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Eg-diagram, McKay’s observation and VOA

EEREEZ (REKE - 8FR)
20037870 (FL#RIZT)

1 FX

IOWMBETIL, L CHLam & UARE, WHREREIZL - THRELTWVWS V25
FORKMERRRE V gp, CEODIBREAMBEROLBEN LB LIV ERVET,

27, FMEORAIGHDEL X I,

TR —HAHEM ORMI, B 20OTOFXERIT2oH Y, 24,28 LAFITH
NTWET, 2T, ROOBFREMMUEERLTEY., A, B RYDOESTHIZPL
{EBEDALEK [Cm(g)| DR E S DRI T HENRTWET,

TR —HEABEORGLH HEHD—oL LT, 6-transposition L W IHIEHBHY F
T INRBUK2OTEDHHXEH (FDHRE 24 )DEED 2T e, fIZHLT

lef| <6

LS 2 eTY, PIiE, XEREE S, DE# (a,b) DIERIRIL 3-transposition THh D, 32
KB A, D (a),02)(as, as) BOME 2 DO BRI 6-transposition TT, DK T,
6-transposition BEIXBLMIBE S LV \RETT,

TR —HBIEOEH ST, B2 5 6-transposition & WS T TR, 20D 24
e f DM ef DERHERAIX

14,24,34,4A,54,6A,4B,2B,3C

DIFRER->TVHRDT TR, ZORFLEZES R T, McKay i3 Eg-BIORSEY —
BRONV—bFT 4R (Byg TERT) ORKRYV A bDFTTT, extended Eg-N— b FF 4
ATCEZDEREN 0 OTEN— FORMTRRTILEDHEEIIR> TR LEZKS
EELEEbiTTY, ZZC, ER-BOF4oF o FATITLER,

0
o—0—0—0—— olo—o—o Eg

(o

cg—Ccr—Ccr—Cr—Cq—Cs—cg—cy  Extended Eg
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DEDLDTYF, ZOF4VF Uy FLT T A, BROA—F5F 4
Ey=Zcy+Zes+ -+ + Zoy
(N5

0 if no line ¢; c;
-1 G —-CJ'

(ena) =2, (enes) = {

PAND L, B<ALNATWA LI REEEARL BB FNHEET, ZOR, t=
2¢1 +3co+4c3 +5cq +6cs +4cg +2c7 +3cg bA— <ttt >=2 ¢V EST, Thi
extended Eg-#§F Zco +Zcy + Zeo++ -+ Zeg TEZD L, TNHLEBEBFCEEF@EE R
D, RBICREBEoD (MOobDEHBERLTWD) TET—RTERH

Zlcy + 2¢; + 3¢y + 4¢3 + Bey + 6c5 + 4cg + 2¢7 + 3cg)

EHBRLTWET, ZOFEN 24 EOFEOLBE DK E —HLTWBD &) DA McKay
@ observation T,
g8 (1) 2ho R THESEHAH A
Q) EFEERDIEHRDY A, B, C i 5EHA LR
TT, VA —IEODIILIBBRTASITOARVWEWSIEHERLH 72O TT
25, Z D observation (ZHEVICHLHENTE Y, BRO—EES S L) DOBRKEDHR
TLi, 32&EVE-T, ¥IRoTINETEIDMERRUNANRNSIDTT,

FURAY—HMEEM i Griess 12X > THBEK I - 196883 ¥k T ® Monstrous Griess
algebra B (FEB(L2AMEROTRIERENRE CHCEEKEL LTERRIRTVET,
ZOR¥EDY UIHE2ERE 5 2 7= Conway DRRXDP T, &KX

2A-involution g = #h (¥ %) e, € B

EEFERL., ZORMSICEE LTWET, Zhit (Culg) iKk>TEHEShTWAR#L
DRIBIREORIET (HIEKRTHEME) LLTEATWET, Zo@BOERAT~
MR, 2OoD2A 5T g, h IKHL, Fgh DHABEBRILLZE, Afi<e,en > AL
FEWIZ L TT, Bb, 2A7TE g1, k1,00, he 2T, gihy & gohy DEBEREL
BB, < eg,en >=< ey, 64, > RDTT, ZORAPDEERICEL L,

<e f> <e, f> <e f>
1A 256/2'° 24 32/21° 34 13721
4A 8/21° 5A 6/21© 6A 5/210
4B 4/2'° 3C 4/20 2B 0

T, KOINVWERKRLVDIZ, Eg-TAVFUFAT VT ADORDERBOIEE (ED 14 »

HOEEHET, 3C & 2B REILEMICH D) LABDOREIBHR/BLTWB Z & T,
TR —HEREIHETIHLED—Di, L d>—FicH LT, K584

EEZROVERBVWILLIIHEADEWI T ETY, T T, KERME (Fk0FH) %
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2ORETEET, (Zhd Es-diagram iZ X3 % McKay’s observation D& ¥ D E kT
L&)

(=>) Bs DL T A F—D 2A-involutions L BEH B2 XD IERIZIX, B D
maximal weight D/— MIH T 365 & 2A4-involutions DEEDALEK & ORIZBMRIZH
502 BHEIKEI L, Lok icE~IBHZRSE,

(=) FVRE—0 24 OO FLRIFN By-diagram L2722 & (H 94 LEEL
6-transposition THBZ &) EWEATEDIHERHHOMN?

SEDFETIE. BOOBEICHTL 28FORENTHEAERRRELES L LFEBRHA
TEBZEL2BAMAMLET, Zhid, BE C.H.Lam, ILE#REE, IUNEEICL > THELT
WATHREARREICET AR TY, &FR0O—id C.H.Lam {2 & > THEEDFTH (12
A) COMRBESTREEINTVETE, BIXIFLEFLATHEEAL, 'REDEL
RTAEERARRBICETIERROT, EOBSICHE2K- T, HRMRIHLERT
EDWAEZBI LIV ERNET,

ZhiZ &V, Eg-diagram 12395 McKay’s observation AR5 BRTIX 2N &M
S50 ET, T, ROOMBICEL TIX, BBRREVEENRHTETWAILENI Z L 2K
BLzWEBWnEd, 7272, McKay's observation 22618 &h 3R 2+E 25+, 4H
DERIZEFONER—EFITTERNERBNETH, RLUTERADE L TR, @AWV
LOBERTWAEDOTRARVO MG TEEYS, TEME2ICAL TR, Eoki{ah»
TWEHA,

2 HE{H

TESERFREE# > T, McKay's observation ##EAL £+ DT, 4 LIESEARR
¥ (VOA) DEMERVLETT, ZhhbDIELDA (FREOHIEDSD) [CTHRERRR
BMEMBMLTHOZXBZLEONLVOTTAE, SEIZEFOBMAH I THEANDT, L LERH
PHEEZTHLOWVET, I, —BRBIZEVEEAN, HAERRREOHIN TS
EREIN S Miyamoto involution & FEiTh 3 B 2REBFLALERZRELETOT,
FRICBAFELAESEDPLICHALTWEET,

TEA{ERARAE (BEL T VOA) IIAMKRITDEKRZERM V; OET
V=CleVioV,eoVi®..

D EICEBBOREFOMRETTN, ZZ Tk, HFBRRTZEMED 1 oM 2 >OREL R
DREETERNET, V. OREVTA i DFREFERET,

(I) BFHSBEEh B EAERRRY
Lo OBEBEBE LT TWAEET, V7Y PEHETETWET,
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(BEEME) BT L Bdbhil, V, TRESNIBFRAEARNRELEHINIAAUE
RARARBEHY ET., JOBWERSEERLOT, ThaPLELRALET,

Li={a€L|<a,a>=2i}

EREFET, VL ICHTLK BERIE BRBR a(—i) (i€ Z) L e BTT, TOWMITIRE
EMRHY. o EEHLBV., BABKOIBTRI L, a(—i) L oL ZRLTWT, e

X exp(a) IKHIELTVET, £9F3L. exple) DHWOREMKMS L= L bOid,
a-14y (g1 Do
@) @1,

DRHBI2Y ETOT,
a(=i)) - a(—in)e®  (iy -+ 2 ik > 0)

ORTLEOEME M(1)e® TRLET, —KRITBTF Za DHAFRARAREOLERMIT

Vza = @nezM(1)e™
T, o, MKRTOBFIIHNL T

Vaay +2Zag+..+2an = O1 Vza,

TEELEY, —WOKF LCZa +Zaz+ ... +Za, iIZHLTIE

VL = @aer M(1)%"e”

TEHLET, ThLORICH LT, K& wi(a(—1)) =1, wt(e®) = <222 TERLE
T, £3T5HL.

(1) 9XA4 F1OZEM (VL) (Y—REE)
CL OEE% Qy, .oy Qg k‘?‘b k

k
Vih = _Ca(-1)1) @ ) Ce®
=1 a€lz

T, SNEIABIREO ) —REL 2V ET, SERBARZEDR2VOTERLETM, V—
5

[a(-1),b(-1)] =0

[6(-1),€%] = (b, a)e"

[e%, €] =< a,b > e**tifa+ b€ Ly

[e*,e7%] = a(-1)1
TEALGATWETY, MBIE~D L, (V) DERD e(-1)1 EB AL L BHRET
HY, e BABN— FEBICROTWET, IAF 8BS (TF, Ca(-1)1 = {a(-1)1 |

i=1
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a € CL} iXARIZRM & LT CL & AT,

Bl L% A-BOV—REsL(C)DAV—+FT 4 AEFBE, L=2Za,<a,a>=2%L%2
DES, ZOR, A b1 OZEMIT

(Vih=Ca(-1)1pCe* @ Ce™

20, br3¥, Ca(-1)1 DBEIBHIAE A, Ce?, Ce® RELADNL— FER
IZ72-oTEY, V—REL LTI slp(C) LRABTT,

F, SEMEI T L AW T4REL LT, Li=0 2 {KEL £, OB, (Vo) =CL
<+, Flzif, EEOL— MEFH TR LT, L=Vv2H (A 24 L+5&. =
DE&EEE - LTV ET,

(1-2) D=4 b 20 (VL), (F T4 ZREBS+PL) 2
Y Cai(-1)a(-1)1® D Ce®+H Cay-1)1
4 i

i<j <a,a>=

TY. Ihd x3HiE x, M L>T. FEARERBOREKL RV ET,

(I0) PLEBH 1/2 ORER
<a,a>=4 LRBTaclLBbdL, 200U, F2DOR

e*(a) = l—lﬁa(—l)zl + i—(e“ +e9)

REBTEBDITTTH, TALIEFAFE LROER 1/2 OfHTIERY T,
(I1-1) 3Tt e L1217 T4 ARBOFTELDE~"FETe/2 2 2ELELDEEX TR
WD ERSMYEF, . POBR L <e/2,e/2> x8 L—HLTVET,

(I1I) 2A-involution
c=1/2 DFRBIEKT e BHNIT,
(II-1) BERE 7. (@~ 2) HERTE D,
(-2) e =1726., 0. € Aut(V) (rfki« 2) BERTE 3, (0 BCFRBRILORD
fIiiEm4 3 THY, HMmLBRLL I EHEHZT.)
(I-3) 6. =1 726, eV TA F2OXERYTA F1OXLERT D, i, AR

R LR, Vx4 2D e TH-T, FhO nHBOH Lin - 1) = ex, £HEEHL DL,
[E(n), L(m)] = (n — m)L(n + m) + 252c 3 ¥/ 4 7 Y a REOBRR LB TROZETHD, c %
oPOTRRT & FEE, )

SATERSFUT L 13, e MLIEAR Lim) B2 ERASETEREND Y 4 T V o BUAFRRRA A M
ThHY. EOMBEIT<TEAMBEOEICLS 2 LT,
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ERAFERE L LTT v I AHICRRT 5,

L= v A/ VOA BURY—BiE
e: c=1/2 DIFxR “ 2A-involution 7,
= B 1: 13

(IV) $#ti5
H % Ay, Dy, E, BgEDN— MEFET B, L=V2H ORFESERRRE V5,
LHVT, EA— b ae H T LT, POBH 1/2 DFRHEHT

¢*(v3a) = a(-1)1 £ H(eV% 1 &%)

B2OEETED,

(IV-1) V2H BOBFHOBRENZHAMEARREDOBEITIE. EoKRIZ LTHR L
1o {FTIZ L > TEFHE EN B T-involutions 13T XTHBTT,
T4 AREORH T, ZhoDEETOMIT

0 if <a,b>=0

de™(V2a)e  (V2h) = { e (vV2a) + e (V2h) — e (V2(a + b)) if <a,b>=-1
e~ (vV2a) + e~ (V2b) — e (V2(a - b)) if <a,b>=1

LRoTOET, Blarid~sL.
R(H)=<e (V2a):a€ H, >

(X BT (idempotent) w! /2 = 225 Dacu} e~ (V2a) ZFHOMANREERS>TVES, =
TThiZarzRAs—8 (=1—bOE/RET) T, 774 AREEEE. BT

wf2 = % Z (et (V2a) + e~ (V2a))

acH}

EBEATWVWBDT,

o=w-w

PUER 2 DI (last HHT) L2V ET
FIC last #HROPLEHOPET TIE LT,

A 1/2 Ay 4/5 A 1 A, 8/7
A, 5/4 As 4/3 A 7/5 Ag 16/11
Es 6/T E; 7/10 E; 1/2

EBLTKRLVOE, H=E £75L. last KETODLBHA c= 28 =1 L7223
ZETY,



(V) U—BoBCRE

MALIX S, Vi ZERIZY —RETHY., Lhrbae VL ITHLT, Eufflaxy =ae(0)
EEST, ezp(a(0)) #EZ2 3¢, ZhiZV, 0BCRARERY Y, #HIZ. a=a(-1)1€
CLETBE,

a(0)e* =< a,b>e®  exp(2mia(0))e® = e2mi<ab>eb
ThY.

< a,b >€ Z = exp(2mia(0)) = 1 on M(1)®"e
<a,b>=k/p ((k,p)=1)= exp(2nia(0)) DIt p TT,

(V-1) KCL28Ba8FLLT, aeQL T,
<e,K>CZ, <La>CZ/p (pBERE)
ET3L. exp(a(0)) X MOTREIERFE Vi D ETCHBARNEp oRECERERZY T,

3 VOA DO#9 VOA DO & TDE
BAXEOELE I, 2L, BH220%FTe, f T
< Te, Ty > 83

LRDBEENBELIOBEANTY, |r.7y| =3 L22B8ICIE, FRELRZLICEVR
Y —BHIcB N3 RN LR LQIAQE L QICQRID 2 »DFA LA L,

3ABIEL, AL J5 TVOA<e f>DY17YVux (BIR) wit2o0#ET
(idempotents) w!, w? DEXZFIZHZIN, Th€h, PLER4/5+6/7 L7229,

3C BIfE L. PIBE 4/2° THLOBER 1/2 OXERUADKETIZH SO0 6T, 2fE0F
LERX16/11 2o TS

TENGhot=bitTY, BEHIEZ, TNITRAASEFRY—D2 6 Knodes PEVARAY—
BEAROIRTELEDT 74 EREICEITZ 988 1 2ROBRBRICHEUSITE2H 0 Eor:
DT, QAQDF AL -FHDIRILTY,

ZORRERT, IWNE (FBKD3) A BARVOA(e, f) & 3C BVOA(e, f) % Vg,
DPRTEBFTE2VH) & CHLam IZHELNIFT20ORE 253 T, Lam BPFE~<IZLH,
EORLEROFN Ay + Eg, Ay D last FEEOPLBERE—BTIZLICK IV iz
‘-J.—C'To % 5‘%*.6&-. 2A : Al + E7, lA : Eg, 2B : Dg ]?b; (E%’C‘?‘?ﬁ‘) IEJL',:é:lC
2oTWAbITTY, @B IIBBE (HEKER) DERZE-TLEMY X, OB
T, FFED1 2 AIZ Lam BEMTRELE L, TN T, CHLam ¢ A SA L ILRE
ENMD 5A,6A,4B R EDEL D7 —ATEIT, Vg, DPIZ, VOA(e, f) T\ 1e1y HE
¥p THY., Y45 amBlEDL S 7% extended Eg-lattice D 1 EZFRVVA— FRD
last XFEROHIZRD HOEBA L TWolebi} T, HE THALETA, pBNHFHD
BRIHRIT ADTT A, p HEROBESIZIX L p/ 20 LR 0o TEELE,
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4 R—HEEE

(1) V\/iEa Dz

gxA b 1OEMIESKRITT, TR Y)—REE OFT_XTOAL— b alZH LT, e*(a)
EWS RLER 1/2 ORBRBREY 4, ZhbDBE2REET T o-involutions T
¥, Eg-B2dD T, last tHx ' OFLEBRHIL 1/2 THY, Zhit r-involution 7(w!) %
EZTWAILERGMDET, i, MELHAENL, A P 1OEMIC 112 LT
ERLTWBZ NS ET,

(2) Eg-IL— B FIBE

extended Eg-F 4 V' F L F AT 77500006 1 REBRVBWEAL— FROKTIL8 2D
T, #NiT Eg-lattice DRILZ 70|53 HBF L L7220 Ed, LAy, Hudp (oK
E#) T3 (p=1,2,3,4,5,6).

(2-1) g2RA

TOMHBFL L <a, Ll >CZER2DTa%{E>T, exponential WOBACHE p =
ezp(a(0) THE p P LOREBRTEET. 0 XYL b 1 OTRYIC -1 182 LTHR
LTWADT, =1, i p ZHFTICBLET, BIH, 0(p)0 ! =(p)! TT.

(3) AR DH*FT
w=p(w!) B L, ThiT, PLBW 1/20(BRTREBZLET,

T T2 = p°

(4) EXLTWALDODKREY

W' it e (vV2a) :a € (Fg) MEBEXLTWET, EEMD, piXe(V2):a€ L, 2E
EL. £ bD o-involutions & TMAZDT, o? L e (V2a):a€ L, BEERLTWY
BT LB Ed, BIb,

VOA(e, f)® < e~ (V2a) :a € Ly >C V.E,
T, ZHIZEY, VOA(e, fyDV1FVamiE L ? last T GEOF) L7220 ET,

(3) VT4 b1 DERMNESEE

(5-1) Extended Eg-diagram » 5 1 SOBRWWeA— R L 2EXTWETOT, 24T
BRILTY, i, VANBOPIIEIING EBHRECBER (BALO0EERS) %7
WL ORHY T,

(5-2) e~ (V2a) BD#HTH 64EMR &N B o-involutions i3 reflections & F L b DT

ZOWRILE | Tt = p? BROT, p OHLE p BEHFEOBEIZIE. 17,2 OREIRE
@Y p RV ETHE, p BBEOBEITIT a7, OMHEIT p/2 Lo TLEW, #Y
EEHBR2VET, LhL, IHRYSROZEROTY, HATESERFEREOLT rat,
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OUEDBE p OBEIZIE. ¢ = (1,17,2)P? 1Z Dihedral < 70,72 > DPLIZAD F
TOT, o ZEETIIEBRETHLREEHY THA, (FEIZ, b—rivAfr
TRRERFEAEICB WV TIE r-involutions & TN LI FEL TWETOT, ZOHK
MBEETWET,) Thit, ¢ DEEZERTZT2EL3E, BT W, P BEETATH
0. Tt PAEIE VOA(W,w?) KBWTIX p/2 D TY, TEISEIDOHE. EBRICE
DRERTHSIEBERKO LTI p Lo TWABIEERLELLE Y, <HBLAT
WAHBEDIL, Y—FEF A

\/EES & \/EES & \/§Es Q A
ML TWEYST, ZOHRDAZREEZRL,

v\/iEa ® V\/iEa ® v\/EEg g VA

BRI L, Vp DR TEZD L, pDRIEIL 20 L7225 TEY, 1,7, DN p Lizo
TWARIEMRGMD ET,

(6) Z,-orbifold construction

Y—=F77 42N DORSHERAFRE V) LT, v b1 OZER (CA LRE)ICE
ERERFIZVACER p 23558, BERAOEM (VL) RU=A PlLOTEFELEYE
Ao ZHDE VI BHIRTESEAIEELRTWET, REFP->TWEDIX A LT
p=-1DHEEITTT,

p=3NHKELE-TWBEbEONETMN, FED preprint LSADBIXLH Y ¥
Ao

PSB8DHFBITELWETHE, ETHRELE VOA(e, f) BLTU, Vi OP~DEDIAA
BIRTVEOPIZEDAL I EMNTEET,

LDV g, KT 5BOALEREIL Z,-construction & D BRI LELBbhE
FTOT, BETREMBELRBSTVET, (W<ONTHETVET, )



On Some Self-Dual Codes and Unimodular
Lattices in Dimension 48

FHEEBR (WFK) - LEEER (TEK)
¥rk16 %1 A9 R

1 FX

ZDOFERIT, HEE 24 & FHBSLK L Boris Venkov K & OILREIBFE
DER ([6]) 12>\ T, WRE LB ERNMNE LD LD THD. B
RBLEFBLEESOHI0T, MM REBZIT OV TIIRRX [6) #38R
LTWEEIThIZERS.

SEIFRBTHDIIRE 48 @ code & 48 WRIED lattice THHNDT, F
ICEELRWVWIRY code b lattice bFD L HIZEFEZ T &0,

£ & n @ doubly-even self-dual code &Kt n ® even unimodular
lattice @ minimum weight d & minimum norm g {22V Tk

ssafg]ansalf]

THhAIZEPHMBA TS, minimum weight d & minimum norm u
® bound A EAMBEZAHH 24 DEHTHY, 24 ORIZENRWRRKEA
225 TWVADE 48 RETIE VWA LBbhWADTHS. 24 KRiLit
Steiner system S(5,8,24), Golay [24,12,8] code Go4, Mathieu B Moy,
Leech lattice, Conway #¥ & & & @ H1&F A3 8Mi1V  TH 5 A3, Leech lattice
& Golay code L2V (25 H1T T, 48 IRFTT TITLLBAIE < OBF%E
FRNBFEL, HREER GITREN 523, BRIEVHLOTHDHEELD L
B,

Z Z T, extremal singly-even self-dual code & extremal odd unimod-
ular lattice {22V T#% % 5. doubly-even self-dual code % even unimod-
ular lattice 22V TiX, £ DIFENRSH Y, il 21E, extremal doubly-even



self-dual 48,24, 12] code D—EEMN, TS HIRICR>TRENTWS [7].
4 12 shadow &V H LA & neighbor & V5 B3{% %@ L T, doubly-even
self-dual code, even unimodular lattice & singly-even self-dual code, odd
unimodular lattice IZOWTOIFHREB LI L EZX D TH 5.

2 Code & lattice 5 DHEHE

EFTEONEREOHANLGIED B Z LTS, C % (binary) self-dual
code ¢35, 2FEYV CiXC=C* %= code TH5H, ZZTCHiEC
OB FEDOPNFRIZET S dual code ZFE 7. self-dual code IZZ=2D 7 T R

IahiL, TO weight 2% 4 DFEEDIFE doubly-even & LiLh weight
=2 (mod 4) @ codeword Z &L/ E singly-even & KiTh 3.

C % singly-even self-dual code & L, Cp T weight = 0 (mod 4) T
% codeword D25 725 subcode #ET Z LiIZTH. ZIZT Cp i3k 2
? subcode IZ72%. C ® shadow S 1% Cf \C TEBEhD. ZDL &
Co @ coset Cl,Cg,Cg T Cd' = Co U Cl U Cg U Cg 726 %)0)75§#E—3_6,
ZITC=CUGC, §=C1UCGC;.

ZODRE n D self-dual code C,C" BdimCNC' =n/2-1 ThHhdHL
& C,C' 1 neighbor THBH LV ). b L C B singly-even self-dual code
TEDOREN § DEHTHNIE C 1ITE -2 doubly-even self-dual
neighbor CoUC, & CoUC; &% 0.

Extremal singly-even [48,24, 10] code @ weight enumerator D FIREHE
(X280 (Was 1, Wag) THRZ LHBMBNTVWS [2]. T2 Tidk code &
% ? shadow ? weight enumerator % 3iF TH<:

Wiy = 1+ 704y" +8976y'% + 56896y + - - -,
Sis1 = y'+ 442 +17021y12 + -

Wisz = 1+ 768y + 859242 + 57600y + - - - |
Si2 = 54y°+ 16976y + ... .

Wi lattice DFDHHE AT 5. L % unimodular lattice &35, 2D
L3 L =L* ##7=7 lattice TH 5, ZZTL* iZ L DBEDAH (z,y)
(ZB3% 3 dual lattice ZFF 7. unimodular lattice X =207 T R {Z4HH>
n3. £TO norm BBEDIBE even & LITNFAFED norm #EHES
odd & XiIh5.



L % odd unimodular lattice & L Ly T2T® norm MBEETHS
vector 7217 @ sublattice &3 Z L IZ7 5. code D& & L [AHRIT Ly 1348
$ 2 @ sublattice 12725 Z £ A3 H > T3 [3]. L @ shadow S #% L\ L
TEH#HIND. D& & Ly D coset Ly, Ly, L3 TLy=LoUL,ULUL;3
RABLDONBFETS, LI TCL=LyUL,, S=L,UL;.

—0 lattice L, L' H% neighbor T 5 L 1X3LITEE 2 DR U sublattice
FEDBEOILE VD). RN 8 DEEDOBEE, L A odd unimodular
lattice %2 & X T BE—-2® even unimodular neighbor Lo U Ly, Lo U L3 73
FETS.

Conway—Slaone [3] ® Section 1 IZ5 X b TWARRIZL>T 8 K
JT D extremal odd unimodular lattice & % ® shadow @ theta series ®
TTREMENR KD 2BEICRDOND Z L HELRHEIZ L > THN 5!

OLe. = 1 + 385024¢° + 26398208¢° + - - - ,
0343,1 = 2q2 + 2256(]4 + 52318616(]6 +.e,

OLs, = 1 +3932164° + 26201600¢° + - - - ,
05,5, = 2400g* + 52313600¢5 + - - - .

3 Code I[ZDOUL\TO#KR

ROERIL (1] TEXABNTWAERTHHONIEANME/LZ & & lat-
tice DER L OBEELHABIZTA/-DIZ Z CHIEAZ 525 - LIzt 5.

i 3.1. C % extremal doubly-even self-dual [48,24,12] code &9 3.
C 3£ weight enumerator Wy, % % -2 extremal singly-even self-dual
[48,24,10] code % neighbor & L T 2.

(BEPA) w % weight 4 @ vector £ ¥ 5. T+5¢&
N=CnwHu{u+w|ueC\ (w'}

A% C O singly-even neighbor IZ72 5 Z L 4343525, (C N (w)t) O
minimum weight (X 12 AETH B Z BT ITGNBDT, Y OE5
> minimum weight BEDE S IZRZNPEEINETLI. TZTw i u
DEDLVIL 123 THEIDTw+u &VWIFED vector D weight i3 10
LLETHD I EMghd. L= > T minimum weight X 10 I225. %
72, w %% shadow O vector TH 5 Z & A5 weight enumerator i Wy,
2723, O



TR OBV LD L &Y.

EHE 3.2. C % extremal singly-even self-dual 48,24, 10] code £ 35. Z
DL & C IL weight enumerator & LT Wygy b2, $5¢& CGUC, %
7ot Co U C; 13 extremal doubly-even self-dual [48,24, 12] code (2725,

(FE¥1) £9° D % doubly-even self-dual [48,24] code & L, D weight
enumerator % Wp = ::0 aquy™ TRYZLIZTD. TDL& ay=1T
HiviL ag > 44 L ag =2 (mod 6) BV IS BRI D. ZORKE
XZDEBRDIEADEAMARBAIZ/R-> TV ANEETHLIARIZIIER
Lo 7-DT, ZOFBTHLANRNILIZT . 2B, BkOH5H
RFRXEZRTHTWEE .

KRiZ C) M shadow (ZHE—271) 8 D weight 4 O vector 2 BT L {RE
LTH—#tEix kv . Shadow  weight enumerator Sig, 325 Cy @
weight 8 ? vector 13%< TH 4 B TH5H. Z Z T CyUC, i doubly-even
self-dual neighbor (2722525 EDFER K Y shadow D weight 8 D vector
EETELI LIRS, EDHR, shadow D weight 8 LLTF D vector X
2T C IKEENBZ LIZRB DT, Bl doubly-even self-dual neighbor
Co U C3 @ minimum weight (X 12 (T2 5. ]

KRIZ [9] THA b= FiEE RV TR S 48 D extended quadratic residue
code QRys D2 T extremal singly-even self-dual 48,24, 10] neighbor
FRELE-OTC, TOHEEE2RRS. Z0WHyDOHEIZ MagMa ZAW
TiTebhi-.

68 3.3. QR4 13T B 74 fADIERFEAL extremal singly-even self-dual
[48, 24, 10] neighbor ##F->.

Z @ neighbor DYFERDOHFMIIRRXEFR TS Z LIZLTH
F3 55, 74 fADM 10 {#i% weight enumerator & LT Wy, 2o &
FEELTEL. :

¥RiZ Houghten, Lam, Thiel and Parker [7] DEEDER 2B~ Z &
27 23.

£ 3.4 (Houghten et al. [7]). £T® extremal doubly-even self-dual
[48,24, 12] code % QR4 IZRMETH .

ZOfERE, ET#l~<7 neighbor DHFLEHR 3.2 KV KRBBLHNIS.



iRl 3.5. Wyg, % weight enumerator &3 % extremal singly-even self-
dual [48,24, 10] code I% (FHEZBRVIT) TE 10 BFETS.

L£o 10 D code (36EE 3.1 OFEAFIZEX GRIBRFEIZTHDL
30T, shadow @ weight 4 ® vector w 5 A NIFT+HTHS. w D
support Z LA TIZEL:

{1,2,3,4},{1,2,3,5},{1,2,4,5},{1,2,3,6},{1,2,4,6},
{1’ 21 3’ 7}’ {1’ 2’4’ 7}’ {]"3’ 4’ 7}’ {1’3’ 6’ 7}’ {1’4’ 6’ 7}‘

=75 L, IBEBZEELT QR 2ROERBEREZ L HOKEHFZTD ex-
tended code & LTE®RTH Z &iZT5:

B 4 pl9 4 18 4 p14 L 213 12y 210
++a’+28+ + P+ T+,

I THARBERDN S DERITHIOE ZFIZSVTIL 8, pp. 190-191] %
BRBETB LTS, FrREIN-EIEEIREICED I LIZTS.

RIZ Wyg o % weight enumerator &9 % extremal singly-even self-dual
[48,24,10] code {22V THE X 5. QR4 D neighbor & LT 64 BFEET
BERBGHhoTHWBEBRENRTETEASI H.

Ngs % QRN {z,y)t & (z,y) THEMK S 3 singly-even self-dual code
ETBH, 7L

z = (000000100000010101000000111000100100000000000100),
y = (000000000000011101000001011000101110011000100110),

TEDHIZ QR HETEFERLIZBDETS. ZDEE Ny I3 extremal
singly-even self-dual [48, 24, 10] code TE® weight enumerator & Wis »
L7235, Nyg D20 doubly-even self-dual neighbor Dyg ), Dgg 2 t3KRD
& 972 weight enumerator # % 2:

Wy = 1 +24y° + 17104y + - - -, Wpe, = 1 + 30y® + 17056y'2 + - - - .
Lipi»TKk%EHS.

dnfE 3.6. Weight enumerator Wys » 122V TiZ =2 doubly-even neigh-
bor A3 & T extremal (272 HRWHLDNREET .



LUEXY Wi, % weight enumerator & L T %D extremal singly-even
self-dual code % neighbor % /I L T extremal doubly-even self-dual code
EEBIHEUVDIT B ZENHKDN W, DFIZRL X S KRR TIEAR
WZ EBghote. FEEED THBITISHES N E 5> MISHORE
ThdLBbh3.

EHIEEE—Dlh~5. W, % weight enumerator & L TH D ex-
tremal singly-even code DFE I, £ D shadow @ weight enumerator i
—E®IC C),C; O weight enumerator Wg,, We, 23T b5, DED
code C DRV FILX 6T

We, = y* +449° + 8701y"% + -+, Wg, = 8320y + - --

LB, LALedb W, % weight enumerator & LTHDHAIL
We,, W, ~DHRIZ—EM TRV & B EOABEMLAND. 2E D
shadow @ weight 8 @ 54 fH®D vector D C, & C; ~DHHRIZ 0+ 54 *°
24+ 30 DBREDOHFEERIBR LIZIRTH D, 41X, ZOHREOLTD
FREMERE L7 DT H 20, BREATEEEELA TV,

4 Lattice IZDUL\TOKR

E TR code DIFBADRERLEL & 5 B EA lattice 22\ TH
BonTWA.

i 4.1. L % extremal even unimodular lattice & 45. ZMD& & L it
" theta series 4% f.,,, Té 5 extremal odd unimodular neighbor %
H,

(FEBA) w % norm 2 MXJ MU T, 2w e L 2%+ b L $5. L A
extremal THhA Z &M D, £ D theta series (T—FBIZHRED, TD KD
FEMNR O TRV MG, L X norm 8 DT M EYTELDT, F0
1/2(%% w &FhiZlv. 758, wg L THHENDL, (w,y) €3Z\Z %
Bl ye L BEETDH. 20L&

N=Lnw")U{ut+y+w|ueL\{w)}
A% L @ odd neighbor {2725 Z L 230355, (LN {w)*) OES31E minimum
norm X 6 LETHBZ ENTCITHMNHDT, HY DFf4 @ minimum



norm REDEIZRBEMPEEZINEFTELVY. ZZTae=uty+we
y+w+ (L\(w)*) &< L, w & a OARHL 0 TLRWVWEEETHID
T, —BREEZEDTIC (e,w) < - LTIV 2L, a+wBLICE
FNAHZLIEETR L,

6<(a+w,a+w)<(a,a)+1

&9 (a,a) 25 %1/®%. L3> T N @ minimum norm X 5 12722%.
¥72, w A shadow D vector TH D Z & A6 theta series i% O,,,, IZ72
5. O

EE 4.2. BROBEIZIX, ORI (REFEDbLRVWHLOD) L H4
L tricky Zb D72 > TV, BROBRICERLZEELT, Enk >
RBAAWIZ LTeh, FATEABRALRILIZBXTE/-0T [ER) b
(8] KBTI LE=DTHS.

Code DFA L FIRIZ, ZOWDRRY LHZ N FREIhD. Z 2Tk
% B X Harmonic thata series # V5 b DT, &> THNIE, Venkov
KOBROFEXAVDILOTHS.

B 4.3. L % theta series 2% 0,,,, T3 extremal odd unimodular
lattice &3 % & L {3447 extremal even unimodular neighbor % % .

(3EBA) 7%, LoyUL,,LoUL; % L ™ 250 even neighbor &3, L, #
shadow IZME—-275133 % norm 2 ® vector ZELe L{EELTEV. Zh
2 a bRT. Os,, DARDFEENG, Ly U L; D norm 4 D vector DR
#1x 2256 TH 5.

TIT ROBEEERALZ LICAWSZ LIZT 5.

HRE 4.4. —RIZ, A % 48 IRITD even unimodular lattice, o« € R® L3
3 & %, harmonic theta series

In@) =) ((a, z)? ~ -41—8(a, a)(:c,z)) =)

z€A

i% weight 26 @ cusp form TH B. #iZ, HBAEFH c IZxL T
Pa(g) = c(g—48¢* +---)
LEIN3B. O



N = L()UL1 &33‘/‘—(, la)*ﬁﬁ%ﬁfﬂ'i‘é &, 19;\!((]) = c(q—48q2+- M )
D1RDOEEE —48ZELI-LONR2KROERKIZHR D95, N @ norm k
DRy MNEEOEEE N(k) LEL 2 EiThiT,

) ((a,,\)h%) s ((a A2 - 1)

AEN(4) AEN(2)

E723M, N2) = {£a} THENLEDT —E8 2B LW ENFHIC
bnd

ZIZTC (a,A) =0 BMEED A € N4) ITOWTHYIULHDZ LETT.
BB e gLy LY atrely 729,

(atMat)d)=6£2(a,))>6

NoERER/D.

TRERAVSE, B -LN@)| LM, BbET, L) =
A7-48 =2256 & 720 Ly(4) =0 2185. +/4bbH, LyU Ly (21X norm 4
® vector (¥E 9, minimum norm 1% 6 {272 5. O

48 IRIT?D extremal even unimodular lattice i& Pygp, Pysq, Pign &V D
EBETEIND3IOBHLNTWAEIT T, ST L TWHRY, fEs
T, code DIFED L H 234 (MRA3S) OLIRERIEGEOh2WV. R
(2 lattice ZUEDEE L ELTYH, £D extremal odd unimodular
neighbor 22 TROZDIZWLWV LB

kI, theta series 2% 0,,,, TH S & 9 /2 extremal odd unimodular lat-
tice IZOWTEZX LY. HERH1H6E I &, code DIFE & FIHRIT extremal
even unimodular lattice # neighbor IZ# 2L Db, Ff=R2W LD HLIFEFE
15,

SEXE 4.5. Theta series »% 0,,,, T % extremal odd unimodular lattice
(Z2WTIE, —2® extremal even unimodular lattice Pyg, ® neighbor &
BROTWABHLOLEFEEL, 22D even neighbor & & 7% extremal T2V
bOLHFET 3.

HiIE O lattice TRD X S IR Ehiz. MHNATWVWS 3 DD extremal
even unimodular lattice ® ) H D Pyg, & Pagg 22V Tid Construction A
IC&>THD Type Il Zg-code MO IND Z LHFh>TWD [5).



¥7 Cl) = (Bugg, Tusg) % [5] THABNTVD A(Clh)) = Pug, 72
% code 2:'?’6. Z 2T Type Il (Type I) Zg-code I binary doubly-
even (singly-even) self-dual code B & ternary self-dual code T D~7
(B,T) £ H7285Z LIZHEERE. B, i doubly-even self-dual code df; 12
FMET®H 5 (df; DEFEIL (10, Section 11] ZBMR). By,  singly-even
self-dual neighbor D728 As(C'San(= (Big, Tass))) 2% extremal odd
unimodular lattice C kissing number 393216 &72% Bjg, 23 RAtA» 7‘._
D& ;c\_i (B43q,T43q) & (B;Bq,T48q) ﬁq’ﬁﬁ 2 @ subcode %f;tlﬁ"
DT Ag((Blsgs Tusq)) 1 As((Basg: Tisq)) O neighbor 12725 = & ;M&m

L 725> T Ag((Bigy Tasgg)) #35R% % extremal odd unimodular lattice (_
5.

##F D (extremal even unimodular lattice ?® neighbor {Z72 & 721))
lattice DRBRRIZ DOV TIRR D, LR E & ITHEBEIC, extremal even uni-
modular lattice ZAVWTHFENTREIND L ZABTAVWERS. LTT
i3, 48 IRTTDE 4 72 (binary LA D) code ®° lattice 23 RIFT 5 A3, Eig,
F LW lattice ZEBDIZH LN TV S code & lattice DHEEED L1\
YT LTHS.

F 7", & & 48 ™ ternary extremal self-dual code D> 6% 3. ZHITK
D2

(1) C’é‘” = @QR4s: Quadratic residue code
(2) C;gp) = PS.s: Pless symmetry code

BEHLATWS (PRIIEATVARY) . T2 THVWERSIL, £RME
DLOLEMENL. BEORED, 2022% ) (x=p,q) LT =
LIZT 3.

ZhiZx LT, Construction A IZL ¥ odd unimodular lattice

L™ = Ay(C) = { \/_(:1:1, . Z4g) | zi € Z,(z; (mod 3))ec§"}
2EZDH. ZIT,

w = ,ne;WNLMJ@=Lanr

1
—(1,1,...
m@(



L (MBE4LIDLELERID) (w,y) € 3Z\Z 2H1=F ye LW
NEEL, L((,') % &%r 3 -2 unimodular lattice (%, L™*) &

Nl(.) = (L(().)’w)v N2(.) = (L((].)vw +y)
D2 B. ZDLE, RBALNTWA,

E 4.6. N i extremal even unimodular lattice T 3:
NP = Pig,, NP 2 Py,

I I Tit, extremal TRWED N iItonTE25. £it, koo &
MY LT B.

Wi 4.7. N 1%, 3 extremal Type II Z;-code C{”) #>5 Construction
AlLE-THLRS. T22bb,

* * l *
N® = A (C8)y = {E(zl, ... Za8) | T €Z,(z; (mod 4)) € C } ,

Z WX N BTE 48 x 2 A® norm 4 DY b fy,... ,£fus
¥EATHT, TRNOREWVICERTS ((fi, ;) = 48;) EWVWIBHEIZE
5. EBOX 5% ACY) L LTHORSE (RARTR) i, L., e
% (EHEXR) EEICLTERERLELDOTHD. hb, ZOL EOEE
Fix, L) = A3(CL)) L BN L EDEER LIZRRSTWA I LICE
B&hizw.

UT, B0t (x) ZEBLT L :=N" 8. 4, x=pqg & ¥
LOMNIEELTEXSE, 320 lattice XELNT WS, L #HH
Az, NO NS 2 fkot-0Thsd. SEE, chi L= N 2duic
BELELTHBZDTHS.

¥, 0w & LO\N® @5 L LT, norm 3 D7 hAEEY,

Ly=Ln{w)"

L. THL ERBIZY € L'\ L xBhiE, Ly 28T LU S0

unimodular lattice {%,

Nj = (Ly,w'), Ny = (Ly,vw' +7)



LLTEDR, ThTh LO), N 123, EB, o OB Fdd LE) =
(L, w') THY, - T,

t=L'NN{=N"nL® =L

LipBne, LY #&teh 5 —D0 neighbor & LT Ny =N L6 &
DE/R.

ZIZT, LW ICEEN TV norm 3D~ kU, L' = N = A(C")
DEEZOTTIE, v = 1(1,1,...,1) LWHIBTRENDZLUARNIE
MRbhsd. (FFL, Cﬁ‘* OERFEVEICE LT £1 ELTWS. ) 72
¥72 6, N) ® minimum norm A3 6 THEHIZ LA b, L' DEETHD
norm 4 M7 bUiX Ly KIS ENRWVADL, o @ norm A 3 THS
TEIZEETRL, LRDOIOSBRELIH Y BLRVWOTHS. DL X,
¥ = 1(-8,0,...,0)(e N)) (Zhix, BIZEDEZTIE —f THB) &
BR5ZEBHET v +y =3H-71,...,1)(€N;}) TH5.

U LDEBOTIZ, BEID lattice 21E5. L” := NV (I’ LRAL) &L
T, v,y OPBY FE2P LETEZXLTEH LW lattice Z2/EADTHB. £7,

w"=211'(—3,—3,1,--- ’1)=w’_fl_f2

L LT,

Lg = LM n (wll)-
L.y e I\LL L, v = 1(8,0,...,0), w'+3" = 1(5,-3,1,...,1),
EWMBIENBTET, L) a8t L LS @ unimodular lattice

NY = (L), NY = (L +)

L72%. ZoLE, min(N) = 4, min(Ny) = 5 B RENDDT, Ny O
even neighbor ® minimum norm A33ki24 THHZ L d b, N BEKOD
lattice & 72> T, EEROIEAMN KD 5. EE, min(N)) =4 XIZEBHT
5. FEED min(NY) = 5 1 min(N}) = 6 ZFAWT, KDL D IR S
ha.

min(N?) < 5 {EEF 5. +5&, min(NY) = 3 752, norm 3 D
Sy bV e NI I,

1
v = 2(61,62, vee ,643), (VE,' = :l:].)



LVWOICR XD % B/, £ T,
€ € 1
v =1" - ?lfl - ngz = Z(—3€1,—3~‘:‘2,--- ,€48)

LBL.IDLEE (V,W)=4 ¢
& - 3 €2 + 1
2 h- 2
BESIZDMS. £oT, (V- (w'+y), ') € ZHE 20T, v —(w'+y) €
LyC N, BB, w+y €N} &9 v € N} £725T min(N}) =6 IZF
BLTHEHARET T 3.
ZONBOMITEERSHAEZ TR,

f2 el'=L

'Ul _ (wl +yl) = vll _ (wll +yll) _

(V= ('+9)v) = 1—16(—361 —3es+e3+ - +eqs + 40)
BELND. —F v & w'+y" B NYITEERTWAEND,
(W, w"+y") = Tlé(f)el —3ea+e3+--+egg)
TEETHY, - T,
(v - (W' +9),w) =" w"+4")+ %(El +5)€Z
BELND. |

T, ULEDBERTEONERBIEDICOWTHNATELS. EROMK
T * = p,q IZIG LT lattice X 2 KD, Eix, 2D 223IFERBT
b3, oL, ArbrEhdNEVI L, CP L CP BERIETH
HTLICED. Zhix, 202250 mod 2 TOBRBENEN Gy & Gy
¢ QR THBHZ Ehbighd. AN, EX 48 D extremal Type 11
Zs-code iTUDEDLDPHMOENTWARDSTEDTHS. LD Z L, iz
L b—HEH LV code LW H Z Lok s, BEI, C9 13 extended
quadratic residue Z4-code & L TRHLNTWB HD T, Cip) AE LV code
Thot-.

BEIZfRN 7= & 512, binary extremal doubly-even self-dual [48, 24, 12]
code D—FHD, T KR >TRENT ([7]) T TH S, ternary
code R Zs-code IZOWTII L RIIEXMRMBETHD. EIE, RE& A4 T
& Z ternary extremal self-dual code D EMNTHR LTV D (ir¥k 24 @



Hadamard {THIDSEICIFIER K D) 75i) T, ternary self-dual code 2
R Zy4-code IZDOWTIRBHIZITELE . EFEEFEHET 2811 H B
£I2THB.

-

BBIZ—SETIMATEBZ 9. 2250 extremal even unimodular lattice
Pysy, Pigy O B CREEET,

Aut(Pys,) 22. PSL(2,47).
Aut(Pg,) & 2- PSL(2,23) x 8.

LB EBMBNTNEN, 347 [4] R %S & Thompson H>H D
personal commnication (243 & H 5. BIERBHMER ROMBNRIZIANT
AEBBRERZ LICH LWBIZ R Lo b WHIBRARDIEAS . T
D222 2WTHE, T TIZEH AL HIZ code EDBEELHH T, HHE
ELSONroTWBLEXDLEIMN, LI—28bNATVD P, 122
WTit (D LHLEERZITIT) TOEEROHD TV, SEOBFE
BETHDHLE-TWVAS.
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Bruhat JIEF ®D MacNeille completion &
alternating sign matrix

ME B (BERAYETRENEGLRN)
R % (BEBRESTRENEHR)

#E

FHETIE, A B Coxeter B, B & Coxeter # LD Bruhat
order DS HRALRER L, TNOEZBIEBEFLSLLTEYD
IR/ND complete lattice (Bruhat order @ MacNeille completion)
OHERRNALERIZOVTERRS, Ths oA ERNRTRIC
AWSnb0h, alternating sign matrix EFEEIN 175 (HDH W
I3 monotone triangle) Td%. alternating sign matrix {3 EDEHE
&b, BRITAOIERE 2> TWSA, FNA Bruhat order @
MacNeille completion & U THNS S THRBRIEV.

1 Introduction

ZOMTIE, FREDF—T7—FTH5 Coxeter &, Coxeter F LD
Bruhat order, kJEFH#E D MacNeille completion DV THiBLIZFREA
$ 5. (Coxeter RIZDWTIX [2], [7] %2, *¥IEFESE (lattice) ITDWNT
i [1] 22RBEhizn)

F79, Coxeter & & T D LD Bruhat order ZEHT 3.

Definition 1.1. 8 W A%, SIZX-oTERZH, RD (1), (2) ZEEEH
RELTHDLE, (W,S) K Coxeter RTHB LIS,

(1) EBD s€e SITMLT, s’=e.

(2) HRIZB SD 2T s, € SITHLT, m(s,s') € {1,2,---}U{co}
MEEL T,

(s8")™85) = ¢,



L, ms,8) =o00ld, $ss’ ZMFEL THHMITIZRSRNT
EERBHKTS.
Definition 1.2. (W, S) % Coxeter #& 9 5. W ED®EF < %,

d . -
w; < we &L, wy DB S reduced expression w; = 5, --- s, XL,

w =88 1<i1<-- <4 <r) &&EZh?
L TEETS. O W LO¥ER% Bruhat order &4,
RIZ, ¥EIEFES D MacNeille completion #E&HT 5.
Definition 1.3. (P, <) Z¥IEFRE LT 5.
(a) PALRD 2 RFEEHBT S LE, lattice THDEWI.

(1) FBD z,ye PIZTHLT, 2e PT, z<z1, 2<y&izdd
DDIBLBRD DN —DEETS.

(2) FED z,ye PIZHLT, 2€P T, 2>z, Z2>2y&Bx?d
HDDSIBRNDHDONIFE—DFEET S.

ZOEE, (1) ZHETRARD 2 2 2 & y D meet EMY, zAy &
®Y. Fk, 2 2@l TRAND 2 2 2 & y D join EHY, zvy
&Y.

(b) PMRD 2 & 4%2#R T 5L E, complete lattice THD &N D.

(1) #FED SCPIZHLT, ze PT, FED ze€ SITNLT
2<z &ERDZBDODIL, BROBDN/E—DEET 3.

(2) BEEDSCPIZHLT, /€ P T, D zeSITMHLT
22z EBBZBODIL, BUNDDBDNE—DFET 5.

CDLE, (1) ZWETHRAD 2 2 S O meet LIFL, AS &ET.
ke, 2) EHETRAND 2 & S O join EHY, VS &E&T.

—RROEIEFES (P, <) IZMLT, P B2 HIBEFRELLTEDX
572 8/IND complete lattice (MacNeille completion) 2XRD K 512 L THE
RT&E%.



(P,<) Z¥IEFEEEL, BT 0 2BDERETS. (HLEL, B/
EBRFELRBWEEZFH IR/ ZMImANEL Y. ) P OF28R
B XIZHLT,

GX)={yePly=2z (¥z € X)},

L(X)={ye Ply<z(VzeX)}
EBE, XCP%®

X = L(G(X))

ICEDEHETS. LT,

LP)={XCP|X=X, X#0)}
EBE, POSPSBRALLTOIEMRKICEHL T L(P) ZHIEFRE L
BB, ZDLE,

Fact 1.4. (L(P),C) {3, complete lattice TH . F/, £ lattice #§
B,

XAY=XnY, XvY=XUY
L&A 6N5.

Definition 1.5. CD¥[EFHES (L(P),C) # P @ MacNeille com-
pletion &\ 3.

z€PIZXLT,
m=Ix={y€P|y$$}

THO, ZOWFERE L 13, ziZ&>TEREINS principal order ideal
EIFEINS.

Fact 1.6. ¥JEFER (P.L) RBNT 0 LBRAT 1 2HDERET 3.
(P, <) @ MacNeille completion % (L(P),C) &95. ZDEE,

(1) B P>z [z} € L(P) 1%, BHTHY, [EFZEHED. Z0E
Bick->T P % L(P) O3 LEFHEELAHT.

(2) L % complete lattice TH> &%, EFZ2HROBHEHK P L IX
JBF &R DOBHNER L(P) — L IZHIREH 3. 0O

Z® Fact IZ2& D, P @ MacNeille completion L(P) i
L(P) = {I:I:LAIIQA"'AI::,- |$17$2v"' yIr € P7 r=0$1v2v"'}
EFENTHRNI ENGNB.



2 6, £® Bruhat order & alternating sign
matrix

ZOMTI, NHE S, L? Bruhat order DS EHRMRME, &
@ MacNeille completion 2% X 5. TIT, &8RN MNRELT
A5 %5 DN monotone triangle & alternating sign matrix TH 3.
(alternating sign matrix IZ2DWTIE, [3] ZBRBEhiz. )

2.1 &, ® Bruhat order DA HERAYEE R

W = Gn *n k*‘j’ﬁﬁ#t l/, S = {81,' .. ,sn—l} (Si = (i,i-l- 1)) tB
<&, (6,,5)1d A, B Coxeter RZ2T.

S, £ Bruhat order {3, monotone triangle ZAH W3 &izk D, #
SERMICERTEL I ENA SN TNS.

Definition 2.1. (a) EB¥ZKD LTS n KD triangle

tia
a1 2%

T = (tij)igjgicn =

tn,l tn,2 ot tn,n-—l tn,n

NRH

tiv1,; < tij < tiv1j+1, Li; <tija
=3 &%, n RO monotone triangle TH5 LS.

(b) mTFFA81,2,.-- ,n THS n KD monotone triangle EEDIT
HREEZM, &&ET:

M, = {BTFTH1,2,--- ,n 5725 n K monotone triangle}.

(c) 2 DO monotone triangle T = (t;;), T' = (¢ ;) ITH LT, ¥MEF <
%,
T<T & t;<t,(1<j<i<n)

ICE>TEHET 5.



BR w=[w(l),--- ,w(n)) € G, ML T, n KD triangle T, = (t;;)
%
{tia,tig,-- - tiz} = {k|wk) <i (1< k< n)}

ERBBEIICEDD. ZOEE, T, € M, TH%. T monotone triangle
ZRVWSHZEIZEDT, 6, L@ Bruhat order 2RO L 3 izHEHRN
icigikEhn s .

Theorem 2.2. (Ehresmann [5], Proctor [10], etc...) w;, wy € &, XL
T, Ty, T, € M, ZENEFRNIZHIET S n K monotone triangle &9
5. ZDEZE,

wlsw2 A Tw, '_<Tw2

MRILT 5. O
FAE, G iBNT,
w =1[2314], w=[3,214, ws=][21,4,3]
2EZD. ZDELE, XET 5 monotone triangle i,

1 2 3°
1 2 3 4 1 2 3 4 1 2 3 4

Tdh5. £2 T, Theorem 2.2 ZHWNWS &,
Twl-<Tw2J:D‘wl<TU2, TwzﬁTwactD’w2£’U)3

ERBIENEMNS.
F/, 64 LD Bruhat order @ Hasse HIZE 1 DX DI/ 5.

2.2 G, D MacNeille completion

BT1TH11,2,--- ,n TS monotone triangle £& M,, I3, Definition
2.1 THATENERFIZEIL T complete lattice 272 L, F D lattice ik,

T AT = (min(t;, t;J)), TvT = (max(tij,tgd))
&k DEXSND. TTT, T=(t;),T = (£,) TH5. £>T, Theo-
rem 2.2 I2& D, M, %, Bruhat order iZB89 2LEFES S, 285k



[4,3,2,1]

[4,31,2] [4,2,3,1] [3,4.21]

[4,1,2,3] [3,2,1,4] [3,1,4,2] [2,4 1,3 [2,3,4,1 [1,4,3,2]

3,1,2,4 [2,31,4 [21,4,3] [1,4.23 [1,3,4,2]

2,1,3,4 [1,3,2,4 [1,2,4,3]

[1,2,3,4]

1: 64 £ ® Bruhat order



JERFERE & LTS complete lattice Thd Z EM3nb. - T, Fact
1.6 &0, [BEFERDOEM L(G,) — M, BEETS. LTI DR,
EEFREELTORMEREZ>TNS.

Theorem 2.3. (Lascoux-Schiitzenberger [8]) *#IRFHBREELL T,
L(G,) = My

THb. TIT, L(6,) L, Bruhat order IZHT 2 ¥ EFES S, D
MacNeille completion TdH 3. O

2.3 Alternating sign matrix

BTTH 1,2, ,n T3 monotone triangle 13, BRATHOHLIET
& 3 alternating sign matrix & 1% 1 IZMIRL T3,

Definition 2.4. (a.) n *Eﬁﬁzﬁj A= (a,-‘,-)lg,jsn ‘1. K@ 3 %#é
/=9 L &, alternating sign matrix (LAF ASM &B&9) TH
LD

(1) a,-'j € {0, 1, —1}
(2) A DEF, BEHEORHOHMIL 1 TH2.
(3) A D&Y, BFID 0 TRVWERSML, 1 THED, 1 & -1 8K
HIZANS.
(b) n K ASM REDOBTREE A, LET :
A, = {n K ASM 21 }.

Example 2.5. (1) w € &, IHETBBBITH Py = (6iwi)1<ijen
id, n K ASM TH5. ZIT, &, RIOXy H—OFINITH
5. (BAF, n RBBRITHISEDORTHEESS S, TRTILIZTS. )

0 1 0
(2) A3=63U 1 -11 Th3.
0 1 0

(3) n REH]ITHNL, —1 ZERSITHEZIRWN n K ASM &L TI#AT
5N 5.



Remark 2.6. n X ASM O #A, i3,

(3k+ 1)
bAn = H (n+ k)

TEA5N3. a

n R ASM i3, B T4 1,2,--- ,n TdH3 n K monotone triangle &
ROESIZ1I/M1IITHBELTWS., A= (ai,j)lg'js,; €A, & n K ASM
b

(1) ¥7, n REFTI A= (@ )icijn &

i

p=1

&> TEHTS. ZOEE, ASM OERICLY, a;;€{0,1} &
o TW5.

(2) Riz, TD A 2T, monotone triangle Ty = (£;;)1<j<i<n %>
{ti,l)ti,2) ct ,ti.i} = {k | (_ii,k = 1}

ERBEDICEDD. THE, TheM, ERBIENERICHER
TE5.

COEDFRIBITEDLIEMNTEEZDOT, ROMEMNKIULT 5.
Proposition 2.7. #6 A, 2 Ar— Ty e M, B2BHTHS.
Example 2.8. #l i,

00 1 0
10 0 0
A= 01 -1 1
00 1 0
XL T,
0010
— 1010
A= 1101
1111



THBHM5,

1 2 3 4
&85,

Remark 2.9. (a) A€ A, &L, T 5 monotone triangle & T, =

A€EB, < Ald-1ZRIFTFFZN.
— ti+1'j S ti’j S ti+1‘j+1 &R 1, ] &i#ﬁ l/fctll)

(b) BIRETFI P, € 6, KHLT, Tp, = T, THB. TIT. Tp i,
Theorem 2.2 DRENTE Nz w € &, ITHIET S monotone triangle
TH5.

2.4 M, D lattice #§5& — join-irreducible ZJt —

ZD/NEITE, complete lattice M, DX DFEL W lattice HWEZE R 3
hallad o R

Definition 2.10. (P, <) #¥|EFRE LT 3.

(8) ,ye P &93. y<z2THY, y<z<2 ERBIT 2 € P BHFE
LBWEE, 213y % cover THEND.

(b) z€ PIZHLT, x4 cover THRLEDRTHREE C(z) £&FT:
Clx)={yeP|zidy Zcover T3}

(c) P 7% lattice THBHEL, z€ P &T 5. §C(z) =1, T7bb, 2
7 cover TAILN 1 DEVIHEET S L E, 2 13 join-irreducible
THHENS.

(d) P %% lattice TH DL Z,
j(P) = {P @D join-irreducible /27T }
EBL.



(e) P M lattice THD, 5T, FBD ,y, 2€ PIZRLT
zV(yAz)=(xzVyA(zVvz), zAyVz)=(zAy)V(zAz)
MELVIALDEE, P I distributive lattice Tdhd & .

—fRIZ, (finite) distributive lattice L DRE#EILXE D join-irreducible 72
LEOR TR EIBEFRS j(L) OBENS—BNIZEES. M, i
distributive lattice TH D, j(M,) DMEITROERTEX SN 5.

Theorem 2.11. 0<r<s<t<n iZHLT,

Wy st
=[1,2,---,n,(s+1),(s+2),-- ,t,(r+1),(r+2),--- ,s,(t+1),--- , 7]

LB E, M5T S monotone triangle 2 T,,, =T,,,, £T5. TDLE,

J(Mp) IZD0T,
(1)

r.a,t

j(Mn)={Tr,s,t|OST<S<tSn}
THB. HiZ, TOBK LM, &,

. _nn+1)(n-1)
ﬂ](Mn) - 3

ZEVEXS5N5.
(2) Tr.s.ta T;".s',t' € ](Mn) ‘:*‘f L/—C,

Trst 3Tpugp<=r2r, t<t, s—r<s-r,t—s<t-s.

(3) (M) i,
(M) = PLU---UPst, Po={Tos|t—r=k—1}
7% graded poset DHEZEH B,
Pe=k(n—k) (1<k<n-1)
ERRoTWS. a
Remark 2.12. Z® Theorem ® j(M,) &, Geck-Kim [6] DEZ )= 6,
D base IZ—HL T3,



3 B, & Coxeter #t& Half-turn symmetric
ASM

DT, B, B Coxeter #% 2n KNHE G,, OHHIEE L TEH
T5Z &L T, €D LD Bruhat BF OHEGBRAVEDE & MacNeille
completion IZDWVWTEZXS. JO&EFIIENSHESERMNEA half-turn
symmetric ASM (180° EIZEIZ & > TARER ASM) TH 3.

3.1 B, & Coxeter ##& D LM Bruhat order
Agn_1 B Coxeter % (Gapn, S) 1, KD Coxeter I ZFFD :
O——CO— e —O0—0O0—0O— 20« —(0O0—0O

S1 52 Sn—1  Sn  Sa4l S2n—2 S2n-1
Z D Coxeter RIEOHERAH 0: S — S %,
o(si)) =8m-i (1<i<2n—-1)
WL TEETS. T74bB5, old, LD Coxeter FIBIZBNT

8 82 Sp—1 Sp Sn+1 Son-2 Son-1

ERBHBDTHH. TDOEE, ZDOS LOEES 013,
o(s0s® ... 50 = o(sMa(s?)- .. o(s?) (sD € §)

i2&oT, Gy LOBCRAMER (ALY >R o ZRANTETIERLT
) KHEEND., £LT, 6, PHCRABER o ICKDEEENST
DLEDRT G, DEIEE W(B,) £T5:

W(B,) = {w € Gy, | o(w) = w}.
T5&,
W(B,) ={w € 6o |w(i@)+w@n+1-i)=2n+1(1<i<n)}

EHRIND. ZDEE, Coxeter RO—FRNS, ROEENESNS.



Theorem 3.1. (1) (R. Steinberg [11]) W(B,) {3 B, ® Coxeter # T
H5.

(2) (M. Nanba [9]) W(B,) L£® Bruhat order {&, S,, £® Bruhat
order M W(B,) \DHRIC—HTS. bbb, < % Gy, LD
Bruhat order &L, < % W(B,) L£® Bruhat order &9 % & &,
W, We € W(Bn) ‘:*‘T L/T,

w Spw = w Sw

TH5. O

ZOEBIZLD, B, B Coxeter Bd Gy, DEHBE W(B,) &L TER
&N, €O Bruhat order {3BHIAH W(B,) — Gy, IZLDHBOENBZ T E
Nhomnb. (85T, G LD Bruhat order D& B 3RA9723ER (Theorem
2.2) ZBRHWSZ&iIZ&D, B, B Coxeter # E® Bruhat order O &4
RN ERNESNS. (Theorem 3.7 2REL. )

3.2 Half-turn symmetric ASM

ZO/METEE, BI/MNETRRE Asnoy B Coxeter FD Coxeter HE
DOHCRAE ¢ ITHY T3 Ay, LO2BHEZEZ, TOEESR (half-turn
symmetric ASM) &XHR9 % monotone triangle 2% X 5.

ASM A € Ay 12, A % 180° ElE S HATE5 ASM o(4) ZHIES
BBZEIEHDT, 28H o: Ay - Ay ZEETS. Tabb,

anh a2 - QIN
a2y Q22 --- Q2N
A=
any an2 -+ GaGNN
XL T,
aNN ANN-1 °°* an
AN-IN QN-IN-1 **° an-1
o(A)= . . .
a N ai1N-1 a
Tdhb.



Definition 3.2. N X ASM A i, o(4) = A ##/29 &, half-turn
symmetric ASM (EAT HTSASM &B89) THHEWD. N R HTSASM
2RDOBTREE HAy £EXT :

HAn = {N X HTSASM}.

01 0 0
#xiE, (1) _11 _11 (1] iZ, HTSASM T$H 3. £z, 2n ROE
00 1 0

Hwe Gy, KHLT, FRIIHIET2BERITHZ P, = (6,-',,,(]-)) &9 5.
:o)tg)

P, M HTSASM <= w(i)+w(@n+1-4i)=2n+1(1<i<2n)
< we W(B,)
F/, HTSASM DERIZED, RODIEDBBHITONS.

Proposition 3.3. A € Ay, » HTSASM TH 370 DOHE+HE

#Hi,
Gni =1 <= Tuont1-i =0 (1 < Vi < 2n)

MROLDZETHD. TIT, Tu= Y0, 0 THB.

Definition 3.4. (a) n 2R® monotone triangle T = (t;;)1<j<i<n &, K
D 2 &HEMRTSHEE, B, B monotone triangle TH s &
Wi

(1) t; €{1,2,--- ,2n}.
(2) k € {tnh'" )tnn} = 2n+1-k ¢{tn11"' 1tnn}-

(b) B, & monotone triangle &N THREE ME L&KT

MBE = {B, B monotone triangle &4k }.

(c) 2n X monotone triangle T € Mg, iIZX LT, T O EMNS n 70D
F n X monotone triangle % T &7



2n K HTSASM A 2% L T, Proposition 3.3 15, T € MB &7z
5. Wiz, Te ME M52 5N/-& %, monotone triangle 75 ASM %
BT HRECFERICLT, 0,1, -1 RPETS n x 2n 175 A A8
5N%. FTLT, ZD A% 180° BESHE, A D n+1 TAUTFICME
BT &Y, 2n RO HTSASM A 5513, Xo T, ROMEINE
5 5.

Proposition 3.5. #& HAz, 3 A— TV € ME 3LEHTHS. O

Example 3.6. Proposition 2.7 IZX D,

0 1 0 2
A= (1)_11 —11(1) — Ta= 11233
0 0 1 0 1 2 3 4
THEM5,
Tf(‘2)=123

TH5.
iz, Lo TP R5X5NEE, 0,1 65 & T 3759 S monotone
triangle Z2EZBEEMICHFT S EITEL- T, 0, 1 ZRBITHEDITH

0100
1010

MNESN 3. Lo T, Proposition 3.3 DEEZHERT ST

~ 01 00
A_(1 -1 1 0)
MESNS., ZOFHE 180° Hizxd, A ® 3 FEUTIRMABZ &

IKEDBSNSTHIL, LD HTSASM A TH 3.

Theorem 3.1 (2) IZ& D, W(B,) £® Bruhat order X G2, £® Bruhat
order ® W(B,) "DHIRTH 5. L7%=A->T, Proposition 2.7, Propo-
sition 3.5, Thoerem 2.2 IZX D ROEH%EE5.



Theorem 3.7. W(B,) £® Bruhat order % <g &&YT. ZDLE, w,
wy € W(B,) IHLT,
(7] SB w‘2 — Twl j Tw2 iIl M‘zn
= T TV in ME

ASER D ILD. O

ZOEBIZED, MBI, Bruhat order 12T % B, B Coxecer #
W(B,) W73 ¥EFEEL LTI LBONS. £IT, ¥IEFES
ME DEEFHBEICOVWTEAD LT S.

SBH A € ATy € My, ZBLT, 751% 180° HinEESLH
o Aom — A 25,

O'(TA) = Ta(A) (A € .Agn)

LILDERE 0 Mo, = My, MEES. T, TD o ZX3EERE
EORTEHSLIEFREE M3, LB< :

o =1{T € Mo, | o(T) =T}.

ZDLE, T € Ma, & Ae Ay, MHIBEL TS (Di D, T=TA) b’}
5&,
TeM, < TMWeM? <<= AcHA,

THD, E MG 3T TM e M2 REEFESLLTORBERT

H>b. E5IT, lattice D—HR/ICE Y, M3, I complete lattice %727

N5, EORBIZEYD, MB B complete lattice £73F Z &30 5.
PEDZ &5, ROFEBMNHTLSS .

TMB 13, W(B,) ® MacNeille completion TdH3H ? |
COMIZHTIEAR,
(1) n=20D&E, MFJ T W(B;) ® MacNeille completion TdH 5.

(2) LML, n>3 DEER, ME T W(B,) ® MacNeille completion
KDKREWN.

Example 3.8. (1) n =2 D& &, W(B;) ® Bruhat order {ZB87 %
Hasse B, W(B,) @ MacNeille completion @ Hasse Kz FhEh
2, I3DLHITi5.



I ={[4,3,2,1}}

)

[4, 3,2, 1] Iy = {[3, 4, 112]} Is = {[41 2, 1i3]}

)
<

[3,4,1,2] [4,2,1,3] Lvi=IsnIg

X
)

[2,4,1,3] [3,1,4,2] I3 ={[2,4,1,3]} I;={[3,1,4,2]}

X
<

2,1,3,4] [1,3,2,4] LV =LAl

<
)

[1,2,3,4] L={[2,1,3,4]} L={[13,24]}

<

2: W(B;) @ Bruhat order

In=1{[1,2,3,4
® Hasse X o={l Iy

3: W(B2) @ Mac Neille comple-
tion @ Hasse



(2) n=3 D&LE, KD 8 DD B; B monotone triangle i W(B3) @
MacNeille completion IZJRE 732 1.

3 4 4 4
3 4 3 4 3 4 3 4
1 3 5 1 3 5 2 4 6 2 4 6
3 3 3 4
3 4 3 4 3 4 3 4

1 4 5 2 3 6 2 4 6 1 4 5

n>30D&E, MBI W(B,) ® MacNeille completion & DKk ZE W
M, Fact 1.6 IC& D, MP OBFHIBEFESGE LT W(B,) D MacNeille
completion ZRE T B ENTED. IhMHSOBEELT, W(B,) D
MacNeille completion 2 M2 OB EIBEFRE & L THESERNIZER
T52&, H50IE, ME O#ffE% Bruhat order ZAHWTERRT S Z
&, BEBREINTNVS.

3.3 M3 O lattice #8i& — Join-irreducible X57T —

ZDMHTIE, M, DEZ LR, complete lattice MZ D join irre-
ducible ZTT2ED I HEFLES j(ME) KDODWTEZX 3.
DD, RO—BHREMAND.

Lemma 3.9. L # distributive lattice &L, ¢: L = L % L @ lattice
ELTOEHCRIBETS, ZDEE,

(1) o CKPBEERL2EDIZT L OB EIFEFES L° b distributive
lattice TdH 5.

(2) L @ join-irreducible B E DR THEEE j(L) £LTHEE, L°
® join-irreducible 72T,

L) ={vX | X & j(L) ZBT3 (o) Bl }
TEX5N 5.

ZDO—RBE My, ETOLOBECRE o ITHLUTHAL, ¥IEFE
BORE M3, S ME ERVWBZ LIZE- T, j(MB) oiiEstbh 3.
j(Man) LD o DIERANS

U(T;‘,s.t) = T2n-t.2n—s.2n-—r (0 <r<s<t< 212)



TEALNBZIEIERTR L, ROBENFGLHNS.
Theorem 3.10. j(M3) IzDW T,
(1) J(M7) &
FME) = {(Trst V Ton-t2n-s20-r)™ |0 < 7 < s < t < 20}

TEA6NB. $iZ, TOMEEK {;(MB) 1L,
on? + 1
5j(Mg)=.’_‘(L3+_)

&5,

(2) JMZ) &
J(MZ)y=PiU--U Py
ERRENS graded poset TH Y,

A k(2nT—k) (k : even)
¥= Y k(@n—-k)+1
— (k : odd)

THEALN 5.

O

Remark 3.11. (1) j(ME) iZ&8FENZTOMEEKIL, Geck-Kim [6] AR
¥ 7= Bruhat order IZB9 2 ¥ )EFFES W(B,) D base DEEE—

BLTW3A.

(2) M, DEB LRIV, j(ME) OTHTRT W(B,) PILEHE

LTWabLITTIRREWD., EHE n=3 D& E,

3
T= 3 4 €jM5
1 3 5
13 W(B3) Dt &ML,
3 1
3 4 1 2
1 3 4 1 2 5
S= 1793 4 » 9= 17,5 5§
1 2 3 4 5 1 2 3 5 6
1 2 3 4 5 6 1 2 3 4 5 6

@ 2 D® monotone triangle ® join D EMS JFTFEMDEL D

DTH5.
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HRERARAHK vV oFEMEICONT

KE 2
AR FRF R AHER
(AF#HERS%FIEA PD)

abe@ms.u-tokyo.ac.jp

1 F

ERMIRERRHERRE/FDORT L AL T, HIEARREK VvV, M
HEENS. TORSMEARRER L 0 -1-ZEEEMSEH I B 2
DHCHMEGZHSL, TOFERICIDIEEALHE V) BBURSERRNA
BOMEEHED. ZMERTIE, BF L OB 1 0L EIZ, HRERER
B V) OTIERS Z ORBTEED VIIBIESANERBTE, T
RBROLFENTHA L, ZAHLEDT, FOZEIZDWTHRETS. £i-
BT L OREEM 1 TH3E, V, Vi BPOEF 1 ORSEARKREKTS
0, FEEL C, FRELFIIN HEBEEZHDELD. FBIEE C, FBRiEE
T HAERFAERRRBEENED A5 —FRENE2H O LA EHRNIE
BEBRLMELTUBEELSNTVS. 22T V, OARACANBEOE
ERELTHESNAERMEAFRELYBONFTASNTNS c=1 A
IS IR & ORIRIC D W T H AT 3.

2 HEfH
CZTREAERARREKOERRIZIBIT AN OMOBEOEHREZRRS, F
¥, EARRARREOEREBRD. EHLVBONIHRERERFAE K]

F7zid [MN] 280,
FAGARAS V &1, TREREO - RKE

VxV -V, (ab)—aln)b (ne€Zz),

ZWAT C £ Zgraded XJ FVER V =B,z V(n) T, REXRI ML
1€ VW & Virasoro Tw eV, 2HFERONBEZH-THOTHS:

(1) £BD a,be VIZHL, n BT+ R REBRERZSIE a(n)b= 0.
(2) (Borchards {8%R) 8D a,b,ce V 3L p,q,r € Z ITHL

oo

Z; (I:) (a(r +)b)(p+ q—i)c

= Z(—l)i (:) (alp+7r—1)b(g+1) — (-1)"b(g + r — i)a(p + i))c.

i=0



(3) EBD a € V IZHML, L(n)a = dp1a(n € Z), a(-1)1 = a BKY
a(n)l =0(n > 0) MBRILT .

(4) L(n) i=w(n+1) LEBTDLHDEHEK ¢y € V BEELTHLE
i cy D Virasoro fREDIRBEEAEE D 1L D:

md—m

[L(m), L(n)] = (m —n)L(m +n) + 1—25m+n,ocv-
(5) EBD neZ IZHL, & V(n) i L(0) BT ZEHE n OFRATE
FEMTHY, +HNMIRBBE WML V(n)=0TH5.

(6) ERD a€V,neZ iTHL, (L(-la)(n) = —na(n —1) HMpRILT 5.

BERERRREROBRCHERER g &1, V LORERBFEHRTH- T, £
BDaeV &neZlZHL goa(n)og™ = (g(a))(n) B&Y, glw) =w %
WTHOTHD. TOB, ¢g(1)=1MEVID. HEAMEKLEDRT
BE Aut (V) TETE, 8O Aut(V) OFREI#H G ML, 20EE
ADRT V O EM VE RERICHEREAFRRKOBEEZED. Tk
WL TESNAERAERRRBRA—E 74—V RERLIEIThTW S,

KIZ Co-BREDERICONTIRRS. & Co(V) = span{a(~1)b|a,b e
-V} EBL. ok, HRIEAFRKRE V 2 C-BRBL <3 C-HRMEES
TR, EEM V/Co(V) BNARRTERDILTHS. ZORBIIESE
HAFARBEOERHRBICBWTE OHREAHT 5DICHELINZHHT, &
BRREREIS LTS ICHFRAZBESTSS. LALAERRAICHL, £
DA% ETTHDE—WRICEHRTH .

RIZIBOERZ TS, HRIEARREKICIIREMTCEBREDLEICL
DB DONDOIFOBEBENFTSNTNS, ETREMTORN—F H
VW MEOERELRRS.

HREARRK V ITHL, 85§ V-N3#Lid, IRERBORBESK

VxM-M, (au)=aln)u (neclZ),
ZRONT MIVEM M T, REBETHDOTHS:
(1) €BD aeV,ueV IZHL, n A ELEELZSE a(n)u=0.
(2) BEBD a,beV,ue M BLU p,q,r € Z ITHL

o0

3 (f) (a(r + Db)(p + ¢ — )u

i=0

= Z(—l)i (:) (a(p+7—9)b(g+i)u— (-1)"b(g+ r — i)a(p + i)u).

i=0



(3) EEDue M, neZiTHL, 1(n)u=bp—1u BHIALTS.

HAERAFERE V O a iZHL, TOHMPEAOT]RERBE DR a(n) %
BHEEOET-EIHOLULERE Y, za(n): ™1 2 o ILHMITHES
EHRE W Y (a,2) E&KT.

9 V-t M BBEOREMT M = P,z M(n) 255, EED ac
V(k)(k€Z) BEUE mne ZIZRU a(m)M(n) C M(m+n—k—1) 2K
ML, ISITTRAER n IZML M(n) =0 &5 &%, M i3 Z-graded
B V-INBETHEEND.

ERE 2.1. RAEA#RAER V B HENTH D L3, EED Z-graded 55 V-
BERuNERD I EEND.

8 V-8t M O Z-graded 55 V-BR2 MBEOHRIEDVEDEL T L(0) =
w(l) DEFEREEDHENSHS. EED r e CITHL M(r) 2 L(0) I
MY 5EEEr ODBFERETS. OB, a e V(k) IZHL [L(0), a(m)] =
(m+k—1)a(m) PEEDO m e Z IZDVTHRUTIDT P,z M(r+n) i
M DS V-BBAMBEELIRD. U M(r+n) BTH2/ASR a ITHUKEDIULT
i, TS Z-graded BIMBESASD. BIC M = @,cc/z Bnez M(r + n)
MERVULE, EHBWAME D, cz M(r +n) OXRBEMINTICART, B
BEEFEENERRITTHDEETD Z-graded 5§ V-INEE M % V-MBEEW
5. ERLDEASEARKEIIMAERRICEL V-MEEE5 I E8bhs.

FRERARKR V BEERNER C-HRTHDE, B Z-graded 5
V-IBREIC V-iEe 2y, RREREFRELAEELZVWIENASN
TW3 (2], [DLM1]).

BRIC V- B ICHET SHMARDOES 27 —FEREDWTERS. M =
DrogM(r+n) 2 V-MBEE TS (ZITr BREEFHEIZRVERS). T
DF, aeV(k) TLn)a=0(n>1) ZWETEIBmIINL (COLKDHE
HBEHONXI MIEREXI PV EWD), ¢-BF Fala,q)

Far(a,q) = tr |ara(k — 1)glo~ %

= 3 (tr |aae(k — 1))g"~F " € g HC[lq]

n=0

TEHETD. FIC chp(q) = Far(1,q) ZIBE M DIBFEEL WD

R 2.2, ((Z) V & C-ARBEAERARKREEL, M = @2 M(r+n)
B V-NMBETE. ZOH, EEOBEXI R ae V IZHL, FD ¢-BF
Fy(a,q) &, K {q € Cllq| < 1} TWHRL, TDIER Fr(a,q) 13, 5
{lg] < 1} LE#EN/-FRIBIK f(q) IHL,

Frla,q) = ¢v/2 f(q)



ERIND.
W-T, EBORRI bl aeV iTHL,

Sma,7) = F‘M(a, e2"ir)
EEZETDE, BH 22 &0 Sy(a,7) BEXFEEH H={2€C[Imz>0} T
EHIBEERZ ZENOMNS. ZOERIBEEE, ac V IZARETS M OB
S,

HREBANDEZ AT — 8 SLy(Z) DEAZROLSICERETS: 175

(f; g) € SLy(Z) kL,

Sla(a,7) = (yr + 8)kS (a, 5::%?)

(a € V(K)). T OB, KOEEARKIT 5.

TH 2.3. ([2])) V & C,-BIR THERMSESAERARREKLETS. £ ML, M4
ERBZRVEEE V- IIROTLIRUA M TS, ZOK, TED1<i,j<d

& A€ SLyZ) It UBHDERK ¢;j(A) € C H—BHICEEL T, £BEOK
BRI MV aeViZHL,

d
Smilala, ) =) ¢;i(4)Sus(a,7)
J=1

MRRILT B.

3 WBFREAFRARRE

ZZTIRIEEME Z WREE& (-,-) 2bDOBEBT L ICfAHT 2 HAERE
KEOBRICDONWTHBICHATS (L <IZ[FLM] 228). LhLEHE
RTEIEE 1 OBRTOHERSI DT, BEK 1 ORAITREL TR TS.

h=Ch % (h,h) =1 TERINI=NHARBEAZFD C LD 1 K%
Y bNVERETS. KX MIVER h 201 Lie REEBBLEOT 771
b h:=hQC[t,t |6 CK %% X 5. Lie {3 h OIRBIFRIT

[R®t™ h®t"] = ndminoK, [0, K]=0, (m,nE€Z)

THABNS. ZOK, Aehlzdl, h O Lie REHRC[] D 1
KITHEE Ce* ZRTEHTS :

(R®t").e* = dno(\h)er (n20), K.e*=¢e.



ZOBH h e Clt]-MENSBEINIFEHR 6-’1[]# U(fj) BuheCh) Ce* %
M(1,)) &35, ZOB h-mBt M(1) = M(1)° IZhOER 1 ORSERE
REOMEMNAD, & X e b ITHL T M(1,)) MEERZ M(1)-MBEERS.
4§ h-MBELD h@t" (ncZ) DIERAZE h(n) EH5DTIEICTHEHEN
7 FVid 1 =1 €Y, Virasoro 7ol w = (1/2)h(-1)%1 THX5Nh5B. -
h(-1)1 IZHiT B TEREAF Y(h(-1)1,2) i

Y(h(-1)1,2) = h(z) = Zh(n)z-n—l

neZ

ERDEEOTICHMT S EREARR h(z) ORP EERMERAVTERS
hs.

EEOHRK L ITHL, §h DT o = V2kh 2EX D &, EEMEIBRTF
L=Za M350 %. L L°={heh|(h,L)CZ} R L DRMBFTHS.
OB, EED A LPITHLT

VarL = @ M(1, A + ma) (3.1)
meZ

EBLE, V, NEREARRBOMEZRED, & Ae L°ITHLT Vi A8
BERIs V- L 72D, HZEARY FIVR Virasoro 7Tid M(1)(c V) &AL
HD (E>T V, ODPLERDS 1) THD, 726F (3.1) i3 BEH M(1)-mE~D
SREEZD. Fl1@em™ eV, (UTF e™ &RT) IR TIRRERFE
Y(em,z) IX

Y(e™?, 2) :=exp (i @z") exp (— i mc:l(n) z"") 2™ Pna

n=1 n=1

TEHREIND, T T2™ P Py, i
™ (u@et) = 2™y @e#, Ppa(u®et) =u®eltme
(weU(B),per+L) TEHINS Vi, LOEAETHS.

EE 3.1. ([D], [DLM2]) L 2% 1 DEEEMEBR T LT 5.

(1) COBESERARRE V, 13 C-ARMOEENTH .

(2) EBDOBLH V, -IBidH D A e L° BHEEL Vi, KRAETHS. &
e Vagr & Vit NEEE BN BHRETIN-—pe L LBDHILETHS.

EE 3.2 FH 3.1 IZT—REROBTF L ITHLTHRIULTD.



4V, DAEERBEA -7+ -l KB

CZTIRER 1 oRTFRAEARKEOBCRE EEORBHIFICLS
A—E 73—V REBIZDWTRRE. ZOFTRT L © - 1-SEEMERH
BEETFTHRONDUE 2 DECAMER 0 ITLBF—ET 3 )V RIFEN
THdI LDBRS.

—BEROR TFRIUEAFRREOBCRBBICDOWTIX [DN] iZB8WTE
OEBREEINTNS. LMLEEN 1 OIZIITOMEEREMIZASZ
EMTES.

G L=20 &EBL. ZOK, BEER IV, -V, EBE meZ &
n; € Z>0 I:*‘:I. l/,

O(h(—n1) -+ h(~nr)em®) = (~1) h(=n1) -+ h(=nr)e™™

TEHTDE, CORBERIT V, 0K 2 OACAYERESAS. i
EBD ce C* ITHL,

te(h(~n1)--- h(—nr)e™) = c"h(—n1) - - h(—nr)e™ ™

LEBETDE, bV, OBCRMEREZEAS. COHCRBEHHES,
teoty =t BEUOot,00 =1t ZHMIELTNDIENDOMS.
G L=2a T(a,0)24 LRETS. ZOK, V, OECRARER

Aut(Vy) = (0, t;) = Zy x C*

Eizs. ZBR V(1) 131 RTTHOENI h(-1)1 ZEEITHFDDT, g€
Aut (V) 1K, $5 k € C* BEEL T g(h(~1)1) = kh(-1)1 MO ILD.
Virasoro JT w = 1/2h(~1)?1 13 ¢ TEBEINBDT s = +1 285. LER
5 g % 0og IKBERZI DT EIZED g(h(-1)1) = h(-1)1 ZEEL TIW.
Thi g DERN hin) (n € Z) DIEMETRTH B EERL g:V, -V,
i -MBORRERTHD I EADND. KT g(e™) = cpe™ 725
cmn €EC* BEMeZITNLUTEHEEL, Mo =eme(_m(a,a)—1)e* A¢
BROMDIEICEETSE, COmAI g Z2EASE2 2 &k » TR#M
IZ em =P (m e Z) HEINDB. TOTENS g=t,, € (6, t) ABSNS.

TOXDIT Aut (Vy) ORREABHIIGEMRE, KEB Cn = (t5,), oo =
e HL<IX 2 EHkE D, = (t,,,0) KAMTHD, METEA—ETx—
It

(Vza)® = Vena, (Vaa)P" = (Vzna)® (4.1)

ERBIENDNSE. UTF Vi =V,0 LEHT3.



AT V, B Co-BRMDERITHD I L2lRE, JIOFWHETH
I EEOHRK n ITHL V, OHRBECREE C, T8I A —ET+—
)7 I‘ﬁﬁ“ﬂl i Co-BIRTEHMTHDEENDZETHD. BE D, ITHLT
i3, V A Co- BN D LD &% Yamskulna A% [Yam] B W TFEEA
L. %;Tnﬁiﬁ%li Vo OB DWTERL, RBICHAMNTHS
EEABLE (JA]). LB,

TR 4.1, BT L =Zo, (aa) 2 4 CHL, V) 2 CARMOHEMT
55.

HREARRE V) OBCRZBICDOVTIE [DG] IKBWNTREMICH
Rah, REINTVS. ThIIUATOLSickz3.

At (V) = {Z/2Z, (a,a) = 4,6 £72i2 (a,a) > 8,

S3, k=8
(a,a) # 8 DI/E, (V)2 1 VZT2a) EEBERD. —F (a,a) =8 DF
BIZid, S3 DERFBHIRBEERNT 1, 02,03 BEU S ICRBTHS. i
TBA—E 74— KN (V)0 = V3, ) THBN, (V)0 & (V5)™
REBHHBV, 2V ERBERSRYL. INSOF—ET +—)) RERIZ
KTRRB Vy 50 OBBA—ET 4~ FRHTEX 515,

LA BO)I—MET, T12D5 (a,a) = 2 ORICIIIBRIBEMICRS.
HEDERATHBM, L=A, EBZEITTE. ZOBE Vu, 12 V(1) =
sly(C) TERENTHY, ZOHEFBBIL 0 (a € slh(C)) THEEENS.
T T Vg, 1212 Lie B SLy(C) MERL TVBA, ZOERIRERETIIARL
ERIZIZZOPRLTH -~ PSLy(C) NHCHBBEELTHERLTWS. K
<HSNTNBLSIZ PSLy(C) DHRAECAMRII B ERNT, KER
Cn(n>1), ZH&BEE D, (n>2) TLUT Alty, Sq £/=i3 Alts IZFRBTHS.

BTHEEE Aut(Va,) DAL LT Cy, Dy, BENENC, = (8,,) B
XU D, 2 (1, 0) EERENTHD, RoTHETBA—ET7+—)1 KR
B (41) KEoTEXSNS. V] OFEIED Co-HIRIE, BECEMHEIION
TRELBHL TRV (6) HKERE Cp ITHIREDT V] 2 VS = Wy
THEITENSHMD., ThhOEER 4.1 ii{iﬁwmn.{ﬁlﬁﬁ%lgﬁbﬁi
AT 5.

RODOHEBECFRBAE Alty, Sy £7-13 Alts Il TH5A—ET7x—IL R
BEITEL Tt [DGR] K&k 3 HCARKICET AMALRVLTREST
bEOHRINTWLAEW. [DGR] 2B T, Dong, Griess 3L Ryba i3
villay e,y dlts DHEANBEXSCRELE. TORRRUTOLS I
25%.

Aut (VAM) > Z/2Z, Aut(VS4) =1, Aut (V)1



iz Vil o TRRE Z/22 1Tk B4 —E 74— )V FREA VI T AR
12%.

BB VS, (a,0) =8 DA —E 74— )V RERE E OBRIIDOV TS,
FEDS Va, BV, 2RSFEREARRBELTEATED, V,, 1 V-
MBELT V), 280 4 DOEWICERBERBEHMBOEMICAMET S, &
Ok Vi EIZIZ 1 &L TEN DS OBERIMBEO WM 2 DOLEIC -1 &
LTHERT2EHTERENDIE 2 EFE o At Sy DU 4 OEREHFE
LTRRENS. Tiabb Vi = V] THY, Si/a S 3 Aut (V) £
BTH0THD. ZOKITVE, OA—ETA— )V RERIZ V), DSy D a
EEUHAH, DXORBERNT a, Ally BLU Sy DA —E T+ =) P
BELTHROND. #oTRA—R (V)% = (V)4 & (V) = (V)%
MESNB.

ULOBRIZLDROKEEHES:

EH® 4.2. (DG, [DGR]) £&
Vi, Vi, Vil v, vls | LR 1 EREEET )

RRRERE, CORGOHRAMERFEAKZ LV EOFREACRMKTA—E
TA—IVREBMEESENWSBRETHL TS,

5 c=1BENESFRZRBOSRAICONT

ZDH T Ginsparg IC&DIRBE NS c = 1 FHNOXBBBROZE (Z
T TREBMHFEZFORBIIDONTIERAREN) IZDWTHBIZRRS ([G]
722 [N L-R) 28H) . Ginsparg i [G] KB THIABR LTINS
c=1 FHANBHER (ChABTFRAFEARKEKICHIEL THW3), BLY
TOHMABERNIONT, TOHNERMBEZRARENSNED 25— FEHEER
DHODEXREMR L. TOHR, THNOOMICIBEFEHEIETNHN
TA—FEFED 2 FRORAEFANNE 3 DOBBNHD  EMNREEH,
2 AMIZRFA SRR EFOREMNENS 2R LL.

Ginsparg DA EDIRRDH &, [Kir] IZBWT Kiritsis IZHLERA 1 D
SRR ESRTHEICLD, c=1 FENIBEERICANS 2B
Ginsparg DR RLAEEHOBOTRITNERSBVWIEEZRL, c=1 FH
RO S ERKETL2ICREL .

INSDBBEINETONONMFIHETERL TE B TIRAEAE
KBOF—ET7x— )V REBELTHRSITED, ThENOXRBERARD
S EBEEIIEERICHIE L TWWA. Ginsparg DA HICL DS BRI e
42 DVWTFNMICARTH Y, TSKEUCSEMBEHDETIERUERAR
REELTHREMERD Z EMDOMS.



ZZTHEET S DI, Ginsparg OAHFIIDONWTHET S HAERFERK
NEEL, TOHEBEL THRBEENREGESNDENWS ZETHD, HIZHE
FEMNEL WREIT Ginsparg IZE VDGR 5N EBRBOVWThNMATEI SN
EMEVNHIBBIRESLERBRTHIENWDTETHD, DFNEHR 42 0H
SERHZEREOBEELZ LW c=1 BRERAFERRRBEVICRA#ENE WS
HIAERMBETH 5.

EZa5—FEMICEAL T, B 2.3 EOMEIZONTiHR~RS, & 2.3
2L D Co- AR ODFBNAELERRREOBHBEBIZFTRIYT 5 BB KD
RAEMIEDS 25 —BROERTRETHS. FIZEZD25—BROR2BT
BEAIINEE O MBIIC BRICER T 282 BRI B2 SIS 0RER
HICE a5 —FERE/FED. ZoKIZET 5% Bantay ([Ban]) I2&k D
SNTHY, R {c;(4)} KELVL DADLMEIIME TS, BRI
%5 ERK N MFELSRBAE T(N) KBLREICRES ZEMNASNT
W5, o TR 1 DIBRT L ISHL V,, V) OIEEOEY 2 5—FEHI
Zhu DER (B 2.3) Mo DRETHILEHEAIOND. ZOXIITHNT
D c =1 FREARRE Vi, vy, vt ofBoETa 5—FEEbE
Fo 5 DESIER BRI Cr B L A B EHOT 20 5DREN
BZOTRIEWHEHNTE, LMo TINSOEMD C,-FiBE, FEE
BIXUBHIMBORE, 72— a  HIOBRERENINMS OWEDBIKT
H5.
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EREAZRAREOARMED B CRIEE
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MIXED BASIC SUBGROUPS IN ABELIAN GROUP
THEORY

TAKASHI OKUYAMA

ABSTRACT. In general, primary groups have basic subgroups. It
is well-known that all basic subgroups are isomorphic. First we
extend the concept of basic subgroups from primary groups to
mixed groups. We call the basic subgroups mized basic subgroups.
Next we present an example of a mixed group in which not all
mixed basic subgroups are isomorphic.

1. NOTATION AND BASICS

Throughout this note, Z denotes a set of integers, P a set of all prime
integers, and p is a prime.

1.1. Maximal Torsion Subgroups. Let G be a group. If every el-
ement of G is of finite order, then G is a torsion group, while G is
torsion—free if all its elements, except for 0, are of infinite order. Mixed
groups contain both nonzero elements of finite order and elements of
infinite order. A primary group or p-group is defined to be a group the
order of whose elements are power of a fixed prime p.

Proposition 1.1. [2, Theorem 1.1] The set T of all elements of finite
order in a group G is a subgroup of G. Then T is a torsion group
and the quotient group G/T is torsion—free. Hence T is the mazimal
torsion subgroup of G.

Proof. Since0 € T, T is not empty. Ifa,be T,i.e., ma=0andnb=0
for some m,n € Z, then mn(a —b) =0, and soa —b € T. Hence T
is a subgroup of G. We show that G/T is torsion—free. Suppose that
¢+ T € G/T such that i(c+ T) € T for some ! € Z. Then lc € T and
c€T. Hence c+T =T is the zero of G/T. By the previous argument,
it is easy to see that T is the maximal torsion subgroup of G. O

1.2. Socle. Let G be a group and
Glpl = {g € G | pg = 0}.
1991 Mathematics Subject Classification. 20K21, 20K27.
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Glp] is called a p-socle of G. This is an elementary group in the sense
that every element has a square-free order.

1.3. p—height. Let G be a group and g € G. The greatest nonnegative
integer r for which p"z = g is solvable for some z € G, is called the
p-height h,(g) of g. If p"z = g is solvable whatever r is, g is of infinite
p-height, hf(g) = oo.

1.4. Pure subgroup.

Definition 1.2. A subgroup A of a group G is said to be p-pure in G
if, for all nonnegative integer n,

ANp"G =p"A.

If A is p—pure in G for every p € P, then A is called a pure subgroup
of G.

If A is a pure subgroup of G, then hS(a) = h(a) for all p € P and
every a € A.

1.5. N-high subgroups.

Definition 1.3. Let G be a group and let A and N be subgroups of G.
If A is mazimal with respect o the property of being disjoint from N,
then A is called an N-high subgroup of G.

The existence of N-high subgroups is guaranteed by Zorn’s lemma.
Combining the results in [3] and [1], we obtain the following character-
ization of N-high subgroups.

Proposition 1.4. Let N be a subgroup of a group G. Then a subgroup
A of G is N-high in G if and only if

1. ANN =0,

2. A is neat in G,

3. Glp] = Alp] ® N[p] for every p € P, and
4. G/(A® N) is torsion.

Corollary 1.5. Let A be a torsion—free subgroup of a group G. Then
A is T-high in G if and only if

1. Aisneat in G,
2. G/(A@® N) is torsion.

_.61_
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2. p-INDEPENDENT SYSTEM AND p—BASIC SUBGROUPS

Definition 2.1. Let G be a group. A system {g:}ic1 of elements of
G, not containing 0, is called p-independent in G, if for every finite
subsystem {gi, g2, - - ., 9k} and for any positive integer r,

Zn.g. €PG, ng#0, meZ

implies p"|n; for 1 § i< k.

Thus, by definition, p-independence is of finite character. Hence,
every p-independent system of G can be expanded to a maximal one.

Lemma 2.2. Every independent system is necessarily independent.

Proof. Suppose that 2?:1 nig; = 0,n;9; # 0, and n; € Z. Then
Zf:x nig; € p"G. By hypothesis, p"[n; for all r 2 1. Hence n; = 0.
This is a contradiction. Therefore n;g; = 0 for 1 £ ¢ £ k and the
assertion is confirmed. O

Lemma 2.3. A p-independent system contains only elements of infi-
nite order and of orders which are powers of the given prime p.

Proof. Suppose that g is of order m in a p-independent system and p°
is the highest power of p dividing m. Let m = p°t with t € Z. Suppose
that ¢ # 1. Then (¢,p) =1 and p"z + ty = 1 for some z,y € Z. Since
p°g = p'zp’g + typ’g = p'zp’g + ymg = p'zp°g € P'G, p’p°® for all
r 2 1. This is a contradiction. Hence p°g = 0. O

Lemma 2.4. The following holds.
1. A subgroup generated by a p-independent system in a group G is
p-pure in G.
2. If an independent system containing bul elements of p—power and
infinite order generates a p-pure subgroup, then it is p-independent.

Proof. (1) Let C be the subgroup generated by a p-independent system
{gi}ic1. Let c € CNp"G. Then ¢ = Zf=, n;9; € p'G where n; € Z
and n;g; #0for 1 £i < k. By p—lndependence there exist m; € Z for
1 £ 1 £ k such that n; = p"m;. Thus c = p" Z,_ m;g; € p"C and C is
p-pure in G.

(2) Let {z;}ic1 be an independent system in G such that o(z;) is co or
a power of the given p. Set

C = (z;|i€l) = Bier{z;)

which is assumed to be p-pure in G. Suppose that Zi:x s;z; € p'G
where s; € Z and s;9; # 0 for 1 £ ¢ £ 1. By the purity of C,
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Sy sz = pr (X4, tx;) for some integers £;(1 £ i < 1). Since {2; }iex
is independent in G, s;z; = ptix; for 1 £ i £ 1. If o(z;) = oo, then
s; = p"t;. Suppose that o(z;) = p*. If u; £ r, then s;z; = p"t;z; = 0.
This contradicts the choice of s;z;. If u; > r, then p*i|(s; — p"t;) and
so p"|s;. O

Definition 2.5. Let G be a group. A subgroup B of G is said to be a p—
basic subgroup if the subgroup B satisfies the following three conditions:
1. B is a direct sum of cyclic p-groups and infinite cyclic groups;

2. B is p—pure in G;
3. G/B = p(G/B).
Let
B = ®iex(bi).
The system {b;}:c1 is called a p-basis of G.

If a group G is equipped with the p-adic topology, then the condi-
tions (1),(2),(3) imply that B is Hausdolff in its p—adic topology, which
is the same as the one induced by the p-adic topology of G, and B is
dense in G.

Evidently, G is a p-basic subgroup of itself if and only if (1) holds
for G. Further, 0 is a p-basic subgroup if and only if G is p—divisible.

We present a few examples of p-basic subgroups.

Example 2.6. Let B,, be a direct sum of cyclic groups of the same
order p*, and A the torsion part of the direct product of the B,(n =
1,2,...). Then the direct sum B = & B, is a basic subgroup.

Proof. A consists of all vectors a = (by,...,b,,...) with b, € B, such
that there is an integer k with p*b, = 0 for every n, while B consists
of all a € A with almost all b, = 0. Conditions (1) and (2) are clearly
satisfied, so it suffices to prove that every a € A is divisible by p mod
B. Since pkbn = 0,a — (bl S M bn) = (0,...,0,bk+1,bk+2,...) is
certainly divisible by p, because p | bey; in Brti(2 =1,2,...). a

Example 2.7. Let Q; be the ring of p-adic integers and Jp, the addi-
tive group of Q;. Then Z is a p-basic subgroup of Jp.

Example 2.8. Let p1,pa,...,p; ... be different primes, and define

T =2, (b) with o) =p;.

Then T is the torsion part of II2,(b;). Consideray = (by,...,b;,...) €
12, {b;). Fori # j, the equation p;xz = b; is uniquely solvable in (b;),
thus II2, (b;) contains unique elements a;(i = 1,2,...) such that a; has
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0 for ils ith coordinate and satisfies

pig; = (bla .- 7bi—1707bi+l; - ) =ap — bi-
Let G= (T,a; | i 2 1) and G; = {ag,a;). Then G; = (a;) ® (b;) and
G/{ap) = &2,G;/{ao) & ®2,Z(p?). Hence G; is a p;-basic subgroup
of G.

Lemma 2.9. {b;}ic1 is a p-basis of a group G if and only if {b;}ic1 is
a mazimal p-independent system.

Proof. (=) Suppose that {b;}:c1 is a p-basis of a group G. Let B =
®icr(b;). By Definition 2.5(1), {b;}:c1 is independent. Further, by
Lemma 2.4(2) and Definition 2.5(1)(2), {b:}ic1 is p-independent in G.
Let 0 # g € G. By Definition 2.5(3), g + B = pg’ + B for some
¢ € G. Hence there exists a relation of the form g + 3.5 b; € pG.
Therefore, if we enlarge the system {b;}:c1 by adjoining g to {b;}:e1, the
arising system is no longer p-independent. Hence {b;}:¢1 is a maximal
p-independent system of G.
(<) Let {a.}ie1 be a maximal p-independent system of G. By Lemma 2.2,
{a;}ie1 is independent. Thus
A= {a; |t €)= Bier{as).

Hence A satisfies the condition (1) of Definition 2.5.

By Lemma 2.4(1), A is p-pure in G. Therefore A satisfies the con-

dition (2) of Definition 2.5.
Let 0 # g € G. By maximality of {a;}c1, there is some relation

(210) apg + Za;a,- €pPG, o€Z, ag #0, aia; #0

i=1
for 1Si<s, and p"fa; forsome j0SjSs).
By the p-independence of the a;, we have certainly

(2.11) pr f ao.

First we let g be a torsion element and use induction on o(g). Suppose
that o(g) = p. By (2.10), aog + A € p(G/A). Further, by (2.10),
apg # 0 and by (2.11), (p;ap) = 1. Hence g + A € p(G/A).

Suppose by induction that g + A € p(G/A) for all g with o(g) < p".
Assume o(g) = p". By (2.11), we can write ap = p'Gp with 0 S ¢t < r,
and (S, p) = 1. Now (2.10) becomes ) _;_, a;a; € p'G. Hence a; = p'03;
for some integers 8;(1 S ¢ £ s) and

P(Bog + ) _ Bia;) = p'
i=1
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for some b € G. Note that o(Bog+ ) ;_, Bia;i—p"~'b) < p'. By induction
hypothesis,

Bog + Zﬁiﬂi —pb+A=pg 1 A
i=|

for some ¢’ € G. Since r > ¢, Bog + A € p(G/A). Since (3,p) = 1,
g+ A € p(G/A).
Suppose that there is some relation

3’

(2.12) agg + Zaﬁa,- €p'G, €D, apg#0, adla;#0
i=]
for 1S4<s, and p" {o; forsome jOZj<s).
If 7 < r, then, by the same argument, we show that g + A € p(G/A).
Suppose that 7' > r. Similarly, by the same argument proving (2.11),
we can write o = p*' B with 0 S ¢’ < 7, (3, p) = 1 and (2.10) becomes
>, ala; € p'G. Hence o = p* 3! for some integers 3/(1 £ i < s) and

ptl(ﬂ(l)g + Zﬁ:al) e pr’bl
i=1

for some ¥ € G. Then t' < r, because p* g = ajg # 0 and o(g) =
p". Therefore o(Byg + ;. Bia; — p"~¥'¥) < p* < p”. By the same
argument, we show that g + A € p(G/A).

Next o(g) = oo. We already showed that if o(g) is of finite, then
g+ A € p(G/A). Using this assertion, by the same argument, we show
that g + A € p(G/A).

O

Theorem 2.13. [2, Theorem 32.3] Every group contains p-basic sub-
groups for every p € P.

Proof. There exists a maximal p-independent system in the group. By
Lemma 2.9, it generates a p-basic subgroup. O

Theorem 2.14. [2, Theorem 35.2] For a given prime p, all p-basic
subgroups of a group G are isomorphic.

3. BASIC SUBGROUPS OF p—GROUPS

We now focus our attention on p-groups where p-basic subgroups
are particularly important. If G is a p—group and q is a prime # p,
then evidently G has only one ¢g-basic subgroup, namely 0. Therefore,
in p-groups we may refer to the p-basic subgroups simply as basic
subgroups, without danger of confusion.
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Definition 3.1. Let G be a p-group. A subgroup B of G is said to be a
basic subgroup if the subgroup B satisfies the following three conditions:
1. B is a direct sum of cyclic p-groups;
2. B is pure in G;
3. G/B = p(G/B).
Example 3.2. Let
B = e:‘:’=l(a"7"—)
with o(z) = p" for alln 2 1. For everyn 2 1, let

Yn = Tn — PTni-
Then the following holds.
1. {y.} is p—independent system in B.
2. Let B'=(y, |n 2 1). Then
B = e;z..i—-l(yn)

1s pure in B.
3.2, & B foralln 2 0.
4. B/B' is divisible. Hence B’ is a proper basic subgroup of B.

Proof. (1) Suppose that

K
(3.3) Y= Zniyi €p'B, nyi#0, n;€Z

i=1
for any positive integer r. Then
k
mzy + ) (ni — pnio1)zi — prizis) € pB.
i=2

By definition of B, nyz; € p"(z:) and r 2 1. Hence p|n, and so
nith = 0. This contradicts n,y, # 0. Inductively, (3.3) becomes

k
y=Zn,-y,-€p'G’, ny; #0 for r+158isk.

i=r+l
Hence
k
Y=Nr41Tr41 + (Tli - pni-l)zi — Py €D B.
i=r42
By definition of B,

N1 Trp1 € P (Tri1), (i —pri)z €pT{x;) for r+25isk
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Hence p"|n; for r + 1 £ i £ k. The assertion is verified.
(2) By Lemma 2.2 and (1), {y.} is independent. Thus

B’ = @1?;1 (yn>'

By Lemma 2.4(1) and (1), B’ is p—pure in B. Since B is a p—group, B’
is pure in B.
(3) Suppose that z; € B'. Then

8
T € Z ViYi
i=1

= M+ Z('Yi — PYi-1)Ti — PYsTs41
i=2
where v; € Z for 1 £ i < s. Since {z,} is independent in B, we have
Pl for 1 £i < s. Hence z, = 0 and this is a contradiction. Therefore
z, € B'. By induction and definition, we have z,, € B for alln 2 1.
(4) By definition, for all #» 2 1, y, = T, — pTn4 and hence z, + B’ =
PZny1 + B'. Therefore B/ B’ is divisible. Further, by (2) and (3), B’ is
a proper basic subgroup of B. O

Occasionally it is useful to speak of a basic subgroup of a torsion
group G, too. Thereby, we mean the direct sum &,B, of the basic
subgroups B, of the p~components of G. Thus a basic subgroup B of
a torsion group G is defined by the conditions:

1. B is a direct sum of cyclic groups of prime power orders;
2. B is pure in G;
3. G/B=p(G/B) for all p e P.

4. MIXED BASIC SUBGROUPS

It is well-known that there exist basic subgroups for all torsion
groups. In this section, we consider extending the concept of basic
subgroups from torsion groups to arbitrary abelian groups.

Proposition 4.1. Let G be a group and A a T-high subgroup of G.
Then there erists a subgroup L containing A such that

(4.2) G/T(L)=L/T(LY®T/T(L)

and T'(L) is a basic subgroup of T.

Proof. If T is a direct sum of cyclic groups, then let L = G. Suppose
that G, is not a direct sum of cyclic groups for some p € P. Then G, is

unbounded. By [2, Lemma 35.1], there exists a proper basic subgroup
B of T. Since T/B is divisible, T/B is an absolute direct summand
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of G/B. Since (A+ B)/BNT/B =0, there exists a subgroup L of G
containing A such that

G/B=L/B&T/B.
Since L/B is torsion-free, B = T'(L). a

Conversely, a subgroup L of G satisfying (4.2) has the following three
properties:

1. T(L) is a direct sum of cyclic groups;

2. L is pure in G;

3. G/L is torsion divisible.

It is well-known that, if G is torsion, then a subgroup L of G having
the above three properties is a basic subgroup of G. Moreover, L has
the property (4.2). In general, we show that, for any group G, the
same assertion is verified.

Theorem 4.3. Let L be a subgroup of a group G. Then L satisfies the
following three conditions:

1. T(L) is a direct sum of cyclic groups;

2. L is pure in G;

3. G/L is torsion divisible,
if and only if

G/T(L)=L/T(L)®s T/T(L)

and T(L) is a basic subgroup of T.

Proof. 1t suffices to show necessity. First we prove that G = T + L.
Let g € G. By (3) and (2), mg € L NmG = mL for some integer m.
Then we have mg = mx for some x € L. Sinceg—z €T, g€ T+ L.
Hence G =T + L and so G/T(L) = L/T(L) ® T/T(L).

By (3), T/T(L) is divisible. Hence, by (1), T(L) is a basic subgroup
of T. O

Proposition 4.1 and Theorem 4.3 provide the existence of mixed basic
subgroups of arbitrary abelian groups.

Definition 4.4. A subgroup L of a group G is said to be a mized basic
subgroup of G if L has the following three conditions:

1. T(L) is a direct sum of cyclic groups;

2. L is pure in G;

3. G/L is torsion divisible.

By Proposition 4.1 and [2, Lemma 35.1], we immediately state the
following.
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Corollary 4.5. Let G be a group. If G, is unbounded for some p € P,
then we obtain an infinite properly decreasing chain

LioLy,>---DL,D...

where every subgroup L; is a basic subgroup of G for i 2 1 such that
T(L;) are all isomorphic.

Proposition 4.1 and Theorem 4.3 combined lead the following useful
property.

Corollary 4.6. Let G be a group. Let A be any subgroup such that
ANT =0 and B any basic subgroup of T. Then there ezists a mized
basic subgroup L contaeining A such that B = T(L).

5. AN EXAMPLE

In this section, we present an example of a mixed group in which not
all mixed basic subgroups are isomorphic.

Example 5.1. Let G = A® B where A = (x| n 2 0) and B =

@3, (zn) with o(z) = p". Let a € A and a = p"a, such thata, € A
and pan41 = a, for every n 2 1. Define

L=(a,+z,|n21).
Then we have the following properties. First, by Definition 4.4, we
have the following.

Property 5.2. G is a mized basic subgroup of G.

We will show that L is a mixed basic subgroup of G by verifying the
conditions of Definition 4.4.

Property 5.3. For everyn 2 1, let y, = z, — pzp41. Then the fol-
lowing holds.
1. yo € L for alln 2 1.
2. Let B = (y, |n21). Then
B' = &;2, ()
is pure in B and the mazimal torsion subgroup of L, i.e. B' =
T(L).
Proof. (1) By definition, @, — pa,+1 = 0. Hence

Yn = ZTp — PTn+1
= (an + xn) - P(an+1 + xn+l) - (a,, - Pan+l)
= (an + xn) - P(an+l + xn+l)
—69—
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and so y, € L.
(2) First we show L[p] = B'[p]. Let = € L[p]. Then

k
(5.4) z= Z,B,-(a.- +z;) and pr=0
where 8; € Z for 1 £ i £ k. Since pz = 0, we have
k k
- Zﬁipai = Zﬁipl‘c €ANB=0.
i=1 =1

Since {z;} is independent in B, we have §; = p'~!} for some integer
Bi. Since z € B, by (5.4),

k
(5.5) Zﬁ:p'- a.—z—z B 'z; € ANB =0,

=1

Note that, by definition, p*~!a; = a;. By (5.5),

(5.6) > B =0.

and

:1:=Z"‘

= iz - pz2) + (B +32)P1‘2+Z gip!

i=3
= By(zy — pz2) + (B, + B)p(z2 — pz3)

k
+ (B + B+ By)p’zs + Y Bip' 'z

=4

Bi(zy — pz2) + (B; + By)p(T2 — px3)

+ (B1+ 06+ ﬂé)Pz(a:s —pz) + ...
+ (ﬂl + B+ + B )P % (zhoy — i)
+ Zﬁ k=g
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By (5.6), (X5, 8)p* 'z} = 0. Then
k-1 ¢
z=> () B 'y € Blpl.
i=1 j=1
Hence

(5.7) Lip = B'lpl.
Next we prove that T(L) = B'. Note that B’ C T(L) C B. Suppose
that pz € B’ with z € T(L). Since

pB' C B'Np(T(L)) C B' N pB(3.2)(2)pB,

we have B'Np(T(L)) = pB’. Therefore pz € pB’ and pz = pb for some
b€ B'. Since z—b € L[p|, by (5.7), z— b € B’ and 2z € B'. Hence
B' = T(L). O

Property 5.8. L is a proper mized basic subgroup of G.

Proof. By definition, G = L + B. By Property 5.3(2), G/B’=L/B'®
B/B' and B’ = T(L). Further, by Example 3.2(3), B’ = T(L) is a
proper basic subgroup of B. Hence, by Theorem 4.3, L is a proper
mixed basic subgroup of L. (]

Property 5.9. L #G.

Proof. Suppose that L 2 G. Then L = F @ B’ where F 2 A. Note
that F' is the maximal p—divisible subgroup of L. Since LC G, FC A
and hence F' = A. This contradicts ; € L. Hence L # G. a

REFERENCES

[1] K. Benabdallah and J. Irwin. On N-High Subgroups of Abelian Groups, Bull.
Soc. Math. France, 96:337-346, 1968.

[2] L. Fuchs. Infinite Abelian Groups, Vol. I, II. Academic Press, 1970 and 1973.

[3] J. Irwin and E. A. Walker. On N-High Subgroups of Abelian Groups, Pacific
J. Math., 11(4):1363-1374, 1961.

DEPARTMENT OF MATHEMATICS, TOBA NATIONAL COLLEGE OF MARITIME

TECHNOLOGY, 1-1, IKEGAMI—CHO, TOBA-SHI, MIE-KEN, 517-8501, JAPAN
E-maeil address: okuyamat@toba-cmt.ac.jp



&R T — LERROBIR

N BB (KIRKE - {8RFETER)
20034£10 A 28 B

1 REMGT—LA

ZITRKRD3IHE TR —A) LEZXS,
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(3) TGreene-Nijenhuis-Wilf D4 —A) (BRI 1 AT —5) ([2)
Bz ohi-v ZEED L%, hook walk DA—MZGE-TBEI L T ¥ —
AThHD, HMIZHOVWTIE, MHEESROELIRI (6], BLUGIo@EHD
PO EOHEBRLTTIVY,

BEDIDDF—bD, YRIZHOY TR E 7 v 7 B%ETH, FOF
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L. #TCikR37y 78K (ERB2BXUCER3) 2. XY EVHAMEEE
DIFEEZHTT 5, ZOBEEDBEY, BED IS — A8 2B
i 50.LAMBEOV L HSTHD, ([10] lKBWT, EBRRRKIL, K0S —
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—BARABP LS —LERET I (F—LOEHK) BLETHD,
bhbhiIkOERE*RAT 3,

EH SEETRVHABLL, p: S5 —25% 26 S OERHADNZE
25 ~DFRETH, B (S,0) 28 [¥F—4h) THHEIL KO2E644%H
Ll LTEEEND,

O FFED seSiTxL, [p(s)] < oo,

@ S DFTEDF| 59.51, 82, vy S Si1s oo T Sigp1 € 9(8i),i = 0,1,2,... Zi#
T bORUTHERIITHD, EVHEINT, HDIITH LT e(s;)=0T
Hb.

Y—1h (S, 0) BEZONIL &, S OREEDY—L0 [BE (position))

Wi, ¥, BE s ICHEITAHE o(s) 2@ s ITBi15 NBRE
(option)) LW 5, BIRENRFELRY, Thbb o(s) =0 THHLEIRE
HsDZ L% M#F/@ (ending position)) &\ 9,
Y—b (S,0) % T1AT—L) OFRFAERRTLEER, FLAY—iEbHD
(Hib-THELLAE) Bl s »OHRELT, Ra LBREOPOTERA
TW&, BRBEIELZOY —AIRT, LEXS, LI, &2 OB
o(s) ICBTb > THEERAEEX AN TEE . TOMEBAEIZE> T, BIREOF
DREEBATN L EZNT TEEH 1A —L) OEFALED, [2A
Y—h) OFFALBRTLER 2ADT LA Y—HREIZBIREOFD
FERBATVE, KBAZEICBANL I VAY—2BbLLEHET S,

F7—a) OBFEHERILL LTIE. BEIC von Neumann-Morgenstern i
LB LD Conway 1] Lk B bDMHB, LiL, H1HiTELL (HE
B7—n) (1) ~ (3) (BLV, ThH0—fx(bk) ORMEHEST H7-8
1213, (RERAYE/IZIERMRN) 1 AV —L L 2 AV — L2 ITOICERE S
HERHD, Zhi, bhbh’dEo (FiLV) B2 L EBLTH5EBAT
Hd, ZORMDTEYD, bhbhix, PR Lb50DE AT, HEDOTE
2 M2AD7VLAv—DORIRBEHB—BELTWD] L T7D2 AY—ALIZRE
FTHILiCLiz, BEHRS—LH (B {8, Aakd) 2 (830
A (KVNIED) ) LWV HESHHY, 2 ADT LA T —OBIRBIIARIZES)
ShTwa, HFEOREHMLEZD, AFEOREZEVVEDTIZLIIRES
hTv3,) Conway DERIGTIX, SDF A TD2 AY—AICHANREINT
WA, bhbhiz Do 2 A —uidikbin, ¥F'— LABS MRS
DO—&L LTRYALDIZIX, BRATIE, TOEFINLVBENLEZXD
"oThHB,



=5 (S,0) ITHIERRE ¢ 2b>RERL BB ENTES, (XL,
ZOWHE ¢ DEIZ—BITIXEE 62V, R ) 12D 2LT6H3,)
EFDXHEHEXDL, F—LAORBERPBRMNEROBSHBRICERZ
h, B9 —20ELEREEND, ZZTik B4 —4] L ¥—20
fn) OERBIZTEHVTBEL,

B (S,p) 25 —bET D, § DETRVEHEE & ITHL
#(s) = ()N S’

LB L (8,¢) RTF—AaTHD, ThiBRS—b LV, LKEED
seSicHL

1(s) = ¢(8), 0¥ (s) = {p(t)| t € p*~(s)} (k =2,3,...),
<8>={s}upM(s)up?(s)u...
B\l E oY —b <s> % s TERIR=ZEBAS—LLWI,

ER 2005 —Ah (S1,<p1) & (Sz,(,oz) DM S+ 85 ik, KTEHX
nBY—b (S,0) DL ThHD,

S =8 %8,

P(s1,82) = (p(s1) x {32}) U ({81} x ©(82)), 81 € S1,52 € 5.
Zhix (757081 LRI TWAERSLEZRMCRLLOENR, ¥'—4
BATIIEENIC T LEEFhTWAOT, Z2Th M) LEATEL,
S ITHET B Y —LBEE S ICHIETHY —2BEVSRTRE (FHEDN-V
i2) E¥HLoh—FE2BATTVLLT D, WHHF—LDZLTHD,

3 FAFPITSLETYY

HIBTRREIODY—LTHE TP 7K & (792 OBENE
HRRBERLTHDBLWOIBTERT IBHERY—L] DESICRAD, D
T, 47755 (AF) b7 v 7L—BOY—LTERTEIESET
HDHZLERATS,

ER (S,o) 25 —blTH, RBliseSD¥ALAT 775 D(s) Lik, s
ICBITHBIRAE p(s) IT 7 v 7HiE H*) 2ANE0D0ZLTHD,

D(s) = p(s), H*(s') ={s" € D(s)| s’ € p(s")}, ¢ € D(s)



H*(s') # ' € D(s) IcBITH *T7 v 7Ly, H(s')=H*(s')u{s'} % ¢
CBIFBE7 v &), LTS 7 5 D(s) D2IE 81,8, ITHL

81 < 99 =8 € H*(s2)

4B, <% D(s) EOLBEREERT B,

B s DF¥AT 75 5 (D(s), H) 12, ThEK, DLoDY—AThHSE,
Zh % corner-hook-walk %' — .4 & FES, corner-hook-walk 7' — A TH/EME ¢
IS LI, (D(s), H*) DY —A D(s)\ {t} B L, LT, FHcH
DIRBLTHA T ST LNRBIZRBE THRIT D0H hook-walk ¥'—ALTH B,
(ZhBHIZHVTHE, BHEEROBERTWLZEZN,)

4 N—FbrRET—LA

REM T — LBROPLAT —<DUE2iL TRV —4) 28BRTEZ
LThD, TRV OERE LT, H1HTHITRRYNY —H LHEOH
HEbHoZl, LBRLTBZLIZTS, FR#BALZLIZ, 2R20ED
BEFHFT IBVHR) (IN— FREBFUDVTND, F—AbLBISATIER
W, LW ZLEFRTON, ZOHOEMTHA,
¥, B50OWALZ#KNT, Kac-Moody Lie REON—FRET A VBT
ONTO—BROPELEY T 5, FHICHOWTiE, [4) 2BBLTT &N,

A = (@ij)1<i,j<n % generalized Cartan matrix & ¥, T74bb, Ak
ROPEEHBT-TEBITFITH S,

(Nas=2,1<i<n, (2)a;j<0,i#35 (3)aij<0&a;<0

V #FBRTESZ bAZEMEL, V #2505~ 2 bAEMET S,
ayy ey 0n BV O, ay,...,0n % V O—&MSIA5TE L

<a;d; >=a;;, 1<i,j<n

LT A LT3, O ={a,-,an} D% simple root &V 5, V O
BRER r =1, & V OBRIEEH 7, %

ri(v) = v- <v,a; > o, ri(9) = 97— < a;, 0 > d;

TEHTS. Thbidr? = 1,72 =1 2T 55. Theh GL(V),GL(V)
DOFTTHB, W=Wn % {r] 1 <i<n} CHERENE GL(V) OEBIEE
EL.W % {f|1<i<n} CHERENT GL(V) OBR#L T, ®E
R ICE>TWEW 20T, UTCikri=¢, W=W LR—RYT
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<v, 9 >=<w@),w@®) > veV,veV,weW

BEYMD, wla)(weW,1<i<n) OOV D% real root &LV D,
real root DEEE A ¢, ADFEa X

a=) cay GEZ
i

L= LR TES, TRTD ¢; 2> 0 2HIED root, TRTHD
¢ <0 R2BAD o0t EVVH, EED root D2EE At AD root DR
A- kBl ¢

A=ATUA"
MEEYSIH, FAKICLT, A, AT LRSS, A & A oWz

(wa) =w(a)
BT XS 2——xs
a—a
BhHd, a=Y,ca; € AT iIZH L, £O height %
ht(a) = ¢

TEHRT D, £

re(v)=v—-<v,@d>a, vEV
KE2Tra € GL(V) 2BET S, a=wa; (weW) i2b
-1

Ta = Wriw

THd.

LAF. simple root . € 1 ZEEL. 1o, =7, EBL, a€ AT M (a. I
BIL) 1-increasing root T 5 Lix

a=ri.ria, htrg.rie)=t+1(1<t<k), ri,..,ri #r.

EPBILENVI, O EE w =T B Win(a.} @ (dominant)
minuscule element (D. Peterson O, (7] [11] BB, Peterson B &N /L
ILRER) LREHETH S, ZOYEE MV & minuscule element D535
(8] [11] MIEH MBS h D,



S % (a. I1Z¥ 3) l-increasing roots £&ENHEA L L, ac S iZHL
H(@)={Be At <a,B>=1}
EBL, Fhyp:§—25%
p(a) = {rga| B € H(a)}, a€S

TEHET D, (X S ORFMETHD,) (S,9) B —ALATHDZERE
Siibind,

ZFE  multiply-laced 72 Dynkin B 64 U3 5 — L3 T~ TH B simply-
laced RF 4 2 VRAENLELD S —AIRABTHDIZ LHbMD, Z0
J—2u & LTORAIL Stembridge [11) (2 X DEELDEER ( poset & LTD
FA) koHHERTHS,

ER1 tZHREETS, p:S—25%
we(a) = {rpal B € A*, < a,B >=1,ht(B) is a multiple of ¢}

TE#T D, a€ S TEREND (S,0) PEBIY —bE <a> &ML, T
DEE, RBRY LD,

(i) < a >¢ ? ending position X a NH—FMIZHRE B,

(i) <a>=<y >+ <ar>+.+ <o > ERD ay,ag,....ax € S BFE
ET3, 2L, <ai >k a; CEREINT (8,0) BB —LE2ERT
5,

LRI, ¥ 7RBIZEBITS t-core & t-quotient DI ([3]) O—f%
{ETHsd, YV 7/HEOBSIIARDOAL— FRIZV & DM D simple root a.
ERIMATTES (F4 2 BAERY OFHD) v— FRICHIET S,
ZOBBIBIMTRRE—BRIUSTIAT I T LT v I 2EBTH
X, YU /EMEEDT7 v INRETEN, 1 OERAN (79 725K W
SEMEIET D TH S,

R 2 (M 6))aecs &¥3, 147774 D(a) iiBit 5 hook-walk
¥—hiZL D D(a) DRI SRR

[TruB)/ml, (B € #H(a))
]
TERENS (n = |D(a))) . &<IZ. D(a) PDRIHLOEE N(D(a)) i

7 v 7R
N(D(a)) =nt/ [T ht(8), (B € H(a))
g
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LD ERIX Greene-Nijenhuis-Wilf [2] DRERO—X{LTH D, FMIZHON
T, BHEOHEBSBLTTaW,

ROBREBRARDDIZIE, ZICBiTD (BPLIIRL2D) e AZET
»hd, a,bceZ D2ERNE

a = ..azaaa9, b= ..03bbby, c=..czc100
¢T3, adb=c THD LT
a;+bi=¢ ( mod2), i=0,1,2,3,.

THHIEELERTD, TRRAINRERICRAZ 1 LARWS, ko
EOERD L, HIEWRTHNICARRINTHIZ LADND, a,b€ Zy
EL.a=b=026HHT, IfHIZ. a®b DHEROL—LVDO~OIZHEST
BDHDTHKDTH B,

O YAR2ALMEOER (A[RA. &&0l. 0 ToHR) RETHL&
2irhidlz oz,

@ ZRHLEURRNDL, Zyg DED2XLETHRRLD LTS,

@ EkD2o0ON—NIRRELRZVRY, a®b DEE LTiE (FOBES
T) FHERRD, BLPhEIWEETS,

el ZiE, A—1OIZXY 060=0,001=100=1Th3, KiZ 101
EEZDIN, V—-NQEBRTHE101=0 L7225, BUL—ADIZLY,
200=092=2ThHd, RiZ201 & 1027M, ZDliFE0ELTYL,
BWMEL E2L LTH A—VOQLEICRE>TWS 191 =0 IZF/E
TR ENDNE, T, V—ABIZLY 201=102=3 L23, UT
BRI LT, [RIC T b®RHT &, LT2EEZAVTERLZD L —
Bdafno HERENDS, (Z 2ETD @ I2HoWWTHLRETH D) g
F® (FoER. WEHEHRARY) TIL, e id TPHhaREM (exclusive or))
LEETh, B#RAZSh T3,

THE 3 ((12]) ¥— 4 (S,p) 3. ER1, 2LREALL, ETA—F%%A
WCEBEINIS—LeTB, E:S— 2y 27 v 78R

E(a) =) Norm(E(f)), (B¢ #(a))
8

TEHT D, (L, Norm{z)=z®(z-1),2€2Z, £T5,) DL &,
2AF—hb <a> BVEFLHTHILHOLE LRI

E{a) =
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Normy(z) =z & (z - 2F), £=0,1,2,...

CBERZT (LbAA, FRIZINULTY—ALAKLERLT) TXA3ER
SO—RYLTH D, BERHAL k-version 2OV Tit, TR 1 L EHE 208
PUIEELRWVWE S IR R 5,

EH1~30D53H, EANIZUTHRTCEIHTHLATWD O, BRI
EirThHD, OEROIEAICIL, 1-increasing roots D43 = minuscule 5T
D5E (8] AEDh, G0 & Z AKEMIC case-by-case TOF =y 7 HLHE
22> TL¥ I,
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a—7 Yy FERIZBIT 242 DT 4 O
tight 7 %4 DR
A — (Eiichi Bannai) «+ RAHLF (Etsuko Bannai)

LK - %3 (Graduate School of Mathematics Kyushu University)

ZOFMITLERY A P TITo%E 20 BERAEERS VR VA (EREWNRFHS
f8) O®WIED OHP v — r &RV BRIZBHELZHLOTHAS.

t-FHA B LV tight t-FHFA OV TROBRBVANVARIENLERTHI LA
T&3.

Approximation Theory :
Cubature formula (quadrature fomula)
Orthogonal polynomials
etc.

Combinatorics :
t-(v, k, A) design
t-designs in @Q-polynomial association schemes
spherical t-designs and generalizations
etc.

Statistics
rotatable designs
optimal designs
experimental designs
etc.

Representation theory, Geometry
designs on projective space
designs on Grassmannian spaces
designs on symmetric spaces
etc.

COWR T -FPA LR YICBIT B LROERT o —FOMBARMERE L bit. &
D3DOF LWERIZHOWTIRRS,



(1) Tight Euclidean 4-designs with constant weight M %338, ([2] ZR.)

(2) Tight Gaussian 4-designs with constant weight & %V iX Tight Gaussian 4-designs on
2 concentric spheres D3, ([3] BR.)

(3) Tight optimal 4-designs on 2 concentric spheres D 534H. ([4] H.)
WBETIBEMOBFRLH>TER (2) OIEADCEREDAE 5 27-. ER (3) iXEH
DA TIERICIHTR L TR Mo f2M, FO®HTER LI,
1 Approximation theory M5DF7 FO—F
8. XM t-T¥AL

XM [a,b)(C R') DEREBHESE X = {71, T2,...,ZTm} FRORGFE B TFHCEB T A
v BTN B,

1 1
i | 1@ = 3 fo)

z€X

BELe t ROESTOERXUIIH L TR Y (LD,

E#. cubature fomula of strength t (=7 =4 M w(z) 2F2 t-FHFA )
X[ [a,b] DERIB2EE X (XKD F %745 strength t D cubature fomula & & 5.

1
b—a

b
[ f(z)dz = Zw(z)f(:z:)

zeX

BEL Lt KOETOBARICH L TR LD, ZZTw: X =Ry V=4 MR LT
ny w(z) =1 %y,

KIZ k(z) #EM [a,b] ECEBRSNI-EOERKEY & 2EAHMELT5. Z I Ciiffil
DI-HITEFHE T RE L TH<.

ER. HEABEE -7z cubature fomula of strength ¢
(=EAB k(z) V=4 PR w(z) 282 71 2)
XfH [a,b] DHMRBIES X (IROEM %7 TR strength t D cubature fomula & & 5.

m / f@k(z)de = S w(z)f(z)

z€X

MEgx t ROETOZHAAICKH L TRYID. ZZTw:X = Ry i1V =4 MBI LRI
Ny xw(z)=1 %7

ZOBRROZEBESHONATVS,



Gauss-Jacobi quadrature formula
EEDEZONT-EABR k(z) (ISR LT, HREE X = {71, 22, ..., Tt} (C[a,b]) BE
VEDEZDH (A1, A2y ..y Aeni} BEFEEL TROSRGEHET.

wiz)=M,i=1,...,e+1,

_r / ' fek(@)e = T wl@) f(2)
[P k(z)dz Ja zeX

ME4 2e+ 1 ROZTHEHEAITH L THED L.
£ D Gauss-Jacobi quadrature formula D KT\ Tid Szegd D& ([20147 BfHif) %

RINEV (DX [14], [16], [11] 28) . ZZ Tpo(z), pi(2), ..., Pet1(z), ... IXEE
BI%L k(z) ICBAT2EREEREAL TS, BB

1
I} k(z)dz
b;ﬁtn iorb\é kTé t Ty, T2y ooy Tey “ig]ﬁit p,+1(z) @g;ﬁ\?b h W(I.') = A,, (7 §
Chrietoffel numbers & FEIENKRDORATEH 2 bh 3.

1
po(zi)? +pu(@i)? + -+ + e (@)
1

b
/ pi(@)ps (2)k(z)dz = by

/\j-_—

K¢+1(-T.',-T|‘)

& T, Cubature formula (quadrature formula) @K TARITL D 2D THAI 5 ? ¥
= Gauss-Jacobi quadrarure formula OFHRTRITEN S HWFHETH A 5 A>? Dunkl-Xu D
& [11] 2 OMEER TEHEI N THE D IEFICHNERE. BEMICIIKROMBL EICE L
/AR

QR DfFEELLO LOBAXBEEEE: Q2 Ry ¢T5. X % Q 0FRBSASG L
T5. ZOBKOKRREEZS.

W .L f@)k(z)dz = 3 w(z)f(2)

zeX
BEFEOBL t KD n BEBEX f(z) = f(z1,...,Ta) KL TR LTS,
Q.1 Z 08 | X| ®B#RZ2 TS (lower bound) iX?

Q2 |X| BEDTHREL—ET I (L0HKRR X % tight t-T A A LIEE) TR X O
SEITTTRED ?

Bl. HabosF¥FLr
Q=251 (HfxRm) Cc R" iCBWTKD




cubature formula for strength ¢ (1)
spherical ¢-designs (w(z) =constant & 72 cubature formula of strength ¢) (m)

DZONRELZGNS. (ZZTkE)=1 £T3.)
(1), () oWFhizB\wTh

("I + (MUY, ift=2e
X1z { 2(n=14), if ¢ =2+ 1

BEROSLHOZENRAONTVS.

EDOFRERIL, (1) DOEAIT Delsarete-Goethals-Seidel [9] (2 & AFRET ¥ A 12D T
DRLAGNTWARRTHEM, LV —RD (1) DOFAIZR CARERAH Approximation
theory IZBWTEDRIN LT TIZHBNTWEL B E LS. XL, (8) OBESEMHICE
23T LI, HEEROMBIODHRNERICRSTEELS. 2B, (4) ORRT
| X| B EOFRERITBNTEFZHEE, Zilow(z) IEHTHY, E-T (v) OFSE
23, ILERET A N RB T EMNTREND. LEaN-T, HRELEDtight FHA %
BXTWABROTL, (1) & (8) ODYBLLTEZLTHLBLRWEWS Z LIRS, #TH
351, —Da—2Y v FEMLEOTFFA VIZBLTIEE (1) & (o) ORTKRERE
B8NS3,

—fRIZ Pol.(R") ##i%xe KD n ERBAXLEDIEDZI N7 MZEMETS. QC R
2% LT Pol(R*) DEHIEZE Q IZHIR L2 D% Pol,(Q) = Pol.(R*)|q &<, ZDB
Pol.(Q) & Pol,(R*) MY LM (35 Q MEME L ELR) KDORE :

TG @k = @@

reX

BEBOE L 2e RD n EHEHX f(z) = f(z1,---,Tq) IKHLTHED L5 TS,
BRYIHRHIE
~ IX] > (n-i—e)
e
MR Y (L.

EOREXIBVWTESEELL TWBIHREI X & k(z), w(z) B35 Q D tight 2e-
THA L ERE. (ZDFHFAL i 2e+1- THA VIR EEDL DI LITHEEILE
V.

Gauss-Jacobi quadrature DEFKRTTAREE XD Z L%, Ml 2+ 1-FHFA 2258
EENPANBZBZ LIZ/2% (Dunkl-Xu [11] 38) .

e OBEERIL 22TV A L OBEEEZDLILHD. 2e+1%5EXDHDL 2 TH
ZBDIXHRRD DBVAEHS.



2 HLWMERE (Gaussian THA 2 IZDLVT)

EE. Gaussian T¥A
XCRY |X|<o00,a>0&7%.

_a,,,,,, . / f(z)e~ell= gy = Zw(:c)f 1)

fR z€X

BEFEDE 4 2e RO n EHEBEBEX f(z) = f(z1,...,2,) KHLTHRIZSTWAREFIZ X %
R" @ Gaussian 2e-7 A LS.

X # R* 0 Gaussian 2e-7 %1 > ThIUE |X| 2 (") RO IO LRIEBICHND

ERORERICBWTESHKY SLOBFIZ X % Gaussian tight 2e-7 AV THDHEE
3.
—rD Y =4 b w(z) iICBIT 3 Gaussian tight 2e-7 A IOV TROERNRK Y SLo.

FBILESRBEXETHATS. (= |z€ X} ={ri,r2,---1p} €T 2. X ITHAK0%S
LHEELHVID. S ERERPRLETINER r, OEE TS, ;=0 ORKIX S, = {0} &

15 Xi=XnNS; LiEL<.

EE 1.
X % Gaussian tight 2e-FH# A > &5 LRDOEHE (1), (2) BLU (3) ALY L.

Vp2[§+1
(2) w(z) X% X; LC—FEnlE* & 5.
(3) & X, IIW~ - IEREEATHS. BIL |[{Jlu—-v|l | v, v € Xi, u# v} <e.

EHE 2.
X % tight Gaussian 4-F A > &35 &L RO&HE (1), (2), (3), BEE (4) 28 L.

(1) 0 € X DB X 3 R" D tight Gaussian 4-7 ¥ ThHZ L & X — (0} AR /52
ED tight 4-F A2 ([>T p=2) THHZLIXFEETHD. Z DK weight w(z)
BTROXTEZ NS,

2 -
(I) u+2’ r=0 0)9#’
_ 2
(u+3)(n+2)’ |l et DR,

20X D op=2DF, n=2%+72Y X TEXERICL VKD 6 SELEKHBS.

2171:), hr,sm )|l—0 1, 2}.

{r1(cos 21—”, sin —12(cos 3

3



tzen=%8 =32 ThHY, YA EKwE) BRORTERLONS.

w(u) = {

(Note that 2 = (22)* holds.)
(3) w(z) » X ETEHKTH S8, Gaussian tight 4-7 ¥ ATFELRW.
(4) ¥=A I3 w(z) = el ©H B Gaussian tight 4-F %1 S IIFE LRV

EE

() EoER2 3) TIHRENPO p<2 TR TIENTEINOTERL (2) ¥AVDII LI
LVAATES.

(ii) =DV =4 b w(z) ZFDH, p >3 ThHHAZ Gaussian tight 4-FF A L OFRIEX
RARRMETH S.

g for u € X,
;Z for u € X,.

15

mlr- ml-—-

3 HEHIBITFHTYS L EDEE

T QCR® & L% QIZERTHE On) KLV RETHDEZ L&EETS. Q LOERLS
hi-FUE ¢ (5(9) =1) # Q LOF¥ A LEE, dim (Pol(Q)) =m & L Pol. () DEE
e, €, ..., em E—HEETS. & £IZH LT Pol(Q) PAME (f,9) = [, f(z)g9(z)dé(z)
TEETD. ZOITH

Me = ((ecre)e) serem

% Q LOFYA 2 € ©information THNEED. 175 M BERITHIRICTH A £ D
kEixe THHLED. LAT (8], [15], [16), [18], [19], [10] 72 ¥ & B HR.

B

(i) Bkl S*~! L spherical 2T ¥ 1 X i Q=85! LOKEK e DF VA L THDHM.,
N=R" LTEXDLRE e LITRVER.

(i) Q EDFFAL L e BETYe OM) IZH LT Loy 1T Q LDTFHFA L7125,

EB
QLEDTFYA L £ BN,
[ s@ye = [ r@a o
PEED v € O(n) BLUKHENH4 t OEBDNZEARX f(z) KWL THINIFHZTY
A v € id strength t 28FOLTH. (BBIZE D LEHDT YA 2BV VT strength dit T

&6&@LE®%K#&#t&ogﬁﬂirﬁténrt+lLomrﬂﬁtéhtw&w
ZEEEOM, ITEHIFEbLRWIEIRTS.)

EE:
LEROEBIIZEL DEVEINHS. (Noimaier-Seidel [18), [19], Delsarte-Seidel [10] &



-----

E# (Rotatable 7% >, Euclidean 541 )

Q LOFHFA 2 € 13 E e DD strength 2e DEEIZ rotatable FH A THBH L ES.

K e D rotatable 7Y A » BHRAYHR— b X = suppt(f) &iFORF X % Euclidean 2e-
FHA LB LT D, SBIT |X| = (") OB tight TH5 L F

&T, Xy bAZER Pol(Q) KEEMERAM (—,—) 2—2BEEL TR, £FF 1 ¢

X LT
Ve(€) = {f € Pole(Q) | (f,f)e <1}

& L ERCTHEELARZER (Pol(Q), (-, —)) iZBiF 5 V.(€) DEHE Vol(V,(€)) & T 5.
(QEDFHAL Y £ BRE e THDBIL L Vol(Vu(f)) <o THBZ LIZRAETSHS. )

SE# (Optimal ¥4 )
QLOBE e DT YA 2 £ IZ2NWT

Vol(Ve(€)) < Vol(Ve(n))

B Q LEDEFEOTYA g ilfz LT Y ILORFC £ % optimal THBLE D

TE:
Q Eo optimal ¥4 2 € {22V T information {TFIDITFI det(Me) i

{det(M,) | n 12 Q LDOF¥ 1}
DFTORKREEXEZ TS,

HE -
(i) ¥ e D optimal ¥4 iXkEK e D rotatable FH 1 ThB.
(ii) R™ @ Gaussian 2e- 7 %4 12 R* @ &k¥K e D rotatable ¥ 1 > TH 3.

FEB (XL®)

(I) Tight Euclidean 4-F %4 TV x4 FHBEHFTHILOIRKRO L I IHEEID (2002
£ 12 ADEBHRRESOBERBR) : ¥i2bb, EOLIR2LOI

X = {0} U (tight spherical 4-design )
\Z2& . T I Tk spherical design IXBUYIIRE ST TR EBOEEIIOVWTHERXD.

(I1) R™ O Z>DORMLIREIZD > TV 5 tight Gaussian 4-7 %1 L i35EEL D (BE2 (1),
(2) BR). YA FBREHTH D tight Gaussian -7 1 AAIFEL 2V (EE2 (3) &
).

(III) R® O Z>ORELEREIZO > TV 3 tight optimal 4-F ¥« L DOBIZY =14 P BEHK
T¥ 3 Euclidean tight 4-7 ¥4 > ORTICHRFINS.



TE
(i) spherical tight 4-74' A > OTFE - JEFEIEL TRXWAWASRZ EBMORTYVWS ([9),
5] ,[6), [1], [7] &8) .

(ii) E& (I),(I0),(I11) DIEERITITIE MO FEE AV, TOHRETIL (1) ic oW THiiEIC
R, ZZTCIIEFENICDWVWTROE CHRBETS.

(iii) EREED (I), (II), F LV (III) 2L TEte Master Theorem] & LTV = A bw A3
EHTRWESD R® @ Euclidean tight 4-7 %1 Y OSBEERNEM<HEETNS. b LEL
MTEhE (), (1D, (1) REOHIEENS.

(iv) (1), (II), (II) O tight 2e-F4'4 > (e > 3) PHWHIEHICL TN 3.

4 Tight Gaussian 4-7H4 >

ZOETIE (), IHER 1 BLUER 2 DIEHAOEEE L E~5. n EFOFMEHEAXLE
DOED X7 bV ERM% Harm(R*) L5, Fion BEO | KEAKRSBAXLEDOED L7 b
ZM % Hom(R") & L, Harm(R") = Hom;(R*) N Harm(R™) &35, WiZEK#@ LD Haar
HIEE o 2—o2EETS. £ LT Ham(R") OEEMAIH

(£,9), = T do@) f(z)g(z)do(z)
ot

do(z) Jgn-1

2R84 % Harmy(R") OEHREREE {wi(z) |1 < i < N} 2825, ZZTN, =

dim(Harmy(R")) &%, %Ki Pol.(R") DEFEPIH
1 —allzll?
(1:9) = Tt [, (@t e

EEZXD. ZOKE L IIxt L T—EHEHRAOM {g,;(R)} TROZRMZBI-THOMBTFE
T5. Wb g;(R) OREKIZ j »2EE H = {9;(||z])ei(z) [0S <[], 1<i< M}
X Homy(R") OEREREEIZZ>TWSD. ZOF H =Y,  H i3 Pol(R") OERER
EEIZIZ->TWS. ZO |H| = dim(Pol.(R")) = ("“) Th3.

&(‘u R" Dﬁﬁﬁﬁﬁﬁ%'b’ X EtH Tm-'f"{-“'} anu ?'J M %%26 M® (z,gu(P[l,‘)
B % Va@a(llzlPeu) ELTHL. £5F5L X KR O =g b5 wz) O
Gaussian 2e-7 ¥4 > THBROIT M M =1 BRLT 5. (#->T|X| > (") BRI
2.) b2 X M tight THIIE (B | X = ("*‘) Thhil) M XERIRIESFTHL2Y
MM =1 %%B%. LLT X % tight Gaussian 2e-F ¥ A1 Y THDHLEELTAM M =1
2RI 5.

(u,u)-Hi5
#A0LL Ri=r? LB ve X, &T5. ZoOBAKRS (M M)(u,u) XTMEERX



DIERE R EE % (£ > 7= Gegenbaver ZIAX Qi(y), (0 <! <e) DFAKIZLY
wv) Y R gy (R)Q() =1 (4-1)

1+2j<e

Ei2d. EDO w(u) PSOBIEIn, e, RiCOMEFLTEES. LicBoTw(w) it X; k
TEHEL 2D (BRB1 (2)).

(u,v)-FR%
R(=r?)#0 LT BLu veX,uto lIXLT

> R gt.j(Ri)th((u;T?)) =0 (4-2)

1+2j<e

L%, E-oTu, v ORH (u,v) A4 e KOBHARD L SIlR-oTWS. BILE X;
i e - IEEEATHD (FE1 (3)).

EROITH M IZERITHS. B> T BEADOESE {[|]¥ |0<j < [§]} i X ET—FMm
MTRITIRER GV, LEBoTp>[g]+1 2685 (EE1 (1)). ZhTER1DIE
BAET 5.

YT X 1 R™ O tight Gaussian 4-F YA ¢T3, bLO0e X ThHhhiLp>3 &T
58X -{0} 3D EBRAEDPLLTDILRLDL 2 DOELEKTEEZD>TEHY 2
2 X - {0} 3072 &b 2 2ORLEKTLEIZD 5 TV 3 Euclidean 4-F ¥4 > Thd. £
5% 2% &, Delsarte-Seidel [10] DEBIZL Y |X - {0}] > ("}?) = |X| RV IO LIz
TFEEZFIERIT. o Tp=2 23, ZOK X - {0} F—2DNRELIZOD->TEY
spherical 4-7 ¥4 THD. ZORY =4 FREK w(z) DIEIT Gaussian THF 1 » DEHEX
(2-1) ZHERA ||z|]2 & ||z||* tCEAT 3L L>TEE2 (1) THEXEICRZ LN
HETE? (ER2 (1) OmARET) .

KiCOLX hop=2%¢75. ELUTOEATIEA > 7 DHEEIZHONTHERS. n<6
DFERENTNHYNLBEICE > THERTH I ENTESH, T I THFEEMILE~R2WZ
5. (12), 13] BR) & X; ETO w(z) D% w; LT3, O w; 1X Gaussian 7
A DERK (2-1) ZBIAR (|z||? & ||z]* AT A8ICE2Tn, a, Ri(=1?), R (=
1‘22), |X1|, |X2| & U_;%-B’J‘:'—i'/{'_ 6314.7;:_ &:b*ﬁf)‘é (%‘i |X2| = (";2) - |X1|) . ?5'6
Nicw & w EMM+I ORARDHEHELONTZR (4-1) IKRATEHES X ITHLTK
DEXNEGELNS.

() Xi| = n)a® R - 4| X;|nRia — n® + 0% X;] + 2| Xijn — 2n = 0. (4-3)

KiZu, veEX,u v il LTA = |lu—v|)? LB E MM+ OFMARIHIHED
N (42) L9 A ITBT 5 2 ROZERAMBONG. bL X <n LTBL A O
T2RAFBAVBEREFI R LB ENWTES, #-oT|Xi|>n, i=1,2%853. &
[X)| 2> |Xa) ELTHRLS E

%(";2) <1X| < (";2)—(n+1)="("—2“—)



BRI, n BPhELBVEESIREL Y EBOREXNLFIC X, 13 2-BBHEREI -
T3, -EHESICOVTIIKROERESMONATWS.

Larman-Rogers-Seidel DEE ([17)) .
R © > EMES X ODERED 2 R4 a, b(b>a) T35, |X|>2n+3 ThHNITKRDOEH
G-t Rk BEFEETS. BB

n 1 a k-1
< < -+ = e ——
2—k"v2 2" b k

ET X, PDRARD 2 SHOEMD 2% A, OFT2RAD 21k % a, b LT3, =11
Tkx*ERTHLE )
a+b\" e
(228)" ~-
BEYID. —F e, b x5~z 2%k EE->TEFEMIZHAT I L

a+b\? _ (1+2aR,)?
a—b/  4aR;—-n-1

AELND. HO0OBRE%Y R, OEKELTELTGR) LBL. X (4-3) LV GR) i
1X1|, n, a OB LB, n ba ¥EETHE X CETIERABOBEE LRI LMN
SEATE S, THIEMSHRMENZETRUOHAEXLELTS. ZOZthbn>T
DEFIZ

n+3<G(R)<n+6

285, #-oT G(R)+n+4 £2id nt5 ThiThER bRV, O e bn+d = (2k-1)2
Tt n45 = (2k—1) TRINERLRVBVTIADOFZELFENELNS (BER2 (2)
DIERAET) .

ZOEBOIA T 2-3E/MSIZB 4 5 Larman-Rogers- Seidel D ER # ZFAIZE -
TeNEEDOERD J-EMREH DV e-HEEES (62 3) ~DILEMNESEENS.
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— iR SN RE Y o TR OREBAAD
e SR AR A

REERFRERFHFEHER MFHES

1 [XU®IC

Kac-Moody Lie ™ Weyl #¢ dominant minuscule 5T (5 fiZMR) icx L
T, TORERFTORBRELXEE X HEHE (Peterson) R5H 5, ZDOEERD
F 222 IEIL Peterson & Proctor IZ & o TH® & FbhTVWA25, 2003
FETARE, BXIELRTLTY OB TRREA TV 2L, ZORER
Proctor[P1][P2] & Stembridge[St2] iZ & - T, d-complete poset & FEiIh 3
ER BB ORKE 5 X 5 hook AKX (4 HiBH) LRHATH D Z LIVRE
hi-, d-complete poset iX Young E/#=> Shifted Young B % 555254
RET LRI =EE TH Y. (simply-laced 7284 D)dominant minuscule
FTERFETITH2HD L LT Proctor[P1)[P2) ICk » THAShAE (28 -5
ZH), AMIZH\VT d-complete poset DEH (2 fifi). K% D hook NE
# (3#) #5 %, d-complete poset 12343 5 hook ARXET*, ¥ DIEHA Kt
ZHAR L (4 ffi). Peterson NDEE L hook A & DREHHHEIZSVWTHIBIZR
B35 (5 ).

Young B35 hook 233, EELAYIZIL Frame-Robinson-Thrall[FRT)
X TRMICEAbh, BeRERAIMOATVSA, TORTHRBRMIE
B4 Greene-Nijenhuis-Wilf[GNW] iz & ¥ 5 % bh iz, hook 2Xit hook B
&2 H6742< TH, hook length &AM NITHATE HLXTHS (-
T hook length 247t LEEHTN B) 75 = DRSBTS 123V T hook &
ERREL2B/WE] LD, ERFHEIZIL, hook walk algorithm &F 9 hook %
EHOLREPERTRESBHTATY XLEBBRL. TOTATY XLRE
26D d-complete poset DEBEDIFWER P SRBERTHITNANTY X
LTHBHZ L ETFT I LT hook LXNTEHEND (4 HiBR), RO %
%RV T Sagan|Sa) iZ & ¥ Shifted Young R OBFEMEH &Nz, —ixD
d-complete poset DHFWA/ITOVT, £ hook DEHEIL Kawanaka|K] iz &
Dz bhi- (3EHBR), TD hook ¥BATHZ & T—AENDBAIZH hook
walk algorithm A3 C& . - T Greene-Nijenhuis-Wilf O 5 LN LR T
& 3, d-complete poset ® hook AF.M hook walk algorithm = & AR
HEERR T A CIIBRICHO O N DA, FHHIC >V TIX [O] itV TRk &



T3,

2 d-complete poset

LT, ARIAFIRESDIE poset & FES (ML L IR S22V Y), poset 2 [H
ICUARIRICE, XREICEMIIFYRELSRB L IICEKT,

Proctor IZ & o TE# XN 7= d-complete poset i+ Young K% £ D5
Ry—RL LTELIBRESNIEBICR > TV D, i CIIEARNLETRED
Hi{i§ & d-complete poset DEE % 5 X, d-complete poset DAl A2 HEF % B
B35, ZOHONBFILIERIT Proctor[P2] IZ#E 5,

EFHEERERHRIHI O L 5 ICER LREOWE Young K L & 5.
Young EIIBREFHEZRE LTRT, B A5 ARILERTHALERL L
REFIENTED, ZORWEHEL LTELAZERIES2LEA, £
EiIZ@» ) RES BB LS KIEFBASTWE L EZ B E poset (T3,
Z® poset % Young B D poset RARLPES, LUT. Y /EFIIEIZZ
@ poset RREEKT D LT3, .

P #{EFED poset T35, z,y€ Pizx LT xdy % cover 75K, 25y
L&Y, PL P RARARTHELE, P P LRT, POE/ITE P
@ corner LIFER, P OIEFNEFEF TH S0 P i chain THH L E D,
a,be Pa<biZfLTle,b:={cePle<c<b} ¥, PO poset
PHREBDze PIIHLT ly>2zin P =y P') 23%4%2#=7
B, PP % PDfilter L 55,

k> 318 LCHIFERA do(1) 2RO L 5 KED 3,

di(1) := {‘wh‘wz,' o yWE-2,T,Y, 21,22, ,Zk-z}
w KW < s < W2
W2 <T <K<
wr—2 <Yy<2
21 <2< < g2

di(1) DHEBFRET z,y % dr(1) D side L E S, X, di (1) := di(1) - {zk-2}
&1-60

Zge—2 22 21
z W2 w2 1
& 1: di(1)



w,z,1,2€ PIZxLT
z2>z,y z,y>w inP

RBERENEKRY Lo, {w,z,y,2} % P £® diamond & & 5,

a,b € PIZR LT [a,b] ~ di(1) 72 56¢, [a,b] X P O dy-interval T
5LES, TOBE, bid P L dy-interval ® neck THHLE\ alIP L
di-interval @ tail THHEF I, X, aldb% neck [T LBV, bida %k
tail IZ¥§ 2L T I, be PHH D EIZH LT P Lk di-interval D neck TH B
K. HiIZb % P Lo neck LIES,

a,be P LT3, k2>41Z20T a,b] ~ di (1) DB¥[a, b] % P O di -interval
LIS, w,z,y € PIZX LTz, y>w R 58, {w,z,y} % d;-interval LFEE,
k2> 322V T dy-interval 6B RKFTEERY V2 b DIL dy -interval TH B,

k>4,z,y € P z,y] : d -interval {Z5 LT

Jz € P s.t. y<z,(z,2] : dp-interval

DFf, (z,y] % complete di-interval &FES, FEHRIZ £ = 3, w,z,y €
P, {w,z,y} : d3-interval {o%f LT

Jz € P s.t. {w,z,y,z} : d3-interval

OFf, {w,z,y} % complete d;-interval &PFEL, d-interval Th 573,
complete di -interval T2V b D% incomplete d; -interval &5,
z,y,w,w € Pw#w T35, k>24{ZxLT

w<e, w' <z,
[z,9] : dg—1-interval,
(w,y), [v', 9] : d —interval
Dk & d -interval [w,y] & (w',y] iXoverlap TH &5, X,
w<z, wy,
w' <z, W'y,
{w,z,y}, {w',z,y} : d5 -interval

D & & dy-interval {w,z,y} & {w',z,y} i3 overlap 54\ 5,
P HROFEMGEHi7-T6 P % dz-complete EFES,
(1) incomplete d -interval IZFFTE L 722V,

(2) {w,z,y, 2}:diamond ,z: Ik KFT%2 61 |{v € Plviz}| =2
(3) overlap % dj -interval IXTFEL 22V,



k24 LT, PRROEGEEH 70 P % dr-complete & FEE,
(1) incomplete d -interval IXTFTEL 72\,
(2) [z, y):dx-interval 72 51T |[{v € Plv<y}| =1
(3) overlap 3°5 dj -interval IZTFEL 72\,

2TDk > 3% L T di-complete Tdh3 poset # d-complete poset
LIRS,

Young B i3 d-complete poset THH, X. HTHRHATS L 5 i Young
E# @ hook 2 & RERD LN d-complete poset (Z¥ L THLEK Y LD,
# > T d-complete poset i+ Young E D&H AN BARRILKIZR>TWND

225,

{£3 D d-complete poset I1’slant BEAY’ 723D ’slant F’ & L THAEE
% slant BEAY R4 15 fDRAICARE N 5 Z & 45 Proctor 12k > TRERNT,
> THEE D d-complete poset IZFZRICHENITIBRTE S, LT, €O
x5,

#h8 2.1 d-complete poset ? filter % d-complete poset Téh 3,
Rl 2.2 &7 d-complete poset ICIXBYKTTATEET S,

g7 poset T KDL& % 7= T8, T % rooted tree & FE5,
YoeTIZat LT {v' € T|v 2 v} i chain

X, WM (12THRW) D rooted tree D (FEillEL) il A % forest
LPES, forest. $¥IC rooted tree i385 AT d-complete poset Tdh B,

LT § #—D d-complete poset &35, SN filter DAT, forest D
FLIZBKDLDE SO top tree L H D, S D top tree DFTLTHIC S LD
neck (272> TWWRRW L D% § @ acyclic element & FES,

EhRA 2.3 d-complete poset S),S2(S2 iLllfE) & S M acyclic element a,S2
DRKFTHICH LT, B S =S5 U812 8,5 P & DOIREFRAGK L FHi-/z
JEFEBAfR a > btk »TERENBIAFEANS L So b d-complete poset
ThHB,

S 2.3 1 Lo TR X172 d-complete poset Sg % d-complete poset 57,52
@ slant M & FEW §)%\pS2 & &7, d-complete poset A HEETH YD, 2-2LL
£ d-complete poset ? slant f1 THREL2\ B slant B TH S L E I, &
IZ12DADHMNOESIME (Fy b LFES) 13 slant BE#) d-complete poset



TH3d, Fv bLso slant BEH d-complete poset IZE£TH < & b—oD
diamond %#8& s,

fhiH 2.4 £ D MK d-complete poset 12 slant BE# d-complete poset
® slant f1 & LT—FMOICREINI B,

M d-complete poset S A% slant BE#9 d-complete poset Sy, 82,-++,Si @
slant 1 THRE BB, 51,5;,-+,5 % S D slant BRHIRL 4 & FES,

EIR 2.5 (slant BE# d-complete poset M5y EER)(Proctor)
slant BE4S d-complete poset i 15 FHIC T E 5,

15 FE%H D slant BE#) d-complete poset D—FiXZ Z TiXEZ R\, TD—
Wik [P2) R [O] icBWVWTREEh TV 3,

3 hook

COHUBELFICEENETNIE S 12—/ D d-complete poset T &
15, hook LIX SDERICHIELTEE D HHRMGEHIT SoORHBE
THD, Young BFE D hook iZE b TY 5% d-complete poset ~D
hook DEH NHLIKIX Kawanaka[K] I2& Y SEx 6Nz, REHTIEZ D hook
DEREFZD,

S filter S (8'#£8) LveS\S IZONT S U{v} NS D filter RE v
%* §' @ (SiZE1T5)outside corner & FES, d-complete poset (Z hook %
EET DDV OPDRT v 7B (B 5-8 IBWTHIFRESh TV 3),

(STEP1) £&E® d-complete poset S iZ%t L TED top tree # T & KT,
k=T ¢35, TOEXIC I~k DEZEBELHOVY TS (YDLHIH
DYUTTHRW), ZOR, ROEIICLTSDLTORIIHLT 1~k 28
DYTHILNTED,

(1)8:=T

(28) S\S' =0 26T ALY XAKT

(2-b) S\S' # @ 725 S'D outside corner v #—2M->TL %, (¥DLS(Z
BoTHLEW)

(3) v Ztailici oL 5742 § ED neck v A—WIZHFEL., TLIXSDTETH
B, TOVILFANENTWAHEE vIZFNT B,

(4) &’ :=S'u {v} L LT(2-a)~



ZORATIFICE2TL: S = {1,2,--- k} PEE B,

(STEP2) {1,2,-- -k} THRAFHIONIFRETNES A = {a1,02,- -+, ok}
ICXHLTZ(A) :={z101 + - zron|zs €EZ (1 < i< k)} & LT Z-RBEME
B, Vie {1, -, k}IX LT Z(A) ~D Z-RHE] s; ZROBEFERN L4
BREhabonk L’CE"U)éo

si(ai) = —ai
sifaj) =ai+a; (T ETikjraBEBELTVW50)
sifaj) =a; (T LTilk jHBEEL TRV EF)

L2, U S ={v,10, 0} Tri>y; 2i<j2BEIICRS,
=) 1 <k<n) T5, &5, 1L2(A) LD Z-HREZRTHD, LA
EOBWBOTF. S D hook DEHRET S,

(STEP3) (d-complete poset iZ3511% hook DEH)
Vee SIZHLvDS kD hook He(v) ERDE S IZEHET D, SHRLMIAR
BRHIHIC H, L bRT,

(1) Hg(v) :==@
QkZv=u Dk ELTEDD, (—BIZEES)
3) a:=0y,

(4) apew = 8i, ()

(5) Gnew # a 726 Hg(v) := Hs(v) U {21}
(6) Q= Qnew

(7-a) k<n %2 & k:=k+1 & LT (4) ~
(7-b) k=n 726 7N TY XLET

—RZDEXRN well-defined TH 5 = L IiXHPATIIRVHEERIZIK well-
defined T 5, LAT. hook (ZBL TV 2D H ik~ 3,

fhi 3.1
(i) 2 v D hook IZEEND = v >0
(ii) Vv € S22 LT v R, v iZ cover N B ITix v @ hook IZA B,

F v S D corner <= hg(v) =1

il 3.2 SOEED filter ' RUve S ICHLT

Hs:(v) = Hg(r)n S’



il 3.3 v A SIZHVT neck THRWS Hg(v) = {v' € S|’ < v} TH
%

A 32 DFERLEDE T, ROFRHBBOLNIS,

F1l w<vinSITHLT e [w,e] IKBWT neck TRV [w,2] C
Hs(v) 'C’&)éo

o, (FHIIY LBABLBIER) ROFE HEFLIS,

2 w<vinSICHLTvE wiSORRD slant BEHRS S1, S 2R
4516 S; C Hs(v) THB,

o TZDFRIZL Y, slant BE# d-complete poset @ hook 2353H> Tvvh
(£, BEHIZ—A%D d-complete poset @ hook b Z LN TEBHZ &MHHh
%,

Yv € SIcxt LT hg(v) i=|Hs(v)| % v ® S LD hook length L FES, S
MAL DRI Ay & HRT,

3.4 beSicHLT
(i) b2t S L neck TA2V B,

hy = [{v € Sb > v}|

(ii) b S LD neck THBH, [a,b] H di-interval £2D L 57t ac §A—
BILEETEM, 2o,y % [q,b) D side &35 LROEMNRY LD,

hb=h:+hy_ha

(i) (XBATIEAVA, () IIH-I33ICLVEALY, GE3I4ICEY, £
T D d-complete poset 1% LT, %O hook DAk L7z < THE#MAIC
hook length /X132 HR I B LA TE D, BHAIZIX d-complete poset I
X LTid hook £ Y b hook length MEICER SN i- (5 HiBR),

4 d-complete poset @ hook 2%

AfiZB T hook 2R KR UF, (£ D d-complete poset (23t L TEDiERE
REGHPERTITALY XLORNE L., SHEHOEREZEX 52D
IR RTRENEHLMCT S,



BT, n:=|8| &35, £EHto:S - {1,2,---,n} BKROFREEH T
B, o & S OFMR LS,

v, € SIZ2NT v 2 v = a(v) < o(V)

OB, fs & S OEERORELT S,

EE 4.1 (hook 43) {£& D d-complete poset S I=3f L THDAN
Y Lo,
n!
Js= m (n=|8|) (1)
ZOEBDIEMADT-HIC hook walk algorithm 2 E#+ 3, —D7/ATY
AL d-complete poset DIFHR SR TERTHTAVTY XLATHHZ
LBBEOEEMNLIMND,

B (hook walk algorithm)
1)i=1
(2) S DIEBDOTE g PREETHRVHL, Thi v LT,
@)ji=1
(4-a) v; H S D corner 725 (5) ~
(4-b) v; #3 S @ corner TRVME B, vj4 & Hy \{v;} OB 6 1y OHER
TRYMT, j:=j+1&L7T(4a)~ ’
B)vjicn-i+1Z27NF5, §:=8\{v;}
(6-a) S=0726T7NTY XLKT
6-b) S#O b i:=i+12LT(2)~

hook DERICL Y., ZOT7TATY XARSLTABRBITCHLET S, ZO7
WY XD E T § O—O>OREREBS, SOEBROHER s ITHLT
hook walk algorithm IZ X 5T o BiBITN AL % Probs(o) TR,

EDTAIY X LD (1)-(5) DERILS D—2D corner ZBSHIMDOT LT
YXLLRDBZEMTED, ZDT7/NAY X L% corner hook walk algorithm
LFES, S DIERED corner w {Z# L T corner hook walk algorithm 2 & -
TwMBIZNDEEE prodbs(w) LR T,

EBE 4.2 SOEBEOELER o 103 LT Probs(o) 1% o ITRIFEF—#IC
KORTER LIS,
Probg(o) = —H"if
B MI S ORENLER 4.1 KEAND, T, FHEA2 ERT L
2Ex5, §® corner wiZxtL Ws(w) %
Ws(w) := {v € S|w € Hg(v),v # w}

LED, SHALILRRIW, LLRT,



EI4.3 SOLED filter ' & FDIERD corner w 125 L TROKXDHE
9o, ) )
obs! (W) = —= 14 ——

probs: () = 77 .,e;sl,(.,)( 7

AECILRELRVWA, KBMEBIZROTENRD Mo,
Fih 4.4 SIcH L TERAINRY SIOLSER 42 ALY I,

#oT, EHA3 2FEIE SIZOWT hook AREREZ LICRRDAL
T® d-complete poset 2% LT hook AR ERLIZVOTEE 43 2RO L
I IEET 3,

I 4.3’ E£FD d-complete poset § & FDIEFED corner w 12kt LTK
DALY I,

1 1
probs(w)== J] Q++—) (2)
n vEWs(w) hy -1
ZhRE 2 T2 TO d-complete poset 1% L T hook AXNE 272 &
2B, Z0D(2) % S D corner w {231+ corner hook A L IESE, Xix
HIZ (S,w) @ corner hook A3 & FEL,

B S OEFED corner (2% LT corner hook AR FRETH § D hook
DRABTEBZ DT T2V, § D hook ARXERT 02X S DIETED filter
S' DAERE D corner (%t L T corner hook AR &R &l b4z2vy,

5 Peterson OFEH

A TiX d-complete poset IZxXHET 28BS TH D (simply-laced 72)Weyl
##0 dominant minuscule St% E# L. d-complete poset DI DEEH
hook 24X THEA LN 5 L E 5> EE & FI{A/2 Peterson DERERBMT 5. X
#fiCix d-complete poset ¥ P THT,

f£EE O Dynkin B T #BEET 3. T o835 Kac-Moody Lie R4 %
2%, LATF. real root #HIZ root &FES, root a @ height % ht(a) & &
To {a1, -+, o} ZXEET S simplesystem & L, 1<i <[ Ts; % o (IHIE
¥ 2% simple reflection &3 %, &+ % positive root system, ~ % negative
root system &L, w € WIZH LT ®(w):=dnuwd~ &T5, L<{Hb6h
BEII wORERTORSE l(w) = |[d(w)] THY., w=s s;,_, 8 (&

—=100—



BRT)ICHLT
Q(w) = {sin "'3ik+laik|l <k< n}

THDs Bri=8i,  Sipy, 4, £ T3,
W= 8i,8i,_, 9 € W ERERTEL TS, integral weight A [2x L T

p=12--nT <38, 8;,8,(A), 0] >=1

R BERMUENKY IO, w % A-minuscule LFEE, ZOBFAIRLTs;,, 8,

DU ER ST &
A A — i, A =g, = Qg e A — G, — Oy — e —

Thd, we W HHd X\ T lminuscule THBH, w % minuscule & T
W, $RiZ, A A% dominant T# 5. dominant minuscule &9, we W I
LT wOREFRRIZ—FAHTIEARV, w O A-minuscule i w ORERT
OEFICEFTIHRICRAZINE I w=8;,--8;, =8j,-- 85, KL T—
FORRITH LT A-minuscule 25§ 5 —FOFTRICHOV T H A-minuscule
T (cf.[St2],Prop.2.1),

UEOBENOT, KOEBERMNT 3,

EE 5.1 (Peterson) {f£#® dominant minuscule 5T w € W IZ#L T,
r(w) & w DRERTOBREEL T5 L ROKXHRKY L,

{w)!
[scew) 2t(B)

Peterson MER X 1989 4ELY Peterson IX K-> THBAZ Nz ELhTHEY,
[St3] iz TRIAEN T B, ZOEFRIL Proctor[P1][P2] & Stembridge[St2]
DEERIZL Y, d-complete poset ® hook AR LRETHD Z LNEZ B,
UT, EhiBBELIIRATS,

{8 ® (simply-laced & X5 72\>) dominant minuscule ¢ w {23 L T
w=s;, -8 ERERTLT S, Pi={v,t2, - ,va} KX LT, PLOIA
FXERDIIZLTEDD, vp,0, € P X, p<gBD(s,8, # 8,81, X
iLip =ig) DBFv, > vy & L. ED transitive closure & L TRk < 2 EDHD
&, ZhZHERFRASR L L T well-defined THD, ZOFETELND (F~
Mt & )poset (P, <) & w ® heap &PFEXL (cf.[St2],sec.3). T poset (P, X)
{3 d-complete poset (2725, ZORF, WD X 3 RRIERRIR D LD,

r(w) =

lw) = |[S]
rw) = fs
{ht(D)}sevwy = {hs(v)}ves

—101—-
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BL, BEOZERIT AL v OMICEEHEEFITIDE., —ETHLND
BHTHD, chbDEN L d-complete poset & hook 2D R % E L
ZENTEB,

S5 X
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BROAH
-BRO—8{iIzoNT-

T3 =i
[ILKTE - BHEFD

1996 €&, 7 4 ¥ T FO#FE Koppinen {I—2>DHRKRTZ b
NEMICRRIZ 2 BBEO 7 aX=0 ZREEEEX ANT-HL double
Frobenius algebra ## A L ¥ L7z [K|. REAHASER~DK v 7RE
7 7 —F & LTRESARDDRIIEST2DTEZRNTL L 55,
HEWRETTN, TS - BEIHLWELCERENRANRTE
DERFA. BAZITHEDE S HIE L communication in algebra tZB8
WA RER LBAEICES>TWET. —FF 3EM, FIMTHKEH#RT
bi-Frobenius algebra 72 2 &E*HA L £ L [DT]. ARKxEF v 7
REDBRR AT, HAHIEIZEY Koppinen @ double Frbenius
algebra & IZF—F L TWET. £ L THIEZ OHIZ group-like algebra
< BABTHRORES LAARFATVWIEAWI FABRO00 %
L7 [D3]. HREOHRO—A{LT, Kawada's character algebra @
FAB/NA—Ta DL RbOTT. ZHETIRE, Z0OX5EE%
ZEZHIB -8R0, LRTOEBICH > AEREITVET.
R OBGR THRPE NV BOOBR LM THY 7

ZUHIZ G LHIBEE, k2 —B0EL+5. k EOBR LG AR
DHAEE L !
BB 6 kG o k % ¢(g) =6y TEETD L

) #loz)g =z

geCG

PEEOT zeGIZHLTEY IS, ZOMEICER L TR
DPESBEHELNS.

EHE1 Ax#Ek EOFRKRE (Hewy) &L L, Xl L ~0
REHe Aok ADEKEEB={b =1,b,...,bs} BLW
involution S : B = B,b; = b (i** = i) BELXLNTWH LT 5.
RO IFEZITLE, 404 (A 6, B,S) ZBRBRMAE (group-like
algebra) &M%,

(Gl) E(bi‘) = E(bi) 75 0: vzl
(G2) pf; = pheies Vi,50k, 22T 12 B BT AWMEERERT.
(G3) P?, = Jij‘e(bi)v V'l.,]

—=103-



FE1 LS % ANL A~DBREERICHEELEL X, &&

(G2) 1%
S(zy) = S(¥)S(z), (=, y€A)

PEHRTS. LoTS=id 25 (Z0OPE A RHBHRTHB L1 3),
A ORITTTRIZR B,
&M (G3) 1

d

) E—(%)i—)cb(b.-z)bi = 5(z), (z€A)

1=0
CRETHHIENAZIEIDOND, RELREER: Aok
REREZENT ¢(b) =6; TEHRTD. ZOBRBLD, BRIG I
e(g)=1, 8@ =9 (geG),B=G
&L THRAOREIZRS. BRTLRVEROARKOIEH & TR~ 5.

W2 HRONREK (4,6B,9) ik
1
e(bi)
CEBLTRAEICRD. KRBT TicEXbNE ¢ ZHAV5.
LHEL RMA: Ao AQA BREMNEIZRLELRVWDTEH vy 7REIC

B2V, FBER S A0 ALTVFR—-FEREZATELTVWA
V. LLizds

Alb) = ——b;®b; (6=0,1,...,d)

ti=bo+by + -+ ba
LB L, f(G3) Ik

(x) D #ta)te =S(), (z€A)

tEFEEIN, RTEBTI S 7uog AREOBEIZAZZ L b
N3,

EHE2 HE2E Lk LoFRREAEIORAEKE L, /KB%2 A
H— HQH, #B{Ift%e: H o k THT. RHZEM H* = Hom(H, k)
Dol HOFT LKL, BRS 2 LD (x) TERTS. RO6&M4H%
Al e, 4o (H,¢,t,S) 34 2R £# (bi-Frobenius
algebra) T 5 L FEE,

(BF1) e(hh') = e(h)e(h’), (Yh,h' € H) and e(1) = 1.

(BF2) A(1)=1®1.

(BF3) {¢ « h | h € H} = H*, where (¢ — h)(K') := p(hH').
(BF4) {t—f| f€ H'} = H, where t +— f := Zf(t(l))t(z).
(BF5) S(hk') = S(K)S(h), S(1) = 1.

(BFE) A(S(1)) = 3 (k) ® S(hqy), e(S(R)) = ().

EE3  H BROER —, — TEA H MBEZRS
(h = F)(z) = f(=zh), (f < h)(z) = f(hz)
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%% (BF3) i35 H hgest
0:H—H, 0(h)=¢—h

NEeH, LEB->TEEHTHAIZ LEW-2TWDS (RAKREENL).
%Y (BF3) 1 (H,¢) K70 ~R=0AREE WS RETHD. B
RE& Lo

0:HH, 0(R)=h—¢
(3 H IBERBST L 423, REROTH 0 o i b a3 liga
R LFEEND HLDOTHS.

&4k (BF4) iX (BF3) OBX#I&HETHS. H* 13 H ORREHEN
HElxEI ANhAREOEES LS. LT H ZROERTHEM H*
EIzie s

f=h= Zh(x)f(h(z)), hef= Zf(h(l))h(z)
414 (BF4) i
k:H' = H g(f)=t~f

AE H MBEREHEVWI L. ZolE, Hl(Ht) KypR=y2R
KRRBETHD LS.

K:H = H k(f)=f—-1t
I3E H* MBERBNL 2P, ZOXH5ICH & H* ORICIZI7—YLE
BLTHRESRE4AEOMIENHSB. .
R¥& H Offiz 77—V xE# 0 CH EIZBIZETLICLY, &
LW« A BEMIZIIKRO L HICRES.
xy =) ¢ynSE)ye)

FHI—ABEEESE. ZOHOLE, M (He) 17 a~=7 ALK T,
t MERITEE 25, HOME ORICKROBIFEA R D 1=,

e(SN(z)xy) = ¢(zy), Vz, y€ H

Koppinen @ double Frobenius algebra 12 Z DHEXNHHE L= LOT
b5, BROREDHE, 7¥~—LHiX

b,-*b,-:&.-,—b,—
L2, EROLDL—HTS.
BR1 S=xof HBievi=o. FEK,

(ko 8)(h) = x(h — ¢)
=t=(h—9)

= 3"(h = )t
=) d(tmhkte) = S(h).

—105—



I SIHEHRLRD. BEREY S TRTL, SOEEND
h=Y S(tm)etah)

*85. D%V {g(t(g)),t(l)} NrzaxX=g AR (H,¢) D2EREES
BEx3. oTruR=gRAREDR Y ¥ — Fip@#& (cf. [D2)) 5

D BS(t@) ®twy =D _ S(te) @ tu)h
PEED he H TRV D, £oT, KDE

vi= Y S(tm)i

i H OBOICET. v ATHER S, Yo 'S(te) @t KV bW3
H ® H @ separable idempotent & 22525, H II5BEMREKT, &
CIZHBMTHD (vv270BBO—x{L) . X6 5?2 =id »»o
kREPAED L E, ROARMOYL LT H OEHIEEIISWTOERE
FRASRLT S

(#)  (flo) =D F'S(te))e(tw), fr g€ H

#HR2 EXS=kod M, SNLHHLE k, ¢ LEBEFIIRS.
L2 THRA 70 R=g RAREDERD 2 24 (BF3),(BF4) 13&H4 “S
NEWHE " ICBEBIOND. THIMEBOREN NS 7aR=y R
MY DOHEIZEDICHLS. FIXITHRBARE (4,6,B,5) D S i
EEHELG, ER 1D oL t=bp+b+ - +by TA7BR=D X
I2#2% ((BF34) 0F =y 7I3FE). ZOHE P =id 16 85=8
T, PLT vk

1 ba-ba

1
——<bieby +- —

v=1+4 2(60)

LB, PR (»x) I

d
(flo) =3 8(" (o™i ) g(b:)

=0

L%,

NA7ARZ92DH FRRTA Yy 7R H iZf 7=y R
Thd. ZBE H ORWIT ¢ L HOEWMHB t OxTH(t)=1¢723
LOEBRE. ZDLE, HOT7FHR—F SIZxt LLEID () 28429
O EMMATES. L<HMONATVA L DI S ITLEH T (BFS,6)
BRI, LoTLEDHENSG/NSA 7aR=0R 1225, Ry 7RE
THRSHERHRKTHLRWFIE LTREDHS.

1 EHRZEXR k(X] D414 FT70 (X)) 2#EFX, H=K[X]/(XY) &
B HICRORAREMEEZANS
A(l)=181, A(z)=1®z+zQ1,
A@)=1®2’+z@z+122Q1,
A(@?) =12 +2®2?+2°Q@z+1°® 1,
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e(1) =1, e(x) = (2?) = e(z®) = 0.
IDEE, ¢2™) =0ms, t:=23, S=id TRAT7uR=2P X,

BE3 (H4e9tS) 2—HRoAfM7aR=0RAR¥KETB. EX
S(h) =Y d(tmyh)t o e ZIZETZLT
e(h) = ¢(th), Yhe H
%5 7-VxEROIOERAVTINE H AICB|I &R ¢
th =te(h), Yhe H

585, OFY, TtixERR LS. M 7Rz RAREOKD
HERMEACHD. —RICEMOLRMHE

ht = e(h)t, Vh € H

RAfc&zv. AL, FIAEHRIREO L SIZ S(t) =t 26, &t
(BF5) D6 EMMC b 25, HERARBIZBW T t=0bp+b,+---+ b4
MEMSIHOEMYTHD Z L 2BEEK LAV TEETII

(G4) ok 45+ 45 =€),
(GY) P +p5+---+pk=eby).
B o ¢ 13
Z¢(h(l))h(2) =¢(h)l, Vhe H

RABEHE, Tabb H* 0O L25. BRARBOBE ZOHE
IZERHERS.

BENABOF 2 KERRORKORERRIIROMICRS. B
BT R (GA) MDiiEh,

A(2) 1 b
1 1 b
b b g+ (g—1)b

) = g(#0) € k TS =id v:=v(4(2) =2+ Ltb TH5.
ER)=1+q#0 R0 v XA (v!= 5"2—+(:%()%"—IE) THHH g=-1
ROERB TRV, A)(2) IH 2 OKEFHOERTHS.

B((bib;)be) & H(bi(bsbi)) Z M4 B LTI & LB L (G2) £
BRI BILTROEREED.

(G5)  phe(b) = pij-e(bi)
ZhAs 3 REBREORBOREITIEHS.
3 RTIEHF (S #id) DFEIIROM (775 L char(k) #2 & T3):
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A3)[ 1 by by
1 1 bl b2
bl bl 9-2'—1'1)1 + g;—l'bz q+ g—;—l'(bl + bz)
by |b g+ %2(by +bp) Lb + I5ib,
=721, S(b) = b2 and g := (b)) = €(b2) # 0. v = v(A,(3)) =
3+ h(by + by).
bLe(t)=2q+1#0726 v iIFHT
ol = 20> + 14 (1 — q)(by + b2)
(29 +1)?
Proof. S #id 7256 S(b) = b THSB. (G1),(G3) &Y
q := e(by) = e(b) #0, p(l’l = sz =0, P?z = Pgl =4q
F7-(G2) &9
Py = sz: P2 =sz: P;I = ng P = Pfl

&biz (G5) k9

2 _ .1 .1 _ .1
Pi2 = Py Pl = P12
Liedio THRITFR T, ®RBIIKROK .
[1 b, by
1]1 I by
b] b] ab; + ﬂbz q + a(bl + bz)
b b2 g+ a(bi+b) Bb +ab;

RICHEIEMF (G4) b g=1+2a=a+B. £>7T char(k) #2 7
ba=% g=2 char(k) =272bg=1,B=1+a LY LOK
%1%‘6. (blbl)bg = bl(blbg), (blbz)bz = b](bzbz) i‘iﬁﬁ?‘l‘ﬁf’ﬁb’y) E)
N3, tor—RITHEEL VALY, LEER> T OMITESEE

HI=7. O
3 AT HHBROKEIIROTIZRS
Ag.q(‘?’) 1 by by
1 1 b, bz
b, by p+(p—1-~pBq)b + Bpb, Bab, + (p — Bp)b,
by by Bgb, + (p — Bp)bs g+ (q— Bg)b + (¢ — 1 — p + Bp)b,

12721, e(b1) = p and e(b;) = q and B € k. v(A8 (3)) iX

1+%+%=3+2p—l-ﬂ(p+q)bl+q—p—1+ﬁ(p+<J)b2_
TN FHE TR B RMITROMEA 0 TRV L

CLLEL (g - p)p+ 0+ Bla+ 17+ (- o+ 1)

Pl IE6AROHADHELZEZDEHMT 4 FW|LTTELT YV
T—ay  AX—hEEXD. BEEISRRORANE b, PRERED
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TARX% by, ERILDTASX % by LT3 &, FORBEHROFEMEL
EDMEY .

1 b b, b3
111 b4 by bs
| 1 b; by

ba|by by 24b; 2b+bs
bylby by 2b;+b; 2+ b,

ThiT A(2) & A(2) OF ¥ —E—KTD. FTHEKOH
ROESERPIVEOEMTA/E\LTCTERT Y v—var - A
¥—LNHB. FOBENRET A(2) & A(2) OF U —FTHB.
Petersen 7370 10 @QTRK 2 T DEHT 3 5 (B& 2L EIF—
FLHICTHE) LTTEBT Y VT—Tay A3 —ADRBHEREIT 3
WITHFBRAARLE A5 (3) THB. Shrikhande &5 72 HEMEICL

THLNILT Y v T—va Yy « AF—LAOBHEREIT A5(3) ThH 5.

T8 A REOWEIRELELREZTH > TR, LOLTHLD
DULHPRNZ EZDHoTVD, 5 KEIKSWTHE, S = (14)(23) #
A ZWEARIZED. S = (14) A4 IOV TIRTT#RR O LRV
¥ 5 HAREA.

KOBIL 6 WITIHERRRBITHS.

I char(k) #£2, g#£0€k £7T5.

1 bl bz b3 b4 b5

111 b by b3 by bs

b | b ’i—l-bx +4y, g+ g_(bl +bo) by gbs+ %Fr(ba+bs)  LHlbs + L3
bo|ba g+ 5GE(b1 +bo) 4Lb, + 2h, by g—b4 +4tbs  gbs + L—(b4 + bs)
b | b3 by by 1 b bz

by by L3iby+ by gbs+ Li(bs+b5) b g+ 9—(b1 + bs) b, + =1,
b | b5 gbs + 352 (by + bs) 9—b4 +%1bs by Ipih + Llb, g+ 52 (by + bo)

T'—T'—L’ S( 1) = b21 S(bt) = bi (7' = 37475)1 E(bJ) =q (J =
1,2,4,5), e(bs) = 1.

e(t) =49+ 2, v—6+

(bl + by)

THY,4g+2#0 K5 v FFTHT

_]_

1
T 2(2¢ + 1)2{(

i Z IRRORKT A ,,.(3) L —BT 5.
g=10r%, 3 Yki‘ﬁ"l‘# S; OBBIRD. (b = (123), by =
(132), b3 = (23), b4 = (13), b5 = (12) k'ti‘J: )
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EEEAHEFRALOBEEXIZOINT

EERE - BITFER - BER
)l 8k

1. FHEE%

Definition 1] G & H 2 n DAMEELL, f2 G20 H~DOREK LTS,
BFueGIIAL, fulz)=fux)f(z)?! z€G) LERT D, u#1RDPIEFDuiTHL
T. fu 7 bijection THHEL &, f% G o b H~DOKR¥En OF@mBASK (planar function) &
VI,

GO HADREnOFEREE f LY. G x HBL2E0HRE LICEMICERTIED
B, DT 774 L REEIBEEND,

[Theorem 1] (Dembowski and Ostrom)
GHMb H~DR¥En OF@EEEK f DN, n RHFRTH D,

[Theorem 2] (Blokuis,Jungnickel and Schmidt)
TR G D D RE H ~ORE n OFEBEE f AH1id, n IREMTH S,

Z® Theorem 2 i3k D {ikitZ ARAXETHOFELMFIE] ORRICEHDIERD
FELTELNS,

[Theorem 3] (Blokuis,Jungnickel,Schmidt and Ganley)
U n OREEEN, En2OFRZ2ACRB#ELZ LOROE, nRREDTHS,
(n BBEDOBRIL Ganley iIZ& Y, n BIFEDOKFIT Blokuis,Jungnickel,Schmidt = & ¥ 3B
Ehis, )
nBEHERO L EDZOEBDIERIZ. HRE 2D, EOPTELS»OTHREDYIC
FHEL T, n BHFETRENTRVLENWSIRENLFELEHL,

[Theorem 4] (Hiramine,Gluck, Ronayi and Szonyi)
REDEFRE p OLEBEEIARFEEF, LO2KRA f(z) =az’+bz+c (e #0) THB,
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[Theorem 5) (Nakagawa)
GLHRNEp OB pBL L. GO H~OFEMAK f BFEETILRER L, =
DEE, nBEFEROIE, ezp(H) <p™F LR20, £ BB OIE, exp(H) < p? &
2%, Bio. n M2 LR, GRYEEIF TR,

SETRMOATW S FHEMEEOMIILT, G L HREFTRpBEOHETH S,
1

Fpo — Fpn: T +— 2°

(Z OREBEIC LT YA 7 FEHSIRE 5, )
M 2

F3n —)F3n2 a:r—-):vgiﬂ ((0,271)=1)

(l<e<2nnt %, ZOFEBIKICII non-translation planes ARIET 3, )

3

Fie — F: zr—a(z®+20+2%) -0 -2 (a2 =-1)

(ZOFHEEEITIET F Y T2V semi-field planes AFEET 3, )

2. ARELOBMIRATH S FHEEAK

EXTTRBYOFHEBBIIAMRBEOZHERICRZ I EHTRENDIN. ZORPHTHC
HREXOBEEE LTV,

[Conjecture 1)
p25,¥ %, Fpo LOBEIRK f(z) =z HFEEEROIE, d=2° 0<i<n-1)
Thd,
(p=3DHEIXLEOH 2B ZOFROBERThLEHMKTHS, )
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[Theorem 6) (Nakagawa)
Fpo LOBIRK f(z) = z¢ B FmEEEKAR S f,

(1) d=(p-1)¢+2 (¢=1,2,--,p-1)

(2) (dp*-1)=2
(Theorem 7| (Nakagawa)
d=ip+j 0<ij<p-1),B< d>E2 0<i<E Bo0<j <8t i,
F,: EOBIER f(z) = 2 X F@AEK TRV,
(ZOBBLY, LV IZETOIDEDI L, LBREDJIZH LT f(z) = 2 1L FEAEE
RYBRVENESD, )

[Definition 2] w=eF &<,
F, —F, z+— f(z)
L, Fz)=w/@ E45, L&,

Fa)= Y F(z)w™? (a€F?)

zeF}

EFFO7—YxFZEEEE, (22T, (a,1)ika & zOPAMERT, )
ET, EEDa e FPICKH L. |F(a)| =(E%) 725 L %, [ % bent function & k&,

#l 4 F, EoIEB{E 2 RIEHIT bent function TH 3,

[Theorem 8) (Nakagawa) p# 2 &9 3,

Fp, — Fp, z+— f(z) = (fiz), fol2), -+, ful2))

biqzﬁﬂg&t 72 652‘%"_5}%{4:"3:&%0) ay,aq,---,0n ((01,0.2, e aan) '_Ié (00, tee ,0))
(Ao P

aify +axfo+ - -+ anfa
A bent function (27252 ¢ TH B,

ZIT, ROBE®E XL THEV,
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(Problem 1| YD& 3% mitxtL, F, O m &KXA bent function 27257
2EHED m KBRSV TKRD & S R EHB,

(Theorem 9] (Nakagawa)
f(Z,y) = apx™ + a1z™ 'y + apz™ 2P + - + apmy™
%F, (p#2) EOmKERL TS,
¢s(t) = a0+ art +--- + amt™

EB<, [{t160) =0 £ 1, [{t]6(6) =0} #2. B (mp—1)£2EF5, =0
L &, fitbent function TIIRV, #HiZ. 2E$ 3 KF AL bent function TR,
2 KX T2\ bent function & LT, RO X 522 H 3,

Bls5(pP-13)=1 b#0¢¥+ 3, F, LD 4REX

f(z.y) = az’ + by

X bent function TH 5,

3. ARALNBRAN S HZEABRXOROBERDEE)

AREF,. LOFEX(z+1)-2=b0%F 23,
Nae) =l{z|(z+1) -z =b}|
&L, Nd = maxbepp,. Nd(b) (‘_’-1:5<° f(.’L‘) = 1% A3 Fpn J:OJSIZEBE&#UIZJ: &(D!Z'g"‘ﬁ
FERNy=1THDIZLITRRTV, Ny #91,2,372 8 Lh &z L 388¥ f(z) = ¢

EHDTHZLIEIESEROBINOLEROHZZL L LV, (BEXH[5]3H8, )
ZIT. b Fpn DEEEDH, FHRAIZONT, FEX (z+1)¢ - z¢ = b DRRDOEH)

BT AN O DBFERENMNNTARS,

#l 6(Kasami power functions)

Fopo — an, zrr—> I2“—2"+1 (k,n) =1
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WBWT, d=2% -2k 41 ,35¢, 2+— (z+1)'—2%3F0 L2 158 THS,
W2 Ng = 2.

[Theorem 10) (Nakagawa)
XEFp EOE2OHEFEL TS, £z, d=L2 +1 L35, Fpo OB f(z) =21
BWT,
(1):p" =3 (mod 4) DHE.
" +1
4 ?
-1-b 1-b
2 )=1 and X(T)=11

. 1+b b-1
Na(b) =1 if x(—2—)=1 and x(—2—)=—1,

N4(b) = 0 for other b € Fpa.
(2):p" =1 (mod 4) DHE.

Na(1) = na(~1) =

Na(b) =1 if x(

Ny(b) = 0 for other b € Fpn.

[Theorem 11] (Hellseth and Sundberg)
d=22 4+ 2545, Fp OB f(z) = 27 1B T,
Ng=1if p=3 and n is even,
Nys=3 if p#3 and p"= mod4,
Nz =4 otherwise.

%1412 Theorem 11 TOHATHLE L 235 Weil sum IZDOWTDHRERWVEREZBLTH
HhitLi=un,

(Theorem 12) (Weil)
# € Char(F:.), ¢l =m >1&F 5%, f(z)% Fpn EDOWRE 1 LLED monic RBZFAT,
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POSEXOmBTHRVET D, Fpn OFHKRERIEREDP T, f(z) =0DRZD
MOMBIITEdELET D, ZDLE,

Y (M) = (w1 +wa+ - +wa-)

YEF

B, TIZT, |wi|=pF 1<i<d-1).

Theorem 1213885 ¢ 12X L, kBD, 1D p" - 1FB(, G, G E KD, Fpa D
JT a1, a9, ,0x X E X DM, kK OEN p* DIEICHAT, KBA/ASWRGE,

dr+a)=¢ (1<i<k)
LB DIFEZRIET 5,
SEHR
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n? , Math. Zeitschrift 99(1967),53-75.
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On Completely Regular Codes
and Related Topics

Hiroshi SUZUKI*
Department of Mathematics
International Christian University

August 13, 2003

1 Introduction

This is an article to introduce completely regular codes from a view point of
Terwilliger algebra associated with a set of vertices defined by the author in
[9]. Completely regular codes were defined by P. Delsarte in [3] in connection
with perfect codes in 1973, but there are not many articles on this subject.
We refer the readers to [2, Chapter 11] for results prior to 1989, and [4, 5, 6,
7, 8]

We first review terminologies and notation we use in this article. We
mainly follow [1]. See also [2].
Graph:
e I'=(X,R) : a connected graph, where
X: a finite set, R C
subsets of X.

9 ) i.e., R is a subset of the set of 2-element

efForz,ye X,z~y & (z,y) €R.

e J(z,y) = the length of a shortest path between z and y.

*Electric mail : hsuzuki®icu.ac.jp
'This research was partially supported by the Grant-in-Aid for Scientific Research
(N0.12640039), Japan Society of the Promotion of Science.
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INTRODUCTION [crc: 2/ 9]

e D =max{0(z,y) | z,y € X}: diameter of .

e C C X is called a code of T, and is also called a subgraph of I" when
the induced subgraph structure on C is considered.

o C;=T(C) = {z € X | d(z,C) = i} is called the i-th subconstituent
with respect to C, where 3(z,C) = min{d(z,y) | y € C}. When
C = {z}, we write Iy(z) for [';({z}).

o t = (C) = max{i | C; # 0} is called the covering radius of C. We have
C= Co and

X =CyUC,U---UC; (disjoint union).

o w =w(C) = max{d(z,y) | z,y € C} is called the width of C.

e 6 = §(C) = min{d(z,y) | z,y € C, z # y} is called the minimum
distance of C.

e V = CX = Span(z | z € X) is a vector space over the complex number
field consisting of the set of column vectors with rows indexed by the
elements of X, and £ denotes the unit vector whose z-entry is 1 and 0
otherwise. '

e The adjacency matrix A € Matx(C) of I' is defined as follows.

A = 1, fz~y
¥ 71 0, otherwise -

e Forie{0,1,...,t}, B} = E}(C) € Matx(C) are defined as follows.

ow _J1, ifz=yandz e
(BD)zy = { 0, otherwise )

Then E? is the projection onto the subspace E;V = Span(z | z € C;).

Definition 1.1 The Terwilliger algebra 7 = 7(C) of a graph I' = (X, R)
associated with a subset C of X is a matrix subalgebra over C of Matx(C)
generated by A together with Ej, E},. .., E;, where ¢t = t(C). A T-module
W is a T-invariant linear subspace of V. A nonzero 7-module W is said to be
irreducible if W does not contain proper nonzero 7-modules. An irreducible
T-module W is said to be thin if dim E;W < 1 for every ¢ =0,1,...,¢.

Note that 7 is always semisimple as it is generated by symmetric matrices.
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1 INTRODUCTION [crc: 3/ 9]

Thin irreducible modules: Let W be a thin irreducible 7T-module.
Write
W=EWaeEWa&- - -&EW.
Since E;W C E;V = Span(Z | z € C;), we have
AE;W C E;_\W + E;W + E; \|W.

Using this fact and the irreducibility of W, it is not difficult to show that
there exist indices ¢ and e +d with 0 < e < e+ d < D such that

E;W #0ifandonlyife<i<e+d.

The index e is called the endpoint and d the diameter of W. Let v; be a
nonzero vector in E;,;W. Then

W = EWOELW - & ELW
= Span(vg,vy,...,0q).
Hence there exist constants §;_,, &;, and 7;4, satisfying
Av; = Bi1vi—1 + iV + Vi1 Vig,

with ¢ =0,1,...,d,8.1 =0, 7441 =1,and v; =0 for j <0 or j > d. By
irreducibility of W, we have B;y;41 # 0 for i =.0,1,...,d ~ 1. Thus if we
define polynomials g;(z) € Clz] by g-1(z) =0, go(z) = 1, and

z - gi(z) = Bi19i-1(2) + 0igi(T) + Yir1Gir1(2),

fori =0,1,...,d, then v; = g;(A)ve and g44.1(A)W = 0. It is known that
these polynomials form a system of orthogonal polynomials with respect to
a certain weight function. Moreover, if Eq, E, ..., E, are primitive idempo-
tents of C[A], then

W = C[A]'vo
= EEWOoEW®: - -&E,W,

. and E;W = Span(E;ve). In particular, dim E;W < 1.

Summary: If a thin irreducible 7-module W exists, then we have the
following,.

e W weakly represents some combinatorial structure, especially when the
vector vq is given as a simple sum of vectors § with y € C.

e A system of orthogonal polynomials are associated to the module.

e Every eigenvalue of A on W is of multiplicity 1.
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2 COMPLETELY REGULAR CODES [ere: 4/ 9]

2 Completely Regular Codes

Definition 2.1 Let I' = (X, R) be a connected graph, and C a nonempty
subset of X. Let lc =Y cct €V = CX. Then C is said to be a completely
regular code if 7(C)1c¢ is a thin irreducible 7(C)-module.
Questions:

Q1. Are graphs with many completely regular codes ‘good’?

Q2. Is there any characteristic of completely regular codes in a ‘good’ graph?

Q3. Are there some ‘good’ classes of completely regular codes?

For simplicity, assume that I’ = (X, R) is a regular connected graph of
diameter D. Then C[A] contains the all 1's matrix J € Matx(C). We
consider the case when {z} is a completely regular code for every z € X.
Let 1 be the all 1’s vector in V and 1; = E1. Then 1¢ = 1¢ and

;= Z z, where Ci = F,’(I).
z€C;

Let z€ X,and W =T%Z. SinceJ € C[A]C T,1=Ji€Ti=W,and
1; = E!1 € E}W. Thus we have the following.

W is thin
& W =Span(ly,1,,...,1p)
& E; Al =¢l;,, E}Al; =a;l;, and
E;,,Al; = b;1,4,, for some constants ¢;, a;, b;.

Now it is not difficult to show that I' is a distance-regular graph and we
reached the following well-known result.

Proposition 2.1 Let I' = (X, R) be a connected regular graph®. Then the
following are equivalent.

(i) For every z € X, {z} is a completely reqular code.
(ii) T is a distance-regular graph.

At our seminar, R. Hosoya presented the following result.

*If [ is not regular, (i) is equivalent to I' being a distance-biregular graph.

—121-



3 THIN IRREDUCIBLE MODULES lere: 5/ 9]

Proposition 2.2 Let T’ = (X, R) be a connected graph of diameter D. Then
the following are equivalent.

(i) For every {z,y} € R, {z,y} is a completely regular code with the same
parameter set!,

(if) T is a distance-regular graph with ap-, = 0.

In order to state problems, let us introduce several terminologies. Let
[' = (X, R) be a connected graph. For C C X, let w(C) = max{d(z,y) |
T,y € C}. w(C) is called the width of C. Forz € X, let zt = {y € X |
d(z,y) < 1}. For {z,y} € R,

= (] #

zezinyl

is called a singular line through = and y. Note that z,y € (z,y) and
w((z,y)) = 1.

Problem 2.1 Characterize a connected graph (or a distance-regular graph)
such that (z,y) is a completely regular code for every {z,y} € R.

Problem 2.2 Characterize a connected graph (or a distance-regular graph)
such that for every z,y € X with 8(z,y) = %, there is a completely regular
code C with i = w(C) containing z, and y.

3 Thin Irreducible Modules

Let I' = (X, R) be a distance-regular graph of valency k¥ and diameter D.
For each ¢ = 0,1,...,D, let A; € Matyx(C) be the i-th adjacency matrix
defined by

_J1 0=,y =1
(Ai)zy = { 0 otherwise

Then there is a polynomial v;(z) € C/[z] of degree exactly % such that v;(A) =
A;. Let k; = vi(k). Then k; = |T'i(z)| for every z € X. Let 6, > 6, >
-+« > @p be distinct eigenvalues of A and let Ey, E), ..., Ep be the primitive
idempotents of C[A] corresponding to each of the distinct eigenvalues. Then
each column of E; is an eigenvector of the same eigenvalue 6; of A, and
AE; = 6;E;. Let m(6;) = tr(E;). Then m(6;) is the multiplicity of ; as an
eigenvalue of A. Set © = {6,6,,...,60p}.

'The parameter set consists of a;, 8;, 7 according to the basis 1; = E?1.
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3 THIN IRREDUCIBLE MODULES [cre: 6/ 9]

Let C be a nonempty subset of X and 7 = T(C). We consider an
irreducible module W such that E;W # 0, i.e., a module of endpoint 0.
We remark a couple of things. First if W is an irreducible 7(C)-module
of endpoint e, then W can be viewed as an irreducible 7(C,)-module of
endpoint 0 with C, = I',(C). Secondly as far as we are studying completely
regular codes, the module we first look at is 7(C)1¢ of endpoint 0.

Proposition 3.1 Let T = (X, R) be o distance-regular graph. Let u be
a eigenvector of A in V = CX such that Au = Gu. Let v; = E}u for
i =0,1,...,t. Suppose vg # 0. If E:Aivg, E!Ai11v9 € Span(v;), then
W = Twvy = Tu is a thin irreducible module.

Applying the previous proposition to u = 1, we have the following corol-
lary proved in [8].

Corollary 3.2 Let I' = (X, R) be a distance-regular graph and let C be a
nonempty subset of X. For each i, suppose

pi={y€C|o(z,y) =i}, h+1={y€ C|8(z.0)}l
are independent of the choice of x € C;, then C is a completely regular code.
Proof. Since E!Aily = i1; and E! Ai111g = Ai11;, the assertion follows
from Proposition 3.1. [ |
Let v = Ejv be a nonzero vector. Set

vA,v'v,(:z:
Pole) = 1 s il e © R

=0

The following is called the inner distribution of the vector v.
a(v) = (Gon twAv GAD‘U)
ol """ flol? " vl

By definition, if w = w(C) is the width of C, then the degree of py(z) is
at most w. On the other hand by direct computation we have

| Esolf?
— = py(6:;)m(6;).
o = PG

Since C[A]v = Span(Eyv, E1v,..., Epv), we have
dimC[Alv > D+ 1~ (4 of roots of py(z) in ©)
> D+1-—degpy
> D+1-w(C).
Set r = r(v) = dim C[A]v — 1. r(v) is said to be the dual degree of v. Now
we have the following.
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4 PERFECT CODES [cxe: 7/ 9]

Theorem 3.3 ([9]) Let T = (X, R) be a distance-regular greph of diameter
D, and C a nonempty subset of X. Let v = Eyv be a nonzero vector. Then
the following hold.

(1) dim C[Alv +w(C) > D+ 1.

(2) If dim C[AJjv + w(C) = D +1, then T(C)v is a thin irreducible T(C)-
module.

The nonzero vector v € EjV satisfying the condition in Theorem 3.3 (2)
is called a tight vector. When EjV is spanned by tight vectors, we call C a
tight code.

When v = 1¢, | X|Epls = J1p = |C|1 # 0. Hence

r= |{i|E§10=,£0, i=1,2,...,D}|.

The dual degree is customarily defined for a code using this definition. Hence
ours is a bit generalized usage of the term.

Corollary 3.4 Let I' = (X, R) be a distance-regular graph of diameter D,
and C a nonempty subset of X. If r + w(C) = D, then C is a completely
regular code. Moreover, we have t = r in this case.

Note that the condition in the corollary can be checked if we have a(C)
together with the set of eigenvalues of A.

4 Perfect Codes

Let & = 6(C) be the minimal distance, ¢t = ¢(C) the covering radius, and r
the dual degree. It is clear that § < 2t+1. Moreover, t < r in general. When
6 =2t +1, C is called a perfect code.

Proposition 4.1 ([3]) The following are equivalent.
(i) 6=2t+1, ie., the code C is perfect.
(ii) 6 =2r+1.

Moreover, in this case C is a completely regular code.

This is another result for a code to become completely regular by a con-
dition imposed on a(1).

Problem 4.1 Find a generalization of Proposition 4.1 such that 7v becomes
completely regular by a condition imposed on a(vy).
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5 CODES IN A DISTANCE-REGULAR GRAPH [crc: 8 /9]

5 Codes in a Distance-Regular Graph

Example 5.1 Let Q@ = {1,2,...,q} be a g-set, and X = QP. For z =
(Il,...,ID), y=(y1,...,yp) GX,

(zy)eRe |{i|z#u} =1
The graph I’ = (X, R) is called the Hamming graph H{D, q).

Completely regular codes have been studied in the context of perfect codes
or codes which are very close to perfect, for example, uniformly packed codes.
Hamming codes, extended Hamming codes, binary Golay codes, ternary Go-
lay codes, etc. On the other hand, it is easy to see that if C = {z,y} is a
completely regular code with two vertices in H(D, 2) then either 8(z,y) = D
or 1}, The first is the case when C is a (trivial) perfect code and it represents
codes with large minimum distance, while the latter is the case when C is a
tight code and it represents codes with rich substructures.

A systematic search of completely regular codes was first made in [4]
assuming the group action. But not a satisfactory result is known for their
classification.

Problem 5.1 Classify tight codes in known distance-regular graphs.

Problem 5.2 Classify all completely regular codes with minimal distance
6(C)=>1.

6 Strongly Closed Property of a Code
Definition 6.1 Let ' = (X, R) be a distance-regular graph and Y a nonempty
subset of X. Y is said to be strongly closed in I’ if for every z,y € Y,
{z|8(z,2) +0(2,y) < O(z,y) +1} C Y.
The following result was proved by Y. Enta and the author.

Proposition 6.1 Let I' = (X, R) be a distance-regular graph of valency k,
and @ # C C Y C X. Suppose C is a completely reqular code and Y is
strongly closed such that max{|T(y)NY||y € Y} < k. Then C is strongly
closed.

Problem 6.1 Classify distance-regular graphs with a (or many) strongly
closed completely regular code(s) of width at least 2.

Hamming graphs H(D,q) and dual polar graphs have strongly closed
completely regular codes of arbitrary width.

!This is also obtained by an application of Proposition 6.1
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A family of dual hyperovals over GF(g) with g even

AN
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1 Introduction

Let GF(q) be a finite field consisting of ¢ elements, and PG(n,q) an n-
dimensional projective space over the field GF(q).

A d-dimensional dual hyperoval S is a family of d-dimensional subspaces
of PG(n, q) which satisfy the following conditions: see [2]

(1) For every distinct member X and Y of S, X NY is a projective point.

(2) For any three distinct members X, X, and X3 of S, the intersection
XinXanNnXz=40.

(3) Let X € S. Then the set of projective points {XNY |Y € S, X #Y}
span X.

(4) The members of S span PG(n,q).
() The cardinality |S] is ¢* +¢*"' +--- +q+2.

Thas and Van Maldeghem [1] constructed a d-dimensional dual arc AV4
of size ¢¢ + ¢%~! 4+ --- + ¢ + 1 over GF(q) using Veronesean. Yoshiara [3]
extended the dual arc AV, to a dual hyperoval HV, in case ¢ is even,
and constructed d-dimensional dual hyperovals in PG(n,q) with g even for
4d — 2 < n < d(d + 3)/2 using quotients of HV;.

In this paper, we construct a new family of dual hyperovals over GF(q)
with g even.

For any GF(q)-vector space V of finite dimension, we denote by rank V'
the dimension of V over the field GF(q).

We define the equivalence relation s ~ t for s, t € V — {0} if and only
if there exists a non-zero & € GF(q) such that s = kt. Then, we are able
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to regard V — {0}/ ~ as a projective space over GF(q). From now on, we
denote by PG(V) the projective space V — {0}/ ~, and we denote by [a] the
equivalence class of a in PG(V) for any element a € V — {0}.

We also denote the multiplicative group GF(g)— {0}(resp. GF(¢")—{0})
by GF(q)*(resp. GF(q")*), and the Galois group of GF(g") over GF(q) by
Gal(GF(q")/GF(q))-

2 The construction

Lemma . Let m and n be integers with ¢ := 2™ > 2 and n > 2, and assume

that ¢ — 1 and n are mutually coprime. Let o be a generator of the Galois
group Gal(GF(q")/GF(q)). Then the mapping

c—-1:GF(q")* 3z~ z° ! =2%/x € GF(q")*
induces an isomorphism from GF(q")*/GF(q)* onto GF(q")*/GF(q)*.

Proof. 1t is clear that ¢ — 1 is a group homomorphism from GF(q¢")* into
GF(g®)*. It is also clear that z°~! = 1 € GF(q)* for any z € GF(q)*.
Conversely, let z € GF(g™)* such that z°~! = a € GF(q)*. Then we have
z° = ar, which implies z = z°° = o"z. Since the cardinality |GF(q)*| =
q — 1, and since ¢ — 1 and n are mutually coprime by the assumption,
we conclude that @« = 1. Hence we see that z% = z, which implies that
z € GF(q)*. O

Theorem 1. Let m, n and d be positive integers with q := 2™ and d +
1 € n. We assume that ¢ — 1 and n are mutually coprime integers. We
choose a GF(q) vector subspace V of rank d + 1 in GF(q™), and denote by
PG(V) the projective space V — {0}/~. We regard GF(q") x GF(q") as
a GF(q) vectorspace, and denote by PG(GF(q") x GF(q")) the projective
space GF(q") x GF(q") — {0}/~.

Let o be a generator of Gal(GF(q")/GF(q)).

For [a] € PG(V), we define a d-dimensional projective subspace X|q) in
PG(GF(q¢™) x GF(q")) as follows:

Xio) = { [(za,2°a + za?%)] | [z] € PG(V) }.

We also define a d-dimensional projective subspace Xo in PG(GF(q") x
GF(q")) as follows:

Xoo = {[(z%,0)] | [z] € PG(V)}.
Then S :={ Xq) | [¢] € PG(V)} U{X} is a dual hyperoval.
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Proof. 1t is clear that X4 and Xo are d-dimensional projective subspaces
in PG(GF(q™) x GF(q")). Let [a], [8] € PG(V) with [a] # [8]. For any
point ¢ in X[q) N X5, there exists [z], [y] € PG(V) such that ¢ is expressed
in PG(GF(g") x GF(q")) as follows:

t=[(ze,z7a +za’)] = [(yB, 4" B + yb7)).

That is, there exists k¥ € GF(q)* such that a member of the equivalence
class of ¢ is expressed in GF(g™) x GF(q") as follows:

(za,z°a + za”) = k(yB,y° B + yB°).
From this equation, we have

za = kyp, (2.1)
(za)? = k(yB)?, (2.2)
z’a+za’ = ky’ B+ kys°. (2.3)

If we multiply (2.3) by 887, we have
z%aff’ + zo BF° = ky’ B°6° + kyB(B°)?.
From (2.1), (2.2), we have
z°afB° + za’BB° = z°a° B + za(B°)>.
Hence we obtain
(x8° - z°B)(a’ B — af’) =0.

Since [o] and [8] are different members of PG(V) C GF(q")*/GF(q)*,
and since o—1 is an isomorphism from GF(g")*/GF(q)* onto GF(q")*/GF(q)*
by Lemma , we have a®~! # 8°~!, hence a®8 — a8 # 0. Thus, we
obtain 3% — z°8 = 0, which implies that z°~! = $°~!. By Lemma ,
we have [z] = [8) € PG(V) € GF(¢")'/GF(q)*, and similarly we have
[v] = [a] € PG(V). That is, t = Xia) N X|g = [(aB, 2’8 + af7)].

Therefore, we see that X(,) N Xg) is a projective point. Moreover, for
mutually distinct members [a], [0] and [y] € PG(V), we see that X5 N
Xip) 0 Xy = 0.

Similarly, we have X ()N X = [(a?,0)] € PG(GF(q")xGF(q")). Hence
we see that X, N X[q) is a projective point. Moreover, for [a] # [0], we see
that X N X[a] nX[ﬂ] = 0.

Since the cardnality |[PG(V)| = ¢ + ¢®*! + --- + 1, we have |§| =
¢*+¢*! +-. .42, and therefore we conclude that S is a dual hyperoval. O
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Let g be a prime power, n > 2 and o a generator of the Galois group
Gal(GF(q™)/GF(q)). In the Lemma , Lemma and Corollary 1 which follow,
we denote by T'r the trace function from GF(q") to GF(q).

Lemma (Additive form of Hilbert’s Theorem 90). Let a be an ele-
ment of GF(q®). Then the equation z° — z = a has a solution x in GF(q")
if and only if Tr(a) =0.

Lemma . Let a and t be non-zero elements in GF(q"). Then, the equation
z°t — zt° = a has a solution = in GF(q") if and only if Tr((1/t°*1)a) = 0.

Proof. We see that 27t — xt° = ¢ has a solution z in GF(q") if and only
if (z/t)° — z/t = a/t°*! has a solution z/t in GF(q"). This means, by
Lemma , that Tr((1/t°+1)a) = 0. O

The following lemma is well known. So, we omit the proof.

Lemma . Let q be prime power, n > 2 and regard GF(¢q") as a vector
space of rank n over GF(q). Then, any vector subspace H of rank n — 1
can be ezpressed as H = {z € GF(q") | Tr(az) = 0} for some non-zero
a € GF(q"). Let H, := {z € GF(q") | Tr(a1z) = 0} and Hy := {z €
GF(q") | Tr(agz) = 0} be two vector subspaces of rankn—1. Then H, # H,
if and only if o) and a2 are linearly independent over GF(q).

Corollary 1. Let d and m be positive integers with d > 2 and set q := 2™,
We assume that ¢ — 1 and d + 1 are mutually coprime integers. Then there
ezists a d-dimensional dual hyperoval in PG(2d + 1,q).

Proof. We choose n = d +1 and V = GF(2%t!) in Theorem 1. We have
to show that the dual hyperoval S span PG(2d + 1,q). As a vector space,
we have to show that the members of $ span GF(gq%t!) x GF(¢%t!) over
GF(q). Since X span {(z,0)]z € GF(q%*')}, we have to show that
{z°y + zy°} span GF(g**') as a GF(g)-vector space. Since {z° + z|z €
GF(¢**)} = {s € GF(¢**))|Tr(s) = 0} is a rank d GF(q)-vector subspace
H in GF(q%*!), we only have to show, by Lemma , that there exists a rank
d GF(g)-vector subspace H) := {a € GF(¢**")|Tr(a/t°*') = 0} such that
H # H,. Therefore, we only have to show that there exists t € GF(g%t!)
such that t°t! ¢ GF(q) by Lemma . If t°+! € GF(q), then t° = a/t for
some ¢ € GF(q), hence t° = a/(a/t) = 1. Since d + 1 > 3, there exists ¢
such that £°" # ¢, that is, there exists ¢ such that £°*! ¢ GF(q). Thus we
have proved this colloraly. O
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Corollary 2. Let d and m be positive integers with m > 2 and set g := 2™,
Then there ezists a d-dimensional dual hyperoval in PG(d(d + 3)/2,q).

Proof. We choose n sufficient large such that n is coprime with d + 1, and
choose a GF(g)-vector subspace V of GF(g") such that a basis {eg, €1, ... ,e4}
of V satisfies that {e;e;} for i < j are also linearly independent over GF(g).
Then, since (e;e;, e‘,-’e_,-+e.-e§) spans the ambient space of S, the dimension of
the ambient space is greater than or equal to d(d+3)/2.But since the dimen-
sion of the ambient space is less than or equal to d(d+3)/2 by S. Yosiaral[3],
we conclude that S is a dual hyperoval in PG(d(d + 3)/2, q). O

Proposition 1. Let V be as in Theorem 1 and (o], [B] and [v] collinear
points in PG(V) such that [8] # [v]. Then X(o) C (X5}, Xpy))-

Proof. Since there exist s and ¢ in GF(q) such that a = s + tvy, we have
(za,z%a + za%) = s(zB,z° 8 + =0°) + t(zy, 2y + zv°)

for any x € V, which implies that X[q) C (X5}, X[y))-
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1 Introduction

Let G be a group of order 4n. For a subset X of G, we set X(~1 =
{z! | ¢ € X} and we identify a subset X of G with a group ring ele-
ment X = 2 zex T € C[G]. The set of G-conjugates of an element z(€ G)
is denoted by z©.

A 2n-subset R of G is called a left Hadamard transversal of G with respect
to a subgroup (t) of order 2 if G = R(t) and RR-1 = nS, + 2183, for some
subsets S; and S, of G ([3]). Therefore |RN Rz| = 0,n,0r 2n for z € G
according as £ € S; U Sy, £ € S) or z € S,, respectively. A right Hadamard
transversal of G is defined similarly.

Let R be a left Hadamard transversal of G with respect to (t) =~ Z,. If
we assume that

(*) R#zR Vxe G\ ({1},
then, by a result of [3] some left translate of R, say Ry, satisfies that G =
(YRp = Ro(t) and RyRS™ = 2n + n(G — (t)) for an element #o of order 2
(Result 3.1). Therefore Ry is a (2n,2,2n,n) relative difference set (RDS).
Here, a 2n-subset D of G is called a (2n, 2, 2n, n) relative difference set (RDS)
relative to a subgroup (s) =~ Z, if DD\"V = 2n + n(G - (s)). From a left

Hadamard transversal satisfying (x) one can construct a Hadamard matrix
of order 2n (see [3] and Result 3.1).
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In this article we show that :

Theorem 3.5 Assume that a group G of order 4n contains a left Hadamard
transversal R with respect to (t) satisfying R # zR Yz € G\ {1}. Then
R is a (2n,2,2n,n)RDS relative to (t). If G has a subgroup H satisfying
G =|[G,G)H, t € H and t® ¢ H, then there erists a v X v integral matriz
B = (b;;) such that BBT = BTB = %1, where v = [G:Hl(“;tlgl‘tanhrn and
6] < 3IH].

Proposition 3.6 Let (G,Q) be a transitive permutation group of degree
r(> 4) and t an involution of G. Suppose that [G,G] is transitive on SQ.
If t fixes r — 4 points and the square free part of |G| has a prime divisor p
such that p = 3 (mod 4), then G has no left Hadamard transversal w.r.t.(t)
satisfying R # zR Vz € G\ {1}.

As a corollary we have :

Corollary 3.8 There is no left Hadamard transversal R satisfying R #
zR Vz € G\ {1} in A5,S5,A7, S7, PSL(2, 7) and PGL(2, 7)

The terminologies in this article are taken from [1] and [4].

2 Preliminaries
We list some preliminary results to prove our theorem.

Result 2.1 (N. Ito and P. S. Kim [3]) Let G be a group of order 4n con-
taining an involution b. Suppose that R is a left Hadamard transversal of G
with respect to (b). Then the following are equivalent.

(¢) zR# R for anyz € G\ {1}.

(b) G contains a 2n-subset S such that |sRNsyR| = n for any two distinct
elements s, s of S.

(c) R is a right Hadamard transversal of G with respect to {(c), where ¢

is the element of G such that cRN R = ¢, and G conains a 2n-subset

- &' such that |[Rs; N Rsy| = n, for any s),s2 € S, s # s2. Therefore
Rz # R for anyz € G\ {1}.

Result 2.2 (N. Ito and P. S. Kim [3]) Suppose that a group G has a left
and right transversal R with respect to (b) and (c), respectively. If one of the
equivalent conditions stated in Result 2.1 holds, then b and ¢ are conjugate.
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3 Proof of Theorem 3.5

First of all, we show the following:

Result 3.1 (N. Ito and P. S. Kim [3]) Let R be a a left Hadamard transver-
sal in a group G of order 4n satisfying R # R Vz € G\ {1}. Then a
left translate Ro(= Rg) of R is a (2n,2,2n,n)relative difference set in G
relative to (to) for an involution ty € G satisfying RoRt(,—l) = R((,—l)Ro =
2n + n(G — (to))-

Proof. By Result 2.1, R is also a right Hadamard transversal of G with
respect to (s) for an involution s of G.

RUVR = 2n 4+ n({(s)).
Moreover, by Result 2.2,
RR™Y =2n +n({g"sg}).
for an element g of G. Set Ry = gR and t; = s. Then we have the lemma.
Throughout this article we assume the following.

Hypothesis 3.2 Let R be a left Hadamard transversal in a group G of
order 4n w.r.t (t) ~ Z, satisfying R# xR Vz € G\ {1}. Assume that there
is a subgroup H containing t such that G = [G,G|H and t¢ ¢ H.

By Lemma 3.1, we may asuume that
(##) RR™Y=RCYR=2n4+n(G-1-t).

Let (G,?) be a transitive permutation group on a set Q such that G, = H.
Set r =[G : H| and h = [H : (t)]. Then |G| = 2hr. Let K be the kernel
of the permutation representation. Then K = N.cq z~!Hz. By assumption,
t € H\ K, for otherwise, t € K and so t ¢ K C H as G K. This is
contrary to Hypothesis 3.2.

Let V be the permutation module for G over C with the natural basis
Q. Let  be the representation of G over C corresponding to the G-module
V. Then ¢(g) is a permutation matrix of degree r for each g € G. We note
that if ;g = a; then i-th row of ¢(g) is e;, where e; = (1,0,---,0),--,e, =
(0,---,0,1). Set Ty = ¢(t). We may assume that Fix(t) = {a1,:--,ay}



and oyt = apqo,ap4at = Qpag, 0, Qfppw—1t = Qfyu, Where r = f + w and
1<f<r—-2aste H\ K. Then we have

Iy
To =

D

D

where I is a unit matrix of degree f and D = [ (1] (1) ] We note that w is

even.

Lemma 3.3 Set A = ¢(R) = (ai;) and denote by AT the transposed matriz
of A. Then the following hold :

(i) AAT = ATA = nl, + 2nhJ,, — nTy, where J,, is the u x v all one
matriz,

(i) fi<forj<f, thena;;=h, and
(ili) ATy =ToA and A+ ATy = 2hJ,,.

Proof. By Theorem 4.3.4 of [1], (1g,1§) = 1, where 1g is the trivial
character of G. Let x be any linear character of G distinct from 1g. As
G =[G,G]H and x # lg, (14, x]#)s = 0. Hence, by Frobenius reciprocity
theoc:'em, (1%,x) = (1, xle)u = 0. Thus 1¢ is the only linear constituent
of 1%.

We note that r > 2as t¢ ¢ H. Set L = ¢(G) and let v € V. Then
(vL)p(g) = v(p(Gg)) = vL for all g € G. By what we have shown in the
last paragraph, (a; + --- + a,)C is the only one dimensional G-submodule
of V. Hence vL € (a; +-- - + a,)C. Therefore, as L has a constant row sum
4n(=|G|), we have L = 42 = 2hJ, where J = J,,.

Set I = I,. Since ¢(g) is an orthogonal matrix for each g € G, it follows
that o(R(-1) = AT. Hence, by (#+), we have AAT = ATA = 2nI + n(L —
I —Ty) = nl + 2nhJ — nTy. Thus (i) holds.

Set ' = {o1, --,ay}. Let aj € ' and set M = G,,;. Let z; be an element
of G such that o;z; = ¢; for each i with 1 < i < r. Then G = Mz,U- - - UMz,
is a right coset decomposition of G by M. Let M = {t)y, U--- U {t)yn be a
right coset decomposition of M by (t). As {yizx |1 <i<h, 1<k<r}is
a complete set of right coset representatives of G/{t), R = 3_, , tixyizy for
some t;x € (t). Since a;(t;xyizx) = o for each ¢ with 1 < ¢ < h, we have
ajx = h for any j with 1 < j < f and k with 1 < k < r. Similarly, we can set
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RV =3 5i40i%k, where 5;x € (1), as R is also a complete set of right
coset representatives of G/(t) (see (¥*)). Then a;g~! = q for any i with
1 < i < h, where g = (six¥:zx)~!. As g € R, this implies that the number of
elements g of R satisfying axg = a; is equal to h for any k with 1 <k <r
and j with 1 < j < f. Therefore we have (ii). By (*+), G = {t)R = R(t).
Hence R+ Rt = R+ tR = G and so we have (iii).

Set C = (¢ij), where ¢;; = afy; 545 with 1 < 4,7 < w. By Lemma 3.3,

hJss hlsw

we can set A = [ hu; C | Moreover, we define a 2 x 2 matrix C;; by

C2i-1,2j-1 C2i-1,2j . w _
Cij= [ Czi,zjil Cz.-,sz ] for each 4,5 € {1,2,--+,%}. Then C = (Cy;).

By definition, A has constant row and column sums |R|(= 2n = rh).
Applying Lemma 3.3(ii) C also has constant row and column sums hw(=

th — fh).
Lemma 3.4 Set a = h*w, B8 = h*w + n and v = h*w — n. Then the
following hold :

(2) CCT = CTC = (B,-"), where B,".' =

E ] i < %) and
Bij=aJys for anyi,j with1 <i,j < ¥,i#3 an

(i) Each C;; is of the form [; Z ], where £ + y = 2h. Here z and y
are non-negative integers depending on t and j.
Proof. By (i) and (ii) of Lemma 3.3, we have (i). Set D = diag(D,--, D).

Then, by Lemma 3.3(iii), CD = DC and C + CD = 2hJ,,,,. Thus we can
easily verify (ii).

Set P = 7:- [ _11 } ] Then P is an orthogonal matrix and PT = P! =
11 -1 alz oy _|lz-y O
7;[1 1 ].Moreover,P [y z]P—-[ 0 s+y . We define a

w X w orthoganal matrix P by P = diag(P, P,---,P). Then, by Lemma
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3.4(ii), we have

[ 2bl,l 0 2bl.2 0 M 2bl,u O
0 20 0 2h -~ 0 2h
Wyr O 2boy O ;
PIICP=| 0 20 0 2h - - i |
2,1 0 o e eeo 2b,, 0

where v = ¥ and each b;; is an integer such that [b;;| < h. Furthermore,

"9n 0 O 0 --- 0 0
0 2h2w 0 2w --- 0 2h*w
0 0 2n 0 :
(P'CP)YT(PTICP)=| 0 2hw 0 20w

0 0 -+ v o 0 0

| 0 WM - v .o 0 2h2w_
We now define a vx v matrix B by B = (b;;). Then (2B)(2B)" = (2B)T(2B) =
2nl,. On the other hand, by counting the cardinality of {(ay,t;)|t; €
t, oy € Fiz(t,),} in two ways, we have [G : H]||t¢ n H| = |t®|f since
|Fiz(z~'tz) = |Fiz(t)| for any z € G. It follows that f = l‘?—”l{lé‘,’“—”l Thus
we have the following,.

Theorem 3.5 Assume that a group G of order dn contains a left Hadamard
transversal R with respect to (t) satisfying R # zR Vz € G\ {1}. Then
R is a (2n,2,2n,n)RDS relative to (t}. If G has a subgroup H satisfying
G =|[G,G|H, t € H and t€ ¢ H, then there ezists a v X v integral matriz
B = (bi;) such that BBT = BTB = 21, where v = [GHUSIZIC0H) gny
lbis] < 31H].

As corollaries we have :

Proposition 3.6

Let (G,Q) be a transitive permutation group of degree r(> 4) and t an
involution of G. Suppose that [G,G] is transitive on Q. Ift fizes r —4 points
and the square free part of |G| has a prime divisor p such that p = 3 (mod 4),
then G has no left Hademard transversal w.r.t.(t) satisfying R # R Vr €

G\ {1}.
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Proof. Put |G| = 4n. By Theorem 3.5, there exists a 2 x 2 integral matrix
B such that BBT = inl,. Hence a diophantine equation z? +y? = Jn has a
solution (z,y). Applying a well known result on number theory we have the
proposition.

Remark 3.7 Assume that the square free part of m! has a prime divisor
p such that p = 3 (mod 4). By Proposition 3.6, A, and S, have no left
Hadamard transversal R w.r.t (t) satisfying R # zR Vx € G\ {1} for any
involution t of the form (i, 35)(k, £).

By Proposition 3.2 of [2] and Proposition 3.6, we have the following.

Corollary 3.8 There is no left Hadamard transversal R satisfying R #
zR Vz € G\ {1} in As, Ss, A7, Sz, PSL(2,7) end PGL(2,7).

Remark 3.9 In Theorem 3.5, if we put H = (t), then the resulting matriz
B is a weighing matriz of weight in and order v unless G ©> (t).
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1 Introduction

We study some congruences about the number of crossed homomorphisms between two finite
groups. Let C, H be finite groups such that C acts on H, and denote by °h this action of c € C
on h € H. We denote Z!(C, H) for the set of crossed homomorphisms from C to H; i.e.

ZYC,H) :={A:C = H | Mcc) = Ac) - ¢(A\(¢)) fore,c € C}.

If the action is trivial, then Z!(C,H) = Hom(C, H), the set of homomorphisms. Let D be
a subgroup of C. For any u € Z!(D,H), we denote Z'(C,H;D,u) for the set of crossed
homomorphisms from C to H whose restriction to D is u, and denote (D) := {u(d)d | d € D}
which is the subgroup of HC, the semidirect product of H by C, corresponding to u.

In Asai and Yoshida [2], the following conjectures about the number of homomorphisms and
crossed homomorphisms are introduced and their relations are studied.

Conjecture H. Let A and G be finite groups and B a subgroup of A. Then for any homo-
morphism yu from B to G,

|H(A,G;B,p)| =0  mod ged (|4/AB|, |Co(u(B))I),
where H(A, G; B, 1) := {A € Hom(A,G) | A\ = p} and A’ is the commutator subgroup of A.

Conjecture I. Let p be a prime number. Let C be a finite abelian p-group and H a finite
p-group such that C acts on H. Then

|ZY(C,H)| =0 mod ged(|C|, |H|)-

Theorem 2.1(Asai-Yoshida [2]) If Conjecture I is true, then so is Conjecture H.

Here, we consider the following conjecture, which is a generalization of Conjecture H and
Conjecture I, and prove the following theorem.

Conjecture C. Let C and H be finite groups such that C acts on H and D a subgroup of C.
Then for any p € Z(D, H),

|Z'(C,H;D,p)| =0  mod ged (IC/C'D|, |Cr(i(D)))),
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where Cp(fi(D)) = Cuc(f(D)) N H.
Main Theorem: Conjecture C and Conjecture I are equivalent.

Conjecture I has not been proved yet in general, but it holds in several cases. We list
some results concerning with Conjecture I, almost which are proved in Asai-Yoshida [2] and
Asai-Takegahara [1].

Proposition 1.1 (i) If C is a cyclic p-group, then Conjecture 1 is true.

(ii) If C is an elementary abelian p-group, then Conjecture I is true.

(iii) If C is a direct product of a cyclic p-group and an elementary abelian p-group, then Con-
jecture I is true.

(iv) If H is an abelian p-group, then Conjecture [ is true.

(v) Suppose that the action C on H is defined by a homomorphism from C to H, that is, there
erists some f € Hom(C, H) such that °h := f(c)hf(c)™). Then Conjecture I is true.

(vi) If C is a free abelian group, then

|ZY(C,H)|=0 mod |H]|.
Especially, if C is a free cyclic group, then |Z'(C, H)| = |H]|-

In section 2, we explain our counting methods. In section 3, we sketch the outline of the proof
of Main Theorem. In Section 4, we apply our methods to prove the following group theoretic
results.

Hall’s Theorem([4]): Let H be a finite group and L a subgroup of H. For any y,z € H and
a natural number n,

#{zelyl|2" =2} =0 mod ged(n,|CL(2)|).

Brauer’s Lemma([3]): Let G be a group. Let H be a normal subgroup of finite order n. For
anyz € G andy € H, z" and (yz)" are conjugate in H.

2 On counting metods

Let C and H be groups such that C acts on H, D a subgroup of C, and u € Z'(D, H). In this
section, we assume that D is a normal subgroup of C and |Z}(C, H; D, g)| # 0. First we define
an action of C/D on Cyx(i(D)) = Cuyc(#(D))NH.

Definition 2.1 Take any A € Z!(C, H; D, zz) and fix. Then C/D acts on Cy(ji(D)) by Ph :=
Mc)-h-A(e)~! for ¢ € C and h € Cy(fE(D)). For a subgroup K of Cy(fi(D)), we denote K’X(C)
for the maximal C/D-invariant subgroup of K with this action; i.e.

Kz =N PR = [ Me)- <K - Mc)™.
ceC ceC
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Here C/D acts on K3, and we denote Z}‘(C/D,KK(C)) for the set of crossed homomorphisms
from C/D to KI(C) with this action; i.e.

ZAI(C/D) KK(C))
= {¢:C/D = Kz, | {(erc2D) = ({1 D) -4P(¢(c2D)) for c1,¢2 € C}.

Crossed homomorphisms have the following properties.
Proposition 2.2 For any \,n € ZY(C, H; D, u), n(c) € Cu(is(D))A(c) for anyc€ C.

PROOF: For any ) € Z!(C, H; D, 1), we have that ji(D) 9X(C) and so A(c)c € Nyc(E(D))NHe
for any c € C. Here Nyc(ii(D)) N He = Cy(ia(D))A(c)c, so we have that n(c) € Cy(u(D))A(c)
for any ce C. 0

Proposition 2.3 Take any A € ZY(C, H; D, u) and fiz. Then there is a one to one correspon-
dence between Z'(C, H; D, u) and Z}(C/D,Cy(ji(D)))-

Proor: By Proposition 2.2, for any n € Z!(C, H; D, ), there is some Ay : C = Cy(i(D))
such that n(c) = An(c)A(c). Then Anp € Z}(C/D,Cx((D))). Conversely, for any ¢ €
Z)(C/D,Cu(ii(D))), we define A*¢ : C — H by A*¢(c) := {(cD)A(c) for c € C. Then
A¢ € ZY(C,H;D,pu). These relations give a one to one correspondence between the sets
ZI(C,H;D,[.L) and Zi(C/D:CH(ﬁ(D))) 0

Next we define a conjugate action of Cy((D)) on ZY(C, H; D, 1) and two equivalence rela-
tions on the set Z'(C, H; D, ).

Definition 2.4 The group Cy(fi(D)) acts on Z'(C, H; D, u) by conjugation; i.e.
Cu(ii(D)) x Z'(C,H;D,p) — Z'(C,H;D,p)
(h, A) — M :C - H
c = h-Xc)-h7! = [h,A(c)c] - Mc).
Definition 2.5 Let K be a subgroup of Cy(f(D)). For A\,n € Z)(C, H; D, 1), we define:
nKg A PN n{c) € KX(c) forallceC

and

n®Rkd &L pmk*A for some k € K.
Take any A € Z!(C, H; D, u) and fix, and we consider the equivalent classes {n € Z(C, H; D, p) |
n=x A} and {n € Z!(C,H; D,u) | n Rk A}.

Proposition 2.6 Teke any A € Z'(C,H;D,u) and fiz. For a subgroup K of Cy(i(D)),

there is a one to one correspondence between the sets {n € Z'(C,H;D,u) | n = A} and
ZAI(C/D: KK(C))'
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PROOF: For any n € Z1(C, H; D, u) such that =k ), there is some An : C — K such that
n(c) = An(c)M\(c). Then we may consider that An € Z}(C/D, K’X(C))' Conversely, for any

¢ € Z}(C/D, K5, ), we define &'¢ : C — H by A*((c) := {(cD)X(c) for c € C. Then we have

AC) \
that A*¢ € Z}(C, H; D, ), and A*( =g A. These relations give a one to one correspondence
between the sets {n € Z1(C, H; D,pu) | n =k A} and Z}(C/D, K:\-(C)). 0

Lemma 2.7 Take any A € ZY(C,H;D,u) and fix. Let K be a subgroup of Cy(ii(D)) and
ke K. Then*) =g \ if and only if k € KX(C)'

Lemma 2.8 Take any A\ € ZY(C,H; D, ) and fiz. Let K be a subgroup of Cy(fi(D)). For any

k € K, there is a one to one correspondence between Z}(C/D, K3, and Z},(c/D, K,;\(C)).

By classifing the set {n € 21(C,H; D, u) | n 8k A} by =, we have the following propoition.
Proposition 2.9 Take any A\ € Z2'(C, H; D, 1) and fiz. For a subgroup K of Cy(ji(D)),

#{n€ Z'(C,H; D,p) |n %k A} = (K : K3,)) - |Z3(C/D, K5))l.

3 Proof of Main Theorem

Here we sketch the outline of the proof of Main Theorem. First we introduce Conjecture II, and
show that Conjectures C and II are equivalent and Conjectures II and I are equivalent.

Conjecture II: Let C be an abelian p-group and H a finite group such that C acts on H.
Then
|ZY(C,H)| =0 mod ged (|C), |H]) -

Step 1 Conjecture C and 11 are equivalent.

PROOF: We prove that if Conjecture II is true, then so is Conjecture C. We asuume that
Conjecture II is true. If the statement

|Z'(C,H; D,ps) =0  mod ged (|C/C' DI, |CH(&(D)))) ,

holds for any prime p, then Conjecture C holds. Let E be a subgroup of C such that C'D <
E<Cand (C:E)=(C:C'D),. Cu(i(D)) acts on Z'(E, H; D, u) by conjugation, i.e.

CH(H(D))XZI(EaHvDa#) — ZI(E,H;D,#)
(hym) — (*n:er h-n(e)-°h7t).
Thus
|Z2(C,H; D,p)| = > 12YC,H;E,n)|

n€ZY(E,H;D,u)

= Z (CulB(D)) : Ccﬂ(ﬁ(p))(ﬁ(E))) -|2*(C, H; E, 9)]
ﬂGZ‘(E.H;D.u)/'"cH(;(D))
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Here F is a normal subgroup of C and C/E is an abelian p-group, so we have that
(Cu(iD)) : Coy oy E)) - 12 (C, H; E, )|

0 mod (CH(ED)) : Cg,y oy F(E)) - ged (IC/ Bl ICGHEN))
0 mod ged (|C/C' Dy, [C (DY) -

Step 2 Conjecture II and I are equivalent.

PROOF: We asuume that Conjecture I is true. Let K be a Sylow p-subgroup of H. We classify
Z'(C, H) by &, and each equivalence class satisfies that

#{n€ Z'(C,H) | n Rk A} = (K : K5,)  |1Z3(C, K5 o))l

Here K:\'(C) is a p-group, so we have that

#{ne Z'(C,H) | n Nk A}

0 mod (K : K:\'(C)) - ged (|C|: IK'X(C) I)
0 mod ged (|C1, | K|)

0 mod ged {|C|, |H|,)
0 mod ged (|C], |H)) -

Hence we have that
[Z'(C,H)|=0  mod ged(|C[, |H]).

4 Some applicatins

Hall’s Theorem([4]): Let H be a finite group and L a subgroup of H. For any y,z € H and
e natural number n,

#{reLyL |2" =2z} =0 mod ged(n, [CL(2)|)-

PROOF: Let LyL = |J; Cr(2)y:CL(z) be a double coset decomposition, and we set X = {z €
LyL | 2™ = 2} and &; := {z € Cr(2)y1:Cr(2) | " = z}. Then X = |J; A;, and we show that
each |X;| is congruent to 0 mod ged(n, |CL(2)]).

Let m be the order of 2. Let C = (¢} be a cyclic group of order mn, D = {c") be a subgroup
of order m and g € Hom{D, H) such that u(c*)} = z. Here note that Cr(u(D)) = Cr(z) and we
set K := Cr(u(D)).

We assume that [X;| # 0, and take any z € X;. There exists A € H(C, H; D, 1) such taht
A(c) = z. Then the sets X; and YV := {n € H(C,H; D, ) | n(c) € K\(c)K} are bijective. Here
note that KA(c)K = Ky;K. Then

Y= U {n€H(CHDuy|n&x\}
/\iGJ’/%K
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and
#{’7 € H(C,H;D,u) | n %k A} =(K: KS",(C)) . |Z§i(C/D, Kx:.(c))l
= 0 mod(K: K)T.-(C)) - ged(|C/ D), |KS}(C)|) '
= 0 modged(|C/D|,|K])

So we have that
Xl =¥|=0 mod ged(m, [CL(2)]).

Brauer's Lemma([3]): Let G be a group. Let H be a normal subgroup of finite order n. For
anyz € G and y € H, =" and (yz)" are conjugate in H.

PROOF: We fixx € G and y € H. Let C = {c) be a free cyclic group and D = {c*) the subgroup
of index n. We define an action of C on H by °h := zhz~! for k € H. Because C is a free cyclic
group |ZY(C, H)| = |H].

1Z'(C, H)|

Y. |1Z2YC.H;D,p)
n€ZY(D,H)

= ¥ (H:Cu(i(D))12%(C,H;D,p)|
n€ZY(D,H)/~n
2 (H : CH(D)) ° |ZI(C)H;D70D)| # 0.
where Op is a zero map from D to H. Because by Proposition 2.3 and C/D is cyclic, we have

that
(H : Cy(D))-|2'(C,H;D,0p)| =0 mod ged(|C/D|,|H|)

So we have that
|Z)(C, H)| = (H : Cy(D)) -|12*(C, H; D,0p)| = |H|

For any crossed homomorphism in Z(C, H), whose restriction to D is conjugate to 0p. We
define
A:C - H
c =y

then A € Z'(C, H), and there exists some h € H such that A(c") = "0p(c*). Hence we have
A(c®)c™ = P0p(c™)c™, and so (A(c)c)” = h¢h~! in HC. We define

p: HC - G
y¢¢ = yzt

then ¢ is a group homomorphism. Consider the image of ¢ we have that (y2)* = hz"h~! in G.
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Eigenvalues and elementary divisors of Cartan matrices
of cyclic blocks and tame blocks

RRBIARZE ITEE MHEEAFE (Tomoyuki Wada)

1 Introduction

G 2FB#, F 288 p> 0 OREWEAkL L, B % FG O block TZ®D defect
group % D, hiflt® |D| = p? £ §5. I =1(B) % B IC&Eh 3B Brauer (modular)
EROBBLT5. BOANVY 35 Cp = (¢i;) &1, I x I 71T, HEES ¢;; &
B BT 588 FG- g S; » i /BED projective indecomposable FG— g F;
DOPICHBREFE LTRh2BE#HEE2RT. p(B) % Cp D Frobenius-Perron EH 1
(ie. BREIAEME) £33. R=Rp % Cp DEAEOLZE AR E=Eg 2Cg DO
(2-) BRFO2L4:0RELTS. HNVF THIOEANM, £ <IC Frobenius-Perron
BIFE{H p(B) OMH R EF > TRARTEE. p(B) BEDX IR SKBHICRS
PEEXIZL, BEAFLOBRIRANTL 3. [KW] © [KMW] TidW L 2»0B4&
W p(B) DEEMIOBHEOBEMEEXELTWT, ChiZ—ROBTHRDL I
DOTRBRVWDPEBDN:. ELTSICAURNRBOINVS L ITHIOBREEEET
3L,Cp DEIEEOHZIHAREL Cp DPHEFOHHBAELARZOMICS <
WD DL DTCRBRVWDILBDIS., CCTRIOFLWTFEREZMR, EhDI<50D
& ZD cyclic block £ tame block THEROIDZ LEBE L.

2 Questions and facts

p(B) iX—BITITEI L IR S V. 7 p(B) & |D| ORMERS —BCEE B S
BAE VLIRS B, T LBBEIC 2 3 ORSHRERD S 3 &> IcBbh3s. —F
HEFROVWTIRECABATV S, BAOBEFIS &5 ¥ D] c—& LT, Lo
REEENLDEICNER p DRETHS. [KW], [KMW] THZRD & 5% Question
BBk

Q1(KMW). p(B) € Z = p(B) =|D|?
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Q2(KMW). p(B)=|D|=> R=E?

Ql, Q2 KOWTIRDBAICIXE LW LHEHIPH LN TNS.
Fact 1{(KW, KMW). If D is a2 normal subgroup of G, then p(B) = [D| and R=E.
Fact 2(KW, KMW). If D is cyclic, then Q1 and Q2 are true.

Fact 3(KW, KMW). If B is tame (i.e. p = 2,D =~ dihedral, semidihedral or
generalized quaternion), then Q1 and Q2 are true.

Fact 2,3 TIE HICH#< p(B) € Z 2 56iE B £ D Brauer EF b & Morita [
fECR%. L LhiZ—MRICIERD stz AIRBTCREADPH 3.

Fact 4(KMW). If G is p-solvable, then Q2 is true. If G is p-solvable and ! = 2,
then Q1 is true.

G ¥ psolvable D & FiX Q1 X FZMIFAIhTVWRN. FRBBBRYTANS ~
TADASNTNT, I BMINLEZERLEBRSDOET S QL, Q2 RIELW&
>TH5. ' ‘

3 Conjectures

[KW] 28W:I 3 Q1 KEL T, X T TIRERBED I-DTIREVWIELTE
LTW53.

Conjecture(Kiyota). |D|| N(p(B)), where N(p(B)) is the norm of p(B) (i.e. the
product of all algebraic conjugates of p(B)).

HLTOFM (K) BELWRS, QUIRELL. ¥5LThENS 2, [KW] k&b
—RIC, Cp OBAME p IIRBBHE LT |D| 283 (ie. HHREOEBY I\ H
HoTCp-A=|D| 2HET). THL, L p(B) »8¥RSIE, N(p(B)) =p(B) T
LOERED p(B) | |D|. £ TFE (K) BELWRSIE, #1 |D| | p(B) L#>T
p(B) = |D|.

WANWLRHIEARZ LISITHBVWROIEHEZXDZDTRRVWDLEDNZ LD
ok, Thik Cp DEFHELBETFLORMIC, & D explicit RBERMFEET ST
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EEEBLTNS,

Let fp(z) be the characteristic polynomial of Cg. Let fg = f1: fo+-- f be a Z-
irreducible decomposition of fg(z). Let R; := {pi1,***,pin;}, 1 <1 < r be the set of

all roots of f;(z). So we denote and write as R = {p11,* -, P1n; ; 211 1 P2n2 } *** 3
ng

Prise*, Prn.}. Then for each i, N(p;;) = H pir = | £i(0)] for any j =1,2,---n;.
k=1

Conjecture. There is a decomposition E = E; U --- U E; such that the following
three conditions are satisfied.
(i) |Ril=|Ei]for 1<i<r.

(ii) Let E; = {ei1,- -, €in;}, then H eir = N(pi;)-
k=1
(iii) Let p(B) € Ry. Then |D| € E;. In particular, |D| | N(p(B)).

E1 (i) BELTNE, & LEHELSBER ST, ZRZBRTE—KT 5. (i) 2
ELWET 3L, p(B) DEEARSIE p(B) = |D| TH3.

T2 RBERLELZER, p(B) € By 26, degfi >degf; for all ¢ HAED AL DD T
RWHEERLE dLShBWIhIZ, Q2 PNWXBDT. LPLEDHRIDERIK
BRADGHDILHHBALE. ZhiX, G =SL(2,32) & S2(32),p=2,B : principal
block DIBET, W'hd I =31 T fp(z) = fi(2)- (f2(2))? L&%. CTTdegfi =7
Ehdegfr=12 L72> T3,

11 G=Ss,p=3,B:principal,|D| =9

4 2112
2 42 21
Ce=|12 41 2|, fa(z)= (21322 +29z - 9)(z — 3)%, N(p(B)) =9
12132
212 24

R = {p(B) = p11,p12, 13; 3; 3}
E={9,1,1;3;3})
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4 cyclic block with I <5

Z TCIX cyclic defect group D 2% block B Tl =1(B) <5 D& FICFEHIE
DIADTLOWMBEETT. FIBE—MD cyclic block ICDWTIHABATH LIFEL L,
I <5 DBPEEP>THSDLTARMBULDSI=TTN.

B % cyclic defect group D %42 G O block £ U, T(B) % B @ Brauer tree
&E3%. m>1% T(B) O exceptional vertex ® multiplicity £ $3. I ={(B) i&
T(B) DBDOFYTHD. COLE Im+1=|D|, I|p-1, £/ Cpg DREFIX |D|
EENDAZITART 1 (LAED>T detCp = |D|) THZZEHASHhTWNS.

Theorem 1. Let B be a cyclic block of FG. IfI(B) < 5, then Congjecture is true.
Furthermore, if p(B) € Ry, then degfy > degf; for all 1 < i < r under the above
notation. -

Sketch of proof. I=1 DL EFIALY. =2 DL EFiX Fact 2 KDBEAS . Lizdio
Til=3,4,5 DL EEIPDODNEEW. Flp=21bFI=1&LDpidodd &L
T&W. RiIBEMEY 7 b MAPLE CTEHHET 3 &, parameter 2 1 HSATVWTD
BHELSHAPEFHOHEEZ LT h3 (BEAFOHFIL T hiznd) . BHE%
EXORFORHEIC P PRAHH 2 DD, BEFH |D| & 1 OHLAP>TVS
DT, ChZEALTLEAEEHIIMS. LALENTIIHZ hICHREUDHEN.
PRYORECLFTHE T IC LiT Uk BEXAFHIRDLSICTS. BB
ERERKOBELTY I TADTRRICELD LT ADBKEN,

(1) Z-BEXEREZANTHETH Cp - 2] ZEREL, TEHET IATHICEVWEIC
LT fp(z) 2HEL, #BLT, BRFLOBRHRS.
(1) BEAF fi(z) PEBIC Z-BHRTH B L 2EMAT .

CIT Z-HAEHLIL, (2) 200, FIOANER, (b) H5F, NE 2-5HERA
fEUTROF, FUCIZ 3, () B3, 5% £1 {573 0 SEEOEREVD. SO
ERTIELALOBE, SATNICECRRTESN, EHRBALHY, TOLHR
() HBF, 5% 0 TRV 25T 3, T LERBOFEL LTHT. RELIOLE
XBEFIER L TOROPY S T 3.

7" Brauer tree D% exceptional vertex DNUEZZFHTHRT 3. (1)I=3D

EELBYDOBPE, (2 I=4DLEBHVDBE, 3)I=50LE2 0:EHDBPEH
H5.
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Pl LT (3.24) DL EXRDH>THS. Brauer tree i, o—:z—o—o<

(m+1 m 000
m m+1 100
T, COLEANYUTRIECe=| 0 1 211 &5,
0 0 1 21
\ 0 0 112
(a+m-1 m 0 0 0
m a+m-11 0 0
(I) Cg—zI=1]0 1 al l], a=2-=z.
0 0 1l ol
\ 0 0 l1 1 &

FE1TS Cp — 2] %2 Z BEELCROFEICETERTE 3.

(1000 0

0100 0

0010 0

000 a+m-—1 m(a—1)

\0 0 0 —(a—1)*(a+2) 1-a)l-c®+4a-2)
CCTS51THZ m &L, Z BEERE2RITS &,
(1000 0

0100 0

0010 0

000 ma-1) a+m-1

\0 000 —gs(a)

&2 b, BBICWIID determinant Z m THIB & fp(z) = gp(z)(z—1),98(z) =
- (2m+7)2+ (12m+ 14)z? — (1Tm + 9z + (5m + 1) %18 53. FEEH
POPITERRTAD ¢ i 0 ZRATHIE, HRFO—RMED S (Z)-BHEF
2H185.

(II) gs(z) D Z BE#ME
(1) 1XAEEFCHERNCEE, B L gplz) D A=p ERCHDELT
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()i>0DLE ... fz(r') =0 DR p DHEKERZ LSS,
(i) i=0 DL E gg(l) =0 PEFFEHHS.

2) 28R x 2RARCRERNT LiE, b LART S L LTRMDOBIRNSF
BRMT.

& fe(z) ={z'-(2m+7)z*+ (12m+14)z? - (17Tm+9)z + (5m+ 1)} (z—1).
R = {p(B) = P11 P12 P13y P14; 1}1 N(p(B)) = |D|
E={|D|,1,1,1;1}.

RBIOBRTES LY, () BEEpeZ=p=p' for1 <i<d, (i) =

DL &i=d=>R=F (Fact 2), #>TCZDL EXKIC 1 ZAFHEICH=RL
5T, (iil) | = 5(odd) => m =even RETH 3.

| B—RERBEDBERE LT

(1) Brauer tree %8 va

{2 1 oo «ov ... 1 \
1 2 1
o cp=| Lnms. THE
1 2 1
\l ......... 1 m+1}
(a1 v -0 - 1 \
1l o 1
Co—al=|' = " L0 heT s
1 a 1
'\ SEETTERTR 1 a+m-1)

2 J:
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[1 0
0 l~«

l—a

l—-a
0 1—a
\0 *

&b

(1 0
0 1-a
P l-a
! l-a
0 *
\0 1-a

&5 3ATIIERS.

l—a -
l-a -

l-a O 0
l—-a m—1
* 0 (1—a)(a+l—1)—(m—1)(a+l—2)J

0 )

- l—a 0 0

* (l-a)a+l-1)-(m—-1)(a+i-2) O
m—1 l-a

LEHST fala) = (1—a)*(l -a)a+i-1)—(m—1)a+{-2)} &b

fa()=(z -1z —(m+i+1)z+(ml+1)} 2ZH5.

Lemma. Ifm > 1, then gg(z) = 22— (m+1+1)z+ (mi+1) is Z-irreducible.
Then in this case, the set of eigenvalues of Cg = {p(B) = p1,p2; 1; ... ; 1}
and the set of elementary divisors = {|D|,1; 1; ... ; 1}.

Proof. Let m > 1. Suppose gg(z) is reducible. Then gg(z) decomposes into
two factors of degree one. Therefore p(B) must be an integer, and so another
root of gp(z) must be 1. Then gp(z) = (z —1)(z — (ml +1)) = 22 — (ml +
2)z + (mi+1). Hence, ml + 2 =+ m + 1. This implies ({ —1)(m — 1) = 0.
This contradicts ! > 1 and m > 1.

fm=1,gp(x) =22~ @'+ 1z +p° = (z-1)(z — p?). In this case,
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fo(z)=(z = 1)"""(z - p%).

(2) Brauer tree % %o

DLEW fp(z)=(z - 1)z ~p%) LY R=E TH3 [K-M-W].

E3 [(B) =6 DX & Brauer tree DEBIL 53 B L2 b, FTHRLDHZOD
EEZ TR,

5 Tame blocks

Theorem 2 Let B be a tame block of FG with defect group D of order 2™ (i.e.
p = 2 and D is isomorphic to dihedral, generalized quaternion or semidihedral).
Then Conjecture is true. Furthermore, if p(B) € Ry, then degf, > degf; for
all1 < i <r under the notation of §4. |

Skect of proof. tame DL &EiX I=1[(B)=1,2,3 LR3D, Fact3 Kb I=3
DL ZIWHIPHNIE L. F/z Erdmann [E] ICX D RD 1 2 OBFEICHEDID
hiZdwn.

(i) D : dihedral ®& & D(3A),, D(3B), D(3K)
(ii) D : generalized quaternion D & & Q(3A),,Q(3B),Q(3K)
(iii) D: semidihedral D& & SD(3A),, SD(3B),,S(3B),, SD(3C),,SD(3D),SD(3H)

WTN D parameter # 1 HS T, SRITARDOCHEFOHEIETH 5.
cyclic block £BWEETIC 2 BRI 2BEHHS. f5(z) OEFD Z-BBE
DAY, cyclic DFELRKTHS. WL 2R IZTHR~RS.

21 1
Example. D3K) Cz=|1 ¢+1 ¢ , where ¢ =2""2> 1.
l ¢ c+1
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[8(z) = 28 — (2¢ + 4)2? + (6c + 3)z — 4¢c = (22 — (2¢ + 3)z + 4¢)(z — 1),
N(p(B)) = |D.

(a) Ifc=1, then fp(z) = (z —4)(z — 1)
R=FE={|D|;1;1}.

(b) If ¢ > 1, then gg(z) = z*—(2¢c+3)z+4c is Z-irreducible, and N(pg) = |D|.
R = {pB = p1,p2; 1}, where p;s are algebraically conjugate for 1 <7 < 2.
E ={|D|,1;1}.

4k 2k 2k
Example. SD(34);, Cp=| 2k k+1 k , where k = 2"~2,n > 4.
2k k k+2

[B(z) = 28 ~ (6k + 3)z2 + (15k + 2)z — 8k.

fB(z) is Z-irreducible, and N(pg) = 2|D|.

R = {pB = p1,p2, p3}, where p;s are algebraically conjugate for 1 <i < 3.
E = {|D|,2,1}.

8 4 4
Example. Q(3B) Ce=| 4 s+2 2 |, wheres =2""2>2,
4 2 4

[e(z) = 2® = (s + 14)z? + (125 + 20)z — 16s.

(a) If s =2, then fp(z) = (2% — 14z + 16)(z — 2)

R = {pB = p1,p2; 2}, where p;s are algebraically conjugate for 1 < i < 2 and
N(ps) =2|D|.

E ={|D|,2;2}.

(b) If s > 2, then fy(z) is Z-irreducible.

R = {pB = p1,p2, p3}, where p;s are algebraically conjugate for 1 <: < 3 and
N(pg) = 4|D|.

E = {|D|,2,2}.
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Crossed Burnside rings for some families of subgroups of a finite group

/NA 4= (Fumihito Oda)
BUIRHSEMZR—RNE

1 RUBHIC

ARBORJABICBYIRL4BEEEEZABROIIIRTILOOHMRELTHRENN
Mackey functor ([Bo87], [We00]) 1%, €DH 24 5 #EEE 115 Mackey algebra [TW95] D LD
MEBEELBBTIEMNTESD. Mackey algebra ORLOBBRICB I OEATH > & HEAMALT]
MR T 5 Burnside ring [Bo00] & Yoshida Iz &k D A Z f1/k crossed Burnside ring [0Y01] A¢
$%. Boucid p RFBR LD crossed Burnside ring DX ESTARERE, ISITFhEBAL,
Mackey algebra D LD EFTAR EH N [Bo0l]. A7 Bouc DHFEFIOAEN 5B T
EEDETTRDIZHED SN, HHREEJZETHRLBOENSHBEZ NS crossed Burnside ring
12889 % Yoshida & D#FARDAY DIZBT2BETHS. Yosida IZ&k S generalized Burnside
ring DEE [Yos0] MBI > T 5.

2 Crossed Burnside rings

(2.1) Category (G, X)-xset/S. HRRE G DRABOK X I{H [H e X = 9H € X for
any g € G) EWAETHOLT S, E/A RS, UTOREE2ZET G OEANEETIEE
G-monoid &IEE:

Gx8— 8;(g,8)— s,
Shg=9(hg) 1s=3;9(st) =95-9,91=1 fors,teS,g,heq.

EETRSICHAREEERETS. CHSRIROERT G-monoid 12725, ThEHICGT
7. ARGEE X R G-map | : X — S;z+— ||z]|. WHFET DL X crossed G-set (over
S) LR, ||-|| % weight function EFRER. s € SIEXHL X[s] = (s € X|||z]| = s} % crossed
G-set X @ s-component EMEER. ge G & s € SITHL gX[s) = X[9s] MEDIUD. HiZse §
O stabilizer G, 1 X[s] IC¥EAT 5. 5T crossed G-set X |2 GREL LT S-KEfTEDH
BX =[[sX|s]icfEENS. Crossed G-HRE X, &z € X ITHL TRENLNH G, M
TRTXIIEENS L& crossed (G X)-RELER. ZD0 crossed (G, X)-£2 X, Y DM
DGC-ERFf: X - Y B weight BRDEE, Ti2b5 ||f(z)]| = |zl for all z € X Ziii
& &, crossed (G, X)-map EEE. X 55 Y AD crossed G-maps £ % XMapg x(X,Y)
TET. HE crossed (G, X)-#8E & crossed G-maps LAEDEE (G, X)-xset/S TEHT. S LD
crossed (G, X)-$£8 X, Y O tensor product RIELLTREMX @Y = X x Y, weight
function % g(z,y) = (92,99} Iz, p)l = llzll - llvll (9 € G.z € X,y € V) LLTREEZH
5. —RRIZ X @Y K crossed (G, X)-set 12125 L1357z, X A intersection IZBAL THALU T
W3EZS5IEX QY i crossed (G, X)-set 1235, M (G, X)-xset/S D disojoint union IZMT 3
Grothendieck group % XQ(G, X,S) THY. BA#H H < G TSICBWT S H D centralizer
Cs(H):={se S|hs=s Yhe H} &, WH := Ng(H)/H * monoid DECFR& & L THEAT
% S @ submonoid TH 5. WA H € X IZ& S transitive G-RE G/ H & weight function %
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lgHll = %s,(s € Cs(H)) EEDHD T &L D, crossed (G, X)-set 1272205, THE transitive
crossed (G, X)-set &MU (G/H), &ET. TXTD crossed (G, X)-sets it transitive crossed
(G, X)-sets DEFz—BRITHEEI NS ((OY0L] (2.13) DT, XQ(C, X, S) KDL S free
Z-besis 2HD: ((G/D)|D € C(X), s € [Cs(D)lc}. XSG, X,S) #f crossed Burnside ring
XQ(G,S) DRI D DOLEFREIL X Mintersection IOV THAL TV T Ge X A
BROMDILETHS.

(2.2) EXAMPLE. G = S3 = (t = (1,2), s = (1,2,3)), X = {1, C := {t), (st), (s*t)} &TB&
E Y AT D transitive crossed (G, X)-sets IZEIBEEABLL T (G/1)y, (G/1):, (G/1)s, (G/C)1,
(G/C), TH 3. o

(2.8) Crossed ghost rings. Monoid S @ semigroup algebra Z[$] 3 G-basis $ @ permutation
G-module TH3. Z[Cs(H)] it S Ohiis Z[S| ® WH OHEAEEOBARTH 3. G REMOR
Z(G, X) = [Iyex ZICs(H)] KROBATRAME L TENS

€9 = ( E ﬁ(gy,ss)s) for £= ( Z {(H,s)s) and g€G
s€Cg(H) H s€Cs(H) H

IZEDERT 5. 2(G,X) O G-EEREHN 52 5FFRE crossed ghost ring with respect

to X &IF, X{Y(G,X,S) THYT. UTOZRMED LD,

G
X3(G,X,8) = (H Z[CS(H)]) x ] zlcsE¥™.
Hex (H)eC(X) .
(2.4) EXAMPLE. (2.2) Db & Ti=s+s"l, i =t+st+s%t LB EE, XQ(G,X,5) D%
EBRUTOLSIZIES:
P

CcP

NP
dimK[CP|WP

basis 1,

s w Q-
o Q QIO

8|1t

(2.5) Burnside homomorphisms. AH H e XY i L T oy %
on  XUG X, 8) — ZCs(HNWH :z— D Nl = 3 1XIsl)s
zeXH 8€Cs(H)
TEDHS. & 5iZ Burnside homomorphism with respect to X %

¢ X(G, X, 8) — X§(G,X,85) : [X]— (ea( X))
TEDS.

(2.6) EXAMPLE. (2.4) ®% & T Burnside homomorphism with respect to X {2&% XQ(G, X, S)
DEEEORETARRTDELTOLIICAS.

(G/P)s |1 t
(G/1h
(G/1):
(G/1),
(G/Ch
(G/C)

— OO N O o)

o ~|lo o o)

O O|lw © O

o wjo o o
- oo O O
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(2.7) Condition (C),. X¥%p&¥T5. AP He XIIHLE=nN{KeX|HC K} LED
5. bLHEBUK e ANEELEWE IR T =G &35, & (C), BADL D ILEDB:

(C)p 9H € (WH),)p, s € Cs(H), He X = (g)H € X.

REL, (WH)s)p 1 (WH), @ Sylow p-subgroup £ 5%, Zy,) = {e/ble€ Z,b€ Z-pZ} C Q
EBLE,

XQ(G, X, 8)y) = ) ®z XAG, X, 5), XT(G, X, ), = Zp) ®2 XG, X, 5).
&8<.
(2.8) Lemma. Let z € XQ(G, X, S) and H < G such that H € X. Then z(H) = z(H).
(2.9) Cauchy-Frobenius homomorphisms. Obstruction groups with respect to X %

XObs(G, X, 8)gy = [ [ (@/|(WH),52)
[H.9)

TiEH 5. ¥ 5K Cauchy-Frobenius homomorphism %

vE . xfGx8)  —  Z/(WH)2Z
: ( > s(H,t)t) — ) &(mH,s)
teCg(H) () nHe((WH)s)p

DEDIZEDS. T5& CFB-map with respect to X XD I IcfHshs:
¥P = (y¥)) : XQ(G, X, 5) — XObs(G, X, 5),).

(2.10) Theorem (Fundamental theorem). Let p be a prime. Then under the condition
(C)p, the following sequence of abelian groups is ezact:

0 — X9(G, X, ), £ XEUG, X, 5)(5) L XObs(G, X, S}y — O.

PROOF. Note that the free abelian groups XQ(G, X, S) and X}(G, X, S) have a same rank
by 2.3. By the definition of the crossed ghost ring with respect to X' there is an isomorphism of
abelian groups:

f: XxGxs — ][]z
(H.]

: (Z f(H: 3)3) — (&(Hv s))[".s]
] H
By [0Y01] Lemma 2.13 (4), the [H, s]-component of fop([X]) is equal to
1X[s17] = t{z € X7 | lzll = s} = |XMapg x((G/H)s, X)|.
Thus the linear map f o is presented by the matrix

M:= (|XMapc.x((G/H),, (G/K)l)l)(y._,]'[K.‘] (2.10.1)
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indexed by isomorphism classes of transitive crossed (G, X-sets. Since
XMapg v((G/H)s, (G/K)) #0 = HC9K (3geG) (2.10.2)

by [OY01] Lemma 2.13 (5), the matrix M is an upper triangular matrix with diagonal con-
stituents |(W H),|’s after arranging [H, s]'s by the order of H’s. Thus the Burnside homomor-
phisms ©®) is injective and

Coker(p®)) 2 XQbs(G, X, S). (2.10.3)

Note that 1 is surjective because the matrix corresponding to 1 is conjugate to a triangular
matrix. Thus by the universality of the cokernels, we know that it remains only to show that

PP o P = 0. (2.10.4)
Let X € XXG, X, S). Then for any K € X, s € Cs(K) and gK € ((WK);)p,
X((9)K) = X ({9)K) (2.10.5)

by the condition (C), and Lemma (2.8). For a crossed G-set X, the H-component of p(X) is
given by

en(X)=3 llzli= Y 1XIs]¥ls,

reXH s€Cs(H)

where X[s]/ := {z € X¥ | ||z|| = s} as before. Thus

Wep?(X) = T (XYM H,s) mod (WH),p
nHe(WH,)p
= 3" X((m)H,s) mod |[(WH),l,
nHe(WH,),
= Y X((n)H,s) mod |(WH)slp
nHe(WH,),
= Y X[ mod [(WH)l.
nHe(WH,)p

Applying the Cauchy-Frobenius lemma to the W H-set X[s], we have

¥ g P(X) = (WH)p- (WH))\X[s)]
0  mod|(WH)lp,

proving (2.10.4). The theorem is proved. a

(2.11) Corollary. Let K be a commutative ring in which |G| - 1x is invertible. Then

K®z X2(G,x,8) = [ KCs(H)"X.
(H)eC(X)

In particular, XSG, X, S) is commutative if and only if Z|[Cs(H)|"H is commutative for any
HeX.
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(2.12) Theorem. Under the condition (C)p, XUG, X, S)(;) has a unique ring structure such
that the Burnside homomorphism ¢} is a ring homomorphism.

PROOF. In order to prove that the existence of a ring structure on XQ}(G, X, §),), it will suffice
to show that Imy®) is a subring of X{}(G, X, S), because P is injective. Set z = [X], y = [Y],
where X and Y are (G, X)-sets. Then by Lemma (2.8) for any subgroup H of G with H € X,

ele)H) =z )= Y |X[s]"]s.

3€Cs(H)

Thus

¥v3,(0P(2) - oP W)
Y (@P(2) P ) (9)H, 9)

gHe((WH).)p

Y,  P@H - P @E)

gHE((WH).)p

> z((9)H) - y((9)H)
gHe((WH),)p

E [XOH| . |y H)
gHEe((WH),)p

Y (X x YY)
gHeE((WH),),
0 mod [(WH),p.

The last congruence follows from the Cauchy-Frobenius lemma. This proves that (z) - ¢(y)
belongs to Kery®) = Im¢®), that is, the image of ¢ is closed under multiplication.

Next in order to prove the existence of an identity element, it will suffice to show that the
identity element 1 of X{}(G, X, S) belongs to the image of ). But

tbg‘)_,(l)}l = Z 1=0mod |(WH),|p,
gHE((WH),),

and so by the fundamental theorem, we conclude that the edentity element 1 of X ﬁ(G‘,X ,S)
is contained in Im ¢® = Ker ¢P). Thus XQ(G, X, S) has an identity element and ©‘?) maps
the identity element to 1. ]

(2.18) Definition. Let R be a commutative ring. The R-module R ®z X(G, &, S) is called
a crossed Burnside ring with respect to X provided it has a ring structure with identity
element such that the Burnside homomorphism

1®¢:R® XQ(G, X, S) — R® XSG, X,5)

is an injective ring homomorphism.

SEXE

[Bo97] S. Bouc, Green functors and G-sets, Lecture Notes in Mathematics, vol. 1671, Springer,
1997.

—160—



[Bo00] S. Bouc, Burnside rings, In Handbook of Algebra, Vol. 2, Elsevier Science B.V. (2000),
439-804.

[Bo01] S. Bouc, The p-blocks of the Mackey algebra, preprint 2001.

[OYO01] F. OpA AND T. YOSsHIDA, Crossed Burnside Rings I. The Fundamental Theorem, J.
Algebra 236, 29-79.

[TW95] J. THEVENAZ AND P. WEBB, The structure of Mackey functors, Trans. Amer. Math.
so0c. 347 (6) (1995), 1865-1961.

[We00] P. WEBB, A guide to Mackey functor, In Handbook of Algebra Vol. 2, Elsevier Science
B.V. (2000), 805-836.

[Yo90] T. YosHiDA, The generalized Burnside ring of a finite group, Hokkaido Math. J. 19
(1990), 509-574.

—161—



-




