCk = 1 ORI
Ei(s)=8C(s+1) THAZEETLELR, E&(s) EFENX—ARLEDBREKEZL
TowmTHELELE,

BE 5 (RI—=F [1][2]) B &i(s) 1T s 0BMAKICERITEREh, FEBKRIATO
RERELLLTCTEXOND,

&(-m) = (-1)"BY (m=0,1,2,...).
FLT, Z0OE—FHEEOEERA COEICOVWTRUTOEEREX O E L,
TE 6 (RII—=F [1[2]) () BKLk>1 & m>0cH/L<T

&(m+1) = > (ax+1)¢{a1 + 1,82+ 1,...,ak-1 + 1,0 + 2).
a1+063++apy=m
Va,ZO

(i) B3 k > 2 /LT
1 k-2 .
&:(2) = § (-1l +2)((k - 1)
=0

ZOEEED () ICERA4EZED &, &(s) DEBRATOMTLUTOL I CHFERZ
DIENTEET,
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BE 7T BRLkZ1En21ICHLT
1

cen k+1°
0<mSmag--<ma T2 Mpo 1My

ZORBEAVWDE, FIAERN—&FOE—FBEED s =2 TOMEH:,

§k(n) =

§(2) = C((Lk+1)+((k+2)

= k—+—3((k+2)—-24 (r)C(k =T +2).

LBEXHRZIONT, k OBEFICLS5FIC Riemann OF—F BB THRIT R LI FEM,
AL 0 RARLTARDET, (2T ((Lk+1) OFEHRIICE., £ 1H0FAOIcR
~R}-Euler O&REXRAVTWET,)

25 XH

[1] T. Arakawa and M. Kaneko, Multiple zeta values, poly-Bernoulli numbers, and re-
lated zeta functions, preprint (to appear in Nagoya Math. J.).

[2] RINEE £TEE, SRY—FH. SENX—( % BIUHET3Y— 5 8%, &
BBRRSEHRY -  HERREHRARY, 13, F2ERBBRRFERR Y RU a8
4 (1996), 133-144.

{3] J. M. Borwein, D. M. Bradley and D. J. Broadhurst, Evaluations of k-fold Eu-
ler/Zagier sums: a compendium of results for arbitrary k, preprint (1996).

(4] D. Borwein, J. M. Borwein and R. Girgensohn, Explicit evaluation of Euler sums,
Proc. Edin. Math. Soc., 38 (1995), 277-294.

[5] D. J. Broadhurst, A proof of Zagier’s conjecture, preprint (1997).
(6] D. J. Broadhurst, Generalization of Zagier’s observation, preprint (1997).
[7] M. Hoffman, Multiple harmonic series, Pacific J. Math., 152 (1992), 275-290.

(8] J. G. Huard, K. S. Williams and Zhang Nan-Yue, On Tornheim's double series, Acta
Arithmetica, 75-2 (1996), 105-117.

[9) C. Jordan, Calculus of Finite Differences, Chelsea Publ. Co., New York, 1950.

[10] M. Kaneko, Poly-Bernoulli numbers, J. de Théorie des Nombres de Bordeauz, 9
(1997), 221-228.

[11] T. Q. T. Le and J. Murakami, Kontsevich's integral for the Homfly polynomial and
relations between values of multiple zeta functions, Topology and its Applications, 62
(1995), 193-206.

—230—



(12] L. Lewin, Polylogarithms end Associated Functions, Tata Institute, Bombey, 1980.

[13] Y. Ohno, A generalization of the duality and sum formulas on the multiple zeta
values, preprint (1997).

[14] XEFRE, SEHY—F HEOBEXIC OV T, B SEEERY ~— X 7 — /L #E4 (1997),
197-204.

[15] REFRE, SHY—FEOREXL, FENX—A(ARICRETIE—F B>
T, BEBKRFEE - ARSI FEHARR, 15, HIERERRFEBER L VKUY
LS (1998), 98-107.

(16] C. L. Siegel, Advanced Analytic Number Theory, Chelsea Publ. Co., New York, 1950.

[17] L. Tornheim, Harmonic double series, Amer. J. Math., 72 (1950), 303-314.

(18] D. Zagier, Values of zeta functions and their applications, in ECM volume, Progress
in Math., 120 (1994), 497-512.

Yasuo Ohno

Department of Mathematics
Graduate school of Science

Osaka University

Machikaneyama 1-1

Toyonaka, Osaka, 560-0043 Japan
e-mail: ohno@math.sci.osaka-u.ac.jp

Max-Planck-Institut fiir Mathematik
Gottfried-Claren-Strafe 26

53225 Bonn, Germany

('98.12.31. £ )

—231—



vv 1T (mc-o qu“(} U Su‘je/./mofulml ﬁm\/ IU%U]‘J.
8. Romses £ F [v w1 BAE T
SRR 3 ONAEER  GRRK R ) LV RRERR T
0T T 1] AR PRVT

1. B

LT, i Hrh TIVIRY g EnBEUTS

1~1 @y

N g Kz/zl)m}mﬁ«?}l-%%/?'i’m UL whe@ Loy L0V WY
wlv Ok ev).
C Y0 = (G G ) LTV CaE YWl ©) Ul ki ©) ::j#lj[.g)\#o\‘
Fr5ne @), 1= (hiom ) VT 'bban\t\t*i <7 U

Xy i= Tt ot Mo

e 00 dud wdy G wF. Uis \bel’r}“'l <0 fov Ygeo b
WOP\“%-M & c-c
tede O PN Mﬂ&w& Voeln UL TRIV]



-2 S\Ljd'/ madilas fovns
. S%:}(,U 21 IH& = ] Z=X*\'T6T'\'v},®) ‘ ¥Z2:Z Y >0 \ .
. 5\;/3!1) puadidas % l_'} =5 2)
FROSERIIN (AB) 13 Hy 3Z WiHT. X'2) = (AZH) (L)
IWF). 3R WAFH TS
o Sl modidas TN 1 T §22693
o eZa VT Hyon B RETT D T w33 Ty fun
(Sueb)modulos BN 143 YN 18R Y €Ty it dvey- o (e
YIPET vy
5,61 T PVEr ety 1 GrddT3 ) medlew R0l o 73 B AT
DG RV (Al Eve L @¥3EHLAT
T (f 1ok ERTY %KB@]@A\’&I@M% W'F3.

-3 Thiy Hic
o Thiw L 6[?] ,2) ==“Ze:z/&f7/f 1K 'J;D\'.M%xh (u%—m‘y%p)).
SRV T,G\H}.z'e@} ThY.
PR AL SV ARt
« 0081 ®0) T iy wdety ey,
v Fo= a5 0 0) & T f aeods md/ )

—233—



1. TR oo ¥E
B.ﬁw-gu 13, [ Wil Ro TR A Y 3R V3V

-
Yo (a- -, %) eTFQ’wvv‘"( B Y (% *“'_ — 7, &

- h
\(CA \q 3.) = # ‘ ‘“ qu\ }) } "ql,‘",q}) s (q } )

N\ q
vRATI. K
vy wdh-duls T olmd-%wm 5 e @ w3 T3 IR

Py, T TR

Tr-0dect ack}
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XU, Rw-ae T, Wl B R ) WIRRTIRIREE Guvl

G= {’s C‘gﬂl\j ”7“ (:—"%I.—J > CGELE.D)
ARV, R 0] AT R TR BE TEH vy
(RIRBY QoA v LUE T8 D] T4 VTFSw )

Th.B (Runger)
C-ir)k/[ﬂu,z), ol = ARAR Y ,?:Psz, RP:,P:’, 3 Pu;]
Y PT fan SRAGSTURR TR

et olwise . 0T Bo GEE ATy kAR LT R"‘?a &
IR PR VI

T8 (Ree)
® (RU2) &)\ RAEERE D SH3S
QRN ] - LA A AR A AR AR R
BU. Po(F f0 VRAASRYIRN |
® :=01L6(}ﬂ o) |

AT 13 10R VRISl iER BT
TGN ES I Y T AT T L DU AN i R V(O
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5

3. 2@k
A% By, BB B po . Lo iR QO ER R PTIAETEI W
FERE  RoOZFENHTHE KR VEW !

M 53D =309.7.3,0M + 05 1,300 -5 US. 7.5, 1)8

Ps =
$SUR 30N 418 (RIS - 54 03,7, 83)
/30010083 .83

P = (2123 D)%= 708030 t21 (17.11.3. )" =63(71.7.5,3)

=38 (#8133, 1811597, 1) + 203 (15,9.5,3)"
+53 U302, 0D —234 (43,11,8,3)P - 322 (43.9.7.3)"

+2487 (11,9, 0.5)"
By = 75(25,7.3, )= 95(239.3.1 1 +46(3 7.5, (YA 4120 (24,00,3,1°
—27b (20,9, )7 = /024 '21,7,8,3)* + ¥4 (/7./3,3,1)
- 38 (19.9,7, )A + 16/0(/5,9.8,3)* =210(/7,18,3.1)"
— 644 (17,738, D) 1246 (17, 11, 5,3Y* 1648 (17,9,73)
+ 1254 /8,137, 1)~ 1330(/6,13,8 3)A +/95b (5,119, 1)4

= 8934 (/5 11,7.8)" + 34430 (45, 12.5 )1 /5950 (13, 11,9, 3)1

+20930 (13,1.2,5)*
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1
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B D2 LR & Lie superalgebra @ duality

o g

1. ®E.
k dHBOBFRKTEMNRADIEELX (Frobenius DAR) [Fr] (cf. [Ma))

Pu(2) = D xalwlsa(z)  (nePy)
AEP,

1. ®HBELE—BREBORZFAOMESMBEGR (Schur-Weyl DHEMHEE) 2H6bL T
WA, IS, P iX k O43%| (partition) £, p,(z) TS Fot PR, sa(z) i
Schur Bk, xa(p) & A T3 k RAEFFEOBEMFEE ) 238 (cycle type) up P
HEFEOXTHMAEEHODT,

ZOWETIL. k SAHBEOFRKTENHERROEELK [Sc] (cf. [St1])

(V2! Epu(z) = S oa()(VD)TIIENQu(z)  (ne OPy)

AEDP,

(2, BREBNVBFWRMATEEZT, T2bb, BFEOALNER L queer Lie super-
algebra L OEBRNEXBEEELT L, 272 L, EOEFEAKIIE VT,

DP, = {’\-_' (A A2, . A EP A > A > o> )

OPk = {’\=(’\11’\21°"7’\l) ePk | ’\i : odd (1 stl)}
THh Y (DP, ®i distinct partition &FEEN D). Q, X Schur @ Q-B% &L
NAFFEETH D (cf [Ma])s
2. RUNBER A, B: & Clifford X% Ck.

Definition 1. (XN CABR Ax)
k>1 %BR¥ELTD, A 2. ROERTEREXRTEEIND C LofREL
T2

AT Y Te-1
BUEX : 4P =-1 (1<i<k-1), (v1i+1)’=-1 1<i<k-2),
(viv;)? = -1 (i - jl 2 2)
Typeset by Axg8-TEX
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2

A iT k RATBEORLCABERTH D, kL KMFEOR CNBREIRE zOETE
BEDHRE Ay D2 27X THD (cf [Stl))e —MRIZ. FRED C LR LNEE
BIZEHME (W< OPORLTHROEMIZER) TH S,

IITiE. degni=1€Z/2Z={0,1} 1 <i<k-1) &LT, A & Z/2Z-K
LozRERRT,

Z2Z-REHER A= Ao A DRBEV TS, ZPRZ-KREDED LD
EZXD, DEY, 2O0OXRI MIEBMA~VEMSEEZ LSOV =1Voo VW, £EER
p: A= End(V) O# (p,V) 8, ADRATHB &L, p BDREHDERDOERET
HHZEE, TRDPE, p(Aa)V3 C Vasp (0, B € Z[2Z) BRI THZETH 5. iR
BT 3BNDRVEEIX, pla)lv=av (@€ A,ve V) &M, TDELE, A-MEV
DPLALR End (V) ZRTERT .

a(iry f(V3) C Vass (B € Z/2Z) .
End? (V) = {fe End(V) | foz(a =Vers (21T A?)} (a € 2/2Z)

End (V) = End%(V) ® End} (V)

Definition 2. (B & Weyl 0 f UNER By)
B . ROERTLEMFBEXRTEREND C LOREET S,

£RTT: T,01.....08-1
BRRX: rP=ol=1 (1<i<k-1), (oowm)=1 (1<i<k~-2).
(00 =1 (li-jl=22), (re)’=1 (2<i<k-1),
(ray) = -1
By it B & Weyl B W(By) PRALABBO—->TH 5. W(By) PR UNHEN

FEEL, 8 @H5 (cf. [DM], [St2]). degr =1, degoi =0 (1 <i<k-1) £L
T, By # Z)2Z-KEHERE AT,

Definition 3. (Clifford X%k Cy)
Crh . ROEMTELHMERTEREND C LOREET S,

Eﬁifc fl,...,fk

PR : & =1(1<i<k), &&=-&& (i#7)
Ci 1 (Z/2Z)*F DRUNBERTH D, degli=1(1<i<k) &LT. C % Z/2Z-
KgH~&|E AT,

ZNRZ-KREHDER A BOT I/ VifizE2D, T /TR A9B kiZ, B
#(a®@b)(c®d) = (-1)*%c@bd (a € Ab € By,c € Ag.d € B) TEHTS. =
DT/ nilit, AQB EHoDT,
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Theorem 4. RKTCEBEINDIER 9: C ® Ay = B
V@1 =1 (L<iLk).

I1Q®7;) = —=(1j = Tjs1)o; (1<j<k—-1)

L
V2
. Z/QZ-&ﬁ’D"éﬁfDlﬁlﬂ%-?iéo Z I T, Tt = 0i=1*"-01T0...0;.1] (1 S i S_
k)

BEOHLHEARORBENLEIE., LOLIRRAELHD L&, B, OENERRIT
Cr & A DEERIRBEDT Y NVRTRHRONIN, Z2Z-KEHSDERO L &T, VL
FEAERLD, BARAOPUERIT 1 KX LEBST. KOEBOL H 12725,
Theorem 5. rm(cf. (J]) (Z/2Z-KREHE RIS Schur O HRE)

A% ZZ-REHER. V ZBEH AMBEL T3, ZDELE&, RDELHLLSMDBRK
TT5,

case 1. (type M &FES)

. I, 0
End_4(V) = C ( 0 In)

(ZZT. m=dimVp, n =dim\})

case 2. (type Q@ &MER)

I, © 0 -I,
End_q(V)—C(O In)ec(fn 0)

(ZDE&iE. dimVyp=dimV, =n &723)

V.W ZEhEN A B-MBEETHLE TUoUNERVOW ED AQB O
By (a®@b)(v®w)=(-1)*Pav®bw (a € A,b€ By.ve Va,we W) TEET 3,
ZOELE, BERAMBENCT AT LHBEMIC 25 b Tia/ed, ELCEK
NDEHIIRB,

Theorem 6. V., W #ENFi A, B-INBELT 5.,

case . VLW bHtype M dEE, VR W iTtype M DBEX A© B-MgE &
7%,

case 2. V L LI W onFiudr—5dtype M T, b —FM type Q £ &.
VW iftype Q MBEM A® B-MBEL 123,

case 3. VL W Htype Q DEE, VW X 2 2DORIE type Q DEEFHE
AQ B-MBOEMERE L 25,

72, AQ B OEHAMBET T ENETEON, £<I2,

{BE#) A-MOBEOFRE | x (BES A-MBEOFERE )} S (B A B-MEEO R )
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4

N1l HEHEONRS,

By NEEFIRBADNIE RS, LD Theorem 6 12 LY. By DVEEFIERBR L Clifford R
¥]C, ERAFBEONRLNER A, 2BV ThobbEns, £, Cliford (X% C, 1%
Z2Z-REHERELTEM (0 LEBSBHFUND Z2Z-REH @A FT7 %25
oi2W) THHDT, EHMBRRIEZOFNWT—BIZEE S, Tz X, £B<,
£, Ay OEEFINEEL DP, THESHONR ZEBHALNATNANT, #FNH %
Va (A€ DPR,) &<,

INOOBEMIMEEN, WD type M E72IT type Q 272D MME, ROLRHIZ LS.

_Jtype M ifk: even
“Vtype Q@ ifk: odd
_ftype M if k~I(A): even
AT Vtype @ ifk=1I()): odd
X @V OEINEEL LTHEONDIEEN B-MBEE W, £B< &, Theorem 6 £ 9
W, = J type M if i(A) : even
T Ltype @ if{(A): odd
&%,
Sergeev DA% HLE.

Definition 7. (queer Lie superalgebra)
q(n) K TEH EN S Lie superalgebra (cf. [K]) T 5 (queer Lie superalgebra
EEEND),

a(n) = {(f: g) € Man(C) |E,F € M,,(C)}

wi)={(5 2)}am={(3 ¢)}

[, ]:a(n) x a(n) = q(n) (Jacobi product)
[X,Y]= XY - (-1)**YX (X,Y €q(n))

un, =U(q(n)) % q(n) (D’ﬂ%ﬁ&ﬂ'éo

q(n) Z (LIZB2 T Upb) C £ 2n KD Z/2Z-KEHDED~7 PAERV =
C'aCr ICBRIZIERT S, & (coproduct) A: Up — Un®U,; X = XB1+10X
FRNT, VOEET Y IABERW =V 0 ko U, DRA O: U, — End(W)
NEEEIND,

: i
XY @ Bu) =) (~1)*EF ¥y @ .0 Xv; @ Dy
j=1
(X€q(n)e, vi €Vy, (1<i<k), &, fi €Z/2Z (1 i< k))
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5
ZLT, FRLCEM W £O B, oFR ¥: B, — End(W) RO LS IEBEN
% (cf. [Se]).
Y(r) v ® - Qui) =(Pu) Qva® - D
V(o)1 ® - @uk) = (=119 8 Qi1 ®U; ® - B vy
(i€ Vs, B /2L (1<i<k—1))

p= (\/_i”n “/?I") € End(V)

Theorem 8. [Se] (1) Bx & Uy 1T W LIZBEWNIPRLELRE LTIERAT S, 2%
9., KBRLILT D,
Endgy, (W) = ¥(Br). Endys,)(W) =0(U,)

(2) Wy C W (v € DP) <> I{A) < n.

(1) PRILTHEE, BEOEEMBOLEZRLL 52 (Z/2Z-REHS>EBD
double centralizer theorem (cf. [Ya]) 7233 OHBMAELLT) W OHBHMBEEL L TR
NLHBEF B -MBELBERY U, MBEDRIZ 1 2 1 HEBHH Z MBI, RDEEH
REDOT I NVHE~DHRERS,

w= @ wielie P (WMol
AEDP; ANeDP,
{(A): even<n {{(\): odd<n

S 2T, U (A€ DP) 12 Wy iSRS+ B854 U, -MBETH ) . Be-MBE W) 2% type
M (resp. type Q) ToHiLiE, MIET D U, -8 Uy b type M (resp. type Q) & 72
Bo S 1L, type Q@ £ O LOBEFIMEEDT o Y AN RER2 2 SOBEFIMBE 2 2R+
e ENEHMBEO—DEH 50T,

(3) ChlU,] & U, DR () 38) £ T5.

Ch[Ux] (diag(z1,- ..+ Zns L1, - - . - Zn)) = (V2)INHNQ, (21, 20, . .. . 20)

(i) q(n)o = gl(n,C) (Lie RELTORE) AT, Uy & gi(n.C) & (L7=A»
T,GL(n,C) ) BEXRR LR LT & &DFEIE,
Ax & q(n) DEXERE.

Thoerem d £ 9 Ce @ Ay 2 By THD, Cp (BT AEVIERA r = k/2] B
NI = \/——lfg]’_1fg]’ (1<j<r)zEZx3 (Cf =1(1<j<r) &75). W%
{Cj}lsjs,- l:fﬁ]ﬂ'%ﬁ"lﬁ’ﬁ%f’ﬂi:ﬁﬁ?}'é

W = &) Wwe
e=(ey,...2.)E (0,1}
We={weW|{w=(-1)"w)}

ROEBEHRD,
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Theorem 9. {EB® ¢ € Z {Zxt L TRMBMHILT S,
() k BF DL &

2T, Ag-MEE V), B type M (resp. type Q) THNE, MIST D U,-MBE L, L

wee o P vislhis @ (LN
AEDP, AEDP,
{(A):even {(X):0dd

type M (resp. type Q) &£725,
S5 Ay U T WE EZEVORLERBE LTERT A, 229,

Endg,)(W¢) = ¥(Ax).,  Endy,,,(W*) = OU,)

(2) k BFEHENE &

wex, o, P s
AEDP,

Z 2T, Ap-JnBE VD5 type M (resp. type Q) THILFE. FIET A U,-MBE U, b
type Q (resp. type M) L 725,
S5z, BV oRMeBiZ,. Cliffford REEEDF U Y ALETH S,

Endé(b"i)(p‘/.s) = Cl & "p(/"lk). End‘p(,lk)(l'v'f) = C]_ = @(L{n)
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