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B ED 2 BHIZDWT D gap 4L
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FhFENKRFELER

homma@cc.kanagawa-u.ac.jp

1 CHHRTS
BREF, o LTEHSIN LM X LD Goppa 5513, £01li
RLEDOMRL 2 FARAP,... P o2 ERT D=) PR EIh

& 0EEE0 support 1SRG E %V F HHERT F EAo BRSNS,
K612, BB EGEE RV, FRSE R D200, FIRERT
THHERETS.

SO DE P OEIEED  BEHIHEL LT X OWEIEE
BB, BOIEEE VB LA B 5. WEE LIRS, BE
i OHREL LI D,

ST, CONEEML THWA WL 00l FEHETHH, iR
Stichtenoth [9] 5. F & e L), X & F LERK S 7-#3EH
REfMEERAKBHIE L, X © F- HRMHEHET F(X) TERT. F
7:F- FEBA RO T FX) N7 b NVENE Qpyy TRT. /20
it X O F- FEL AT X(F) TEY. ZOU#MOfiEE g THT.

*Z I TiR~<% YHEIL, Scon Jeong Kim (Gyeongsang National University) & d 3k
FIFEN—BFTh 5. AHEEOLTEML, B LWIEE, YIMRETLTE
THhs.

IFFICOoWTHEZDLE &L, HARFRIAMUF, £T5.

2T, ThEHICF LB (HS ik, HUS, ) & SR LT 5.



FEFIZOWVWT, (fo T fOEADETEHFEZ, (flo T fPBDET
HAFEEL, &5, (f):=(flo— (e EFRLT. ) DIIIDNVTD
RLEEZHV5. (o) (foor (f) HHE F LEFHESNZHFTHAH3F
tEFEENTBAFOILEZF- FHEAFLE IR LIZTS.

F- AT E 2o\ T,

L(E) :={f e F(X)\ {0} | (f) + E > 0} U {0},
UE) := {w € Qpx) \ {0} | (w) > E}U {0},

YLT, Thod F A7 PVERELTOKRTLER (E) = dimpl(E),
i(E) := dimgQ(E) TET.

&T, BHAD/SF 77 7DRRICES ).
L-EiE FME5R

L(F)> fr— (f(P),-.., f(P)) € F"

¥EX, CORTHHHTE C (D, F)THET. WoHH2 dimC (D, F) =
UF)~¢F-D) Th%.
O-iBRE F-RB5%

Q(F — D) > n+— (resp1,...,resp,n) € F",

REX, ORTHIGSE Co(D, F)CET. WoHAN, dimCa(D, F) =
i(F — D) —i(F) T 5.

Riemann-Roch DEME FHEM LY, BHITHOP B L HIZ, CL(D,F)
¥ Ca(D, )i Evic LS nMEHIC 5 5.

F 72, Pellikaan - Shen - van Wee [8] IZ & o T, @ TOMPHFFILEY
MM X 2D LEOETFOH (D, F) 6 LEREIIL->THOLAELC
EMTFHESNTVS., #t-T, ETOMEHFFE QHEBRECL - THES
NALE-THRW.

LUF, /MG T QM THONFFIZOVWTERE TS, 5 Ca(D, F)
DFXETERES F, D (2ol R b &) 4 t) i Riemann - Roch OEH
&y,

(1) deg F — (29 — 2)

3rhil, TORTFIHL DN ZLHYY X(F) DLETHS I L % THRL Zu.
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TH5EzZbNh5,
bhbhit, Ca(D,F) OBMERIZOVWTERLZVOT, 2hi
do(D, F) 2 8 CHT.

2 Garcia - Lax $ LU Garcia - Kim - Lax
(& Bl
Garcia & Lax {3 1991 4EiC T, F HF,-AHL Q DENC L >Tw»

BIRIRTIX, HAPAI (1) L) BOFHEFBONAZ L ERL. +
bbb, a @3 QTOEBITHLLE, F=(a+f-1)Q &,

(2) do(D,F) > deg F— (29 - 2) + 1;
TH5b.

B4E Garcia - Kim-Lax D3 AICX T, UTOX ) 2HEIZI3EF
i (2) RSN BIENRENI. CORRITTN I — R OBE
KR CEET S

t X HREBLELT, a+t<pE¥5. &6, a,a+l,...,a+t ¥
EBC t+ 1D Q TOERDF, - (t-1),...,6-1,8 2V &EHL
tAD Q THERNDFILTHLEE, F=(a+f-1)Q LThid,

(3) do(D,F) >2degF — (2g—2)+t+1.
2 AHFHEZ RS,

LIZiER72 & 5 %, RBHBRFFOXRRF F OGHF 189625,
VwbwWws 1 BEFFIIEBEMIRY HnHVD, FIhTwah, BiELl
XFRATFOBDFHRIE, 28THD L) 2FFLEKRNEHLEBRDNS,

MM f e Fo(X) T f DEBATF (floo BB I aQ LLBODNFETHLE,
a % Q THOIZEM (nongap) LV '\, I Thwvi &, 2K (gap) £V I. HAONI
HTOZEROBHEIMBOMEE ¢ (KT 5.

SPMIEFERMM o +y =29 % Fo LTHEZ MR

63 3 — b lHET F RS QlcowC F=mQ &L, D & L TRADH
HYyRTELIHFF CL(D F), Cq(D, F) ®EO /AT Yang-Kumar [11] i2& o
THILhTWA,

TCOEREEML T, IFGLIERILIZTS,

_3_



B, G. L. Matthews [7] 13, oo 3 — i Lo, 25%%HFE
ETAHMMERN, NTA-—IDOERTIHEZIFELTHINIDA
WIFSHHFETAI L e BAEMIRIC L > THL ML L.

bhbhid, 2R3 LTHABMRTTE, EKOMHFnL

DA LiED h BN, RS,

3 BB LD 2/AICOVWTHERES

B Garcia-Lax B XU Garcia-Kim-Lax O X ) &8 % 2 5% X
BIEE2L I LHFIIOoWTERL L ) LT, 1 S0BEOER
FIUZHL T 2P OWTHRL LEND 5.

THIZDOWVTi Kim [6] BEUEE (5] 1< & o TEXRHERI AL
NTwa, ST, PNoDhr b UBL LRI HEHEL, 612,
bhbhOERY ERLTL2-DICLERBESIIOVTHRRS, ZOH;
TREBEF I, BIiESehTha 44, SHICHIMB X 0 g i
2 LET B,

Q, Q2 AR %25 X O F-AHALE T5. SOH (Q1, Q) IK2WTD
TAINY a2 b T A (Weierstrass) 5 H(Qy, Q2) & i3

{(»1,v2) € Ng X Ng | there exists f € F(X) with (f)eo = 1Q1 + 12Q2},

KEIoTERSNBIHETRT 5. 2L Ny RIFREBEEOL T
EHTHDH. b2, ZoHkE

G(Q1,Q2) := Np x No \ H(Q),Q2)

¥, CO2HAIOVWTOLERIESE L 4.

1 AOBEDZMFNE DK ELHESIZIERESIER g *BEL T
LIDMEIZ—ETRLWI L THE, ZRESTHARL-DIZ, LT
DERBIIEETHA.

m<me<--<myén <ne<---<my &%, ThEN Q,Q: T
DZEWHIET5. Q) DEZM m; 3L,

min{g | (m;, 8) € H(Q1,Q2)}

2 Qy TOEMDIDELD. Ih%E nyp EXFTIELICLELD. TDE
&, HIe m; > ng) 12 Q1 TOZERYI G(Qy) & Q2 THOZEKT G(Q2)
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DED 12t 1352525, fE-oTo il
ng = {1,2,...,9}.

NDEtOBREL LS.
S5, COBBMIZL > TRADIEMNRESN B L ) oLk, T
bbb

R(o) :== {(¢,7) € Ngyg x Ny | ¢ < 7 and () > o(j) }
*EZz, r(o):=*R(o) L T58 LILOREDOTT, ERESGOERIL

9 9
*G(Q1,Q2) = Z m; + Z n; — (o).
i=1 i=1

THRAON S,

T, bhibhOEHZERILT A0, 2 S+ 2 [#ize22p]
EVIBRBEERKTA.
EHE FEEH (01,02) & (Q1,Q2) EX x X I2DOWT

01Q1 + a2Q2) = (a1 — 1)Q1 + 02Q2)
= f(alQl + (0!2 - 1)Q2)

PHRLTAHLEE, (a,a) 1 (Q1,Q2) BT DML ERTHL L.
2 54 (Q1,Q0) BT B ERERT Go(Q),Q2) TEY. HoM»
2, Go(Q1,Q2) 12 G(Q1,Q2) DHFEETH 5.

EHE 3.1 ETHML LREDTT,
Go(Q1,Q2) = {(mi,ny) | (i,07'(5)) € R(o)}-
THb. i, *Go(Q, Qo) =r(0) TH 5.
ZOEHORLLT,
% 3.2 Mk EROMEKI
#Go(@1, Q2) < 39(9— 1),

THZONE. 2T Go(Q1,Q2) =0 THAHEHEDLEFEMTMH X
POSHCER PP ~NDO2ROHEFENHoT, BF Qi+ Q: HFEFD1 FD
WRELAIETHA.

SHEFE=, kRBIE 8] BiEdE (1965) CRINMFENOKL LATVES,

_.5_



GEHH. BRAMDFERIZEEREL 0<r(0) < 39(g—1). WL, H¥0E
ki [5, Proposition 4] I2X % r(c) = 0 DFED 2 SHOKHIT LY
BH 6 D, O

4 2REXHFRICHEOFES DR/ IERED

LT, BUERKAF ARG F, ThaLl, X 0fiBui g>2 &
T3,

RIRRELHAL THL. HELD X OFAHEQ, Q 2EET
5. 8613, X([F)\{Q1,Q2} #5 n@DE P,...,P, 8, D =
P+ +P T3,

F% Q,Q; 2 B ERTF, &% Co(D,F) DE/MEEL do(D, F)
THRY.

BADERRFERITROLEBD.

IR 4.1 HABOM (a1,0),(B1,02) € NX N, IZ2WT, ;= — o
(i=1,2) £BE, t;>030=12) THhHLRETH. &HI2,

(4) {(k1,k2) | o1 < k1 £ B, a2 S ky < B2} C Go(Q1,Q2)
Thhif,
F=(a1+/-1)Q1+ (a2 + 2 — 1)Q2
%5 FlIiZonT,
dQ(D,F) 2degF—(2g—2)+t1+t2+2.

PR LD,

FH 41T 4 =t =0" OFEIE, LTFTOHBN—KILTESL, Th
tX Garcia-Lax DFHliZ (2) DIXFHFED 2 HOBETOHUTH 5.
tﬂ 4.2 (al,ag) t (ﬁl,ﬁz) t% (QI,QQ) b:ﬁbﬂ'bﬁ‘\‘ﬁ&%l‘ﬁt TZJ

F=(a1+p -1)Q: + (a2 + 2 — 1)Q,

&Thid,
do(D,F)>degF—(29g—2)+2

Th5b.
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An Assmus—Mattson theorem
for Z.4-codes

H:A%— tanabe@math.kyushu-u.ac.jp
IHRFERFREREMEH

1969 4EIC Assmus & Mattson[l] (I ARELOBEFELLTH AV %
WMET RN FEE5LIL. SCTHSIIBOMENS 2V 5-
FHEAVEMET A L ICDOTHRIIL L 7, Calderbank i (cf. [6],
[10]) D Z4-2 — F & AV /- A LO IR T O ROBRINLUE .. Z,-
I —F ORFRINERI L ENTVEY (Z4:=Z/(4Z))e ZTHLEDTFFIC
B BEROFUN Z4-T — FICBWTHRILT 259 E ) MIIER I Bk
AHET¥, Gulliver & FH ([8], [9]) 1 EtE#E VT, 24 £ lifted
Golay code S #H L WV 5-FH A X VL ODkL L7, COMHRT
(& Z4-2 — FiZ3§ % Assmus-Mattson DEBOFPX 5.2 . £ i flv
THLDHROYEE S L T,

1 ¥fF

OB S. YA 0EFRELICE, A LOBFSIC
¥4 % Assmus-Mattson DERZ BN T3,

EELn Rk EDEHK.F, = (0,1} XAt $5%, Fo LO n kT
N7 MNVEMF; OBGEHEREE n DO F, LOBREFTEV I u =
(s e un) € PRI L T, wt(w) i= [{i € {1,2,...,n} | ui # 0}| & &
o Fo LOBIFF CIIHL T, {wt(u) |u € C}DILE CHEA LV,
EE3nOF, EOREFFCIHLT,. CL:={ueF} |uw=0, "we C}
¥COBMFFEND ST Tu:i=(uy,...,u), v:=(v1,...,v:) € F§
KL T, uwi= Y0 wve SABEFTCIHC=CL 2l TR. B
CIFETH 2 LTINS,

nZEDEHEL. EBF X, = U c {1,2,...,n} | |[U| =i} (G =
0,1,...,n) 2L 3,

B2 (FHF1) Lk AZEDERTt<kE#i/cTOINOLL., B:=
{B1,B2,...,Bp} C Xi (Bi R > TR T IWV) LT3, BAF
St

#{i€{1,2,....,m} |TC B} = "TeX,

__8_



T, BE70y JICHBEEFL (0, k,N)-TH AV (BBwid
MBS, 79y ZICEHEFLIZLFHF A7) v, I B ENVHR
Ak, B (B#ik) t7¥1rEnd,

RiZZIHAE LOBIHF ST 5 Assmus-Mattson D EHRZ AL £
T o Bachoc[2] 12 K > T Z DEHDIFFIZEN VLIPS Z N TV ET,

EHR 1 (Assmus-Mattson DEH [1], orsee 2]) CE*EE nO L
DH/EFZTEL . d:= min{wt(u) € C |0 # ue C} &BL, ENEH
t < dH5Mt:

#{wt(u) | 0 # u € Ct and wt(u) gn—t} <d-t.
Rl TwBHET 5, CO, EROHEAL < i< n-tXHL T,
{supp(u) | u € C (resp. C1) and wt(u) = i} IXBigliZ t-7H A &%
5o &I Tsupp(u):={i€{l,...,n}| u; #0}.

Bl 21X =5tk LR Golay 175 (=: g24) 11 0,8,12,16,24 (2T A %
OREUDHTIEHFETTN . t =5l TERD LML ML T
WwEg, £ d=8THY.

# {wt(u) | 0 # u € goq and wt(u) < n —t}
= #{8,12,16}
= 3=8-5=d—t

EleoTVET, Lo T, LKCHLNRTVAHETYH, {supp(u) |u€
g24 and wt(u) =i} (i = 8,12,16) X 5-FH Ay &k oTnE T,

2 Z;-a—FRIZiY 5 Assmus—Mattson D EIE

Zqa:=2Z/MZ ERTHIILET, S TR Zi-a—FOEHRE L 2tk
Z4-3 — Fi23f9 % Assmus-Mattson DEHE BT 4, BRFICEHRT Zy
Lo Lifted Golay code {Z#IIL T 5-74 4 » xHERL £ ¥,

EH 3 LI OBHT —~VBEEEnDZ1-T—F EV I ou= (uy,...,un) €

Z3ATHHL T, wt(u) == |{i € {1,2,...,n} |u; 0} BLo Zg-7—F L
LT, BiA, RS, BCRIFS 2 Zih Lof5 L R EET
B0 u=(uy,ug,...,up) € ZJ IZXFL T\

no(u) = |{i€ {1,2,...,n} | u; =0}
ni(u) = [{i€{1,2,...,n}|wi=1o0r3}
no(u) := [{ie€{1,2,...,n}|w; =2}

.._9_.



EBE, (no(u),ni(u),n2(u)) % u ? Lee composition &2 ), ¥z Zy-
a—F CIZHL T, Yhee a:8°(u):z'l"(")a:'2"(u) % C ?® symmetrized weight
enumerator &\, = Z T x9,71, T2 W ZEH.

Z-a—F C 46 Tl 0 ARG HET R L0 - F ¢, CO) piE
#gEhET:

c) = C (mod?2),

C? = {u/2|veCandu=0 (mod2)}.
EE 2 (Z4-3— F i3T5 Assmus-Mattson DER) C K & n D Zy-

A—-FT. FEDuec CiZHLTni(u) =0 (mod?2) 2ilA-L T3 b
0)}:.'3'60 3(0)60)’&’;?_3%’3'6

g1 = n—1-—max {nz(v) | v€ C* and ny(v) > 0} ,
g2 = min{wt(v) |ve€ C* and v #0 (mod 2)} - 1,
g = min{g1, g},
A(R) := {(m(u),nz(u)) :ni i’l(f;)s>v¥;(u) sn-h },

1<h<n.

ED¥Ht < gWROEHEMHILTVEET S:

(1) C? (£ X ZOVEF) & (CHD (£ ZDRHHFE) 3L
Tt 2 LOBEE ST 5 Assmus-Mattson DEHD &4
il Twna,

(2) 1 <Vh < L Tl % o, € GL(2,C) & . 8 Ay := {(ai, b)) €
C?|0<i+j<g—h}(a:#ajand b # b; (i # 7)) BFEL T,
on(A(h)) C Ay BILL T 5,

Z DR, C DEED Lee composition (ng,n,n2) s.t. t <ny+np < n—t
1233 L T {supp(u) | v € C, n1(u) = n1, and na(u) = na} ik (7 v ¥
WCIEMEFFLIE-FHFA b,

JEMWIX Bachoc2) DB IBL T, Zy-a—FILHEAT A LIZL-T
Boh$d, 2% H. Bachoc2] M ZHALDHFEZIIAL THAL 72 har-
monic weight enumerator # Z4-7 — FIZHH L THEHLEL . FhizdL T
Macwilliams IOEFXAHH L2 L 2 RLTHBEE T, ColagkL
Delsarte[7] ¢ & % harmonic space * IV T D7 Y 1 > OFFEHT £ >
TERTHEHENL T T,



LT, €82 % Z4 £ Lifted Golay code Gog { AL T5-FH A %
WL TATT, Gt 211 +22194+ 329+ 327+ 325+ 325+ 220+ 2+ 3
Y ERSERIHFDZy LOEE 280OKAFF %, RE 24 DF SR
FTHILILE o TERENTT 3]0 Goy HHTHHFET. G & GP
& HIC Tk DR Golay 5% o T E¥, Gulliver & FLH ([8],
[9]) X EtHE L AV T, v { 25D Lee composition (ng,n;,ng) I2xFL
T. {supp(u) | v € Go4 and n;(x) = n; (i = 0,1,2)} T Bk 5-7H 1
e bHERL FL 2, £0%. Bonnecazei [4)IC L 2T, Gy LFIL
symmetrized weight enumerator 2 fF2EED Zy-2—F (DL H % HF
#id Rains[12] i X > THHEN TWT 13 ) I223L T Lee composition
P —EDIFFFED support 3EL (70 v ZICHBPEIFL 72)5-FHF A 2%
THHREINTLI,

Lo THICS S THLOFH A U BBEEN IR TEDH Y TEA
A, BICBRRZGERAE., FRICHEP ORROEIHELBEELTVET,
BFICR2 &2, Gu M EH 2D M%7 ¢ 2 LIIFEICMHICHREE
T&I Y,



G24 7 symmetrized weight enumerator i [5] THX 6N TV E T, £
% Table 1 ICHRETHBEE T,

Table 1: Symmetrized weight enumerator of G4 [5]

Hamming | Lee composition | Number of words
weight m n2
0 0 0 1
8 0 8 759
10 8 2 12144
12 8 4 170016
0 12 2576
13 12 1 61824
14 8 6 765072
15 12 3 1133440
16 16 0 24288
8 8 1214400
0 16 759
17 12 5 4080384
18 16 2 680064
8 10 765072
19 12 7 4080384
20 16 4 1700160
8 12 170016
21 12 9 1133440
22 16 6 680064
8 14 12144
23 12 11 61824
24 24 0 4096
16 8 24288
0 24 1

CORYAVTER2DEMEMHIOTHET T, 3. GulTHSAGT
HETY. G 3 M LR Golay H57% DT, &k (1)KL T
¥ max{ng(u) [u € Gogand n)(u) >0} =14 XD, g, =24—-1-14=9
TY. $70=93D, g=9%HFF. RICHE1 < h S5IHLT
on € GL(2,C) % ax(i,j) = (4,i+47) TEEL TT. T3 L. & on(A(R))
BROE I ET,

_Iz_



Table 2
a(A())
1] (8,16), ( 8,24), ( 8,32), ( 8,40), ( 8,48), ( 8,56), ( 8,64),
(12,16), (12,24), (12,32), (12,40), (12,48), (12,56),
(16,16), (16,24), (16,32), (16,40)
(8,16), ( 8,24), ( 8,32), ( 8,40), ( 8,48), ( 8,56), ( 8,64),
(12,16), (12,24), (12,32), (12,40), (12,48),
(16,16), (16,24), (16,32), (16,40)
(8,16), ( 8,24), ( 8,32), ( 8,40), ( 8,48), ( 8,56),
(12,16), (12,24), (12,32), (12,40), (12,48),
(16,16), (16,24), (16,32)
( 8,16), ( 8,24), ( 8,32), ( 8,40), ( 8,48), ( 8,56),
(12,16), (12,24), (12,32), (12,40),
(16,16), (16,24), (16,32)
( 8,16), ( 8,24), ( 8,32), ( 8,40), ( 8,48),
(12,16), (12,24), (12,32), (12,40),
(16,16), (16,24)
(8,16), ( 8,24), ( 8,32), ( 8,40), ( 8,48),
(12,16), (12,24), (12,32),
(16,16), (16,24)

Table 2 6 4 (2) DA TAENEIDONT T, L7A>T Gy
o (7O JICHBEFLA)S-THA 2T 25 BT L 2. 4%
(2. LT D Lee composition TIE 7 H 4 ~ ASBAIZ R o TV 5 Z EAiHL
WHEDhDONTE T, LS =28 FTOFH M Vi Z K LOUIR Golay
FEPLLBFHFA T,

Table 3

Lee composition | 7 1 >
(16,0,8) 5-(24,8,1)
(12,0,12) 5-(24,12,48)
(8,0,16) 5-(24,16,78)
(14,8,.2) 5-(24,10,36)
(12,8,4) 5-(24,12,1584)
(11,12,1) 5-(24,13,936)
(9,12,3) 5-(24,15,40040)

Remark. Z4-2—F» L7 A AR TEL45FTICHON TS0
i, Gy 5-FH A, Zy LD QR3y, QR4s, Kerdock codes, Preparata



codes, Delsarte-Goethals codes, Goethals codes @ 3-7 4 1 > T4 ([4],[8],
[9], [13],[14))e T T QR, 1K & n @ quadratic residue code, Shin 3%
[14) 4E NI THBAZINT B Z4-0— FiZ3$ % Assmus-Mattson D EHE
#RL . £ % BT Kerdock codes, Preparata codes D 3-7H# 4 » %
ALTwET, LAPL ., LiCBT-2hDANOFFIIHL TIHESL el
ERATEIEA EH2RELDERDYIRIZLE>TVHOTER 2D
& Kerdock codes, Preparata codes ? 3-7H# A4 Y id/r€¢F¥, ¥/-%D
FITREKELOTEY, EBH2 2URTHILIZL 2T QR D 3-7Y
AZRRTENHRET [16]). BIED & T 5, QRys, Delsarte-Goethals
codes, Goethals codes @ 3-7H 4 >~ iZxtL Tit Assmus-Mattson D EH
DEIRHETRERTIEDNMRTVIRA,
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1 Preliminaries.

Let R be a finite ring and let R™ be the free module of rank n consisting
of n-tuples of elements from R. A right (left) linear code C of length n
over R is a right (left) R-submodule of R". Put N := {1,2,---,n}. Define
the support and the (Hamming) weight of a vector x = (zy,:--,z,) € R" as
follows:

supp(x) := {i€ N|z; #0}
wt(x) = [supp(x)|.
The minimum (Hamming) weight of C, denoted by d(C), is
d(C) := min{wt(x) | (0 #)x € C}.
On R", we define the inner product by
(x,y):= Zn:xiyi (€ R),

=1
for x = (z1,-+,2z,) and y = (1, - -, ¥n)- For any subset C C R", the right
(left) dual code is that
R(C) = {ye€e R*|{x,y)=0,Vx€C}
L(C) = {yeR|{y,x)=0,VxeC}.

*This note is based on the papers [3] and [4]. So the details and proofs are in [3] and [4].
tSupported in part by the Japan Society for the Promotion of Science.




We remark that R(C) and £(C) are also right and left R-submodules of R",
respectively.

2 A Singleton bound.

Let R be a finite quasi-Frobenius (QF) ring, that is, R is an injective module
over itself (see [1], [5] and [7]). For a right R-submodule D C R" and a
subset M C N, we define

D(M) :={x€ D|supp(x) C M},
D*  :=Homg(D, R), ,
cut Rt — Rn(M) ; (x,-),-eN — (mi)iEM-

Then the following proposition is essential.

Proposition 1 (the basic exact sequence) Let D be e right R-submodule
of R* and M C N. Then there is an exact sequence of left R-modules:

0 — L(D)(N - M)2S £(D) = rr(M) L D(M) — 0,
where the map f is defined by
fiyr— (F:xm (y,x)).

Using the above proposition, we have a Singleton bound for linear codes over
QF rings as follows:

Theorem 1 Let C be a right (left) linear code of length n over a QF ring
R. Then

d(C) <n-k(C)+1,

where
k(C) := min{m | mono morphism C — R™}.

Definition 1 C is called a Maximum Distance Separable (MDS) code
over a QF ring if

d(C) =n —k(C) +1.



Example. Let R be the Galois ring GR(2%,2) = Zy[X]/(X?+ X + 1) and
let C be the linear code over R with the generator matrix

0
0
G= 1
0

2
w
3w )
2

CO =D
DO = O

1
0
0
0

where w € R* is a primitive third root of unity. Then n = 5,k(C) = 4 and
d(C) = 2. So this code is a kind of MDS codes.

3 Duality for MDS codes.

In the remaining part of this note, let R be a finite local Frobenius ring. For
a right R-submodule D of R", we denote an injective hull of D by I(D) and
the socle of D by Soc(D). We define Fys(D) as a maximum free R-submodule
of D.

Lemma 1 Let C be a right linear code of length n over R. Then
d(C) = d(Soc(C)) = d(1(C)).

Theorem 2 IfC is a right linear MDS code of length n over R, then Fp(L(C))
18 also an MDS code.

Remark 1. Theorem 2 claims that though we can take Fy(L(C)) in the
various way, if C is an MDS code, then the minimum (Hamming) weight of
Fu(L(C)) is uniquely decided by d(C) for all Fy (L(C)).

Proof. If we put D := I(C), then £(D) = Fp(L(C)). Take any subset
M C N such that |[M| = d(C) — 1, then D(M)* = 0 from Lemma 1. By
Proposition 1,

0 = L(D)(N — M) — L(D) — R*(M) — 0.
So we have the following relation:
L(D) = L(D)(N - M) ® R*(M).
Thus
k(L(D)) = k(R*(M)) = M| = d(C) - 1.



We assume that C is an MDS code. Since £(D)(N — M) = {0} for any M,
|N — M| <d(L(D)) —1<n—k(L(D)) =|N- M|
Thus we have the following equation:

d(L(D)) — 1 =n ~ k(L(D)).

4 Weight distributions for MDS codes.

For a right (left) linear code C of length n over R, we define the (Hamming)
weight enumerator with two indeterminates X and Y, as follows:

We(X,Y) = Z X —-Wh(x)y Wh(x)
xe€C

= Z Ac(d) XY,
i=0
where Ac(i) := |{x € C | wt(x) = i}|. The following result is well-known as
the MacWilliams identity for linear codes over Frobenius rings.

Lemma 2 (Wood [8]) For a finite Frobenius ring R and a right linear
code C of length n over R,

1
1£(C)

We denote the (Jacobson) radical of R by J(R). Using this lemma and
Theorem 2, we have the following result.

We(X,Y) = = Weiey(X + (|R| - )Y, X = Y).

Theorem 3 Let C be a right (left) linear code of length n over R. If C is
an MDS code, then, for any 1,

( ) _‘EC)( 1)’( )(lR/J(R)l‘-d(C)H—J 1

< Ac(d) <



Remark 2. The first equality holds for all i if and only if C is a semi-simple
module, and the second equality holds for all ¢ if and only if C is a free
module.

Corollary 1 Let C be an MDS code of length n over R. If k(C) = 2, then
|R/J(R)| 2 n—k(C) + 1.

For example, if R = Z4, then |R/J(R)| = 2 and k(C) means the minimum
number of generators for C. The above corollary suggests that if C is an MDS
code of length n over Z,, then &(C)=n - 1,n.

5 Reed-Solomon codes over QF rings.

In this section, we introduce a kind of MDS codes over a QF ring R. We
define the right (left) cyclic code C of length n over R as a right (left) ideal
of R[X]/(X™ — 1) (see [2]). We put F:= R/J(R). We define the map ® as
follows:

@ : Soc(RX]/(X" - 1)) — F[X]/(X"-1)
X X,

Therefore ® is an R[X]-isomorphism and Soc(C) is also a cyclic code of
length n over F. For a right cyclic code C over R, f(X) € R[X] is called
the generator polynomial for C if ®(f(X)) is the generator polynomial for
®(Soc(C)). Then we have the following lemma.

Lemma 3 Let C be a right (left) cyclic code of length n over R with generator
polynomial f(X) € R[X]. Then

K(C) = n — deg(f(X)).

Definition 2 A right (left) cyclic code C of length n over R with generator
polynomial f(X) € R[X] is called a right (left) Reed-Solomon code if
n=|R/J(R)| -1 and

B(F(X)) = (X —w)(X —w?) - (X =),
where w is a primitive n*! root of unity in R/J(R) and 2 < § < n.
Theorem 4 Let C be a right (left) Reed-Solomon code over a local Frobenius
ring R. Then C is an MDS code.
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~27.3%.5"(11.179.229 - 1847F} + 53 - 72 . 11 - 61 - 271 E2)t8
—212.36.510. 11.41-181E;Egt®
—27.3%.56.11(23- 31 - 111509E3 — 5 - 13 - 79 . 587E3) E,t!
+2°-3%.5%.11(7- 223 - 541E3 — 53 - 17 - 409E2) Egt®
+27- 3% . 11(—3196001E} + 5% - 4721 E2) E?t*
~28.3%(307E} + 53E2) E4Est + (E} — E2)*.

51, w it w, DEWATHEEND. w =ud TERTNE, FREW0TESFBEROB
i3 120 x 5 =600 BHFETHZ LD b2 5.

9. ZCZT, ZHEMABOBMAL TS, BliCLhid, BFOL % (u,u) DEIBE
AT ZHIE 20 HAEROTRTTH S ©

A, { u’l = ™. Up,
(2 — 2,
Uy = Ze.uy,

g .l 1 = F*uw,
Pl vy = e .4,

C.. . V5u, +e¥(—(e — €)% - uy + (€% — 3)e® - uy),
B VB, = £e®(4(e? —€%)e™ - uy + (€ — eV - up),

D Vo, = Fe®(+(e? — e - u) + (e — £)e - uy),
i IRV7A +e¥(—(e — £9)e™ - u) + (€2 — 3)e® - up),



ST uv=01234Thh, e=eS L L7 T HLZERINLOERTAREII LS
S LIIEET UL, FKIE 20 HHSRROR (w1, ug) = (6, B) ML T, Ay, By, Cusr Dy
RE% (B, 5) KEMEEb DL FKIE 0 THHRROBI LS. —FTI, 9(6°) =0
BRY D, ThHDZ erh, gt) ZRDIIICHESHEINSD .
g(t) = 22-3°-5"5(t - a°)(t - @)')
x [I-o[5% — {—(e — €")e™ - a1 + (e ~ €%)e™ - aa}]
x [Th=ol5% — {+(e2 — 3)e™ - ay + (e — e")e* - a}'"]
10. Theorem 1 TEHEL 7 a)(1), a0(7) X WRD. IV, 7TA¥ a4 BEOER
e e Ehe,
+b b
Ey (:-{-d) = (CT+d)2kE2k(T) (V(‘: d) (3 SL(2,Z),’C= 2,3,4,...) ,
PRD LD, SO Edb, (By(r), Aa(r)) #¢ (HIEQ) PRTHIUZ,

((cr+d)‘§ﬁ1 (::s) J(cr +d)"EB, (::z)) (v (‘: 3) € SL(2,Z)))
bEI3TH3.
SL(2,Z) DERTEEFLKL THBLC.

1 1 0 1
s=(o 1) 7= (5 0)
EBd, STt SL2,Z) #5WT 5. 7, SL@2,R) OTO r ~OEHI

a b ‘T_O.T+b
c d T er+d

St=1+1, T‘r=—l
pu

TEXRT L. IS

Thas.

ERREFANUL, (1), () BPER ST=7+1 K LoTEIEKT PR T DR
5. BRRUTOBEYTHS .

a(t+1) = ex(r)

&) { a(t+1) = ao(7).

—%, ay(r),0n(r) HER Tr = L KL o TE I BT 2SR TR L RV, K
BTr=-LIZHLTEILDZPIOVTRIT S, E0LHIC, E7 Dedekind DT— ¥
Bk L Jacobi DT — Y BBEHEATS :

or) = ¢u [[(1-¢™),
voo

1’3(,”,1,) _ Z qn emmw
n=—oo

ﬁ(l — q2n+2)(1 +q2n+le2ﬂiu)(1 + q2n+le—21riu)
=0



KEECHONTWEAATH S :

1 TR
n(-;) = e %rip(r)
(9) v 1 2 1
s (—,——) = c%c"?ﬁﬂs(v,r)
ToT

P3(v,7) D g BENE D, ai(r),ax(r) RRD L HITKRTES,

) 3 1
afr) = ghalr) oy (2, 57)

2
TZI,ST)

LML T — S HBROERAN (9) 2 &, ROLANHAHTES.

(10)

a(r) = Q%U(T)-éﬂs(

Vertey (=1) = (e eNau(n) + (2 - Mau(r)}

1

Lemma 1 (11)
NG T (—;) = —e{(e? — 3)ai(r) + (e — eVa(7)}

Remark 1 (1) [8], p.42 DFFKIE 20 AR T L HANERIXFLICER 5.

(2) COHMERIL THROBH D H, KFLEBOFHRT [BF-THAEL ] 6]V
AEMEGLZLICFEILTHOGEALL IS, ZIZPLEIL Y ) LRI TTVEDCAIT
1z, 95 (%*—‘,51) , U3 (%L',E)r) {3 Rodgers-Ramanujan NESFXICHN LA T, gHicZh
LN A5 -2 o TROOGNIHKIWEDD 5 BED exact solution & L THHN, 4F
CHBD 7 - —1/7 K2V TOERARS BRBETOEHOFBRIDIEbRTVE S
Edtbhofs, ThEDIEHEIZOWTIE, [6] Dl [1], 18] 2L bEBEhB & kv,

COHBEIP L RDERY OIS,
Theorem 2 KDAXTEHKENSD (o|(7),a5(7)) b F1HKE 20MEFERDORI LS.
(12) (@) o) = (778e% (-7 ) it (-3))

11. aq(7),09(7) D [(5) IZ2VTDEY 2 FAERIZOVTHBT S, T

I(5) = {A € SL(2,2);A= I, (5)}

EB<C.
FEUZ L o TROFHMEB LN 1.



Lemma 2 (1) (5) {3 HHBOTH LRSI SHBBFETH 5.
(2) T(5) DEWTCE T XT A71S54A (A € SL(2,Z)) DD LDIZIN 5,
(3) KDFCH I(5) xERT 5 .

15 1 0 6 5
™= 1o 1)’ = s 1)’ M= s —4)
my = -4 5 my = 11 20) me = -9 20)
-5 6) 5 —9) -5 11
11 5 31 45 -9 5
M=l -9 ™ T (-2 —29)’ me = \_a20 11)
-29 45 —49 125
e =\ g9 31)‘ ™= 20 sl )

Remark 2 KD X 32 A;(j=2,...,11) EEDHIE, m; = A7'S%A4; (j=2,...,11) DEX
hio.

A =T, Ay =TS, Ay =TST, As=TS? Ag = TS~?,
A7 =TS™T, Ag=TS™?TS, Ay=TST, Ayp=TSTS"?, Ay, =TS*TS2.

Z OO KEBRTED (o (1), aa(r)) ~OHEMERBI L2 X 0T, KIFEWTE S, &
HINALEBUc & 5.

Theorem 3 a)(7),ay(7) 13 T(5) IZ2WTHiA L DEV2SHRTH 5.

COEBOBERRL I DELVARLUTTHRYT 5.

12. ¥, SL(2,R) 0EBHEEBEL KT A, LLEBDICR 55, SL(2,R) L FIRI%
SU(1,1) O :BE R % Pukanszky (14] HBEEL TV 50T, Fh%flis. (FERRICE, £
T O] 2% 6 oTWROT, FBilErb LN, JOMERAEMR (16) 2H 5. )

G={(nw)hl<l,weR) £HL. ap=(nw)ay= (Y, ) €GIHLT, ZhbD
ftag = (7', w") = apafy %

7” _ 76—2!'0JI +,)/
(13) 1+ 77’e"1‘““ _ '
W= wHW+ i{Log(l +yYe ) - Log(1 + Fv'e*)}

TEHTAH. ST Logzid z=re® [0 < 7 123t T Logz = logr +i0 & L TEHT 5.
[y¥e 2| <1 DT, " IXMIEL EEH. BTERD L. EEIHICI-T,

(rw)™t = (—7e?, —w)

Dbhhs, GREMEL Y -BICRS.

SU(1,1>={(§ g);|a|2—|ﬁ|2=1}

_29_.



ELT, G5 SUQLN)~NDERp %
(7)) = (g

ol ™

)

e:'u ,7e|'w

Y A gy

L2 p liﬁ?ﬂ%’-ﬁif‘ Ker(p) = {(0,n7);n € Z} ¥bh 5.

C = % ! T) EBUT, g€ SLER) KHLT, o(g) = CoCt B o i

TEXKTDH. 21T,

1
SL(2,R) & SU(1,1) DMoOFBI:H -2 5 &z oD, LA,

(¢ 2= <)

a=%(a+d+i(b—c)), ﬂ=%(a—d—i(b+c))
E%kh, BEDZENS, GHo SL2,Z) ~D HEMER ¢ ik

o= (2 4)

DL X,

L BIE, ) .
_ Re{l49)e¥) , _ Im{(1-7)e¥)}

a = ’ = 3
Vi-hP Yl—hﬁ
e = _lm{(l + 7)e*'} 4 = Re{(1 — v)e*}
V1= V1-hP
PRY 2L IIIERTESL. T
G ={(vw); vl < 1,w € R/107Z)}

EBITE, G 13 SL2,R) DSBEOHBBIC LS. o3 % G 26 SL(2,R) ~OHEEEL
¥5.

RO L) LxHEh H 5.
SL(2,R) — SU(1,1) — G
w(Sh o) — (&)~ eg-a
(o 5) — (@) - emjo-a
w=(07) = 085 — (ey)--

_30_



iy D 01t R/200Z DTTH D

K = {up;0 € R}, A= {a;;t € R}, N = {n,;z € R} £ BIJIL, 5iRSH SL(2,R) =
KAN ¥ 2. COFRE—BEHTH A LISiEET S, B K = {ig0€R), A=
{agt € R}, N = {fi;;z € R} & BT, BRI G = KANFRYLD. N L Niz@M%
DT, BRFGBO—FTHIY, S=n CHETENOTE S=a, &¢¥5. =K, T=u,
KHIETS K ORLLT, T=d,=(0,3) 2L 52LT 5,

13. A€ SL(2,Z) ML T, ps(A)=A & D A € p;'(SL(2,Z)) ® £ 5. A DRV
FiE—F TR, ATISA I AR —ICHEE S, FIT, A-ISPA % Ada(55) T
#To it s,

Lemma 3 Mo % Ads(S%) (A € SL(2,Z)) THEN S o7 (SL(2,2)) DAL T E,
M, 12 T(5) iLRBITH 2.

(BREE) T(5) HEBBRTHLDT, My G OBLTEEEIL VI LHbh D, Z0OZ
b, Mo HEOEMEBHIR D, LoT M~T(5) AT, [

My DEBTTE REMIZH-2 THBL.

iy = (_25+10i Tan"'§) iy = (20+10: )
29 ' 2 '
hy = (5 250 _,5) hy = ( 5+25!’ _15)
s = ( 335 5301 ,%) e = ( 415+470: _,25)
629 T 2 629 o T 2
P (415 470i _,20) e = ( —1505 — 3950i an"fsé)
629 T 2 4229 ’ 2
o (335+530: _,25) o = ( —1745 + 3850i an_,@)
629 2 4229 ’ 2
P ( —15425 + 14290: an_,yg)
21029 ' 2

EBE, My={m;i=1,2,..., 1) PEHILD. T

"_ _1_21 _ll "_( z) _ "2
S_( 5 )Tan 2)! T" 012 ’ 7C_T

LBL. i i
ws(S) =S, vs(T) =
PR, Tl e iR OB C EERT S,
C={yw=0nr)n=0,1,...,9} ~Z/10Z
Mbhd, My DERT m; ~O S ToORBAERS. 7, £,

S8 ' =m,, TmT'=T'mT(=12,...,11)



FLTROD»S .

S‘ﬁlzg_l = 1y Tﬁllf‘_l = 1y

gﬁl;;g_l = 71y TThJT_l = 1y

S‘ﬁl.qg-l = mg Tﬁlsf‘—l = 1lg

SmsS' = iy TieT™' = 7

gﬁ!ﬁg—l = ﬁl]ﬁlsﬁll_l Tﬁlsfhl = 7?147?!101;14-]

S8~ = TinT™' = (Morhgmamioem iy msmgaiiy) !
S‘ﬁ!gg_l = my

S‘ﬁlgg_l = 1o

SieSt = my

gﬁlngnl = ﬁl]ﬁlsﬁlrl

LBMALTEL. THL

25 2 2
Kbh»s. 8T, U OHOMBEREW{OMEHLTHL.

- 3 5
b= (_11 +221,Tan"l + ﬂ)

(ST = %
TSTSTS = ~5'TSTSTS s
g U = Ungigig iy g’

TST = ~c§'TS(inyriy) !
TST = ~g'USPTS2(sin i)~
TS:‘T = 0§2T;§3(Th4ﬁ16ﬁ11)—l
TS'T = STSm,
T§-'T = STS§

SU = ~3USY(mgmgin)™!
STHTS? = +5'\SPTSTSms
(T§3T§2)3 = ’Yg(ﬁlsﬁl;;ﬁh)-l

U2 = +%(hging)™!

14. Clay, o) WAL TV 2618 600 OBFEFBLEE Gooo PMRIZERT S, (ZOBHD
Rt E®ixthib ¥ 5. ) -L ¢ T(5) 2OT, I'(5) (& PSL(2,2) DRSBLRLEE 5,
642, XKHLNRTWA I LN,

(14) PSL(2,Z)/T(5) ~ As
BOILD, TTT, A X5 RZERBETHY, E20MEIELEH—LTLwv,

_32_



RDENIILT, Gooo FHKRIHKTES. DHERL <,

£ = e?/5
LU,
s=(5 1) n-m(E22 5),
U, = T, S2T\S3T,S2 = 8 (‘1) ‘01)
LB FHE

(SITI):’ = E, le = _.53 — e‘ﬂ'i/5
ALY LD, DL E TS (k=1,2,3,4) RUTO & i ksn s

T]S[T] = —eJS‘l‘T.S‘,‘, T]S?Tl = —€2U|S?T|S;z,
TIS?TI = U|S?T]S?, T[S;'T] = S]T:]SI.

Ehi
S]U| = EU[S?, T|U| = -—UIT].

(k0 {0 -1
j g
:l:e’(o 1), +e (e" 0) G,k =0,1,2,3,4),

+ &l _Ek+l(5 - &) Ek(ez _ 63) i_ei _61(62 —&%) —(e-¢€Y) )
5 ( el(e? - €%) e— ¢t ) ’ NG (—e"‘”(e -€e%) efe? - €Y
(7, k,1=0,1,2,3,4).

iz

k
£ e 0
ST = = 1
1 (0 1) (k 01 )2;3v4))

0 -1
k — g3 =
USk=¢ (e" o) (k=0,1,2,3,4),

a + 1y k(o2 _ 23
i ot €0 [~ e —€Y) €5t -¢€Y) _
SlTlSl - _ﬁ ( 51(52 —63) € —-64 ) (k,l — 0,1,2,3,4)
o & [~ -8) (e )
Uls,T,s,_\/g(_EH,(E_E,,) ey ) B1=01,239

Geoo PHEA 600 1o 52 LI LOREHLERI O b B,

Remark 3 ZZ°C, L#ED §,T,U, £ 2T AV DX 8| D 42 R—JD S, T,U & DM
KOWTERLTEL. BEEROMEELOTLODENOTEOPDBRVYHDDT,
ZOFEFTIRR—FL LV, ZKvin (5,1, U) — (S,T,U) LV IHIEIE 5.



8T, pil(SL(2,Z)) 25 Gooo ~DHHEFIH o %
5‘—»31, T—'Tl, ID(A’I)=1

TERTSH. ChFBEICERSNLI LR EROS, T OMOWERE S, T oHoFNnS
Nobhb.
Wi FTORBISE, ROELEVINFHZONS |

1 1 1
! l |

l— 1 — M — r'(5) — 1
! ! |

1— C — ¢:Y(SL(2,2)) — PSL(2,Z) — 1
! | |

1— C — ¢;'(SL(2,2))/M — PSL2,Z)/T(5) — 1
! ! |
1 1 1

TR T & E5A,
PSL(2,Z)/T(5) = As, 5" (SL(2,Z))/M = Gono

D LD,
15. DLIEIDOTEMAZERL TBL. z=re EHWEM 2 T BEETET. 1L,
O<r, —w<f<m&¥TH ZDLE, Arg(z)=0&,T5. %2,

- iz I Z
ole) = (- T7'3)

doly) = (g—;—} 0) (y>0)

do(w) = (0, w)
EBL BRABLY, £8D (,w) e GIZHLT,
(7, w) = fig(x)do(y)ito(w)

KEDIED z e R,y € Ryo(= {r € Ri7 > 0}), w € R/1IOrZ H—FIHFETHI L
Mbi s, U = {#0,w);w € R/107Z) & BUE, BRAMO—BRL Y, ¢/U O
fio(z)do(y)U (y > 0) DRI —FITRKIN B, T O fo(z)ae(y)U 2 2=z +iy XL SE
AT LT, G/U & LA T H, L ORI—-HBAFHBONS.
EELD,
Sto(z)do(y) = fio(z + 1)do(y),



BT CIibh B,

- . . T . y . 4T 7
Tiig(x)ao(y) = fto (—12 n y"’) ap (12 n y"’) g (O, Tan '5 + —2-)
HEIEHPILL>THEIDOLN S, LTHA A LETEIE o —1RIC X,

< - 1
S:z—-2+1, T:z—>~-

z
Mhhh, THIZLHCIHBEL 7
S:z—2z+41, T:z—»—-l-
z
LEET S,
EHICKRY DI,

Lemma 4 {FE®? (y,w)€G,z=z+iye€ H, XML T,
(7, w)itg(x)ao(y) = fo(z)ao(y Yito(w'),
kb Z=1r+iy € H,weR/107Z i

o A D+ EH D)+ ey = 1) - (7~ 1)
{e(y+1) - (T + D}z + i{e?™(y - 1) + (7 - 1)}
(7+Uz—ﬂﬁ—n)

z

' = w— Ared—i A A
w w — Arg{—i(z +1)} g o

(F+1)z—i(3-1) )
e(y+1)— (7+ D}z +i{ed(y-1)+ (¥ - 1)}/’

+hre (‘ {

TREND, \ ;
562, )= 5) oke. 7= T e,

B (v,w) =R = 1,2,...,11) DBAIET B L kA bh 5.

b,
Lemma 5 (?) j=1,2,...., 11 I8 L T, m; = p5(m;) = (2’ dJ
j j
ajz+bj !

CJ‘Z + dj

) Nk X, z,-=:c_,-+iy,-=

T Zi, Xy Y5 &E%E%’t%&,

1hjfto(z)do(y) = fio(z5)a0(y;)io(—Arg(c;z + d;))
S OO FERENS,
jfio(2)do(y) = fio(z')ao(y')ito(w’)
EL7EE, o' =a;,y =y; ICBAHIEERTORENIIEEL (3hv, o = —Arg(ciz+
d;)) WO LD L ERTONKETH 5.



16. Shbt, KOKH (A1), (A2) 2#7F G EON2 b LA F(g) = (?8) %
2

F2h.

(A1): TRTD ge G, we RIZHL T, F(gig(w)) = e“/*F(g) #HHiLD.

(A2): TRTD g€ ;' (SL(2,Z)) I2HL T,

F(gito(z)ao(y)ito(w)) = J(9; %, y) ™ °w(g) F(fto(z)ao(y)ito(w))

BEDTD. ST w LN ERL 72 My 226 Gego ~DEJHEFERIE L /-,

Atk (A1) 12 £i(9), f2(9) VIFROAS, LEFH H, LORLCBARMBKOURTIC LI L

¥k T 5.
S D&M (A1,2) o3 (N7 FLlE) AE Fg) 1oL T

Fy(2) = F(fo(z)ao(y))

tB<.
9=_5, T Dk &2 F(gho(z)doly)) ZEHHT 5.
Lemma 6 .
Fo(z+1) = @(S)F(2)
Ro(=3) = —eris(e0)oa(T)y).

ST, z=z4+iy=re? (r>0,0<8<w) &L

a(1),as(t) % 8. DERTHALLHARE0TEFEROROL 3, Hy(z) = (:l(z))
EB{. DL E, Ho(z) REOBEOSERE AL WERZ AT, ThbY,
Ho(z+1) = w(85)Ho(2)
Ho(=3) = —e2re)Sa(T)Hofz).
BHD L. LI b KOBEN DY,

Theorem 4 (7)), o2(r) X RHBDOFKE 20HEFBROROL &, Hy(z) = (al(Z)) r

as(2)
B COLE, &M (A1), (A2) £iB1F G EORY b UM F(g) = (?8;) ¢
2
Flfio(z)io(y) = Holz +iy) &% % b OWFFET 5.

Remark 4 COERIIHEA, /hilt, FHEKLOHERBIOBRRT L TV BETELI-ILE
HHELNICERELTIL DD TH L. 20k, KEKFOFRILAMBERS O HI TV
3wl 73, REERTERRMICAZEZAYMEIIE >TIREILLTWSLZE
T, ICOLE- L OABEDONL20EL I TIL —BOFHY = 1 F ORBERIZOW
TOGHEE L TEWERINLEICHE., FLAGKOLE-F [FHY 24 D 1EHK
REERICOWT] (/7)) 2t 2RE L.
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2EE—FELFTII-ZFOE—FEAROFHKIE
22T

K¥RE
KRS BEFEH - FIRIIER

HIBPEOLEY S (ABTIIFEEL “SEHESHE "LFES) LHLOFEERS
(LB A8RN, BILESD) —<rE—F BROBRKEOEREBETHEZ LM
HoleDTINEAETRAT S, MEORROERT, OMRANEZHEL— S
BRN—&FO¥— 5 BROBREL EX TS B> TVWHDT, SEIDE
ReBbud L, M- FOE—SRBROEEHATOEOHIHOML ) —=
v -4 EEOREKEL OBFER L BEBNICE NS,

FPZZT. HEOEBRTHERLER ((8) CREEN BB, SROER
KRETHATWHBEERO—Fi% 2T TBL,

weight 4 D% EY — 4 {Hid,

C(ll 1,2), C(lis)) C(2’ 2)’ C(4)

OEHABERTEHD, ERINLL2TOMRRABREEROBRBGESNE
FELTWD, BEORMCOKER (b L< I sum formula) ZFAWS &,

¢(1,1,2) = ¢(4),

¢(1,3) +¢(2,2) = {(9)

VWIS oOBBRANELNRD (3ESR), LML, BEOEENSIT, K
O L5 BRI EB NN,



¢2,2) = 50(4)

ZOROBANE., V- -/ HEOBRKREZ AV TRO LI "IN S,

oL

_ T (4} = 7
C(z) - 6 ' C\ ) %0
Chdhb,
5
@) = 2¢)
ThbH, MEOBERIILE VL
I | = 1
22 \Y; s
¢(2)° = ('.-‘.IL—': m‘g;\hg::l ng)
1 1 1
B (0<v?§;m= m'27n22) * (0<7§;m2 m12m22) i (Of.vg-’.mx my2mg?
- 1 ~ 1
= 2(0«%2"'2 1111271122) + (0%"‘ mt
= 2((2,2)+¢(4)
P aY i ) A b e
3
¢(2,2) = 3¢4)

Nhhd,
S, TTERALNTWABBEROPIZEH, FEEORRIZEETL TV AN
BRERETZ SATFELTVADTHAN, ERLEELEL L H %, BEROH

TR RS > BB RLDEBL L TWA L ZACHS, SHEOKRIX, LR .

BAR €(2,2) = 4C(4) 2 BT L H 2. EORBRLIELD, BRBKXORRRT
Thb,



MAEDABROBEROTE ([18) bADETRTWEETHE L THELY,
1 ZET—A2{E

FPFRLOIC, ZEE— 4% BEELY . LFEE, FRY-SHLPHT
NTWBOE, (k) OFTHdH, lFo Sk) bE<ALEEL, #I2H Euler
BRSO, LA Sk) OF ThHok, RICERDLDIZ, ZoZO0OEIREL
BEROBNMETH 5,

B>,k ke o ka1 21 BV K, 2 2120 L T,

k= {ki,k,...,kn)

% index set EBERZ LIZT D, 451, index set IZfTHIL TRE D RO ZHOMEMN
HEILR2,

index set k = (ky, ks, ..., k) X LT,

k=kj+ky+---+k, & kO weight & T\,

n % k ® depth &\,

s=14{k; > 1} % k ® height * &,

index set k iZx9HFEHE—F1H ((k) %.

1

C(k) - C(kh k2a AR krl) = mlklmgb’ “ee mnkn

0<my<ma<oe<my

TERT D, 5. Sk) %.

1
-'-nl kl 1n2kl se s 1nnkn

S(k) =C(khk27'-'ak‘n) =

0<my LmgL<my,

TEHTDH, AR TRHEREL, Z0OSK) O L%, “SHSHE” LREREZLIZTS,

L3R index set DT TH. ZDSEH>OBIKXENETNNET 5,
SESELEEY—ZHEOMICIEREN D> T, FESHEZLEY—FHTEL

ENTED, TN, ABEFRELTHWAZ EnD, MO L ZA0KR/NERED



$lh%E, EERAUMLEFRESRUBLICHTDZLIZEvELND, HIE, UT
DL HBRBEXTH S,

S(k],kg) = C(khk2) + C(kl + k2)1

S(1,...,Lk-n+1)=
N’

n
Z Clay, ... a1,k = n+a).

=1 a1+ taj=n

2 ITHR

AEOFHECHONELE SHORBMEXLER~D, TEBRICKRBTHIEES
EORIE, height 5 | DHDIIBENCV B, BOECRD L IC, BN—&FD
P-4 BROBEHIC—BLOZol, COBROEESHETH -7, height R |
UEDL DI OV THBEOLARDOFREZ/ TV EH, EHIIRTERTHS,

BE 1 FEOBK L > 2108 LTRAERED I,

}:S 1k—n+1) 2(k — 1)(1 — 2"¥)¢ (k).
ey

TH 1 OAMIZHL. Kontsevich itk »TEx b, FEHE—4 {0 “ Drinfel'd
BagR" (of.21]) LRIENAUTORENAVLONS,

Clkyy .o k) = 1(1,0,...,0,1,0,...,0,...,1,0,...,0),

ki—1 k-1 kn—1
EELIZTe=1e=06,...,660€{0,1} L L, A(t) =1, A(t)=1-t &

Té&é\
B dtl .. dtk
](51,-~-1€k) —/:”/ Aﬂ(tl) Aeg(tk)

O<ty <ot <

¢¥1%, sum formula % duality formula % L C, FEEOHER CR~E, ZhbOik
ROER (ER2) OIS ERD Drinfel’'d HORTHEZCH 5,

_4!_



B | OEDDEESHEITE | Hich~k, 2ESHEOZEET—HHEICLIHE
BRAOPUCBELTVWADT, e HVWTER1 2BV YEORE Y —<r
P-4 {HEOBERE L GRRBZENCE D, 29 LTRLNEARIESE weight
Zei e OBERE 525, BRROERRFICL-TCWE, £LC ZOk
Flosh 2 AR O, MEOHER CR~MBMEAOEBBRT (ER2) »bik
BRCERVHO (FXCRAEBERALZY) BEEITVWBZ ERbhoT5,

BOBTRA I IR, Fil—&T0E— S BEOKKE~OEBET2EL SR
b, ER1THR-EH (DY height 1) OFESEFT THLROEMN, fie
KREEE— Y EOBRVBREAOKXE RRFIEZH/ET D, LV IOENEHZO
T, EH 1 %O height iICERT B2 ERBEND, ZHIZHONWT, UTFOFHA
L Y

T8 1 EBO1<s<E BT s, k KHLTUTETFET 5,

Y Sk)= 2(" )(1 2B\ (k).

height{k}—s
weight(k)= k

3 #F

ZOHTH, URMEESHLEE T — 4 EROBRBBURKIC OV CEF LV, &
DORBEIRAL. ThIBirbabh ik 3 >OBEROER RS (sum formula,
duality formula, Hoffman’s formula (3 L < IVEEOREEBM) ) 2RI EAF
LOThHoT,

%¥ dual index %ERT D, EED index set k {23 L T,

k=(1,...,1,b)+1,1,.. ,L%+1 1b+1)

a1—1 02—1 —1

_42_



PHETEBE s> 1 Layb,agbe,.. . 050, 21 B, —EAICHRES, (2D s
height Tho7,) £ HIZH LT index set k' %

K=(Q,...,¢,+1,1,..., a5y +1,...,1,...,1,a, + 1)
Nmy—t e et
by -1 by —1 -1

LEDD, ZOLE, K % k ®dual index set & FESR,
ZOBTHBLEVESRERIBLUTOLOTH S,

BE 2 HEO indez set k= (ky,ke,..., kn) LEEI>0ICHLT Z(k) %

Z(k,l)= Z C(k1+c1,k2+C2,...,k,.+cn),
ateatteazl
Ve; >0

EL. K % kO dual index set &35, ZORE, RIREY LD,
Z(K;) = z(k;0).

FXCRRE S SOBBERIIUTOLIICLTELNS:
k=(4),K =(1,1,2),l =0 & ThiL,

¢(1,1,2) = ¢(4),
k=(3),K=(1,2),l=1 LN,
¢(1,3) +¢(2,2) = ¢(4)
Th 5,
5 WI-&FOE—>2BERORHE

TIT, FIMTHE LELBIORR (BB2) CMAT, BTl kE
BE (BHE1) 2RN—&FOE—SHEROEBERACORKMEICERT S L%
m&éo



LE~NX—A B BW i3, BEO~AVI—AFO—R{LE LTE&F0] I2LY
BHRINE, k=10 B I@EDNVX—AKTHS,

FIN—&F (1] 11, SEVX—A HERERBEIHO L S 12B8% &(s) ZHRL
7o FHIL k> 1 KM LTUTOERTEALNS,

ts-! ¢
&e(s) = F(s)/we‘—lukl_c )dt.

ZIZT, BB kiU, Liz) = o (k-th polylogarithm & FriZh T
WHEE) THD,

FI—&F (22 DBEMA Re(s) >0 TIHEL, s OERBARKICBTERSN, #
EERATOBRREEIEENI—AETEXONDILERL, k=1 ORI
§(8)=s((s+1) THAHZLERLE, ELTEDLIZ, ZO¥—FHBROEEHA
TOEROVTIE, SEY—FETEIHLWIBBRRENE, 2ED, FEA
NRx—A L, V-2 REO—HBOZELOBEEOBHETHHIEEY—
SELHE, ZORN—EFOE—FBEENMLTHELTVIDOTHD, Ri—&
FO¥— 5 BEROEBRADHEICOVWTORERUTOLEY THS,

RE 3 (BI—2F [1)2) B E>1E m>0HLT

€k(m+1) = 2 (ﬂk+1)<(a| +1,02+ 1,...,(1]‘_] +1$ak+2)'

a)+az+--+ap=m
Va; 20

COEBIIER2EMEI L, &(s) DEBRATOEBUTOL Y ICE LR
HILRTCED,

B 4 BHk>1La21THLT

&(n)=S5(1,...,L,k+1).
n—1



2DEY, R—&FOL— ¥ BBEOKKEIL, AEEBRCHBENX—(H
TEZbN, EBRRCHZEHSELOLDILRZDTHD, TLT, ZOER4
DEDDZESHEN, EB1OEDICRAZZESHEER LR (-0 Y height 25 1)
ThHI eho, BRI 2ER4 CHFERIDZLICLY, Rl—&Fo¥—44
BOWRMEL ) —~ - S EOBERARB LD, TRIUTOL )5,

TE 5 HEOBHE k> 2K LT, kAR LD,
k-1

D &e-nln) = 2(k — 1)(1 - 2'7*)¢(k).

n=1
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Quasithin association scheme & B L D
BfRIZDOWT

T R
AAHE

11 410 B 25 H

1 BE

RFHONB L M. Muzychuk (Netanya K%¥) L DEFEMEICL 5D
DT, R L IZMS % v Quasithin association scheme (LLTF QAS & #%
T) KT AREE, BIUBRBELOBRERR/2DTH S,

ARESQITRBICHCBREGIRI O QIZHARICIERT S, 20
PEEED b ORBM LR HHZ —RILL B TEHRH SN TV BDD® Asso-
ciation scheme (LATF AS & BET) ThH b, ASEHEHD/-L &, TR
BREILOHEINIDDEEZITLEVLDLDERIL LI GTHY,
COERTHRBIL 2V EV ) OFEZEOHEDERELTH B, 272
LA QAS L W) FEFICHN L &G0 LCOFELRDT, LICET/:
EERBREEILIHETHAUSPOLR L L HIERMICHMARR LD
BOLV, LPL LS, 52 on/-HEERIC L 2827w
IEPLREBFOERLBIIOATAIDOTHALLEbNALL, QAS D
EDRHIZOLNELDTHS, L VI)DPWEREDRBETH S,

BBOERIIODVTIHAHLZEBL Tz e LT, FELERE A
N5, (X,R\ZQASL¥T5, 7:72L X IIBRKETHY, RiI X xX D5
HNTHb, EEDze XML T, ¢ X > X % (y—y) Lo TEH
T5o 2L {y, v}z D il (rid (z,y) EEL ROTTHE—DICE S
%50) ThHhho ZDLE, N :=(§,|z € X) < Aut(X, R) := g Aut(X,7)
THY, bL 2-0rb(N;2V), z € X A thin TR IFhX, (X/N, RJN) it thin
ASICe B DT & RMEHEICV D & [ (X, R) D53 ASHBIREEIC L -



THRINTBY, 20/ AS b ERZBIRFFICL > THR SN TWv 5,
EVIZLETHY, (X, R)VERBELOEINTVEILET ) DO
3 Z DS AS X WM L T Lifting up ¥ 22 FRETH AT L 2REL
Twh, ZO Lifting up i3 | X| B Z 20O FBOFTH 5 L ZITIZTHET,
(X, R) W $ 70 BIREED 2-0orbits IS % 5 2 EHFEHTE B,
SHOPEL LT [QASII TR L BIRED 2-orbits TH B, | T & D
HHICED L, HAVIIRAERDIT A LT, Lo T, | X|
PEHREVIRELMFITLEERT A LB GARHETH 5,

2 HHBEBOES

XZ2HRBEEL T, rC X x X 2 EBEO"HMERETE, ZDL &,
r DEBEEF KDL I,

= {(z,9)| (y,z) € r}
¥, re XDr-BEERDEHICEHKT 5,
"= {y € X|(z,y) € 7}

ER 2.1 ([20]) X 2AREA REX x XOEEEGEETIHIL
FTh (X,R)IIROEMEH-TLET VI —Ya vy AF—L LT
ns:

(i) 1x :={(z,z)|z € X} € R,
(i) EEDr e RIZHL T, r* € R;
(i) E¥D d, e, fER L z,y e X IIHL T, [z¢ny®|id (z,y) € f D
BUHIKS 2 WEBTH S,

LDEFIH TS 29Ny | & dgey LECL, {Aies|d,e, f € R} & RO
BEMETE, £EOr € RIHL T, n, 1= Ao, LHBL THE, =
DEE r DR E SR,

THURE (X,R) 2 EED AS LEEL TEE T30 5,

F% ROWMGERLTHLE, ROBEEZHV 5,

ng :=Zn;, F*:=F—{1x}, Ft:= Uf,F' ={f*| f € F}.

feF feF

BEDz,ye XITHLT,ry 2 (2,9) EECROTLLTEHET 50
(R X x X D587 DT well-defined ThH 5= L ICHEE)



[20] TREFK SN -HEILTE, FBOE, FC RIZHLT, EE FOIR
2 ROXTEHRT 5o

EF:={feR|l ) >  Jus#0}, (1)

MfEDI-®, E, FR—HEEOL i {e}{f} 2 ef LEMTHI LI
T,

F CRMNFF* C F¥ifilzTE&, BLTwa tw), C(R) *
ROAL TV AHAEEEBET L, EENDE C RIZHLT, (E) =
nEgFeC(R)F EEHT D

(X, R)PROUE %/ § & &, FENEN thin (quasithin ) EIHTN S,

<1 . < 2).
max ft, < (res. < 2)

LEND FeC(R) L z€ XIZxL T, (X,R) D (F,z) =¥ 5 #85 AS,
(X,R),r ZKDNXNTEHT S .

(X, R).r = (zF, {rzr}rer), TzF:=1N (:::F pe :cF).

BIZ(X,R)D FIiZX A AS, (X,R)F := (X/F,RJF) ¥ ROXTCEH
5

X/F = {af|z € X}, RJF := {rF|r € R}Y1= 72 L+F = {(yF,2F)|z € y"™F}.

EBR, B3 ASRW ASH ASOEREL AT &id [20) DR THEHASH
TWwa,
(X, R)F OMEEBIRDORTROLI LI TES:

1
Mrerrr=— > > Mepy B ngr = ZEE o X/F| = |X]. (2)
nr be FdF ceFeF nr
EED F € C(R)IZ#tL T, F D thin radical, thin residue ¥ ThEFh K
DXNTCEHT %0

O¢(F) :={f € F|ny =1} and O°(F) == (| ] f* ).
feF

QX AREELLT,GZ QICTRICIEHTAIBMIEL T4, GIIOXQ
WCHRICERL T ((z,9)? = (2%, 99),z,y € Q,9 € G), TDELKk%
2-orbits & FELF, 2-0rb(G; ) & T



#4858 2.2 ([20, p- 39)) (X,R)O°® X thinTH 5,

#&E 2.3 ([4, p- 56], [2, Prop. 5.1]) fEEDd, ¢, f € RIZHL T, Xk
AR LD

(i) ngne = Z:]GR AdefTf;
(ii) /\defnf = /\fe-dnd = /\d-]enc;
("l) /\dlxe = ‘Sd,e;
(iv) Jem(ng, ne) | Aaesny;
(v) ged(ng, ne) > |de|.

fHZH 24 EEDe, fEREERED (z,y) € elIHL T,

ef = {r::|z € ¥°}
MY LD,

iERef DEFKICID, ef D {re:|z €y} HHALDTH B, geef ZHEE
ICE 2T B TDEE Ngpee = Aeggng/ne > 02 DT, 2z € y* NI B
LT, g=r, &%), EFAVRILT 5, '

#ER 2.5 H % Aut(R) := (g Aut(X,r) DETEEL LT, N := (Hy)zex
LEHETH, ZDLE, RIWID,

() EEDz e XITHLT,zVN C 2R TH 5 ;

(i) EEDze X & re RICHL T, H, A5z IS BIC@ < 2 51X X/N =
X/O%(R) S Y L2,

R () LTz L2 REE+FTH B, [EEDz, y € X ITHLT
gy c2O°R®) | yLz=ykoif, =z DT, BELZL, 4,24y
Powez kT b, TEDEE T, =1, T, OR)DEHRICLIY, 1y €
r*'r COURYDBEEY Do 1L ri=1), ThH A,

(ii) (i) 5 X/N < X/O%(R) TH %, 7:72L 2 ix X OFHEED re-
finement |2 L o TEHZINLEIFEFETH 5, 4, £ED (¢, 1") € O°(R)*
X¥EZ D TDELE UTOL )% X DFILDOF

(zl = xl,yl,-'l??, Y2, Tk = :E”) ’
PHFELT
[EBEN1<i<k— 1L T, Toy = Taypyy XiAAT o



DL &
A H H Hy,_
Iy €I y',$3€$2y2,--.,$k€$kf= l1

BRY LD, TROZ e ol Thho &oT, (i) SEWTEL.

3 QASOMHEIZOWT
EEHICBOWTIFCHS 2VHhE D, (X,R) 2 QAS L LTB,
R 3.1 EEDze XITHLT, ¢ : X o X ERDELIICEET S :
¢=(y) =9 7L 2™ = {y,y'} TH 5,

ZNDLE ¢, € Aut(X,R) Th b,

alERA ¢, #F well-defined T& 5 Z L iE (X, R) #F quasithin TH L L5
Bhhb, RemEI+3TH %,

[EEDT € RE (u,v) € T I L T(gy(w), 4,(v) = (W, v)) € 7

72720 yve = {u, v}, v = {v,0'}TH B, J

ﬁﬁ'ﬁﬁ@f:éf), 8= Tyy, t 1= Ty ELTEBLo Tuy, Tury € S*t = {Tu-u,ruv'}
BODT, ryy # Ty EIRETSHE, #B 23V) KLY ny =0y, =250
Tu'v' = Ty’ i’fﬁi D :\ZOO DT t (X u, o € y’ﬂv,’"}v, hrDy Sé o %E

F*TZ)@T‘, WS 2.3(ii) 2 & b, 2< ’\-‘"'u'u" = ’\s"ru'u' bl /s b, b
|S't| = liﬁg#‘*h Tuw F Tuy EVIIREILFET 50 [

WH 3.2 (X,R) % QASL LT, H:=Aut(X,R) L EHET S, CDL X
KB LD

() EEDze X IHLT, [H|=22TH5 ;
(i) N := (H,);ex < H TH Y, X/N = X/O°(R).

RLRA (i) 134 3.1 2 5 DEREFEL N5,
(ii) NASIERER D TH 52 L3S 2o X/N = X/O8(R) I3 #HE 2.5(ii)
L YEh Lo, "
H = Aut(X,R), N := (H,)zex EEHT D [LDLHIRKRDEL &
N={(z€X)BBDIEAIDTI]ILP2NVTEX S, L (X,R) =
2-0rb(Cy; C2) 12-0rb(Cy; Cp) (72721 G, Cu(n > 1) R EFNENC,, C, D



HEREBRTH Y, 1L ASD wreathFiTH ) L bid, (X,R)ITQAST
HY, NeCrhbo (dalee X)=Co b, N EE—HLEV, KO
B EOMICEALALODTHD, 1o d, EERIZERIC L 2DTHBET S,

% 3.3 (X,R) % QASL LT, H:= Aut(X,R), N := (Hy)zex & EH
T5he b L, NOo(R) >S2LbIEN= ((ﬁzll' c X)T&)éo

ROKERIHE 3.2, 33NHEOHERTH S,
%34 bLOR)=REHIETRIDHATRLBEIRFED 2-0rbits Th 5,

X O ZOOFEBROFHO L SIXFHIh T T, FHREROVWTR
LA B BIRED 2-orbits 12 2TV b, 2B, Z DK RIT quasithin &
WIREENLT, [Ire Rst. n,=2and (r) = R] EWVIFEHFDH L
THHROLN S,

FERTHALE» oM BEDDICERL TB L B, XRON
2 M. Muzychuk & D IE3FEFH LT, BI7E, European Journal of Combi-
natorics IZ#%Ff5H TdH 5 [ Association schemes with a relation of valency

two] D—Ex kL TFLO/HLDOTH S,

&% ] Ek
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Four-weight spin model {2\ T

AT
K- EHE

AE 7 ET (two-weight) I& V.F.R. Jones [13] 2 X o> T A H & 0 HE FEONHFERE
BET A 0icgRS L. EORIIBRE-ME (16] 12X o TLTLOBBTLHEIE
REN, SOHIEAEN 1) IKL > T—RIEEN four-weight AE Y EFNV HEFSNI.
S TIdEDI four-weight X ¥V EF VOV TREEEHFBLHRE (BROER A) BLU
four-weight A €V EFNVICBONAITIICH T 2—00BB R, RICVbWS [exactly
two values on Wol %#7:7 four-weight A ¥V EFVICHT28E L BHHILE (LK - &
#) okEFLOER (RE0EH B) 2HET S,

FYOREOPTHEITRLLTLELRL TBL.

BE X nBoELLLAHEREEL TS, FABIURS MREOTBLURZZ
DHEBRRE X TREFTAZI LTS, BF M(X) it X CTREHI G2 LEFE K Cc L
DD gEERL, B5 X i X CHRFMHT O X BFEBE LoD P vekhok
GETH. BT 11k Me(X) DBNTRIZEL, 5 J RETOBEGDY 1 THHRE M(X)
DIFN%EERT. 7, ye X ETHRI, 15 M € M(X) B LT M(z,y) & M D (z,y) K
DeHobL, RZMVY e X IZHLTY(2) 112D z BAERT. M(X) D 2 207
PIMENKHLT MoN 12%? Hadamard A RT. T4bLERED 2, ye X ITHLT
(M o N)(z,y) = M(z,y)N(z,y) LEHETSH. Mc(X) DFFITEDEFHLRTO I 1T
HORLE D% (0,1)4TH ML,

Four-weight A ¥ Y EFVMIKN L I KER SN S,

EFE1 Wy, Wo, Wy, Wy % M(X) DITRIE 5. ROFEHF (1)-(3) BIE D LOBFC (X, W),
Wy, Ws,Wy; D) % four- weight ALY EFNVET ).

(1) Wyo'Ws=J, Wio'W =/,
(2) WiWy=nl, W)W,=nl,
(3) X KEINBEEDT o, b, BLY ¢ KELTROERENK D LD :
(i) ;:_;.{ Wa(a, z)Wa(b, z)Wi(z, c) = DW,(b, a)Ws(a, c)Ws(c, b),

(11) E Wz(z, a)W;(I,b)Wq(C, I) = DWI(G, b)Ws(c, G)Wg(b, C).
zeX

RRELIZTD R D?=|X|=n kT EBET A,



W Four-weight AV EFNHW, =Wy =Wy, Wy =W, =W_ &LLTwAILL
(X, W,,W_; D) B B-55E-MBDOEKTD (two-weight) A EVETVTHAHT LILRIET
H5.

AE Y ETW (two-weight) iX ZORMEEROTRAEFIC & > TREWHE L TWOBAEAR
OHORLRLSDD—DTHET VYL a Y AF— AL BB ADo TVD I EIKRE
1SR X BRI 1Y Jaeger-BRA-TFH [11]) K& D), £TD two-weight RE Y EFNVIEHTR
Hh7 Vo L—Y 3y A% — LD Bose-Mesner (RBOBIEY 27— EHENOB L E-
THETX 32 LML P SNI. ACYVETVIZEOMEAEREHET S L v )£k
HEHE i LTRENASEROUGEL SR THHRICRRDOHAHRTHS. two-weight
AEVEPWVEEABTY VL= sV A% —aR@TROFEIETHE, RHIZH BN
HZOEPLHMONTVARLVHBLHMEI LIk THDTHA.

DHETIX Jaeger-A-TH (11) DR, Guo-Huang DR LAV LMA LLHH
BHICRRICER A, EE B 2T 5.

Four-weight A €V EFNVOERSS 4 2OFTH| W), W,, Wy, W, RETEMTHY EN06
NETOFHEFRRBTLVWHERTH LI L DRE, ZOBE e, be X IIHLTARZ b
VYL BIUYY %

Y (z) = Wale,2)Wi(z,b), Y,3(z) = Wi(a,2)W(z,b), forV¥ze X
TEHRT S, ZORROGEIHD > (83X [1] D Proposition 5, Theorem 1 £H)
WHE 2 (1) Wyol=pl, Wod =JW,=Dp"1J

(2) % 1 ORMF (1) & (2) ZBET 5 L% 1 OFM (3) RROFFLRAMICLS
HED a,be X KHLT

Wl}’:,'bl =D I’V4(G, b)y:,il:
'W\Y.y = DWy(e,b)Y.5.

EE . GE20%H (2) YTV DW, DETB LURTICHEBRES O THA W, 0E
AAHATHAHZEIRENA,

Jaeger-BAA-FFH OBR TR EROREBISRRZ & ERAEVETMIBRAFTHEIRIC
EHTH Type I TN > TWAZEIHBL TV A,

EX 3 M(X) CETNARADRTETRORETT W KORHA L M TH Type II
fATHELES !

W(z,e) _
,g, Wiz,b) Bap

DHERD a, be X (S LTHED A,

W % Mc(X) C&EN5 Type II neTa. W, t&ae, be X KHLTRI ML
Y¢‘5=Yn’,{ed"| 3
_ W(z,a)

Yoi(z) = Wiz,5)’

zeX



TERT 5.
SHIEWIKHLTHRE N=NW) 2RKD L) ICEHRTS.

{EED abe X KHLT }

N=NW)= {M € Mc(X) Y. B M OEHRI FVTHS

HE: I two-weight ALV EFNVORAIIRER L ICBVTW, =W, =W, W_ =W, =
W, LB 9A8IHAST20TYY = v =Y b ha0T Al 2, (2) 0%fFLY

a,b

2TDa, be X KHLT Yt R W, OEAERY VIR TwA, Tibb W, € N(W,)
EVI)REEHREZL TN DT LIRS,

EXRDOHSDI N @R PVRSEHTH H SHl0FHIORMLTHAL TS (il
DFNORICH L TR E L >TWD) ZEIBRA,

Kz N ECERSNZEHER U= Uy : N — Mc(X) 2EEO M e N IZHLTED
R 7 BT U(M) = (M) DX (a,b)-BiF ¥(M)(a,b) 3¢
MY:,I;, = 'II(M)(a, b)}’;‘(, a,beX
ERBEICERT S,

W Type Ll fT5ITHAHZ & & *W 2 Type Ll {791 TH A Z LIXEETHH 55 W Ikt
LTHLEOREBLUERIERTES, ThOEROMAETTET
N' = N'(W) = N(*W),
You=Ya=Yy,
‘I” = 'I"w = ‘I’iw.
COREIERO S LICKDOEED (1] KBV THEH SR TS,
EH 4 (Jaeger-AA-EFH )
(1) NBIXUF N BRENTNSBT VY L—Y 3V AX—AD Bose-Mesner RETH 5.
(2) ¥(N)C N', ¥(N)C N BED L EBIC
V(H(M)) = |XI'M, ¥(¥(M) = [XI'M

k7.9 (Lzdt>TE(N)=N', ¥(N')=N) . $/: ¥ & ¥ & Bose-Mesner {3
OMOBHER (dudlity) (<o T3,

() N=N 2 V=¥ PEHAOLLIE N =N ZACHSN (self-dual) %7V 21—
a3V A%—hD Bose-Mesner RETH 5.

HR:  —#IC Bose-Mesner REDOHEOLHHTH 5 BEERA
1

] M ()

U(MiMz) = (M) o ¥(Mp), ¥(MyoMy)=



L7 ¢ 2 WHER (duality) &V 9. LOER ALY Type N fTHldHHE N &
N' £ \v13 Bose-Mesner {55 dual pair DEHTEAZLdbhs. CORILTHLNS
Bose-Mesner fRE 0= & #BH-RELIER. FLER4O Q) L) W BHHLLEN=N
BT Bose-Mesner fRBCHHZ L b,

X512 1] KBWTROEEMEH EN TV 5.

EH 5 (JaegerIAA-FH) W, € Mo(X) % Type HITHE L x % N(W,) & Bose-Mesner
REELTHOT Y VL= ayARE—0ETH, COBRD (1) BT (2) Yo,

(1) W, € N(W,) THBZEE (X,W,,W_;D) BREYETN (two-weight) THHZ L
RATHE, CZTW.=FW, ™, »0 D OBER W, KEYEES.
(2) (1) BHY L% HIERD (i)-(iii) HELY LD,

(i) xRHCBHWETY I-YayA¥—AThHA.
(#) % i modular FEH L.
(i) Wy i3 moduler FEFBADRI LNV EIHLbEND,

BE. 7VYI-¥avA¥— A0 modular FEHEICOWVTIL 2], 3] FEBH S hlw,

EH 5L D two-weight AY VETNVERET RERTELICRBNHESEROT VY
I-yaVA¥—-LOMBICBERIAZ LI TES. Four-weight AX Y EFVOREITI
FIHObNATALER 5 DRICERICHO XA Z LIZE L TWA L IREZT A LW,
Guo-Huang [7] ([6] $BH) i four-weight AEVEFND 4 DOFHUIDVT JaegerAA-
FHOFEEZHVTROREZ EEEHL TS,

E® 6 (Guo-Huang)
(1) ‘W Wy = WolW H5E 9 LD,
(2) N(Wy) = N'(W,) = N(W3) = N'(Wy) D LD,
(3) N(W,) iXHTBHRLT VY 1—Y a Y A% — A0 Bose-Mesner R TH 5.

E0 (1), (2), (3) ZEHF B 1DI DN WEOBTRLR R B BT O Jaeger
[10] & W01 [5] bo & DHLICHEA ST Gauge FROBETH . Jaeger OV KBIE
I, ROWEEBICTLDHILHTES,

TB 7 (0dd gauge FHE) (X, W), W, W3, Wy; D) % four-weight AL Y EFNET A,

(1) Ko (i) & (i) QRETH 5.
(i) (X, W}, Wo, W3, Wy; D) i3 four-weight AL VEFNTH 5,
(ii) EM 2R ATTH A € Mc(X) PFELT W] = A"'WA BEU W] = A“'W,A #F
B b 3o,

(2) (1) BBILY BB 20D four-weight A ¥ VBTNV (X, Wy, Wa, W, Wy; D) & (X, W, Wy,
Wi, Wy; D) D52 58HHORERE—BT 5. (COB 200 four-weight ALV EF
Wit odd gauge FMETH B LT S.)



(3) ERVA AR A € M(X) T W, = AW,A BEU W, = A-W,A Rk b0
MHET 5.

(4) W, BXUF W] BB THD four-weight AE Y E TV (X, W), Wo, Wi, Wy; D) HH1E
T5.

EE 8 (Even gauge FIff]) (X, W), Ws,Ws,Wy; D) % four-weight ALY EFNVET B,

(1) X0 (i) & (ii) GEHETH 5,
(i) (X, W1, Wi, W;, W; D) i four-weight AY Y ETFNVTH 5.
(ii) BBATH P, Q € Mc(X) DHAELT W) = PW, = W,Q BEU W. = W, P = 'QW,
A RTAK

(2) (1) DL BEE 200 four-weight A¥ Y EF W (X, Wy, W, Ws, Wy; D) & (X, Wy, WS,
Ws,W}; D) D52 5% A BOFRERI—HT 5. (ZOW 2 20 four-weight A¥ V&5
Wit even gauge FIfliTHAHEFS.)

(3) BRITH P € Mc(X) T 'Wo = PWo = WoP BLU ‘W, ='PW, = W, ‘P 2ifil-Td
OWFET S,

(4) L3R (8) 1ZTTL HEBIMTH P ISHLT P = Q% QW, = W,Q % i/ BIRITHINHE
THLLIEW, BLU W, BHBETH I8 four-weight AX Y TN (X, Wy, Wi, Ws,
Wi D) AT 5.

Wi Guo-Huang DEE 6 O (2) BLU(3) 12 LED odd gauge FHEICBIT2ER 7, (3)
KT AHATARAVAZ LIS YEBT A LHTES,

ZhFE T even gauge FIftiOTRE 8, (3) 1M T 2BIATH P % four-weight A ¥ VEFW
DEN LS EURESZHPRER S, (4) INZAL ATV b0 L ARESRE L - OER
75 P 4> TROBHAEINT 5T LHFTEL I LICAD DV (|4 BR).

EH® A (X, W1, W, W;,W,; D) % four-weight AEVEFNVEL N=NW), P 2% 8
THELLBRENE TS, ZOBRD (1)-(3) B Y L.

(1) N(W;) = N(W;) = N fori=1,2,34.

(8) N = Wy 'NW, = PNP.

(3) Ww,(M) = U, (Wa"'MW,) for VM € N,
¥y, (M) = ‘PUy,(M)P forVM € N.

HE:. FHEAIKLY four-weight AV EFVICH LTHORHWRT7 Y Y 1-Yaya%—
AP—BRNCETHZ LIRS, F7:7D Bose-Mesner 8 (FH-RE) W, BXUPK
& o TLITHIR Mc(X) OB T normalize ShTWAHZE RS,



TS THEALBRIAN P IX X OTEEF BRI BREZAILICELT

P 1
P. .
P= 2 ) , Pi= ' . for i=1,...,k

P 1

DIKTETIENTEL, ZITREARMTE L, 1<i<k ZHLT P} n; ROBRTH
THDm>n>--2m21E 75 RIW, 2 PLRALYI X700y 7ICBLTE
5. Thbb

EHRTE W, = PW;; = WiaP BMEBD §, j, 1<4, § <k, ISR LTEDLD, LidoT
FFi

ni=1
u’l',t' = Zai,lpi': i=12,...,k
=0
LEDTIENTED. S610 0 PBYL O 0 = gy PRYL-TVS. $1itj 0
L& b W,; ORI PIVERB-FIRT PVEBEMICERDZ T itk >THLNS
EDITHT Wy DETCRUBEVIRE SREBDWBRF 4 (niyn;) (Thbb g & n;
DEABHE) HTH 5.

BLED & H 1 four-weight A€V ETNVOBEID HIBBOHBIEBLNEDTH LA~
BT EATH W BT LOSBH-RE NW)) OPIRAS T A LIRS WL, LidsoT
EH 8 THEAONLBRTH P b X LOBREL TEXLBILTLIFALESD cyce @
MickoTVB LRBOLVDT Jaeger-BH [12) TEREN TV S two-weight A KV EFW
0 index (KHHT 5 b DIXERTELVDOTH 3.

Four-weight A ¥V EFNVOREI, TR W, i=1,2,3,4, B2 L IROLRVOR?
Two-weight AE VY EFMIBI A7V V2~ 8 ¥ X% — AD Bose-Mesner Sz b 2
GBI ? BYULHSLRNHRIDoELT, TYVI-VarRAF—u0)
HOA L 2 modular AEBIHIET AREHH 20507 L IEN, MEIELT
{BDTH5.

CHHEDOMOPHIN L TR 2 Y LABEZRTFB TV VO TH 2L P EIcov
T Guo-Huang [8] ([6] HZBH) RV L) LEBE{ToTWA.

Guo-Huang i (X, W), Wy, W3, Wy; D) % four-weight A KX EF7 N & LI:BICATH W, &F
HR2 5 2 DOBAMER RGOV TERL TS, O, 2 (2) n&fficL 947
7| DW, OEFTEFICREBIES 2T W, OEFMSEATVENTHE1HEHR 1, (1) D
SECLY W, FHREDBTLVHEH o, f 2HVT

We = aA+8(J - A),

ERDLTEPTED. TIT AR M(X) IEEND (0,1)57FTHH2HAME 1<
E<|X|=n 3HFELT AT =JA=kJ LI BHAEZR> TS, Guo & Huang iX= Ol
% Wy iCBIT B4 % exactly two values on W, EFFA TV A, KOERIL (8] KEWENT
wa.



©H 9 (Guo-Huang) (X, Wy, Wp, Wi, Wy; D) % four-weight A ZETNVEL W,
((0,1) 775 A € Mc(X) EFTLRVHRLIBE o, f 2o T W =ad+8(J-4) L
bENTWBEEET S, ZONKOEEIEY O

(1) AWdHD symmetric 2-(n, k, A) design D(X,B) N #5175 (incidence matriz) I
oTwa,

(2) BeB%¥HEIIBELT Blp={BNB' | B € B} £BE 2(k,\ ) - 1) design
(B,B|p) ZEETHI LW TE S (B,B|p) &5 intersection number A RKIER
dNB s, il s THD L)% quasi-symmetric design TH 5.

sg=n"Y kA + A=k (k-A)Vk-A),

(8) k-A=g® %ilicT AR q 3HEHET 5.

EB 9 DEHEB7- Y symmetric design DB & L T symmetric difference property % ¥
O symmetric design XA LTV 5. symmetric difference property i1 Kantor [15] i2&k o T
ERINLBESTHEED 3 007Uy 7 D symmetric difference X700y 7 ¥/ 709 20
HUEDOThPTHB LV HIWHALERT S, ZOML design 12V Tid [15],[14)], [17] %
DFRIREN TS, Kantor 1T symmetric difference property % #2 symmetric design @
NIA-F—id k<t ETBL

Tl=4q2, k=2‘12—‘1, ’\=q2—9)

THEZONAZELRTHLTRAE, ZZTq=2"! m itHABTH 5.

% 7 Jungnickel-Tonchev i3 symmetric difference property % #2 symmetric design D(X, B)
DNGA=F—% (4¢%,2¢* —q,¢* —q) £ THK, VE2D7uy s BIRHRLTHLRS 2
design 13/37 A =% —%* (2¢® - q, ¢* — q, ¢ — g — 1) T intersection number #¢ 3¢* — g &
1¢® — 1q O quasi -symmetric design THA I L ZTEWL T2 [14]. HI< g =2 DHEIH
(16,6,2) design TH 5. (16,6,2) %737 A—5% —IFD symmetric design iZFH £\T 3
HEHDZ BB TVE, H 4 X4 D Potts 7V 2 lOF > Mtk (16,6,2) ©
symmetric design %52 TV 5. (8] BH8) .

BTE BB exactly two values on Wo TH D% four-weight A KV EFNIIBWT
Hn=4g THAZLE a= - PRVULDOIERRAMTHEZ EHFHA. \LHERTE
td Hadamard fTAI% AV TZ O four-weight A Y ETVHADERS ) - XERBEL T
w5 (18], [19] 28) . a = -8 X WLTINEDAE VY ET VI A X7 4 D Potts E
WOV 2POT 7V Ve Gauge REICL 20 ) PREDSHHLMBETHA.  Guo
it [6] DT symmetric difference property % ¥ symmetric design #* four-weight A ¥~
EFNVES R D 10OLEBETFEMFRBOERE B 0&M (2) \CHYTHEERL TV A
ENLETTRITATHE PR, EFEFHRL UK BH) 1336 T Guo B
U Guo-Huang DBXEZRIEL B LT B 9 OB OGEICY 2 ROEE B, Thbdb
symmetric design DEESTTHINS four-weight A¥ Y EFNE 5.2 5100 LB+ FEEE 5 2 1.

EHB Ae M(X) % TH 9 DRELMHIT symmetric design (X,B) DBEETRE T 5.
CDOBERD (1)-(3) B Y LD,

(1) KD $2DFME Wy = A+ (T — A) £ H1T four-weight AE ZVET VIS D
ILODLETFEETHS.



(i) (X,B) DEYE X o700y ) DRE B) ~D2EH o AFELT
j{B€B|eabceB}=|B,NByNE|

PEHIAED, CZTyp(z)=B,, z€ X ¢T5.

(i) Xs={TCX||T|=3} T3 ZOBfipeX L X; Db (1,1} ~DFf ¢
‘ el{e,bye}) = ({a,b,phlel{ac,P}e({bcp})

B p kBT RVERED {o,b,c} € X; IxF L TEY LD,

(i) AEED {a,b,c} € X5 KHLT
i{B € B| a,b,c€ B} =|B.NByN B.| = 3,(ap))
oA/ BTACH

(2) Lo&# (i), (i) BLU (i) PRILT 58 a, f BITW, 2 D BIUTkICI D%k
BCTERT 5.

alk \
t2_D(2k—kD +1)t+1=0
ORTH 5.
f= D~ ka
T D}’

Kicy= -89 TERT B, (Yid 42 = —o BT ILDDB) SOy REoTW,
RO LI ICERT A,
Wi(z,z)=1, for Vze X

Wl(z)p) = W](P, z) =7 fOT Vz # p
Wi(z,y) = Wily,z) =e({z,3,p})1, for z#y z#p y#p

COBEW, & W, it four-weight AEVEFNVES LS.
(3) a=-fBRYVUDILE n =4 FERYUOZLRRAMTHS, THZOW k

27 —g, A=¢* —q 22 g REETLTRIZR b,

BE: X OmEALIEDPIAZEIZIoTW, RROBICE T LHTESL,

Wi = A1+ Az + 7(As + A5 + As) — 1A
ZZT 4, 4..., As € Mc(X) BRDBRLED (0,1) 1757 -

| L]0t
o D L R
0 0 1

._.62_



(00 0) (00 0)
0
A3= E zz y A4= E 24 ]
\ 0 ) \ 0 )
[0 1 1) /00 0\
Ag = 0 Ag = !
o0 T o
\ 0 / \ 1 /

E6IT, (I, A5, LY HIFA2DT VY=Y 3y AX—L%52 5. A3 IZHIET 5 valency
54 Mlg:";” LigoTWwah, E6IZ (A, As,..., Ag} i coherent configuration %51 5.
PLTIZ W, #¢ exactly two valued T A% four-weight A Y EFNVE5 2 Wit SH 5
NIA=F =% 252 TBL.
a=-f DBRE
n=16r% k=8 - 2r, A=4r’ - 2r, 5, =22 -1, 5_=2r*~2r

a#-fODHEDa, k A sy, 5.

(n,k,A) sS4 s q

(1350, 285, 60), 15, 10, 15;

(15125, 4180, 1155}, 330, 308, 55;

(332928, 48756, 7140), 1071, 1020, 204; n = 8¢
(3650400, 771420, 163020), 34580, 34320, 780; n = 647
(164497840, 9487270, 547170), 31720, 31395, 2990;
(116021808, 15394302, 2042586}, 271440, 270599, 3654;
(152490250, 17185905, 1936880), 218680, 217899, 3905;n = 10¢?
(228826125, 63245985, 17480760), 4832916, 4830210, 6765;n = 5¢°
(1119980407, 193390561, 33393360), 5767944, 5764330 12649; n = 7¢?
(3541816125, 225641340, 14375115), 916674, 914940, 14535;
(31903181856, 534843036, 8966412), 150696, 149940, 22932

PLE ¢ < 25000 DA TRFREE

(LK - B OfEERTHA.

n=5¢ OBAESLICEHNLLE
(3461452808000, 956722026040, 264431464440), 73087225640, 73086892824, 832040;n = 5¢%

¥%: LED/NTA—5—it2T Bruck-Ryser-Chowla DERMFLHA LT3, (BEH(
n=5¢ DOIDIEMIHFET HTHA3.)
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1 F

Spin model X, V.F.R.Jones I2 & o T, §ABOLREREHHRT 57:D12 2 HONHATS
FHVWTERSNL, 2ok, B, FE. B8 Lo T, BHEHAIIT SN/ 2-weight
spin model PSS N |, RfRIZIHPNE—, TARTFIC L o T, 4 BOFTHI% V> /2 4-weight
spin model 2§53k &7, Two-weight spin model 7 & B #XiZ four-weight spin model A H%
Bahb, LAL . RHMIC four-weight DF) (2 F Y two-weight 251362 v) 134
LR TV, fTRIDY A X 4 LT D 4-weight spin model id H.Guol2 & o T, 7, +
AXH S5 DBFEIGHNB T LB Lo T, FHRERT WA, KETIR, H1Xh6., 7
OHEDOFTEERNL T,

I3 HOIT. 4-weight spin model DERE R TEZ I,

Definition 1.1 (Four-weight spin models)[1] Let X be a finite set with |X| = n, and let
W; € Matx(C) (i = 1,2,3,4). Then (X, W;, Wo, W3, Wy; D) is called a four-weight spin
model if the following conditions are satisfied for all o, 8,7 € X:

(1) Wila, B]W3(B, a] = Wala, BIW4[B,a] = 1.

(2) Tzex Wila, 2]Wa[z, 8] = Trex Waler, z]Wi[z, §] = ndyg.

(3) Teex Wil 2] Wi [z, B|Wa[y, 2] = DW)[a, B]Wi[y, BIWaly, o],
Liex Wilz, )W (B, Wiz, v] = DWA[B, a]Wy[B, 7]Wile, 7],



where D is a complex number satisfying D? = | X]|.

F.Jaeger it . four-weight spin model 12 RO E{lIEE* EFL 72,

Definition 1.2 [5] Let (X, W, W, W5, Wy; D) and (X, W], W, W;, W}, D) be 4-weight
spin model. Then (X, W), W3, W3, W;; D) is said to gauge equivalent to (X, W), W, W3, Wy; D),
when (X, W;, W}, W;, W;; D) is expressed as (X, AW, A~ A-1SW,, A" AWSA Y AW, 1S; D),
with an invertible diagonal matrix A, a permutation matrix S and a nonzero scalar ).

Gauge J8ti% spin model » L K SN AAERIEFHETH L MO TWE, TDOH
BTHETALIZ LY, BADENTH S,
Z ZC. spin model ¥ T A LTHELBRSTH S type 1 TTHZEHEL L o

Definition 1.3 Let W be a matrix in Matx(C) whose entries are all nonzero. We associate
a matrix W~ in Maty (C) defined by the following.

1
Wz, y| = ——.
k4] Wly, 1]
W is said to be a type Il matrix if WW~ = nl, where n = |X]|.
Type 11 fTHOBL1E . spin model DK HEFN/HDTH S, EBE. Defnition 1.1
(1), (2) 6, four-weight spin model iZ& &b b A FFHA TR T typt 11 175 ChoHZ &
RYCIiibd b, (B, [4). [6]. (10] £ BH,) Typt 11475 I b ROFEBEGFA €%
ShTwEd,
Definition 1.4 Let W and W’ be type Il matrices. Then W’ is said to type IT equivalent to

W, when W’ is expressed as SAWA’'S’, with an invertible diagonal matrix A, a permutation
matrix S.

KiHH 501%, four-weight spin model & typt 11 F7F| DL ML HTT,

Example 1.1 (1) Let  be a primitive n-th or 2n-th root of unity when n is odd or even
respectively, and let £ = ?=1fli2- Then (X, W), Wy, W;", Wy ; D) becomes a four-
weight spin model, where

.. i D
Wili, 5] = 07, W, = ?wl-

It is called a cyclic model, and W is called a cyclic type II matrix.
(2) Let a be a root of ¢+ nt +n = 0. Then (W, Ws, W[, W;; D) becomes a four-weight

spin model, where
.. at+l ifi=j D
Wili, 5] = W= =W,
i {1 otherwise ' © a '

It is called a Potts model, and W, is called a Potts type II matrix.



Wilz,y] ¥ b s H & 2k &AL &, HGuo iRERLTWAD

Proposition 1.5 [4, Theorem 5.5] Let (X, W\, Wy, W3, Wy; D) be a four-weight spin model
with Wy = nB+£(J — B) for some (0,1)-matrix B and let BJ = JB = kJ, then there exists
a positive integer A such that B is the incidence matrix of a symmetric design (n, k, A) with
the properties:

(1) k— X is a square,

(2) its derived design with respect to any block is a quasi-symmetric design with inter-
section numbers

n kA + A =k = (k- WE=N),
U (kA + A =k + (k = A)VE=N).

T

y

KiZH HHENBRT L FHOHERIEBOEHROGARIARNTH 5,
Proposition 1.6 [3] Let (X, W, W,, W3, W;; D) be a four-weight spin model.

1. If one of the four type II matrices W;, Ws, W;, W; is type 11 equivalent to a Potts type
I matrix, then (X, W), W, W3, Wy; D) is gauge equivalent to a Potts model.

2. If one of the four type II matrices Wy, Wo, W3, Wy is type 11 equivalent to a cyclic type
I matrix, then (X, W;, W,, W3, Wy; D) is gauge equivalent to a cyclic mode).

2 Cyclic model & Potts model i DWW T
Type I1 {75 W € Matx(C) & z,y € X KHL T, AR F Vol ¥ RTEET 2,

Wlz,q]
ueald = Wiz,y]’

ZL T, type 1 175 W € Matx(C) 23 L T, N(W) &
N(W) ={M € Matx(C) | u}’ , is an eigenvector for M for all z,y € X}.

LEET AL, W association scheme ) Bose-Mesner f{EIc % 52 ¢SGR TV, BH
BTN T2, (L CR6, 10)8R.) ¥, KT 2 Zo0HiEIERTE 2,

Lemma 2.1 Let W be a type II matrix in Maty(C) with | X| = n, and Ey = (1/|X|)J, E,,
-++, E4 be orthogonal idempotents of (W) expressing I as a sum, i.e.,

E,-Ej=6,"jEi, for0<i,j<d, andI=Ey+E +---+ E;

Let m; = rankE;. Then W is type II equivalent to a matrix U = [Uy, U}, ..., Uy] satisfying
the following conditions.



(1) Each U; is of size n x m;, whose entries in the first row are all 1, all entries are nonzero,
and Up = 3, the all 1 vector.

(2) Let U; = [ul”,ud,... ,ul)]. Then Span(ul’, ul?,. ., uldY is equal to the column
space of E;. In particular, they are linearly mdependent.

(3) N(W)=N(V).

Lemma 2.2 Let W = [w),w,---,w,] be a type Il matrix in Matx(C) with n = |X|.
Let M C N(W) be a Bose-Mesner algebra of a commutative association scheme. Let
Ao, Ay, - -+, Ag be the adjacency matrices, let Eg, B, - - - Ed be the primitive idempotents.

Suppose w) = 7 and w;,, -+, w;, with 1 <) <iy < .-+ < iy, < n span the column space
of E;. Then [ ]
W ’C 'lh
nEilk,
Z o)~ ol

for every 1 < j,k <n.

EOZoNHAL ) & . FHAEA symmetrization of a regular group sckeme of Z,
0 Bose-Mesner A E &L & ) % type I fTHINRETE 50 S DML, cyclic type 1177
Hl & type I EHHIC 2 AT A DR S,

Proposition 2.3 Let W be a type II matrix of size n > 5 or n = 3. Let A be a matrix
with A[i, j| = é;+1,;, where indices are considered as elements of Z,, and let A=A+ AM,
If A is in N(W), there exist diagonal matrices A and A’ and a permutation matrix § such
that AWA’S is a cyclic type II matrix.

Proposition 1.6 & Proposition 2.3 £ 75 . ROEENH,N 5,

Theorem 2.1 Let (X, W,, W,, W3, Wy; D) be o four-weight spin model. Suppose that the
Nomura algebra N (W) contains a Bose-Mesner elgebra of the symmetrization of a reqular
group scheme of a cyclic group. Then (X, W), W, W3, Wy; D) is gauge equivalent to a cyclic
model.

$7:. type L FFHIW AW W € Span(l, J) 2B LTwAH L Bid, 544 ($1X
A6 . 7O spin model 4FHKT 5 type 1 FTH L LB L TWD) DL TRETE, &
DYEIZ1, Potts type 1T matrix i2 type I FHEIZ R 5 Z LA 5H 5,

Proposition 2.4 Let W € Matx(C) with n = | X| > 2. Suppose the following.
(1) WW- =mnl, ie., W is a type II matrix.
(2) WJ =alJ for some a € C.
(3) W'W =8I ++J.



Then W(z,y| takes exactly two values. Moreover, if W = B + £(J — B) for some (0,1)
matrix B, then B'B € Span(!,J) and B becomes the incidence matrix of a symmetric
design of size n. In particular if BJ = kJ, then k(k — 1)/(n ~ 1) is a rational integer.
If k = 1or n -1, then there is a permutation matrix S and a scalar p € C such that
WS = u(al + J), where a is a root of £ +nt +n = 0.

Proposition 1.6 £ Proposition 2.4 £ 6 . RDEEMELN D,
Theorem 2.2 Let (X, W, Wy, W3, Wy; D) be a four-weight spin model. If Wy'W, is e
linear combination of I and J, then one of the following holds.
() (X, W), Wy, W;,Wy; D) is gauge equivalent to a Potts model; or
(¢) There is a (0,1) matriz B such that Wy = nB + £(J — B), and the conclusion of

Proposition 1.5 holds. In particular there are rational integers k, A such that 2 < k <
n-2,B'B=(k-A)I+M, k(k-1)/(n-1) and vk — X are integers.

3 #14X6. 70 Four-weight spin model {C 2\ T

Four-weight spin model # #§}% ¥ 5 type I1 {750 T 503 B CRATHIF association
scheme {27t 5 Z L ARIGN TV 5, ([4]. [6)2MR.) 4 X6 . 7 D association scheme D53
FidaohTsh, AOHMMITIR association schemetd, NTFO@ YD ThH 5, ([9) BH,)

e size 6

AS(GCI :'Zs)

AS(6s5 : 6¢1(0,1 + 5,2 + 4,3))
AS(6s8:6¢1(0,1+2+3+4+5))

o size 7

AS(7cl : Z7)
AS(7s2:7c1(0,1+6,2+5,3 +4))
AS(7c3:7c1(0,1+2+44,3+5+6))
AS(7s4:7c1(0,1+24+3+4+5+6))

(X, W), Wy, W;,Wy; D) % four-weihgt spin model &%, N(W,) #° AS(6cl : Zg).
AS(6s5 : 6c1(0,1 +5,2 +4,3)). AS(7cl : Z7). AS(7c2 : 7c1(0,1+ 6,2+ 5,3+ 4)) D
Bose-Mesner {0#(® & & Theorem 2.1. AS(6s8 : 6c1(0,1+2+3 +4+5)). AS(7c3 :

7c1(0,1+2+4,3+5+6)). AS(7c4: 7c1(0,1+ 2 +3 +4 + 5+ 6)) DEFIZ, Theorem 2.2
NEHLB L TVEOT, FLARROER%:B5,

Theorem 3.1 Every four-weight spin model of size siz and seven is gauge eguivalent to
either a cyclic model or a Potts model.
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S >~ % (M.L.Lang) 2 & 5 #4430

1. MFARLE

(N). FAEATRE - BB 0—2 BAGBIC kD )52 T XTHET
ALt (MMBEOSEHELbIIZ).

(P). TThe : BB U —2 AL > TV B 2B 2T RCELT S
L.

(E). % : 02 BOHOMEIEL 216 (T > TWAHHEMBELY T
RODDIL (F7ICLMESE) ., 2160 THEMBETE A F—D 00— 2
HBABEOMNETH S.

(P-46). B#iltD I O0— 2 OB > T3 2 BTN R4 218 THS
bDETRTRABTAHIL (T 7L > THFTH).

(C). Wi o—2 AR Z->TWw2 2% (2 HBOARMERNOA
o) oA L.

(S). BIERIHMBEES 0 — 2 oML FDEIIOEMBOL O— 2 IFHD
B2 R4 L.

2. RRATRES 2-BF

G ZHSEL T2 (AWMTIISETRZ BHBEL 2FX 2. 2||G| 277
A - b TVDERILEES. EHIC
[L2(5)| =22-3-5 = 60,
|L2(7)| =22 -3-7 = 168,
|S=z(8)] =2%-5-7-13 = 29120.
THE200 2T XTORMBONKREN LM —DERTHSLZ LID
5.

w4 22 DD 2 BEOFRBEOMEE (26 % Tid Hall-Senior, 27 X James-
Newman-O’Brien, 28 iX O’Brien, 2° it Eick-O’Brien iZ X %:) :

2n 2|14|8|16|32| 64 128 256 512
number 112|514 |51 | 267 | 2328 | 56092 | 10494213
realizable |0 |1 |2 ]| 3 | 4 8 7 ? ?
oddauto |0|1]2]| 5 |15 | 56 261 ? ?

i (G.Higman-C.Sims). ¥ p™ ? p HOAKITETA ZA BN ROKNICEF

PR
2

77 + O(¥/n)-

pa(n.p)na' a‘("’: p) =



EH. 2 BSIEZRCABLEL -8 HE L TROIEM IR
GHFFET 5 & & TINATHE (G 12 L TEBWThE) &

F EORO—FTFTOKIZEAPTLVHFENHOHERNRYE#D 2 HOK
kbbb,

EF. 2HSHARMGHOIO—2 HICFAMOLEZ SEGREVS.

Gr*ER¥LL, PrEonlu—pEaltL 35, P%*ZoILRHDEM
HMESLLTERDEHIZHEDHT.

P=CquC:--UC;.

Zht PORBEHOWEONIGCoODTIIFLLE D, TBEST S| Lnb
ha, CThizko kbbb an s,

P=CyucCy---UC;,.

EFRIZESTHELD CLIIWLDHD C; DFKESTHY, ¥THC! D
T GDORTFRTHEHETHE., Co=Ci=1tu2bLH5iCiLTx8EL
¥5.

S p=2DIZIT PORDbLHIZ S EHL.

EEA SE2HEL, DS)=D%2SPDCs(D)c D(HACHLW) L4253
BAEEDT, LU Ns(D)%22T—2 BLELTHELO0,(D)=1,D=05(D)
EoTWABERE DMHEELT, EH5IRDEMEN) 2243 (1) D—F%
BRI DVOELEDPMEELER L (FD L D% D 2 WETlE (admissible) &
B, /-84 {(D,D),D € D} * &K, TOBIMESEHEBRITHL W
5.)

(I). Ng(D)/DIixREIBEE 7-id—k 4 THBETH S,

/-1,

(11). B D/D XA HIGH O EREABE L/D T Ly(27), Sz(220-1) % 7=
it Us(2™),n > 2 ENMICERICZ 2D E ST,

. Aut(S) 32 BThHWELE SeDL¥5, SLELTIISHOEBETREWY
FHUBOEBCEEBIC X 58, K% ¥ 9. admissible &5 8 D (IxL CT—4%
XD D OEEMATH 5.

T A, 28 SHERITBO L ZIIIROKGMRILT S.

(i). S I METRETLZITIUIEEATH 3.

(ii). Ci, i=1,....k & SOXBML S, TOL XEA%HELIHK A H°
FELTCLi=1,... . K ESOT_TH(D,D)c AR D » o8&
AZWETH B E ELLTDOSEN (a),(b),(c) ATKILT 5.

(8). +9XTD i=0,1,2,.... K L T|Cl >1,



(b). S={zy L,z,yec Cl,i =1,2,... k'),

(). 7 & C! DFET |Cs(x:)| BF=TD y e C! DREDRTHEAIZ 2 > T
HLTBHLE, Cs(y) td Cs(z;) DERGFBEICFIBITZDORIBERIE S DD
A4 & compatible T 5.

E.OEHAD (1) A RTINS EMBOSENLETHE. TLrasy
A2 ERII o0 2 HAEHOBEAIIERITIETIE 2 VI & 2 FEHL /- (Annals
of Math.,1972). L L HEE#HTMTE S 0— 2 HoHELFEHICMTS
— BN ERIIFEL v, X A O (il) X DHILBI O R/ CREBE§E
THb

. AA Mo o—-2 MABELDVWE R SIMEEGITHL THFEE
{(D,D)|D € D(S)} ®&d % TC (D, D) »FFLEL T Ng(D) #° Ns(D) 251 <
ToTwnd, WXIZ Ag2BWTIE D & LTSN BIEEL > TV izwn,

ER. AR GO u—pHIBEPORMEBII K =k (THbbCl=C;
AFTNTDIITDWVTHIN) Lo TWnBEZEHBHETHD EV S,

I (Griin), ARG DY U— p 850 PHARLEMELHORLIZG
T p RF¥IEFTHB, I (P#£1%261F) GIZHBMMTIZ RV,

W2 IZ, GHAIETMHHL: ST PORBESIZEBTIZ 2V,

TE3E (Alperin-Goldschmidt). HFR#: G DEFHOME {Ns(D), D € D(S)}
ito—-2 BoaEomEsrHEMNTS. ¥ 4bb, z,ye S, ge GT
g lzg =y THNIX, g =122 Tp PHFEHELT g '2g =y, x; €
NG(D.-),DieDﬁ*'lajthL'Cvxa. .

EH A D (ii)(c) TBR72IT z; & extremal 2L e XITN TV 5 b DX
LTVa. ZOBBKIE SHBEGCHOI O —2 BTHBE X Cs(z:) it Colz:)
DLa—2 BB S.

ROBELERVFCERAOPIHAANLNR TS,
EIE (Glauberman’s Z* FEFE). G * HPRTIETIR L HBMEL TS, Tk

EO0-2 BSDITRTOMM2DOIL tIC/-v L Tse SUHMHFEL T tiX
GDOPRT siTHKFER>TWVDS,

T (Thompson DBAFEM). G *FRE, S+ u—2 §45H, T
T SOBKBIGELEL., 0L EZGHIBE2OHEIBEEEET 2V LT,
S\TDITRXTCDOMUBM2DITLtITCOPRTCT DHBIEEs LTI B,

EI (Griin). PE*BH GO u—pRBalLTHLE FOT7 x-S NVERS
BPNG Tzy 1 LFTAHARXTERENS, S Tr,yec P Tl Gof
Tyll3iZTaHh 5.

_73_



3. EMONSWEEAEES 2 B (T2 AORBHED ?)

TR A DE{HIREHMEE (fusion-simple)(T % b B Z(G/02(G)) =1,G =
O%(G)) & GEHD) WHBLX RS Z ARV, Zh6, G=A5145
DESLBOIO—2 BABNERADBOREFE* S5 bHNhkvw, E
BTz 2 BB ST b, ERAOHBRIIE AITDLHALESEST
Xw, 28426, DLEI RO, HETAHAHIER2 #ifxdbo2 &iC
ZoTLES. —F, EBRTRLBTHESNITIE AVSHFFKROESBTEE
o TVAPIDFELET S, ThWwiHELZIBEITEL TWAHE G AT HEHMEE
(ESHME VI ZITTERL) ISR D7-DICIIFEHRTR Ao [
Bl THRVWEWVITLEVWAERRDITAIETHE. ZHLALERTE2Z [8E]
ZWERTIR ADPFETZELEELLN S,

B0LEIRERIRITF— N . =7 —D 2 BOEEZF R4 26 DBTE
B N2 TRTEDDIIENTE. (FOYEE L TIXEBRH BT
B bDLERMELL TEOALEND o/2H.) VWHAVLLEGFEERND
PRXAESHTIIHHMBOTEEELLELTH, DABFEOHFNITH AL 27
DOEIRITEER 2 B2 T XTEDDHILIITEETHA.

S4B 2" ORBARGEL 2 8B

4 ETREE.

8 : METIREE, 2 HAERE.

16 : P TTIREE, 2 mARE, 2 4B

32 PIEETTIREE, 2 mMEBE, P2 EAER, BN Z,1 2.

64 PISEUIIREE, 2 MR, 32 WA, ¥7-i1F S2(8),Us(4), La(2), La(4),
G2(3) Du— 2 8.

128 W nTIRBE, 2 mERE, L2 WEAER, JM Z5122, 7013 La(3), Us(3),
Janko, D 10— 2 B,
EEAOHMDIAEFAME 2" D 2L TIHEHAL &5 & +hif, L
HIF - 2B ER A DL (1)) x M T ol nI iV
At b, LALaddrE@EZ0T, EFIC/HNEVEEERVT, 22Tk
FRERA L,

R, 2 B S OWERIE D(S) UK IDBFTHRLEATHI L EILS
X2 WA, Y2 EEETDH S,

D(S) A DT D ¥k EATWVDBETBE DIWMETNIRFED E, TH B
PHROFMEE O ZIT L.



. 2 SHACH UL METIRGE Ey 2 GATWIUY S i3 2 HER
T3 2HEHBRTHS.

TR, S L EBTAEL 2 BEL, BE DS) HHIMENTED £ HFATY
BETIUE SIE WS TR S 2142k 2 WA TH 5.

DgQg E QALY Za X Za X Za A, ﬂﬁbﬂ)tﬁyél:ﬁﬁ'\“hli’lw. k@m
mMbEX 5.

WA 2 HISHERZE  ZboTwniwnidl. Cok & SiIxKOeE,
—fk 4 TEBE, 2TMEE (U8 LLE), F/FE2HAEHTHS.

CNOEDEERIZELY D(S) NI FIX8DTEETAT VS L il
THhbH. |D|=1612%25LHETH 2. ROMBUITEBENESIEN S HIFT
BL.

WA, S T 16 OFTRBTCHBRIUBOBHATZVWHCRBE b DL
4X., Tk 3 Six Qg,Zg X Qs F/ox Z4 *Qg ‘:Iﬁlﬂ—cﬁ)é.

CORREMFE L
T, EBAOHINMNEI2LUTD 2 BICHL TEIRILT 5.
A% (FERHHET) EBATE 5.

LE 64 DERICL TiX 2 DWhHetE (1) 2 EF X HLENDH B, ZHEE
i D2EThshs, STDxXEgktdX. CODLE Ly(4)IZ D D LizH
FUMEHT S, HZEFOERIZ2MyHB. D/D = Ly4) ETHui, ¥
LDERDHBETS DI D OFBEIEKRE RS, DD o—2 B Ly(4)
A D\L IO RBISER T La(4) BITH D, 5 Thwnk &ix Ly(2) BT
HbH. Thwz S oWEIRIEbicaFzoTLES.

G = L3(4) BNV Tit, Ng(D)/D X Eyg D Lo(4) WX BIEKRTH B, —4,
SH Ly(2) = Ag B 5, S i PSpa(3) BITHH 3. G = Ag BV Tid,
Ng(D)/D % S3x Sz iCMEITH ), G = PSps(3) ICBVTix, Ng(D)/D ik
Eig DL ()T XA REB->TVD, RWRITG=AICBVTIT D Eg
IREBFCII RSB T v, FL X S % HAkd 55 D = Ejg D
& & Jankoy & Jankos THL Tw5, '

TDXHICL TEHR A DOThRME (1) 2 DAL ZiTHEWIT R VIBAIX
Bz S OENOPZH (1) ZIM»EFI2BSIIERATHS. 2L ER
ADBIIBHHBEFEILZETICVWNTHADOTINLU LD [EBHHTE]
XL ZwZ eicds., LAMALEAL0HHEHEL LI OEOERIIFE
HTTEBERS,

FEIE 7. S EEBATRRL 2 BTN 16 DHFESBIHEL o TWHLE &
S D arBEE (sectional rank) 124 LLFCH 5.



M. S v ERTRBRLIETRZ HTHUBIEL2T 2ol SHx s ar
L4 LLTTH 5.

#HBE. AFIE P IF—-NVTHAINACELSRY =72 av T (1999
$£5 A 208-6 B4 H) DHER~RWMI L2/ LEELLLTHRLALDNDTH
5., STy ITOMERMNERE LMW ERICIETINTESbE T
LTHRIETS.

A preliminary report on simple groups whose Sylow 2-subgroups
are of order at most 21 by Mong Lung Lang

We list all the finite simple groups G such that ord2(G) is less than or equal
to 246, The report is organized as follow :

Al. Orders of Sylow 2-subgroups of the sporadic simple groups

A2. Orders of Sylow 2-subgroups of simple groups of Lie type

A3. Simple groups G of Lie type (odd characteristic) such that ordz(G) =
m.

A4. Simple groups G of Lie type such that ordz(G) = m, m < 46.

AS5. Simple groups G such that ord2(G) = m, m < 46.

A1l. Orders of Sylow 2-subgroups of the sporadic simple groups

The orders of Sylow 2-subgroups of sporadic simple groups are

23 Janko,

29 Mathieu,

26 Mathieus

27  Jankos, Jankos, Mathieus, Mathieus, McLaughlin
28 Lyons

29  Higman-Sims, O’'Nan

210 Conways, Held, Mathieus
213 Suzuki

214 Harada, Rudvalis

215 Thompson

217 Fischer;

218 Conway,, Fischers

221  Conway,, Fischers, Janko,
241 Fischery

246 Monster



A2. Orders of Sylow 2-subgroups of simple groups of Lie type

Let n = 2¢(2m + 1), where e,mn € NU {0}. Define ordz(n) = e. The order
of a Sylow 2-subgroup of a finite simple group of Lie type is given in the

following table.
(¢

ordg (G}, q is odd. q=2m
An(q) (B]orda(q = 1) + [ 2 orda(a® - 1) + E:"_l(;'iyrl —ordp((n )+ 1,q = 1)) (n+ 1}nm/2
ZAn() (Blordz(a + 1) + |24 Jordz (42 — 1)+2:"_l|;’,‘ﬁ_—'rl—ordz((n+ 1.g+ 1) (n+ Dam/2
i (q) n . t:vrt:l'z(tl2 - 1) 4 z::o.—_-][_EnTz s 1-1 n2m
Cnla) n-ordz(e? - )+ ) " I-pRTI -1 nZm
Dn(q) (n — Norda(e? - 1) + Zﬁl"k‘ﬁ':"-z' + ordg(q™ — 1) - ordg((4. ™ = 1)) a(n ~ 1)m
2pu(q) (n — 1) - orda(q® - l)+z:‘;.l%’&%]+ordg(q" + 1) — ord2((4.q™ 4 1)) na(n ~ )m
2g(q) 3+ 4-0rd2(e? - 1) + 2. orda(e — 1) 36m
Ey(q) T ordg(q2 -1 42 6Im
Eg(q) 8-orda(e? - 1)+ ¢ 120m
Fa(q) 4-ordp(e? — 1) 43 24m
Ga(q) 2. ordg(e? — 1) Gm
ID4(a) 2. ordg(g? - 1) 12m
2p6() 4-0ordg(g? — 1) 4+ 2 - orda(q+ 1) + 3 36m
202(3271-}»]) 3 -
2pgy(a2ntly . 2(2n + 1)
2pgq(22n ) . 12(2n + 1)

A3. Simple groups G of Lie type (odd characteristic) such that
ordz(G) =m

For each m € N, we determine in this section all the groups G of Lie type
(odd characteristic) such that ord2(G) = m, where 1 < m < 46.

A3.1. L,(q). An(gq) = Ln41(g). The following lemmas gives the nec-
essary and sufficient conditions on n and ¢ such that the order of a Sylow

2-subgroup of L, (q) is 2™.

Lemma 1. Suppose that n+1 is odd and that q is a power of an odd prime.
Then orda(Lna+1(q)) = m if and only if e > 4 is an integer and

(i)g=2°"2—-1 (mod 2¢~}), or
(ii) g = 2(¢=1/2 1 1 ( mod 2(e+1)/2),

where oo
n-+1
e=2(m— Z[sz])/n-
k=1



Lemma 2. Let n + 1 be even. Suppose that q = 3 (mod 4). Then
ord2(Ln+1(q)) = m if and only if e > 3 is an integer and q = 271 — 1 (
mod 2¢ ), where

e=2(m 3]~ > [Fmr] + 1/ +1).
k=1

In the case ¢ =1 (mod 4), we have the following result.

Lemma 3. Suppose that 2™||n+1 and ¢ = 2™ + 1 ( mod 2"+ ), where
ry 2 2. Let r =min{rg,r1}. Then ord2(Ln41(q)) = m if and only if

r1=(m—[n+1 Z[g:*"lll-*-r)/n'

A complete list of L, (q) such that ord2(L,(g)) = m can be determined by
applying Lemmas 2 and 3. Since ord2(Ln+1(gq) > 46 if n > 20, A complete
list of L,(g) such that ord2(L»(q)) < 46 can be obtained by the following
table. (The second row of the table is read as : if g is a power of an odd prime
such that ¢ = 272 — 1 (mod 2°~1) or ¢ = 2(¢~1/2 4 1 ( mod 2(e+1)/2),
where e = m > 4, then a Sylow 2-subgroup of L3(q) has order 2™. The

remaining rows are interpreted similarly.)

ordg Ln(q) q= 3 ( mod 4) q=1 ( mod 4) e>4

qm L3(q) 2¢—2 _ 1 ( mod q¢—1 ) 2{e—1)/2 +1 ( mod 3(c+l)/2) ce=m

am Lg(q) 2¢~2 _ 1 (mod2¢=1) 2(e=1)/2 411 (mod2(e+1)/3) ¢ = (m-1)/2

am Ly(q) 2¢=2 1 (mod2t—1) 2(e—=1)/2 ., (mod2(e+1)/2) o (m-—1)/3

am Lo(q) 2¢=2 _ 1  (mod2°—1) 2(e=1)/2,, (qpoaa(e+l)/2y) .= (m—3)/4

am L31{(@) 2°=2_1 (mod2c—1) 2(e—-1)/2 41 (moda2(ct+1)/2) . = (m—3)/s

2m Lya(e) 3°=2 _ 1 (mod2t—1) 2(e=1)/2 4 (modafes+1)/3) .= (m -4)/6

am Lis{e) 3°=2 _ 1 (mod2¢—1) ale=1)/2 43 (moda2let+))/2y o (m-ay7

2m Liz(e) 273 - (mod 2°=1) 2(e=1)/2 4, ( mod 2(¢+1)/23y ¢ = (m - T)/8

™ Ligle) 272 -1 (mod2°—1) 2(e=1)/2 41 (modaa(c+1¥/2) .= (m-_7y0

ordg Ln{(q) q=3 ( mod 4) q=1 ( mod 4) e>3 5 >2

am L2(q) 2¢=1 .1 (mod2¢) 2/ 41 (mod2ftl) ec=m41 f=m

2™ Lg(q) 2¢~1 -1 (mod2°) 2/ 41 (mod2f/+l) = (m—2)8 J = (m—3)/8
2™ Lig{g) 273 -1 (mod2°) 2/ 41 (mod2/+l) c=(m-~06)/8 fe=(m—T)/9
am Lig{e) 2°=1 -1 (mod2¢) 2/ 41 (mod2/+l) c=(m-0)/7 7 = (m — 10)/18
am Lig{e) 31 -1 (mod2¢) 2/ 41 (mod2f/+?) c=(m—-14)/9 [ = (m-15)/17
ordg Ln(q) Q=3 ( mod 4) q = ( mod 4) e>3 5122

am Lala) 2¢=1 1 (mod2%) 2/ 41 (med2ftl) c=(m-1)/2 f=(m—1)/3
2™ Lg(®) 21 -1 (mod2°®) e=(m - 8)/4

am Lig{e) 21 =1 (mod2%) 2/ 41 (mod2/*+l) = (m-8)/0 = (m—7)/11
am Lig(q) 2t~ 1 -1 (mod2°) e =(m - 138)/8

am Lao(e) 211 (mod2¢) 2/ 41 (modal/+tl) c=(m—-16)/10 = (m —16)/19
ordg Ln(q) Q=5 { mod 8) q=1 ( mod 8) S>3

219 Lg(q) 2341 (mod 2241

243 Ligle) 2241 (moda 23+l

am Lg{q) _ 2/ +1  (mod2f+1) 1 =(m —a)/7
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ordg Un(yg) =7 ( mod 16) q =16 ( mod 16) Fr>a

257 Uigle) 22 — 1 (mod 2341,
2™ Ui16a) 2/ -1 (mag 2/t s =(m - 11)/15

A3.3. O2n41(q). Bn(gq) = O2441(q). Note that O3(q) = L2(q), Os(q) =
S4(q) and Og(2) = S4(2) is the symmetric group on 6 letters. Let g be a
power of an odd prime. Similar to L,(g), we have the following.

(i) ¢ = 1 (mod 4), then ord2(O2n+1(q)) = m if and only if e > 3 is an
integer and ¢ = 2¢~! + 1 ( mod 2¢ ),

(ii) ¢ = 3 (mod 4), then ord2(O2,+1(q)) = m if and only if e > 3 is an
integer and ¢ = 2°~! — 1 ( mod 2°¢ ),

where
e=(m— E [2k+l]+l)/n
k=1
ordg O2n 4+11(q) q = %1 { mod 4) e>3
2m 03(q) 2¢=1 41  ( mod 2°) e=m+41
am Op(q) 2¢=1 41  (mod 2%) e=m/2
am O7(a) 2¢~1 41 ( mod 2°) e = m/3
2m ©p(q) 221 41 (mod 2%) e=m —2/4
2m C11(q) 2¢=1 .41  (mod 2¢) ce=m—2/6
2™ C13(9) 2¢—=1 .43  ( mod 2°) e=m —3/6
2m 5 (q) 29=1 .41  ( mod 2%) c=m - 3/7
am Oy7(q) 2¢=1 41 ( mod 2°) c=m—6/8
2m O10(q9) 2¢=1 41  ( mod 2%) ce=m —6/9
am ©21(q) 2¢=1 41 ( meod 2°) ce=m~T7/10
2m 023(q) 2¢=1 41 ( mod 2°) e=m—17/11
2m O35 (q) 2¢=1 4t 1 (mod 2°) e=m—9/12
2™ O27(q) 2°=1 41 (mod2%) e=rm - 9/13
2™ O20(9) 2¢=1 3 1 ( mod 2%) e=m — 10/14
gm 031(q) 2—1 41 (mod 2%) ¢ =m - 10/16
2™ O33(q) 2°=1 41 (mod 2¢) e=m— 14/16
2m O35 (q) 2¢=1 41 ( mod 2¢) e=m — 14/17

A3.4. S2,(q). Cn(q) = S2,(q). Note that S4(q) = Os(q) and S4(2) =
Os(2) is the symmetric group on 6 letters. Let ¢ be a power of an odd
prime. Similar to L,(g), we have the following.

(i) ¢ = 1 (mod 4), then ord2(S2,(q)) = m if and only if e > 3 is an integer
and ¢ =2°"! +1 ( mod 2¢),

(ii) ¢ = 3 (mod 4), then ord2(S2,(q)) = m if and only if e > 3 is an integer
and ¢ = 2! — 1 ( mod 2¢),
where

e=(m— Z[2k+11 +1)/n.
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ordg 0-2’-"(0) =1
am™ ot 2¢ 41
2m™ o o(-,) 2% +1
am O, (9 2% + 1
am™m Ol (1) 2% 41
™ o?‘?(q) 2% 41
2m Ogs(®) 2€ 41
A3.6. O3,.(9.

Og () = Ua(q).

( mod 4) g =2 ( mod 4) e> 2 I 22
(mod2°t1l) 2/ 1 (mad2f+l) e=(m~1)/3 7 = (m —23)/2
(mod2¢t1) 2/ -1 (moa2ftl) e=(m~5)/s f=(m—T7)/4
(mad 2¢t?) 2/ =1 (mod2f/tl) c=(m-38)/7 1 = (m - 10)/8
(mod 2¢+1) 2/ 01 (mod 2/+1) = (m ~13)/9 f = (m — 15)/8
(moa2¢tly) 2/ 1 (mod2f/+)) ec=(m ~16)/11 [ = (m —18)/10
(mod 2°+)) 2/ 1 (moa2/t1l) = (m=~20)/13 [ = (m - 22)/12
2 — - — 2
D,(q) 05,.(q). Note that Oy (q) = L2(q?) and

we have the following.

(i) n
(a)

(b)

(ii) n

(a)
(b)

ordgy

2™

2"‘

m

™

am

ordg
zm
2"!
2"!
2"!
2"1

qm

is even. Then

if g =

1 (mod 4), then ord2(03,(q))

integer and ¢ = 2¢~! +1 ( mod 2°¢ ),

ifqg=

3 (mod 4), then ord2(0O5,,(q))

integer and ¢ = 2°~! — 1 ( mod 2¢).
is odd. Then

if g =

1 (mod 4), then ord2(03,(q)) =

integer and ¢ =2°"! +1 ( mod 2¢ ),

ifg=

3 (mod 4), then ord2(03,,(q))

integer and ¢ = 2/ — 1 ( mod 2/%!),

where

Ol

o (q)
oz (®»
O (e
Ojg(®
Oo0(?)
Ogqfa}
Oo9(9)

oo ()

Og (@)
Ol
Ol
O1al9)
O (D)
Og6(a)

ge—1

e e e g

Let ¢ be a power of an odd prime.

if and only if e

if and only if e

if and only if e

if and only if f

e=(m- Z[ /(= 1).

{ mod 4)

( mod 2¢)
{ mod 2°%)
( maod 2¢)
{ mod 2¢)
{ mod 2¢)
( mod 2%)
( mod 2¢)

( mod 4)

( mod 2¢)
( mod 2%)
{ mod 2¢)
( mod 2¢)
( mod 2%)
({ mod 2¢)

Z[ 2k+1 ] n+3)/n.
=1

¢>3
e =m
e = (m —
e = (m —
e=(m —
e =(m =
e =(m —
e =(m —
q=3 ( mod
af - { mod
2/ -1 (mod
2/ -1 ( mod
al -1 { mod
2/ -1  ( mod
2/ - { mod

1)/3
3)/5
4)/7
7)/0
8)/11
10)/13

4)

2f+1 )
qf+1 )
2f+1,
af+1 )
2/ +1 )
2/+1)

e>3

e =(m =1)/2
e =(m -~ 3)/4
c=(m~4)/8
e=(m -~ 7)/8
e = (m - 8)/10
e = (m = 10)/12

2

2

2

2

Similar to L,(q),

3 is an

3 is an

3 is an

2 is an

-

S = (m = 1)/3
J = (m — 5)/B
1= (m—8)/7
S = (m —13)/9
= (m — 16)/11
J = (m — 20)/13

A3.7. Lie Groups of Exceptional Type. Let ¢ be a power of an odd

prime. Then the following holds.



(1) E¢(g)-case :

(a) ¢ = 1 (mod 4), ord2(Eg(q)) = m iff ¢ = 2(m—=7)/6 L 1 (mod 2(m—1)/6),
(b) ¢ = 3 (mod 4), ord2(Es(q)) = m iff g = 2(m~9/4 _ 1 (mod 2(m—5)/4),

(ii) 2E¢(q)-case :

(a) ¢ = 3 (mod 4), ord2(2Es(q)) = m iff ¢ = 2(m~7/6_1 (mod 2(m—1)/6),
(b) ¢ = 1 (mod 4), ord2(2Eg(q)) = m iff ¢ = 2(m—9/441 (mod 2(m—58)/4),

(iii) E+(q)-case :

(a) ¢ = 1 (mod 4), ordz(E7(q)) = m iff ¢ = 2(m—9/7 4 1 (mod 2(m—2)/7),
(b) g = 3 (mod 4), ord2(E+(q)) = m iff ¢ = 2(m—9/7 _ 1 (mod 2(m—2)/7),

(iv) Eg(q)-case :

(a) ¢ = 1 (mod 4), ordz(Es(q)) = m iff ¢ = 2(m—14)/8 1 (mod 2(m—6)/8),
(b) ¢ = 3 (nod 4), ord2(Fs(q)) = m iff ¢ = 2(m—14)/8 _] (mod 2(m—6)/8),

(v) Fa(g)-case :

(a) g = 1 (mod 4), ord2(Fy(q)) = m iff g = 2(m=7/4 1 1 (mod 2(m—3)/1)
(b) g = 3 (mod 4), ord2(Fis(q)) = m iff ¢ = 2(m=7)/4 _ 1 (mod 2(m—3)/4),

(vi) G2(q)-case :

(a) ¢ = 1 (mod 4), ord2(G2(q)) = m iff ¢ = 2(m—2)/2 4 1 (mod 2™/2),
(b) ¢ = 3 (mod 4), ord2(G2(q)) = m iff ¢ = 2(m~2/2 _ 1 (mod 2™/2).

Remark. Note that ord2(3D4(q)) = ord2(G2(q)).

A4. Simple groups G of Lie type such that ord2(G) =m, m < 46

‘We list in this section simple groups G of Lie type such that ord2(G) = m,
m < 46. '

Ad.1. L,(g). We list in this section the groups L,(q) such that ord2(L.(gq)) =
m, m < 46. In the case ¢ = 27, the order of a Sylow 2-subgroup of L,(q)
is 27(n=1r/2_ In the case q is a power of an odd prime, the following table
gives all the L,(q) such that ord2(Ln(q)) = m, m < 46.
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26-0-1).

Remark. Note that the interpretation of the symbol (a,b) in A4.1 and
A4.2 is different.

A4.3. O2,41(q9)s S2n(g). We list in this section the groups O2,41(g) such
that ord2(O2,41(q)) = m, m < 46. In the case ¢ = 27, the order of a Sylow
2-subgroup of Oa,41(q) is 27°7 . In the case q is a power of an odd prime,
the following table gives all the O2,41(q) such that ord2(O2n41(q)) = m,
m < 46. Note that the 2-parts of O2,41(¢) and S2,(g) are the same.

2™ ¢

22 (3.2)

23 (3,3)

24 (3. 4)

25 (3.5)

20 (3,8) (5.2)
27 (3.7)

28 3,8) (5,3)
2° 3, 9) (7. 2)

210 (3, 10) (5.4)
211 (a1

22 (3,12) (5.6) (7,3)
213 (3,13)
217 (3,149) (5,0) (2. 2)

215 (3,15) (7,4q)

216 (3,16) (5.7)

217 (3,17) (11,2)

218 (3,18) (5.8) (7,5) (9.3)
212 (3,19

220 (3, 20) (5.9)

221 (3,21) (7.0) (13, 2)

222 (3,22) (5.10) (9,4) (11, 3)
223 (a,23)

224 (3,24) (5.11) (7.7) (18, 2)

228 (a3, 25)

226 (3,26) (5.12) (9.5)

227 (3,27) (7.8) (11.4) (13,3)

228 (3,28) (5,13)

22%  (3,20)

239 (3,30) (3,19) (7.9) 0.6y (17, 2)
231 (3.31) (15,3)

232 (3,32) (5.15) (11,6)

233 (3,33) (7,10) (13,4) (10,2)

234 (3,34) (6,16) (9, 7)

235 (3, as5)

236 (a,3e) (5,17) (7,11)

237 (3,a7y (11,6) (21,2)

238 (3,38) (s.18) (9,8) (1s,4) (17,3)
232  (3,39) (7.12) (13.5)

2499 (3,40) (5.10) (23.2)

241 (3,41)

242 (3,42) (5,20) (7.13) (9,9) (11,7)  (19,3)
243 (3, 49)

244 (3,44) (5,21)

246 (3,45) (7,14) (13.6) (15,5) (25,2)
296 (3,48) (5.22) (9.10) (17,4)

Note that (e, b) is the group O,(g), where g is a power of a prime such
that ¢ = 2% &1 ( mod 2%+1).

Ad4.4. OF,(g). We list in this section the groups O3,(gq) such that
ordz(0F,(q)) = m, m < 46. In the case ¢ = 27, the order of a Sylow
2-subgroup of O, (g) is 2*(»~17. In the case g is a power of an odd prime,
the following table gives all the O, (¢) such that ord2(03;,(g)) = m, m < 46.
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2™ (o)

22

23 (4, 2+)
24 (4, 3%)
2b (4, 44)
20 (4,5+)
27 (4, 61)
28 (4. 7%)
29 (4, 8%)

210 (q,94)

21 (a,104)
212 (4, 114)
213 (4,124)
214 (a,134)
218 (4,144)
216 (4,154)
217 (4,16%)
218 (a,17%)
219 (4,184)
220 (q,19%)
221 (4, 204)
232 (4,21%)
223 (q,234)
234 (q,3231)
225 (4q,244)
226 (4,254)
227 (a4, 26+)
228 (q,274)
229 (4,28%)
230 (4,204)
231 (4, 30%)
232 (4,314)
233 (a,32%)
234 (4, 334)
235 (4, 84%)
236 (4,35+)
237 (4,364)
238 (a,37%)
23?  (4,38+)
390 (a,304)
241 (4, 40%)
242 (4, 411)
293 (4,42%)
344 (a,43%)
245 (4, 443)
290 (4,45+)

(8, 2+)

(6,3+4)
(6,3-)
(6, 44)

(6,56+)

(6, 0+)
(6,5-)
(8, 7-+)
(12, 2+)
(6, 8+4)
(10,3-)
(6, 04)
(6,7-)
(6, 10+)

(6,11+4)

(6,124)
(6,9-)
(6,134)
(10, 8-)
(8, 144)
(10, 3%)
(G, 16+)
(6,11-)
(6, 16+)
(14,4-)
(6,17+)
(12, 6%)
(6, 18+)
(6,13-)
(6, 194)

(G, 20+)

(G, 21+4)
(6,15-)

(8,2%)

(6,4-)

(10, 2+)
(8, 41)

(6,6-)

(8, 6x)
(10, 44)

(6,8-)

(10, 5+4)
(8,8+%)
(14,3-)

(6, 10—)

(12,54)
(8, 10+)
(10, 7+)

(6,12-)
(22, 2+%)
(10, 8+)
(8, 12+%)
(24, 2%)

(6,14-)

(10,8-)
(8, 14%)

(8,3%)

(8,5%)

(14, 2%)
(12,3%)
(8,7+)

(12,4%)
(8,9:k)

(14, 4+4)
(10,6-)
(8,11%)
(16, 4%)
(10, 7~)

(8,13+)

(14, 6+4)

(10, 3+)

(10, 4—)

(14, 34)

(10, 6+)

(20,2+)

(18, 34)

(14, 5+)

(10, 9+4)

(18, 5:)

{16, 21)

(18, 2%)

(18,3-)

(12,74)

(26, 21%)

(14,5-)

(i) (g_,'_l;:t) = O, (q), where q is a power of a prime such that ¢
2 )

(ii) (a,b—) = O; (q), where g is a power of a prime such that ¢

(iii) (a,b+) = O; (q), where g is a power of a prime such that ¢

(20, 3+)

2% + 1 (mod
2% — 1 (mod

2° + 1 (mod

A4.6. Lie Groups of Exceptional Type. We list in this subsection
the groups G (of exceptional type) such that ord2(G) = m, m < 46. In the
case ¢ = 27, the order of a Sylow 2-subgroup of G is listed in Section A2,
In the case g is a power of an odd prime, the following table gives all the G
such that ord2(G) = m, m < 46.



2™ Eg(a) 2E6(q) E3(q)  Eg(q)  Fa(a)  CGa(a) (ID4(a))

22

23

24

26

28 24

27

28 REY

29

210 at

211

212 ot

213

214 64

215 24

216 74
17 2~ 2+

218 84

219 o4 2- 3+

220 0k

221 [y a4

222 104

223 2% at

224 11

235 34 4-  a- a+

226 124

227 54

228 134

220 . 54

230 RED 24 144

231 44 a- L.ES

232 164+

233 o-— 6+

234 10+

235 7+

236 174

237 54 7~ 56— 7+ 4+

238 3+ 184

239 8t

240 104+

241 8- 8+

242 204

243 g4 6— ot

244 sk 214

245 9 94

246 a% 22+

AS5. Simple groups G such that ord2(G) < 46

We list in this section all the simple groups G such that ord2(G) = m ,
where 2™ is the order of a Sylow 2-subgroup of some sporadic simple groups.

2" orda(G)=n

23 L2(9). 9 =27 £ 1(mod 29) R@32MH1), m>1  La(8)
L3(2) Ag A7

29 L3(q), 9=22 — 1(mod 23) La(e). ¢ = 2% £ 1 (mod 25%) Ua(q), 9 = 22 4 1 (mod 23)

L2(18)

280 La(@), ¢ = 2% & 1(mod 27)  L3(q). 9 = 2% — 1(mod 2%)  U3(e), 9 = 2% 4 1 (mod 25)
0g(q), ¢ = 22 £ 1 (mod 23) Gz(q). 9 = 22 £ 1 (mod 39) D4(a), 9 = 2% £ 1(mod 29)
L2(2%) L3 (4) L4(2)

Ug(4) Ui(2) S$=(8)
Ag Ag

2% —~ 1(mod 2%)  L3(q9). ¢ =
25 4 1 (mod 2%)  Us(q). ¢ =
Ao

27 La(9). @ =37 £ 1(mod 28)  L3(q) ¢
La(q), @ = 22 & 1(mod 29) Uala). @
=22 & 1(mod 23) Lg(27)

23 4 1 (moyg 29)
23 — 1 (moy 29)

1 1

28 La(e). 9= 3% & 1(mod 29)  L3(q) q = 2% ~ 1 (mod 27)  VU3(q). ¢ = 2% + 1 (mod 27)
29 + 1(mod 29) G2(q9), e =23 £ 1(mod 29) ID,(q). ¢ =27 % 1 (mod 29)

L2(2%) O5(4)
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(g pow) 1 + g, T = b (b)En
(g1z Pow) I F gqz = b(b)Tq

oTy

(gt vow) g = b(b)0g

(gZ pom) 1 + ;2 = b*(b)8
(gT Pow) t + ,T = b'(0)¥Pn

(gC pow) t — ,T = b*(D)8B7
(gt powr) 1 — ,z = bo(d)Pg
(gz Pouw) 1 F , 2 = b ()T
8ly

(z)87

(g Powt) I F 2, S b (D) Yy
(gT Pow) 1 F g = b'(b)Bs
(oz pow) 1 + gt = b (b)Sn
(p(T Poun) 1 + o2 = b'(B)En
(T pou) 1 — oz = b (B)vg
{p12 PO} 11 F g2 = b (5)T7

oty

(jtpow) 1 F oz =5 (d)Pag,
(T Powm)z F .2 = b'(£)60
(giZT PoW) 1 + 5,2 = b (b)En
(g2 pow) 1 F g q2 = b (B)T7

(pz pow) 1 F oT = b () 20
(g2 poue) t 4 2 = b ‘(8)3n
(jz pow) 1 — o2 = b (b)Sy,
(g2 Poun) t + oz = b (b)97
(pT poms) | — oz = B ‘(B)Py
(pyz Pou) Ut F g2 = b (B)Z7
(gZ)*s

(Ngz)t'r

(gz poun) 1 F zz = b(b) S0
(g Pow) I + gT = b (B)Ep
(T POU) T F T = b (b)T7

(z)%s

(8)E7

(gT Pom)) [ F oz = b ‘(0)LO

(98 pouw) | - v = b ‘(b)En

(pZ Pow)t — oz =5 (B)b7

(oiT Pou) I F gT = b (8)Tq

1wt

a1t

v1Z

o1

P



216 4 1 (mod 216)

La(q). q
26 4+ 1 (mod 27)

Lg(q). q

L3(q9), 9 = 234 — 1 (mod 295)

296 La(q). g = 290 1 1 (nod 297)
L7(e).q = 27 4 1 (mod 28)

L7(a). q = 213 _ 1 (mod 214)

gm

Lig(e), q = 27 — 1(mod 28) Ly3(q), a = 2% — 1 (mod 29) L13(q). g = 23 + 1 (inod 29)
Lis(q). @ = 2% — 1 (mod 25) L20(9), ¢ = 22 — 1 (mod 23) Us(q). ¢ = 249 4 1 (mod 295)
Us(q), q = 218 — 1 (mod 218)  Us(q). q = 213 4+ 1 (mod 219) U7(q). 9 = 27 - 1 (mod 23&
Ug(q).q = 2% — 1 (moa 27) Uro(a)s g = 27 + 1 (inod 28) Uia(e), a = 2% + 1 (inoa 29)
U13(q). q = 23 — 1 (mod 29) U1s(9). 9 = 2% 4 1 (mod 23) U20(9), 9 = 22 + 1 (mod 23)
Og(a), q = 222 1 1 (inod 233)  Og(q). ¢ = 210 & 1 (moa 211) O17(a). g = 2% & 1 (moda 25)
Sg(g). g = 210 & 1 (mod 211)  $,4(q), a = 29 & 1 (mod 25) O (a). q = 2% - 1 (mou 27)
ot (9). 9 = 22 & 1(mod 29) Og (@).qa =32 £ 1(med 21%) O (9), q = 2% & 1(mod 29)

Ol a=2% +1(med 27) O (@) 9 =22 & 1(mod 2%) Eg(q). 9 = 2% & 1 (mod 2%)
G32(9),9 = 222 &£ 1(mod 223)  3D,(9), ¢ = 222 & 1 (mod 223)  L,(299)
s5x(223) Aso Asy

The following gives the sublist when ¢ = 2™, 3, 5, 7.

™ [e] g =27
23 Jankoj La(8), L3(2)
24 Mathicuy LQ(Q‘)
29 Mathicug Lq(2%), La(4), L4(2). U3 (d), Us(2), S=(8)
27 Jankog, Jankog, Mathieuy, LQ(QT)
Mathicuyg, McLaughlin
28 Lyons Lz(?s). Og (4)
29 Higman-Simas L,(n"&. L3(8), Ua(8), O7(2), Sg(2)
219 Conwayg., Held, Mathicug L3(210), Lg(2), Us(2). S=(25)
213 Suzuki La(213)
214 parada, Rludvalia La(2'4), 52(27)
215 Phompaon L2(21%), L3(25), Lg(2), U3 (2B), Ug(2)
217 Fischery Lg(?l-,)
2!8  Conwayz L2(218), L4(29), L4(8), U3(29), U4(8), O7(4), 5g(4), G2(8), S2(29)
22!  Conwayy. Fischers, Jankog Lg(331), L3(27). L7(2). U3(37), Uz (2)
241 Fischery La(24))
296 Monster L2(29%), 5:(223)
™ G q=3 q=25 q=17
23 Jankoy L2(7)
24 Mathicu) L3(3) U3 (5)
26 Mathicuy Op(3), Ga(3) Og(5), Ga(5)
D4(3) 3p4(s)
27 Jankog, Jankos, Mathicug, L 4(3), L4(5), Ug(8) Us(7)
Mathicuyg, McLaughlin U4(3),
28 Lyons Og(7), Ga(7)
3pa(m)
22 Higman-Sims, O'Nan Lg(3), O7(3) Ug(5), Sg(5) L4(7)
Sa(3) O7(5)
210 Conwayg, Held, Mathieug ogF (3) og (8) U4(7)
213 Suzuki L7(3), Ug(3) Uz(8), Lg(5) oz (M
214 Harada, Rudvalia Og(3). Sa(3) Sg(5), Og(5) Lg(7)
215 Thompaon o7, (3). Fq(3) o'l*o(r.). Fa(5) Ug(7)
Oro(®
217 Fischer, Lg(3), O11(3) Ug(8), 550(5)
S10(3), Eg(3) 011(8), *Eg(8)
218 Conwayg, Fischera 012 O, (5) Ug(7), 58(7)
0g(7)
221 Conway), Fischerg, Jankoyg L1p(3), O13(3) Uio(5). O13(8) L:('I)
512(3). S12(5)
241 Pischery L1g(3), O ,(3) U1g(s), O (8)
24%  Monster Lg0(3). O7,(3) Uz0(8). OZ4(5) Ujg3(7)
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27-dimensional representations of

3.0(7,3),3.Fyy, 3.2E4(2).

JtE EBR (Masaaki Kitazume)
TR BE ¥ - FREEFH

W2 b 24 RITDEE (Mathieu #£° Conway ) DOFEIEND L TWH DT, 4@
HEFTEEXAT2TREOFEELEL D ELH, RED 3HDHICIY, SEHME

3.0(7,3) < 3.Fy; < 3.2E4(2)

BRALATEY, Zhod Fy LO2T REFEHMERRERKHOZ LLEDET,
ATLAS IZHFRIZITREN TS, 2E(2) X Baby Monster BM O 2 DD
FLALBICERN AT, TOEEHLEVWLBbhb, (KL, Z0BEIRMMK
BOFLIHTIRWOT, SEIOFESEHEND S DT TRARV,) W 2»DH
ERAFL TR S> TWT, 3.2E¢(2) 12Tk Aschbacher [1] D{LHFH D
FETH Y, EFRAIZIE Dickson [6] D 2 O HZHBANH I E N DIES, HEH D
URiNns LB > TWT, 3.Q(7,3) 12344 5 Conway-Norton fREUCET 54
F (9] Dfts, SEIDFEDE 1 HEBRBAMEERHRLSOMEE[10] (THE>TW
5, EDFE1HEOXo0iF L 227DiX, Griess DILY [§] TH B,

ET, D2iFNoFVROWIEFEZHL P, SERIOBIMDH Lidsr% LICHIC
i, AROXMICEhTZ R By #EEKIZLTHEETE2000 Thole, £
WHEI ZABEET S T LAV EORBSOEMICRZ>THL T, #-T, iF
DODABIRBEENT Fp PHTIZIRWVEILRZ>TLESOTH B, EhTH
28 12 7TRTORRER] XABVABTEEATNILE>TRVWERIDT,
FOPMELRELTBI I LB, LI [11) 2 THAMET,

1 W(Es) (27 = 63 — 36)

BED»> ZOPDOFXD, 271 LW I BFOERE LS RLTWS, 63,36 i3,
EhEN B Es DN — FRIZEEN D positive roots DEFTH B, V— D
F1EEZFA—RLTEAZBDLEE-THLRY, ZDL X271k E;\ E; D positive
roots DA L2 >T, VAN W(E) BEBREEE L TERTAZ LD
»B,



TR, A= FBHERZRLBVWEERRBEEEVIERICE ST, /7 70HiE
MABD, ZHX Schlafli graph & LTHIONATWD, TN/ 57T 3 AN
SMIEBEEL, FRLEEO/FIENT 2 RS L TRIE—2TFE (2, y 12X L
{z,y,2+y}) THNLENE "line” & LTHEZ ELXT2HBRMY SV, Hifd
BERMICKRBATH L, 2782%

aiaijckl (l S iyjykyl S 61]‘: < [)
ELTEANZ LicTRIL (27=64+6+15), 2T lines it
{aiab'ycij}y {cij,ckl,cmn}

LWHERERKERD, EL, ZITHWERAFRETHRZ2HLDLET S,

2 Dickson’s trilinear form

i Cik 7=, W(Ee) D27 RBBRERERN L, L0 REN2HEEREY HT L,
SHIKELRBENENT S HDIZ/2 S, Dickson [6] O trilinear form & L THLN
TWAHDT, FEIZ/R > T Aschbacher [1) ICK 2> THE L FHARLATV S, —
BROKETERNESIOEDS, ZICRMHEDOED4TEF, THRRBZ kLTé
LF, Fy={0,1,w,w?} LWVIEFTERVS,

AR 27 RCEREND Fy LD 27 RTE~7 MVER YV 2525, V Eoxt
¥r72 trilinear form %

flai,bj,ci5) = 1,
flcijyertyema) = 1.
TEDD, LRUADEBEDOHAEOETIE f OEIX0 & L, V £E~NTHEIZ
ERT2DTHD, 2oLk x, HERBERE Aut(V, f) (V ORBERT f #R1EIC
T3 b D) IZOWVWTRIKY LD,

Aut(V, f) & 3.Eg(22).2.

EbiZ, EE a;,bj,cq eHbEEMRBEREEL 5 X 57 hermitian form % A &
ETELE, FEMAThA Z2HFEIZTHHCREBEL LT twisted type DOBENTH

bhd,
Aut(V, f, h) = 3.2E4(2).

LA {2 T Aschbacher [1] 8B =7E& vy,
P, —ROBOEER V OEEIZ2NT

Cij = —Gi

LEDAIVENRDD, B2, ZOFSOMEREZ LI AMHEIC
RBDTHD,



3 Griess [Tk dEcit (27 =3%)

BIZ2T WD B OMRER LM, WO LRIZENERTHS I,
HIRE ) THDH T & &R LD Griess (8] Th 5.
3k F; LO3IRIAY MERMF® £28x, <7 Mz = (2),25,23) y=

(yl7y27y3) ‘:%Tl’ Q(I,y) E

b4

9(z,y) = (21 — y)(T2y3 — 2392) (€ Fa).

LERTD, TDEE, Fy LO2TKRADOAY MVERV ORELLTEF® %
index IZH2bD, {v ]z € F®} BENT f ik

f(v.r)Uyavz) = { 0

wI(zy)

(ifz+y+2=0)
(fz+y+z#0)

EREND, EVWHIDTHD, BEOEREEFICEZTLTRI 9, LLTTIE,
-1e F;; ffi 'C’ﬁb’(b\éo

Y(ooo) = @1 + b2 + ¢12
v(o10) = @2 + b3 + cz3
Yioio) = a3 + by + c13
v(100) = way + w?by + c12
Y(110) = a2 + wbs + wicp
vio) = was + by + weps
V(ioo) = wiay + wby + ¢)2
V(i) = a2 + w?by + weys
Y(iioy = wasz + b + wieis

4 BB g(z,y)

Vioor) = @4 + bs + c45
Yon) = as + be + cs6
Y(oi1) = ¢ + by + cq6
vao1) = wlay + wbs + cy5
van) = wias + wbs + cse
Yai) = wlag + wby + 46
Y(ior) = wag + w?bs + cg5
Y(in) = was + w?bg + cs6
Y(if) =wag t+ w?by + cas

Y(eoi) = C15 + C24 + C36

Y(o1i) = €14 + C26 + €35
Y(oii) = €16 + €25 + €
v(ol) = weis + wieq + 36

v(1D) = weig + wiexe + c3s
v(1ii) = weie + wiczs + ca
V(joi) = w?cys + weyg + Cag
Vi) = w?cis + weas + c3s
Vi) = wicie + weos + ¢34

g KB B EARNLRMEKE LT, LATERY LD,

(
(

(3) g(=z,y) +9(z +y,2) —9(y,2) — g(z,y + z) = det

1) g(z,0) = g(z,7) = g(z,—-z) =0
2) g(=,y) = 9(y,7) = g(z, ~z — y) = —g(—z,-y)

T

y
z

(4) g(z,y) +9(z,2) + g(z + y,z + 2) = g(y,2) + g(z,y + 2) + 9(z, 2 +y + 2).

ZD g ZAVWT, Moufang loop & FRIENARERREETE S, A< AR
LbRTWAHRDL DT, 6 0OFEROXM [3) 12 g DEBEHD LI TH D, [2]
i, EHI—BRRE TR TV,
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if; M =F3 X[F33 &i’o‘% M L@ﬁﬁ%»

(a,2)(B,y) = (@ + B+ g(z,y),z +y)

LERT D, TOBEBITIRT, (0,0) BTz 2Y, % (a,z) T (-a,-1)
EHMN, HABAI—RICRILAY, LAL, (4) R (ab)(ca) = (a(be))a & -
WHBFRAZERL TV T, M IE commutative Moufang loop & IEIEAL 5 {88k
iz o T3,

&wIZ M Hb 3-transposition group ZEFETH Z L B T& 5B, —fXIZ 3-transposition
group LI 2 DL TEREN, TDORRD 2 ODOTOMOMEMN2 £/21X3 T
HBRILOBRWDZ LEVIN, ZITHRNHIDI, BMOMEE2 (T4bb, 25k
MAl) THHEEBRILLVBOTHS,

& (a,z) e MIZHL M EOBEBR ¢, ) %

t(a,z)(ﬂv y) = (C'?I)-l(ﬂv y)-l
=(-a-f-g(z,y),—z~-y)

LERET D, ZDLZE
s o) = ¢
W) {‘(o,z] By}

THhY (tsm) H 3-transposition group & 7225, TDERIT tym X181 1L,
ZD¥H1=Y D Moufang loop 25 3-transposition group ~D & ¥ —ARH R LB A3

[13] i2d B,
ROBEELPFERIL, #% THEIREOEHIZAVDNS ([11]),
T 1
(5) {t@artBatona}o(du) = ( Z . + 4, u).
u 1

AERIEEHE T X VW,

5 Conway-Norton {{#

Dickson @ trilinear form &RIERDIBEES T, 27 x 2 KITD Conway-Norton
RELEFTN DR ENTRAEEERT I ZLNTED, B2 C LD 2T x 2
RIEDLT MNEMET DL E, B LEBIND AR EIX, 372 bilinear
map7: B x B B % (AN BMERRTLDOTHS,

BOREBIZ2W/YBADZ NTET, £hix

a;, bj, ¢ij,a;, b5, &,

RO

vz, Uz (T € ]F33)



EWVWIHLDTHDS, ENENICAHL, 7,

-r(a,',bj) = E,’j, T(&;,B_,-) =,
T(ancy) = by, T(@n&;) = by,
r(b,c;) = @, 71(by&y) = a,
T(Cijren) = émny T(GjrCrt) = Cmns

) 303
{’(vnvn = W,

r(0,,9,) = WPy,

EREND, TOZHOOEEOREL, MBS LERKRTSH D,
2£HACREE G = Aut(B,7) 12 3.0(7,3).2 L WIETH S, BEEEIZONTYH
ML LELLTNTEL L,

G'=G"1G:G=2,|2(C) =3,12(G)| =1

MELY LD, FRCHOIER G = 3.0(7,3) FHERXHETH B,

ZOBOKFEMEE, KO B)REMVTRTZENTE S, [10) DRVIELIZ
255, TOEBEELELTEE I,

#rxeFL2IZxL, Aut(B,f) DT e, ¥

ex(vy) = T(ve,vy),  e(Dy) = 7(02, 7).

CEBTHIENTED, THIIEG\G OMHE20RET, (*=('WX ef=
Ce, £12%, - T,

Be —a=f—g(z
(Caez)(C v) =C a=F-g( 'y)e(-x—y]-

MO IL, (5) Kb

(e TNCNCEN _ s, o

® N @ 8
]

285,

ET G RABT B2, TOMBIBHRE 2(Ge, DRETE1S>THEA
TV IR BN 2,y z,u DEVFTm A0 ERBENIZLIE, EFDEIR
MEREELRV I EZEHRL TS, ®oT G HABLAL,



6 3.0(7,3) C 3.2E4(2)

ETREO2H>OBZIRVES &, FRUHERET2THHWVI2T x 2KRTDEKHR
BHRENRTWBDIFTHD, 2Inb, ZOASHFERRTERARVOIESS
, EiE, FREELVLI E TR,

G = Aut(B,7) DIERZFELIBRTHD L, EROREN ZWw, i) ItAB Z L
Bbhhd, 5T, mod2 TEXDBZEMNHUKT, ZOXRIIF, TERENBDZ
LMD, EbiD, TRFH G 3.9(7,3) &,

a;, b, c;;

THEREND 2T REEBIEM T2 Z EbbhrosTnd, ZOEME%E U LB<,
U ECEHEEINS trilinear form f & hermitian form b % G' BREILTH I L %
AL, MEOASMKEET Y LV IDIFTHS,

G O B ~O{ERIZHBVTHE, Smith [14) I D, WD X 5 72 symmetric bilinear
form #REIZTHZ EBbhro,TWB,

(ai, @) = (bi, bi) = {j &) = 1, (1)
ZhZ AW trilinear form f* %
[, v,w) := (u, 7(v, w)).

EEFETNRHE, G fr 275, £L T,

f(aibjc5) = {aiy7(bj,ci5)) = (ai, @) = 1,

feijrenyemn) = {ij, T(crtyemn)) = (€5, &) = 1.

EWVIBERND fr=f BREND, BB

f*(ai a5, ;) = f7(bi, b, 6:) = f(cijy €ijyci5) = 2

THHING, BEB2THDZ EBFHIVTNS,
&1 hermitian form & % (-,-) 2T,

h(u,v) := (u, )

BT D, 2L, v &I, U DEKIE ai,b;, ci; %&,’,Bj,é,‘j ENEIEZX, %
¥r Fy DHERAR (w o w?) TBTZLTRLNG BORETHD, ThB G K
EThiILLBRIITEND, ULET,

3-0(7,3) C 3-2Eg(2)
BRENF, ZOABEEICOVTH, [4] I0bRibHiH 3,



8T, ZOMTHRINGERLZ Ll kg, (B,1) % F, ECERSZ Lotk
5., TOACRBRME, iZ2s0EA90, BRETEVREZH W THEI X
i, ZZIRBI>TWEDTHY, BCBERENS M, THD EHHTIRY, £

ITHBAEVIMBENEELCLTLEA-DTHoT, MEWEEIELEER, B
CRBEEEL - L KE< BB EMbhol=f, IEREREEREEL TV,

7 EHRIK 37.0(7,3).2

ABIDFEDTHND—o L LT, REAOBEOHENH D, ZiiE, Fischer DK
@ 3-transposition group Fo ICEKHEEL L TEENLOIBTH D, BHFFICIE
—BHENDBZLEULMLTERhoich, TOBESIZBILTEI 5,

FEORBEI glz,y) BECBBL, 2THEMRTS & =210 ZERVEETR
W Tha,

71 EXHE Q7,3):2

TIZC, WHTHEREE Q7,3): 2 19V THRRTBL 2T 5,
V %35k Fs LD 7HRERY MVEBET B, V LORNEE

(z,y) =z + - + 2707, = (24,00, 27), ¥ = (U1, -1 Y1)

LED, FreVicHl, g r, %

() ey — 2T Y)
(y) =y (z.2)

EEEHET D, (ro=r, & y€ {z,—z} IKEFEINEZW,) FiZ, /LA -1 OFETIT
BI4 G E#EZX D LITLT,

“={zeV|{z,z)=-1}, C={r. |z €V, {zg,3) = -1}.
EBL, TDLE, C THERENIME G LB,
IG: G| =2,6" = Q(7,3)

BT D, N7 bz B V- IZADREVWIZ LI, D0 TRVWEZHE 2D
PEOTHBZ EREHKL, [C] = 378 THBZ L BAEBICDMS, C it G O
3-transpositions DILJRUN2D, TRDDL,

1 ifz=4y
Ir.tryl = 2 if (z, y)=0
3 if (z,y) #0,z # ty.

DEILT B,
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7.2 BE#¥ o
RICHBERZBK o 2EHT D, BRAKITHMT, r,ye V- IZxL

(z,y) = 0 if (z,y) =0,
PAnYI= ng.:o-":i ny,;eoyj if {z,y) # 0.

ETBETTHB,

EEEIE, INRRAROPBELS DSV, LUT T, W 2204il%
DRWTHBOBROHES TE DDA, #MREDIERIL case-by-case T, EREAS
b3 bi} TCREVDOTHS,

o172, o DEIEEORK L, BEBOFE () 0XHR (Ihbid Weyl B
W(D;) #£33) AL TRERLDOT, ThEAVWTHEIT 2L TR
LIXTED, EEHRND, z,y BARLTWRIHES L, HilLTO LRI EE
BEETDIRE ¢(z,y) =0 ThHD, #-T, z,y D—HTHED O TRVRIH
2ETHBHEL, o(z,y)=0 THD, ZOZ LI, RiIZHbEBELILzeV- DO
TRUVEDIE2ONEDTHEIZENLRFITOLND, ZOZENLYL o B 7 L
WIOIRTIZERSIEKFL TWA Z NP LRI,

UT o it 2 &2 AT 2T Z I,

7.1, z,ye V- IZHL,
(1) o(z,y) = o(—z,y) = —p(z,—y) = —(z, y)p(y, T)
(2) p(z,y) = —p(z,r:(y)) = —p(y, ry(z))

- (EEBA) W (D7) D{ERERAVW3 L, 2=(1,1,1,1,1,0,0),y = (1,1,1,0,0,1,%1) &
LTRW, UTRAESLZHA, O

WB7.2. r,y,2€ V- B {z,9) = (y,2) = ~1, (2,2) = 0 BEHT L&,
o(z,y) +v(z +y,2) = ¢y, 2) + olz,y + 2).

5 A/ BTASR

(REB) —hd, AERIZHETIOEMN, L LEMERO THMITE <,
z=(1,1,1,1,1,0,0),y = (1,1,1,0,0,1, £1).

ELTEL, flxiEy=1,1,1,0,0,1,1) DIFE, z=(z,..,27) EBTHE, =7
~EAI

2923 + 2425 + 227+ 26 + 27 = 0.
L2, AR 2 (81D) KM LT, ThEELDIITRY, —BlELT 2 =
0,1,1,1,1,1,0) & LTHE &L, O



7.3 37-Q(7,3) : 2 DHEEL
BB V- xF; #5235, LKL, FHEBE~ %
(z,a) ~(—2z,—a) (z€eV™,a€el)
EEDT, Zos2%F—EL,
D= (V™ xFy)/ ~

EERT D, ELMEDOND, ZORHEREERTOICHMNRESAVWT D ©
KRBT (z,0) ERTS

RO D Lol L LTHBEND, ZOEMTIE D % index IR
Lo EEESND, T22bb, (z,0)e DIZHL D OB

p(z,0) : (4, 8) = (3, B := (rz(y), 0(2,9) — (<, y)a + B).
LEDD, ZITp(z,a) it well-defined (4205 p(—z,—a) = p(z,a)) Th
DT &M,
(B8P=" = (r_.(y),9(-2,y) - (-z,y)(-) + B)
= (v, 8.

ICEDOhD, Sbiz, 7.1 ZRAVMYURHE

(B = (r:(y),0(z,y) - (z,y)a + B)P=)
(r,2(y),99(35,7‘z(y)) —(z,r(¥))a + ¢(z,y) - (z,y)a + B)
= (v,8),

N p(z,a) B2 THDHZ LLRENS,
BRIDEE G %

G = (p(z,a)|(z,a) € D)
LLTEET D, BEIIR
EE 7.3. G* = 37.Q(7,3).2 (non-split).

¥RTZETHD,
G DAL 37 O (IEATH) ERBIBIROERITHEL 2V, ve V ikt
LD LEtoBEHR%E
Av) : (4,8) = (v, 8+ (y,v))

LEBELT
X:=(A(v)|veV)



LB, Av) Eix
A(v)A(u) = A(v + u)

EW T ENBRIDNDZDTC, X B MER V ERRR AT IREEE 4
R D, ZOBWX B G IKEENDZ LEBKREDHBEIHLRENDZ L ThHD,
KEIZBWT, EFEROEHOHE & R~L D LRI,

7.4 ZEBADERE
AT O XL S 2#BEOMAERERIZL 5,
#HE 7.4. (z,0),(y,8) e DITHL

e[ @B (i =0)
(v )" "{ (2,09 (if (z,y) #0)

(3EBH) z,y BERTIREGIHE LV, I TRNEEIE, (z,y)=-1 LLTX
{, ZOL &I

(¥, 8" = (r,(y), ¢(z,y) + a + B)

(z,@)? " = (ry(z),0(y,z) + B+ a)
= (rz(y),0(2,9) + 6 + ),

ERHOT—ET D, O
BE7.5. (r,a) e DITxL
A(z) = p(z,a)p(z,a + 1)
MRV M2, I X X G OB TH 3,
(RiEBA) Lo ERAWT,

r=(y), (2, ¥) — (z,y)a + ﬁ)p(:.aﬂ)

r2(y), o(z, 7=(v)) — {z, 7 () (e + 1) + ¢(z,y) - {z,y)a + B)
¥, —{z,72(y)) + B)

v, (z,9) + B),

L1725, =
8 7.6. p(y, 5= = p((y, B)"=)).
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ZOHEN VDY S Key Lamma Tdh D, ¢ Z588, ZOIEHITELY, TD
HEE 2B ohhiE, ROMBEIRBESIHBLNS,

MR 7.7. A(y)P=) = Ar.(y)).
(GEBR) (z,y) = -1 LIEELTRL, DL &

AP = {p(y,0)p(y, 1)}
= platy,p(z+y)+a)p(z+y,e(z+y)+a+l)
= Az +y) = Ar=(y)),

B{oh B, O

ZOHIBIZEY, p(z,a) lebD X ~DERIX reflection & LTDOHLDTHB &
BEXTROWI RIS, FMIZARST 208, ZOoZ b

G*/X = Q(7,3).2

THhdZ EBRHIPNBIOTH S,
#iRg 7.6 DAEAIL, FAD (z,v) ~DERABE LV &

(2, 7)PAPED = (5, )Pl AP (2)

ERYILEHBEICTS, SR 1y, ORI E2BEATBLEICRS, FlX
i {z,y) =0 LIRE LB EIHBNMBIZ T, 2<OBE, #il 7.2 2RE
Ehs, RbLBMENOSEEROD,

(z,y) = (2,2) = (y,2) = ~1

EVWIPETHB, TOHFE, 2 -y, — 2z M 2KTD totally isotropic subspace
D, ThoE2 30K (3WiT) 72 totally isotropic subspace W 2 &5, Z
i, $ag

a=(1,1,1,0,0,0,0),6 = (0,0,0,1,1,1,0),c = (0,0,0,0,1,1,1),
z=(1,1,0,0,0,0,0),y=z+a,z=z+b
ELTRY, ZOEE
{v e V|{v,v) = —1,(v,w) = 0(Vw € W)} = {&z + wia + wrb + wac|w; € F3}.

L%,
IIT, SHIBENLRE g LHRBEWMOIOTH S, 74bb, w=wa+
wyb + wac,v = via + vab + vac I L

9‘("’,1’) = g((wl,whw:’)v (vl)v21 ‘03)) = (wl - vl)(w2v3 - w3v2)'
EEET D,
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H#HEE 7.8 EEDO wve W IZHL
w(z + w,z + v) = g*(w,v).

iz
(IL' + v’ﬁ)p(x+w.a) = (‘t -—w-v, _g.(w) 'U) -—a- ﬂ)

(REBA) ZoftAb ¥, 2TOREGERI LTHEXZRIDIOTH 5, HlXIE,

z+a+b6=(1,0,1,1,1,1,0),z + c=(1,1,0,0,1,1,1),

(Z2WTI,
ole+atbote)=1,
ThY
g la+bc)=(1-0)(1 x1-0x0)=1,
THHENLTMETHENIT B LTS, O

ZOMEAICEY, HEOHBE 7.6 XBEBITRENS,

TOEIITHRIZITDERENTVWS LR S DS, HRAREEHROZRY IR
LT, o I THIDNLL DILRVDTHS,

ZOBRKT, G BEARTHDZ LY, SHiERERIIREND, LX) ESHES
eiLs W,a,b,c,z VD, ZDEE, w=wa+wb+wsc,v=uva+vb+vsc,
u=ua + u2b+ u;;c,t = t.a + lzb-}- t3C. &Tn’i, ﬁﬁ% 78 ,:J: D,

w, W, w3

0 V2 U3

WA 7.9. (1,8)p(wealplpun) = | ¢ +61. 0

Uy U U
Lh t2 13

— e et b

RBLID,

b, G Itk s X OB K RIEET 5451, Ki134%& z 128 p(z,a),a =
0,1, -1 DVThIVDEDEBLITTTH S, MHE 7.9 1, TANKARES L%
RLTWB,
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DEFORMING THE CATEGORIES OF REPRESENTATIONS
OF SOME SEMI-DIRECT PRODUCT GROUPS

D. TAMBARA

Department of Mathematical System Science,
Hirosaki University, Hirosaki 036-8561, Japan

1. 3-COCYCLE DEFORMATION

Let k be the complex field. With a finite group G associated are two algebras: the
group algebra k[G] and the function algebra k(G) := Map(G, k). These are Hopf
algebras dual to each other. Modules over each of the algebras can be tensored
so that they form a tensor category. Denote the category of k[G]-modules by
Rep(G) and the category of k(G)-modules by Vect[G]. We are concerned about
deformations of these tensor categories.

Look at Vect[G] first. A k(G)-module is a G-graded vector space V = @ Vo,
and the tensor product W = U ® V of two modules U and V is graded as

W,=P U- oV,

o=T1p

Simple modules are one-dimensional. They are labeled as [¢] for ¢ € G so that

k foe=rT,
["]’={o if o 7.

Then [o] ® [7] = |o7].

If a: G x G x G — k* is a 3-cocycle, Vect[G] is deformed to a tensor category
Vect[G, a]. This has the same objects, morphisms, and tensor products as Vect[G].
The only difference is in the associativity isomorphisms (X®Y)®Z — X®(Y ®2),
which are a part of the structure of a tensor category. In Vect[G], the associativity
([e]1 @ [7]) ® [p] — [0] @ ([7] ® [p]) is the identity map on [o7p], while in Vect[G, a]
it is multiplication by the scalar a(o, 7, p). The pentagon axiom that the results of
two ways of composition of associativity isomorphisms from (X @Y )® Z)®@ W to
X ® (Y ® (Z ® W)) should be equal amounts to the cocycle condition for a.

Conversely, any tensor category with the same underlying category and the same
tensor product operation as Vect|[G] is of the form Vect[G, a]. Thus deformations
of Vect[G] in such a sense are classified by the group H3(G, k*).

Our interest here is

Problem. How one can obtain deformations of Rep(G)?

If G is abelian, then Rep(G) = Vect[G] with G = Hom(G, k), so we have the
answer. For non-abelian groups, no general procedure of deformation seems to be
known. Some constructions are dealt with by Yamagami [Y]. In the next section,
we will give deformations for groups having abelian normal subgroups.
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2. CENTRAL EXTENSIONS AND SEMI-DIRECT PRODUCTS

If K is a central subgroup of G, the irreducible characters of G are partitioned
according to their restrictions to K. So the category C = Rep(G) has a decompo-

sition
c=@Don

where K = Hom(K,k*) and for A € K
C» = {G-modules on which K acts through A}.

IfXeCrandY €C,, then X @Y € Cy,,. Thus we may say C has a R-grading.
If a: K3 — k* is a 3-cocycle, C is deformed to a tensor category C* in a similar
manner to the case of Vect|G]. Namely, we let the associativity isomorphism (X ®
Y)®Z - X®@(Y®Z)inC*for X € Cy, Y € C,, Z € C, to be the scalar
multiplication by a(A, g, v).
Example 2.1. Let G = Dg, the dihedral group of order 8, and K = Z(G) = 2Z,.
Then H3(K,k*) = Z,. Take a non-coboundary 3-cocycle a of K. Then it turns
out that C* =2 Rep(Qs).
Example 2.2. Let G = SL(2,q) with ¢ odd and K = Z(G) = {*1}. Let a be
as above. Then it can be shown that the twisted category C* is equivalent to the
module category for a Hopf algebra different from group algebras.

Next we consider a situation in which a group G acts on a group L. Details are
omitted here. Form the semi-direct product LG. Let p be a 3-cocycle of LG which
restricts to a coboundary of G. Put @ = p|L. We have the category Vect[L, 6]
and p gives rise to an action of G on Vect[L,6]. Then we have the tensor category
Vect[L, 6]¢ of G-invariant objects in Vect[L,8]. If L is abelian and |L|, |G| are
coprime, Vect[L,§]C is a deformation of Rep(LG).

Example 2.3. Let L = Z3, G = Z2 and LG = S3. We have Ker(H3(LG) —
H3(G)) = H3(L)C = Z;. Correspondingly three deformations of Rep(S3) (includ-
ing itself) are obtained. The two nontrivial ones are not representable as module
categories over Hopf algebras. Moreover these are the only deformations of Rep(S3).

Example 2.4. Let L = Z2 x 25, G = Z3 and LG = A;. Then Ker(H3(LG) —
H3(G)) = Z,. We have one nontrivial deformation of Rep(A44). This does not come
from a Hopf algebra and is the unique nontrivial deformation.

To see the non-representability by Hopf algebras in these examples we make use
of the duality considered in [T].

3. EXTRASPECIAL 2-GROUPS

An extraspecial 2-group has a unique irreducible non-linear character m. Let A
be the group of linear characters. Then

m? = E a.
acA

Tensor categories having such a fusion rule were classified in [TY]. They are
parameterized by pairs of nondegenerate symmetric bicharacter 4 x A — k* and
signs &=. The signs correspond to the two types of extraspecial 2-groups.
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4. F, » FX

The next simplest will be the case where there is a unique non-linear character

m and
m?=Nm + Z a
ag€A

with A the group of linear characters and N a positive integer. Such is the group
F, @ F¥ with N =¢—2 and A = (F7)" Stating formally,

Problem. Classify semi-simple tensor categories of which the set of simple
objects is a disjoint union AU {m} of a group A and a one-point set {m}, and the
fusion rule is

a® b= ab,
a®m=Em, m@a=m

m®m=m®---em®@a
N acA

for a,b€ A with N € N.
At present we have a few results for small values of N.
e If N = 1, there are just three such categories. They are Rep(S3) and their
twists in Example 2.3.
e If N = 2, there are just two such categories. They are Rep(A44) and their
twist in Example 2.4.

e If N = 6, there is such a category other than Rep(Fs % F3 ).

In the course, we obtained a result on reconstruction of a finite field from its
multiplicative group and the fractional transformation £ +~— 1 — 1/z (Theorem
below).

Let us explain our approach in some detail. Let C be a tensor category as above.
First look at the associativity

(a®@m)@b=a® (MmeDb)

for a,b € A. By the fusion rule the both sides are isomorphic to m. Thus we have
an automorphism of the simple object m, which must be a nonzero scalar denoted
by a(a,b). The pentagon identities for a® ' @ m®b and a@ Mm@ bR Y tell us that
a: AXx A— k* is a bicharacter.

Secondly the associativity

me®a)dm=Zme(a®m)

for a € A yields an automorphism of the object
Vme @ a,
a

where V = kN and Vm = m @ --- @ m (N-times). Taking the m-component, we
have a linear automorphism of V, denoted by a-. Considering the pentagon identity
for m ® a ® a’ ® m, we know the map A — GL(V): a v a- is a homomorphism.
Thus we obtain a representation of A on the space V.
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Thirdly the associativity
mMemem=me(me®m)

yields an automorphism of the object
vve@PrmePvs,
acA beA

where we omit ® for vector spaces. Taking its components, we obtain linear maps

y(m,m): VV - VV
y(m,a’): VV = k
y(a,m): k= VV
v(a,a'): k— k
v(b): V-V
for a,a’,b € A.

In the case where C = Rep(F x F*) with F =F,, we have A = (F*) [ a=1
and the representation of A on V is the regular minus trivial. So V has a basis
{(z)|z € A- {1} = F - {0,1}} so that a- () = (a,z)(z) for a € A. With this
basis the above maps are represented as

-y (z+y—=zy) ift+1#1
7(m,m)-(:v)®(y)'-'{0 1411
if 24+ 1#1

if 14+ 1=1

1
v(m,1): (2) ® (y) — { 0

1
¥(1,m): 1 ‘1——1=4§=1(x) ® (v)

v(1,1): 1 ;_i_l
v(1): (z) = (1- 1)
for z,y € F—{0,1}. The pentagon diagram for m®m®m®m reflects the property
for the partial map
wFxF—oFxF
(z,9) = (A - 2y, z +y —zy)
to make the commutative hexagon
FxFxF

wxl / N\, 1xw
FxFxF FxFxF



where T': (z,y) — (y,x)-

Because of difficulty of carrying on classification in full generality, I make here
the following assumptions, which are satisfied in the above case.

e A is abelian.

e ax=1.

e The representation of A on V is the sum of all nontrivial one-dimensional

representations without multiplicity.

e v(1,1) #0.

Put X = A— {1}. Then V has a basis {(z) | £ € X} so that the action of a € A
is given by a - (z) = (a, z)(z). The maps ¥(m,m),... will be expressed as

yim,m): (£) @ W)~ D pEy(u) ® (v)
u,veX

¥(m,1): (z) ® (v) = Tz,y

Y1m):ilm S gay(@) @ (¥)
z,yeX
(1,1): 1 —
7 H IAI
¥(1): () — sz(o(2))
for some scalars p3'), ¢z,y, Tz,y: Sz,€ €k and a map o: X — X.
Let 7: X — X be the map = +— z~!. Then the pentagon identity for m @ m ®
m ® m implies the following:
1) =1
(2) or =70V
(3) The maps

{zy) e X x X | o7 (z)o7 (y) #£1) 2 {(u,v) € X x X | o(u)o(v) # 1}
(z,v) = (o(z)y, 007 (2)o ™ (¥)))
(0~ (u)v,0™ (o (v)o(v))) — (u,v)

are well-defined and inverse to each other.
It turns out that there is no such pair (X,o) other than those arising from

Rep(F x F*):

Theorem. Let B be a finite abelian group, X = B — {1}, and 7: X — X the map
zw— z71. Ifamapo: X — X satisfies (1), (2) and (3), then B is the multiplicative
group of a field F ando(z) =1-1 forallz € X.

So we have A = F* with F a finite field and o: z 1~ 1 — 1. Moreover we have
€ = *1. The case |F| = 3 being easy and treated separately, we assume |F| > 3.
Replacing the vectors (z) suitably, we may assume s, = ¢ for all . The remaining
equations then reduce to the following:

oL #£0 <= (z,y) > (u,v) 4)
qz,y # 0 = O'(ZL')O'(y) =1 (5)
rry #0 & o(@) lo(y)' =1 (6)
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dy,x = €Qz,y
Tyz = €Tgy
€

do-1(x),yTz,y = m
qa(:)ly = q’ld(y)

Ta(:),y = r’ia(y)

1 Quorw) = 1 Tyrow) _ 1 Trro(e)

pu:u = = =
Y g':(:()';’l)‘ q:z:,af(:) p::_(:();; ru,-ra(u) :;§:;:z ru,-ro(u)

and 2 y, v,z yIII Z 2t yIII 2
] L — 1)
p:,b py’:z p”ly” - py'; p::‘"

whenever
(x,y,2)

wxl/ \ 1 Xw

)
®)

9)

(10)
(11)

(12)

(13)

Note that if C = Rep(F » F*), then € = 1 and all nonzero p3'y, |Algz,y, 72,y equal
1. This is the trivial solution for (4)-(13). For small finite fields F', we solve the

equations with the aid of computer to find the following:

o If |F| = 4, there is a unique nontrivial solution up to equivalence. With «

being a generator of F'*, it is given by

e=-—1,
2 2
Pg,&a =1, P:B:,,z = -1,
da,a? = _]%[1 dad,a = ]%l':
Taar =1, Tata=—1

e If |F| = 8, there is a unique nontrivial solution up to equivalence. Let F* =

(a) with o® + a +1=0. It is given by
e= -1,

Tal,a® = Talad = Tad,a8 = 1,

Tab,al =Tal,a2 = T8 ot = —1,
—_ —_ —_ 1
dat,a® = Qa2,a® = Qat,a8 = —T1An

- —_ —_ 1
da3,a! = Jab,a? = Job,af = Al
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for

and

for

u,v _
Pzy =

(z.y,u,v) =(a',a!,a? a?),

156),

(e? a!,ad, o

(aal asl al’a6)l

(a!,a?,a?,af),
(a?,a?,a8,a%),
3

(aalas)a )a4))

(a*,a?,a%,a%), (at,a!,a’ a'),
(as’aelasl az), (as)as’asial),
pry = -1

(xlylulv) =(al’03,a5,a5)’

(a?,ab,ad, a®),
(a3,ab,a,at),
(a®,a?,al,at),

(asl alla4l a4))

The other p?7, ¢-,, and rc,, are zero.
¢ If |F| = 16, there is no nontrivial solution.
¢ If |F| = 32, there is no nontrivial solution.

In the case of |F| = 4, we checked that there is no tensor category which does not
satisfy our previous assumptions. So the above solution is the unique deformation
of Rep(F x F*),

When |F| is odd and |F| > 3, we have not yet found nontrivial solutions.

(T)

(a!,ab,a!,a?),
(aa, al, aG, as)’

342)’

(a,a?, o,

(as)asl azl 04))

(af,a?,a® o),
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[8,4,4] #:5F Hamming ZF 5 BiRE L 7=
EHERIERARARBOBCRRE S
B Y 5558

RRAARFREREENFHER
BR B - k!

AUOEBLARNRTH 2 HBNES KT 2 AAERARREIR, REXE0E
ARERCL>TERTNEHDTH 3. EAIL, Frenkel-Lepowsky-Meurman [FLM] @
L=V v A UMV EEEWC T2 R0EE L O Virasoro RIKDSEET#IR R HS
18 & T 3 LS Dong-Mason-Zhu [DMZ] DRRICHFEZh, V! £ h 50 Virasoro
REDT I NVROEZROEM L L TERNT 2 20K, ZERUFSH o RN FH
THEINIBFREARREZEX, 20XBEREEHLEOTHH =,

—RTREARRE (VOA) IfEsEHETH D, RENZHRICIZERREREIH
e HIC VIRALA—V Y+ A VRELOBEDPSERLFAShTVEINRTH B, 20
WEITERICRLL, POBEDTHETH 3.

ZHWolk VOA QBT OPIRLWAFMEEZRHTEHOETNVELT, IITR
$51C [8,4,4] 8538 Hamming FS BT 2 VOA 2RRTAHLIEVWIRTH 3%

78 Hamming 5 Hy B X 8 OE—DHABEHIANFTSTHD. ThicHiEiT 2
VOA Vi, B3t x4 b | OEAEMH 0 T, v 1 b 2 OBALEMICEGEN
TR (Griess fIK) DMBHA B, FOWEIL 22 CH T, V! @ Griess {RBORTT
196884 LHANIERD ICHBRTH 20, REBICHRTHD & Vy, & (MBTIEH 2H9)
FRAUECEAWBEZFE>TWAZ e dbiro iz,

AR TIE, VOA Vy, D Griess {RE D& 2EN, Vi, DECRANBER2HRET 5, £k,
BHEFA# L Mathieu 8 My, @ M) FREBLHLOBFRBLCECRARBICSEN DA
FRBE 53 L=HE (triality) DBHRICDOWTRRZ, 510, St L 2EESBAHEM L
BIM L T, i 168 OB #MzE% B AN R OIESSHTTRRMB LU VOA 2T
3, BFMIER [Mal]-[Ma3] 2EBEEE =W,

RENESERY VRO ATOMBREZREO T LT o/ LIEERKR S IR TR
LT ES 2 ERHBRES L TREBIBIARE RN T 5,

t B AR
1. X8 [Mil]-{Mi4][Ko2|[Ha2|[Ha3] £ 5. BT BT LT Dong-Griess-Hohn [DGH] 5% 3,
2. T DR D—ERITEEC ST [Mi2)[Mid] i< & > TE<SEh TV 2.
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1 RRFARKHBONE

B-{EMRBRE (VOSA) ki, Z/2Z TRETIF e hi= C LD~ FVER V = V36V
EEDRE 1w e V; BLURMEROBUER

Y: V- (End V)[[Z,Z-l]]v Y(G,Z) = Z a(n)z'"'l
neZ

BEZShTNT, LTOZRE (0)-(6) Z2HWETIODILTH B,

(0) ERD a,be VIERLT, H3 ng BHFLELT apmd =0, (n 2 np), BRILT B,
(1) D a,b,ce V E{ERED p,q,r € Z ICH L TRIHEIELT B,

Z ( )(a(,.H)b )p+e-i)€ = g(—l)‘(:) (a(p+,_,-)(b(q+.~)c) - (—l)'+”(°)”(b)b(.,+r_.')(a(p+i)c))
#2721, p(a),p(b) & a,b DBHFERT,
(2) Eﬁo) a€V AR LTRIBRILT 3,

(3) EAR L, = w(pyy) RALBHE ¢ @ Virasoro REDORHAE S5 5, TRbD

md—m

[Lms Ln] = (m = n) Ly + BETEE

6m+n,()c

DRI T B,
(4) Eﬁ@ a G V ‘:# lJ-C w(o)a = a(_z)l #ﬁjj—%«'}o
(5) PERF Lo = wyy) EBMTH ST, V it
Vﬁ = @ Vm.’ Vi = @ Vm+l/2
meZ meZ
LAMRT Do 2L VOXEEE (Y =4 ) d OBFEMEETS,
(6) EEHZM V! ZHBRTTHY, H3 d BHEELT V=0, (d< d), TH3o

AMTEXS VOSA HTRTROMBEHHA LTS,
(N Ve=C1CTHb,Vi=0,(d<0), TH3.

Z T, KBTI (0)-(7) oM R4 (V,1,w,Y) 2 VOSA LREZ LT 3,
T 1 ZHEERY MV, 5T w BB bV (conformal vector) &1 5,

3.1 0 DIEROE LT VOSA BHEX Sh ), KM TREUABRLEFEER LT S,

4. HAREO— S DWTI, KEAZOAEITNK L ORHE MN] 28RUTHEEEENL,

5. ChiZDABDH LT Y(Loya,2) = Y (a,2) LRIHTH 5,

6. WPFETIAMIT V; LRTOHRROMBTH 25, RIFLEMHFBI LTV S,

7. conformal vector i Borcherds MFET# b, Frenkel-Lepowsky-Meurman [FLM] X FU&®D#% Virasoro
element LA TCWD, 228, RfF (3) DHRIT<I FIVEERRTHIE Virasoro vector LIEERD, BRI
Zh % conformal vector LIRA, T\ 3,
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B, Vi=00¢ & Vit Boson ITHB LW, (V,1,w,Y) Z2THRERARRB(VOA)
Ens,

2 HFSTERFARNE

oy {’J’n |Tl €Z+ %} 2ERTTOREL U, ¥m¥n + Yathm = 'm+n,0 PRAMBRERELTD
C £ Clifford fR¥% A LT3, ZORR M TH-T,n>02561F 9,0) =0 &5k
TETRORI M 0) TERINTHWEHDOERMERNVT—RNTHZ, Chz A
@ Fock RE LW, 20 LOERAR ¢, DERBE

P(2)= Y
neZ+1/2
% (Neveu-Schwarz £ 7 ¥ —{Z 31} %) Majorana Fermion &5,
ZIC M LOERAR

Ln = Z (n + 2k)¢—k¢n+k: (n € Z)

k>-nf2

X HGEH 1 @ Virasoro (RDIERA Ving, 251 5%. SOERAICKETS M ORISR
X, Fock REDRPXLRBHFICLEB M = Mo M; L—BL

Mﬁ = L(%,O), A”T = L(%s %)

Li3% TOBREYA bR MVZZAZN 0) BLE L) = vo12[0) THEEZ BN B,
ZDLE,|0) BHERY MVE L, wy = Manp_ypl0) BHERS MLETE M LD
VOSA DETH T, Y([3),2) = $(2) 2B OB —RENCEET 30 2B V(wy.2) =
Tnez lnz ™ ORI L, I ETEXEHOL—BL T3,
R, 7 M WVER M O L BEDF I IVE M 2%,

1=0)@-®0), w=w'+--+u

T3, EEL W B BEOEAD w,, TEOMDELD [0) THILSRTTHD,
i M® OROEE %, BRADBFOMNTEI 2. COLE M® Tk

Y(a,® ®a,2)b @+ @by = (—1)ZePOPIY (g )b @ -+ @ Y (ap, 2)by

Io& > T VOSA DA 3%,

8. BIZIL XM [KR) £, Bub@R# 1 @ Virasoro REDI=4 Vi EMWATREY = 1 FEARRUZ
L(1,0), L(3, 1), L(3. &) 0 3MMTH Y, Thb % ing IV S, ST, BRY=A bR L @
RDEHHERRT 3. KK lsing MEAMETFURYO—-HETH I, 20OHSROBRIWEHNER
b, FOER « REMBAENZNDThSORRATRAI N B LW SHEETH D WENRTR
EOWTRAIER [Gi] 28, 2B, 2=F ViERAWT LS, L(],0) 2 VOA RiieRb, 20 L
OEHMEP LROHDOBILVWSETERY =4 b 0,], & dHRFITShBILHASH TS,

9.CCTR, 5D 1 ORTFOANGTBRROT VYV VROARON— > T E.
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T, D 2RI I O"ERBF[BLL, ZOFSHEE2 0L 1 DI LT w=w - w
LR, BEA [Mi2] 2,

Vo= P Mo, M,=Mz; Q-0 M,
weD
EBL. ZOLE, D BMETHALTWAI LRS Vp ik M® OBARBERZ, Ch
285 D CHBIL VOSA bW ZZ¢, M CVp THBPS,u',... 0 ik Vp
KB 5. ChoPERT B Virasoro REBDIER Vin, OF 2V IVEICBL T, &
BF M, REEY =4 bRT b

lw) = [0/2) ® - ® |w/2)

TEREh=BEHRRAL 25,

B/ D PEFSTHNE (Vp)i =0, T2DB Vp & Boson Beird, Thi, §5
D CHEEL VOA LW,

25k D HPEBHFSTHNE, Vp O =4 M 1 OFSHBM Vp 20 &23. &
DL S5 RERERD VOA %2 E Boson B (doubly bosonic) tBERZ &IZL LS, TDE
&, O xA b2 OBALME Bp=Vj Bk, Bp Kk

a-b= %a(l)b, (alb)1 = 2a(zb

& T, FERABHIENER 2SN TRABOMENA 2. h% Frenkel-
Lepowsky-Meurman QRAGEICHEW, Vp @ Griess {SE & 5.

=72 L, e € Bp ¥ Bp o TcHhB I L L e B VOA Vp @ Virasoro R b
WTHBILHEMERD LS Griess RBDFTEEIESL L. T Virasoro R
PV EIL Y (e, 2) DBRBERED Virasoro (RIDIEMESEX 2L S5RT e DT LTH B!,
F 7=, MEBERE, TBIT e DEDS Virasoro RBOERFRODOBEH (e|le) THEZXS
h3 XS5 KERLLEY,

28, FELEERBACET CYNIBITEL 3 1 OEFERVWTLINS,

3 Vi, ® Griess {¥Ditd
=5tk Fy £ 2 T RE Q' = PX(2) 2% 2, HEORED
L= {{1,293}1{1,415}1{1$617}1{2,417}1{2,516},{3,4, 7},{3,5"6}}

10. 83 [Mi2] Tk M #£ Boson L LI=FECIBR L TWB 15, Vp ORI 2S5 Z T Cili~Jz & 54 Fermion
EHSIISHEEEL, HEOABTH D, 228, Boson {E2EH M CHT NN 2BRB LG D
HRAHAGATWEI L TH T, ERIFIOHAP SBHBRALELVX 3,

N BB~ LS, Virasore R7 PV w T&H 5T wigya = a(-p)1 LBHDERMTERERI VL
HATWS, CORBOHEVWARRERLBTHDH, ABOEVFOHBRWER S,

12. 2h S DESGIES T L ROIERIE TR R2WS, EROZARE L ORDEVWTHRNTH 5.

B.FYINRTELS ] ORFIRTT D D (+1) CL3PUEKREEDIRRELABRIND, F5
MBETHIE, BRPEARL R>TRFIRIFIZIOTHE. CORMARSARROBRO—DOTHY,
Vp OFBRE [Mi3] KBV TEREN2EE %R 5, RRTRI AU LIZAVWZN,
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LB ESKBEEEST O = {1,2,3,4,5,6,7) ¥ 5. ThickUR 0 2HFMALS
DT, LD 3 RT7 7 1 V%M Q= A(2) LA—-HIh 3,

HE P(Y) ZEEIIC F, LORY FVBIE AR L L &, Z0A, HR, EROB
BEB L CL2ARBEDR THAZD [7,4,3] Hamming 75 H; TH Y

}lg= {wowl---w-,lwl---w-,e HT}

ELibDbs [8,4,4] #i58 Hamming HESTH 3., HEHELEARTH L

00000000, 01010101, 10010110, 11000011,
oooo1111, 01011010, 10011001, 11001100,
00110011, 01100110, 10100101, 11110000,
00111100, 01101001, 10101010, 11111111.

kiz3d. 5 H, DECEBREHINIE 168 DRslEE GLy(2) TH Y, Hys DECRAREIX
774 VEBE AGLy(2) TH B,

ST, Hg CHIBIL = VOA Vi, 252 &5, Hs IXEBEPS Vy, I2E Boson T
b, #D Griess R¥ By, BEIS6Hh 3, <7 PVERE LTI

7
BHs = @ Clw) @ @Qﬂi, |w) = |w0/2) Q@ |w7/2)
weHs,|w|=4 i=0
&Y, B By, 22 RTTHB. D Griess RPOBEIUTOL S UTEHRK
fdEh s,
FF, FoveFIHLT
1

1 T v,
g9+ g 2 (=)Emet ),

|w|=4
EBIFE, s XA 3 D Virasoro X7 PIVTH D, s* = s* BERULT B0k u—v € Hg
DEELRBILD, B Mi2] CL->THREIhTWS, £CT,
) . | 1 | 1 w.
e, =w' e= 13 Y (D)%), ey= 913 Y (—1)etw),

Jw|=4 lwl=4

s’ =

B L, iEQ={0,1,...,7} OTEB<. ERCDOLLPBLSIC, Thd 24 {0
Virasoro %% b JVik By, 2B>TWBDT, ThbD~R7 FNVERWT Griess {fRBIDH
BEERTIEDTES, P74 VEM Q= {0,1,...,7} = A3(2) &nEdt (2/22)°
CRIELEOHREE o TRILIETS, BITX 0 TH 5,

@ 3.1 Griess R OFEB L UFBEEARRDOL S 5L 503,
el ef =6 e, ei-ef:%(e;+ef—e:°j), (a #b)

(ciled) = 365 (lled) =35, (@#D)

CCK el {a,b,c} ={1,2,3}) L2 BBTH S,

14. B¢ AGL3(2) QHTBRIO2TINEEEHC & 3 GL3(2) OARIKTH 5.
15. A CEBRLUELSKE, FYVYIBTELS 2! ORFRMRI LB TEIOT, UTTREI TS,
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4 Vy, OECRZE

&Y Griess U By, OBCHEBBEZYLET 58 24 D Virasoro < MV (MS5T)
% Griess RBONERNRERTHBTITZ2 L 2E 1 L5, ERICI

Ey={e],....e]}, Ex={ed,....e]}, Es={ed,...,el}.

RE2=D0D8E E\ E, E; 2RI 50TH 35,

ZC T, Griess R By, DMETC e BART Y NV THB LIRS, (ele) =1 THoT, e
OfEfM e~ Ra=a-e CBALT By, 2BEHZMMEL-L &, BHMED0,1,1 KR3C
LEEDD,

#3ll 4.1 Hamming &8 VOA @ Griess {8 By, DEWKERZT 3 8 lOXRY v iz
METORER E,, B, E5 KRB,

ChERWB L, §ifliD By, OB, S Aut(By,) OMEIPRETES. TOHBMNE
NBREDRPLRIPEAEVOTHLLBLTALS.

RE»S, By, ODBCTRARI 3 SDRE E\ B, E, #BBL, ELUE,UE & By, %
RDBDT, Aut(By,) IINFREE Sy OB ELBX 2. DL E, FHCRARKCHLT, 2
NHBISRZT E), By, By, ORBEMEI 358 Aut(By,) — 53 DH%E A’ T3
L, Aut’' iX Sg x Sg x Sy DEABELARIND, —4, HF 1,2,3 ORI By, OHD
FR% 52 320DT, Aut(By,) = Aut’: S3 &23,

#ﬁ% 4.2 ﬁﬂﬁﬁ@fﬁ 91,92, 95 € Ss HJ:U o€ S3 ‘C?‘]’LT, T o= (gl,gg,g;,)a b
Aul(By,) BT 3 HOLBERARIAL 9,(1) 00,(j) = g5(iof) BTRTD 4,5 =0,...,7
KNLTRITEIETH B,

] TBE, ale))- ale)) & alei-¢f) BHBLTANIEIRW,

1438 4.3 5T (9,,9,,9;) € Aut! BLE {a,b,¢c} = {1,2,3} KHLT,g9, =9, LRBHD
DEIEAREL g.(0)=0 TH 3,

[EH] PIRIE g, =g, LT Do TDLE, g,(0)0i = g,(0)0g,(95 (i) = g3(009;" () =
95(97°'(8)) = i DHERRD { CDOWTRIELTBDT, g,(0) = 0 TRITFNER SRV, I
$1(0)=0 &2, FERD i I LT g,(2) = 009,(¢) = 6,(0) 0g5(¥) = g3(007) = g5() T
HoH5,9, =9, 2195,

ChoZRAWD L, RIS,

16. SR ORBOOH D TIDLSKIFAL D, BERTHRIC TC0 k52 8:E0 S 5EL KRRk A
VWBRETRN LOBREZZ . TRIRIABORGTIRIPL RIFUPLREEALTVS (H).

17. COBBIT AT IIE AR [Mid] KX 3D, By, DERL LTRRZEDDEREZT oL B, =D
DOMET e, f DEETDLIE e - f=02LRIILTHD, COLE, TRNBYERCELT (e]f) =
(e-e|lfy=(ele-f=02rTr5,

18. DL E, g,(i) 0 g5(j) = g5(iej) BV g,(f) 0 g5()) = 9,(iej) b BRIRICALD LD,
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Wi 4.4 BAR Aut’ DEROTTE, FITBE) 4, 0,1 THT itz =id BB3HDLY
g € GL3(2) ZRWT (11,42,83)(g,9,9) DR —RBICRETh 3,

(EEM] B Aut’ DIERDIT (9,,92,95) KL, 5(0) = ¢,(0) L2 3ETHBE s BLU
10) = g4(0) LRBEITHBEt 2L D, TOLE (s,st,0) % Aut' BT ZDT, A
(hyyhoyhg) = (sg,,5lg:,19;) & Aut' KRBT B, DL E ky(0) = h3(0) = 0 TH3H
5, BIfBICED by = hy = by TRIFhIERSBRW, ChE g LBLL, g BFMROZE
BELTNT, Ldd g(icf) = g(i)og(j) ZBMRBTADT, GL3(2) Dt TH 3. &oT
(91192, 93) = (s,8,1)(9,9,9) LB = —BEZBEBICDIP S,

BUED S, Aut(By,) & 25 : (GLa(2) x S5) R BMER DT LADY 3, HiCEDIL
8% 64512 TH B,
T VOA Vy, OECEMBEEZZ . VOA Vy, OESHER®D By, ~OFRIL

Aut(Viy,) — Aut(By,)

RABORRAMES|ERIT, TIT VOA Vy, i, 2OBRicL D, YA+ 20D
BAZEM By, POERINTVBDT, COBRFRRIIEHNTH D, LoT, Aut(By,) D
TED Aut(Vy,) ~OFH EIFBSBR T EhiE, Aut(Vy,) = Aul(By,) BRENBZHS, 20
Fb LITOMBIIBRICERCL>TRENATWS,

K, HSOHTEY Aut(Hs) = AGLy(2) & Vy, OREDSEHIC Aut(Vy,) DT
FbEdB, /=, 24 @D Virasoro R7 PV ZHICH LT, #6533 Virasoro Ui
OIERICBILT Vy, 2BMARLELE, TCRBAS L(L,)) 0RSE -1 (5T2358
& Vy, DHCREBE 222, ThoDFBLEITLZ2DARICL ST By, DIRTOEHS
FERH Vy, OHEERICHEB EMND, »LLT

12 1 Hamming HSTHMAERRRE Vy, OBCREE 2°: (GL3(2) x S3) 25
2820,

5 MIFARELCELEORE

BiffiD Aut(Vy,) ORBEHRDHTANL, TRERLBIERIASATVIDORAT . £
hix Mathieu & M,y ODBXKBABDO—>TH 3 bV A EE(LEE (trio stabilizer) TS,
Mathieu 8¢ M., IX [24,12,8] #i5E Golay S OHCRREHTH S, ZOFSIHR
Hamming &5 Hy ZODEBREZMITEILicLh EENCHBRINI D, EO=ZD20D
70w DREER DL IR My, OTLKORTBABRL M) FRELETCH DY,
kY 2 BRE(LBEE 2° : (PSLy(7) X $3) BBBRER>TV AN, Aut(Vi,) DRI
PSLy(T) & GLy(2) DB L2V, BLRISATNBED CLy(2) & PSLy(7) itE bk
19.77 ¢ > @M £() KB SFEBHERA 0 ORAE RTHINERENCRT,
0. COBAR L(L, L) KRRV, b LBhEBALREORSE —| 5T 5TRFESANER B, <
hoOABEAER LI LIESXA0BC R ¢ MIZh 3, ERELUGPSALATWEOLDTHD, =

EL, EORBEE VOA OABICESWTEAL URBRIERE 52 L O [Mil) SRITH .
21. BEL < I XAR [Col[Kol) &8,
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(I8 168 DHBEHTH->T, ChOHERARTH S, LoT Aut(Vy,) i bV A RELL
RRZOTEERWPEERIND, =721, MIZBEL LT GL;3(2) & PSLy(T) XEIRTH
39, BERLERRBAIRAR>TED, Aut(Vy,) & M) IRBEBOERLZ 24 ROFHR
BREAHGRRZD, #HoT, AEFRLIIFRD LS PITHBATIERNWS,

LU, X [Co] iCdB PSLy(7) 15 GL3(2) ~DBRGKIZRANEROMREHRD &,
Thd S F<KLHEINT, M)A RELFEDPS Aut(Vy,) ~ORRERES5Z LD |
BRBAOHEEZ RUNICRTHEIPOHOND, R, M) IRELGHODI, HEFERT
U BONEERIIFIBZILNTET, ChiC P ARELBEE2HGTHERAIESZL, £h
DI TR~z Aut(Vy,) I2& 3 24 D Virasoro X7 P NVORBRE—-BLTULESDT
HB. BPLLT

FIB 2 Hamming S HEMREARNRE Vi, OHCRREEIL Mathieu 8 My O ) FE
ELBLRARTH S,

6 =xit

2T, Vi, DECEBBICIZNME S PFEhTwk, CORFMEIZEEE Hamming #F
5 Hy ONFMEL SIS FIATERVWODTHED, ERICLBL—0 v B
Vi OB BV THANICEERGHERELTWSS, 2hit Frenkel-Lepowsky-
Meurman I2& % V! @ VOA BEDOHEEIEHICBNT, A B Lie RICH®< S N
HHBRELEGRIEENDOODTH B, WS ONFHEE ZAHE (triality) LFFAT
WADI>T, Vy, D Sz NEMEE Vy, O=3HELIFRIT S,

LTAT, S WS B, A%k Lie B¢ Spin(8) OAMEACEREEL UTOMNMK
BSDOILEREKLTWSY, Jhik Dy D Dynkin FEOXMEMED & 3 2 Bl —
FRVWUIEERY x4/ FORBRE LTHLS X HND D, BT Vi, O DAED
Dy BO=HELEIRTCEZ 5D TH 5,

Ti2bb, Dy BIV— MEFICHIBEL T VOA Vp, 2822 L, 2O, POBE | @
B o[tz 8 D Virasoro 2 MVOEETH T, EMETCEVWEEIHS5HD 3
@5 E<MRTED, TO—DKLoT Vp, EAMT BT LI ST, Vp, TRTD
BELORIEX 8 OFSCHETS VOA LRABKERBEZLPDIZ, ChitkoT
Vy, % Vp, KIBHIOBILHTE, Dy O=HEDTBEHT S Vp, OBSEED Vy, O=
HEE—BITZ0TH 3.

IHEHELLBS L, Dy ®V— METORBRIL NG 0= -1 % Vp, NFBLETT, £
hic X 3EEBAIEH Vy, 2F2 5. chid A} BV — METFICHAILE VOA V, LR

22.2% Y, aPITORFIECTHRZIEAPD Lz,

23.5; HEEC LY, BF L(%,Tlg) 23DHAH L(%,O) L)) PoRo>TWBLSKART, 208
R VOA OMEDS R S BB (Mid]&BH) o 17 L, = WS VOA BEDEER & > T KRNI Y
SHEFHATH D, ThEAVWRWREREMISRETAICBLEZ LiZR2W,

2. ER [, Uigy) = Wign (i = 1,2,3), BOBIE yy, 0,00 REBEE, Lie ROHBHETH>THE

{£y,, 210, 215} ZEOHOLELD S3 DHK 22 :5; L3,
25. RIS 3 D L—BER OB ETEAT 1T 55 255, AT OBV S,
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—fENnG, TSICETORPENRANEGCLIEERIEMEFLD L, FORIE Vy, BA
%, Ch5D VOA I Dy ORI X > TTFEERENTE Y, ROEE %2135,

ER 3 (RiF) FAERRRBORR Vy, C Vi C Vyy = Vi, C Vi, KHE Dy OSHHES
BRICHERT 3.

T =xtEI & B EEES 2R
&T, Vi, @ Griess {38 By, © S; (EACET 3EFHA%EM B £#5x1 L5

4
d = 5ef 4 e+ ed)

.2 . . . 2 .
¢=zleiteitel) - —(efteltel) (i=1,.,7)

LTBL, o RADEE &, o BHOBH { OMETTH b, EEB/TML

7
B}sf‘ = Ce' @C)/s, (C|/6 = @Ce')

CEHZART Do Cije DEEIX
oemd, dd=i(dte ™), (i#])

THASN, Bl u= (4 -+ ) RBOITER B, TORBUL, RAS— ISR
[Hal] EBWTHERUE GLy(2) Z HCRERL T2 ESANTRAKICEML TN S,

T, a+Pf+y=3DDaf+Pr+7a=0 2HLTHRE 0,0,y BLUH i 288
TB=D20DBM {i,5,i05), {i, k,iok}, {i,,i0l} ZAWT,

: 1. S . ‘o
e;m=_Ze'+a(e’+e‘ 3y 4 B(eF + €°%) + y(e' + %)

ERENBTEBIBY, T, Ciye ©5HBDTT u, e’ u— €, el g, u— e, IETRT
%% (Virasoro X2 V) TH Y, hiBFidzheh ¥, 4, 81,2 ¢H 3,

i, RHOHFAEEZABTE I LICL DB, RE Cy)s ODHF TR TEC
EWTET, ROKERER 3.

EIE 4 R Cyje DHETUL LT DR S,

Zhdb Cys DECHRIIHET ¢,...,¢" ZRAT I DI Y, REOME,S
Cie DECRERBIININ 168 OHHEE GLy(2) L—B T3 HBBRCDPS, Thid
AUt(VHA) o)tb"fa EhE'h E3 K#ﬁm‘:{'ﬁm.@-é GL3(2) @ﬁlm‘:f&tB&b\o ﬁ‘?f,
Cis 3L B, TERE NI Vi) OoBAREEE ML, Thid GL;(2) 2HECRAR
BLT3 VOA 3%,

26. L#L*Et‘ﬁb‘#&ao :n':ob“c‘im&@ﬁe
21. > T T OROILEBED 5.
28. BRRENR T RHY 2 REBALRML DN, REK Mathematica KPS 6BFLHIFTH ok

HMIMEERA L EREORREREAVREIE 2A L FTRIT S,
29. 2D VOA DRBEAD IWECATHIN, SOLECAERRLDP2>TWRRN,
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8 GL3(2) # BCEREIZIF DIEZAN AR KD
R Cyj DR EHAS ) € C TEBLT,

eéef=e, =M tel - ), (i#])
122 REEHOFRANTRAK C), EL LS,

@il 8.1 M C) 1%, A = —4,0,3,1 OBAERE, MEGSKTRy Bl BTN TR
RETH Y, 205 —EEROT—RERIEBEHHTERRF R EFH .

T, CORBOECRRRERET 220K, METORE EF = {e,...,e7} 2%
OHENRERCHBRTIZ L %2FEX 5, 200Kk e DA a— Ra=a-¢ O
HSRADHBEFAT 2 DBPRETH 3,

KB, METT ¢ OfEA R K& 3 C\, DEEZEMARL

Cr = C(0) @ C'(2)) @ C'(1),
C'(O) = (2/\ef - e.i _ ei°j,2/\ei _ ek _ eiOk,Z/\ei _ e{ _ e“’),
C'(2/\) = (ej - ei°j’ek _ ei°k,el _ ei ol),

C'(1) = (e),

TEIBNBYN, ST, {i,5,i0), {i, kyiok}, {i,l,iol} i i 2WRT 2=2OEBT
BB BiZ, BESERIE 22 -2z~ 1) T5E 53, ZOMEETRTHAT S
DI FEHNICERE L BDh 258, R A W 2 ORINREZ L 2IBAZRVWT b
L—2OMBTRATH D, WThICE &, 3L D ROBRITREN S,

il 8.2 A =] DBEAEMRE, RE FIIMESERND (2 - 20 (z - 1) &RBLS5 %R
MET2kDEETH 3%

ChEAWSE, C, OBECRAMEIROLS CRESNBS,

ER 5 M C) DHCRAMEX A =0, OBAENKE S, TH D, ThUNOBER
{84 168 DBIBIEE GLa(2) TdH B0

T, RB G, KBWTI, A = - OBEERE, GL:(2) PEBCHL 1| RWiHow
T BAIT v ORZBABMTH 5, —8, RHEPOTHERLEARBRICBWTUL, D
| RETEHATBHEHBA FFZNCR->TED, HCRREL 6 RO RELEICED 3,

30. DT TCER S N BAMHUBDS AN L2 3 & &, MEAR) (power-associative) L5,

3. BANRRBOMSTORAMLIL 0,1 THI0KRL, MESHRRBOMSTORAMIL0,1,1 T
5, (R C, BMEEHTTORWH, C), 2RINERORETH-T, BHED0,20,1 THIL IR
DOV END EWS IR TIRMESHRABUISENWEBI 32D LhlW,

3LRAMC, OMBETETRTAHBLENES 3 TH Y, WHOMTIE ) = § OBEE>THBHIC
BY L oPMRNH D, —BD A DBEIES LWV,

3. COMTRECARIFERBYEREHE O ERERLTWRLD, BROKCEO I LIRS,
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& AT, RED GLs(2) 2BCRBECROELGSNTRABES R LI, R.
Griess EH XM [Gr] KBWTEV XY —2BCEREE T 5 196884 RTDIERK S KA
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HIERT b VDS RZBRREMFTTHH S LS AT, Griess BRINCHE L =REEIZ
872> T3, Frenkel-Lepowsky-Meurman {2 &L i, V! @ Griess (A% FERBREE
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FHRERRDTHZLBbh3,.
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A Combinatorial Proof of Hook Length Property
of the d-Complete Posets

Masao ISHIKAWA"* and Hiroyuki Tagawal
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1 Introduction

Z O RWIE d-complete poset @ hook-length DAXDOIEAN ELRBHTHS. &
{2 = Z Tk Swivel shifteds & FRiEh 5BE#972 d-complete poset (22 THeY £
¥ TV 5. hook-length DA & v 5 DIX linear extension D E¥k% MO H
< 443X, d-complete poset $£ifio> universal 22 AN I H BN, ZZ TiIkER &
~4* Swivel shifteds DPBAEDOAKEZ AT S L # B2 ABETS. linear
extension O EEIZ SV TiL, linear extension M6 EFE I 5 charge #HA & L
T, €D g-version % AT 5. = D g-version i35 2 #iT (P,w)-partition DFF
Bk > ME-S1F 6 5. 5 3 14Tl Swivel shifteds D EFE S Swivel shifteds %
WiFS P & ¥4 5 (P,w)-partition D% RDD. T L TKEICHE 4 T,
ZOBMENSH ST RDZ LA AT S.

2 (P,w)-Partitions

(P, w)-partitions DS [5] DT R.P.Stanley i L »TEfRKEH, TEOFM
IOV TN L 20— LREENRBOATWS. HRENGUTFIRE P & HH
w:P o P O (Pw) % labeled poset £v>>. ZZ T PIXIIERWK2EDES
¢TS5 thbb, T ENFIRE POBSTICR 3 THEEZIRE-bDEE
265, MHOLDIZS#KE P 0 baseset # P=[n]= {1,2,---,n} &L
Imgw=[n] £33 ¥ T z,ye PIZHL Tz <y 26 w(z) <w(y) T
3 % labeling w % natural X\ 5. labeling w & dual 72 labeling w* % P D}
FEYcTAZ EICERINS. FERIC P OMAF%2 L 7~ 2 U7 % order
dual poset P* &23& P D dual ¢ W 5. F2bb PTz<y 5281k P
Tz2y WS¢ EIATHS. (Pw)-partition &1X mapo: P+ N T3~
TOPOTTz<yicaL TREWMEI_ETHD. 22T NIitdAgikeiko
HETHS.
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tPartially supported by Grant-in-Aid for Encouragement of Young Scientists No. 11740019,
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(i) a(z) 2 a(y)
(ii) w(z) > w(y) 25 o(z) > o(y)

w A% order-preserving M & & o (IMULD /I P-partition &£ FHIN B, w A5
order-reversing M & & o (XM HLD 7= Iz strict P-partition & FEHEN 5. |o] =
Y.epo(@)=m THB L & oid m @ (P,w)-partition LV bh o+ m & Tk
&h 5. (P,w)-partitions £EOREIT A(P,w) & TBikEXNh 5.

[BURIZ reverse (P,w)-partitiono : P = N # ko (i),(ii) D %44 Fo ({i'),(ii")
DERMFICEEBRI DI LICL>TERTS.

@) o(@) < o),
(ii') o(z) > o(y) whenever w(z) < w(y).
A X > TRTEITL 2 HRE T DI EMNFETH 5. R(P,w) % reverse (P,w)-

partitions £FEDES LT 5. ZORIXDOPTIL (P,w)-partition @ |o| TEHI %
S el 1l EROBBEOALAL MMEDbL2v. TNIFKONTERINS.

Fo(Pwig)= Y gl
c€A(Pw)
Iz L T
Fr(Pwigq)= Y. gl

gER(Pw)

ZDRXDOPTCIEH B HIREFITFIRED 2 T AOBRAMAHL, #hicdL Ty
CTNRAKBEVISZ L EZRT. |Pl=n Dt &, fIFRAEHR r: P n
iX P o linear extension & Vv 3. ZZT n it n @oIEMNS A S chain
THhD. L(P) # P @ linear extension &N S LT 5. £ L(Pw) =
{wor™! : 7€ L(P)} £BLK. ZoLE L(P*) = {mpoT : T € L(P)} &
LP*'w)={woT lomy:T € L(P)} MRV Z-D. T Z T mo {IXIFHE S, DIk
BiRTHD. £~ WPwW) ={row l:7€ L(P)} C Sy £LBE, ZDL% linear
extension ® w (ZBY9 5 reading words & v 3.
{E8D m € Sy 1L T

D(r)={1<i<n—-1:x()>=x@E+1)}
LEBXE 7 descent set £V 5. Fi-
A(r)={1<i<n—-1: n(i) < wm(i+ 1)}

It 7 @ ascent set LV D, HIT 7€ Sp KL T maj(r) = Xicpimt %
7 ® major index, min(w) = 3 e 4(x) ¢ & 7 O minor index LV 3.
{£&. permutation 7 € S, & t € [n] ITXL T

c.~(7r)={0 ifi=1,

ci-1(m) +8(x~1(i-1)>n"1(3i)) if2<i<n.

LEL. ZIT () L HEDEE 1T, £ 5TRVEE 0 L5, FRRIC

ei(m) = 0 ifi=1,
Tl @) + (i —1) < n(E) if2<i<n.
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EB<. chim) =321, ci(n) & m @ charge &\ >, coch(n) =Y [, c(x) & «
O cocharge L 23, ZDE & ch(nm) = ¥icpip-1y(n — ©) = min(r~! o mp) A2
coch(m) = Xcp(n-1)(n — %) =maj(r~omp) AWKV USZ L ERDDITHL L
S2C mo tE Sy DRBETETH. WAIT ch(xr) + coch(r) = (2) HAL Y L.
{£8E o linear extension 7 € L(P) izxL T, D(r,w) = {i € [n —1] :
W(TE)) >w(T i+ 1))} £ 7 D w IZPEF B descent set 2V V5. Fi-
o(t7'(1)) £ --- < o(r7¥(n)) and
Awwn ={ocarir: {EHENT L E N S vy |

& <. (P, w)-partition DIEAEHE LY

APw)= |J AP w,1)
TEL(P)

THd. ZoFRELT

> rec(Pu) 974 _ T reW( P I (700
(g:9)n (g:9)n

Fao(Pw;q) =

MNELY LD, Fi=

ZneL(P.u) qmin(:r) _ ZnEW(P.u) qch(norra)
(g P)n (g 9)n

MDD IMDZ L ERDDLEY THS. Stanley (% [5] DT

FA(P’W';q) =

n L n 1
"Fa(Pw'sa) = (-1"Fa (Pwil).
AL 7=, [EERIZ L T reverse (P,w)-partitions @ I BIL Tix

X ner(Puwy I (7o) _ X new(Puy

F‘R.(Psw;q) =

(2:9)n (g:9)n ?
THD » if:
. o
Fr(P,w";q) = Erec(pu) I = Lrew(puw) T ’
(2:9)n (g:)n

TdhdD. ZhLE (Pw)-partitions DA XK 5> Z L+ 5. FL CTRELOZBN
DLVIRYD Fa(Pyw;q) O 0 F(Pw;q) L &L. ZHDZ & LY charge ¥
cocharge @ FERIE %A R B (i1 Y 22 label w 2 HEL T (P,w)-partitions D
MEERDIUT BN E DN B.

3 Swivel Shifteds DIES
B O PBIRCZ Z Tk d-complete poset DEHRKLE HEET D Z LicT 5. b vl

Swivel Shifteds & FEIh 5 RD L 5 A2/~ EETEMR SN S d-complete poset
P iZxfL T, raw-strict 72 label w % EF]/L, TO BN F(P,w;q) &R+ 5.
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raw-strict 7¢ labeling &3, A6 FIZ§5 BT HFNEM, £ E103Ry ok
THWMEIMZ R 5 & 57 (P,w)-partition 2 X 352 ¢ ThH5.
Swivel Shifteds (f > M > M >---> A 21,72 5)

f a

.;_’_. oo .—;' Ia w . 2 4. @ oeco .—.—.l

A A4

P ocoe Pl o000 Pei- ‘.—‘&
L 2

D
N
$ oo Qe oo &
>
[~ ]

l‘—b cse ( PYTY
& |

oL E EROERMB LD 3 A TO (P,w)-partition DIfi#% a, b, ¢ LB,
lattice path method % {# 5 &, Z D X 572 (P,w)-partition O ERIEITIRD & 5
RMTREIND. I ZTliMEEoREET lattice path method (22T DEEL W
BHIXHBET 5.

a+3 (a+2)a (a+2)b (a+2)c
q( )+(2) [ ] a+b+c a 7 qb g qc qa qb
(Q:Q)O'-f'2(qv Q)l 0<a<b<e f 1 1 1 1

Ag +ﬁ J - q(A‘—ﬁ)b-'-(]Al—A‘ —-2)e
zcnqu‘iq.vh i)u+)ujq (G.q)a‘-a (0i9)a -2
Q|q A; =2 Y Y
ot —z)b+(|f| —2j—2)e 0 0
(9ig)a;—2
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ZOMEEE HRTSEROL 574 Plaflian (27252 & Rbh 3

q(a;3)+|A|+(|A|+a+3)l(q; 9)1'\!+a+2 1

(0 D)2 D1(T DiA[+atrr4+3 (I’\l)q(l'\l + l)q(IAI +a+1),
1

LY 2 Y A
(q.q;x.iq.oix 4+ e (@ qix‘-a i
0

xp zlhqh,-a
—AJ 0 0
2T
AI-A-1 (2)alat)e
Ai= — L OINDe 0 Farl,
@On—z (N -Xi+a+1), | i @l
ThHd. ZZTE L ELHERIT LD Plafian BRO L S 2MTHITH L THH.
q(°:s)+l'\l+(l'\l+°+3)l—l(q;Q)|A|+a II g — g™ II (A + X + a + 1),
(9:9)a (@3 @) 1r1+atr+3 1<izi<n ('\ + Ai)e i (A=A +a+1),

KOFTZ DFFERAEIR~2S5. fthdd d-complete poset IZ-ov T b RIERD FFiEHHE A
S BITE 15 B BEH 7 d-complete poset D 5t 8 FAICH>WWT Z D & 5L

K& AL /=,

4 Pfaffian O EE{H
Lemma 4.1 » 28 A= (O, -+,

¢\, — q¢\( q¢\, _ ql\i
() o ML 55
(A + A.‘l)‘l 1<i,j<n |Sg5n (Al + A.‘i)‘.l

Proof. Stembridge iZ L 2 FH ALK THHANERITROXIZRETS.

z; T; — T§
pf (_) = H B Al 2
1-zx; 1<ii<n  1<ici<n 1 —=ziz;

T oTiE, COXOHMITHRET S.
Lemma 4.2 n # &, A = (A\y,---,

An) 2HHDOINELTHEE

An) ZHEBOINL T HEE

x:'_ A: (,\'.) — q,\,- _ q,\‘

. ( o o) w0 IS 2
qAa+Aj ?A‘j_lxl ) _ qA, - q'\‘

f ( _(’\;):A’ Y ") = (A lsgsn (Ai + Aj)q @)

Proof. £i0% B (n+ 1) FS>WTERL T Lo #E S5 &

il Aji _ ghi A e
g’ —q 9¥ —q
(=11 () Ay = (AD S k. e
:¢2=:1 ! 5g<,, (X +Aj)e il 'Kg<n (Ai + Aj)q

N1 = =
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ERREL L. OIS [1hcicjon (i +25)g DB L

S, I @ - ITi+ M=) [ @ -¢*)
k=1 1gicign _ =l 1<i<j<n

@3)
ERBIE+SITHS. FHRIZLTH 5 1 DORXERTICE

Do(mrrrgh=2e ), JI @ - [T i+ a)e=UADe [ (@~ —a*)
k=1

1€i<j< =1 :
SisE ] 15i<ign

(4)

EREETDTHDS. 0% n TR EITIRET, 020N EICHEY (Lo
ZEERBRETRYT. ZoXE ¢ OB E AL ¢M 2oV T n KA THS.
LoT (n+1) ADRLZATHEAN—RITHILERNEIRW. [ =2,--- ,n i
HLT g =gh Fbb A =N LFH5LEUTALMN 0 THS. £

Me TI @ =9 T O+ M

2<i<i<n i=2

+(=D" ) JT @ =) [T e + ),
1<i<i<n fal
AT il

hxERLT

-1 n n
= (Al)q H (qu - qM) H(ql\' - q'\") H (‘I'\'. - q"')(ZA,)q H (/\.' <+ /\1),,
sizisn = =i i

-1 n n
+ (_I)I-H(Al)q H (q'\" - q'\'.) H(q'\‘ = (I'\') H (q’\‘ - q’\')(2,\1),, H (A + Ar)g

as“_f_v{fn i=2 i=l+1 =3
LoT, 2T 0O IEEBLV. Eo<FERICLTTORYE gt =gM 0 & &, @i
ELOIZABIENTEND. KIZ (3) OROEUD g* (THOVTDIE K DF
s

(-)"gZi=sr ] (¢ - q™)

2<i<j<n
THY, THhiILEDD ¢ DRBEDFFES L. ZORDEDD gt (2o
TOEHIL .
g=i=aX T (¢ — ™)
2<i<j<n

L7220, Zhi3AEND gt OEBBRICESLV . KEIC () oRXDEND gt (2D
WT o EBRIT

II (q*"—q*‘)+i(—l)"“q'*"*‘"*‘(r\k)q II > —q*‘)ﬁ(/\.-+/\;,),,

i< 5 = 2gi< i
2gi<jsn k=2 S ik
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WMEOEEIZLY Zhix
II @ - -a-2) JI (¢ -d*)

2<i<j<n * 2<i<ji<n

K&Dﬁ%qMHMH%KﬁJﬁhﬁW)K%LW:tﬁme,EmOEﬁﬁt'
—®T 5. FRIZL T, (4) OROLEAD ¢gM O REKROFEKT

(—1)"g? (M=) H (¢* — ¢*)
2<i<j<n

+ (gAY = ) JT (@ = ) T O+ Mg

k=2 s i
LTV RO EEBIZLD, Thik
(1r@=20 T @ =) + ()" M (A = a)e [ (¥ -a™)

2<i<js<n 2<i<jisn

HL L, zhix (1) M [T icn @y — ¢N) ThH Y HRORKOFREK
&E—%¥5.

Lemma 4.3 n ZaH A= (A1, -, \n) & WEONE T H L&

LT

pf(Q*‘+*’fx+A’m (*"v‘**“”v)=(|A|).,(|A|—1)q |

—(Aj)e(A; — 1)q 0 1<ici<n i+ As)e
(5)
Proof. £ Pfaffian % n FUC2WTRIML, ByoHiML AV 5 &

n A;‘ -_— Ai A, — Ad
(_1 k+1(A ) (’\ -1 qlkl—Ay, __q—q_ = (Ix Al =1 q q
21 0wk = g H; Oragyg = (ADe(Al = 1), 15.-115,, CFwe

(6)

EREL RO LR D. B [Ticicjan i+ M) T B EICE T

SDE g = Ded™ ™ TT (@ =) [T O+ Ak

k=1 1€1<jgn iol
(2% ]

Vi ivih
= (l"l)q(l"l - l)q H (q)". - q)“)
1<i<j<n

PRI RWIEIRIRS. 5% a XFKE KEEPFICERED n oL T o
ROMHSZEERD. ZOXDOFENE ¢ OEHRKXERDZE (n+1) KX TH 5.
L2T (n+2) ORLRZAT, AR —HEIFT I L& RNV 1=2,---,n
XL T g =gh bbb A =N LT3 HDIEHELMNT 0 TH5.
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—35, B M =N ERAT R L,

(A = Deg™2 I @ =) ] i + M)q

2€i<jsn i=2
+ (=)A= Deg™=M T (@ =) ] (i + Mg
lS:(an (.3
g it
&9, Zhik
-1 n n
Ao = Deg™ > TT @ =) [J(e™ —¢*) TI @ =) [T i + 2)q
23‘_‘.’;;2?- i=2 i={41 i=2

-1 n n
+ (—I)H'l(/\t)q(/\l - l)quAI—Aa H (g™ — ¢™) H(qx.- —q™) H (@ — g™) H (hi + g

IS i= i i—
S‘j':ﬂr" i=2 i=l+1 i=2

LT, ZHITOICHEL V.
EICEDD gM IZHOWTHOEFIRI k=1 DL, ZADHIZBNT

M I @ -¢*)
2¢<i<i<n

ThY, ZREIEDDEHHRE —RT 5. £, EAD ¢ IOV TORBKROHF
Bitk=10LIA0HIBNAT

(_1)n+lq—l+2(|Al—A|) H (qA,- — qA()

2<i<j<n

ThHO, ZRITHEDORGHROFREE —FT S, K&z, b5 1 ATEANHELWY
T EEATLVDITTHAEINE gt =1 ThHbb A\ =02 AATHZEIZT
.ok E, £

n n Zn- A ”
(D" TT )e Do(-D** (A)g(he — 1)oq 58 ™ (@ =) [T i + M)
i=2 k=2 ’S-‘fién :::

E2d. MBICLY, Zhit
GVl | [ENEOIPH NP S I FE | I ¢ o))
=2 =2 i=2 2<i<ji<n
ICELVOT, ZRIEEEDIZ AN =0 2RALAELOLFEILTHAZ LM 5.
Theorem 4.4 n B A= (A1,--- , ) EBEUOFNETH L&

A As

NI (M)A — 1), B
p=pf ~(Ai)e(Xj — 1)q Y 0
~B; 0 0
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EBL. =L
IAl=2; =1 2|\ 1
B — — AP =)o |th=x=, ETTEI

i [EYESV:
(Al =X +a+ 1) | sy FALa).
THd. DL E
' (1)g(IADe(IM = 1)q ¢~ o (Al + N +a+1),
= 7
P= (A +a+2), lS.,I<L'_(,\.~+,\,-),,._IJI(|,\|-,\.-+az+1)¢, @
by A/ BTASN

Proof. Lo Pfaffian # i n SN DL TBBL THiOHIEEX AV 3 &7 ~<&X
ITRDO L Sz D,

n . J W 2|2 g
DRVl | | @ =g (A)gMe —1)g | dPTMTHIAl = Ak l.::.;;lq
k=1

(X +25)g (IA] = Ax + a + 1)g [gIA=2 (IA] = Ag — 1), (2‘\'\_;_*':1

1€iCj<n
f. 4tk

_C @A -1 7 @Y=t A Aat),
(Al + a +2), N FADe it (T = X+ a+ 1),

1<i<j<n

SO (A + @)g(IA] + @+ 2)g [Ty (A = Ai + a + 1), &M 5 & RO
T Th 5.

n S VS W n

—1)k+ 97 7 )k — 1 M=A+a+1
30 T G, Qe = 1 LA )e
Sk itk
gM=2=(A] = Mg @I + a+ 1)4(|A] + a)q

X (@M= Al = A = 1)g @Al + @)g(1A] + & +2),

= g-! - * — g™ ‘
= ¢ (Dg(IADe(IA] = e (1A + a)q 15-119. O g .I=11 (Al + Xi + a + 1),

IORE ¢ ICOVWTOEHAERDIEED L H ¢® I22VTO (n+1) KAT
HD. LT (n+2) ANORL DS JCHEHENBLMERS Z & 2 R/BEE-HTH
5. FFT a=M—-|Al-10=1,---,n) ERATH. D& EENiT

Aj — oA n
0 TL Gy e = D IT 4 = 20
i i

gLl = A (2IA] + @ + 1)g(JA] + @)g

X
gM=M(A = M = 1) (A + @) (IA] + a + 2)g

ZOITHIRE REHCEEHET S L, Thit

A — gAi n
—1)t+1g-1 I8 (a)e(h—1 M= A
( ) q 'S‘g’sn (A' + AJ)q( I)Q( 4 )q g( 4 )q

x (l)q(l’\l)q(Il\l - l)q%q-q|l|—a\t—l
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ICHLV. Lo THRLLTER

— A
- rl-ll'::jj:'((‘f\ 5 @uAD A = e(2Ag - 1,

Io2d. —F, Hidix

PR NCUNCIRSINCHRSINEY § JKC cal ) § [SVFB WY

1<i<jsn ('\'. + '\j)q =1

. nl<" 'Sn(q'\, _qAa)
=0 e = Do = DeX) S

S LICEDE—BA B, SFIC a = —|\| ZRAT B & 201

S0 T S e = 02 IT (1= Mg =100 = Ade(MDe(2)
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On Siegel modular forms of half integral weights
of I5(4) of degree two

Tomoyoshi Ibukiyama
FRiaE (RIRKEREHER)

R 2 OU—5 MERIGAT, BB [(4) KR T3 ESFBEO L0 AAmMiz 28R T 5,
BRI ToHMTH Y. weighted polynomial ring IZHABHEEN T LB DR >TVE, Tk,
hbDFRBRO— (77 ARAR—Z EMRTND) 1R 20D Jacobi form & HH3H B M,
hizont, HAF—K (RKELEE) BAAHLHEXETLTEY, ZhiiovnThy
LiiR3,

fEOTRIL, HERREARESMENFERILLY, 0L RFEVERORTEHRLEZ
SIRERLTWVWAL, ThIIHADBELETRENFICR-TWS, LALERMOICE R, #
DRFTARIAVZVIESFGOA TS, (22 CRERRE<R2VWOTHSH,) 2K, B.
Runge [12] i Sp(2,Z) & (2,4) DRNZH BV HHDRHZHNT, RABXOMEEZR LT
W3, thhbELE, —R Runge DEST H,; &5 untary reflection group 26, 0D
DBROTEHDE LTRLA) OXEEY =4 MOREEAEZRDDZENTETCHILICRA
AhbLhfevy, UL, Hy RAERIC 2 BEBIETHY, TOPT {4) # M(2,4) 0k
VavRERIZRLOATWADITTRAL (DEVEEEY 2/ FORYRF2ERICE LT
BFALTWADICIRAELC), BEETERAICE Ry, EZR, ReOFEHY =4 PORBBA
ik, HORDF - L BREBEAOPIHE TR TR, $i2, LEXBEY =/ MIEERR-T
b, AHY =4 PEWbupD theta constants of the second kind CREBR SN THW2RWVWOT,
ZOFH TR THHRI unitary reflection group DFEL VI DIFTRRARW, LD X 51z, &
heZhRT, Runge DRI 0 AEMREENELIIRELLTEI LW IDIT TR, &
ITRIOLI RBERIOENT, EERRYEZLS, (BHENIRPTHLILEND,)

RB, LARCBARFTHELENC, BEBZR LY ERTOMBEIZONTa A PRI,
UTRIOATHONPOER L EFHBICRoTWa828H S, ZORBICEBHLEY,
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1 REBAREFBH A FORERL

Sp(2,Z) 21T A XA DEBO T —FNET 2T —fE (BEERO SV IT 49788 L
13, HBREN oW T, SRS

(N)={g= ( AB ) € 5p(2,Z};C = 0 mod N}
CD
LB, ThoEBZLAEFIIBRLTVWILELHDDT
1000
foro0o0
2=lo020]
0002

¢LTTr= pz"'l"o[4)p2 &ﬁ(o . Tbt‘:

A B
M={g= S ‘B=C=0
{0 (C D)e p(2,Z);B mod 2}

Thd,

9

A B
(c D ) €lo(d), /43T,

ROWT blg) = (z5) (WY ¥V FAVES) &B< L, Thit () i3 T ORETHS,
Bk & Sp(n,R) DEEMEE T’ Tvol(T'\Sp(n,R)) <00 RB3HD, I DHEE x, BLU2K
V=W R H; ={Z=X+1Y = *Z € My(C);X,Y,real,Y > 0} DRI} F icH T

(Fhe¥)(%) = x(y) ™" det(CT + D) *F(7)
EBL, 9 LOERBKF X FRTO yel 2ot
Flk.x?' =F

AWML FRT OU=A bk HBEx 0 (ER) REBALVS, 427 RV
27 MEOKER) CHINE, ARATEREW), ERREBAOZRME Al x). 7 ATHEX
OLEME ST ,x) L &L, x BERZLE x 28T, MEokbic

A( rla X) = ®I.:-_0Ak( r'i Xk)

L3,
RiZMHLR T A,
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Proposition 1.1 (Tsushima [15])

= . woe V4T
édlml\k(ro[ﬁ,tb Jt e
bhbhid, 2 CRHAKMIZERZERLEY, ¥ aX Au(4), V%) 2ROV, N4
ODrOYIZT 2E2 5, TOBHEIL, T'Ch(2) THY, A(l(2)) 1 |4] TTTILbhoTS
PoTHD, KDL B,
X ((Bo000)* + (B0001)* + (8g010)* + (Boonr)*) /4
fo = (Boooo)*
92 = (Boooo)* + (Bor00)* + (B1000)* + (B1100)*
Y = (80000800018001080011)
Z = ((8o100)* — (Borro)*)}/16384,
K = {001008011081000810016110081111)2/4096,
fi = (Booo)’,

fs = (Boo0180010800m )%

0 = B00080001800100001100100801100100001001011006 1111,
fe = (9&01 - 93010)[9(4)001 - egon)(egolo - egon):
fu = fé,
fazz = f11/80000-
T2 T O 11 characteristic m (mod2) 07 —4 B ThH 5, EHL Igusa [9] BE,

Proposition 1.2 BI% X, f;, 92, Z, Y, K, fy BERBNT DU xA b 2, 2,2, 4, 4, 6, 11 DR
MEATHD, L £ 3 X T OEEY OU=A b 1 2V LI 3 ORIEATHS, E<IZX
Y, Z, K it R{2) DREBRTHS,

Ko &5 REERRZY D,
2 =1, fifs=Y, Z =gz +2X — 3f;)%/36864
faup b HAALENTHS,
Theorem 1.3 REHAR A(LY) it
A(L¥) =Clf1, 5,02, X]
TEXbND, ZITh, fs, 02, X RREMICHSITHE, Fk. B=C[X f,0,K LB &
A(N)=BgYBof{Bo YB)
Tho,
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SZT oML LTOENERT, bhAIC

i

—4096K + ;fz(4gzx — 6f200 + 246,X + g2 — 32X%) + Y(4X = 2f,)
= —4096K + f,(4096Z — 2 +4f,X — 4X2) + Y{4X - 2f;),

2 = f,

Y = fifs

REWRY =0, f, OARIIBET,

B ATY) KOWTOZ OFRIL, FMEHEDTHRWELAHAM, Shephard-Todd DF
? No. 2 ? unitary reflection group T, m=2,q=1,n=4 DL ¥DFREARICAYTHLE
3. RBAERORKIL, 2, 4, 4, 6 THY, bLOSFRIL, Runge DV I 420D theta
constants of second kind T#h5 5, LA L, unitary reflection group H, D H2 2 0EEE
i L vbiF tiii, FREAEET2LERS S,

2B, EOR ALY cBWT, HEY A FCRIEES&X THAHM, BBV =4 FCRIESK
£, P =1 RR2TVERLEERO>VTVRY, ZOEFEUTIH D,

Theorem 1.4 T DEFEOEDEEY =4 FORBBADRF S FVERIZ
BreoAn(LY) = fn(fiB @ f3B)
THEALID,
bHANULORRE [h(4) DRERICEZRBTORPE LY, ER
Ax(To(4), %) = {F(21);F € Ax(T, )}, Ax(lo(4)) = {F(27);F € A(I)}

THY, 0a(21)2 BELRD, W3 [fEfl) OAXTE2INT—FERTELZLHT
&5,
YEHY x4 FORMEAOERL, REETF L LT, (B0000(2MT)/80000(27))% (M € To(4)) %
bba, ZORMEATICHET 2REEAE, U=od b k/2 L), BESEORRIERY =
A IOLELRLICEREND, HRAIZM € [H(4) 129V T (Booo0(2M1)/B0000(27) ) = H(M)
KEELTEL,
hODEME Avi2(fo(4)), Acpra(To4),9) RELBL LTS, ¥BEY =1 MR
bif, k AL TH, BT, BHitR7 bVERITHD, BICLY
- T+t+t3 4+t

dimAk ;/2(F0(4)]t" = —_—

g * (T=82p(1-19

BHRLATVWAR, X7 MERZEDOLDIZY2VWTIRALATW M2k, ZhRKRTERD
s,
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Theorem 1.5
B 0Ax+172(T0(4)) = Boono 2T) (D520 AK(To(4), ¥¥)).

EBHICRO T, O000(2ZMT)/0p000(27) DRFXBRHAFIZ LB AVA(N(4) 2 LHTER
&, WoFIHEITHY

AU/(13(4)) = ClBooo0(27), 92(27), X(27), f3(27)]

&5,
2B, Avnpl(l) D¥BEY A FOHATEAILOM(T) MBEE L TRTAEREND, (M

Tievy, FBIRIIARRT S A ERICET 5,)

K (92 — 4X)(9g2 + 8X — 6f2)(g2 + 2X — 3f,)
f3(3f,— 2X~ 92) (g2 = 4X)((=3f3 + fi(92 + 8X — 6f2).

BESXOLERY =4 MRREAILUT CE LN S,
Theorem 1.6
O oAk 2(T0) = (08 Mi(l1¥)).

LT~ CERT 5, BETORY [ BRI,

2 Jacobi forms and plus space

LIEBL —BRORBEDOV—F NV EXEMTELD, k BBREOF, $BHI=A P k-1/20
lo(4) © n ROBRFERAD plus space & FETH D5 2ZM AI_,/Z(F0(4]) BhoT, A1VFTvs
Z1, A b k O Sp(2,Z) iIKBT 5 2—EHROZEM Jii(Sp(n,Z)) LBFERIZRSZ
EBMBNTS, (1EMT Kohnen [11] ABAMA L. #IC Ibukiyama [7] T plus space D
BHEOLHERTON, ZER~—RLEN, ) ZZ Tl plus space i, 7—Y xREoRh %
RS BB, TAbb, f(1) € Awialhold) i

f(T) = Z O(T) ledtr(T‘r)
T
(U T IEBEAHTH, % VARSI BBMTEOMA2'Z IZBT HHTH) &7—
Y2BRTES, RERCIE T AEERETRINIT o(T) =0 CHB, &T, plus space DFRH:
7 -V 2EE~OREOREHTH D, ThbL, HBHERT MV piz20T, T+ptp K
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FEREHABFTIOAEE LW E ELMTa(T) =0 ¢ 25 &) REBEBARBERAILZML 22
TH, Thplusspace LIRS, &T, [7) TRk BREEEESRTOES, O&RE2E0D
FERPT A LICEY K BFROL &IC, BESEEERY <A 1O plus space HHAH—
KEVEHEIN, PRV Tz M k-120GBBL Y2/ bk, A VT YIRX1D¥a—E
AL oRBBRENT, DLEOFEBLY b1B XS, plus space & 12V DI new form D X
SRHOTHY, ZOBMERDIHHNRBELL,

ST, HBER, RE n =212V T, Jacobi form DRTAKXBH TS, UTO@EY TH
B, (X1 [16])

00 dlm ) S Z'Z tk:t4+t6+t10+t12+t21+t27+t29+t35

; alSpl2 20 = — ooy -9
—HC, f(t) € Au(Sp(2,Z)) 261, fl4t) 07— EEIXHEOM T R4OERD L ED
HBNBhb, R={fld1),f € Ac(Sp(2,Z) for some k } & THiL, plus space IXIR R EDMmEE
12725, HBEORTARITIZNARABMBETHEZEEZTREL T, REICZhEZHATS
KIRAERICBEWTAHALERH D, KAXLRYEERFERERICLY, ZO RMBEEL
TO4RTE S B BERMICREE L, R BRI & 27 Uik (1] BLOREOHER,) LoT.
plus space HREE L Z LICRAM, BROAFHLFEEAIEZDHTHEETHY, 40LZ
ARERNKO I CHEIEBETE B L) RBIIERo TV RN,
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