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ZhuREDOPEMENLHEINS
BERIEARAREOMEEIZDOWT

FE I 5A — B
PR K FE R R E Y EN FE R

1 B &R

TRRERRABICH UT Zhu RELFFIZN 2B EREVEHE IS,
Zhu REDOEMBED GTRREABREOMBERMETE HZ LHBAGH
T35, Zhu REBEOEMBE» BRSNS THAERFBREDONED
METHE L THRE B OTHRET 3,

EVTTHAREAEREOERLBA T2,

EE 1. (VY 1,w) BBEREARRETH S LITKRBEY SLORFHIW

(1) V =@2,V, X C LORESTE I bALER], HEHFKRZERMV, XHR
R, veV, D, nExvD VA P&V wty TERT,

(2) 2 EEEELTY(,2) 1TV 55 (EndcV) [z, 27| ~DFER, veV
IRXLTY(v,2) = 3, cavnz™™ ! ERTRT D (v € (EndcV))e

3)leV Twel, Tha,

(4) EBD u,v e VIZR LT, uvv=0(n>0).

(6) Y(1,2) =idy. a_11 =@, a,1 =0 (n > 0).

(6) % cy BIFELTY 4 7 YV afREDBFRX
W1, Wns1] = (M = N)wmipns1 + B2 mpnocy BALY LD,

(T ve Vit L Tuwv = no.

B)ve VAL TY (wov,z) = £Y(v,2).

(9) (Borcherds %) u,v e V, ,m,n € ZIZHLT

m
Z ( )(UH.,'U m+n—: = Z ( ) Um1-iUn+i + (—1)l+lvn+l—ium+i)'

=0



RICEHRMEARREOMEOERE T 5,

B 2. VEEHAMERFAREETS, (M,Y) B VIIEETHD LITRA
Y SEDBEIZVY S

(1) z #EHE LTY(,2) 3V 5 (EndeM)|[2,27))| ~DER, veV
ICHLTY(v,2) =3, eczt2 " ERTT D,

Q) EBEDPue Vive MIZX LT, uw=0(n>0).

(3) Y(L,2) = idp.

(4) (Borcherds fE%) v,v e V,,m,n e ZIZXH LT

i(?)(umv)mﬂ_i = i(—l)i(i)(um+, Onai + (= 1) it gi) -

=0 i=0
N:={0,1,2,...} &£T 3,

% 3. VERRAFARREL TS M,Y)BHVIINELT D, (MY)
7 N-graded 38 V B TH B LIXKRM D SLOBFIZWV S

(1) M IiIXEEIZ X 2REST M = @,2M (n) 28D,

Q) EEDERTueV &nme ZITHLTuM(n) C M(n + wtu —
m—1) &5,

(3) M(n) =0 (n < 0).

M = @nezM(n) 7 N-graded BV IMETH B0, FEEDacZITHLT
Mn] := M(n 4 a) EBVWTH LWOKREMNT M = @uezMn] £ X TH
EROKERIMENDG, LB oTES#%, ETRV Ngraded 35 V 1D
BEM = QuezM(n) IKHLTIEM(0) #0,M(n) =0 (n <0) &2>TW
L7 3,

VERAERFERE. MEBVIEEL TS, ve V,ie ZIZHLTHLW
LE 0i(V) = Vaty-1-i EED D, M = @2, M(n) # N-graded 55 V IIBF T
3 BEBITIE 0:(v)M(n) C M(i+n) & BoTWTIREOE BRLTVE
ETHD, Flene ZIZHLTQ, (M) := {ue M| o;(u)w=10,"F < —n}
L3<, M Ngraded THABAITIE M = @2 M) LB L %IT
M(n) C Qu(M) £ 725 T3,

RIZZhn REDEREBNAT 5, 2] KBWT, EHRAIEARARKOR L
NI LTHRRBEINTWEE Y 2 F—REHICH -2 MERE 2 6
Ni=DTHEN, £ CTHAINE Zhu T+ ORI KM 2 1& %



R L, TOBBRTHAEARREORBR L Zhu REORR L ITH
BERARRLIERRINE, AXEEAERRFEREOBEHMEET Zhu
R DBEAIMBE L —t—ITH/IE L TWB Z TR E i, Zhu fAut®
D (1] TR S NWBEOBEER GO TWD, T TEOHEAERARNK
BOERBL ZhREORBLOBBROLERZ LAETERNT S,

(V,Y,1,w) 2 EAERARRKL T2, ERTueV,veV,n=0,1,...
iz LT

n

—n — wtu-n
Uk, U = Z( ni 1)Res,}’(u,z)'u(—l——Jr—‘E)———,

» zntitl
=0

(1 + z)wtu-i-n

uo, v := Res,Y(u,z)v o)

EEHTD, TZTRes, f(2) X f(2) 22 LTe—F REICEMAL
TelED 27 OERBEFRABMIEER L TWB, 0,(V) = Spanc{uonv, (w1 +
wolu |w,v eV} &BL, £ 0_(V) =V LB,

Zhu & Dong-Li-Mason X %R L7z

BXE 1. ([2,)1])

(1) On(V) 2 Opa(V) (n=0,1,...)

(2) On(V) IX (V, %,) OFUA T T 1V,

(3) Ap(V) 1= V/O,(V) £BL &, (An(V), %) 1T 1 X BURICK SRS
RET2 D, A(V) 2B R Zhu fRE&EW I,

(4) B8 App1(V) = An(V) (w4 Ongi(V) = u+ O.(V)) RCHREEL
TOHERBER LB,

(5) W = @2 ,W(n) % N-graded 53 V L T3,

VxWn) — W(n), "neEZy
(v,w) — op(v)w

X W(n) EITE A (V) OS2 HEHT3,
(6) N e ZZO ET5, URE AN(V) JNBET ON_l(V) U # 0&225bD
&£+3, ZDIE, N-graded 35V INE W = @2 ,W(n) TREMET
b DOMIFET D!
“W(0) #£0. EA(V)IIBEE LT W(N) = U. LI U = W(N)
& BT,
WIIRVNBEL LTU»BERENS,



MEBEEOBVIIEE. ¢:U - Qv(M) % An(V) IBEEL LT
DEFOERE L T3, ZORK, ROEXBA#HE 2D VN
L LTOHRBER G: W - M B—BNIZHFETS:

Wi UDbLEEEShREVIBEEW S, Uy, U #E Ay(V)IBEE T3,
EROYLBEHIT AN(V)NREE LTOEROEREER Y : U, — U,
LT, U DbEEINVIEW, i =1,2) Lo viniL L
TOHRBBER Y : Wy — Wy Thly, = ¢ L RDbDOEF—EMICHE
T3,

BB TE FEEMBEOMMRE ATV, t2ERLTIu—-F 8
CERRCL EV EDTUYABCHLTQV EEXD, D= 40
1+1Qup & LTHEEMV := Clt,t™ Y| @ V/D(C[t,t" | @ V) £ X5,
t"®@v(veV,meZ)xv(im) TRTEIT D, o FRTOREv(m)
DY xA bEwtv-m—1 L EHEL T wt(v(m)) CRTIFIZT B, V(m):=
{zeV|wa=m}EBLE, V=0nazV(im)&R25B, um)v(n)eV
I LT

) vl =3 (7 ) w)m+ =)

i=0

B E. (V,[]) EZ-graded Lie B & 725, V(0) XV 0 Y —5L
723, FEROne NKHUTP, =@,,.V(-p)® V(0) i1V OEsH
V-RERD, VOBKRE UW), P, DA#KRY U(P,) KT,

UREANV)IBELT D, UEBRV(0) —» An(V) (v v(wiv — 1))
FRWTVO)MBELZAd, EbI2V(-p) (p> N) DU ~DOERE0
EEDDI LWL S>TU % PyMBEE BT, VB U(V) @uipy U %
V DIER A Borcherds BEERZ2 W4 L5 IO ALFTN [ TH-T-
LB U(V) Quipyy U/ BHEEMBEW ThH3,

WU MNLEREND N-graded V IBEIZR>TWAZ LR RADIX
HETHINR. W =02 ,W(n) LRLEFE, W(O)£0 & Ay(V) Mk
LTU ~W(N) R THICIERE L HERNETH S,



HELPLEWR) X A(V)IMBEL 2> TWT U D b—EHICRE -
TWd, W) B U OEBELEDEIICRITTZA (V) MBELI2S>TNS
PERRDIFIERMEARKEORREFRET I LTHRETHDI LED
nd, UL, TERRFENBEOERI SN S, A (V) B
LLTOW(n) DHEERZRXDI2HELRFEDOBKRTH S,

N = 0TU MR AV) BEFOBEMBORESICIZIEOBEEME W =
X W) IZH LT W(n) D A, (V) L LTOHBESE IR HRL
HEKRTET,

2 #ER

N = 0DF, UM A(V) BEOEMBEDHZEIIR L TEOFH IR
W= ,Wn)EEZX5, Ag(V)=V/0:(V) Tho7crbiBY72 (V, %)
DEATTNIDO(V)BFEELTU =V/I L E TS, HneNiZHL
T Oon(V,) EIRDTETHELND V ORFEMET S:

wtu
. ReszY(u,z)v(—ljni—z

- (wy + wo — nu, ueV.

, ueVvel,

EE 1. nEN&TZ)o

(1) Oon(V, 1) 1Z (V,4,) DEATFTTATH B, EBITV xV/Opn(V,1) —
V/Oon(V, 1) 82 V/0on(V,I) EITE A, (V) MBEE LT OHEEFHY
T3,

2 W=02,Whn) 2 U=V/IrbFEHEEhiV ELT 5,

V/Oon(V,I) — W(n).
v — o0,(v)[1]. [1]€W(0)=U=V/I.

i AL(V) MBEE LCOSRIBRAR L 125,

(2) IKBWT Og oV, I) 3 Kernel K ATV AIHTE <I2bh 3, (1),(2)
EORGEHGERHE CHRBT AT RO TCIHEWIRERT 3,

ECHRERE. (2) D Kernel ZELICRET D HENRHEK:, Thz
RWT U D Ap(V) BEOEMRDIFEIC, Zhu REONEZEOEMZ R
BT L AFEH MBI BB S i,
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< a—EOHD 2A-involutions

# v h—R— L T—EIZ

HARREEZ
HEKRFE HEDEARNFHEREEER

1 FX

BOEDOMRITE A Y —HEEM EZh2BCRBBEL LTHOF7 V7 4D L—Y
x4 VIERERERE VY T, #iZ. 727 1/20EAERZSSRE (Ising model)
RE>TEZREND M DI 2 DT (2A-inv.) 1ZRkH 34X (e.g. 6-transposition i.e.
lghl <6 Vg,h € 2A, LK Es-Dynkin diagram 1234 % McKay’s observation 72 &)
RLTEY, HAEBERABOIEMNLDOBIT 2TV W EB-TWEY, iz, *
YARY —BEHBEEER LTS 21 D invs. & DBEFEEZERZTRIKRERZAEDO—>T
T B 2A-inv. T2 22D 2A-invs. IZF LTI I E TOHET, ZIEHBD
WSHEREBTEY, BEERBEREIC L 2TANRTOMHEZHARIZRLTVES, Lh
L. FEF[#72 2 DD 2A-invs. OFEZ AT IESEARREOBGRIIRE &0
FTLHLWERELEL LTWEIHN, Lh—rviv A YHARMEREREOMERKITET VR
BB EICPbRVANREY, BREEBETHS 21 AD invs. 4§ XTHRERS
DIZIYUR b—r v A VIASERRARE VY BE2#badE2y FEAM, @
D 2A-invs. T EZEZX O THNE, M2V 2T _RTHRILERBVWENIOR, =
OHFEOBHE T,

FURAY—-HHEREORT 220D 24-invs. DF{IZOMEH V.

1A,24,34,4A,5A,6A,4B,28B,3C

LRgoTWEY, bR EHDMNIELEDEEIZILK Es-Dynkin diagram 251 %
isotropic L& &I EARN— FOBEBIME & —B LTV EF, (McKay’s Eg-observation)
IhODOREFRIL, TR —HEBEDOL ) RRERBELZRZSTYH, v ¥ a2—8 My,
DOREIZENT, LD IHEEZ T RTHREHRD Z L BXRROMEPOHP0 ¥, ER
i, I/ EVESETHD 24 LW THBERTEEY, Thew i, HAEARR
BOMGENLHTONY HVWHET L 2a—BROPORPELBELTLHLI S L H0f
FUEDOBETHY., ZOLDIZH v H—FR—NEFEB D L) DITTT,

(I-1) e

(1) ¥y h—F—ADOBEEFRET TRBE A; T8, BB A, & SL(2,4) itk ), F?
(MEREE LT FY L) ~OEMBN £, ZnilioT. AE GL4,2) = Ay
ZEBBL BB ET,

! —7—



(2) As DIERAT D8 4L, GL(4,2) BEATAFI D167 b adbEl248%
AOEIC, BOBE GL(4,2) = A b T— LA a— FREBBRTEET, ThY X,
Yoy p—B— A EFEoTI— A a— FORETATRRT S Z &AMHEK, ZOBECFAH
B (v a—Bf My) O—HEARHHY £,

T—Lfa—F&it

£ & 2 4 @ self-dual code T minimal weight (X8, ZD & 5 2 a—F
TRIB ARV T —HMICEET D, minimal weight 8 THBaI— FU—F
(8 RHiA) (octad L FES) &K1 (5,8,24) RF A} — AT A% RT, Bl
L, EEOS REGERU 8 RHEE (octad) H—EHIIRE S,

2 A toy version of V¥

{32 0 B 2RI 2A-inv. i Ising model & > THE X HENFETH, 220 Ising model
DEMEIIRL DD o THERA, LL, Tho 4 BRFOEERABE LTEXD I LICiR
RO 2ODFERH I ET,
(2.8) BFHRAERRREDOEBES DM B,
(2.b) semi self-dual T#H 3 V2Eg-#5FIC & » TH 2 b 3 WKTHBIL 24-inv. L[
UM RLET, Bib, b LEBEKT LD H X V2E 25,

—~1 on QH, 1 on QH*

X L o@E2FEH ([Griess]) &2 > TE D, 24-inv. T,

EE, aUTABEORD 24-inv. XIIOBKRTHERTEZLNBILOTHY, T
AH—HHHOPCHTED IBEORIIT<THRNET,

(2) 4B, & V/INEL BROHKHE (=Y 2—8 My ORSBE2'A) TEEL, 9HEID
2A-inv. DHITHT L T V2Es- B F DML E T,

v a—B My @ invs (U2 D) OXEHITT A&7 — BB LRI, 28E
LD EdA, 245 L0BHBEEZD L,

24-inv. : #A4 7 1828 (H#A8 HDHY) @R, &
2B-inv. : ¥4 7212 (E¥12BOH) T, BESLZEVH0

}:fiofb‘i'?"o
2A-inv.T DEIERIEI8 A THY ., R TTRT L I Golay code @ octad & 2o TV ET,
‘fg%@ ﬁ E.I'E]’f.o!}: LT 7 %8 @@EmT = (:I.‘g,l'l-()(l'm,zlg) T (2215,1'24) —Gi%j—}_‘ N

(vi=x9—Z17, V2=Ty10—ZT1s, - vs=$1s-$24)

— 8 — 2



ET-1FE LTHERALTWET, Thbb, ZOPIZ 1 #EHT 5 semi self-dual 5
BT V2B BEERTVADITY, COV2E BFRETRTEIC. 1655 Fi
BEROILEFESTIBRTEET,

3 Yyh—FR—ILEamTAY MILER

(II-1) v p—H =, E2 OEARE 1 2 EHEOECRBET ZREE A, T, =
DECRBHEDEXEZR37-HDIZ, 20@E (v 4—F—LDEG6AK) I {1,2,3,4,5}
DUERFAT & (1,5) (G # 5) RO L S ICHIE ST ET, |

(@) G, J)EE (s,t) @HBEHEL TWB2 D, {i,5,5,t} RRRDAXFLRESTEY,

(b) BIE 5 A TOEHERIX A5 DPOLES OBEBUICHELTWVET,

Thbbh, —20OE 5 HHMICEEHEL T3 5 SOIE 6 AFAIRIC. (41,5), (32, 72),
(33,73)s (i4,71), (i5,75) 72, B L LT, {1385 OKEIEE (4,10, 13,44, 15) &
(41,2, J3, 34, J5) ERIC b D &5 bIFTY,

EETAILIE. ok RBvYTiX, 2@9HY T, EBE. (1,2), (3,4) =
2EETHE, ZO2EXEETIDOEALNMNEBT S 2 2OESAHTOEERIL, +T
21 93,2 54 BERHBDENTWABOT, A[EEHEIX2:EY

1235295495 —1, 1539592241

R ET, Zho® (1L,2) @, 3,4) mOFHEHICEELTHWAESARO YL HICE
DIFTHHMT, 2BYVHTRET, TALIZREZ., BBNICESHITHRED ET,

Yy h—FA—NEfRATIEGAIE. BRNICERVFRR
As = PSL(2,5) = PGL(2,4) = SL(2,4)

A, E20EGBBLVE]L 2@k (ThWZXY vy H—F—N) ICK>TRRTEINHT
R

(11-2) Z L DMFE SL(2,4) = As
BILEBABLEL LD, BIILET3I0@H Y., MAWVEomBER—RL. “hizxha
ERESZLICLET, T5L15A8HY, A X201 5HHhRICBIERALTWE
To 1 KOBEBHHEHDMEIL 60/15 =4 ROT, BEBRBII 0— 2858, —F.
SL(2,4) X F2 — {(0,0)} i BIERALTHY, 201 SEESAEES P o— 2-H0H
TY, TR, As = SL(2,4) £V, LD 2 >OFBIIF—D LD LEZ D LAHE
E3

ZO¥ELYD, 153501 parity check ADHEKXB 205D EMZ -1 6 #HRICITF,
EARTA7 MEROBEBADLZEMBH»VET, Thbb, Z01 6 #BICKRD X
IITIMENRERTEET,



& MERAE3IOECRE (E3AK) CTEXEY, b,
REBRT M (3H0) vu il LTo(v) =u ¢ RBMUHIOECRE ¢ 2F->TE T,

v+u=oc{u) v+v=0

EEELET,

(11I-3) Ep5r22mE

E20EE (FyH—FR—nN) IF Z2EFRKRLTWABIEEZBIALELLE D,
FlxiE, SKITHDEMZIRDOL Iz ET,

SKAEZEMITL SEHY., TOETBHLZBEML 1 5B T, —2OxB - i
BT AhRII8 AH YV ET, TR, X - X OWEEZ 8XHBTTH, D 8xhl
PEBEEEZERLET, B L T, ZOBESXHNIBREY ETDOT, TRT15

EOBEMMARTTEE L, TOSKHIDOMESN IRITEMITHIE L TWET,
Fo, 2KRTEDHDZER (DEasD3:0) T ETERBLEZIMECL-TELON
v, EoBEROERETESE LTELLNET, Yy I—R—L DB ERBEEIT TR

As T, ERT2ZEMZ F OF, L RHAZEBTEHOT, BRELTAEE

{E3AF, HEWIERLRZ3E, EIAELGHBVULIHHIKR3E, #®R03:3}

HAhnET,

DX, ARFTEE[OP D IRIEEBIZER. 2T EMITEL 2@E (E20
B, o h—R—N) ZFETREBLERTTIIENTEDIDOT, TNOLMLDEREN
% Reed Muller codes HEFRTE F7,

(1I-4) Reed Muller code RM(r,4) (r =1,2)

Zj D16 vectors #EREART, KOX 32— F2ERLET,

Reed Muller code RM(1,4) &iX. Z3 OF D 3KITZEM (1518) ¢ BERL
& (150, $LCErL2EOEH 3 2BOI—FU—FhbRDa—
FT9, ThiZSKREBIERMERLTVET,

Flo, 2REANI PNVEREEDETBH L bOEENbERINDIR
Ma— K% RM(2,4) TRLET,
RM(2,4) = RM(1,4)* &72-TRY, ZhiZl L kFEa— KTT,

4 BEREZEH A

&E (v A—R—VDEG6AH) & {1,2..,5} DIEFFTEH (a,b) BHIELTVWBD

. BBICH LT (“2) DR DFFIBLE L T

c

— 10— 4



BHENL—IL  E# {(1), (ab)(cd), (ac)(bd), (ad)(be

Cﬁ_cﬂ_d
cd/  \dc _(b
miEn e

(1) 22DRICHTL 2HFOHED 4 SDKFE
FHEV—A 2R LT, ELDRGBRI—-L LT, ZTOL &, MEER

(54)+ (62)= (o)

DEIRRYES, ZHICLVEREZIND octad IIMEFEITHTL 334, BLU¥ o (&
bET2RTEHERM) LRRIHTETW I 4EFEEbEL8 REETT,

(0).(2). (12). ()} 1284}

(2) Kiz. 22D Iz {1,2,3,4,5} DTXTHHETL 254

[FEME/N—%A# 5 & | Horizontal [/K3F) | Vertical [#EE) , X-crossing (%, #xff)
DERMNI—FLET, 22T, TOFOL I T, KER—FEKLALELET, DLE,
MHEIL, R OKERFTHEIOKE LRI LTERELET,

12-+12 {12

34 45/ \53
EZIND octad ILZDMETERSIND 2RIEMHEME., —ELE HVX}D—2,
FIE 3 THREIL S RFN8ETT,

{(o0): () (i) (s) o {345

4.1 243 D24 REE~DEBEBREZBETRS=HIC

22— My 2EOHME 2 RAHEE LTI, #8% MOG L 3F AL flibh
9, LML, SRIDHEADBHIDBITIE. Moy EERLEHY THA, BT, 214, D
& RARG, Yy bh—R—AhbiEo/1 6D L 8EEMATZRDLIRRF
DF N T,

N—

Ykt LCHRE £ 5. BB,
)&Tb

2 o

Partition (MOG DALz o 72)

NN I
314 G| Gl ()| ()
X5 ()] G| Gl ()
HVv] G G G G

Lh



ERA (B) ORA: S PEBRIEBEIRDLIICEZBNET,

(1) Ss DIEMIE. {1,2,3,4,5} ICHT 2B L LTTRTOBSITEALET,

(2) Ss DHRD As LT[R S; OWEIZ, {H,V, X} IZHLTELALR, EhEREE%L
MxET,

PxE, B (VX)) RBEELHAZRBL, KEEZOEETHS L) REROBKT

+. Thbb. (" ") R (“ ”) B LET,
cd de

(3) &z, {1,2,3,4,5} & {H,V, X} oMlOBH#REEREE > THALE T, EH (1, H)
DOERIZ. .
aQ

@nlﬁﬁﬁfégé\ﬂi&\Qw)ot%\dtbrﬁﬁuﬁrﬁrw&w

{1,2,3,4,5} DB DEFELET, ERIE. 1 & HOKE) OBFICHS a %

dERRL, OI0 Db e EFEOEETE (| 2) - Zj

(3.2) 1 BRRICHTERTWRWES, HOKE) 2Fb. (V. X} 25 LET, T4
5, (‘”’) 5 (‘“’) LRDET,
cd dc

5 dJ—LA4a—F (iE2)

KiZ, BEDORB Ag = GL(4,2) & Reed Muller code 2{E->T, F— LA a—F Gy A
BRTEBLEHBMNLET,

1 6XDNEE S T8 REKEC={H,V,X,1,2,3,4,5} EMA T 2 4 R#KE
Q=C U S8
E22F%, aCQ% 0 CC, L a, CS %FLT

a=0q U o

ERTRLET,

HBRICIIVEDL Y AN, BRELTORELZ—EHALTEEILLES, SOPD 2
R~ 2 b2 (35M) & SEEECDAESH~DDE (35[/Y) OBIC1 %1
DORRNBHDZEEZHRALEL L 5, 8REEDA KT HO~OFFNHL T, FD4ES52
DO FEICT DM E 2 DEEBBGEIT As D31 6 DR 2BEE{EY ., ZhizHicT 3
GL(4,2) D57 EITH 5 2 RTEHIEREZEET DR 2B TY, oOxEEMH-T, 2K
TCHREM o & 4RI O~DHED AR oy EHDRIHD {oUa, | o, 2RTHSIZER}
EEZXEY, E6IZ, {0V | o € RM(1,4)) %, ZNOREKICE->TESNDZE
% G LBEET, MENLERIC, Gu DRI, dmRM(2,4)+1=12 THY,
Gy EBLEXI—FTHEZ LR T,
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D Gy BI—LA3—=FTF, § ~DHEGCu3aqVa, — a, €S DKL < C >
FEHTHY, Gy Di/hV A MR B THHZLHEFHIZHNVET,

IDI—Vv AL a—FORXETRTH oy HI—R—NLEFE-TRLTHELL I, LEDHY
EEAN. 1 6 RESOTD RM(1,4), T72bb, BEE (3KRAFEE ICHETHT
BHOIRTRT Gy DITT, ZHUT, oy =0 ,72D Gy DREBEE—HKTHIEEEX
L, BRI erhb LvERA,

Yy h—R=LI&dT—LA4a—F7—F a ORROEH
(a)C+a,aDELLNEHETNIEILVDT, Hea LB LD BRLET,
(b) X iX parity check AT oy iz EICBMBE L LET,

IS HEEIX. S ® RM(2,4) DEFRIZH LT, C O (HE2EERV) IBRIES
2ROBHDITTT,
T, 16 43015 FHICEONREE, ThEP TRTILICLET,
O %132 (parity check) 2{E~>T, P k@@L LE 7,
(c) P A RM(2,4) DRETHDH = L DER
R—IDOESAHIZ, BETEZPOIROREMBHFETEALET,

(cl) P =a, &2 a € Gy BIFFET BHE+HEM: (ie. P € RM(2,4)) 12T < TR
& (6xf) TOERELVWIELETT,

(d) Qy (D;’J&E
BULRERRHEEDEAVDS DOESAFE LD,
FEEXEDORNIICHERETIES LA ZHVETET,

B SH (+BEF) = aqOFOV OFEELERTS
(d2){ 5DEFH (+@8F) = aDPFD1,2,3,4,5 DEELEKT S
X 1% parity check & LTHIRA L., o BBESLRDIIIITT S,

THUZEY, o BREDVET, ZOM, aiUa, €Gy THO, TNT Gy D Hega &
25a— NU— FIRTERREEKRET,

BHIZ. ROEBHMY T,

() o, D4 82D, af HA4REESTHY, auto, EC+ay+artd octads &igo>TVET,
(DA RZTH2~DHBNEC 28T sextet 2EFL—BLTWVWET, )

(i) a, BERIRL, ay+a, C+aor+a, DEL LM octad TY,

6 HHE ar B0 ZEUHEITE. ARTEMOKE {1,,2;, 73,74} BFEL T, a, =

{0,21,Z2, %3, T4, Ty + T2+ T3+ 24} LD T & ERMETT,

ZThulst e LT,

ar € RM(1,4)—{(0%),(1'6)} 2% octad TH V., ZhbiZ, C &ME B &, T<TD octads

7 — 13—



DB/ ET,

Observation
—2 2A-inv. BEET S octads PEKIT 71 (TR ¥ —HHMBHOMNEEE IR KDF%E
#) T, LEEBHEDOTLLE IMN?

6 I a—& My DD 2A-involutions

7Y a—BEDPD 2A-inv. iT—2D octad C & Fh & HMEH B E721 320D octads
C1,Co, C3 TIGNG| =4 (G #3), [CiNCNC| =2 BT HDICL>TEREZN
TWET,, ThbH, C, 0, CGIRE>2T, 16 8E8Q-C HB8HD2@THNDHA
{ins i1}, o (B8, Js} IR BIE N, EROB T = (i1,71) - - - (s, Js) 75 24-inv. 25X bDIFT
kD

SO 2DACRAE 1 & V2E BARFICLAACRE L LTEET A HITIE,
2A-BEREE 7 IR LT, 22D octads C) = {xo, ..., Z16}, Ca = {217, ..., 224} T 7 A3 8{H
DEBDOB (29, 217)(Z10,T18) - (T16,T24) ERDEI RO DERDITHILENRH D F,
ZIThiE. C, C, LEBRIEFHE octad D = {29, 210, T11, Z12, T17, T18, T19, T20} IS
LT,

_Ze +Ziwo+ T +T12 —Z1r — T — L19 — T

2
CEBL, TOLIR yp EURVERIBFEELD L, V2E; LRBLERSKF LT
WET, T, riIIFOLIZI-1ELLTEALTVWET,

Yo

Wiz, A ¥ —HB#iED 2A-involutions D 22D FE LTEHNAS OHEO Y 1 713+
RT My DR TEBRTE, BT (2'4:) ORTHHETT, chx#BAMALELE I,

T, BRELT, 4y OFO inv. ZTRT () #EETHDOT, @HE b My OFT
2A-invs. T,

BB, Ag ICHIBLTH S L 2HEOMER2 D& 4 7 {(12)(34)(X5)(HV), (12)(34)} #
HBHEDTTHM, filedb 2A-inv. LTV HEWVWHIZ LT, FNWwR, ZD2FfiED
GATDOELLNIZL>Tinvert SNATEELTHD L.
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(28)  (12)(34), (12)(5X) DB (34)(5X) THY. 24-inv L2-THET,
(3A)  (123) 12 (13)(24) T invert ShE ¥, ZhiE 3A-triality TF,
(123)(XHV) MO bR UHEBEL 2o TWET, (BESZFD)
(5A) (12345) & (15)(24) IC L » T invert ENTWET, INiX 34-TTT,
(4B) (1234)(5X) 1% (23)(HV) Tinvert TN TWE$. ZhiX 4B-ETT,
(4A,2B) (1234)(5XHV)(+(5)) & £ 2 RiF (14)(23)(5V)(X H) T invert SHT
WE9, £h¥n, 44 £ 2B TT,
(6A) (123)(45)(X V) t& (13)(45) T invert SN TEH. 6A-ETT,
(12345X)(HV) bR L 6A-TEDFAZ /2> TV ET,

3C X HE2H D octad ZFALTERLE LR, Thbh,

BCER g% 15 o 35,25 & 43,5, 6FIOKIT<TEE TEHL.
BERE k% Mk h:+(()) CERShBbOELET,

ZO, Bhg M 3OBAERE (1,25} - {3,471} - {5,651} - {1,251}
¥5XFY, Th 3C-ETT,

7T B

BRFICE 1 2HEDH%Z 2 2icbit, 24E%2{E->T, I—Vb A a—F&#RITHFE
MR D Web site iZilli> TWET,
Decoding the Golay code by hand

Joe Fields (University of lllinois at Chicago)
HALIEFEICEBWFET, E1 2 @ED incident matrix A Z{E - T,

(Il2)F+A)

LEL L, InRT—L A a— ROERITINZR>TWEDITTY, (2T, F i3S
METRTLTHATHERLTVET, )

BERIZRHD L, d— LA a— FEMET T—EMIRESDT, BHRIIMETT,
L L, BOERHE2E2ZE. A UADOERIRRAZEA,



Ruijsenaars EROEHRFEHREEH SN ERSIRR
SN RFEHFEL /M7 1B

1 Fif
(yl,...,y,.) ‘:i??%i&iﬁﬁi‘
. 1
= Y4, '=1,..., 1'1
DD ek A r) (1.1)

Py

DREPFELTHA ) Ho ZOMBEIL 19 HATIC Stieltjes 12 & o TERICHRONTE Y, £

N %13 Hermite NEHR H,(z) D r WOERTERA 6N D, ENTIRIOHFRAE (1/1
SA=FVEHLIEROFER (/572 —5 § -0 OBRTLOFRRICFHT )

Ty —w—iVE _ 1-ivey

ke y,-—yk+i\/5 1+i\/3yj'

pivy

DIFITE ) B THA ). (1.1) DEED Hermite ZHADF A TH D, (1.2) 5 (1.1) DEH
THHEN S, (1.2) OFFIL AR EN7: Hermite FIER OHEITH5IONLEEZLLDIEH
WThHB. ZLT (1L.1)=(12) 2 BOER ThoibIE, ZOEHSN7: Hermite SIH
i HERCERENTY S LMRFTE 5. MEBBRORNIOHLHFERZELTHE
nEEI L, (1.1), (1.2) 3£ hEh Calogero-Sutherland-Moser #2), Ruijsenaars-Schneider
BEREMIEN D NEROTREGEIORXENLTH S,

Calogero-Sutherland-Moser R & &, RIBEEMBEIEMH (K7~ v iz b, o, p(r) %
ET, EEETIR ) 2RO, 1R (ETF) THMIEEERTHS. 0 Calogero-Sutherland-
Moser #iBIZ IV — F RIS H4ERIT, NIV P=T ViEV— b RO Coxeter EOTEHD
T TAZIZ > TWwA, Ruijsenaars-Schneider 288 & i, Z @ Calogero-Sutherland-Moser
MR R (HMIRHC, SRR TH2. NIVt =7 Y ofllEik p2 ofb i
~coshp; Lo TWA, HBH/YT A—F ZAFRILRMEICE TS5 & (FIZ T HHE 2 ERA
129 % &), Ruijsenaars-Schneider ##!i% Calogero-Sutherland-Moser SiBliZf##+ 5. Zh
SOER L (308) WRE L ORI, FlE, bk, &7 Hall SR oMtk &
D4 OPHUERR L OMFEOMIC, BMHRY — VHBROMER L5 2 % Seiberg-Witten
e DBLE, 2 RATHHHR THEELEH T R/T (£H) Virasoro IR (£H) Wy 1
BBz L, SlkiihloTh), HHE - BEFRBICKENKRFEACER L 2o T3,

AW TIE, GV — MR (A B,C,D,BC) 2T 5, ABMKE II=HNE0EK
7 ¥ ¥ ¥ V%$#FD, Ruijsenaars-Schneider REIDHREFH IOV TOMEE R HET

G=1,...,1) (1.2)
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5. GV — FRISHEET 5 Calogero #EBY (FRMEA T ¥ ¥ v ) - Sutherland BE! (ZA
BBET V¥ v ) O MFER 1L, Hermite, Laguerre, Chebyshev, Legendre, Gegenbauer,
Jacobi DEHANE G > TV b, Calogero-Sutherland 2! - Ruijsenaars-Schneider 41!
& (&) Virasoro A8 - () Wy RE & DMERE Rl LB D#EER L &2 6, Ruijsenaars-
Schneider %113 Calogero-Sutherland 8B D ‘R EHII L > TV AEETH->TWAHNDT,
Ruijsenaars-Schneider 20 1 $ 8 2513 Hermite, Laguerre, Jacobi N Z WA % ‘HHR
CERLIZSZHAADFELI o T bH DG 5.

Calogero-Sutherland ey . classical
equilibrium positions )
systems — |orthogonal polynomials

J‘good’ deformation l good’ deformation

expected

Ruijsenaars-Schneider s - deformed classical
equilibrium positions A
systems —» |orthogonal polynomials
] 21X, Hermite, Laguerre, Jacobi 5N ZHFUIHMERLIAN L LTHLRATWSA, T
DEXREE VI HERBERKORFS I HPEFS N, EREOFIZL>TWVS,
HEDEETEELAHAEL 4555, FHICOVWTIRXEK[1] *BRLTEA LV,

2 KFLY v EFEA

%3, BBOE#HLERTHRONEZSZTHL.

TMNIN =T H(p,q) CEFAERNEEZERD. {q;|j =1,...,r} BHEET,
{pjli = 1,...,7} B{XFEMTATHE. hH% R ONY Fbg =Yaq, - ,q), p =
tpy, -, p) ELTRLTHBL, r BRHFHTHS (A BEZRE, V-FRADTVITH
b5) FHEELETELBEHHENI

g = Q%(;;Q), P = —aHg‘Z’q) (2.1)
T, GAPHCREZOEERTHS .
p=0, q=4g, aHg‘SjQ) =0, (j=1,...,7). (2.2)
i lg=q
2.1 Calogero % & Sutherland &
HH NV — FRIZMHFHET % Calogero %, Sutherland ZOHMUNIN P =T Vi
Hes(p,q) = 5 Zp, +Ve(e), Velo) =3 Z (ag;iq)) (2:3)

i=1



EVIOBELTEY, HRESSOR (2.2) 1}
W (q)

=0, (j=1,..., 2.4
30, (j r) (2.4)

9=4

Ll L a8 B, ‘prepotential’ W(q) D EBAKIL

w r
Calogero % : W(g)=-2 i+ ) g,l0g|(p-4)l, (2.5)
Jj=1 pEA,
Sutherland % : W(q) = Z gplog |sin(p - g)| (2.6)
pEA,

T, A, BEV— I OEEETHS. BEEH w R g, LEDEKT, g, V- LORST
RESTWVD (A, D, DEEETON— M LT g; B, C, ® B§id long V— ML
Tid g1, short v— M2 LTid gs; BC, DB§id long V— FMIx L TiL gz, middle V—
hiZxd L Tid gag, short — MiZxt LTI gs.

FREOR (2.4) 13

1 w

Calogero A,_; : — = —g;, 2.7
& : ; G-« 9 ? (27)

ktj
Calogero C, : i _22‘7’ 5= Y 9 _l (2.8)

: = 45 — 4 gs gs q;

k)

Sutherland A,_; : Zcot(qj - g) =0, (2.9)

Sutherland BC, : E (cot(qj — Gx) + cot(q; + qk)) =95 ot d; - 9L cot2g; (2.10)
k=1 9m aMm
k#j

Thd. Q7)) ORIILT, §= /Ly 8L, {y;} 2FEL LTHE2ZEKI Hermite
DEWA H,(z) TH5 .
r (5]
2" H(x -y;) =r!

j=1 j=0

(28) DRZMLT, ¢ = VEyjo=2 -1 L, {3} #FHLLTHROZERI
Laguerre DEHX L (z) TH 5 :

o [[-v)= (r ! Cf) Co Li)(z). (2.12)
J=1

I - 1
Tl o\ 7!

= H.(z). (2.11)
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(2.9) DRHIHHERET, BLEEN0IEEEI g =5- 220 +BRE, (sing;) %
FoL LTR2Z1HA (L5 1 #O Chebyshev DEIHR, T, (z) ’Czbé X

,_ -~ 25 = 1)\ de
2 l1__[:c—s.mq1)—2 lJli!(:c—cosﬂ( J2r )) © T.(2). (2.13)
(2.10) DEHSH LT, a= 2+ 2 ], =2 1 LB L, cos2; 2FMELTHOS
it Jacobi DHHER P (z) TH 3 :
277 () [Tl - cos2g) = 3 G ()27 9@ - 1Y € Pa). (219)
j=1 i=0

2.2 Ruijsenaars %
IV — P RICHHEET A Ruijsenaars ROHFENI NPT Vi
- 1
H.0) = 3 (st 50 V0 - 3 (000 + 17 (@)) (2.15
j=1

T, BBV, =Vi(q) LEDOBERBR V; OBV — R A Lo THRIE> TS !

Aoy q] 'U j qk j=1.. ',T)) (216)

k#)

Bry Cra D,, BC, : Q) =w QJ Hv - Qk q] + qk) (.7 = 1,...,7'). (217)

k#)

M v & w ORBREITCE2A. NIV =T 2RGS0 ) TREALTESTLS
Ic& ), HREHENK (2.2) AROBICHEILEND ;

W@ =V (@ >0, (G=12,...,1). (2.18)

2.2.1 Ruijsenaars-Calogero &

FiBR T Calogero F2Jita5 ¥ 2 % Ruijsenaars-Calogero i L IERBIZ T4, ZhIZidH
LRADDEF Y VHF1RXTRRTEIDE, 2RTHARTHLDONDA.

Linear Confining Potential Case



v & wid

A, D : u(iv)=1—i£, w(z)=1+i%,

z
B : v(z):l—ig?l', w(z) = (1+i%)(1.—ig—i)2,
C : v(z)=1—ig?s, w(z)=(1+i%)(1—ii—b),

BC : v(z):l—i%, w(z)=(1+i%)(1—i&)(l—i—

(2.19)

(2.20)

. (221)

(2.22)

TH2 N5, #HEEH a, 9,90, 95,90, 91,92 LIEDEETH 5. FHLO (2.18) 1% Bethe

BB BRI BEER SN2 (B,C,D it BC »5B513):

r - - . . —
g —Qr—19 _a—1g;
A_l : = — — = Py
r EQj—Qk+1g a+ig;’
L1 D]
r

BC, : H‘L‘—‘Tk-i!}o 3G +a—ig0  a—i; §+ig § +ige

+ 1§~ G +ig0 G+ Gk +i00 @ +id; § — i §5 — ig2

k#j

Quadratic Confining Potential Case
B v BRTEF LA, M w il —2olFF#H» - T,

AD : vz =1-:i3, w(z)=(1+i%)(1+i%),

B ow@=1-i%, w@)=(1+i5)(1+if)(1-iE)
C : vz =1—i'q?s, w($)=(1+i%)(1+i%)(l—i%)’

)
BC : v(z)=1—i‘(:}v—°, w(z)=(1+i£)(1+ii)(1—igl)(

a I

(2.23)

(2.24)

(2.25)

(2.26)
(2.27)

z) (2.28)

TH52oN5. ¥R a,b,9,91,95, 90, D, 92 BIEDFEHTH 5. FHLHOK (2.18) I Bethe

IREHEXIUAHICEEXZND (B,C,D it BC »68613):

A, ﬁﬁj-ﬁk—ig_a-iijb—i%'
r— . — = . Iy P
e G — G +ig  a+id; b+1g;

k#)

56. ﬁ(ij—qk—igo G+ —ige _ a—if; b—ig; § +ig § + g2
r . — - . - — v - . - - . - . .
o G~ G+igo G +qx+ige  a+ig; b+ ¢ — g G —ige

Py,

2.2.2 Ruijsenaars-Sutherland &

(2.29)

(2.30)

BFR T Sutherland & IZHEA5 3 5418 % Ruijsenaars-Sutherland & & MERIHIT 5. B v

& wid

A, D : v(zr)=1-1itanhgcotz, w(z)=1,

— 20 — 5
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B : v(z)=1-itanhgrcotz, w(z)=(1—itanh 92—3 cot )%, (2.32)
B' : v(z)=1-itanhgpcotz, w(z)=1-itanhgscotz, (2.33)
C : v(z)=1-itanhgscotr, w(z)=1- itanh2gycot2z, (2.34)
C' : v(z)=1-itanhgscotz, w(z)= (1 —itanh gy cot2z)?, (2.35)

B'C : wv(z)=1-itanhgycotz,
w(z) = (1 — itanh gscot z)(1 — i tanh 2g; cot 2z) (2.36)

THAoND, BT 9,90, 9Mm,95 BEDEKTH S, FHHANON (2.18) i Bethe Kik
R RBicEaksnhs (B,C ik BC 7%, DI B26iEons).:

A H tan(g; — gx) —itanhg _ (2.37)

tan(g; — g) +itanhg

k=1

B, :

tan(g; — gx) — itanh g, tan(g; + gx) — itanhgy tan g; + i tanh % \? 239
tan(; ~ g¢) +itanh g, tan(¢; + ) +itanhg,  \tang; —itanh § /° ™

c - H tan(g; — gx) — i tanh gs tan(g; + gx) — itanhgs tan 2g; + itanh g, \2 (2.39)
e tan(g; — gx) + i tanh gs tan(g; + gx) + itanh gs tan2g; —itanh g,
B'C. : H tan(g; — gx) — ttanh gp tan(g; + gi) — itanh gay
" tan(g; — gi) -+ i tanh gjs tan(g; + @) + i tanh gas

_ tang; +itanh gs tan 2g; 4 itanh 2g,
" tang; — itanhgs tan 2g; — itanh2g;

(2.40)

2.3 EBEXZERA & =REFRR

CITERSER L SHEMERICOVTOEREEEBOH LTS,
{f,.(x 12, %%&wngﬁﬁomam. fulz) KB 7 D  DBFRT (EAE)
f.9)=[ f(z) (z)dz (w(z) FEAREK) L TERLTYS, (fa fm) = hnbnm
h >0) fmonie( ) fz%— 2 7 BB fo(z) = caf™(z) = cu(z" +--7) ETB. T,
frmonic(z) LK D ZEMFER L BRT D (frovic(z) =0 £5<)

i c(2) = (2 = an) 7 (2) + b ST (2) =0, (n20). (2.41)

an (n>0) & by (n>1,b) BARE, b, >0) IEHTH .

HBYWOWRIOENKILTEETHS. (fi(z)) 2=HEFERX (241) (D), £H a,
m20,bb(n>21,b,>0),c, (20,6, #0) 52 3) CEHENLFHALTSL,
{fa(z)} 3620 (EEME) ARICHTIERXSEHNTH .



3 Ruijsenaars EROHHRFHI LB/ LT HZERER

Bz, HHRFEHINR (2.23)-(2.24), (2.29)-(2.30), (2.38)-(2.40) % BIEMICRNT, £D
HREHELEFLE TSN LG THEELZRVEL, Tho 2O TESEAMEL
LTWA=ZHMERXERWB L -0d 52, HRPEHSORE (1212) SMmeEEHEX%
ZINTIVEIGH 70T, FHEAIIHTIMBFEREB(INIL - T, ERERT:
Hermite, Laguerre, Jacobi DEXRZHADO RS LHRE L. LTTIILHXNOERLE (H
FNRLLOVEEI) ZHBARK ORI E BENIZE L 5.

3.1 Hermite N ZWROER
3.1.1 Linear Confining Potential Case
N (2.23) D {g;} It LT

d = Vagy;, 5=% (3.1)
LEHL, {3} 2BELLTHORE r Oz DBSEXEBATS :

r

Ho(z,8) € 7 [z - ). (3.2)
j=1
I Nid Hermite DF I (2.11) ¥ EFL-b DT, }1_1’1(1) H.(z,8) = H.(z) TH 5. H.(x,0)
A7 ZIAMAR (2.41) DEREIZ

tn =0, bn=g(1+n;16). (3.3)

3.1.2 Quadratic Confining Potential Case
7K (2.29) O (g;} 1L T

- a
G=vagy, 6=1, e=% (3.4)

EEHL, {y;} EBRELLTHORE r 0 2 DEEALEATS

H,-(l', 6’ E) q-g 2 H(I - yJ) (35)
j=1
CNIE LD Hermite FHRNEBICEFR LB DT, lim H,(z,4,6) = H,(z,6) Th5.
Hp(x,d,¢) Mili7e ¢ =1HMER (2.41) 0FKi

0 =0, bn= g(1+”—;—15) (1+n; 166) dzn_‘fgw, dpm = l+(l+m2_26)e. (3.6)




3.2 Laguerre NDZIBRDEH
3.2.1 Linear Confining Potential Case
FEN (2.24) O {g;} KxLT
o= Vagy, 6=2, a=B18_, o 0 (3.7)

Yo go
EEHL, {7} EFLLLTHORE r Oz DEHEALEATS !

L) (z,7,8) & { H(x ~43). (3.8)
Z Nt Laguerre DEEAD 2/35 2 — YT, }i_% L®(z,7,6) = L\®N(z) THB. L (z,7,6)
AT =THMRN (2.41) DFREU

an=2n+a+1+ (n(2n+ 1)+2na+'y)6, (3.9)

bp =n(n + a)(l +(2n+a-1)+((n-1)(n+a)+ 7)62). (3.10)

3.2.2 Quadratic Confining Potential Case
HEER (2.30) DR (g} LT

90 b 9+ g2 NG
3 a .’ 6: _’ €= - a:.— — 1’ Py: — 3.11
i = V290 Y a a a0 902 ( )

EEHEL, () ¥ BEELTHORE r 0 2 DSEREYAT S !
of (1) 1~
19,7860 % T -4, (3.12)
j=1
i LOEF Laguerre ZHAZBIZEE L2 D DT, lim L@ (z,7,8,€) = L (z,,6) T
»5. LNz, v,6,¢) D+ ZHMER (2.41) DEBIIL LEVOTERT 5.

3.3 Jacobi OBIBERXNDER;

Aoy FEEX (2.37) ORI, BRAIOFER (29) LFELTHE. LoTHE1HED Chebyshev
DEERX To(z) (2.13) iX, T TOMBERETIE, EREZIT 2V,

B'C,: F18EX (240) O {g;} <L T
_ tanhgs tanh 2g; _ _ tanh2g

§ = tanh? = =
anh g, tanhgy  2tanhgy, ’ 2 tanh gp

-1 (3.13)



LEHEL, {cos2f) PBAETARE r O z OBEREYATS

r

P,("'B)(:v, (S) déf 9-T (a+B+2r) H(x — cos 2(7]) . (314)

r
J=1

T3 Jacobi DHER (2.14) DEFT, lim P (g §) = PlB)(z) ChH B, P (x,8) H*
7T =HME (241) OBRBUILV LEVWOTHIET 5.

C': HEX (2.39) OfF {g;} LT

_ 2 _ tanhgp
J = tanh®gs, a= tanh gs 1 (3.15)
EERL, {cos2j;} EFRELTHEREMr Dz DEHEACHEATS .
-r(la+'l§)(x, (S) d=ef 2r(a—;;-+r) H(m — co8 2q-J) ) (316)
i=1

Z#Ui Gegenbauer DT (Jacobi DBHEHE) DEHT, limC*P(z,8) = ¢ z)
ThH. GO (g,6) AT HBER (2.41) OREIIL LRV OTERKT 5.

B, : F1ExX (2.38) DfE {g;} LT

2tanh %
tanh gz,

EEFHL, {cos2G;} EFHETEREr Dz DFHREEATS !

6 = tanh%g;,, a=

~1 (3.17)

PO(z,8) € 277 (o) ] (= — cos 23;5) - (3.18)
j=1
Mt Jacobi DFHK (2.14) DEHT, lim Pz 8) = P V(z) TH 3. P(z,6) A
W7+ =ZHMFRR (2.41) OFRBEIPLREVOTHRET 5.

4 X2 h

Ruijsenaars EIOHMFH L 2 F L L THOZEA L LT, ZH Hermite, Laguerre, Jacobi
SHEAEFER L TOEBRERDIH, ZN6I3 Askey-scheme & LTHIS W 5 BEIE A
SERX[2 DAY N— IR o TVAENTEMERASCVSE ) BICHL MR o7, BEICE
OFIEEHETTHL.
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H,(z,8) (3.2) {& Meixner-Pollaczek ZIHR PV (z;¢) ([2] ® §1.7) D4EHN 2354

Ho(z,6) = V3" P % g) (4.1)
Hyn(z,0,€) (3.5) 13458 Hahn £ pa(z;a,b,¢,d) ([2] D §1.4) DRFF2HE :
e T

Hy.(z,d,¢) =

(n—1+§+3%)np"(\/3 '6'8e6" e/’

L (z,v,6) (3.8) 12EHW A Hahn BIHR So(z%a,b,¢,d) ([2) P §1.3) £V Ao — W Lizd
Dy Laptdz?—(a-Nz+y-a=0D21E):

v 1

56

L (z,7,6,¢) (3.12) & Wilson ZIEX W (z%a,b,¢,d) ([2] D §1.1) ¥ Y Ar— L7z D :

Ly 7,8,¢) = i w,,(y—z-l 1 a|+lag+1). (4.4)
noEe T aln+a+ 3+ L) § '8 6’ '

Pi*P(z,6) (3.14) it Askey-Wilson ZIER pa(z;a,b,c,dlg) ([2] D §3.1) DRI ZHE

(4.2)

6"
L&a)(yZ' Y, 6) = HSH( yor+ 1,00+ 1) (43)

PP (z,8) = 272 (*+5+2") (ab?q" Y 0); ! palz s 0, b, —b, 1 g), (4.5)
1-vV8 _ _,, 1-(a@=B)V6 _ 5 2 1-208+1)V8
— P M -_—————— = = = L. 4.
1+ve - T 1i@-pve » b 1+28+1)v8 (46)
5043 (¢ 6) (3.16) b Askey-Wilson SN2 HE
-1(za+%)($, (5) = (a-é+n)( ! sQ) Pu(z;ai a,—a,—a |Q)! (4'7)
1-V4 _2 , l-(a+1)V3 _2g 4
5 = — ", .8
=1 v ¢ 1+ (a+1)V3 ) “e)
5{® (z,48) (3.18) b Askey-Wilson FHER DRI 2 &
P,Ea)(l_’ 6) =27%n (a—l"+2n)( an l!Q) p,,(:L‘ ja,a,—1, _1|Q)s (49)
_1-VE_ L, _1-la+1)VE _ 0
q_1+\/3 e a_1+§(a+1)\/3 < (410)
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Multiple zeta-star values ® & BIFIZAT

KEF R RS AEBT
EMW BT RRASRSBT ¥R

Abstract

FHE— ¥l (MZV, MZSV) D% ¥ Q-REntiExitig¥ 5 LT
BEL SNZNAROBHELHMLII OV TERRS,

1 Introduction

ZEY—IELEDE5 25 QB (BLUEOEMUY) &, HBEZWILD
ELT, MROY— . 8FYHFICBIER4 RSFICRMIREA TS,
HECIMEFELSHRE LY, i - Hle9H - Mo AR - Bk
L&A RTHOMAEORBR L DR >TETVD, ChLHRENDER
BEOV LD, $TELEE-SHEOLT QRBOMELHL (HEBTS
ZETHY, BARBZEY - FEOBO Q-RIBWEADE&HBELIBET S
EERATVE, T TS DMEFEADIEE N, TO2FBIBEINT
ETWwaY, FLERBBORFELEELTVS,

ZEL— S EICE 2 o0HEENFH L. BRE, FEE-FELRDIIE-
7o & &5 Euler([6]) 1, 4 A*MZSVs (multiple zeta-star values ; %51
ELHEX— V) LIPATYEHDEEEKIIFE> TV LI THE. —74,
WAEDFED EHi 1 MZVs (multiple zeta values) TH Y, BEZH52%
FEE-yEEFENTND, MZSV D MZV b (BESEIZ) BVt
HELSTEHEEZTELAILDS, LD Q-REWER—DIDTH 5.

MZSVs & MZVs DEFIILTOMY) TH5: FENEES/ VTV I A
k= (ki ks kn) EVBki€Z kyi>1, k>0 KKHLT,

1
mlklm.zkz “aa mnkn

¢*(k) = ¢ (k1 kzy -  Kn) = )

m2ma>:2mn 21

*Supported in part by JSPS Grant-in-Aid No. 15740025 and No. 15540190 and by
Kinki University Grant No. 2003-G502.

k)
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1
klm2k2 s mnk" )

¢(k) = ¢k ka, ... k) = >
m1>ma>>ma>0 T
SEA VT I I AK = (kp ko k) (ki €2, k>0) KHLT, kOE
& wi(k), EE dep(k), B S ht(k) Lit, FRENEL = ky+ ko + -+ + kg,
n, s = #{ilk; > 1} THRILIEHDL LTS, BF I(kn,s) TESE,
BEn BMEsDEEAVFyv I Ak OLEBREEERL, Ikns) T #F
BOHT2DL b > 1 #BATRICEZBOEEERL, B Ikn) =
min k=n) [kom,s) EEDD.
ALICMZSV D% 2213 L, 72 A~ depth D/NEVMZVs 2o T
HETLTARBL,

C@.2,2) = T + 250(2)03) + C(@)()
C'3,3.2) = S0+ SCRIEY - 20C3KE) + 566.,2),

En) L) BRT, BRUTES ZHTICONTHMLREICL 5.

FEIZAHAICHARKOBEE 2 L TBL. MAKRBELEY— 50T
QRBOMELIRET A2 L CREELZPHEROVLS2THELHSMTY
A, RETCHRAZKEFARNE ZOAROHFEILTH 5.

Theorem 1 (F1A3; Granville[7], Zagier[17]) EEDEHK k> n > 01
xF L CLUT ASHAL.

> C(ky+ 1Ky Kagn) = C(k+ 1),

(k1.k2,...kn+1)EI(k,n+1)

> C(ki+ L,k knga) = (:)C(k+1).

(k1.k2,...kn+1)EL(k,n+1)

AT, MZSVs 22V TORBMARZBERD. MO MZVs (233
T 5 KEFAF L Hoffman & E—FFDOKFEMEC L WBECBOATWS
([10)) A%, KREHCERT & HICHL L b MZVs D& % 5 R0 04 4 BRRIR
Thb. FWTH X H MZSVs DREFIAKIE MZSVs DFIE ) —w ¥ =%
HOEHEL LTRBTEHD0THY, EBROMARXDHEFELMGII%>
THY, KEMOFENLERERBELTWE LI IBEDbRS,



2 MZSVs DEEIFAK

AHTCRIRMMOEE, ETEF (MZSVs OKEFILK) X, EX O/,
SWRGTORGBNEREZ5X 5.

. R 1 2 P n
v E DK EIE =
cxR&n (L¥in) OREIERELL, o ( Tj(l) Tj(z) ces Tj(n) )

LELLE, BEAVF YA (K ko ka) (R o . ) € Ik, n) B8
BIEMETH 5 &1,

(hi, oy oo b)) = (k) Bry2)r -+ o Brgm))

Rl TN IHETE I L EEHT S, BT N(k,n) Tl(k,n) B3
KREFEHEO &2 T.
HENRSOBTEREIULTOLOTH A,

Theorem 2 II(k,n) (k> n > 0) DEBEDTT o (23F L TUTHH D LD,

Hlol

Z th(kl_zvk%akniz+1)=;n—C(k+1)

(k1,k2.....kn)EQ i=0
SETEBOE 2OFIIOVWT, =10k EIZ0ET 5.
8D 7012 MZVs I3+ 5 KEFARZ BB L TH L.

Theorem 3 ([10]) II(k,n) (k >n > 0) DEEDT o i3 LTUTHED
A=D

kn—2
C(k1+1,k2,...,kn)= E ZC(kl—l,,kn,Z'Fl)

(k1,k2,...kn)Ea (k1.kz2,... . kn)Ea i=0
CETHEADE 20FICOWT, =1DLEIZ0ET 5.

WL THS 2R L1, ERIOLANIIMAL b MZVs DB >
THED, PREHTHL. TR 2O\ TREA) -2 E—- Y EOERK
B2 -oTHBY, AIDRXNOHELSE (KBHOBEAFFET) b ED
BHICHERTEA. _

BE 8KRF D MZSVs icoWT, SXKEIEEFHDIT L TDHEOEMIILAET
NDEROBEY TH5A.



wt. [ dep. [ k€ a MZSVs i =
3 |2 (2) ¢*(2,1) 2((3) | 1
4 2 |3 ¢(3,1),¢°(2,2) 3C(4) |1
3 (2,1) g*(z 1,1) 3¢(4) |1
5 12 (@ C4D.0(.2.029) 4(5) [ 1
3G CELDC>1,2) 4(5) |1
3 (2,2 ¢*(2,2,1) 2¢(5) | 2
4 (2,1,1) ¢*(2,1,1,1) 4C(5) | 1
6 |2 (5) ¢*(5,1),¢"(4,2),¢*(3,3),¢"(2,4) 5¢(6) | 1
3 (4,1) ¢*(4,1,1),¢*(3,1,2),¢*(2.1,3) 5¢(6) | 1
3 13,2 ¢*(3,2,1),¢*(2,2,2),¢°(2,3,1) 5C(6) [ 1
4 3,1,1) ¢'(3,1,1,1),¢(2,1,1,2) 5¢C(6) [ 1
4 (2,2,1) ¢(2,2,1,1),((2,1,2,1) 5C(6) | 1
5 2,1,1,1) | ¢(2,1,1,1,1) 5C(6) | 1
7 12 [(6) ¢*(6,1),¢°(5,2),¢*(4,3),¢7(3,4),¢*(2,5) | 6¢(7) | 1
3 [(51) ¢*(5,1,1),C (4,1,2) ¢ (3 1,3),("(2,1,4) | 6¢(7) | 1
3 (4,2 C(4,2,1),C(3,2,2),((2,2,3),0(2,4,1) [ 6¢(7) | 1
3 (3,3) ¢(3,3,1),(°(2,3,2) 3¢(7N | 2
4 (4,1,1) ¢(4,1,1,1),¢(3,1,1,2),¢*(2,1,1,3) 6¢(7) [ 1
4 (3,2,1) ¢(3,2,1,1),¢*(2,2,1,2),(°(2,1,3,1) 6C(7) | 1
4 (3,1,2) ¢*(3,1,2,1),¢%(2,1,2,2),¢*(2,3,1,2) 6¢(7) [ 1
4 (2,2,2) C*(2,2,2,1) 20(7) [ 3
5 3,1,1,1) |[¢*(3,1,1,1,1),{*(2,1,1,1,2) 6¢(7) |1
5 | (2,21,1) [((221,1,1),¢(2,1,1,2,1) 6C(7) | 1
5 (2,1,2,1) [ ¢*(2,1,2,1,1) 3¢(7N [ 2
6 2,1,1,1,1) [ ¢*(2,1,1,1,1,1) 6¢(7) | 1
3 #HE
EBROBEMILRI [14) R R TV & 2w, PERE
1
C(kl’ 1"2’ o ’k") B a;>az2>- ;Za">an+1>l allﬁag'z aﬁn(al - a’n+l).

WA LT, ROGELIABPT S LICL D ER 2. EHASEIILEY
TER ZTBOFETHY, KiHicBVTMZVs OKEHAR DI & i



Ths.

Proposition 1 FEZEDHKB n, ki,... kn (72720 k = ky+kot---+k, > n)
WAt L CRABALT 5.

C(kh k2a veey kn) - C(k2: k31 seey krh kl)

k=2
=ki((k+1) = Y C(ky— i, ko ks knai + 1),
=0
EE2EEHIFNFNY, FEEDMZIVs DiRD Q-7 bIVZERDKRTT
DLERIZH 7L THEERETH LA, SHEBEIO—fLEEFETLIND
LA, EOH—H2EoTHWIER20—ALYBIRTHFMPBELTHA S
EVI)HERIIZE LIRSS,
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Abstract

This paper is motivated by N. Ito’s paper [3], in which he constructed a
(60, 2, 60, 30)-relative difference sets in SL(2,5). This is the only example
of a nontrivial relative difference set in a non-solvable group known to
the author. As its homomorphic image, another relative difference set is
obtained in a simple group Alt(5). However, this is a trivial difference
set. In this paper we study relative difference sets in Alt(5) and show
that there exist exactly two nontrivial relative difference sets in Alt(5) up
to equivalence.

1 Introduction

Let G be a group of order mu and U a subgroup of G of order u. A k-subset
D of G is called a (m, u, k, A)-difference set in G with respect to U if DD(-1) =
k + A(G - U). Here we identify a subset X of G with an element E z € C[G]
2€X
andset X(-1 =3~ . z~1. Disalso called a relative difference setrelative to U
and U is called a forbidden subgroup. If U = 1, then D is an ordinary (m, k, A)-
difference set. We say that D is trivial if k = 1 or (u,k) € {(1,m),(1,m - 1)}.
Two relative difference sets D; and D, in G are eguivalent if D; = (D2)%g for
an element ¢ € G and an automorphism 8 of G.
In this paper we give a classification of relative difference sets in Alt(5).

Theorem. Let D be a nontrivial (m,u, k, A)-difference set in Alt(5) relative
to its subgroup U. Then D 1is equivalent to one of the following.

G) (m,u,k,)) =(12,5,11,2), U ={(1,2,3,4,5)) and
D = D,uD\"PYuD,, where Dy = {(1,2,5),(1,3,5),(1,2,4,3,5),(1,2,4,5,3)}
and Dy = {(1,2)(4,5),(2,4)(3,5), (2,5)(3,4)}.

(i) (m,u,k,A) = (30,2,29,14), U = {(2,3)(4,5)) end D = D,uD{"V U D,,
where Dy = {(1,2,4),(1,3,5),(1,4,5),(2,4,5), (3,4,5), (1,2,3,5,4),
(1121 51 31 4)1 (11 21 514: 3)1 (11 3’ 2' 41 5)1 (la 31 41 21 5)1 (11 41 21 31 5)} and



D, = {(1, 3)(4| 5)7 (1’ 3)(2v5): (la 2)(41 5)’ (1, 2)(3’4)' (la 5)(2: 4)1 (11 4)(3!5)’
(2,4)(3,5)}.

2 Relative difference sets in Alt(5) obtained from
affine difference sets

Let D be a nontrivial (m,u,k, A)-difference set in G(= Alt(5)) relative to a
subgroup U of G. Then, as DD~V = k + A(G - U), we have k? = k + A\(60 -
u), k < m(= |G : U|) and u|60. On the other hand, if X is odd, then all
involutions of G are contained in U, as otherwise an involution outside U, say
z, is represented an even number of times as a difference d,d; ' (= dzd; ') with
dy,d2 € D. Hence we can easily check that there are exactly three types of
possible parameters (m, u, k, \) as follows :

(i) (12,5,11,2), (i) (30,2,29,14), (iii) (20,3, 19,6) (1)

In this section we construct relative difference sets of type (i) and (ii). The
method is to use the following lemma.

Lemma 2.1 (Elliot Butson [1]) Let D be an (m,u,k,\)-difference set in G
relative to U. If N is a normal subgroup of G of order n contained in U,
and if ¢ denotes the canonical epimorphism G — G/N, then (D) is an
(m,u/n, k, An)-difference set in G/N relative to U/N.

First we construct a (m + 1,7 — 1, m, 1)-difference set in a group G which
involves Alt(5) for m = 11,29. A relative difference set with such parameters
is called an affine difference set of order m (See [4]). Then, setting a natural
homomorphism ¢ : G — G/Z{G) and applying Lemma 2.1, we obtain a
nontrivial relative difference set in Alt(5).

Let K x K be a 2-dimensional vector space over X = GF(p®), where p
is a prime. We can regard K x K as a desarguesian affine plane of order p®.
Let P = K x K \ {O}, where O = (0,0) and let L = {{,5 | a,b € K,b #
0} u {é. | c € K,c # 0} be the set of lines of K x K not through O, where
lop = {(z,az +b) | z € K}, & = {(c,y) | y € K}. Clearly GL(2,p*) leaves P
and L invariant and |P| = |L| = p? — 1.

Lemma 2.2 Let G be a subgroup of GL(2,p®) isomorphic to SL(2,5). If
p > 5, then every nonidentity element of G fixes no element of P and L.

§

Proof. Let g be a nonidentity element of G and set ¢ = , where

s,t,u,v € K. If g fixes an elememt of P. Then one of the eigenvalues of g is 1.



Since g € G = [G,G] C SL(2,p®), ¢ is similar to [ llc [1) ] for some k € K. By

assumption p f|G|, hence g = 1, a contradiction.
We can check the following :

£vu+t b ifua"'s#o e_g—_c ifu#o
(Cap)g = § wo¥erwads v (lg=q ™
ub ifua+s=0 £se ifu=0
Assume g fixes an elememt £, € L. Thenua+s#0anda = 22 p== b,

Hence au+s = 1,av+t = a. If'-‘=0°“’=l’theng:[[1) i or[i [1)]’

respectively. This implies that ¢ is an element of order p, contrary to the
assumption that p > 5. Thus 1=¢ = ;L. From this, tr(g) =s+v=2andso g
is similar to [ [1) ]19 ] for some k € K, a contradiction. Similarly we can show
that (¢c)g # ¢

(I) A construction of a (12,5, 11, 2)-difference set in Alt(5) :

LetK=GF(11)andsetzl=[g g],12=|:é 170],3:3= 1;) ]

and Z = (—I). Here I, is the identity matrix of size n. Then z3 = z3 =
73 = (2122)% = (2273)° = (1123)2 =1 (mod Z). Set G = {(z;,72,23) and
H = (x,,z2). Then G and H are subgroups of SL(2,11). On the other hand,
setting y) = (2,5,4),y2 = (1,4)(2,5) and y3 = (1,3)(2,5), we have y} = y2 =
v} = (ny2)® = (y233)° = (1133) = 1. Hence a mapping g from G to Alt(5)
defined by u(z;) = y; for i € {1,2,3} is a homomorphism. By Example 19.8 of
[2] and the simplicity of Alt(5), we have G/Z ~ Alt(5) D H/Z ~ Alt(4) and
so G ~ SL(2,5). We note that (y1) =~ Z3, (y1)}{y2,y3') = Alt(4) C Alt(5) =
(1) (2, ¥¥" ) (va), where y' = y7'vwoy) and va = yiveys = (1,4,2,5,3). Set
z4 = 122x3. Then, as p is a homomorphism, we have the following,

N o

G= :I:{l,x,,x?}{l,zg,zg’,zgzg‘}{1,3:4,3:2,1:2,1:2} (2)

Let P and L be as before. Then |P| = |L| = |G| = 120. It follows from
Lemma 2.2 that G acts regularly on P and L. For a point (1,0) € P and a line
¢={1}xK,weset D={geG|(1,0)g€¢}. Then D={g€ G| (gh, =1},
where (g);; is the (i, j)-entry of g. Therefore we have the following.

Lemma 2.3 The following hold.
(i) |D|=11.
(ii) LetU be the set of diagonal matrices in G. Then Z(G) < U = (x4) ~ Z)9,

8 0
where T4 = 212223 = 0o 7|

iii et d1,ad2 € D and assume that d)d, " € U. end; =dj.
iii) Letd),d2 € D and hat dyd;' € U. Thendy =d



(iv) Let dy,dz,d3,dg € D. If dyd;! = dyd;!, then either (1) dy = dy and
d3 = d4 or (2) dl = d3 and d2 = d4.

Proof. (i) follows immediately from the regularity of G on P. Clealy [U| < 10

and as 1,T3T3 = [ g g ] € G, we have (ii). Since (d})),) = (d2);,1 = 1, we
can verify (iii).
Assume did;! = d3d;! and d) # da. Then (1,0)d;d;! = (1,0)dzd; ! =

a;

(uv) for some (u,0) € P, (wv) # (1,0). Set di = |, for i €
1 a _ 1 as 1 az | _
{1,2,3,4}. Then (1,0) [ b o ] = (u,v) [ be c2 ] and (1,0) [ by cs ] =

1 a4
o | 5, o
aqu + c4u. By the first equation, v # 0 as (u,v) # (1,0). From this, by = by,
which implies that d;'dy(€ G) is a triangular matrix. As |G| is not divisible by
11, d;'d, is a diagonal matrix . (iv) follows at once from (iii).

]. Hence u + vbs = u + vby = 1 and a; = astt + cav, a3 =

Applying (iii) and (iv) of Lemma 2.3, we have the following.

Proposition 2.4 Let G,D and U be as in Lemma 2.3. Then D is an affine
difference set of order 11 in G(= SL(2,5)) relative to U.

Using (2), we can verify the following :

om (3 2] [Ldem  [L i)
[4 3 ]eme0 [ % o [emmesth [} e maad,
R - N I (C ) B
[§ fo]<=—=?=5"3)v [5 }8]<=—=¥zz=5'=n}.

As a corollary, we have

Proposition 2.5 Set D = {(2,5)(3,4),(1,3,4),(1,3,2,4,5),(1,3)(2,4),
(2,3)(4,5),(1,4,5),(1,4,5,2,3),(1,5,4),(1,5,4,2,3),(1,3,2,5,4), (1,4,3)}.
Then D is a (12,5,11,2)-difference set in Alt(5) relative to U = {(1,2,3,4,5)).

Proof. Let G,D and U be as in Lemma 2.3 and let u be as before. By the
proof of Lemma 2.3(ii), u(U) = p({z12273)) = (niveys) = ((1,4,2,5,3)) =
{(1,2,3,4,5)). It follows from Lemmas 2.1, 2.3(ii) and Proposition 2.4 that
(D) is a (12,5, 11, 2)-difference set in u(G) relative to {(1,2,3,4,5)). On the
other hand p(D) = {u(1), u(z2), p(—23' 1), u(x124), u(—212223), p(2123' 23),
p(—21z275' 74), p(—ziz3), n(zirazs), p(—2iz3' 23), u(ziza23' 24)}

= {e, 2,43 v, viva, 11298, niv3' v3, n1v2vd g, v3ug, vivewa, 4393 vl yiveny wa)
= {C, (1’4)(2’5)1 (114921 3v 5)v (1’4’5v 213)’ (2v 4)(3’5)’ (113v 4’ 2v 5)’ (1’3)(2v 4)v



(1,2,5,3,4),(1,2,4,5,3),(1,4)(3,5), (1,3)(2,5)}, where e is the identity element
of Alt(5). Set D = u(D)(2,5)(3,4) = {(2,5)(3,4),(1,3,4),(1,3,2,4,5),
(1,3)(2,4),(2,3)(4,5),(1,4,5),(1,4,5,2,3),(1,5,4),(1,5,4,2,3),(1,3,2,5,4),
(1,4,3)}. Then we have the proposition.

Remark 2.6 We have chosen a tanslate D of p(D) so that DNU = ¢.
Therefore Alt(5) = UDUU and we can verify that D = p"

(II) A construction of a (30, 2,29, 14)-difference set in Al(5) :

18 10 5 9
2 26
I3 = [ 21 27 ] and Gg = (Il,Ig.za) < SL(2,29), Zy = (—I2). Let y1,y2 and
y3 be as in the case (I). Since z} = 72 = 13 = (z172)3 = (2223)% = (1173)% =
1 (mod Zg), we can define a homomorphism p from Gg to (yl,yz,y;;)(: Alt(5))
in a similar way as in (I). Then it follows that Go = *(x1)(Z2,23')(z4) =~
SL(2,5),u"'(e) = Zp and Go/Zp =~ Alt(5). Set G = GpZ(C GL(2,29)), where

Z = Z) (7) ) = Z;. We can check that G acts regularly on P and L. For a

point (1,0) € Pand a line £ = {1} x K, weset D = {g € G | (1,0)g € £}. Then
D={geG|(gh,=1}.

Let Uy and U be the set of lower triangular matrices in Go and G, respec-
tively. Since K* =~ Zjyg and 7,29 [ |Go|, we have |Ug| < 4. On the other

hand, z3** = ;I 102 ] € Gq, hence Uy = ([ ;,17 102 ]) =~ Z4. Therefore

U = UpZ ~ Zag. By asimilar argument as in the case (I), we have the following.

LetK=GF(29)andset:z1=[2O 3 ],3:2:[20 1 ]’

Proposition 2.7 Let G(~ SL(2,5) x Z3),U(= Z2s) and D(|D| = 29) be as
above. Then D is an affine difference set of order 29 in G relative to U.

Set My = {g € Go | (g)1,1 = k} for k € K. Then, as 77 = 1 (mod 29),
D = M; U 7M7 U T"M7a U 772 U T3M7 U 72Mps U TM7e (C GL(2,29)). We
can check that

SIS 218 0 B T

I
= {1, zﬁ,:l:z , T1 225" T3, ~T923" x, — 1323},

3 7 10
M7 = {[ 10 21 ] 14 16 } = {z12225 23, —2¥x,25' 23},

_ 20 11 [20 3 20 221 [20 11] [20 17
Mz (= Ma0) = {| '5 9]’[18 10]’[27 8]’[25 8]’[10 10]’
[ fg 196 ]} = {z2,11, ~23' 23, —Z12§, —21 22, —2}a}},

[ 24 6] [24 22

M73(= M24) = { ] 2 28 25 0 ]} = {—1112142,—1%1'3},




23 24 23 27
Mze(= Mza)—{[ 12] [22 2]}—{2:22:4.2:?2:5‘1:3

_ _cf16 28] [16 10] [16 19] [16 21 16 17
M”(‘M"‘)‘{[ls 8] 12 13] [15 7]’[14 13]’[16 8]}

= {2124, T17225, 712225 23, — 2025 2y, — 723},

_ (2 a1 [25 2] [25 7] (25 1 2% 24
M’“(‘M25)‘{[ 4 3]'[13 28]’[23 3]’[_3 28]'[14 10]’

z x x
[ 22 10 ]} = {z3'z}, 123" 21, aizaxy' 2f, 2}, -4, —zfr3 74}

Set Dy = Ugcicg My (C Go). Clearly Z(G) = Zy x Z C U. Since G/Z(G) =
GoZ(G)/Z(G) ~ Go/Zp ~ Alt(5), u(Dy) is a (30,2,29, 14)-difference set in
Alt(5) relative to {(2,3)(4,5)}(= (u(x32"')}) by Lemma 2.1 and Proposition
2.7. Set D = u(D;)(1,2)(3,4). Then, by a similar way as in the proof of
Proposition 2.5, we have the following.

Proposition 2.8 Set D = {(1,2)(3,4),(2,4,5),(3,4,5),(1,3)(2,5), (3,5,4),
(2,5,4),(1,2)(4,5),(1,3)(4,5),(1,3,4,2,5),(1,2,5,3,4),(1,2,5,4,3),
(1,4,3,5,2),(1,3,4,5,2),(1,5,2,4,3), (1, )( ,4),(1,4)(3,5),(1,5,4),(1,4,5),
(1,3,2,4,5),(1,2,3,5,4),(2,4)(3,5),(1,4,5,3,2),(1,5,4,2,3),(1,4,2),(1,3,5),
(1,2,4),(1,5,3),(1,4,2,3,5),(1,5,3,2,4)}. ThenD is a (30,2, 29, 14)-difference
set in Alt(5) relative to U = {(2,3)(4,5)) (= Z,).

5,4,
5,

Remark 2.9  We have chosen a tanslate D of p(D;) so that DNTU =
¢, Alt(5)=TDUU and D =DV,

In the rest of this paper we use the following notations.

Notation 2.10 We assume that D is a (m, u, k, \)-difference set in G(= Alt(5))
relative to a subgroup U of G, where (m,u,k, ) € {(12,5,11,2),(20,3,19,6),
(30,2,29,14)}. Ezchanging D for Dz if necessary we may assume the following.

UnD=¢, [UznD|=1 (¥zeG\U) 3)

We always regard G as a 3-transitive permutation group on Q = {1,2,3,4,5}.
Let p be a natural isomorphism from G to the group of permutation matrices of
size 5. Let A= ZdeD p(d) and set A = (a;;). Let G; ;) the set of elements of
G such that i% = j for i,j € Q. Denote by J,, ,, the m x n all one matriz. Set
I= 15 and J = J5'5.

Lemma 2.11 The following hold.
(l) aj; = |G(,-.J-) N Dl fOT‘ i,j enN.
(i) AAT = kI +120\J - X-p(U).



(i) AJ=JA=kJ.

Proof. By definition, (i) and (iii) are obvious. Since DD~V =k + X\(G - U),
p(D)p(D'=1) = kI + Mp(G) - p(U)). As |G(; 5| = 12, we have p(G) = 12J.
On the other hand, as p(g) is an orthogonal matrix for every g € G, AT =
Y aep P(d7). Therefore (ii) holds.

3 Non-Existence of (20, 3,19, 6)-difference set in
Alt(5)

In order to prove our theorem, we first show that there is no (20,3, 19, 16)-
difference set in G(= Alt(5)). Suppose there exists a difference set D with such
parameters relative to a subgroup U =~ Z; of G satisfying (3). We may assume
that U = {(3,4,5)).
Lemma 3.1

73 72 72 72 72

72 73 72 72 72

AAT=| 72 72 8 66 66
72 72 66 85 66
72 72 66 66 85

Proof. As U = {{(3,4,5)), p(U) = [ 33 Jaoa ] Applying Lemma 2.11(ii),

we have the lemma.

Lemma 3.2 Set A = g g , where P,Q,Rand B are 2by 2, 2by 3, 3

by 2 and 3 by 3 matrices, respectively. Then the following hold.
4 4

(i)P=[Z ‘;]Q=[2 ) 3]andR=[: :}

53 34 34
(i) B has a constant row and column sum of 11 and BBT = | 34 53 34 |.
34 34 53

Proof. Set H = G), the stabilizer of 1. Then U is a subgroup of H. Let j € Q
and f; an element of G such that 1/ = j. Then G, j, = Hf;. As HD U, Hf;
is a union of right cosets of U. Hence a,,;j = |H f; N D] = 3 or 4 according as
i=1ori#1 by (3) and Lemma 2.11(i). Similarly as ; = 3 or 4 according as

. . 3 4 4 4 4
i=2o0ri#2 Thus P= 4 3 and Q = 4 4 4].
Let i € 2\ {1,2}. By (3) and Lemma 3.1,
ajp+az+aztagtas = 19 (4)
3aq) +4dags +4ai3 +4ayq +4ais = 72 (5)
4ai, + 3a;20 +4a;3 +4aq+4ais = 72 (6)



From (5) and (6), a;; = a;2. This, together with (4), gives a;; = a;2 = 4 and
ai3 +ai4 + a5 = 11. Applying Lemma 3.1 we have (i) and (ii).

Set B = (b;;). By Lemma 3.2, we have {bi1,bi2,bi3} = {by;,baj, b3} =
{1,4,6}. Moreover, exchanging D for Dz for a suitable z € U if necessary, we

may assume that b;; = 1 and that B is one of the following.
1 4 6] 1 4 6 [1 6 4 1 6 4
Bp=]4 6 1| ,Bo=)61 4),B3=]416]|,Bsq=]6 41
6 1 4J 4 6 1 [ 6 4 1 4 1 6
Lemma 3.3 . We have either A = A, or Az up to equivalence, where
3 4 4 4 4 (3 4 4 4 4
4 3 4 4 4 4 3 4 4 4
A= 4 41 4 6|, Ar=]4 41 4 6
4 4 4 6 1 4 4 6 1 4
4461 4 | 4 4 4 61
1 00
Proof. Let B; (1 <i<4)beasabove. Set P=| 0 0 1 |. Then PB,P=
010
>3

By and PByP = B;. On the other hand, Aut(G) = Sym(5)> G = Alt(5) and
the normalizer of U in Sym(5) is ((4,5))U. Since p((4,5)) = [

lemma holds.

5>

By Lemma 2.11(i) and Lemma 3.3, we have one of the following.
{CASE 1) A= A; and
|G33)ND| =1Gus ND|=|GsaynDl=1 (M

(CASE 2) A= A; and
|Gi3,3) N D| =G4 "Dl =|GissNDl=1 (8)

The steps for a computer search are as follows:

(STEP 1) Select one element from each coset Ug(# U) and get a set
of right coset representatives D = {r1,7r2,--- ,T19} of size 19 using (7) or

(8).
(STEP 2) Compute the summation M =37, .19 o(ri)-
(STEP 3) If M = A, or Ay, then check DD(-V) =19 4+ 6(G - U).

Thus, we can verify the nonexistence of such a difference set D by a computer
search.



4 A classification of relative difference sets in

Alt(5)

In this section we determine all relative difference sets in Alt(5). We use the
notations defined in Notation 2.10.

(I) (12,5, 11, 2)-difference sets in Alt(5) :
The right coset decomposition of Alt(5) by U(= ((1,2, 3,4, 5)}) is as follows:

Alt(5) = U + U(3,4,5)U + U(3,5,4) + U(2,3)(4,5) + U(2,3,4) + U(2,3,5) +
U(2,4,3)+U(2,4,5)+ U(2,4)(3,5) + U(2,5,3) + U(2,5,4) + U(2,5)(3, 4), where
U ={e,(1,2,3,4,5),(1,3,5,2,4),(1,4,2,5,3),(1,5,4,3,2)},

U(3,4,5) = {(3,4,5),(1,2,4,3,5),(1,3,2), (1,4)(2,5),(1,5,4,2,3)}

U(3,5,4) = {(3,5,4),(1,2,5),(1,3)(2,4),(1,4,5,3,2),(1,5,2,3,4)},
U(2,3)(4,5) = {(2,3)(4,5),(1,2,5,3,4),(1,3,5),(1,4,2),(1,5,2,4,3)},
U(2,3,4) = {(2,3,4),(1,2,5,4,3), (1,3,2,4,5),(1,4)(3,5),(1,5,2)}

U(2,3,5) = {(2,3,5),(1,2)(4,5),(1,3,4,2,5),(1,4,3),(1,5,3,2,4)},

U(2,4,3) = {(2,4,3),(1,2,3,5,4), (1,3)(2,5),(1,4,5), (1,5,3,4,2)},

U(2,4,5) = {(2,4,5),(1,2)(3,4),(1,3,2,5,4),(1,4,2,3,5),(1,5,3)},
U(2,4)(3,5) = {(2,4)(3,5),(1,2,3),(1,3,4,5.2),(1,4,3,2,5),(1,5,4)},
U(2,5,3) = {(2,5,3),(1,2,4),(1,3,5,4,2),(1,4,5,2,3).(1,5)(3,4)},

U(2'5'4) = {(2’ 514)'(112'4'513)'(1'3,4)'(1'4'3'5'2)’(115)(213)} b}

U(2' 5)(3' 4) = {(2' 5)(3' 4)'(112)(3' 5)'(173)(4' 5)'(1'4)(2' 3)'(1’5)(2’ 4)}'

By a similar argument as in §3, we have

33 22 22 22 22
22 33 22 22 22
AAT =22 22 33 22 22
22 22 22 33 22
22 22 22 22 33

Hence, the set of entries of each row of A is {0,2,2,3,4}. Since U is transitive
on §, we may assume that a;,; = 0. It follows that

DnG, =9 (9)
Using (9), we know that D is one of the following by a computer search.
(i) Dy =1{(1,2,3,4,5),(1,5,4,2,3),(1,4,5,3,2),(1,5,2,4,3),(1,2,5,4,3),(1,5,3,2,4),
(1,5,3,4,2), (1,3,2,5,4), (1,4,3,2,5),(1,3,5,4,2), (1,4,3,5,2)},
(il) D2 = {(1v3v 512! 4): (11554»2!3)v(1|4v 5v3v2)1 (1|2v5v 3v 4)!(11215v 413)s (1v3v412v 5)1
(1,5,3,4,2),(1,4,2,3,5),(1,4,3,2,5),(1,4,5,2,3), (1, 2,4,5,3)},
(iii) Ds; = {(1.4,2,5,3).(1,2,4,3,5),(1,5,2,3,4),(1,5,2,4,3),(1,3,2,4,5),(1,5,3,2,4),
(1,2,3,5,4),(1,3,2,5,4),(1,3,4,5,2),(1,3,5,4,2),(1,4,3,5,2)},



) (iV) D4 = {(115‘43312)5(152$4a315)1(1v5,21374)1(112-;5»354)1(1:3,21475)1(1’3$41275)1

(11 21 3: 5v 4): (11 4’ 2’ 31 5): (11 31 4' 512)1 (114s 5| 2’ 3)1 (1) 21 4’ 5v 3)}-

Lemma 4.1 Every (12,5,11,2)-difference set in Alt(5) is equivalent to D de-
fined in Proposition 2.5.

Proof. As we have shown above, any (12,5, 11, 2)-difference set in Alt(5) is
equivalent to D; for some i € {1,2,3,4}. On the other hand we can verify that
D, = (D-(114)(2v3))(1’2'4'3)1 D, = 5(1’4)(213)1 Dy = ﬁ(1|4)(2’3)v Dy =
(D(1,4)(2,3))(4342) Thus the lemma holds.

(IT) (30, 2,29, 14)-difference sets in Alt(5) :

Let D be a (30,2,29, 14)-difference sets in G(= Alt(5)) relative to U. We
may assume that DNU = ¢ and U = (t), where ¢t = (2,3)(4,5). Then the
following holds.

Lemma 4.2 ap =5 and a1 = a; =6 for any i, j € {2,3,4,5}.

Proof. Set H = G, the stabilizer of 1. Choose y; € G so that 1¥ = {
fori € 2\ {1} and set y; = 1. Then G = Hy; + Hy, + Hys + Hys + Hys.
We note that Hy; is the set of elements x € G such that 1* = j. Let H =
Uhy + Uhy + Uhg + Uhg + Uhs + Uhg be the right coset decomposition of H
by U, where hy = 1. Then G = J, ;<5 Ui<ics Uhiy;. Since [IDNU| =0 and
IDNUg|l = 1if Ug # U, it follows "that |IDAURy;l =0ifi=3=1and0
otherwise. Hence

5 ifj=1
=|Dn Hy;| = 10
ey; =| vl {6 7 #1. (10)
By a similar argument as in §3, we have
e b b b b
b d c b b
AAT =201 + 14120 -T—-p(t))=| & ¢ d b b |, (11)
b b b d c
b b b c d

where a = 169,b = 168,c = 154,d = 183. Hence ayjai; + a12ai2 + 013043 +
ajaeigy + a15ai5 = 168 for 2 # 1. Moreover a;; + a2 + a3 + aig + aijs = 29 by
Lemma 2.11. By (10), we have a;; = 6 for every i # 1. Thus the lemma holds.

Let B = (aij)2<i,j<5 be a 4 by 4 submatrix of A. By (11) and Lemma 4.2,
we have

147 118 132 132
118 147 132 132
132 132 147 118
132 132 118 147

BBT = (12)

10



By Lemma 4.2, B has a constant row sum of 23 and column sum of 23.
Moreover, by (12) a% + a% + ¢ + a% = 147. Hence we can check that
{ai2, ai3,a:4, 055} = {3,5,7,8} or {4,5,5,9} for i € {2,3,4,5} by a computer
search. Moreover, we can easily check that 4z + 5y + 5z +9u ¢ {118,132} when
{z,y,2,y} = {4,5,5,9} or {3,5,7,8}. Therefore

{aiz2, @iz, aia,0i5} = {3,5,7,8} Vi#1, (13)

Since G(= Alt(5)) is 3-transitive on 2, exchanging D for Dg for a suitable
g € G, we may assume that A has the following forms.

5 6 6 6 6
6 * x * x
A=|6 * x » = (14)
6 * = 3 *x
6 * * * 3
By (12), (13) and (14}, B has one of the following form.
x * T 5 *x *= 5 7
. x * 5 7 " * x 7 5
(i) * * 3 8 (i) * * 3 8 (15)
* x 8 3 * * 8 3

Exchanging D for D! if necessary, we assume that B is of type (i). Therefore,
by (12} and (13), B is one of the following.

8375 3875
38 5 7 8 3 5 7
Bi=|7 5 38| B=|57 38
578 3 758 3

Thus A is one of the following.

A= (16)

5 6J] , _[5 6J
6J B, |' 27 |6J B

The right coset decomposition of G by U(= ((2,3)(4,5)}) is as follows:

Alt(5) = U + U(3,4,5) + U(3,5,4) + U(2,3,4) + U(2,3,5) + U(1,3,2) +
U(1,3,4,5,2)+U(1,3,5,4,2)+U(1,3,4)+U(1,3,5)+U(1,3,5,2,4)+U(1,2)(4,5) +
+U(1,2,3,4,5) + U(1,2,3,5,4) + U(1,2)(3,4) + U(1,2)(3,5) + U(1,2,4,3,5) +
U(1,5,4,3,2)+U(1,5,2)+U(1,5,3,4,2)+U(1,5,4)+U(1,5)(3,4)+U(1,5,2, 3,4) +
U(1,4,5,3,2)+U(1,4,5)+U(1,4)(3,5)+U(1,4,2)+U(1,4,3,5,2)+U(1, 4,2, 3, 5)+
U(2,4)(3,5).

The procedure of the computer search is as follows:
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(i) Select one element from each coset Ug(# U) and get a set of right coset
representatives D = {ry,r2, - ,r29} of size 29.

(ii) Compute the summation M = le:'szo p(ri).
(iii) If M = A, or Ay, then check DD(=1) =29 + 14(G - V).

Thus we obtain the following two (30, 2, 29, 14)-difference sets.
Dy ={(3,4,5),(3,5,4),(2,4,5),(2,5,4),(1,3)(4,5),(1,3,4,5,2),(1,3)(2,5),
(1,3,2,4,5),(1,3,5),(1,3,4,2,5),(1, 2)(4,5),(1,2,4), (1, 2,3,5,4), (1,2)(3,4),
(1,2,5,4,3),(1,2,5,3,4),(1,5,3),(1,5,4,2,3),(1,5,2,4,3),(1,5,4),
(1,5,3,2,4),(1,5)(2,4),(1,4,5,3,2),(1,4,5),(1,4)(3,5),(1,4,2),
(1,4,3,5,2),(1,4,2,3,5),(2,4)(3,5)},
D, = {(3,4,5),(3,5,4),(2,4,5),(2,5,4), (1,3)(4,5), (1, 3)(2,4),(1,3,5,4,2),
(1,3,2,4,5),(1,3,5),(1,3,4,2,5),(1,2)(4,5),(1,2,4), (1, 2,3,5,4),(1,2,4,5,3),
(1,2)(3,5),(1,2,5,3,4),(1,5,3).(1,5,4,2,3),(1, 5, 2,4, 3), (1, 5,4),(1,5)(3,4),
(1,5,2,3,4),(1,4,5.3,2),(1,4,5),(1,4,3,2,5),(1,4,2),(1,4, 3,5, 2),
(1,4)(2,5),(2,4)(3,5)}. Thus we have

Lemma 4.3 Any (30,2,29, 14)-difference set in Alt(5) is equivalent to one of
the following.
{(3’4’ 5)’ (3’ 5’ 4)7 (2’ 4v 5)’ (2’ 5’ 4)’ (1’ 3)(4’ 5)’ (1’ 3’ 4’ 5’ 2)’ (1’ 3)(2’ 5))
(1,3,2,4,5),(1,3,5),(1,3,4,2,5),(1,2)(4,5),(1,2,4),(1,2,3,5,4),
(1,2)(3,4),(1,2,5,4,3),(1,2,5,3,4),(1,5,3),(1,5,4,2,3),(1,5,2,4,3),
(1,5,4),(1,5,3,2,4),(1,5)2,4),(1,4,5,3,2),(1,4,5),(1,4)(3,5),
(1,4,2),(1,4,3,5,2),(1,4,2,3,5),(2,4)(3,5)}

Proof. Let D, and D, be as above. Then we can verify that Dy = (D;(2, 3)(4, 5))(24:3:3),
Thus the lemma holds.

We now prove our theorem.

Proof of Theorem
By Lemmas 4.1 and 4.3 we have the theorem.
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On the 2-dimentional dual hyper oval of the polar type in PG(5,4)
and its automorphism group.

ERXFE BLER BFEH
il Ex

Sectionl FF

HBEGF(g) LD n REHEZMIZHEVT, ¢+ ¢+ + ¢+ 2HD dRTHIEMASET dual
hyper oval L BREND /37 VAILBABIZHOEXSHY, EESER. H#A, EayTLE b T
TIHIZK DBAICHEENL TS ([1),[4],15), [6], [7), [8]). Zh &nERIZAMEDOR S S BB L LI
{BEboTWS, ZI TIIERLIR~s FAZEMM 6L ZHEZMITISVVTHEX isotoropic space i@ T
dual hyper oval # 2+ HDICEA L, 4tk kD=4 ) —HEEMMHL 5, SKTHEZMICHITS
dual hyper oval 18R L. TDECFEIRBY HRT S,

ZOBEXDOAFICOVTTHIN, TOBREGTIPORERZT b A ([2]) icBrhv 328, #
REs CRMBEOHBIITTWARVWOTERSZARBICLEDOTH Y. HLWERSBONLRTILA
A%

VEF, LD n+1KRTE<7 PAEME L, PG(n,g) 2 V 26/ 6ND n RENEZEMET S,

(E#)
PG(n,q) ® d REFHEMA S 25 MIEMORER S BRD 4 dDG&ERHET L E, S% PG(n,q)
® d X5T dual hyper oval (D.H.0.) &5,

(1):YAVBe SITxL ANB iXHER
(2: ANBNC=10
(3):<A| {lielS>= PG(n,q)

+l

() S| == +1

HEEE PG(2,9) ® hyper oval &%, q+2HOHERDERET, TDH>LOEDIRLE—-HRLEI
RVWHRETHS.
(&)
GF(4) = {0,1,w,w?} where 1 + w+w? =0
(W? %o THRT, )

[l» 0: 0]1 [0! 1, 0]: [0» 0: 1]; [11 1, 1], llv""»“—’]» [115’,“’]



X GP(2,4) iz33i) 5 hyper oval TH 5,

a
b
c

LEETHE, “hil PG(2,41) DEBEEL,

1 0

= {[z,, ¥, 2] |laz + by +cz2 =0}
0 1
0 0

1
o 1] ’
1 2
12 PG(2,4) it#13 3 1&ED.HO Th 3.
BIbZhon X0 2 EROMERD LREATHY, YOIHROEIABILERE LS.

0
0
1

{

1) '

1 1
w w
w w

(EH)
g=2°L%35. GF(g) L permutation polynomial f(z) 2% f(0) =0 % i/ L,
fo(x) = (f(z + 8) — f(s))/z LD f,(x) B3 E 7 permutation polynomial IZ725 & &, f(z) 285 O-
polynomial &5, {BL, f,(0)=0&¢%5.
83 O-polynomialf(z) BEIZ f(1) = 1 27T L &, f(z) % O-polynomial LPFEL,

[ER A)([3)
g=22&73. PG(2,q9) DFDERE®D hyper ovalO IZ%f L, 85 O-polynomialf(z) BFFEL T,

0={[1,z f(@)|z€GF(@}u{[0 L, 0],[0,0, 1]}

oA RTASN
bHAA, PG(2,q9) DDDHEED dual hyper oval 185 O-polynomial TRREN B,

)
GF(4) £o O-polynomialsti f(z) = 2? T, GF(4) £D#5 O-polynomials i f(z) = 22, f(z) =wz?, f(z) =
wz? Th B,
(55 O-polynomials X Zh &5 TRE B, )

BRRD X 5412, GF(g), (g = 2°) Lo hyper ovals ix GF(q) £® O - polynomials TREND N, GF(g)
LD O - polynomials IXFE AWML T2V, #>T. GF(q), (g =2°) LD hyper ovals ® 5 EHIH
LRBETHD, . regular hyper ovals & LITNBHKIX. GF(q) LD 3 &R 2 XXM 6B
bh3,

(EH)

V(n+1,q) % GF(q) LD’ x%EM &35 (orthogonal,symplectic or unitary space with the nondegenerate
bilinear form), V(n + 1,q) H6R 5N IHEEM PG(n,q) 2T, d-dimensinal D.H.O.S T, S
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4% member ' maximal totally isotropic subspace 12723 X 9 72 S % polar type D.H.O. & FE5,

[ 1)(7 5 = 39p)
unitary B polar space PG(5,4) IZ33¥ T, polar type 2-dimensional D.H.0.S BTHEL. Aut(S) = 3My
B LD,

T r7RAD2WpITiT, [BR 1 OFHE SORTOANREXTHD, ZZTik, DS EHERL. My <
Aut(S) THDHZ L ZR<D, TOMIZ, EEFICL VB OLMIEhi, polar type D.HO. DFEFIZ
DWTHOERE Zhh b DOBRBEESTHL,

[ %2 2](Yoshiara)([7])
d>2CdizB&ETH, 2. 1<h<dT. ged(hd+1) =1 L+5, PC2d+1,2) 2BKET T A
polar space &+ 5&. PG(2d+1,2) i d-dimensional polar type D.H.O. 7533,
Z DiERiL Yoshiara Families & L CLARD STV /2 D.H.O. 25, 35 & T T polar type D.H.O.
ELTIRALNRAZELEZRLELDTHS,

BE1
PG(2d +1,2°) I2HW T, |EBH 1],[EHR 2] LA+ D polar type D.H.O. 2Bt X,
B2
q 2 WREML TS, PG(2d+1,q) i, polar type ® d-dimensional D.H.O. {ZTFEL 22V Z & 2R,

Section 2
unitary polar space PG(5,4) IZ3iF 5 polar type 2-dimensional D.H.O.S D5k

PG(5,4) 2 V = V(6,4) 75 < 5 non-degenerate unitary type polar space £ 15, z &y DHRAE
(z,y) T8, S % PG(5,4) IcBi} 5 2-dimensional polar type D.H.O. £ 35, (|S| =42+4+2=22)
AcSE—oEREL. A =<epenes>tTs, Pec{ADHEA)}ICHL. ANB = (P} LA 5%
—20 S O member ¥ A[P] TRT, . <7 M ovitH L, A< v>] 2HIZ AP] £2<, THL,
{eo,e1,€2} IZIIZ T, V @ basis {eq,€1,€2,€3,¢4,65} BFEL T,

A[eol =< €g,€3,€4 >,A[e),] =< €;,€3,€5 >,

AN Aleo) = {< e0 >}, Aleo) N Aler] = {< e3 >}

BEROIZHELTEN,
F7n. LER26, basis {eg,e1,e2,€3,65,65} EIFEMOELT,

(60)35) = 11 (81,84) = ‘-1(32133) = 1, A[CQI =< €3,e4,e5 >



BRUTHEIKTED, DL,

=5 Jj=b =5
O ziei, Y yje) =Y mifs-i
=0 §=0 =0

(=T z=1%
[#4H 3]
AIZE& £ 3 projective line £ & P ¢ €725 projective point P 23 L T,
MP) :=t+n AP

iX projective line T,
n(f) =< AMP)|Pecit>

{X projective plane TH 3, ¥EiZ,
O):={MP) | Peju{e}

I3 projective plane #(€)(2 PG(2,4)) @ dual hyper oval #7273,

ZIZTCUTCHERATIRSORALT S5, ADHER P = [agep + 0161 + azep) ITH L,
f[ao,al.agl = { Toeg + r1€] + T2€2 | x; € Fyq,0070 + 0121 + a2z2 =0 }

LW, {ap,a61,a2] % P @ dual line & FES,
&T, €0,0,1] =< ep, €y > IZ2WT, [ 3] X BAT B L. 7(0,0,1]) =< e),ep,e3 > T,

0(€[0,0,1]) = { €0,0,1]* N A[P] | P € €[0,0,1] } U {€[0,0,1]}

It < ey, e0,e3 > IZBWT, dual hyper oval 223, #IC, [BEA|ICL Y, f(t) =221 T,
0(€[0,0,1]) = {L[1,¢, f(1)] | t € F4] } U {L[0,1,0], L{0,0,1] }

LB, TIT, L[0,1,0] =<ey,e3 >,L[0,0,1]) =<ey,e0>. FEih,
L[1,2, f(2)] i=< z1€; 4 xoeg + x3e3 | z) + txo + f(t)T3 =0 >

TH D,
4.t =1, w,oD%F£ITH L, projective point (te)+eo] € £[0,0,1] ICEBT 5 &, [ter+eo] € L{1,¢, f(2)]
L0,
L[1,¢, £(t)] = £[0,0, 1]* N Altey + e
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THBEN, [f(t)ey +e3] € L[L,t, f(1)) &Y.
[f(t)er + e3) € Altey +eo] where t=1,w,&

-5,
Alter + o] N Alea] = [ter + eo]*N < €3, e4,5 >=< €3,€4 + les >

T, BYRalZHLT,
Altey +ep) =< tey +ep, f(t)ey +e3, aex+eq+ies>.

|z, (f(t)ey + es,ae + 4 + feg) = 0 M b, a=f'(t) RELNDB, ZokS3ICLT,
t=11zxfL,
A[e1+eo]=<el+eo. ey +e3 exteqtes>,

t=wizx L.

Alwe) +eg] =< we; + €p, ©e; +e3, wea + e4+ Des >,
t=wiowtL.

Al@e, +ep) =< @e) + ep, wey +e3, ez +eq+ wes >
LB ERbMB,

T T, (eo,ea,e1)(es, eq,e5) L DHBBMEKT L. £[0,0,1] — £[0,1,0) 2V, LEFURRERYIE
T, g(t) =12 BIU HEZE (0, 1,0])) =< eo,e2,e4 > I2BiT 5 basis{eo, e2,e4} 2L T,

0(40,1,0]) = {L[1,¢,9(t)] | t € F4q] } U {L[0,1,0], L{0,0,1] }.

T,
Alteo + eg] =< tep + €2, g(t)eo +eq, d(t)er +es+lez>.
s, t=14Tx% L.
Aleo+ ezl =<ep+ez, eoteq, e +es+ea>,

t=wlxL.

Alweg + €3] =< weg + €3, Dep + €4, wey + €5 +xez >,
t=oIZHL,

Aloeg + e2] =< Dep + €3, wep +e4, ey +es +wez >
LB b,

HiZ, L EOHEZEMV IC (e, e1,e2)(e3,65,64) RDBREKET L. £[0,0,1] — £[1,0,0] &£72Y, HFCL
tﬁl Eﬁﬁ’&‘ﬁb 5&-"-0 h(t) = lz *SJ:U ﬁﬁqzﬁvr(f[l,o,ol) =< e2,€),6s5 > IC'}:‘H& basis{eg,el,es}
LT, :
O(¢[1,0,0]) = {L]1,t, h(t)] | t € F4] } U {L[0,1,0), L{0,0,1] }.



®-T.
Altez + 1] =< tez+ey, h(t)ez+es, h(t)eg +e3+ieg>.
iz, t=1ixL.
Alez+ el =<ea+e1, e2+es, eo+ez+eq>,

t=wiixf L., _

Alwes + )] =< wez +e;, @ez+es, wep+ e3+weq >,

A[zes + e1] =< wez +e;, wea+es, wep+e3+weq>
LB eBbhd, ShT. 2280 S ® members D 5 H 13 D members B/ TE /-,

[AVH]
weakly O-polynomials g, h DE D& LT, H4g(t)=2,h(t)=2 2TV 3@ HY. £WTIHEY D
BanExbh, g(t) =13, h() = 2 OBERED H>BLO—H>OBPFITBERV, LIL, BYDOBEY
OBEL A GBRTS S LRMAZDHO. IZRZLEFRLTHAEN, ZhiZ>WTRRENREPT
b3,

S DY 9 AD members (IKRDL HITEEH->TL B,
HIZiE. [eo +e1 +eg] IT2T,

Aleo) N Aleo + ey + e2] = |aeg + fes + vey)
LEL< :‘:; (eo + €1+ e2,aep + fez +veq) =0 7N 0, f=4(#0) B TB, HEiZ,
Ale)] N Aleo + e) + e2] = [aey + bez + ces)
L L. (eo+ey +e2,0e, +beg+ces) =07EN b, b=c(£0) B3 TH, &iz. HYUL a,alHfL,
Aleo+e1+e) =<eg+e)+e2, aco+ez+eq, aey+e3+es>

LB, Ldb, (aegtesteq,aertestes) =0&RDBIELY a=aThD, £/, Ales] =< er,eq,e5 >
THY,

Alez) N Aleo + €1 + e2] = t(eo + €1 + e2) + (dep + ea +eq) + (aey + €3 + e5)
EMTBIELY, t=a,t=a 2V, a=0 Flla=1TRThER6Ry, T,

Alwe, + eg] N Aleo + €1 + €3] = a(we, + ep) + B(@er + e3) + Y(wez + e4 + wes) =

a'(eo + €1 + e2) + '(aeo + e3 +eq) + ¥ (aer + 3 + €s5)
KHEBELT, &e (=0,1,2,3,4,5) ORZXEHEBETIIEL, o =02¥>ND, ZDL T,

Aleg+ey +ex) =<eg+ey+ez ezt+eq, eates>
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ThHILIWFREhE,

RRRERRITOZLICLY,

Aleo+ ey +wep] =< eg + e, +wey, eg+wes+ey, e +wez+es>,

Aleo + €1 + @eg] =< eg + ey + ez, ep+dez+es, € +ae3+es >,

Alep +we; + €3] =< ep +wey + €2, Deg + wez +eq, wey +e3 +e5 >,

Aleo + we) + weg] =< eg +wey +wea, Weg+e3 + ey, wey +wes +es >,

Alep + wey + @eg] =< eg + we; + wep, wez + €4, we3 + ey >,

Aleo + ey + €] =< eg + Dey + €2, weg + we3 + g, ey +e3 +e5 >,
Aleo + @€y + weg] =< ey + wey + wey, @ez + eq, wez +es >,

Aleg + wey + weg] =< eg + ey +wep, weg +e3+eq, ey +wey+es >,
LTS D22 AD members X+ TR I N,

Section 3
D.H.0.S ®H CFREE

S @ members ZXKDORFITEZ, ZORFEERETS.

S=
X X A Aleo + €1 + 2] | Aleg +wey + wey) | Aleo + wey + we)
Aleg + e1 + €3] Alweg +e1 +e2] | Aleo) | Aler + €3] Ale; +wey) Ale; + wes]
Aleo + wey + €3] Aleg + wey + €2] | Aley] | Aleo + e2) Alweo + e2] Alzeo + €3]
Aleg + ) + @eq) Aleg + ey + we| | Aleg] | Aleo +¢,] Aleo + wey] Alep + ey}

Aut(S) DERTOTARRB LTS LORBIILITOL S22 5,
(@BHVWITIE, BEAXA TS SDECRAE ¢ CHEZN ST (member) THD, )

pleg,e5,€1,€4,€2,€3) = (€0, €5,€1,€4,€2,€3)A,

ST AR F L6 x 6fTATH S,

(eOI eﬁ»el)(e& €4, 35) E’ (-4 & Té L‘ .



o) (00)

0
(o o) ( x |x|70[110[150]100
_ 00 00 10 1 |4[8 |12 |16 |20
=l Voo 00 o1, ' 2 [5]9 |13 |17 |21
10 00 00 3 |6|10 |14 |18 |22
01 00 00
o = (1,3,2)(4,6,5)(8, 10,9)(12, 14, 13)(16, 18, 17)(20, 22, 21)
= (eOI 35)(31134)|
01 00 00
10 00 00 x x |7 |11]15]19
e 00 01 00 10 |4@[8 |12][16] 20
! 00 10 00 ' [20 [s5@(9 [13[17]21
00 00 10 30 (6@ 10141822
00 00 01
71 = (7,10)(8,9)(11, 14)(12, 13)(15, 18)(16, 17)(19, 22)(20, 21)
= (80185)(821 33),
01 00 00
10 00 00 x x |7 |11]15]19
e 00 10 00 10 |40 (8 [12]16]20
2 00 01 00 ''2@ [s@|9 [13]17]21
00 00 01 3@ (6@ 10141822
00 00 10
a2 = (7,9)(8, 10)(11, 13)(12, 14)(15, 17)(16, 18)(19, 21)(20, 22)
1 0 11 11
01 11 11 X b'e 7 11]15] 19
e 11 10 11 1@ |4@(8 |12[16]20
3 11 01 11 ' [2@ [s5@]9 [13]17]21
6@ |10| 14|18 | 22

()G Ge)) B

73 = (7,11)(8, 12)(9, 13)(10, 14)(15, 19)(16, 20)(17, 21)(18, 22)
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"= 20 |5@|9 |13]17]21

J® |6@|10]|14]|18 |22

10 @ @ w w

01 ww) ww) X x [7 [uf15]19
w ow 10 o @ 10 |4@ |8 [12]|16(20
co) (o3) (32)):

TN TN —
€ &

| (I ]
N’
e

€ €
€ €
S~—

P
[— I
-0 &
N

74 = (7,15)(8, 16)(9, 17)(10, 18)(11, 19)(12, 20)(13, 21)(14, 22)

Pi=<T1,1,73, T3 > (Ze)4

p1 = (e1,e2)(es, eq),

10 00 00

(01) (oo) (oo) x |x |[7@[11@[15[19

00 00 01) 1040 [s@|12@|16] 20
f (00) (00) 10/ | 5 |9 |18 17|21

00 01 oo) 3 [6 |10 [14 [18]22

(00)(10) 00

p1 = (2,3)(5,6)(9, 10)(13, 14)(15, 19)(16, 20)(17, 22)(18, 21)

10 11 11

(01) (oo) (oo) x |[x |7@]11@[15]19
| {01 00 10 101030 [ 1201620
= (01) (00) (01) 2 |5 [9 [1B8 |72

0 1 10 00 3 |6 |10 |14 |18]2

(1) (o3) (23)

p2 = (2,5)(3,6)(9, 13)(10, 14)(15, 20)(16, 19)(17, 18)(21, 22)

11 w w W @

(01) (oo) (oo x [x [7@[11@]15][19
_ 0 w w 0 mo) 1010 [3@ 120 [ 1620
= (Ow) (o o) (Ow ' 5 |9 |13 |17]2

@ 0 w 0 3 6 10 |14 18 | 22
0 w 0 @

~N




pa = (2,9)(3,10)(5, 13)(6, 14) (15, 22)(16, 18)(17, 19) (20, 21)

11 w @ w w
01 0 0 0 0 X x |7@|11@

o
€

(1 o) (o o) 1041080120
Py = ’ )

01 5 9 13

NN
(= -]
E &

{00 10 3 6 10 |14
00 01

p1 = (2,15)(3, 19)(5, 20)(6, 16)(9, 22)(10, 17)(13, 21)(14, 18)

o
£

Q =< p1, P2, P3s P4 > (22)4

¢1 = (eo,e1)(es. €s),

00 10 00

(20) (63) (00)) =TT
B 10 (oo (oo) 1 4 |8 12
a= (o 1) oo) 0o/ | 5 |9 [13

00 00 10 3@ [c@[100]140@

(oe) (o) (61)

00 10 01
(52) 6%) (01)) T
= (10) (oo) (01) 1 4 |8 12
2= 1 00 01 ' 5 |9 13
(11) (1 1) (10) 30 [6@e[100 140
00 00 01
G = (1,4)(2,5)(8,12)(9, 13)(15, 22)(16, 17)(18, 19)(20, 21)
w 0 @ 0 0 w
(0 @ (0 w) (0 w) X X 70 (110
¢ = (w 0 (w o) (Ow) 1 4 |8 12
0 w 0 @ 0 w ! 2 5 9 13
(5; a;) (w .:;) (l 1) 3@ [ce[1w0@ 140
00 00 01
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G = (1,8)(2,9)(4, 12)(5, 13)(15, 21)(16, 19)(17, 18)(20, 22)

G = (1,15)(2, 19)(4, 22)(5, 18)(8, 21)(9, 16)(12, 20)(13, 17)

R:=<(1,62,(3,(0 > (Zo)*
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G =< P,Q,R,0,z > LB & G i Aut(S) DEABET, GitS Lic 3 BTBIIERAT S - LRIERICT
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B2 DO W3l (Dimensional dual arcs of polar type)
& &

Satoshi Yoshiara
RREZTFRE OB HBER

ZORMHI2 00446 A28 BIIENAEBELE CITOh - BEDBROKHLERL.
ZLOMEEMLT b DT,

1. TERTOBERHK] DREICEFODOHBER

T BRTOIHIM, I LV I BESOREICOWTHEICANEV, ' 19 9 64T,
FE TR —RMDKOMBILR? OMBAFALBREEL TV, SKRITOHE
EMDOFROEN HEFELOBIMELILE L) HEIRX LT L&, EDT 74
BRELTIDE) REBEABMATEDZ LICKRFFE, ZDX )22k (Y-18) % Veronesean
map ¥ AVTE R, —F., BLUORXMEZ M THRL LT v =2—BIcl#EL A2 2
BOETABEROEHEE J, O 2OTXOPIMEBEOPICFETII L2 HM> TV,
LROROBELRER Y-EAZD 2 2HOFEICHERTEINLVIRICH-73I A, 19
969 AN T TH]RHFEDHFETH -7 APasini i3, BEHEOZXMIZET 554
». BEFBPOLHANL (WH) BIFKOBMKRTIETHD & Rk, HITbI— ANk
RMFENHEFETSH S C.Huybrechts & 3tic, T DOHHEMBEORH - TRXEE [FRILON
*EBI) L LTERYLL, EDT 7 4 ALKE LTE L ZEAORET I FBEIZET 55
ONDFEREEE [HP), £IILBIT2BRTOBIFEOERIL. F2ETHERDIK LTS
DTV B, HBEME, RITIE [MRTOBAMOBKIE) & LT, BKRTOREIFFH
FERTHEVIFBBARCBATHER, ZOEXEIMRVEITR->TY-IRET 5%
XOPIZRRINTE [Yo2,

BIRTEDOBABIN & W I BZRT IZZIT ARG, 1 9.9 84EHIZIE B.Cooperstein
& J.Thas A3, EDFHN2EE (EREMORIVREL/PSWES) M7 3 —FORHfTT
252 TW3 [CT], IZIEEEFMIC, RLERERORTAEORIT/NEL, ZETBLZED
B ERO X 5 BT BIOBEDOMREL BV DO TW 3 [Yol], 7 Pasini A HiEHE
L B FSBS%E ADel Fra RERITOTHBIFICH T2 EAHFERIELT200
OFERHERRXEZRERL: DF|, - CRESNEREMORKXEMBEIX, 20024
{ZFAIC & o TIZIT best possible ZHZRRR E N [Yo3]). EDETIZ. BKEEZEF L DR

V2% MLEbOTHRAVL, ROBANBVIARCLIBY LHEELIN, 5 AORALF—-TORS
28T APasini LELEBRIC, BBLRINE I RVEESOTH- LHBEATHS,

PHEREEE W) ZHBOMBREROBARET, £O—H, —HB, —FAORKMEN, ThEh—KE
., ZO%., MARETHAL S 2b0,

SED%., WERTELZ Libh ok, BX [Yo2, p.109] DEHOEOBERBE,



BIEILH BEOFIROTIC Veronesean HEICIRD &V IRER (HEFEEF D Segre DFE
BICHEN T A% EITT) A5 ). Thas & H. van Maldeghem 2 & » TR RT3 [TV1, TV?]
N, COBRITEFURBORMMHE LBDND, EH q =2 OBKRTOBEBIIFH
b, #0774 {LE LT semibiplanes & V) SAIERHRO, ETOLRS 77 L L THEM
ERIZS7EbB0N5H5, ZRLITOWTIZERI [Hy, PYL PY2] 28453,

AT, BASRTIRE L TO A BRONBIIZ OV T, B0 0BERHBERE R~
fov, Fh, —BROBHNBIEOBCRRBICHL THECEELRRELZELS,

2. BRHETN L EOERTEADHESE

2.1 M5 - B3 - B8 HEFE PG(2,q) LORERDES A HTH
BEik, FOLIRFRERIICHLTH, | LEHPL5R ADRM2ALUTCHEZ &
Thot=: INA L2,

A =k+1¢tB& ALO—F P 2EETHL. A\{P} LA P 2B RDES
L(P) L~DEB{g p 5 p(Q) := P,Q X RFER LEHTH-LICLVBONS, LOKE
b, ZOBRITHETHING A -1<g+1=|L(P)|, 2¥Y |A|<q+2 %253, =
ITESHRYTIEREEADLE,. ALDYDEA PIZHOVTH, PEABEIEMISLT A
DMDELEZELBEZERDMI3, TROLAKERITI A L 0 ET 2 4T3, M A
DHIHIELET>T A LIFARIIRDIEREZANIT, ¢+ 2= A 12 2 DEHELER
B, T,

PG(2,q) PO A Izt LT, ¢ BHELZRGIT A <q+1 THY,
g BBEERGIT|A <q+2 TH3,

Al =q+1 (resp. ¢+2) THAM A DI L ZIPH (oval) (resp. B (hyperoval)) L IF
AT,

g BFEOK, 195 SEHESVIZI>TRORLWEESRTE N, ¢ B&FHL2 I,
WL HDEBREZKEADEIEGK—ET D, ¢ BBEOBHE. £/ VvOERDEL
EROBZBITOFNL, FRELOEEER (0-FAK, clan, herd 2 K OERLRAR)
HMATERT (HAMO—IM:AH, translation planes 72 &) L DHVWEVHERRREN
T, 5TLEL OREMNLRERTVA,

A TR~ L I, ZOBSEBRTIILRTIRAE2—->0WHE LT, HRITOR
L, WABIBEORESNEEINIOTHD, LOHHRBOZI, BIHEDO DL b,
FORHDIZ I BBRTIILE LTV, 22T HEETGFORAME T, HREROE
AT, FOHRBRAIBL—HERFLRVHLOTHA I LIREREL L,



2.2 BRuEOY - B V #HREGF(q) LD n+1 KTE~7 MAZBRIETS, V iZft
RT3 HEEM PG(V) = PG(n,q) ® d (H¥) K BAEMOE A 5 PG(n,q) PO d K
FEORAMWTHB L iE. KO 3H>OABYE-T L ThHA,

(DAL) ADEYDHRRDZOD A A—DFEHY bREETH B,

(DA2) A O EDHRRB A0 A L A—DIERY bERHEES (V OBH~7 M2
ELTREZEM) ThA,

(DA3) A DA V=D& PG(n,q) #ERT 5,

PG(n,q) £i3Th% 525~ MZER V O LRI04 EZERM (ambient space )
LREZENH B,

PG(n,q) FD d RFEDIB A b—2DAY_— X 2 &5, & (DAL ITkY, &
A\ (X} 75 X EOHBEDES PC(X) ~DB p % p(Y) = XNY KEDEDSZ &
AT, &t (DA2) Ik ) ZOBRIZENTHB, T |A] < 0,(d)+1 L5 HER
218%, JIZTh(d)=X LOHELEDOE =1+q9+ - +¢* = (™' -1)/(g-1).

|A] = 8,(d) + 1 257 F PG(n,q) PO dRERMMB ADZ L%, PG(n,q) FO dRRT
BB L FES,

230AYF (D)d=112%%5% PG(n,q) PO 1 REXHEBIFK L WHIBSIE (n=2 &
RBEZENDHBDT), HEFREIZHIT 2 WABI &V HIBESIChR RV, FiZ, Z
DL XTI g B THB,

(2) S B PG(n,q) FO d REDIMBI THIIE, ¥DAVRA—LEDRH XNY
(X #£Y €8) OHICEIT 5, #->T PG(n,q) DEZEO AL, 0 EERIZ2BADA /13—
&¥h 3, Huybrechts & Pasini iC &5 WAEIPHOERIT. & (DA1),(DA3) & ZD%
HEERETHI LD THoT,

2.4 BRMKRBREE (1) SRHLRER (d=1) LOHEL»L, KOFRIEbL-EHHL
We [PG(n,q) B0 d RIERHBIERFETLIE. q HEHTHD)
KOBEIZ, TOFRIZELVWIERFTINATWAN, —RIITKRBRTH S,

d=2 F721 d BHFED L & (Del Fra [DF})
n = 2d @ & & (Cooperstein-Thas [CT)).

(2) TPG(n,q) PO d REBIEHFETIEE, n L dORICEDE ) 2BREDHD
»?) LWV EREMORTABIZIZ, KOEREHD [Yo3),

g>272bifn<dd+3)/2,
g=272bEn<dd+3)+2



TRTD2DORE g IZH LT n=d(d+3) £#kT d REXHBITHBEHTE S KRE
3.2 88R), —F. n>dd+3)/2 EHTHOEEIIMONA TR, ¢=2 DBAICED
REXE In<d(d+3)/2) LHBTHEMICIE, FADLOHRBENNB LSRN, S0k
AP LI LW I EREMW,

3. OHh DR

DT, SETICAMLN TV A WA BIGOMED 5 bRH>1EBMNT 5, ZZith
F o TORWVERIZ, BOKIZES L0 [Tal, Ta2] R cap & i U74EAK (Hu, BD] T
H3,

3.1 Mathieu DHO HHIKDOFHEROEMTHo72. PG(5,4) PO 2 RIEWAEIK M
MBI OH I TR EZ L5 X THRITTE, BERFETHD, M DA RA—DER
T35 GF4) £D 6 RiE~7 MAERLIZIZ, 224 ) —BX f BEBEIh M DA /3—
X fICELTREHFBRERICR> TV S, (BEMLE M DAL= [ OFIZOWTIE,
PHROBEEBBENL,) Rz Rhid, Thol3BRLEFBSERTHD, ZOF
EH, KEOBROIHBINK &V OB o2n B,

3.2 Veronesean DHO [Yo3], [TV1, TV2] Veronesean map & 1% PG(d,q) DHEADE
&M 6 PG(D,q) (D =d(d +3)/2) DHERDOEE L~D, RORICLVEHRSNDIEH ¢
DI & TH» Tl:.o

2
Iy, ZoTy, ..., ZToZd,
2
.'El, o zlmd,
[zo, ..., zd] =
z4

T IT PG(d,q) IZITRET 327 bAZEM V(d+1,q) ICBiTHEKe,, ..., g BT ARIK
R % [z0,...,24) = [Tio zies] L& E, PG(D,q) WATRIT5~X7 FAZM V(D +1,q) i
35”5%& €;; (0 S i:j S d) llﬂg’i’élﬁlﬁtﬁéﬁ% [Ioo, cee ;zdd] = [Zij :E;jeij] t%b\'ﬂ\bo

&T, V(d+1,q) (resp. V(D+1,q)) DESIES X (resp. V) IZx LT, FDOEIIZR XL
(rep. Y*) &, BRI (TL, zie, Do vies) 1= TiLo its (resp. (T Tijeis, Ty igess) =
i TiiYi) WKBLT X (resp. V) LEXTSHX57% V(d+1,q) (resp. V(D +1,q)) DRZ
M EFEDRTEHIERLE T 5,

DL &, PG(d,q) DHEA P=[Tlozie] ICH LT, #D V(d+1,q) KKBITIEKR
ZER PL @ Veronesean map iIZ L 3% (PL)} #%x, Bl V(D +1,q) DR TEDERZ
B X(P) := (PY)): % & B, 5 LERD P I LT X(P) B V(D+1,q) #0d+1 K
AT THSD = Labns, B Vg) = {X(P) | P € PG(d,q)} i PG(D,q) B d



RIERAMIMTHE = LB bnb, V() IKIZTE 6,(d) BAD A <—BEENZOT, Wit
BIHICT 100, b~ R d KEBIEME TN ELERD S,

g B 2 0RE) THHELZILR, BBICL-TZDL % d RTBAEMERS
FHZENEEKD, Thbb, ¢ HEROBAITIZ. Vi) % PG(D,q) RO d KTHHB
IR Vi(g) o (—EMIC) B TE B, —F., FUIMADRERT MO EABICEL
HEBDT, TALBBAEMERTHE I ML EEHBE TR B Z ENTETHD, =
NETH &Y, g BFROBITIZ, DI Vi(q) 2 FHBIIICIERT 5 = LidHsk2,

3.3 Construction Y [Yol] &R&Ei& DR L, T 2 TIIMHICERLT 2HE L T <A
ZOXAEBIKIL (AIAETIIH 5 ZEWBICERAT 5B CREEELE D, semibiplane *°
distance regular graphs & OEE bRV, BKEWFETH S [PYL, PY2,

d B8, hym ZER [1,...,d POERFET d+1 LEVCRRBDLTE, &
DEE. BRE GFR) #Zxntk GF(2) Lo d+ 1 Kx~7 bAVERLRE2L, £h
Fho t € GF(2*) it LT, Efn V ;= GF(24") © GF(24) ITfHRT 2 5 =M
PG(V) = PG(2d +1,2) DWMHZEM X(t) EERDLIICED D,

X(t) = {(z, 2"t + =) | z € GF(2**))}.

THE, Soh ={X(t) [te GF*)} L h+m#d+1 THIIE, PGRd+1,2) P d
RIEDFHBIH THDZ L HBEENDBRD, (h+m=d+ 1 ORIIBBAZERIT PG(2d,2)
‘63)60)

4. BEREDOEHRTA - IR
I TRERTOBRAMMO > b, BEMICEDRADZ LI RLDIIONTELS,

4.1 BE V 2HRE GF(g) £O n+1 KE~Z MVER. f 12 V EOFBLREAN
A, TAI—MER (Z0LE qiRFEF K qg=1* £T3), FIIF/FRL2IRBRLT
B, 2D & PG(V) PG(n,q) B0 d KX A 2 f 1B L TBETHS (of polar
type) Lit. ADEDAYA—b (V O d+ 1 REBHEMELT) [ IBLTERRLS
5 (f BRI ORIZII2HR) BoERMLER>TWDZETHS,

4234 2 F (1)d+ 1 KEDHBHEMM n+ 1 KTERZ bAVZEM V OBRKZL2%S5 (§F
R) BHZRIcRoTWA I EMb, d & n OBIZIZIROBFEH B,

(s) f BIERILRRRHR AT 7 Vv 2T 49 2HRENVI) DL &,
n+1 3B Tn+l=2d+1)en=2d+1.

S EL 1 EOEERNEH T IACLEIERTHS,




(u) f BFEBERZAVI-MEX UT2=2IEREV)) DLE,
n+l BEFERSEn+1=2d+1) S n=2d+1.
n+ 1 BFFELRSEn+1=2d+1)+1en=2d+2

(o) f BIEB/RLRIKRHX (UTERHBHRLEWI) DL &,
n+ 1 BEELRGErR+1=2d+ )+l n=2d+2.
< rm3 fBTFTRABDMEn+1=2(d+1) o n=2d+1.
i b4
n+ 1 BREZ B, R4 T ABOBn+1=2(d+2) & n=2d+3.

(2) LOERICBWT ADAR—2BREES (HR) BOEML TILEIRVALL
NV, T LTHL ERWRTY,

4.3 LT, MO n=2d+1 DHIB>THRLSD, LoaArr |k (1) CREZXIIZ,
IDEE fRVCTIVIT 4y IR, BERRIONI MVERMLO==F7 Y ER, /i
BERTORI MNEMLEDT 7 AROERHATHD, MDOFHE (FHREIXO~I FVE:
Mina=%) - BERERECICBERTORI MVER LDV FAROBERHX) 34
DL ZAFBEEZTRN,

BE dn(V)=n+1 BHFKT f B2=F VFRFEXHATHEEE (n = 2d + 2).
dim(V) =n+1 BBET f div4 FRAUOEZHATHBHE (n=2d+3) 12, f BT
HBEO PG2d +1,q) FO d-RIEBAIL (ICBAEIF) 1KoV THENL,

4.4 £ (1) 22 KO Mathieu BAER TS PG(5,4) PO 2 KIEFHBIY M i3, 2=
FYHACE L TERETHE, JOWHENS, BUORABEINICET 5HEDOE: 5Bk
o T3,

(2) SRR T (1) DEFIM L B2 HLIL S, (A1 3.3 DRFICL D) OHBEHD
MRTEBIGE LTHbOh TWi—DBIThoTo L Bbhd, 20044 3 AEICKNTR
Ihi,

Proposition 1 3.3 ffiiZ¥17 5 PG(2d +1,2) 0 d WTMAEIMOMK Spt 5, (TR
BRI MVER V(2d+2,2) LOHBEN FICRLTEETHNIE, d IBET A= -2m
modulo d+1 Tho, BZIORMNWEENBLE, SH 377 ABOERHRICHEL
T (>THHTIV 7L T4y 7BERICELTY) BRHTHS,

ZOFFEIT, FL—AMEOEICET I NSHRBROBAERL LTELNS, BOASAK
ILL VR ENT PG(2d+1,q) D d-RITTWXHEBIPRG [Ta2) DOP THEAZEMD PG(2d+1,q)
THHIENTCITOMIRBEIELTIL, BHOLORFEELRZVWI LY, RAE0RER
LYmEMD LN [Yo4|, 722U, I TRUBAZRMA PGRd+1,q) L 23 L)R2Be%
TRTRLLTRWARWVWDT, BENEZELSOPHLAEVWLDOMRER EN D AMHEMIIRT
EnRw,



452k (1)GDEIA¢> 2 ICHTIERITOBRONEI L LTHLRA T
BHbDEMDHTHD, HhichdDIEAIN?

(2) TERTORAEPEBEETNIEL ¢ HBETHS) LW FEARELVETHIE 14
B qIZH LT PG(2d+1,q) OB d-RIENHBIFMILITFE L2V &) Rk, Bk
MR TIHEATEE I ThHD, LML, BiFSDL ZAZhERERN,

4.6 EFMH L 2 - SATEEMHBBOZE BROVNABIHWOERMEED > L, &
ERbLbDEET?,

mmmazs%PGwHJﬂ)¢®d&iﬁﬂﬂﬁﬂ%%&f%°:@&%Ewuw5&
53BDOA A= XY, ZeSIZHLT

proj.dim({X,Y)NZ)=d -1

IOREFHAVD L. d=2 DBEAOEBEORABIFKOLEIL. Del Fra i L 3% 50D
RBRIIBETED, THbL, ZOFERq+2BOAL =LV RBETuy s %) EEH
TETS EICASZAFT—%53,q¢+2,0,(d) + 1) DIBERAD, ZDL FBEYREREEH
bg=2 it 4 B HITD, g =4 OBICIEAY A F—% S(3,6,22) D—FEND.,
15 PG(5,4) D 2 KB EXBIIFKOE CRREET. CORXFAF—ROBECRER
Mp2 DERBETHDZ RN, PIEREORERTRENEL L, ZOFEEELLL
BRJHIFET, LrbLYEEMIRTI L bHESN, EOZELHHKEN, AL —L
IHDHHD I-AF A F—REHRTE 5 XL ) RRWAEIFFIZ OV TiX A.Del Fra, M.Buratti
PRI X B FEDORFE Y 5 [BD), DY),

Del Fra id d = 2 OF I LOMBOREREM~T PG(5,2) & PG(5,4) PO 2 RIER*
BIWORERIT-TWS, ThE5ATHIE. ERRBELAS,

Proposition 3 PG(5,q) 10 2 REEERABIHE M 5 S}, KRETHS,

HIZROMBEIBL LRBRIZADIEL D, PHKIZED M OREMHBBEOERIZE,
d=2ICHTHOWENRELIATWSE, ZZT, X f OE2LhEXI PAVERV O
BT 7 iR LTat i f £ (f BEXHEXO) f T8 HFRRICE-Tr
DFRTORT M EERT BRI bADRT V OB EHTH 5,

Lemma 4 S # PG(2d+ 1,q) PO d RuEBBUWABIPKL L. X €S 2ED—D2D AV
N=tT%, 1 % X OBZEMTEORPRTA proj.dim(r) =d—-i (i=1,...,d-1)} T
Ez6h3b0bThiE, Yot OFBERTIE XNY B 7 KAZPEMIELTERO X
SicExbh3, '

i if XNnYen

pmﬁﬁﬂYﬂrﬂ:{i_l i XnYgn



IOEELRVTRBTESD, LHLRKE, Z I THEDAERIE d> 3 I8 LT
LR LD SRR,

Proposition 5 PG(7,q) PITITERD 3 RITIDAHBIMLIIFEL RV,

4.7 TSRABOBRXERICHAT IBRRABBY 77 AROERHRAICET 2B
BICBA L Tik, RFE Q.00 B d+ 1 RTOBRBHAEM GO TEE LI
SOPBEXEHZ L EAVT, ROBEEZTED,

Proposition 6 PG(2d+1,q) PIZ7 7 AROBERHERICET S d RITEEIHBIFHHTF
ET361E, diIxBETHB,

FOB S L kBB L, BIEROMBE dICH LT, PGQ2d+1,q) (EELg=2) &
1277 ABRERHRICH L TERO d RITVBINEBIEFET D, ¢>2 ROTICHK g I
SVWTOFERVEDE ZATRHTHS,

5. BCEEE

- ZOBTIRERTOIHEIO B ERBEICHET ARV TRRS, 20K
LI EERT D,

5188 A% PG(n,q) kB35 d KEORMME L, ANERTS GF(g) En+1K
FEDRY MVERE V LT3, [HP] Il 2EHMLECREROERBIIROL Sic5 %
bh 3,
Aut(A) := {g € Aut(PG(n,q)) | X € A (VX € A)}
ZOERI LT Aut(A) i Aut(PG(n,q)) 2 PSL(n + 1,9).GF(q)*.2. DBRKETH B,
ZIZTq=p (pHEFFP LLTW3, BHECRABBICOVTIE, KOLIRERLEX
b3,
GL(A) := {g € GL(V) = GLn11(q) | X* € A (VX € A)}.

OBV EORADT—ERORTE Sc(V) X GF(q)* #FDhLIkFEe, LML, £X
GL(A)/Sc(V) DBFIZRMM A 2 X > TELT B, BT PG(5,4) PD2=% Y HRIZH
T5 2 WRABRIHBIIG M IO\ THD E GLIM)/Sc(V) = My, Sc(V) = GF(4)* =
23 ThBH, TR GLM)/Sc(V) HESETHS,

PGL(A) :== GL(A)/Sc(V)

LB L. TR Aut(A) OEIBES PGL(V) N Aut(A) 12725,



BGLA)BADA A —DOBRRELFIEREZL, Sc(V) RZOERADBIIEZhS, A
DA A= EDOBERBREZSIEFRITLOL2EDLRTHHEEL

GLY(A) == {g€ GL(A) | g ¥ A biciBEBRESI%EZT },

EThIE, GLE(V) 1 Se(V) 28te GL(A) D& 2 LU TOBH#HTH B,

bLABYV EOoH2ER fICEHLTERETHIRLIE, LOBCREROERLKRD
LONEETD, 2T f 2ROBHEROLRTHE., f m//fw-m/ﬁf’itmn-
Y HRAOBEITIX

GL(V.f) = {g € GLV) | f(z,y) = f(z°,%°) (Vz,y € V)}

LEDD, TDLE GL(V,f) = Spari(q) £ GUati(q) THP. f NERHEROBHE
Zix
GL(V, f) = {g € GL(V) | f(z) = f(2*) (¥a € V)}

LEDD, ZDLE n+ 1 BFEERZOIEGLY, f) X G0nn(q). n+1 BBELLITERH
A f OB e ITISELT GL(V, f) 2 GO, (q) THD, Thb t@#‘-iﬁgﬁﬁ%ﬁof
GL(A, f) = GL(ANGL(V, f), PGL(A, f) = GL(A, f)/(Sc(V)NGL(V, f))

RO RO B CRREL T2,
o, IKEIRETHEE, () BERE ge GL(A) ILHL T, £hs (2L L
T) BETDADAVR—DEE%R

Alg) == {X € A| X* = X}

EB<,

5.2 BEXEHE kA (BERxo) IHNBRFEOE CRBEICHTIEXERTHD, —OI
E-T, BCRARB+HE DA UNR—%BETHIRLIE, £IH6 X0 {ERTOXRHEIP
BHRBONEEVILDOTHSE, TORENRZOFETIE-Z WV RRONE-DI%, REATOM
SRELDTTho L Bbhd, HX [Yo2] (SN =2 DL &R FHT, =D
PWERZYFRLBRENA TS,

Theorem 7 § % PG(n,q) O d RIEBAHEBIRK. p £ GL(S) DIELZEIV 15K L
T3, TDE&E, ROWTRIHBEY LD, °
(1) pitg-1%2F0E3,

SEERTOBMICHEVT, BEOBES p=20L & (Ze=0 LD TELEEDLDILIIERTADELENE
DT, BETS,




(2) |GL(S)| DY u— pBHBEDLIEIL |S| = 0,(d) +1 BV 815,

(3) S D1EFLFI2BD AL R—hrbi2BEE Q T, GL(S) ® p X XTOEKTS
EREAEE N =07 (GL(S)) REYWVFERLONEET 2,

(4) GL(S) i1 p- 8BRS RBE H 8-, D% H ik GL(S) Dvo— p-BNHLEH, £
#O z € GLIS)\ H KHLT HNH? i3 7- B3R THS,

(5) HBUE p D g € GL(S) MEELT, EhEIhD X € S(g) It THEER
7 WVER Cx(g)={reX |2* =1} 2EDTHLNIES

Slg] :={Cx(9) | X € S(9)}

X, HBFABH e 0<e<d-1) I THLT e KEDONHBIMF LT, e=0 &7
AAEMRHZDIE p=2 DL EDARTHB, 1=1FL 0 RIEFABIE L%, Bz 2
BD A R—bR2BHEEDOIE LTS,

E> (5) DS EEZER Cx(g) DKL X € S(g) DIRY FI £ bRV, £z S(g) DA
YR—ELOERT HZEMIE Cy(g) ={veV | v = v} DEFTEMEVHIZIT T, ¥hlH
WRELRB30RbMrLRY, (bbAA > 2 DHE. TOREKRTI 2 UL ele+3)/2
LT THhBH,)

52 BXTROGH [THBIEREFEETIIE ¢ iXBETHS) L) FRESRICET
i, SOEBORLEERICAIL. B q KL THRE p=2 2B LT78CRREEA
EEEIBOAD, “0LE (1) REIBRVDT (2)-(5) OVFRIBES S, T,
GL(S) ® va— 2-# 5B KR involution O P L{LBEDIEEIISE \WIRZ 34T 5, (¢ REK
DE§ZIZ PGL(S) O involution ® GL(S) 2 &iF 2RI, involution BEFEETID T,
PGL(S) I8 2 2 OO LEBEOHENHFIRENDEV-THRY, )p=2
DEFITIE, (4) k)5 2-HEAMIRIL. BIARBSBLFETh, T L) EHHY
FOHIRBEDS3HH (Zassenhaus, (FHE, SRR EDERRE S E X THEHEMIC Bender 12L& 0 18
bivtz) i, HERSSEUEIOEROERICBTIENTREO—2L LT, £0HH LA
HDTHFITERLELDTH S, :
WICKDOKREEZ L D,
q I3BE (2 D~E) Tq>4, dit 4 DEY
S it PG(2d + 1,q) D d KFTHBE X BIIH,

IDLE, HHORAMEROER GRMAMIBLBE O ROSE, “EKkEL T u— 2B
FoBOME) ZAWSIET T, GLY(S) OFFBEISWT, TOMEDTEENRRE - T
LEH, BHELITRL [Yo5) ZBBLTRA L LT, ZZTHRODFEZR~RTEL,

Proposition 8 LDORED T T, GL(S) 1x S DAV /_— LIZAIBICIERT 2 MMl 2 &
3/ AN



53 AV MEROIDORIE LOERE PG(5,4) PO 2 RTBH BB M (o
L& GL(M) = GL M) i M L_BEABThHo1) ODIFHELRIE~DE, HR diz4D
&8 MBIEFIEETHE I LILK I, LOBRROIEALBDTHD L, #iD d (modulo
4) DEICHLTH ¢ 2 +FRE<MBLE, LOMBEELEULIZZ LNV AHEERD
L3I bBRbRB,
-, EROERE RNETFCIROBOMBESEL LR L 5,

g B L T5, PG(n,q) ¥O d KLOXAEBIMH S T,

EDME20BECRA t € GL(S) (Tx7 % S[t] A

Ezbohiz e RETREIFH THD L OENFE L,
ZHITHIREMBERICIHIT A, involution DPLLEEIC X A5 (HT RGBS TEIT W 3,
Z ZC. Brauer-Fowler DBBICHYTIZERBEFEET A THAHIN? £, TORRIIE
BREOABHXIIFIZ oD, LAk, Lbdbh, KERZECRYELFOWMKRTR

HSE OB FIZIE (£ endless game 1ZFES &V 5 TREME L EETIRARVA), FROR
ER+HMETE S LBbh3,
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kX-BE BH A8 (Ichiro SHIMADA)

BRE2OPLETFAOMIEFMEL 2 EHEL L THON 28R KIHEDBAEM
W5, MR OB A OEBHTI Lo TRESNBE VI T L 2 BBLT
5, BROOOBHR KIHENEY 27 113, Tho0BEBFSTORBSEICHEL
strata ICFW SN B, RITDENY strata 2OV TEEL { RSB,

SEADMIBRIZ OWTIZ 8], [9] BV [11] 2 BRI, R [10) &£ B2 585
PELHHIEEBIHL THL.

1 BREKIESCBEE KIBF

BERKIFSLRBERKIBTFL, LL0 0B BO LI TCORELNLHIE
TH5.

ER 1.1 KEBLTRE2Q10BEFS CCF 2 BFR KIFFEWV ).

M ,1,...,.1 €c,
(ii) EEDIE A € C D Hamming B& |A4] i3 4] € {0,5,8,9,12,13,16,21} 2 & /=7

B e o THIFR K3 FSORBMBLELICREL . BHER KIFFORTIX
HA10THY, dRKTNBER KIFEORIBEOER s(d) I TORTSLLAS

d [[10{9| 8|7 |6]5|4[3[2]1

s(d)|[1]3]13|41(58([43|21(8|3|1

21 MOTH 6% HIE
P:={1,2,...,21}

YEEL, F3' % POXIYE Pow(P) LARICA—RT 4. B8R KIFFTNEHE
ik, BE 21 O Fo-RBORZ PVELTREN, FLPORHFIRESELTOIRENS.



TR 1.2 WAAS5,8F L 9NEAcF2 DREideg A %

1 if [A] =5,
degA:=< 2 if |[A| =8,
3 if|Al=9

I DEDS, CEBIFERKIFELL, AcCh2|A|€{58,9}t¥5. 7%
A=A +4; (A, Az €Cg)

T, |A1},|A2] € {5,8,9) > deg A = deg A; +deg A2 LHLDNHFETHEE, A
BCIEBWTTHHNTHEE )., ANCDEITHHATREVWEE, ABCDOLEITHR
HThHhar eI,

FHICIY, BREREKIFSEP=(1,1,...,1| tBRHLRBIIVERSRS. k¥
deg A DEFIFH L FRIZOWVTIE 4 2 BHEh v,

COREOBBI, FERRELARTIBHRIFZTO-HREBL L. ZoX
CRRDF —IFRMEN TS,

ecg=11-dimC.

e basis: Fp L EIE,

ol MES5DBFEOME. (ES 5DHFITRTEMHTHS. )

e q: H 8 DEEFLENERK.

ce: MX 9DBBHLENEE.

etl: HRLGAEESDENI DMLY, Lo, L3 T, BELPORFREGL AL &
DI[PET LN LN Ly AL Ed b % 55 DOMEE.

elq MESDELELBMHLHEBDIEQNONRT (L,Q)T, LNQMEHRELLES
b DD

oqq BMLEE 8DENRT (Q1,Q2) T, |Q1NQ2| =2 %25NDRAK.
basis BV TIL, COETLIIEE 21 D bit X7 MV [ag,...,a0] KEINHbbH X
n, bit X2 bid, B 2P0+ + 209 +an KENHObENTWS, 72750,
1,1,...,1] =22 — 1 BT RTOBRIIHHLDNLDTHBEEA TS,

5 1.3 No. 191 ® 10 RTEBHR K3 {55 C191 ' Dolgachev-Kondo 5% Cpk & Xi¥
h([3]), ROXHCHEESN D, HREED F-HFEEDOHAS P2(F,) i 21 BOTH



5%%. Cpk i, 1HEREIHZ 5HDF-ARAOLT 21 HOBETERENLFF
TH5. 0 weight-enumerator i¥

1+ 212° + 21028 + 2802° + 2802'2 + 2102'3 + 212! + 2!
Thizz b,

AE 14 ERINELITOP B L IEC, Cok PEBFFEFTP=1,1,...,11 2&LD
DIZBER KIS TH B, Nos. 139, 150, 179, 185 LSt BRIEIX = O FETES
n 5, RESE Nos. 139, 150, 179, 185 3 S D FiETIER W,

T 1.5 MR KIFSCHGAONETE, BAcCIZrL, BENDHEAY

i (A,0) if |A] =0 mod 4,

(A,1) if]A]=1 mod4
I2& DEFEL,

C:={A| AeC} c Fi'eoF,
LB, CREBHFEED, dmCiddimCE%Lyv. TOL L THLALEE
HECLERBRRKIFSL LA,

3T 1.6 HEPICIEHEN T L TH B, Cpk i3 24 KT binary Golay code D3]
XRLELTHEORE, o 3 HKICHIET2HL WEEL L, PY(F)u{p} 25 MOG
® positions “\OER Y ER LI ICEDEHRT S L, 712X 5 Golay code DF|ERL
M Cpk t2%B. TOERvIX, BX[7] <BVTHESK 251 3 Fermat cubic 4-fold
DOPURTEND H BRI 1 2 VD2 TIEFHS laminated lattice Agz ([2, Chapter 6])
EABTHAILERTLELOHLDNL,

FHE 1T o2 10UTOESEKETE. Sy 7 2OBFLWREMMTEE, LEB
BRKIBFEWVI.

(i) even (T4bH 2 € 2ZHBTRTD ve LiZHL THY),
(ii) hyperbolic (3 %bH L O signature i (1,21)),
(iii) disc L = -2%,
(iv) 2-elementary (¥%bH LY/L = (Z/22)%, = 2T LV i3 L P& F Hom(L, Z)),
(v) type I (THHH e ZHFTRTDve LV ICHL THRIL).



(1:w:0) (1:@:0) |(1:1:0) (1:0:0) |(0:1:0) (0:0:1)
(l:w:1) (1:@:1) |(1:1:1) (1:0:1) [(0:1:1) ¥
ltwiw) (1:o:w) [(1:1:w) (1:0:w) [(0:1:w) ¥
l:w:2) (1:@:@) [(1:1:@) (1:0:@) |(0:1:@) @

weEF X1 DEHBIFER, o=w+1.
K1l yOEE

KD E A Rudakov-Shafarevich [6) (2 & » TRENT:,

FB 1.8 Ho=1,...,10 2L, discL = —-2% % 2 BIER K3 R FEEABE RV
T unique I FET 5.

MR KIFTLBER KIBFIRROL I RMKIIHS.

A2 7 1DAEFTD root #&F [-2] &£ L, 2-elementary *2 hyperbolic %
T T RORBF

So = Z[?].A]] & [2] = t., (1.1)

| |
¥EZD. S OBRERRELY r (i=1,...,21),hET5

ri=(0,...,1,...,0), Ah=(0,...,0,1).

Sp @ discriminant group Sy /S (¥ BRI Fl @ F, LA THS. LMo T S D
overlattice S (T4hb b, Sy OBFMBET S, 2 &4 H 2 S§ LD Q-ERBHEHAA
SETCZIZiliZLBLD)IIHL, §/S 3ES 208BFFIRS. C:=8/S &
B, discSiz —22(0 =11 - dimC) 2% L v,

S8 1.9 5% SY OWAMET S 2 ALLDLF B, SATORM ()-(iil) & #r+
RODLEFFEBIE, 5/, C F3 oF, HEABSR K3FEL 45T EThHA.

(i) SHRBRRKIBFTHY,

— 72— 4



(i) {veS | vh=1,02=0)} RZERETDHY,
(i) {veS | vh=0,v2 = -2} {£r,...,2ryy} E—FT 5.

2 K3#iEE % Néron-Severi 18F
k2REAGEL, REZHEBIRIITRTINDLETERENTWVWE LTS,

ER 2.1 FESRTEAKEE X 1, YOSETb oo vERM-ERELL, &
D RNX,0x)=0L AL S, KIMEEIHINS.

TR 2.2 X ¥ HEBRECAMMEE T5. X LORTF D=3 mC; (m; 3%, C
XX LOBR#HZHMR) 2 FEXS. X LOEEORMRKRC' ML TDE C'OXEE DC
HOELhbt &, DRIEMEMCOLFEMTHLEVS. DEEUKEMEIMEL D]
E#L.

ER 2.3 X ¥ EERFHEAKMEE T4, X LoRFOREMEMEBOLRTT -~
VBEE NS(X) E 8L, [D|[D] = DD’ 1= & 0 NS(X) Tk b, SOBTFE X
@ Néron-Severi & F&V 9, F/EFDT 2 2% X O Picard eV,

BRODELEE#REINS K3 MED Picard 8135420 TH 5. — 4, EEEO#&EL
EHkEIN: K3MED Picard £id, 20 FTTh20dHWE2Th 5.

EH 2.4 K3MTEIX, £D Picard #At22 & x5 & %, (Shioda DEEKT) BIERT
brtwbini,

5l 2.5 4 KEHE
X={zd+z}+zd+28=0} c P®

YEXD, REE L QBN 2 TLNE, S04 RBEIRFEHFRRTL LA ST K3
B % 5. Picard it

20 if chark = 0 or chark = 1 mod 4,

rank N§(X) =
22 if chark =3 mod 4

&% b,

DEDFEMZ, Artin [1] 3 LU Rudakov-Shafarevich [6] {2 & o T/R&N /=,



EIE 2.6 B p>0NEABEERD LTEZ S, BIFR K3 #IE X @ Néron-Severi 15F

NS(X) 1, even 2 hyperbolic T h, NS(X)V/NS(X) & (Z/pZ)**X) L ERIIZ

A, ZITC, oX)IR10UTOEEHTH ), X O Artin FERE LITh 3.
5512, p=2%6 NS(X)IE type 1 T 5.

EHE18LER 26 LhRE2B5.

F 2.7 Bk LEREIN - BHR K3 IO Néron-Severi ¥F13, BIFR K3
BFThs.

D& NHFIEFERIZ, Artin (1), Shioda [12] 33 X ¥ Rudakov-Shafarevich (5] 2 X - TR
ahie.

T 2.8 FMpL WOLUTOEEH o DETNORT (p,o) i233L, EXpDELESR
ENABIER KIHMET, Artin RAEEN o L2 5ONHET 5.

3 EHCHEIRBRKIMEANES 251

LT, ko2 tcdards.

G =G(X,Y,2) % 3EH 6 RRASHRA, 3% bLIHETHP? OTHRE O6) DX
BOWET S, BR2IBOTHE, GOBG dG 2 X7 M VEQY6) OKBYIE L T
ERTES., £, FRHOG) 0@ 2AVaI LIzt h, HRE O®B) DFBITE
BT EOERBED A RT L ODP L BELTVEODELBILNTESD, g =12
26 dg = t2dg' KBIALTHNT, COBHT— 7 g DWB dgidizh &b E o> TN
PR QYE) OKBRYMT dC X ED D, Z(dG)IZE D, dG =0 TEH SN P2 DL
FREF—-LEHOLDLY. PeZ(dG) T H. XZFNVEQYE) DEEMDLE»T, )
i dG & ¥ T YPUTHS P IC BV THFHICRboTWwa L &, Z(dG) I PI2BWTOX
TP OWHTHBEV). TRTD P e Z(dG) I2 BV T Z(dG) 770 KTh 84T
HoHLE, Z(dG) 13 0RTAOHEHTHB LV,

EH 3.1 ZdG) DB ORTXA»2HNELARMEDARZERGCOLTHREY U L
HL UBKE 6 DFRIREZARNEARN LT 28 RN b VER HO(P?,O(6)) D
Zariski WS TH 5.

GH UILETABREERR LS, Z(dG) Ik

c2(91(6)) = 21
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BOHHLENOLRD, I T dHE2ChernFHTH S, #IZ, ZEG) 2D BN L
Pohhil, FRODEIITRTHEPITHY, Ge UNKLTS.

{5l 3.2 Dolgachev-Kondo [3] IZ & o TRR &N ROBIK 6 REFHAEHZX & 5.

Gok = XYZ(X3+Y3+2%).
Z(dGpk) it P2 O Fy-FBREDRE PA(Fy) & —5T 5. |P2(Fy)|=21& 10 Gpk e U
Thab., LIEMNoT UIRETR W,
HHE OQ) DEEMOLHT, HFER

w:=G

RENEHSNIMEYs #FLD. S2C, widiTBRHOB) D77 A N—EETHA.
HRt e : Yo —» P2IIMSETRES E 2 5. Yo D1ERAKE SingYs 11 n5'(Z(dG))
E—HL, 3LIPec ZUEG)NBHLATHIEVIRNE P LD Y DFREN

MH2EETHEEVHEHEIEMETH L. LA 2T, GHF UKEBTARAREER
THAH1:HDLETTEMIL, Sing(Yo) M 21 BOME 2EBIH LI L THS.

JEFSRNE L0 AT U E -2 OERFAMMEY (-2)-thiRE v ). EH2ES
DR/MERSRHICIIGISERE LT (-2)-H 1 EHobhE. Ge UNDL &,
Yo DBR/AVERGHBHEE L TEOLN S Xo i8R K3limE 25, FEEE, KIWHE
Xc DLz, P2OERDOFIZRL ELTHELNIMMRE, BNFREMH Xe— Yo
&Y Yo DIEREIIOE SN D 21 KO (-2)-HAMHFEL, ZhHDHEMEER
QL1 RMUTHAH S, Xg ? Néron-Severi 1§-F NS(Xg) P77 v 71322 %25,

BIZEHFHLT D

EI2 3.3 (8) X 4B 2B 2BBER KIWHEETEE, 565G e UDNFEL
T, X1& Xg LA B,

BRUBHRG—dCOBEVETS.
V={H*cH'(P’,0(6)) | He H(P*,0(3)) }

THa. CeULbIE, FENDH2cVIIHLTG+H2 e UTHA, Tibb, V
I UKTETBBICEIYVERTAS. GG % ULRTARRSEARLE TS, Xg &
X P2 LREICH L7 0DUE+IRMEIE, dDcek* & HP e VHIERELT,

G’ =cG+ H?



MEALTHIETHAD, LaAoT, BER2UBITIRB20BHR KIWANEY 2
7 1 %EM%E
M := PGL(3, k) \P.(U/V)
LT AZENTES. MOKTIL
dim Mt = K%(P?, O(6)) — h°(P?, O(3)) - 1 — dim PGL(3,k) = 9
ThHaPH, 2L Artin (1] O#RE - T 5.

EE 3.4 RIS, PPoMESHERL L THEON A MEIE Zariski T & Xidh, #
O — A (4] KBV TRL (ENGA TV S,

C¥ ULBRTARBODERSHEANLTA. [GleMiZEh, HETIEY2T14%&
Wrostdboby. i1,
¢c : Xg — P?

L&Y, Yo OR/NMERERIE X —» Yo L HBES LM ng : Yo — P2 O8RY%E
HobT, P20 general XEMDFZRLELTHONLBRHBBE HeCc Xg & T
5. 37,
Z(dG) = {P,,...,Pu)

EL, TiC Xg TR IL2E&ND (-2)-iBExH LT, Xg D Néron-Severi 15F
NS(Xg) @ HC, BEMFEME [)),...,[[a] BLY [Hg) it &L hER I 585
BF% NS(Xg)o <. HIiEr— [Ti], h— [Hg] 2 XY, 18F NS(Xgho 3 (1.1)
TEFZRENTIETF S ERIBUCR S, LAd>T, NS(Xg)o ? discriminant group
(NS(XG)o)V/NS(Xg)o i FR @F, L RAEITH Y, 5177 2 ¥—F2 i Z(dG) D~
%488 Pow(Z(dG)) & BRICE—HTES. NS(Xg) & NS(Xc)o it & bizT > 28
22 THHMH, NS(Xg) it NS(Xg)o ? overlattice Th b, RE 22 DRHFF CY
%,

Cg := NS(Xg)/NS(Xg)o C (NS(Xg)o)"Y/NS(Xg)o = F3'@F, = Pow(Z(dG))®F,
KL DEHEL, BE 21 OREHFS

Cc c F2' = Pow(Z(dG))
¥CNEL1 7775 —~DREETH. Xg D Artin FEHit 0(Xg) 1

0(Xg) = 11 — dimf, Cg = 11 — dimg, Cg



RKEDRHOND, ROBEFEFHTHS. COEFRL, GE19IER2TEAN
THERAEN S,

M 3.5 BRE22NDBEFECIIHL, HAGec UNBELTCHCe LRIBIZ 2 S
LODLBETITREE, CHBIERKIFETHHZILTHA.

COFBILLD, TV T EMM 2 BIFER KIFTFORBFUMITL 722 192 @O
FEETWTBEIENTES, ThbY, [Cl,...,[Cla]| X 5 N—ERICI W EFF
Firsh /-8R K3 FEORBIEE L,

M :={[GleM | Cc I C; LFE}

EBCE, o

191
M=Um
i=0

%185, M 2 MO Zariski WAAITH D, My, My, M3 12 MICBVTHRELT
Hh, hoBHBTHAEZ LAGEEHEN S,

4 FHSH5BER K3 HEOBIEN

FECe 1 HOBIER KIME Xg, »AWITHFESTRER Yo — P? 082 tit
BIZoWTOMEEBAZ EANTES, UTICW L 220FEHT S, Cc DEEI,
Z(dG) DEFWA L BRIZAL SN AT LICEET S,

&% 4.1 3% P, P, P, € Z(dG) ¥ ER LIS 270D E+FEMHE, CenE
é 5 @ng Pi.tpizlpig %%b{)@?)‘ﬁ&?é: tf&)%.

%42 ZAG)DHDHIHNERLCP? LIZhhE, LNZEG) R 5506k 5,

%% 4.3 6& P,,,..., P, € Z(dG) IR 2 KM LI d 5 2D LE+FEE,
Cc PEE 8 DBLKIRIT Py,..., Py A SULONFET B ETH .

# 4.4 Z(dG) DH 5 6 AHEIFR 2 RMR Q c P2 LithhiT, QN Z(dG) 11 8 =
"okA,

£ 4.5 F@ 3 KEIMRD pencil £ = {E;} A% regular Tdh 5 & I ROEHZ T
ETH5.



(i) £ ? base locus 13 9 &AL L 5.
(ii) £ DR AV N—ETRTIHBTH 5.

B 4.6 Co NDEE IDEEHLRIE AL, A% base locus &5 3 RHIMRD regular
pencil ¥FET 5.

X DS ET AR
ProjAut(Xc) := { g € PGL(3,k) | 9(Z(dG)) = Z(dG) }

2#E25. ProjAut(Xg) NETCIX Z(dG) DBIBEFIEEIT. EHRICLY, Fge
ProjAut{Xg) ix 853 ZM Ce C Pow(Z(dG)) £ &>, L7:A>T, K3 MANSHEMNE
CREE ProjAut(Xg) 2 5D ECHEEE Aut(C) DENBHRAL I ENTES,

Artin AZRO/NZ L BER KIMAORRE DL ¥ strata, TLhbLEATNHOKE
HRESER K3BFFICHIET 5 strata DHE L L CRTH LS.

Artin AZEH 1 OEIFR K3 BEOREEFES, S % 5 stratum Dyg 13 1 5 [Gpk] 26
5. (# 3.2 20.) ProjAut(Xgpy) & PGL(3,F,) 2% L v, Dolgachev-Kondo (3]
1 Xgp, DLETERE Aut(Xop,) bREL TV,

Artin AZi 2 OBIFR K3 thm O FEEE» 6 %2 2 3 ) strata M55, Mise, Migo
BWFRH 1RTTHY, 771 VERA'DPOFESEWMVBEVAI0LEIRTHS.

GAN:=XYZ(X+Y+Z)(X*+Y?+ (N2 +N) 22+ XY +YZ + ZX)

LB, AgF 2 biE, [GAN X Mg DEELR B, IS, Mgs PEFENHIZH S
AgF ) [GAD]| EREN B,
(A2+a+1)

A2(X+1)2
EBL. MOEHT[GAN| = [GAN])| L& BN JA(\) = JAN)DELEBIU#
DEEIZRD, DFED JAA Mg X AN {0} LOBALBEELEZ 5. Aut(Cgs) 13
L8 1152 DBETH D, ProjAut(Xgap) X TN 96 DEMABELD. A=w T/
2 A=anld (ThHbb /() =0DE &), [GA[N] D Artin RERIT 112425,
2% Y [GA]|=[Gpk] £ % 5.

Ja(A) :=

Qr = @+ XP+oY? 4+ Z2+ A+ )XY+ @A +w)YZ+ (M +1)2X,
GB[\] := XYZ(X+Y+2Z)Q»

— 78 — 10



B ANEF 2 6IE, (GBI Mg DEE 2D, IS, Mg DEFDNGIEDH S
AgF oLk Y [GBD L REN B,

. (A + w)'?
Ja(A) = MO+ 130+ o)

EBCE, [GBN]=[CGBN)| £ 2Di Jp(\) = Jp(N) DL EBIVEDL EIZMR
5. 0% Jpht Mg 2 A\ (0} LOARLEEE 52 5. Aut(Cise) 1312804320
BHTHH, ProjAut(Xgpp)) BEDHNK 1BNOERAIHLLS. A=w DL & (Tibb
Je(A\)=0D & &), [GB[N]) ? Artin AERIX 11225, 2% [GB[)]] = [Gpk] &
5.

GCN:=XYZ(X*+Y*+2Z3) + (M + ) X3Y3

EBL. AEF 251, [GCN] 12 Migo DEE R B, HUZ, Mg DEBDHILH S
AEF LD [GON] EREN D,

Jo = (M + A

EBCE, (GO =[GCIN| &% B2DIE Jo(M) = Jc(N) DL EB LU EDE SIZR
5. 2% Jo S Mgo = A\ {0} LOBRLERESZ 5. Aut(Cigo) 1THLEX 23040
DHTHY, ProjAut(Xgepy) REDKE 960 DERGEL %5, AeFy DL E (T
bbb Jc(A) =00 &), [GC[N]] D Artin FERX 112% 5, 2% [GC[A]] = [Gok]
5,

DEDZ Eedobhn L iz, 3@ strata Dygs, Mige, Migo 1 M DL HT 1 H
[Gpk] BV TXb 3,

5 BIEFRKITFSORYEE

|No.|a| basis |11 q e |tl 19 qq

dmC=1 s(l)=1
[ 0 1101 10 0 010 0 O |

dimC = 2. s(2)=3.

11 -7 —



119131 11 0 010 0 O
2 191255 10 1 010 0 O
3191511 10 0 110 0 O
dimC = 3. s(3) =8.
4 | 8131, 481 I2 0 0j]0 O O
5 | 8 |31, 8160 I1 2 010 2 0
6 | 8 {131, 2019 (11 010 0 O
7 | 8 31,8161 |1 0 2|10 0 O
8 | 8 | 255, 3855 [0 3 0}J0 0 O
9 | 8 |255, 16131 fj0 2 110 0 1
10 | 8 | 255, 7951 ]0 1 210 0 O
11 | 8 | 511, 32263 0 0 3]0 0 O
dimC =4. s(4) = 21.
12 | 7 |31, 8160, 481 (3 1 0]1 3 o0
13 | 7 |31, 2019, 2301 ]3 0 0]0 0 O
14 | 7 |31, 8160, 516193 12 2 0]0 2 0
15 | 7 |31, 2019, 6244 |12 2 0]0 0 O
16 | 7 |31, 8161, 253987 (2 1 110 0 O
17 | 7 |31, 8160, 123360 {1 6 0]0 6 O
18 | 7 |31, 8160, 25059 |1 4 0]0 2 2
19 | 7 |31, 2019, 63533 |1 3 0]0 0 3
20 | 7 |31, 2019, 14565 I1 3 0]0 0 O
21 | 7 |31, 8160, 123361 I1 2 4]0 2 0
22 | 7 |31, 8161, 25062 11 2 210 0 1
23 | 7 |31, 8161, 254178 [1 1 4]0 0 O
24 | 7 | 255, 3855, 13107 O 7 0]J]0 0 O
25 | 7 }255, 3855, 28951 {0 6 1]0 0 3
26 | 7 | 255, 3855, 62211 [0 5 210 0 4
27 | 7 |255, 3855, 127249 |10 4 310 0 3
28 | 7 |255, 16131, 115471 10 3 410 0 3
29 | 7 | 255, 3855, 29491 O 3 4]0 0 O
30 | 7 |255, 16131, 50973 |0 2 510 0 1
31 | 7 | 255, 7951, 123187 JO 1 6]0 0 O
32 | 7 | 511, 32263, 233016 0 0 7|10 0 O

12




dimC =5 s(5) = 43.
33| 6 |31, 8160, 123360, 196608) |5 0 0(10 0 O
34 | 6 |31, 8160, 25059, 28385 14 1 011 3 0
35 | 6 |31, 2019, 6244, 8637 4 1 010 0 O
36 | 6 |31, 8160, 25059, 105991 13 5 011 7 0
37 | 6 |31, 8160, 25059, 26215 13 5 0|1 3 4
38 | 6 |31, 8161, 253087, 319501 13 3 110 0 O
39 | 6 |31, 8160, 25059, 238049 (3 3 0|1 3 O
40 | 6 |31, 8160, 25059, 42497 3 3 010 2 1
41 | 6 |31, 8160, 516193, 582560 |2 6 0|0 6 0
42 | 6 |31, 8160, 25059, 100324 12 6 010 4 6
43| 6 |31, 8160, 25059, 44583 |2 6 0|0 2 6
44 | 6 |31, 2019, 63533, 68551 |2 6 010 0 12
45 | 6 |31, 2019, 6244, 27049 12 6 0(0 0 O
46 | 6 |31, 8160, 25059, 492257 12 4 210 2 2
47 | 6 |31, 8161, 253987, 271302 |2 4 210 0 5
48| 6 |31, 8161, 253087, 288708 |2 4 210 0 2
49 | 6 |31, 8160, 123360, 419424 |1 14 0{0 14 0
50 | 6 |31, 8160, 25059, 241184 1 10 0{0 6 12
51 | 6 |31, 8160, 25059, 124512 1 10 010 6 12
52 | 6 | 31, 8160, 25050, 492069 11 8 010 2 12
53 | 6 | 31, 8160, 25059, 42605 I1 8 010 2 6
54 | 6 |31, 8160, 123360, 419425 (1 6 810 6 0
55 | 6 |31, 8160, 25059, 99948 1 6 4({0 2 8
56 | 6 |31, 8160, 25059, 238119 |1 6 410 2 8
57 | 6 |31, 8161, 25062, 99051 1 6 210 0 9
58 | 6 | 31, 8161, 25062, 42602 |1 6 210 0 3
59 | 6 | 31, 8160, 25059, 239201 11 4 810 2 2
60 | 6 |31, 8161, 25062, 229998 /1 4 6/0 0 6
61 | 6 |31, 8161, 25062, 501288 Il 4 6/0 0 3
62 | 6 | 255, 3855, 13107, 21845 10 15 010 0 O
63 | 6 |255, 3855, 28951, 46881 10 13 2(0 0 12
64 | 6 | 255, 3855, 28951, 492145 10 11 4{0 0 16
65 | 6 |255, 3855, 62211, 208947 |10 9 610 O 18
66 | 6 | 255, 3855, 28951, 233577 JO 9 6(0 0 15
67 | 6 | 255, 3855, 13107, 116021 10 9 610 0 12
68 | 6 | 255, 3855, 127249, 405606 10 7 810 0 12
69 | 6 | 255, 3855, 28951, 111147 |0 7 810 0 9
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70 | 6 | 255, 3855, 13107, 54613 10 7 8]0 0 O
71 | 6 | 255, 16131, 115471, 412723 |0 5 1010 0 10
72 | 6 | 255, 3855, 127249, 144998 |0 5 1010 0 7
73 | 6 |255, 3855, 62211, 79157 |0 5 1010 0 4
74 | 6 |255, 16131, 115471, 396597 10 3 1210 0 3
75 | 6 | 255, 3855, 29491, 230741 |0 3 1210 0 O
dimC = 6. s(6) = 58.
76 | 5 )31, 8160, 25059, 238049, 3618 |6 0 0110 0 O
77 | 5 |31, 2019, 6244, 8637, 19179 6 0 0]0 0 O
78 | 5 |31, 8160, 25059, 105991, 26232 ]5 8 0]10 8 O
79 | 5 |31, 8160, 25059, 105991, 147041 |15 4 012 8 0
80 | 5 |31, 8160, 25059, 42605, 26781 |5 4 0|1 3 3
81 | 5 |31, 8161, 253987, 288708, 894990 14 7 210 0 O
82 | 5 |31, 8160, 25059, 238119, 25661 14 7 011 7 4
83 | 5 |31, 8160, 25059, 42605, 98704 |4 7 0|1 5 8
84 | 5 |31, 8160, 25059, 492069, 534498 |4 7 0,0 4 10
85 | 5 |31, 8160, 25059, 105991, 394851 |3 13 01 15 24
86 | 5 |31, 8160, 25059, 105991, 42605 13 13 011 15 O
87 | 5 |31, 8160, 25059, 238119, 377379 I3 13 011 11 28
88 | 5 |31, 8160, 25059, 105991, 434281 13 13 0|1 7 32
89 | 5 |31, 8160, 25059, 42605, 2724 13 13 0|1 3 12
90 | 5 |31, 8161, 253987, 271302, 901198 13 9 3|10 0 27
91 | 5 |31, 8160, 25059, 42605, 100414 |3 9 2}]0 2 13
92 | 5 |31, 8160, 25059, 238119, 49277 13 9 10 4 17
93 | 5 |31, 8160, 25059, 105991, 140901 13 9 01 7 8
94 | 5 |31, 8160, 25059, 238119, 1736 13 9 011 3 18
95 | 5 |31, 8160, 25059, 492069, 106180 I3 9 0(0 6 15
96 | 5 |31, 8160, 25059, 124512, 951009 {3 9 0|0 6 9
97 | 5 |31, 8160, 25059, 238119, 1869504 |2 14 0)]0 8 36
98 | 5 |31, 8160, 25059, 492069, 1615373 |12 14 010 4 42
99 | 5 |31, 8160, 25059, 42605, 101942 |12 14 0]0 4 30
100| 5 |31, 8160, 25059, 241184, 370273 |2 10 4]0 6 12
101} 5 | 31, 8160, 25059, 492069, 101592 ]2 10 4]0 4 24
102| 5 | 31, 8160, 25059, 238119, 884843 12 10 4]0 4 18
103) 5 |31, 8160, 25059, 238119, 888353 12 10 410 2 24
104] 5 |31, 8161, 253987, 288708, 622825 {2 10 410 0 30
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105| 5 |31, 8161, 253987, 288708, 796873 12 10 4]0 24
106| 5 |31, 8161, 253987, 288708, 567406 |2 10 4]0 12
107] 5 |31, 8160, 123360, 419424, 699040 {1 30 0]0 30 0
108] 5 |31, 8160, 25059, 124512, 494240 |1 22 0|0 14 56
109| 5 |31, 8160, 25059, 124512, 396941 |1 18 00 60
110| 5 |31, 8160, 25059, 124512, 166317 |1 18 00 54
111| 5 |31, 8160, 25059, 124512, 43685 |1 18 0(0 6 36
112] 5 |31, 8160, 123360, 419424, 699041 |1 14 16|10 14 0
113) 5 |31, 8160, 25059, 238119, 828508 1 14 810 6 40
114| 5 |31, 8160, 25059, 238119, 372292 |1 14 8|0 6 40

[115] 5 131, 8160, 25059, 492069, 124520 |1 14 4]0 2 48
116] 5 |31, 8160, 25059, 238119, 885801 |1 14 4]0 2 42
117] 5 |31, 8160, 25059, 42605, 101044 (1 14 4]0 2 24
118 5 |31, 8160, 25059, 124512, 436897 1 10 16]0 6 12
119| 5 | 31, 8160, 25059, 238119, 206165 [1 10 12]0 2 26
120| 5 |31, 8160, 25059, 42605, 477857 |1 10 12| 0 2 20
121] 5 |31, 8161, 25062, 99051, 427305 |1 10 10]0 O 30
122] 5 |31, 8161, 25062, 99051, 173347 |1 10 10/0 0 24
123| 5 | 255, 3855, 28951, 492145, 538402 10 25 610 0 60
124| 5 | 255, 3855, 28951, 492145, 564498 10 21 10/0 0 66
125] 5 | 255, 3855, 28951, 492145, 558755 10 21 10/0 O 60
126] 5 | 255, 3855, 28951, 492145, 110650 10 17 1410 0 58
127] 5 | 255, 3855, 28951, 492145, 623923 |0 17 14{0 0 52
128] 5 | 255, 3855, 28951, 233577, 893570 |0 13 18] 0 0 42
129) 5 | 255, 3855, 13107, 116021, 415508 |0 13 18| 0 0 42
130] 5 | 255, 3855, 28951, 492145, 570411 |0 13 18/ 0 0 36
131| 5 | 255, 3855, 28951, 111147, 398693 |0 9 22|0 0 24
132| 5 | 255, 3855, 127249, 144998, 284986 ) 2210 0 24
133] 5 | 255, 3855, 62211, 208947, 87381 |0 9 22)0 0 18

dimC=7 s(7)=4dL
134] 4 |31, 8160, 25059, 238119, 1736, 1867799 | 7 0f11 9 0
135] 4 |31, 8160, 25059, 105991, 394851, 139649 | 7 017 21
136 | 4 |31, 8160, 25059, 105991, 434281, 614571 | 7 013 9 12
137| 4 |31, 8160, 25059, 238119, 884843, 418183 |6 12 03 15 2
1381 4 |31, 8160, 25059, 42605, 2724, 987586 |6 12 02 6 18
1391 4 |31, 8160, 25059, 492069, 534498, 1812520 16 12 040 12 30
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140| 4 |31, 8160. 25039, 238119, 372292, 29575 13 24 010 24 96
141] 4 |31, 8160, 25059, 105991, 26232, 43689 15 24 010 24 O

142] 4 |31, 8160, 25039, 238119, 884843, 1058259 [5 16 0]2 16 44
143 | 4 |31, 8160, 25059, 238119, 884843, 7297 [5 16 0]2 16 20
144 4 |31, 8160, 25059, 238119, 49277, 516264 15 16 0]1 11 53
145] 4 |31, 8160, 25059, 238119, 884843, 1409677 |4 19 2|0 8 74
146 | 4 |31, 8160, 25059, 238119, 884843, 52788 |4 19 0|1 13 70
147| 4 |31, 8160, 25059, 238119, 884843, 1474759 |4 19 0|1 9 66
148] 4 |31, 8160, 25059, 238119, 49277, 984106 |4 19 0|0 12 78
149 4 |31, 8160, 25059, 238119, 372292, 103644 |13 29 01 23 152
150| 4 |31, 8160. 25059, 105991, 394851, 696425 I3 29 0|1 15 184
151] 4 |31, 8160, 25059, 238119, 377379, 950861 13 29 0|1 15 160
152 4 |31, 8160, 25059, 238119, 49277, 281774 13 21 4]0 111
153] 4 |31, 8160, 25059, 238119, 884843, 1475209 13 21 410 87
154 4 |31, 8160, 25059, 238119, 884843, 1451537 13 21 2|0 10 95
1551 4 |31, 8160, 25059, 238119, 884843, 1352755 13 21 0|1 15 72
156 | 4 |31, 8160, 25059, 105991, 42605, 141990 |13 21 01 15 48
157] 4 |31, 8160, 25059, 238119, 372292, 699489 13 21 01 7 104
158 4 |31, 8160, 25059, 238119, 1869504, 475241 ]2 30 0|0 12 186
159| 4 |31, 8160, 25059, 238119, 1869504, 1902665 |12 30 0|0 12 162
160| 4 |31, 8160, 25059, 238119, 884843, 321232 12 22 810 110
161 4 |31, 8160, 25059, 238119, 884843, 167565 12 22 810 122
162] 4 |31, 8160, 25059, 238119, 888353, 1355336 12 22 810 122
163] 4 |31, 8160, 23059, 124512, 494240, 700700 |1 46 0]0 30 240
164 | 4 |31, 8160, 25059, 124512, 396941, 662065 |1 38 0]0 14 240
165] 4 |31, 8160, 25059, 238119, 372292, 955584 J]1 30 16| 0 14 176
1661 4 |31, 8160, 25059, 238119, 372292, 442537 |1 30 8]0 6 192
167| 4 |31, 8160, 25059, 238119, 372292, 950861 [1 30 8(0 6 192
168 4 |31, 8160, 25059, 238119, 372292, 829089 |1 22 2410 6 120
169 4 |31, 8160, 25059, 238119, 296165, 591468 11 22 2010 2 128
170| 4 | 255, 3855, 28951, 492145, 564498, 42406 10 45 1810 0 270
171| 4 | 255, 3855, 28951, 492145, 564498, 722490 10 37 2610 0 246
172] 4 | 255, 3855, 28951, 492145, 564498, 1127602 |10 29 34|10 0 190
173| 4 | 255, 3855, 28951, 233577, 893570, 308270 10 21 4210 0 126
174 | 4 | 255, 3855, 13107, 116021, 415508, 714818 |0 21 42|10 0 126

dimC = 8. 8(8) = 13.
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175] 3 |31, 8160, 25059, 238119, 884843, 1474759, 475241) 9 18 0 (20 18 O

176] 3 |31, 8160, 25059, 238119, 884843, 418183, 1451537 9 18 0 |16 30 48

177] 3 |31, 8160, 25059, 238119, 884843, 418183, 57025 |9 18 0|9 27 63

178] 3 (31, 8160, 25059, 238119, 884843, 418183, 699489 | 7 31 0 | 5 35 182

179| 3 |31, 8160, 25050, 238119, 884843, 1409677w 7 31 0 l 3 33 204
1058259

180] 3 |31, 8160, 25059, 238119, 372292, 29575,955584 | 5 56 0 |10 56 576

181| 3 |31, 8160, 25059, 238119, 884843, 1451537, 699489| 5 40 0 | 2 32 324

182| 3 |31, 8160, 25059, 238119, 884843, 1451537w 5 40 0 | 1 27 357
1474759

183| 3 |31, 8160, 25059, 238119, 372292, 442537, 934222 | 3 61 0 | 1 39 744

184| 3 |31, 8160, 25059, 238119, 884843, 1451537, 167565| 3 45 6 | 0 18 495

185] 3 |31, 8160, 25059, 238119, 884843, 167565, 1352755| 3 45 0| 1 15 504

186] 3 |31, 8160, 25059, 124512, 396941, 662065, 700700 | 1 78 0 | 0 30 1008

187| 3 |31, 8160, 25059, 238119, 372292, 442537, 955584 | 1 62 16| 0 14 816

dimC=9. s(9)=3.

188 2 |31, 8160, 25059, 238119, 884843, 418183, 1451537, | 13 28 0 |46 60 96
699489

189 2 |31, 8160, 25059, 238119, 884843, 418183, 609489,| 9 66 0 |12 90 864
152785

190| 2 |31, 8160, 25059, 238119, 372202, 442537, 934222,| 5 120 0 | 10 120 2880
1844576

dimC=10.  s(10) = 1.

699489, 929948

191| 1 i31,8160,25059,238119,884843,418183,1451537,|21

0 0|210 o 0
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£ & 72 O extremal doubly even self-dual code {2
FA4%R L 72 5-design (2 DWW T*

FHER (IUFK), LEER (FEX) T, FBEREA (RILK)

1 FX
IR, SROHEE, LoUI, TORMBIE, #EETSUTEEIAORE
B (B) eEDSVWTVBZI L EBRELTH L,

S CHILENRTWA K 92, EE 72 ® extremal doubly even self-dual code DTFETE
BHGATESLT, BESINTHWRV, RORBREZ>TVD, HFELMET
b5 (6])o BRI EENO, FBHTHT - THA X OFRICHRBRLAY, ERL
I TA5LIHEEREBREDITITIE LV,

ZDFENHFELET S L Assmus-Mattson DEFEDP 6, 5-(72,16,78) 7H 1 ¥ A F
ET 505, TOFFAYBEOFEN b o TRV, FEOERE, 7H1 0
FEERELT (5L, F¥A4Aro7ay 7izonT, F5ELLTAMKS0T
HHEVI)EYE (5RO self-orthogonal”) HIREL T) #0770y 7 % FFE
LTHFB2EHSELL, [HENTS ] BEFR SN LI LA, BB LEED
LRONBEILERTILETH S,

LB, LBARTRICEELEVLEDAIENERLZ ENbI /DT, 2T
2D/ TENTEBL I EIZL, BENZEWVIZOVWTIE, 3HizITHWS
AR

*9004.06.29 fCHMA SRS v R T A (A EHAEBELR)
UBEETHY, EFOXHEEI,



2 PFEEFTFAUICET BEMR

FTHROPEXEOHHEAPGIGD LI LIZTH, 2T F, ED n KTITR7 P VZE
BOBSZEME, RS n OFFLIER, F5IZEBT 57 F MIZFFEE (codeword)
EHHIN G, BEONEELT, C=CtHFAaIzSnBLE, 5 C (3 self-dual
THHLEE ). 86, RZMVOOTLRVRSDEEE, £ weight(HEH) L IF
SN, ETOFFIED weight 75 4 DIEHTH S L %, doubly even & T 9o doubly
even self-dual %, L D4 < Typell EIERZ LT %, Type Il code H’FHET S
1eODYBEF &M, n 8 OFERTHLI VMO TVES,

FHFIZBWTIE, ZORVFTERDLOBEEDLH->T, 0 THLWHFFIED weight
DRAMENBEETH b, 1¥IC self-dual code DIFEIZ, FDEN D HHEOEERME ([1],
p-189) DIRFTH % & & extremal TH B LIFHITN B, KX 24m D Type Il code P
WE, TORBL 4m+4 &2 HDT, RS 24m O extremal Type Il code & 1%, %
DR/ weight B*dm+4 THEHLDEEHET S, T b b [24m, 12m, 4m + 4]-code
DETHL, RE% 24 OBEICREL 20, 24 OBHT LIZEREDRAH B
RENDEDOTHD, FIZIE, BE 32,4008 &dH, ZORRHEI 24 0L ELFHL
BTdHbH, £& 24, 48 D extremal code I¥, FiZ, extended quadratic residue code
ELTEZON A, 24 DHEIX, HHB% extended Golay code TH B, $&i2, 0D
RS T/ 2—DD extremal Type Il code TH D Z &WbhoTvr b, (HhEIZDOW
T, BED (5] ICLBERTH Do) KBS 72,96 D extremal code I3FFE - IEFFIE
BHoR TV, FRLULEOESIZOVWTHEFRTH 570, RE&x KELLTW
(ICHE- T, EFEFBEESNZ L IR >TVELITHS, EBE, n>24x154
ZOREFETHLIEFMON TV S, REBRMBEEL LT, 72,96 H729 FT
HEWEZANDLEITH S,

R & 24, 48 @ extremal Type II code D&/l weight (FhFh 8, 12 ) OFFEE
DEREEZ HL, 5-(24,8,1), 5-(48,12,8) LWV )3T A= FDFHF AL M ELN B,
ZIT, t-(v, k) TFHA L, vBOE poRIEEQ L, "TOY I LIF
N5 kEERAEEDH B BORT (,B) T, QOEED t SEFTEELETD
70y 7 OB, —FEMATHI2LOOILTHE, HEEPOLELLEER, Q
ENY P NVEROKS O index {1,2,...,n} &L, HFFED O TLVESD index
DREETT Y7L TENDTHS, JIFRT, FFELII Q OBFEEDNZL
THHEE->THELEZEI RV, FILLHE, N7 P VOFIIEFEEDIFRE
(AUB)\(ANB) IZx5T 5, F72, weight LIIEEDBEICMRS vy,

FEDPSELTFHFALAIZDoDWTIE, &4 —BRNH > T, Assmus-Mattson D



ERELTHOR TS, BHEOWENG, FHFAVTHAZ LB ERTH S
M, SCTIEAFIEE TS, bL, S 72 D extremal Type Il code M HFET 5
oI, £I56 5-(72,16,78) FH A U HBEON AT LN, COEE,LREN S,

t-design 13 i < t 2 2FERAERK (123 L T, i-design TddH b, T4bb i HOS
REU70v 7OBHE N IZ—ETH S, EHEP, O N ERT7OY 7ORYTDHY,
M=ATdHb, —f&iZ, DENLEEN,S

i k—1
A _A(t—z)/(t—i)
HESN D, 5-(72,16,78) FH 1 ¥ DA,

Ao = 249849, A; = 55522, Ay = 11730, A3 = 2346, Ay = 442, A5 = T8.

Thb, bIPL—KRIZ, 5(72,16,\) TH M1 DFE
249849 55522 11730 2346 442
AO = ) A,A‘ 78 A AQ 78 A A3 78 A, A4 = TS—A, A5 = A)

THd (HAZTHEOHTIIL TR Wn),

3 FHRE&ZOHMA

FRBRLRRB-OIZ, O ERELHTINZ 5o 7 1 7 5% self-orthogonal
ThorEd, BED 2070y ORBRSORED, 70V 7 ORE k LBF
B—HTHELEEERTLHOINDET D, §DEHAE k=16 2DT, 22070y
IPBRETRELLEN)I T ETH D, self-dual code B SIELNIzFH 428, =
DEBRT self-orthgonal THHZ Lk, AP0 THAI L ILBFHILBELN S,
5-(24,8,1) TH A V1%, TD/¥T A— ¥ b self-orthogonal TH A LAEXL S (Hl
%X "How many octads” ([1], p-278) I & %) o MDA (48,72) IZ2WT, FHL
parameter ? non self-orthogonal 7 H A4 Y BHFEET A2 HE H D, LD KD

TEIZ. Self-orthogonal 5-(72, 16, A) design D7 T v i, £ & 72 M extremal Type II
code KT 5, HE-T, A=T8 TH 5, §FIZ, B 72 D extremal Type 11 code
MHhuL, 0 weight 16 DIFFEFFETEERT 5,

BSLAEE, \=T8 2RISR EL TEREZ B, FNETHAL I, 20,
FREFLLBOONLIEN DY o7DT, LEOFEIZFLEDDLI EIZLT, "self-
orthogonal” L W IHIREEZIHITHEC L, VIFKEL NS bR LW, LWwHo
IiﬁE]lﬂ&.E’)o



AEBHIE, EEMLEEBIZL D, LT, #F0ETEREBTHILIIL L9

Self-orthogonal 5-(72, 16, \) design D FEETHLIREL, £D7 0 v I HPER
THAHEE CTERTo 70y 7 A XN 40K 16 THEZ L L, KRE (D: self-
orthogonal) #* & C i& doubly even self-orthogonal Td %, € dual code C+ &
25,

Step 1. we Ct &L, m = wt(w) B, BRADEHTRRZLHIZ, Q =
{1,2,...,72} £ BE, FR ORI MV (FFZ w) & Q OHFEEGLRLETIL

DO7ay s TwlDIBRFOREY i THHLODEE

EEHET D, BB LEHE (double counting) I2&k D, ROEX (n; iICHTEELS
BR) 2D Lo,

() Z;n(il) (T G=019),

i, w D mEODHLS jEEBATHS, 20 j@E2ECT Oy 7OBEE N
AT bDTHS, EBTIR, #0LH %70y 7 08E%: w & O ILEEFOR

TEIEELAEDDTHE, weCtWi, COTLTHE7 1y 7 L@
B#METHY, 797 70 weight 13 16 THEP 5, KM ny (1=0,1,...,8)
DIY9DOTH5b,

Step 2. no; # 0 (31 > 5)

AR, 6 DAL L AET FRERT EBICBNTHASL, TDL, ngd b nyp FTH
6 OO*%UQ&%; Ijﬁk) D ni2 ps ) N6 'cij—: &fﬁl‘ﬂ%%o %&:, o &:o‘l‘fli,

Nig=¢ — 67112 - 217114 - 56n15

Ele b, 12EL,

=78x’\w(3650496m — 800440m? + 67410m> — 2600m? + 39m°®)

=?8>’(\_’;‘9%(39(m2 - %m + 275)2 + 783—80(m - 312;)74)2 + 12‘113357)_

FHERLI:KD L a£0FbDEDT, S TOERTES, O

(04




Step 3. Cit=C.

@R, w & LT CH\C DT, weight ¥EADIDEMWS, $5HL, Step2ic &
D, 709 27 b TCwk 10 BULETRKDLBEIDHNDHLDT, b+weCLtrEZ S
&, X7 PILOMBREOMHETH 5D 6,

wt(b + w) = wt(b) + wt(w) — 2/bNw| < 16 + wt(w) — 2 x 10 = wt(w) — 4

E%oT, wdD weight BRDTHAILEVIRELIN b+weC %185, £oT
weC tnh), FEweC\C RT3, Shit CL=C 2BHKLTWE, O

Step 4. min(C) = 16.

iRR. w & LT C\ {0} ® weight #*%&/hD b D 2B, Step 3 & & kDR
T, w D weight OBMEDS, b+w=0%8%, T4bb, wt(w)=16235C D
minimum weight Td 5, O

Step 5. A= 78.

ilBA. Step 4 2BV T w=bARENLDT, C D weight 16 NDTTIX, £TFH A
v DOTuy IO BONAIELRENT VS, #-T, TH¥1 P oiEbni:
#¥5 C 75, Assmus-Mattson DEBRTEXONAEFY A VIE DIZ—HKT 5, #
it 5-(72,16,78) TH A1 ThH b, T4bb A=78ThH 5,
BEORTOHmAEE, VL TEICENTEB {, Assmus-Mattson DERIE D »° 5-
design TH AT L X RIET 5. —F4, Typell [72,36, 16]-code ® weight enumerator
BIFFONG A= —BIhEb, 2F 1, & weight DFSEOEEI/ ST 2 —
FRIDOPTE B, B weight 16 DFFFEE (T2bb, ¥4 DoTuy r)
DEEAS 249849 L T B, T OMEN, 2HD N TRIFE LS LWL, A=78

KEELN G, O
PLET, EEEEHSAL, O
4 {T&C

(1) F9, HEZALBVTEB —FRDBIGERTIE, CL DITD weight m
LT AHFERRARETHCT, BEXAER (DI m 2RALLZSLER L EDT
Wize Step 2 DERICEMSHNT, COL ) RMfiELREBI LoD TH D, 121°
L, RS NG 3CI (REAMICEILBRTH 57°) BENRNED LRI TR
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TWC, LALBITH D, BT, S6I2 AT OTIZHBRLEDT, PLE
WERE BT, B THIER (BLY, EHOER) LHEREL 72V,

(2) HIBRDGEFR, 4FIC Step 1 DEVFBRE L THHME, €W s (B
M%) FETH D, 5, RIS EX 5 5-(24,8,1), 5-(48,12,8) E VI FH L |
DWTHEHDBRVTHETH D, CNSOREET Oy 7OF £ AHNEVDT,
Step 2 D FikiL,

kb, Tibh, 70vu f*f(jﬂiliﬁ}l h K &\ intersection TAH (70 v
IMWFETHEVIERTH S, FEFICHIIWI L, ZOFEHND LN,

24 (resp. 48) DIFEIT ny; =0 (Vi > 3 (respd)) 2 RET S EFET S

EWnWHILDTHbH, TOREDTTIE, o TWnAKHEULI3ID (resp. 42) T
0, £FBL, FRA (1) DN 620E VDT (REMIZ) ETELLEEL D,
EE, Cho0BFEIE (1) D6 20RXEARETHL, T4hbbh,

5-(24,8,1) design 3 self-orthogonal 3-design & L T,
5-(48,12,8) design i1 self-orthogonal 4-design & L T,

EREDBRE BT A EAUET (o T, KOOI FNFN 4 L 5% 5) 7Oy
JDERTAHEEH, FhERDORS (24,48) O extremal code X AR T 5 Z & AF
RENDBZDTHD, 3512, WMHORFBCLERELAZ LI, 7Ty 7L minimum
weight DFFFELIT—FT 575, extremal code D—E D5 7 H 1 v 0 —Eik
LRENS ([4])o

SNDEEIFIRC, T4 DBRD 6 SLOFHF L L, £E 96 D extremal code
IEHLZ2WIEERLTHNVAE L I TH S, Assmus-Mattson DEETIE 96 &
DIFETYH S5-design THHZ & LD, RIEL T2 R6THE, LIL, #£S
HTHEZOFEHERKH» O DMEIZL 5L, weight enumerator Lﬂﬂﬂ'%uﬂ & Bf
BTAZLizdoT, (2L ADOMRTIE 2 V) RIHOERLBLLWIZLT
H2% ([2])e

(3) A7z X HiZ, 5-(24,8,1) design {22V Tit 3-design & L THOHMY FEHXT
T THo70%, LHLEFNIE, 5-design & L TOHHREARBEL V) DTlEiev, #
20, HEE I VMSERTAE, T2 YOBRRREONIENILNTH S, L
Tofit, BEERK ([7) K& %,



5-design £ LT 6 2OREZEZ 5o, we Ct ETHIT, KAEIE ng, no, ng,ne, 13
D5DOTHb, €T, ORIHEINBEROLOOELLROTHLIOTD
o R m ST AXAFHTLEDYTHEH, (T) 2EATVIDPL m D5
RANHTHRSE, AP ENWICHESBETE 5013, BREZEZ, Lhhdhik
BHHTH 5B,

m® — 60m* + 1280m® — 11520m? + 36864m
= m(m — 8)(m — 12)(m — 16)(m — 24) = 0.

ST Ehb, CL A doubly even THEZ EHNbMY, $oT, C = C+ &
min(C) = § FELILBO N B,

SE Xk
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1 Introduction

The following bounds are famous bounds on the minimum Hamming weight for binary
[r,n/2, d] self-dual code C ([10], [9]):
d< 2[% | +2.

In this note, we give similar bounds for binary matroids from the concept of binary
matroids.

2 Notation and Terminology

We begin by introducing matroids, as in [11). A matroid is an ordered pair M = (E,T)
consisting of a finite set £ and a collection Z of subsets of E satisfying the following three
conditions:

(I1) eI
(I12) f IeZand I'C I, then I' € T.

(I3) If I and I3 are in T and |/;| < |[2], then there is an element e of J; — I} such that
1] Ueel.

The members of I are the independent sets of M, and a subset of E that is not in Z is
called dependent. A minimal dependent set in M is called a circuit of M, and a maximal
independent set in M is called a base of M. For a subset X of E, we define the rank of X
as follows:

r(X):=max{|Y| : YCX, YeI}.

The dual matroid M* of M is defined as the matroid, the set of bases of which is

{E - B : Bisabaseof M}.



When we denote the rank of M* by r*, the following is well-known:
r*(X)=|X|-r(M)+r(E - X).

A matroid M is called to be identically self-dual (ISD) if M = M* (cf. [1], [8], [7]).

For a matroid M = (E,Z) and a subset T of E, it is easy to check that M \ T =
(E-T,{I CE-T : Ie1I})is amatroid which is called the deletion of T from M. The
contraction of T from M is given by

M/T = (M*\T)".

For a binary m x n matrix A, if E is the set of column labels of A and I is the set of
subsets X of E for which the multiset of columns labeled by X is linearly independent in
the binary vector space F7', then M[A] := (E,I) is a matroid and is called binary matroid
of A (cf. [11], [14]).

For a binary vector £ = (z;,...,%,) and a subset D C IF\E, we define the supports of x
and D respectively as follows:

supp(z) := {i|=z: #0},
Supp(D) = | J supp().
TeD

Let C be a binary [n, k] code. For each r, 1 < 7 < k, the r-th generalized Hamming weight
(GHW) d,(C) is defined by Wei ([13]) as follows:

dr(C) := min{|Supp(D)| : D is an [n,r] subcode of C}.

As a connection between supports of a binary code and its binary matroid, the following
results are well-known (Theorem 3.1 and Lemma 3.4 in [2)).

Proposition 2.1 For a binary [n,k] code C and r, 1 < r < k, the family of minimal
supports Supp(D) of [n,r] subcodes D of C forms the family Fgy(Mc) of cocircuits of the
(r — 1) the truncation T""'(Mc) of the binary matroid M. And Fo(Mc) consists of the

minimal unions of v cocircuits Cy,C;,... ,C} of Mc that satisfy the condition
c;zlJer, (1)
i#F
Jor all 5.

3 Bounds for binary matroids
Let M be a binary matroid. We define the girth g(M) of M as follows:

g(M) = min{|C| : C is a circuit of M}
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Proposition 3.1 (p. 317 in [11]) Let C be a circuit of e matroid M which has no minor
isomorphic to Uy 42 and let e be an element of E(M) — C. Then, in M/e, either C is e
circuit, or, for some positive integer n < k, there is a partition of C into non-empty subsets
X1, Xa,..., X, such that each of the setsC — X,,C — X,,...,,C = X, is a circuit. In both
case, M /e has no other circuits conteined in C.

Theorem 3.2 Let M be a binary matroid of rank r. If M has a dependent set C such that

|C| =i for an i such that r <i < r+4 and C is a circuit or disjoint union of circuits, then
2g(M)-4<r.

Proof. If C is a disjoint union of circuits, then there exist at least two disjoint circuits C;
and C, contained in C. So we have that

r+42|C| 2 |Ci] +Cal 2 29(M).

If |C| > r + 2, then C is not a circuit of M and so the theorem holds. Thus we assume
that C is a circuit andsoi =7+ 1 or 7.
Mi=r+1
Fore € E - C, C is not a circuit in M /e, because of r(M/e) =r — 1. So C = C, UC, for
disjoint circuits Cy, C; in M/e by Proposition 3.1. It follows that

r+12|Ci] +1Ca| 2 (9(M) - 1) + (g(M) - 1) = 29(M) - 2.

2)i=r

If, for e, € E — C, C is not a circuit in M/e;, then the theorem follows as well as the case
(1). We assume that C is a circuit in M/e;. Since r(M/e,fe;) =7 —2fore; #e; € E-C,
C is not a circuit in M/e;/e; and so C = C, U C; for disjoint circuits C, C; in M/e, /e,.
Therefore we have that

r 2 |C1| +|Co| 2 (g(M) - 2) + (g(M) - 2) = 29(M) — 4.
The theorem follows. O

For a binary matroid M, we consider the dual matroid of the (first) truncation T (M) =
T(M), that is, the (first) Higgs lift L'(M) = L(M). From Proposition 2.1, it finds that a
circuit D in L(M) is a minimal union of two distinct circuits of M. The following lemmas
are essential.

Lemma 3.3 Let M be a GF(q)-representable matroid of rank r. If C is a circuit of M such
that |C| =7+ 1 and e is an element of E — C, then C contains at least one circuit of M/e.

Proof. Since U, 442 is a excluded minors of M and C is not a circuit of M/e, the lemma
follows from Proposition 3.1. (]
Lemma 3.4 Let M be a binary matroid of rank r. Then T(M) and L(M) are representable
over GF(2).
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Proof. See Proposition 9 in [3] and [13). o

Then we have the following lemmas.

Lemma 3.5 Let M be a binary matroid of rank r. If M has a dependent set C such that
[Cl =i withr <i<r+4 and C is a disjoint union of circuits of M, then 2g(L(M)) +
g(M) - 8<2r.

Lemma 3.6 Let M be a binary matroid of rank r withn —r > 4. If M has a circuit C
such that |C| =1 fori=r orr +1, then 2g(L{M)) + g(M) - 8 < 2r.

Proof. We take a base B of M such that, for an e € C, B contains C —e. We consider two
different fundamental circuits C; = C(ey, B) and Cy = C(ey, B) with respect to B, where
e1,e2 € E— B - {e} and e; # e,.

Ni=r+1

Without loss of generality, we can assume that |C| < (r+3)/2 and |C,| < (r+3)/2, because
if |C}] > (r + 3)/2, then we may take other circuit C;- of M which is contained in CAC;. It
follows that

g(L(M)) S |CLUGC =G|+ |G| = [CiNCo] S 7+ 3 = |CLUCy.

Since C)AC; is not equal to C, CAC,AC; is not empty and so has a circuit of M. Therefore
we have that

g(M) |ICAC,AC,|

IC] + |C1AC] - 2(C N (C1AC))

ICI + IClACQI - 2(|C1AC2 - {61,62}')

= r+1- |C1UCg|+ |ClﬂCg|+4

r+5—g(L(M))+ (r+3-g(L(M))) =2r +8 - 2¢(L(M))

(| VAN

IA

2i=r
Let m be an integer which is 1 or 2. Because of n — r > 4, we can take circuits C; and C,
such that |C; — C| = m for all j = 1,2. From the same argument as the above case, we can
assume that |C,| + |C>| < r + 2m. So we have that
g(L(M) <r+2m - |CiUC,|.

Thus it follows that

9(M) |CAC,AC,|
|C| + |C1AC2I - 2|C1A02 - {61, EQ}I
T - |C1UC2|+|C1FIC2|+4
r—g(L(M)) + (r +2m — g(L(M))) + 4
2r + 8 — 29(L(M))

The lemma follows. 8|

A

INIA I

By combining Lemma 3.5 and 3.6, we have the following theorem.
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Theorem 3.7 Let M be a binary matroid of rank r withn —r > 4. If M has a dependent
set C such that |C| =i for an i such that r < i < r+4 and C is a circuit or disjoint union
of circuits of M, then 2g(L(M)) + g(M) — 8 < 2r.

4 Weight Distributions for Binary Codes

Since a cocircuit of M corresponds to a minimal support of a codeword of C and a
cocircuit of L(Mp) corresponds to a minimal support of a two dimensional subcode of C, we
have the following results from Theorem 3.2 and 3.7.

Corollary 4.1 Let C be an [n,k,d] binary code. [f A; # 0 for an i such thatn — k <i <
n—k+4d, then2d—-4<n-k.

Corollary 4.2 Let C be an n,k,d] binary code with k < 4. If A; # 0 for an i such that
n—k<i<n-k+4, then
2dy +d-8<2(n-k).

So we shall investigate weight distributions for binary codes.

4.1 Krawtchouk Polynomials
For a positive integer n, the binary Krawtchouk polynomial is defined as follows (cf. [9]):

£ mesn

J=

And the polynomials satisfy the following equations:

(1+2)"*(1 - 2)° ZPm

m=0

(l) = (— ) n- m(l), 1=40,1,...,n
( _)Pm(i) = (77:1) P;(m), for integers m and ¢
i
(n=m)P(m+ 1) = (n - 2i)P(m) - mPy(m — 1), for nonnegative integers m and i.
For an [n, k] binary code C, it follows from the MacWilliams identity that
AL =) AiPn(i), m=0,1,...,n (2)
=0

In [5] and [6], it was shown that

o= () CR) ()

for even n and i.



Proposition 4.3 Let C be an [n, k,d] binary code such that n/2 < k < n/2+4 and n
is even. If the weights of all codeword of CL are divisible by 4, then 2d ~4 < n -k and
2dy+d -8 <2(n-k). :

Proof. From (2) and (3), we have that

[n/4}
2 *Aup =Y A Pap(4h) > 0.
=0
Since A,/2 # 0 and n/2 < k < n/2+ 4, the proposition follows. 0

Corollary 4.4 If C is a doubly-even self-dual code, then

o

n (n = 0 (mod 16))
dy <
3n+3 (othgrxv1se)

Remark 4.5 The equality in the above bound holds for doubly-even self-dual codes of
length 8,16,24,32 and 48.
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A Characterization of Tight Graphs
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In this talk, we characterize a tight distance-regular graph I’ with respect to a com-
pletely regular code Y of width 2. We introduce a homogeneous property with respect to
a subset, which is a generalization of the 1-homogeneous property in the sense of K. No-
mura. We show that I is a tight graph with respect to Y if and only if " is homogeneous
with respect to Y whenever Y satisfies some conditions.

This is the joint work with Hiroshi Suzuki (ICU).

1 Preliminaries

Let X be a finite set. Matx(C) denotes the set of the matrices indexed by X whose
entries belong to C. Let V = C¥,

Let £ (z € X) denote the vector in V whose z-th coordinate is 1 and others are 0.
Then the set {Z | z € X} forms a basis of V. For a subset Y of X, let 1y = ¥,y §. The
vector ly is called the characteristic vector of Y.

Let I' = (X, R) be a connected graph with vertex set X and edge set R. Let &(z,y)
denote the distance between z,y € X, and D the diameter of I'. Let I'i(z) = {y € Y |
d(z,y) = i}. We write I'(z) = I'(z). Let k(z) = |['(z)|. We call k(z) the valency of z.
We say I is regular of valency £ if k = k(z) is independent of z € X. Moreover, we say T’
is distance-regular if for all integers h,,j (0 < h,%,5 < D) and for all vertices z,y € X
with d(z,y) = h, the number

Py = I0(z) NT5(y)|
is independent of z and y. We abbreviate ¢; = p};_;(1 < i < D), a; = p};(0 < ¢ < D),
and b; =p};,,(0<i<D-1).

For 0 <i < D, let A; be the matrix in Matx(C) with zy-entry

N1 ifd(z,y) =1
(Ai)ey = {0 otherwise,

We call A; the i-th distance matriz of T'. For notational convenience we define A; = 0,
for i < 0 and ¢ > D. We abbreviate A = A, and call it the adjacency matriz of T". Let
M be the subalgebra of Matx(C) generated by A. We refer to M as the Bose-Mesner
algebra of I'. We can verify that Ag, A;,..., Ap form a basis for M. A has D + 1 distinct
eigenvalues: 8y,8,,...,6p where 8> 0, > --- > ép.
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Let E; be the projection onto the eigencpace of A with respect to §;. Then we have
V=EV+EV+---+ EpV. (1)

Let m;(0 < i < D) be the rank of E;, i.e., the dimension of E;V. It is known that

Ey, Ey, ..., Ep form a basis of M. They are called the basis of primitive idempotents.

2 Terwilliger Algebras with respect to Subsets

Throughout the paper, we assume I' = (X, R) is a distance-regular graph of diameter
D>3.
Let Y be a subset of X. We define the width w = w(Y) of Y as follows.

w=w(Y) = max{d(y,y) | .4’ € Y}.

Let A = A(Y) = (Y, R|lyxy) be the subgraph of I induced from Y. In this paper, we
assume A is regular.

We call a subset Y in " a code of . Let Y; = {2 € X | 8(2,Y) = min{0(z,y) | y €
Y} = i}, i.e., the i-th subconstituent with respect to Y (0 < i < D). Obviously, we get
Y=Y, Let 7=min{i |0 <i < DY, # ¢}. We call 7 the covering radius of a code Y.
Then we have the following distance partition of X with respect to Y.

X=YUYU---UY,. 2)

A code Y is said to be a completely regular code of T if for all integers h,%,7 (0 < h,i <
7,0 € 7 £ D) and for all vertices z € Y}, the number

= [YinT;(2)|

is independent of z.
Let Y be a subset of X (or a code of I'). Let E} = E}(Y) (0 £ i £ 7) denote the
projection matrix onto Y;, i.e., the diagonal matrix in Maty (C) with zz-entry

o _J1 ifzeY,.
(E)z: = {0 otherwise.

Let T = T(Y) = (A Ej, E},...,E}) denote the algebra generated by the adjacency
matrix A and E; = E;(Y) (0 < i < 7). T(Y) is called the Terwilliger algebra of T
with respect to Y. This is the generalization of a Terwilliger algebra (or a subconstituent
algebra) T (z) of a distance-regular graph introdued by P. Terwilliger [6, 7, 8] concerning
the set of neighbours of a vertex z as a subset. H. Suzuki formulated the theory of 7(Y').
We get the similar results as on 7(z) [5]. The theory of T(Y) is expected to provide
powerful tools for the study of subsets or codes of distance-regular graphs.
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Let V = CX. We observe T(Y) acts on V, and V is called the standard module. Let
W denote an irreducible 7-module. We have

W=EW+EW+..-+ E;W (the orthogonal direct sum).

Let e = min{i | 0 < i < 7, E;W # ¢}. The integer e is called the endpoint of W. W is
called thin if dimE;W < 1 for all i (0 < i < 7). A vector v is called thin if T(Y)v, the
algebra generated by the vector v, is thin.

3 Tight Vectors and Their Modules

Definition 3.1 A vector v € EjV is said to be tight with respect to Y if
w(Y)=|{i| Ev=0,0<:< D}
holds.

Definition 3.2 T is said to be tight with respect to Y if E§V N (1y)* is spanned by tight
vectors.

Proposition 3.1 (Theorem 9.2, [5]) Let v be a nonzero vector in E3V. If v is tight with
respect to Y, then Mwv is a thin irreducible T-module. In particular, v is a common
eigenvector of EgME;.

Proposition 3.2 (Proposition 7.2, [5]) Let 1y be the characteristic vector of Y. Then
the following are equivalent.

(2) Y is a completely regular code of I' with covering radius T.
(it) Tly is a thin irreducible T -module.
(i) T1ly =Span(ly,ly,...,1y,).
By the propositions above, Y is completely regular with 7 = D — w(Y), if 1y is tight
with respect to Y.
4 Correspondence between Eigenvalues

The following is essential.

Proposition 4.1 Let Y be a subset of X with w(Y) = 2. Let A(Y) be connected and
regular of valency k. The following are equivalent.
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(2) T is tight with respect to Y.
(i1) A(Y) has the distinct eigenvalues ng = k,my = 0p, and 1, = 0, where

b
146

f=-1-

Corollary 4.2 Let v be a vector in EJV N (1y)t. If Esv = 0 for somei > 0, theni =1
ori = D. Moreover, if v is not a tight vector with respect to Y, then E;v # 0 for any
1> 0.

As another corollary, we obtain the following.

Theorem 4.3 Let Y be a subset of X with width 2 whose induced subgraph A(Y) is
connected and regular of valency k. Then the following are equivalent.

(3) T is tight with respect to Y.

(#2) A(Y) is a strongly regular graph having eigenvalues &, —1 — ﬁ},; and -1 - ﬁoL.

5 Tight Distance-Regular Graphs with respect to Com-
pletely Regular Codes

Let Y be a subset of X. Let w = w(Y) be the width of Y. Suppose A(Y') is connected
and regular.

Definition 5.1 T is called homogeneous with respect to Y if W, is A-invariant for all
y €Y, where
W, = Span{E; 4;5 |0 < i < 7,0 < j < D}.

Remarks. If ' is homogeneous with respect to Y and A(Y') is connected and regular,
A(Y) is a distance-regular graph. It is easily proved by using the fact that if A(Y) is
connected, regular and distance-regular with respect to every vertex in A(Y'), then A(Y)
is distance-regular [3].

Let Y be a completely regular code of covering radius 7.

Lemma 5.1 Suppose for any two distinct vertices y,y' in Y there exists a shortest path
connecting y,y’ such that every vertez in the shortest path belongs to Y. If T = D — w,
then dimW, = (w+1}(D~w+1) forally €Y.

To prove the lemma above, we use the following lemma.

Lemma 5.2 Let =D — w. Let y € Y. The following hold.
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Ajg=0ij<iorj>it+wforalli(0<i<T).

(2

(it EAy#Oforallz(O<t<T)

) E

)
(#13) El Ay #0 foralli (0<i< 7).
(i)

Suppose for any verlex y' € Y there exists a shortest path connecting y,y' such
that every verter in the shortest path belongs to Y. Then E;A;§ # 0 for all i,j
(i<j<i+w0<i<T).

Proof of Lemma 5.1.) Let y € Y. By Lemma 5.2, we have

dimW, = dimSpan{E;A;5|0<i<7,0<j< D}
= dimSpan{EfA;7|0<i<D-w,i<j<i+w}
= (w+1)}{(D-w+1).

]
The assumption in Lemma 5.1: for any two distinct vertices y, %’ in Y there exists a
shortest path connecting y, %’ such that every vertex in the shortest path belongs to Y,
implies that da(y)(¥,y') = Or(y,y’), where a(y), Or denote the distance in A(Y) and
that in T respectively (we usually denote dr by 8 for short). We call Y “weakly closed’ if
Y satisfies the above property.
The next proposition shows that a tight distance-regular graph with respect to a
“weakly closed” completely regular code has the homogeneous property.

Proposition 5.3 Suppose that for any two distinct vertices y,y' inY there exists a short-
est path connecting y,y' such that every vertex in the shortest path belongs to Y, and that
1y is tight with respect to Y, i.e., Y is a completely regular code of T = D — w. IfT is
tight with respect to Y, then I' is homogeneous with respect to Y.

Proof. Lety €Y. Note that dimEgW, = w+1 by the assumption. Since EgV is spanned
by tight vectors, EgWy is also spanned by tight vectors ug, uy, ..., %,. We have

dim7EgW, = dim(Tuo+Tu;+ -+ Tuy,)
< dimTuo+dim7Tu; + - + dim7u,,
(w+1)(D-w+1).

On the other hand, since T E;W, D W,,, we have

dimT E;W, > dimW,,

By Lemma 5.1, we have dimW, = (w + 1)(D — w + 1). Hence dim7T EjW, = dimW,
and so T EgW, = W,,. Therefore W,, is A-invariant. O

The converse is true for the case of w(Y) = 2.
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Proposition 5.4 Let w = 2. Suppose 1y is tight. If [ is homogeneous with respect to Y,
then T is tight with respect to Y.

Proof. As we mentioned in Remarks, A(Y) is a strongly regular graph. So we can
choose an orthogonal basis 1y, u;, u, of EgW, so that u; becomes a common eigenvector
of EgA:Eq (i = 0,1,2). It is clear that W, is Ef-invariant (0 < ¢ < 7). Since W, is
A-invariant, Wy is T-module and TEgW, = W,.

We can verify that T1y = Span(ly,ly,,..., 1y, ) and E;7 Span(u,;, u2) = Span(u,, u,).
If TSpan(u;,ug) contains ly,, it also contains 1y. Hence 1y € E;7Span(u,,u;). This
contradicts the fact that 1y, u,,u, are linearly independent. To sum up, we have

Wy = TEgW, = T1y + TSpan(u;, u2). (direct sum)

Because A(Y') is strongly regular, the assumption in Lemia 5.1 holds and we have
dimW, = (w+ 1)(D — w + 1) = 3(D — 1). Then we get

dim7 Span(u;, u2) = dimW, —dimT1y
ID-1)-(D-1)
2D - 1).

On the other hand, we have
dim7 Span(u,,u2) > dimMSpan(u;,u;)
D
= ZdimE’iSpan(ul,ug)

=0
= dimEySpan(u;, u2) + dimE;Span(u;, u2)
D-1
+ " dimE;Span(u,, u;) + dimEpSpan(u;, u,).
i=2
Since u,,u, are orthogonal to 1y, dimEySpan(u,,u;) = 0. By Corollary 4.2, we have
dimE;Span(u,,ug) = 2 fori (2<i< D —1). Since |{i | Eu=0,1<i< D} <1 for
any u € Span(u;,u,), dimE;Span(u,,u2) > 1 for i = 1, D. Thus dim7 Span(u,,u,) >
2(D-2)+2 = 2(D-1). Hence dim7 Span(u,, u;) = 2(D—1), and dimE;Span(u;, u,) = 1
for i = 1, D. Therefore E;u, = 0 and E;u, = 0 where {i,j} = {1, D}, i.e., u1,u, are tight
vectors. Then we can easily show that any common eigenvector u of E§A;E5 (0 < i < w)
is a tight vector. So EjV is spanned by tight vectors. o

The following is the main theorem.

Theorem 5.5 Suppose ly is tight with respect to Y, i.e., Y is a completely regular code
with 7 = D — 2. Then the following are equivalent.

(i) T is tight with respect to Y.
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(7¢d) T is homogeneous with respect to Y.

Proof. (i) = (i) : Suppose that T is tight with respect to Y. By Theorem 4.3, A(Y)
is a strongly regular graph. Then Y satisfies the assumption of Proposition 5.3, so I is
homogeneous with respect to Y.

(i) = (i) : Clear from Proposition 5.4. 0
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Galois IR EOFR EEFmizx¥ 2 BEHEIZHOWT

NMKE - $EEFZERE HLE E (Makoto Tagami)
Graduate School of Mathematics,
Kyushu University

1 Introduction

AREEFHIRT VA VELTEORBRELE LTREINE (1), [2), 12) BR). KT U H L EEE
I LR BRERIERE SL(2, R) A —RAFEMRICL 0 TBITEA L T34, AR EFEEiciz—a BT
BROERICL D ABIERLTVWS, ORIV TV vz—2a Y 2F—ANRBLI, 0 relation
BET A AVHEORBRBU (K7 2 VER XV EALND. X2TIOT Y —YavAx—Ah
FEBRIC2 D, HHCHRICR D Z ENMRD. TV YT~ a Y AFX—ADTRGIIRELER T, THRTH
NiEZ %, 0 character table 23E® SN 3. character table 2264 13E< DY 5 7HRBAMTASBS.
#1243 intersection number % expansion EEOHHEE THD. <N TWAHABLEEEHITAMEL
DLDEFRRZ/p"Z LDOLORH DA, HRE LD EELHEICH L THI character table iXRe 57T
V'35 (Evans[5], Soto-Andrade[8] &8).

k-regular 77 73 Ramanujan 77 7 TH B &, EBO Y7 0OBAM 0 TEORMES &k RS
LOIHMLT | <22WE-1 BV ESLDEEFD. 7575 Ramanujan 757 7 ChHBHZ EZEFDIFT
@ Thara-Zeta BI#X7A% Riemann (RBREWH-FZ L LRMATHD (LR [12] BR). 72 VLA
WU, FREEFEICIIS 7 7RER SN DN (L¥F@ S F 7), Nick Katz [6] 1 character table % fv»
THBELD L¥FE ST 73 2 2O %8 T Ramanujan 77 7 CHDHZ L EFRLIE.

AR LD L ¥LEIE Angel, Shook, Terras, Trimble [3]| DT Z/p"Z L CERENF (ZZTp Id#FF
RE) . TORX T, n=2,p 25l LTHREYEEE Y 7 7IHFRE LD Y O & 3FRAIC Ramanujan
IRV EIRENTWS, £ (9] 128V T, Z/p"Z(p : HHRYK) LO—BREHOERI LB
HRBT Vim—ira vy AF—Ah0 relation TR 7 4 VEEHECIIE L oh ¥, BER7 U VIERTE X
DI &, LT IV om—Va v AR —AREMNHETHI ENFTINTWD, Z/2"Z Lo LEEEICKL
TH [10) TTYvx—Ya Y AXF—AOXMBEHERREN TS,

ZOXICHBR LD EEEHEIE Z/p"Z iH L THRRLATE bt THEM, HRE LD EEZEFIT
QRIEREDBAME L LTEEENTWVHOT, HRER Z/p"Z D—2oD—RILTH S Galois BRD 2 K
HRAOFERPEL LTHBRRLOLEFELEETIHINARTHDH. 2O LIZRRKEOFBEZAL L
KKVl ENL. Lo TIO@ETIH (3], (9], [10] DFERD Galois RE~D—{LEEX 5. B2, 36T
TIox—=ayAEx—»n Galois RIZOWVWTHBIZEETS. 5B 4 fiT Galois Rl L¥EiHEEE
T5. BSMCHBRLEEETNOT Vx—a v AF—Ah & LTOMELFEIIIKH L TOLTSS (7Y
Y= a YAX—LAONEERp =21 L THLEAS B ZOBETIIRET D). BEICHE 5 fiokL
LTHETREWAMREEERY 7 78 —20 @A 2ER\ T Ramanvjan 75 7 CR\WZ & 2777
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2 Association Scheme

LOEHT, ROERAMLHBONET Vx—a Y AX—LDEENLRFHIC OV THEICHE 5. &
L<id 4] #8MoOz ¢,

X IAMRIREE L, HREE G A X EICEMALTBICEALTWAETE. HE X DOLED G IIBIT
AEEDIRETS, —SICH G LE2ORBSB H IZH LT, G D G/H ~DERMLOMIC L BERIC
LoTHOLNAET Yoz —2a s AX—b% X(G,H) ERTEIZYTS. X(G, H) O relation R; i G D
HiZk AHEMFRIMR G = (HaH ¥AVTROL SBT3

R; = {(bH,cH) | b"'c € Ha;H}.

EH 2.1 (Gelfand pair). G ¥ HIREE, H > Z0OEPREL T S. (G, H) 28 Gelfand pair THBH EXT Y
sx—yavAk—5h X(C H) NTRTHE = & LEET 5.

E#211L[12] CHEAOLNTWALDERRSTWAITRE YD, bHLAZNLIIRMTHS.

(X, {Ri}iz0....a) 7 7 A d DFRT Vo x—vavA¥x—bsT5. A % R IE¥T 5 adjacency
matriz &+ 3, ALIT¥IX X Tindex fHI b T 5L 5.

Bose-Mesner {£% % % adjacency matrix i# Ay,...,Aq THEOLHNTV'D Mx(C) DI {REE+T5. =
2T Mx(C) it X i2 £ ~T index ) NAHYME C LOSITIRTHS. Ao,..., Ag HEVICTH
ERITFCHHDOTESHABILTETHS. Ag,..., Ad DRRLFIEHFERNO@KIL 4+1 T{(Q,1,...,1))
EDO—DERATWS, FNbH Vo = ((1,1,...,1), Vi,...,Va EBVTBL. E; & CXI hass ¥ ~
DOHEDOHMMN A7 b {e; |z € X} RLVTAFIRTLAEBD LTS, OBy, KAWL, 4, p.59,
Theorem 3.1] M.

EE 2.1. Ey,...,E 3 A DRBREREETHS.

EE21&Y,{Eo,....Es} RADHFLVEEL RDDT, Ag,...,Ad 12 {Ey,...,Eq} D—KEEE TR’
5. BE A= T pili)E; £ L.

SE#® 2.2 (character table). d+ 1 KD{TH P = (p;(i)) % characler table LPEE5. ZZTp;(i) I P D
(4,7 A ER LTS,

HHET Y ox— 3 v A¥x— A0 relation i ¥BETHEEMIT 7 (X, R) 2183, pi(5) (5 =0,...,d)
REMZF 7 (X, R;) PEFMIC/> TV 3.

KIC X(G, H) O character table #5x 5. X(G,H) D752k d &L, 1§ 12 G ® G/H EORBIEE
¥RT LT 5. X(G, H) B[R CHHLE+IRMET 1§ 2 multiplicity-free THBZ & ThB. EHIZT
D8, 1§ OBERNSRRCRN ZENEOMIT d+1 425, F L THIHEE 1o RYTHENMMUCRAS.

1§ I multiplicity free THBHEREL, 1§ = xo+x1 + -+ xa EFWENTVB LTS, 2T,
Xo =1g, X1+, Xd REWVICRZD G OBEMIERL 25, O, KROBEAXNR LI HLNA TV S, [4,
p.174, Theorem 11.6] 8.

EE 2.2. {Ey,..., Eq} OHHMEFHTICBL T, character table P = (p;(j)) I3RDARTE X LN

. 1
i) = 1 > xilz)

zeHa:H

— 110 — 2



3 Galois rings

Z O T Galois BOERMZIRIZ W THEICHE T 5. Galois BiZOWTORLWEBEIHE LT
T Mcdonald[7] %234 5.

HIREIIHRE Z/pZ EOHIRKILK, WH Z/pZ FEHEEMEANI LD Z/pZ DIERE LTEABRS.
X, FIRERE CRE L R0, Z/pZ-10% L LTHERBICR D, Galois RITHRED L KIS DA IRER &
LTHEALRS. UTZOBEZEL T, BEFHICOVWTOME T2 K-~ FRBEOTREAL E%T S
DEL, ZFERRICHLTEOHTHNEY UR) THT ZEIZT 5.

RE2BRAT7N m 2F-RFREL p: R - R/m BARLZRBREREAB LT 5. R[z|, R/m]z]
RENENR, R/m LOSEHEKAR LTS, R/m BERECHH - LIcERETS. LEBLESEAV
T, REFESY 4 : Rz] - R/miz] #BRDXFETERTS. Wb f(z) = ¥, aix’ € Rlz] ML T,
pf(z) =Y plai)r* € R/mlz) LEETSD. f(z) € Rlz] % basic irreducible THD &ix uf(z) BEHTH
BT ELERTS.

E® 3.1 (Galois HX). S ¥HFFR, R % S ORUTEZ LA TIRIBHEREL TS, ZOFF, SH R
® Galois YEXTH D LIX, D monic basic irreducible £ f(r) € R[z] BFEEL, R-KEEL LT
S=R[z]/(f(z)) LD ELEHTD. ELLI0F f(z) DREEIK S/R ORELED.

EDEBIE [T ObDERZS>TWERAMTHS.
S/R % Galois #:X, Gal(S/R) % S ® R-HEFREKD2 4L T5. Gal(S/R) £3K S/R @ Galois
B LS. Galois FEXICH L TROBERN L MBR TS,

EE 3.1. R D 2 o0[RKED Galois LKL R L LTEETHS.
EBH 3.2. Galois FIIKERFTH Y, TOMKIILROKEE KT 5.
®® 3.3. S/R,T/S % Galois LXK & ¥5. TO#, T/R I3 Galois EXTHD.
EE 3.1, 3.2, 3.3 DIV Tit [7, Corollary XV.3, Corollary XV .4, Theorem XV.7] 28RN = &.

&% 3.2 (Galois B). n *ERIK, p KB ET 5. Z/p"Z » Galois ILK% Galois B &V 5. Z/p"Z D
T KD Galois k% GR(p",r) L #<.

GR(", 1) = Z/p"Z, GR(p,7) = GF(z") ThB. =D & ¥ Galois RAHRES Z/p"Z O—RULTH
B EXRFLTYVS. Galois B R = GR(p",r) PEXKA F7 /it pR T R/pR= GF(p") TH 5.

ER 3.3 12X 2T Galois 8B R ® Galois fEX S I3E 7 Galois RTH 5. AREDF L F#ERIZ L T norm
TR Ne/p 2K L 5 IcERT 5: Galois B% G = Gal(S/R) £ LT,

NS/R: S - R
t = [lecol(t)
Ngp ISHIERIFTDHDT, Ngp 12 U(S) % U(R) ~B4. KOl Hilbert DER 90 DRI THS.

1880 3.1 (Hilbert ®EE 90). Gal(S/R) =<0 > £+5. 208 B€ SIKHLT, Ng/r(f) =1 ThHD
LE+RREL, 5B o€ US) BIFEL, B=ac(a)! BRI LI & THS.

JEFAIL [7, Exercise XV.8] #B8MoDZ &.
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%85 3.2. R%* Galoisi®, S # R @ Galois ik & $5. G=Gal(S/R) LT5. ZDB,
SC:={eeS|a(a)=c(VoeG)} =R

IEBRIY 7, Corollary XV.3] #BBDOZ &, KIZ norm BEABHREDHSE L BHRIC U(S) »b UR) ~
DEHBERTHD & ERT.

#80 3.3. RiX Galois®R, S % R @ Galois liK & +5%. DR, norm FH Ng/g 13 U(S) 226 U(R) ~
DERBREIBMTHS.

[AEEA] R = GR(p",r) % Galois B, G = (s) ¥ S/R ® Galois B & T 5. {i#H3.1 15, a € KerNg/g =
{t € U(S) | Ns/r(t) = 1} THELE+HREEDHS § BEEL o = o(f)f~ BRIT-Z LTHS,
EoT h:U(S)38 = o(B)8~" € Ker Ngyp XRHMMEIR. 8 € Kerh Th D LE+HFRIFI o(F) =5,
Hit, 3 € S Th5. #MBE321cLY, ZhiX f € R ERAIEIZAZS. S/R X Galois X THBDT,
RNU(S) = U(R) Th5. £-T € Kerh ThBLEF53%E f € U(R), BB Kerh = U(R) Th 5.
Zh# [Ker Nsjrl = [U(S)|/| Keck| = [US)/IU(R)]. =i Nsp(U(S)) = U(R) £RLT3.

[KEBA$E)

* 7= Galois ROMTHOMENMON TS, (7, Theorem XVL9] % B,
58 3.4. p *FXK$, R=GR(p",r) &T 5. ZD8%,
UR)=Z/(p" - )ZxZ/p"'Z x--- xZ[p" L.
rti:n
#HM 3.4 1L D, #HiC Galois ROBMITEIKEBE TRV LABL25. BRilkEiEchRviTh Yy e

FnkHB UR)DIED2RTHNIDILLEBETD. FHALTRVTEREHTE V). O, WAR
Yo,

il 3.5. p ¥ FRY,R=GR(p",r) £T5. DK, a € UR) BEFTTHDLBE+3REIL u(a) KH
MRtk GF(p") OTE LTEHRLETHDHILTHS.

[RESA] #HEE34 ik » T,

GI=Z/(p" - 1)Z, G2 =Z/p"'Zx---xZ/p""'Z.
r times
LT3, U(R) =G x G, LW A, ecUR)IZHLT,a=01-a2 (a1 € Gy, az €@Gy) <. G, TR
R2HTHILIL G ORIERL LTOHBRBIZRS. LoT a REHFTTHELE+HERM o BT
FRCHBZETHD. € G WHLT, uz)P" ' =1&425%. p R GF(") PHERANTHIDT,
T p(z) =1 £Z>TVB. FREBIC u(z) = L(Vz € Gp) £E29, u(G)) = U(GF(p")) &45. LHrLS
|G1| = [U(GF(p"))| THBDT, pix G, 5 U(GF (")) ~DERUCK S. (AEEALE)

E# 3.3 (p-f£HH). a € R=GR(p",r) IZH LT, a € (p') — (p'*!) DI, ordy(a) =i LEHTS, = =
T (p"t) =0 £ LT3,

R=Ry=Rur=GR(p"r) £T5. BHLE R, =0 £T5. THI X, Y ISHLT X =Y (mod p) i
X &Y OFBESH (mod p) THLVWEETS. MROB, (mod p) DXL YIC (p) 2/, KO
#CEbhs.
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an a
#i8H 3.6. A= ( a;l a1: ) € M2(R) IZH L T, v := mimg jcz ordp(aiz), aij = p¥al; (aj; € Ra-s),
1 G2

! '
a), a2 0

g o L. o, m&ﬁﬂitA( : ) = ( 0) (p") DAET, (z,y) # (0,0) (p) 72
1 2
BLOBFEET HLE+SREFIL det A =0 ") LB LTHS.

[AEB] A =0 CHIIEBLN2DT, A£0ET 5.

(3)+(3) = (5)-(3) o

ThHD. KELY, H% aj; €U(Ry_0) 725, o)) e U(R,_,) ERETD (WOBELEMRICTRENL D) .
OB, z = (a,/al )y (p"7Y). TORE anT +apy =0 (p*7) KRALT (det A')y =0 (p"°) &8
3. bLldetd =0 (") R, y 2HEEICRST 2 = (alo/a))y ERITHERDIVENRES. b L
det A’ £ 0 (p~v) THB2bIE,y=0(p) LoTz=0(p) L5, [AEER%]

A=

4 The finite upper half planes over Galois rings

ZOHT Galois REDHR LELHEERTS. n, r THRY, p L REET5.

R=R,=Rn,=GR(@",7),U=Up=Upny =U(Rn,) &+5. BEE Ry, =Up,:= {0} £33. U,
ORI p-Vr(p - 1) ThHB. M =M, =GR(p",2r) L B<. MIZRD2KD Galois it X & LTE
Abh50T, BE3IICLY, ~BHEEEI LR, FREpITHLTM =R[T|/(T?-6),p=2icx
LTM=R[T|/(T?-T-7) &&iF 3. ZZTTHRRERT, S L U(R) DIFEFR, c € U(R) 1% u(c)
t2—t(t€ UGF(2))) o CHIIZWHDET S,

B8 4.1 (Galois RED L ¥FE).
H:={z+yTeM|z€RycU}
RICR LO—BRIEEE B2 5:

a b

G:=GL(2,R) = {( 4

G OPi> 2(G) RKD & H 1272 5:

)|a,b,c,d€R, ad-bc¢0(p)}.

Z(G)={el|acU}.
WMl 4.1. z€9, 9= ( ¢ 2) € GITX L THRMRELY 3SLo:
[+
(i) cz+d e U(M)

(ii) (az+b)/(cz+d) € H

JEFAIL [3, Proposition 1) &M= &,
WM 41120, Gl 9 EIC—ROBERICIVERTAIZ L Ab)S. ZoOHRANTBTHE I LiTK
DECDRBIRAELDZLICL D,

Az={(g j)lyeu,zen}.
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AET7 74 EES. z ": ) Ve=z+yVe THBIDT, AIZH EICTBIERALTVS. 5T

G LABITERL TS,
K3TenHDGItBIARERBRBLT D, KIZET7T A v EEFEROBE & @ L THXE L FETh
3. Hx it K\G/K OFERESIBERE L ZVDITTHD. AL G R K ICX>TROL S IcERAK

SRENS:
— vy z _
G= E ( 0 1 )K— E zK.

z€R, yelU z€EA
Yo TK\G/K DRETE ADTENLED LB TEDRI LIRS, UTH G/K, A G-HELLT

KOG TR—8T 5:
:c+yT<—)(yI)K<—>(yz).
01 01

DT 9 Lok lE G/IK R ALDLDELRRT.

5 The criterion of double cosets and symmetry of the associa-
tion schemes for odd primes
IO THBRpICH LT AD 2 TAE LHERRKRBICADIREERD S, REELRIDSILI DD
KT % Ve LWz it a.

FPFVLOMDOEZLEELAET D, A7V EEFROHRO X 512, M Oxicx L TER, 21,
HEEXEHET D:

Re(z) :=z, Im(z) =y, Z:=z-yV0 for z=z+yVEe M.

B :z+yVl 2 z-yVo M D RACRARTHIZ L L, M/RDILRKREN 2 THB I &b, norm
3{& Nn = NMn/Rn 'i

Na(z):=2%-y% for z=z+yVoe M,

ERD. N, LB BA M, DHERITFT 5: Ny(2w) = No(2) N, (w) for z,w € M,.
KOBBEIWWCHINLTLHATHS.

WB5.1. c€eU, £T5. ZDH,
t{(z,9) | 2,y € Rn, 2® = %6 = c} = p"~ I (p + 1).

(3EER) 2% — y?6 it = + yV3 @ norm B TH 5. MM 33ICL > TN, : U(M) = U, REHUFER CH
5NDT, a? — 28 = ¢ DDBIL Un DEBOTE c i LT 2? — 328 = 1 OO, B [U(M,)) [/ |Unl

L2%B. (BEBA%]

HREpIHLT, VIDGILEBIT AR K, TRD L 31ITR5:

Kn={gEG|9-\/3=\/3}={(Z "")|a,beRm az—b’éséO(p)}-

a

KICHIREEPEIHT o5 LA ROGRER & EET5 (3] 8H).
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E# 5.1 (R7HLERE). z,we HIZHLT,

_ Nz-w)
d(z, UJ) = m(‘w—).

K7 h VBRI G DERIZH L TRETHS. LoTae Ry 23 L T,
5(a):= {g€ A|d(V5,g-V5) =a}.

LEBT DL, S(a) RTMRIBREOV L OO > T3, 2 CRHIRIRHEITERIREOME A2 L
THY, L AL G/K ¥R—BLTVBZ LItEET 5. Lo THIT S(a) PRAMAKTE~OIRES L
g kv,

HIREOBEIZIL S(a) BT TIC 1 >OGEUBXE TH - 1248, HRBOBSIZiL, —RH9IC S(a) T4 <
HOPOTRFKRBICAWST S, LA L DM OERICH L THKRME Y 3.

B 5.1. a0, 46 (p) IZ% L T, S(a) ixFEMIRARETH D,

SERAIZ >V Tk |9, Theorem 4.1) # B = L.

a=0, 46 (p) iox LTI, S(a) RV < >0 FHERMABIIISMTS. ZoSREARI LB, 22D
B H : Upzoas(nS(a) — {0,1,...,n}, Ly : Uazous(mSla) — UioUi BETS. a=0(p) &
a =46 (p) PBEIZHTS.

(i) a=0(p)
g = 131 ;; € S(a) i2# LT, H(g) := min{ord,(l), ordy(k)}, k = k'pH®), | = I'pH(®

(k',l' € Un-H(g)) <. Zonek
Nn-H(g)(k' + l'\/g)

Lu(g):= 141
LEBETS.
(ii) a =44 (p)
g= '10“ '1° € S(a) I LT, H(g) := min{ord,(l), ordy(k)}, k = K'pH©), [ = PpHl)
(K, 0 € Upn_pg)) EE<. T8
Lu(g) = No gy (K + U'VE)

-1+
LEHTS.
Z DBE, WM Y Lo,

BE 5.2. a=0o0r 45 (p), g1, g2 € Sa) &+ 5. D, Kg K = Kg2K THDOIMLBETHRER
H(q1) = H(g2) 2 Ly(91) = Lu(g2)-

Galois RICHSVTHHMME 3.6 BV -0 T, EES21X[9) 0 b0 L& FRRIZIEATES. LoTZZ
TREART 5.

R UERRIRBICA DY S hOHELERXRIABHTH IO T, >¥FORMEBLAD.
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R 5.1 AEFIHLT, X(G,K) KTV rz—a Y AX—LTHS.

RICT/vx—g A% — A0 relation ZRET D, 2, we HITH LT, BERT 0 VB dp 2R
DEICERTS:

(i) d(z,w) # 46 (p) DEE. r := Re(z — w), k := Im(z — w), v := min{ordp(r),ord,(k)} &<, & "-3‘:
r=p'r, k=p"k (r', ¥ € R,_,) L. DB,

Np-o(r' + k'\/g)p"
Im(z)Im(w)

LBETD. Naco(r' +K'V8) 12 Ruey DRTH B, p* 2D TWBDT, dp(z,w) R R, DT L H
BYZENTES.

dr(z,w) :=

(i) d(z,w) = 46 (p) DB ro= Re(z — w), k := Im(z + w), v := min{ordp(r),ordp(k)}, & HIC
r=p’r', k=p%', (', k' € R,_,) L. 2B

Na_o(r' + K'VE)p*
Im(z)Im(w)

LRETS. () LFRIC, dr(z,w) € Ry EBRES,

+46

dg(z,w) =

e € R, IKHLT, Ly := {(2,w) | z,w € 9, dr(z,w) = a} A< &, {La}aer, 1T X(G, K) @ relation
aTVWA.

6 Graph spectra for finite upper half planes

LOHTERSL O—2OIEREELD. n> &L, g Ry = R 2HERZBRYPLT 3. MOk
®, moa(t) & tCHT.

BW61 n>1,l<nk+h acR, %a£0,45(p) 2BTETSH. c+dVEe S@E) 2BETS. =D
BERDIEE Y S0,
t{z+yvieS@)|z=c y=d (medp)} =p-im,

[BZ8A] [n/2] < | DB FIEATNIEHRIT LSOV TRAMICTE 5. BRLERAY K.gK, = KigK i
EHTHZOT, ERS5126HS 10+ 1V € S(@) Tzo=c(p'), yo=d(f) 22bDHHB. AL
To + yoV3 € S(a) XEET 3. c£0(p) & c=0(p) PEEITHIT 3.

() c & 0(p) DEA.
y=yo +p't L. z+yV0 € S(a) THHLE+RERM
’ =ay+ (y - 1)%5 (1)

THd. FREA(1) VR 2L 200E+SR G ay+ (y - 1) MW ESRERBLETHS. i3SI L
D, Zhidayo+ (1o — 1)? BEFRTHAIZLLFHETHS. ZORFIT LD LY FICIHEFELEW. Z
ARENEFNDOYIZXMLT, TIE2 SOR¢ £z € R, BIEET D, Lo THIMIIRY s£-.

(1) c=0(p) DHE
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z=zo+spt LRE, f(y)i=ay+(y-1)2-22 LEBTD. y=yp +pLICHLT,
fs(9) = fs(wo + p't) = falto) + fi(wo)p't

L72%5.a20,46(p) THDIDT, filyo) Z0(p). TREELY fo(wo) = O(p'). LoTEFREFRDELIZHL
T fy) =00y Ty=yw (@) RBLORTE L SHFETD. Lo THEHR Y I, (EEEASE]

—IREICEE G TR LT, G DB KO+ 18 & I(G) THRT.
C EOBRMIMBSKDRT <7 FATIICKD L 31 L THRE ZET 5. BRKENK 6, ¢ o2t
LT,
@ ¥)c = I—CITI 3 d(@)w(z).

z€G
ETB. BT ¢ LEEMEE x ISH LT, (6, X)c 13 ¢ DEERIRENRZICEIT D x 0HEBEIC LS. G 2 HE
L, f:G— G BHEETDIERETD. ZOR x € Irr(G') i x(z) := x(f(z)) £ LT x € Irr(G) & &%
5.

WHE62 G>K LG >K BBREL, f:GC oG X f(K)=K #Hil-+2HBRAM LTS, Z0Ok
x €Irr(GY iZH L T,
(1%.x)¢ = 0% X)e

k23,

[BEBA] Frobenius reciprocity & 9,

G - -1 R ol (R
(1K1X)G = (IKIX)K = |K| IGZKX(I) II{I teZK’ IK,IX(t) |K'| tezk’ X(z)

(Ve )k = (1%, x)6r

(fEEA#E)

WEE 6212k >T, bL x € kr(Gr) 7 1§ OBEUIREISNMICRA B4 6 IE 1T 157 OBEABERNARIC
LHNRBZ b5,
K7 2 VA AV CHREETE Y 7 7 2 HT 5.

% 6.1 (FRLHEREFES 7). c€ REBAETD. HAMELERS T 7 Xp(b,0) KDL SIZLTER
5 HARBAL LT HrOR%E LS. 2THA 2,w il d(z,w) =a THDIH, BELTWVD LTS,

UTHABLEERES S 7 0BHTIC OV THEARS.

ME63. 1<I<n&l,a€R. %a#0,45(p)RDLDETH. ZDB Xp,(6,2) PEBOBHME 4 1T
LT, p" D uid Xg, (6,0) DEHMIZR > TV 3.

(AEBB] g€ S(a) X & 5. BE22ickY, xelr(G) T

1 -
#=m Z x(%)

2EKIIK,

9 — 117 —



ROBLONFETS. #iH6.11CLoT,

1 I | 1 |kl
lmlﬁ;@m"(”’ = ,1,6,2,3(”” e
1 1
= —— = x(z)-
T lKnI,eKz“:gKn (z)
7 Tack. ok, X(@) 1 Xg,(6,0) OEAITH B0 T, MBIREAS L. (FEER#]

B 6.1. a£0,46(p) £+5. n > 2ICH LT, Xp, (6,a) iX Z/9Z DEADH Ramanvjan 75 7 Th 5.

(BEBR] ¥ 3" Angel DFEEBAT S, —fFIZ X & n BA» 543 k-ERMR 7 7 7 T non-bipartite 72
LD LT3, AxED adjacency matrix £15. X OEFAHE

k=X>X2: 22

LERTHL. T8y

n

Y A2 = te(A%) = kn (2)
p XEEHEOBAMOBRTH 2 FBICKERMEL TS, ZO, FEX (2) 16
kn— k2
B2y (3)

2%5.

7357 Xg,(6,0) & Xg,(8,8) 51 5%. ARER, =GF(p") LOHAREEFEHR Y 7 7ita# 0, 46 (p)
OB§ HMEE 72 non-bipartite 77 7 ThHEh b, FEX (3) 2 EATE 3. WAL n=p"(p" - 1), valency
k=p"+1THBHDT,

w2 Ve T

-pr-1
3. FHE63ICEY, REAM -V K- TVWHDT,
(n-1)r 2r — 2P -1 nr (n-1)r
p VP +1 — >2VpV 4P -1 (4)

-1

HBRY S TH, Xa, (6, a) iX Ramanujan 7' 7 7 Tid2vy. ZEFREK (4) 1 (n,7,p) = (3,1,3), (2,1,3), (2,1,5)
DHEERVTRY Lo T3, (/7 70BRMELEEHNIT S LICLY, Xk, (4,06) 1 (2,1,3) DB
Ramanujan 7' 7 7 C (2,1,5), (3,1,3) ®¥i% Ramanujan 7 7 7 TRWI L B@NH NS, [BEBR#%]
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ON GRAPHS WITH THE SMALLEST EIGENVALUE AT LEAST -1- 2

TETSUJI TANIGUCHI

ABSTRACT. There are many results on graphs with the smallest eigenvalue at least —2.
As a next step, A. J. Hoffman proposed to study graphs with the smallest eigenvalue at
least — 1 — v/2. In order to deal with such graphs, R, Woo and A. Neumaier defined a new
genenalization of line graphs which depends on a family of isomorphism classes of graphs
with a distinguished coclique. In this paper, we deal with a generalization depending on
a family smaller than the family which they dealt with. The main result is that a minimal
graph withou! a structure characterized by such generalization of line graphs, and with the
smallest eigenvalue at least —1 ~ /2, is just isomorphic to one of the 37 graphs found by
computer.

1. INTRODUCTION

In [1], P. J. Cameron, J. M. Goethals, J. J. Seidel, and E. E. Shult have shown that
graphs with least eigenvalue —2 are represented by a subset of the root system A,, D, or
Eg. A graph represented by a subset of A, is the line graph of a bipartite graph. A graph
represented by a subset of D, is a generalized line graph. A graph represented by a subset
of Eg has at most 36 vertices, and its maximum valency is at most 28. A graph is said to be
exceptional if it is connected, has least eigenvalue —2, and is not a generalized line graph.
Such graphs are represented by a subset of Eg, hence the number of exceptional graphs is
finite. The 473 maximal exceptional graphs have been found by computer. (cf. [6)).

Let A!(G) be the smallest eigenvalue of a graph G. Let A! be the set of all real numbers
A such that A = A!(G) for some connected graph G. Let §(G) denote the minimum valency
of the vertices of a graph G. In [3], A. J. Hoffman have shown the lollowing theorem:

Theorem 1.1 (A. J. Hoffman). There exists an integer valued function f, defined on the

intersection of A! with the half-open interval [-1, —1 — \/i), such that

(1) if =121>=2,24G) =4, 8(G) > f(L), then G is a cligue and \(G) = —1 (note
that a cligque is also a generalized line graph);

(2) if =2> 4> —1=v2, A(G) =L, 8(G) > (L), then G is a generalized line graph
and M (G) = -2.

A remark about the function f. Since A'(G) < —1 if G has at lcast one edge, and
Al(G) = —1 if and only if G is a clique, f(~1) = I.

Since a exceptional graph has the maximum valency at most 28 as mentioned above, if
a graph with the smallest eigenvalue at least —2 and the maximum valency at least 29, then
it is a generalized line graph. Hence we may take f(—2) = 29.

Hoffman claims that it is reasonable to believe that there is a sequence of numbers ¢y =
—1>m=-2>m=-1-vV2>04> - tending to some limit & such that foreach A €
Al if &; 2 A > atiy, there is a number () such that A'{G) = A, and 8(G) > f(A) implies

Date: October 12, 2004,

2000 Mashemaiics Subject Classification. 05C50,
Key words and phrases. Generalized line graph, Spectrum.
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2 TETSUJI TANIGUCH]

A = a;. We scarccly find any entries of the sequence {a;}, and do not determine the value
@. In order 1o deal with such graphs, R, Woo and A. Neumaier defined a new generalization
of line graph in [2]. In [2], R. Woo and A. Neumaier claims that Hoffman's analysis
was based on the properties of simple subgraphs involving large cliques, which Hoffman
depicted by fat vertices. A Hoffman graph is a graph with a distinguished coclique A.
Vertices in A are called fat; other vertices slim. The following definition is the above-
mentioned generalization of line graph.

Definition 1.2 (R. Woo and A. Neumaier). Let 3% be a family of isomorphism classes of
Hoffinan graphs. An ¢ -line graph is a subgraph of a graph H with the following property:

(L): There is a family of (induced) subgraphs H' (I = 1,...,m) of H such thas:

(i) Each slim vertex of H is in exactly one H'.
(ii) Two slim vertices in different H' have at most one common fat neighbor, and they
have one iff they are adjacent.
(iii) Each H' is isomorphic to a graph in 7.
(iv) Each vertex of H is in one of the H'.
(v) If a slim vertex is adjacent to a fat vertex, then there exists an H' containing both
vertices.

They consider it one of the problems to find a complete list of minimal forbidden sub-
graphs for slim (or arbitrary) {H,, Hs, Hy, Hg}-line graphs, where Ha, Hs, H; and Hy
are Hoffman graphs in Figure 1. If there exists the list, then it is expected that there ex-
ist the maximal forbidden graphs for slim {Ha, Hs, H7, Ho}-line graphs, by using the
star complement technique. (see [6]). This might lead to the determination of the value
f(—=1=+/2). But it seems very difficult to find all minimal forbidden subgraphs in this
case. In this paper, we investigate {H, Hs)}-line graphs and find all minimal forbidden
subgraphs. Since non {H>, Hs, Hy, Hy}-line graphs are non {H2, Hs}-line graphs, it is a
natural stream to consider this case.

We draw Hoffman graphs by depicting vertices as large (small) black dots if they are

fat (slim). For a Hoffman graph H, V:H (V H) is the set of all slim (fat) vertices of H,
E;H = E(H -V H), sy = #V;H, and fy = #V H. For a slim vertex s of a Hoffman graph
H, we define Nj;(s) (N,f, (s)) to be the set of all slim (fat) neighbours of s, and Ny(s) to
be the set of all neighbours of s, i.e., Nu(s) = N§(s) UN,{,(:). If Hoffman graphs X and Y
satisfy that there exists a set V such that X, ¥ C V, then we say that two Hoffman graphs
have same type vertices. Ordinary graphs can be regarded as Hoffman graphs without fat
vertices, and such graphs are called slim. We write G C H if G is an induced subgraph
of H. We denote by (S)y the subgraph of H induced by a set of vertices S. If a vertex x
is adjacent 1o a vertex y, then we write x ~ y. We write G C H if H contains an induced
subgraph isomorphic to G.
AT
c(ny’
trix (a; ), where a; ; = 1 if i ~ j, and a; j = O otherwise, in a labeling in which the fat
vertices come last. Since A(T') — C(I)C(I)7 is a real symmetric matrix, its eigenvalues
must be real, and are called the eigenvalues of I'. Let Apyin(I') denote the minimum eigen-
value of I". If G C H, then Apin(G) = Amun(H) holds (see [2)).

In the following, all graphs considered are Hoffman graphs and all subgraphs considered
are induced subgraphs.

. r ‘
For a Hoffman graph I, its adjacency matrix Ar = [ Cg ) ] is the (0, 1) ma-
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ON GRAPHS WITH THE SMALLEST EIGENVALUE AT LEAST ~1 - V2 3

FIGURE 1

o W ee ¥
lreelsele

2. THE GENERALIZATION OF LINE GRAPHS

Hg

Let »# be a family of isomorphism classes of Hoffman graphs. For any J#-line graph
T, there exists a Hoffman graph H satisfying the property (L) of Definition 1.2. Then we
call H an J#-cover graph of I'. An J#-cover graph H of I" is said to be strict if VI’ = V,H.
If T is an J#-strict cover graph of itself, then we call I" a special J#-line graph. In this
case, we call the set {H!| I =1, 2,..., m} in Definition 1.2 an S#-partition of H. For
Hoffman graphs I'y and I'> with same type vertices, let Iy WI'; denote the Hoffman graph
(VI UVTs, E), where E = {wvz| v € VI (i = 1, 2), NL (n)ONL (w) #0ifvi €
Vil (i = 1,2)}UET) UET,. Then it is clear that H is represented by H'wH*w...wH’,

It is shown in [2] that {H}-line graphs without fat vertices are just the ordinary line
graphs and {H>, H3 }-line graphs without fat vertices are just the generalized line graphs.

Lemma 2.1. Lesr % be a family of isomorphism classes of Hoffman graphs. Let K be an
J#¥-line graph, and let ¥ = 5# U{[K]}. Then a Hoffman graph T is an 5¢-line graph if
and only if it is a ¥ -line graph.

Proof. The necessity is obvious since J# C J¢. Let ® be a ¥ -partition of a ¥ -cover
graph of . Let @ = {P € ®| [P] = (K]}, and let &} = d\dyg. Now, for any P € Pg, there
exists an JZ-partition dp of an IZ-cover graph of P. Now we define ¥ = @ U Jpcqy, Pr-
Then W is an J#-partition of an J#-cover graph of I. We have completed the proof of
Lemma, ]

Further we obtain the following lemma as a generalization of Lemma 2.1.

Lemma 2.2. Let S be a family of isomorphism classes of Hoffman graphs. Let ¥ be a
family of isomorphism classes of #-line graphs, and let X = € UY. Then a Hoffman
graph T is an J¢-line graph if and only if it is a X -line graph.

For a family ¢ of isomorphism classes of Hoffman graphs, we define 5 = Usjese (W)W C
H}. Then 5 C 2 and an 5@-linc graph is an J#-line graph by Lemma 2.2. That is to say
that the . -line graphs are the same as JZ-line graphs. An J?-line graph has more useful
properties than an J#-line graph. In this paper, it is enough that the claim of Theorem 2.3
is satisfied. For cxample, every J#-line graph has JZ-strict cover graph. We can give a
proof of this claim in the same way as the proof of Theorem 2.3. But we need not 10 deal
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4 TETSUJI TANIGUCHI

with a size as large as #2. In order to compute easily, we would like to get a least-size
family satisfying the claim of Theorem 2.3. We call ¢ an optimization of J# if JZ is a
minimum size family satisfying containing J# and having the following property:

(#1) Foreach H € Y, there exists a & -strict cover graph of H.

From now on, J# is a optimized family of isomorphism classes of Hoffman graphs.
Theorem 2.3. Every 5#-line graph has J-sirict cover graph.

Proof. Let T be an J#-line graph, and let I be an J#-cover graph of I'. There exists an
J¢-partition P of I, Let Py = {W € P| ;W C V;I'}. Fix W € P\Py. Now there exists
H € 52 such that [WN V.| C H. Hence [WN VI € 2. Thus there exists an J#-strict
cover graph p(W) of WNV,I'. Then Wwep, W ¥ wep\p P(W) is an S -strict cover graph
of I'. : L]

3. A REPRESENTATION OF THE GENERALIZED LINE GRAPHS BY A
MATRIX TECHNIQUE

For a Hoffman graph H, let ® = {H*| K =1, 2,..., s} be a family of subgraphs of H
satisfying V;H = ULIV_;H". Put fy = Y- far- Notethat fy < fu- We define the matrices
F'(H*), F (&) and M(®) with the following entries:

.. . ks
FEN={ o e S < i mani
F'(H')
F(®) = : : (fu X fu)-matrix.
F'(H*)
C(H") ’
M(d) = (: @C(H’)) : (sy % fy)-matrix.
I=1

C(H)

Lemma 3.1. For a Hoffman graph H, let ® = (H* | k= 1,2,...,m} be a family of sub-
- m
graphs of H satisfying ViH =J,_, V:H*. Then M(®)F(®) = C(H)

Let % be a family of isomorphism classes of Hoffman graphs, and let H,(¢) be
the set of special J#-line graphs with n slim vertices and same type vertices. We define
Ca(H) = Unem, (o) P(H). where P(H) is a set with the J#-partitions of a special J#-line
graph H as elements. Foreach ® = (H', H?, ..., H®} € C,(J¥), we put () as follows:

5
o(®) = M(P)F()F(®)"M(®)" - P(C(H')C(H')T - AH")).
=1
Lemma 3.2. Let T be an 5#-line graph. If ® is an S#-partition of an ¥ -strict cover
graph of T, then w(®) is equal 10 an adjacency matrix of I NV,I.

Proof. Obviously ® € C,(9#). Hence, since there exists a special J#-line graph H €
H,(¢) such that H = WyeoW, we can put & = {H* | H* C H, 1 < k < s}. Put
M = M(®) and F = F(®). From Lemma 3.1, (MFFTMT),; = /¥ (MF),(MF);, =
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#(N () NN (J)-

Without difficulty, we obtain the results as follows:
#NEONN() i € Ve,
0

($f=|C(H’)C(H')T)"J = { otherwise,

1 i~jeVH,

0 otherwise, (I=12,..,9).

(= AH"))i ;= {

Hence

1 i~jeVH(1=1,2,..,5),
#NL)NNL()) i€ VHE, je VH (k#1D),

0 otherwise.

o(P)y,

1 i~ j,
0 otherwise.
' B

From Lemma 3.1 and Lemma 3.2, for an S#-partition < of any special J#-line graph
I, w(<d) is the adjacency matrix for the slim vertices of I, and M () F (P) is the adjacency
matrix for the slim vertices and the fat vertices of I". Hence, for & € C,(5¢), there exists
a special J#-line graph I such that A(T") = @(®) and C(I') = M(P)F (D).

4. FORBIDDEN GRAPHS FOUND BY COMPUTER SEARCH

In this section, we shall consider the {H2, Hs}-line graphs. It tums out that {H2, H3, Hs}
is an optimization of {H2, Hs}. From now on, ¢ = {Ha, H3, Hs}.

Proposition 4.6 and Proposition 4.7 are the main results in this section. It is very hard to
obtain the propositions without computer search. In this paper, we have computed by the
software MAGMA. In order 1o prove the propositions, we show some lemmas and some
algorithm.

Lemma 4.1. Let T be a connected special {H2}-line graph with an {H3}-partition Q.
Then there exists a Hoffman graph P € Q such that \Yweg\(p) W is connected.

Proof. It is known that every connected graph has a vertex which is not a cut vertex. (see
[7]). Hence we obtain the proof of this lemma without difficulty. |

Lemma 4.2. Let H be a special {[H"], [H?|}-line graph with a {[H"], [H?]}-partition
&y = {H', H?}, where H* CH (k= 1, 2). Then o(dg) = o(P;), M(Po)F(dy) =
M(D\)F(Py), where d, = {H}.

Proof. Without difficulty, we obtain the proof by checking the entries of the matrices, B

Let entry{M) denote the set of entries of a matrix M. We show the following algorithm
to obtain X WY for Hoffman graphs X and Y.

Algorithm 4.3. [Input: Hoffman graphs X and Y with same type vertices] [Output: X &Y
or "error”)

1) C:=M{{X, YHF({X, Y}), A:=0({X, Y})and V := VX UVY.
YURL: http:/magma.maths.usyd.edu.aw/magma/
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2) Ifentry(A) C {0, 1}, return the graph (V, {xy| x, y€V, (Axy=lorCy=1)}). If
not so, return the message "error". Endf

If ViX NV;Y = O, this algorithm retumns X WY. If not so, it returns the message “error”.
Let , be a maximal indexed set of connected special {H}-line graphs with n vertices
such that the elements of , are not isomorphic o each other. Note that #Q; = 1. Let
Q) = {I'1 }, where Iy is a Hoffman graph satisfying [I")] = H> and V;I"| = {1}. We shall
show the following algorithm in order to obtain sets Q; (i =2, 3,..., n).

Algorithm 4.4. [Input: a number n (> 1)) [Output: sets Q2, Qs,..., )

I) Let L(X, Y) be the executive result of Algorithm 4.3 for Hoffman graphs X and Y.
=2 :

2) j:=18Q;:=0.

3) k:=1. H:=(Qj-1);. Let f be a fat vertex to be not in ViH. Let \¥ be the indexed set
{K| ViK = {i}, V/KOV;H # 0, f € V,K if V/K ¢ V;H, K| = H1}. (By Lemma 4.1,
the set ¥ is enough to consider §2;)

4) L:=L(H, ¥;).

5) If L # error” and [L] € {[G]| G € Q;}. then Q; := Q;U{L}. (By Lemma 4.2, this
operation has no problem. )

6) Ifk<#¥, k:=k+1and go to 4).

7) Ifj<i#iQ,y, j:=j+1and goto 3).

8) Return ;. (Note that Q; # 0.)

9) Ifi<n,i:=i+1andgoto?2).

10) End.

Let S, be the family of isomorphism classes of special J#-line graphs whose subgraph
consist of the slim vertices is connected. Note that S; = ; (i = 1, 2). We shall show the
following algorithm in order to obtain S,.

Algorithm 4.5. [Input: a number n (> 2)) [Output: S,)

1) Let L(X, Y) be the executive result of Algorithm 4.3 for Hoffman graphs X and Y. Let
f{(x) be the indexed set {(a\, az, ,..., am)| ai < ais1, a; € {2, 3}, L%, ai = x}. (Note
that #f(x) # @ if x is a number at least 2.) Ry := {[G]| G € Qn}. i =0. F 1= f(n~i).

2) ji=1

3) k=1 H:=(Qj)j.

4) s:= k.

5) Ifs=2, then¥:={K|VsK = {i+]1, i+2}, V(K CV/H, [K]| = H3}. Ifnot so, then ¥ :=
(K| ViK = {i+1, i+2, i+3}, VK CVH, [K| = Hs). (Note that (V;(HYK)) e is
not connected if ViKNV,H =0.)

6) L:=L(H, W:). (Note that #V;L =n.)

7) If[L) € Ry, then Ry := R, U {[L]}. (Since #V ¥ = |, L # “error”. By Lemma 4.2, this
operation has no problem.)

8) Ifk <#W, k:=k+1and go to 6).

9) Ifj<#Q, j:=j+1andgoto3).

10) Ifi<n-2,i:=i+)andgoto?2).
11) return R,. End.

Let S;, be the family of isomorphism classes of connected slim J#-line graphs. Let
S = {{(VsD)r]| [T] € Sa}. We obtain ©,, (2 < n < 9) as the executive result of Algorithm
4.4 for a number 2 < n < 9. Further, We obtain S, (3 < n <9) as the executive result of
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Algorithm 4.5 for each number 3 < n < 9. Then #§, = #S, = #S; forn=1, 8, 9. Hence
we obtain the following proposition.

Proposition 4.6. Let T be an 52 -line graph without fat vertices. If #VT =717, 8 or 9, then
there exists one and only one 3¢ -strict cover graph of T,

For every vertex v of a non J#-line graph T without fat vertices, if I' — v is an J¢-
line graph, then I is said to be minimal. Let 2, be the family of isomorphism classes of
connected slim graphs with n vertices and the smallest eigenvalue at least —1 — V2.

Let Z, be the family of isomorphism classes of minimal non 5#-line graphs with
n vertices and without fat vertices. By computer search, we obtain #S;, = #2, (n =
1, 2, 3, 4), and #5;+ | = #25, ie., Fs = {Gs1}. The sct Z,\S, is the family of
isomorphism classes of connected non J#-line graphs with n vertices. Hence we obtain
Fe={Gsili=1,2,..., 28}, F1={Gyili=1,2,..., 7}. and F3 = {Gs, } by removing
the non #-line graphs be not minimal from Z;\S, (n =6, 7, 8, 9). (cf. Figure 2). Let
F = FsUFeUF7U.F3. By the above discussion, we obtain the following proposition.

Proposition 4.7. Let " be a minimal non 2 -line graph without fat vertices. Then [['| € &
if Amin(T) > =1 = /2 and #VT < 9.

5. THE MINIMAL FORBIDDEN SUBGRAPHS

The property of being an J#-line graph is hereditary. Hence we can look for minimal
graphs that are not S#-line graphs. In this section, we find all such graphs.

For a graph I', we define the set of vertices whose valency is equal to one in I" by P(T'),
and we define the valency of a vertex v in I" by valency(v)r. A star is a graph isomorphic
to the complete bipartite graph K, |, and its center is the unique vertex of the rear part of
Kn1.

Lemma 5.1. Let I be a connected slim graph. If, for any spanning tree T of ', (P(T))r is
a complete graph, then I is a complete graph or a cycle.

Progf. Let T be a spanning tree of I such that the size of P(T) is a maximum. Let Iy =
(VI\P(T))r. let E| = ET\(EToUE(P(T))r), let T = (E})r, and let Ty = T\P(T). Now
Tp is a spanning tree of ['p.

Now suppose P(Ty)\VI| # 0. Then there exists a vertex v such that v € P(Tp)\VT].
Now valency(v), = | and valency(v)r > 2. Hence there exists a vertex u in VI'\VIg(=
P(T)) such that v ~ u. And therefore uv € E|, i.e., v € I';. But then v dose not satisfy the
hypothesis. Hence P(Tp) C I').

Case 1. If #P(Ty) = 0, then I is a complete graph.

Case 2. Suppose #P(Tp) = 3. Let u; € P(Tp). Then there exists a vertex v| € VP(T)
such that vy € ET. Since (P(T))r is a complete graph, there exists a star St as a
spanning tree of (P(T))r whose center is the vertex vi. Then the graph with the edge
set EStU {viu} U (ET\E,) is a spanning tree of I', and we put the spanning tree T'.
By the hypothesis, T’ is a complete graph. Now #P(T’) = (#5t — 1) + (#P(Tp) — 1) =
#5t + #P(Tp) — 2 > #P(T) + 1. But this contradicts that the size of P(T) is a maximum.

Case 3. Suppose #P(Tp) =2, i.e., Ty is a path. Let P(Tp) = {u;, uz}. Now suppose that
there exist a vertex v in P(T) and a vertex w in VT\(P(Tg) UP(T)) such that vw € ET.
Since (P(T))r is a complete graph, there exists a star S’ as a spanning tree of (P(T))r
whose center is the vertex v. Then the graph with the edge set EST U {vw}U(ET\E)) isa
spanning tree of T', and we put the spanning tree T". By the hypothesis, T" is a complete
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graph. Now #P(T") = (#57 — 1) +#P(To) = #P(T) + 1. But this contradicts the hypothesis
that the size of P(T) is a maximum. Hence, in T, any vertex in VT\(P(Tp) UP(T)) is
adjacent to no vertex in P(T).
If #P(T) > 3, then either u; or u2 is adjacent to at least two vertices of P(T) in T. Without
loss of generality, let u; be adjacent to at least two vertices of P(T) in T, and let v, v; be
vertices of P(T) satisfying viuy, vauy € ET. Now there exists a star S as a spanning tree
of {(P(T))r whose center is the vertex v;. Then the graph with the edge set ESU {vjul }U
(ET\E,) is a spanning tree of I". We put the spanning tree T>. Hence P(T3) = (P(T)U
{u2})\{v1} by valency(u2)ys = 1. Thus u; is adjacent to all vertices of VP(T)\{v } in .
By the similar way, we obtain the result that u; is adjacent to all vertices of VP(T)\{v2}
in I". Hence u3 is adjacent to all vertices of VP(T) in I'. Then the graph with the edge
set {xuz| x € P(T)} UET, is a spanning tree of . We put the spanning tree T%. Then
#P(T*) = #P(T) + #{u2}. But this contradicts the hypothesis that the size of P(T) is a
maximum. By the above discussion, #P(T) = 2.
Suppose that ETg\ETy # 0. Then there exists a spanning tree T of I" such that #P(T3) >
#P(T), a contradiction.
Now (P(T) UV P(Tp))r is a path by the hypothesis that the size of P(T) is a maximum.
Hence I' is a cycle if #P(Tp) = 2.

By the above discussion, we have completed the proof of Lemma. ]

Lemma 5.2. Let T be a connected slim graph. If T is not either a complete graph or a
cycle, then there exists a non-adjacent pair {x,y} in VI such that T — xy is connected.

Proof. From Lemma 5.1, there exists a spanning tree T of I" such that (P(T))r is not
a complete graph. Then there exists a non-adjacent pair {x,y} in (P(T))r. T —xy is a
connected graph by the definition of P(T'). Hence I" — xy is a connected graph since T — xy
is a spanning tree of I' — xy, .

Lemma 5.3, There exists one and only one 3 -strict cover graph of the complete graph
with at least four vertices.

Proof. Without difficulty, we can show that an J#-strict cover graph of the complete graph
with three vertices is isomorphic to either £} or 2. Hence an J#-strict cover graph of the
complete graph with four vertices is only isomorphic to K. By the inductive method, we
have completed the proof of Lemma.

o~

K;

Lemma 5.4, There exists one and only one I -strict cover graph of the cycle with at least
Jive vertices.
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Proof. Without difficulty, we can show that an J#-strict cover graph of the path with three
vertices is isomorphic to either €} or C3. Now, for any sub-path with four vertices, an
J¥-strict cover graph of the path is only isomorphic to Cs. Hence we have completed the
proof of Lemma.

L e RS

Theorem 5.5. Let T be a connected slim 5¢-line graph with at least seven vertices. Then
there exists one and only one € -strict cover graph of T'.

Proof. Now H —~ s is not always an J#-strict cover graph of itself for an J#-line graph H,
only in this proof, we consider that H — s is an J#-strict cover graph of itself by adding
lack of fat vertices.

First, by Proposition 4.6, there exists one and only one J#-strict cover graph of I if
#VI =17, 8 or 9. In the next place, assume that there exists one and only one J#-strict
cover graph of I when #VI = i.

Suppose #VI' = i+ 1. If I' is either a complete graph or a cycle, then there exists one and
only one JS#-strict cover graph of [' by Lemma 5.3 and Lemma 5.4. Thus we may assume
that T is neither a complete graph nor a cycle. Then there exists a non-adjacent pair {x, y}
in VI such that I — xy is a connected graph by Lemma 5.2. Obviously, -~ xand '~y are
connected graphs.

Let X and L be 5 -strict cover graphs of I'. Then we can represent K = K| W Ko WKy
by all elements K, K3,..., Ky of an J#-partition of K; similarly L =L, &L ¥--- W L.

Without loss of generality, we may consider the following three cases:

Case 1. Suppose that x, y € V;K,, x € V;L, and y € V;L,. Now there exists one and only
one J¥-strict cover graph of I' — x (I' - y).

Hence
1) (K|—x)UKle---UKa=(L|—x)tHthH---HJLB.
2) (K|—y)UKzU---UKa=L1E(L2—)’)U~-ULB.

Now there exists a fat vertex f € VK such thatxf € E(K) —y) and yf € E(K; — x). Hence
xf € EL, andyf € EL3. Thus x ~ y in I, a contradiction.

Case 2. Suppose that x € V;K| NV;L, and y € V;K2 NV;L;. Now there exists one and only
one J¥-strict cover graph of ' — x ("~ y).

Hence
)] (K —x)W K- WKy = (L) —x) WL Wig.
“ Kiy(K:—y)W---wKg=Li®(ly—y)¥---¥Lp.

By Definition 1.2-(v), fe VK2 & fy€ EKy & fy€ ELy & f € ViL,.

Suppose z € V;K; satisfying zy & ET". Then there exists a fat vertex f such that zf, yf €
EK>. Hence zf € EL, by z5¢ y in I. Thus we obtain that z € V;K> < z€ VL, if zy & ET..
In the next place, suppose z € V,K; salisfying zy € ET. Then there exist a slim vertex v and
afat vertex f such that EK; = {vf, zf, gf, zv}. Henceve Lyby fe V(L andv £ yinT.
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Since feVLyandv#zinT,z € L.
By the above discussion, we obtain that K» = L,. By the similar way, we obtain that
Ky =L.

By Ki=L;(i=1,2),

(K —x)w K2 - WK \Vs(Ki W K2) = (L1 — X)WL W WL \Vi(Ly W Lp).

Hence K34 W Kg = L3¥---WLp. Thus X =L.

Case 3. Suppose x, y € Ky NL;. Now suppose [K)] # [L1]. Without loss of generality, let
[Ki] = H3 and let [Ly] = Hs. Since Kj —xy =0, K2 ¥-- - W Kq = (Li—xy)wlW-- Wiy
Hence

(5) K=Kw(L —x)wly.. ¢l

Now there exists a slim vertex z different from x and y in L. Without loss of generality, we
may suppose that x % z and y ~ z. Since y € V;Kj, z € L; —xy and yz € ET, there exists one
and only one common fat neighbour f of y and z in K by (5) as Definition 1.2-(ii). Hence
x ~ f by |[K,] = H3. Thus x ~ z, a contradiction.

By the above discussion, [Ki] = [Li]-

Let f be the unique fat vertex of Kj. Then xf € K -y C (K| —x)W---wKp = (L) —x)¥
---Wly.Hencexf €Ly —ybyxely—y,ie, fe€L; ThusVeK) = V(L.

When [K)] = H3,
Kw WKy = (Kj—-x)8KW WKy
= (Li-0)8Llw---wi
©) = LYy---wilp.

Hence when [K|] = H3, K = L since VK| = {x, y} = VsL;

Suppose [K}] = Hs. Let s be the unique slim vertex of K| — xy. Suppose that Vs(K) —xy) #
Vis{Lj —xy). Then s € Vi(L2\--- W Lp) by s & Vs(L) — xy). Hence sf € L. -- W Lg. Thus
sx, sy € EK) by f € VL, and the conclusion implies that [K1] # Hs, a contradiction. By
the above discussion, V;X| = Vs, i.e., K =L. |

Lemma 5.6, Let T be a slim ¢ -line graph with greater than seven vertices. Let S be the
unique J¢-strict cover graph of I given by Theorem 5.5. Let x be not a cut point of T, and
let P be the J¥-partition of the unique ¢ -strict cover graph of I' — x. Then there exists a
Hoffman graph H satisfying [H] € 7 and x € VsH such that § = HWlthy W, where A =
{W € PIV,W ¢ ViH).

Proof. Let Q be an J#-partition of S. Now there exists the element H of Q such that
x € VH. Since H —x is an J¥-line graph, there exists an S#-partition R of an S#-strict
cover graph of H — x.

Now RUQ\{H} is an J#-partition of an J¥-strict cover graph of I' — x. Hence P =
RUQ\{H} without loss of generality. Since V;X C V;H for all X € R and V;Y ¢ V;H
for all Y € Q\{H} by the definition 1.2, S = HWlthyeor (1} W = H W wes W. We have
completed the proof of Lemma. |

Lemma 5.7. Let I" be a connected slim graph which #VI" > 9, and is neither a complete
graph nor a cycle. Let {x.y} be a non-adjacent pair in VI given by Lemma 5.2, and let Py
be an J¥-partition of the unigue F-strict cover graph ( given by Theorem 5.5 ) of T — xy.
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Let XWWycq W be the unique ¢-strict cover graph of T — y given by Theorem 5.5;simi-
larly, and let Y Wlthy 4 W be the unique 5¢-strict cover graph of ' — x, where A, = {W &
Po|V;W ¢ X} and Ay = {W € Po| ;W & Y}. Then ZWWyen ru, W is an U {|Z]}-strict
cover graph of T', where Z = (X W (Y —y))U{((X —x)wY).

Proof. We put Wp = Wwea,na, W.
ViX = {x}UUwga, VsW; similarly, V;Y = {y} UUwga, VsW. Now V:Z = V,X UV,Y.

Hence Vi(ZwWp) {x.y}UUwga, VsW UUwga, sW UUwen,ru, VW

{x,y} UUWGFb (24
VT.

Since Po\A; = Ay\(A: N4y),
Es(X —x) = Esldwena, W = EsWweanauoay W-
Simifarly  E5(Y - y) = EsWwen, W = Eswea\a,ou) W-

Hence E(ZwW) E;((XW (Y -y)U((X —x)¥Y)) W)
E;(XW(Y —y) W) UE, (X —x) WY uWp)
Es(XWlwea, W)V E(Y Wltwey, W)
E(F-y)UE(F-x)

= ET (fromx#y).

We have completed the proof of Lemma. [ ]

Proposition 5.8. Let I" be a connected slim graph with the smallest eigenvalue at least
—1— /2. IfT is a minimal non ##-line graph without fat vertices, then #VT" < 9.

Proof. Suppose #VI = 9. By Proposition 4.7, [[] ¢ & if #/T = 9 a contradiction. Thus
we may suppose #VI > 9.

Since a complete graph and a cycle graph are J#-line graphs, I is neither a complete
graph nor a cycle. Hence, by Lemma 5.2, there exists a non-adjacent pair {x,y} in VI
such that I' — x, I’ — y and " — xy are connected graphs. Since I' —xy is an J#-line graph,
there exists an J#-partition Py of the unique J#-strict cover graph ( given by Theorem
5.5) of I' = xy. And then, by Lemma 5.6, there exists the unique J#-strict cover graph
YWlthyes, W of I’ —x, where [Y] € 5, y € ViY and Ay = (W € Po|V,W ¢ V,Y}; similarly,
there exists the unique J#-strict cover graph X Wty ., W of [ —y, where [X] € /2, x €
VX and A, = {W € Po[ViW ¢ VX }.

Hence, by Lemma 5.7, ZWlthyea,na, W is the unique 5¢° U {[Z]}-line graph of I, where
Z=(Xu({Y-y)U({(X-xwY).

Now suppose V(X NV,Y = 0.

(i)- Suppose V;X NV;Y = 0. Since Z is an J¢-line graph, ZWlwey,n4, W is an H-line
graph by Lemma 2.1. Hence I is an J#-line graph, a contradiction. )

(#i). Suppose V,X NV;Y # 0. Then [X], [Y] # Hz. Let u be a slim vertex in ;X NV;Y.
Then, since u is adjacent to the unique fat vertex of X and the unique fat vertex of Y, X
contains a subgraph isomorphic 10 Fg in Figure 3 by Definition 1.2-(v), i.e., Fs € 5. But
this contradicts. Hence V/ XNV, Y #£ 0.

If [X] = H3 and [Y] = H3, then there exists a slim veriex z in Y different from y. Since
z is a slim vertex in the unique J#-strict cover graph of T~ yand z¢ VX, x~zin T
by V/\XNV,Y # 0. Hence Z is isomorphic to Fs in Figure 3, i.e., Z contains a subgraph
isomorphic to Fs. In other cases, by using a similar technique, we can show that Z contains
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a subgraph isomorphic to Fy, F3, F3 or Fg in Figure 3. But the fact is that Z contains no
subgraph isomorphic to F1, F», F3 or Fg. This result is proved as follows.

Now all subgraphs of I" are not isomorphic to every graph in &. Let S= {P € A;N
Ay| VePNV,Z #0}. Clearly S # Osince #VI > 9. Let H' = G(AsNA;), and let H = ZWH'.

Case 1: Fy [Z Z. Suppose F| C Z. If there exists an element P € S such that [P] €
{H3, Hs}, then I contains a subgraph isomorphic to the complete bipartite graph K3 3.
NoW Amin(T7) < Amin(K32) < — 1 — /2. But this contradicts the hypothesis. Hence [P] = H,
forallPe S.

In the next place, suppose #S > 3. Then Gg 22 I I, a contradiction. Hence 0 < #S < 2.
(i). Suppose #S = 1. Let P be the unique element of S. Since #VI" > 9, (A; NA,)\S # 0.
Hence there exists an element Q of (AxNAy)\S such that V,QNV,P 3£ 0. Since Gg 25 Z T,
[Q] = H>. Since Ge.26 Z T {R € (AxNA\S| V/RNV,Q # 0, ViRAV,P = 0} = 0. Now
#V,W = | for all W € A;NA,, #V,Z < 6, and #VT > 9. Hence #{Q € (A:NA,)\S| V/AN
V(P # 0} > 3. Thus G;,3 C T, a contradiction.

(ii). Suppose #5 = 2. Since #VT > 9, there exists an element P of (A, NA,)\S such that
V,G(S)NV,P # 0. Then Gg,14 or Ge,19 C I, a contradiction.

Case 2: F> i Z. Suppose F> [ Z. If there exists an element P € S such that [P] €
{H3, Hs}, then Gg¢ C I". But this contradicts the hypothesis. Hence |P] = H; for all
P S. If#5 > 2, then Gg; C I'. But this contradicts the hypothesis. Hence #S = 1. Then
(AxNA\S # 0 since #VT > 9. Then Gg,16 = T, a contradiction.

Case 3: F; £ Z. Suppose F3 C Z. Then #V;Z = 2 since [X] = [Y] = Ha. In the next
place, suppose that there exists a fat vertex f € V,Z such that f g V,G(A;NAy). Then, since
N{,( f)={x, y} and [Z — f] = H3, H — f is the J¢-strict cover graph of ", a contradiction.
Hence V,Z C V;G(AxNA)).

Since K32 [Z T, all graph in § are isomorphic to Hs.
Suppose (Ax NAy)\S # 0. Then Gs,| C T, a contradiction. Hence A,NA, = .
Since Gg 2| Z I #{P € S| f € V;P} < 2 for any f € V,Z. Hence #S < 4, and therefore

$VI = #V,H = #V,Z+#V,G(A;NA,)
= 2+#(A:NA)) = 2445 <7.

But this contradicts the hypothesis.

Case 4: Fg  Z. Suppose Fs C Z. Without loss of generality, we can suppose that
[X] = Ha. Let F be the subgraph of Z induced by X and the slim vertex y. Note that
[F] = [Fs]- Let f be the fat vertex of F satisfying y ~ f, and let g be the fat vertex of F
different from f. Then, since f, g € V/X and I'—y is a connected graph, either f or g is a
fat vertex in H'.

(i). Suppose that f € V,H' and g € V/H'. Then Z — f is an {H, }-line graph. Hence H — {
is an 2#-line graph of I" from Lemma 2.2, a contradiction.

(ii). Suppose that f, g € V,H’. Then no graph in S contains both the fat vertices f and g by
Definition 1.2-(ii). Let S/ = {P € A;NA,| f € V;P}, and let ¢ = {P € A,NA,| g € V;P}.
Note that S/ # @ and 5% # 0. Since Gs,; T, all elements of S/ are isomorphic to H,.
Further we obtain the following results: ’

M #((VsGSIN{FD\V/G($?)) < 2.
Proof of (7). Suppose that #((V,G(S/)\{f})\V,G(58)) > 3. Then G C T, a contradic-
tion. n

Suppose V,G(S/) NV,G(S¥) # 0. Then, since Gg 12 T, all elements of S* are isomorphic
— 132 —



14 TETSUJI TANIGUCH1

to H3, i.e., all elements of § are isomorphic to Hz.

Further suppose (V,G(S/)\{f})\V,G(S¢) # 0. Then, since Gs,s 7 I, #5% = 1, i.e., [G(5?)] =
Hy. If #((V,G(SI\{fH\V,G(5%)) = 2 (i.e., #S/ = 3), then Gg7 C T, a contradiction.
Hence #((V,G(S/ )\ {S})\V/G(5®)) = 1,ie., #§/ =2.

Now #V,Z < 4, #V,G(S) = 3. Hence (A, NA,)\S # 0. Thus Gs, Gea3 or Ge24 C T, a
contradiction. By the above discussion, (V,G(S/)\{f})\V,G(S*¥) = 0.

If #5% > 3, then G C I, a contradiction. Hence #Vi(Zw G(S)) = 4 + #V;G(5*°) +
#V;G(ST) < 4+2-#V;G(S*) < 8. Hence (A,NA,)\S # 0. Now suppose #S¢ = 2. Then
Gs,1, Ge,23 or Gg 24 T T, a contradiction. Hence #5% = #5/ = |,

Let R = {P € (A;NAy\S| V[P V,G(S) # 0}. Now [P} = H; for all P € R since Gg 19
I". Further #R < 2 since G76 Z I'. Hence, since #V;(ZW G(SUR)) <4+2+2 =38,
(AxNAy)\(SUR) # 0. Thus G 25 C T, acontradiction. By the above discussion, V,G(5¥)"
V,G(s/) =0.

Let R§ = {P € (A<NA\S| V/PNV,G(S/) # 0}. Since I - x is connected, RS # 0.
V/G(RS) NV;G(S%)0 from Gs, i T.

Let R] = {P € (A:NA,)\(SUR{)| V/POV,G(R]) # 8}. 1€ V,G(S*) NV, G(R]) # 0, then
Ge,17 C T, a contradiction. If V,G(S2)NV,G(R)) = 0 and R] # 0, then Gg.27 C T" a con-
tradiction. Hence R,f = 0. But this contradicts the hypothesis that I — x is connected.

(iif). Suppose that f € V/H' and g ¢ V/H'. Now [Z - g| = F3, Fs, F; or Hs. If [Z— g] = Hs,
then H — g is an J¥-strict cover graph of I', and the conclusion implies that H — g is an
J#-line graph, a contradiction. Further, by the conclusion of Case 2, [Z — g] # F».
Suppose [Z — g] = Fs. If the fat veriex of Z — g different from f belongs to H’, then this
case is the same discussion of Case 4-(ii). If the fat vertex g’ of Z — g different from f dose
not belong to H’, then H — gg’ is isomorphic to M3, and is an J#-line graph of Cby Lemma
2.2. Hence [Z-g] = F5.

Since Gg 21 Z T, all clements of S are isomorphic to H3. Since G77 Z L0 <#5 <2,
Suppose #§ = 1. Let Py be the unique graph of S, and let f; be the fat vertex of Py different
from f. Further let $/' = {P € (A;NA)\S| fi1 € V;P}.

If V,G(S) NV G((A:NA,)\(SUSN)) # @, then G7,4 C T, a contradiction. Since G73Z T,
all elements of $/1 are isomorphic to Hz. Now #5/1 > 4 since #VI" > 9, and the conclusion
implies Gg,) C I, a contradiction. Hence #S = 2.

Let §' = {P € (AsNAy\S| ViPNV,G(S) # 0}. Since #VI > 9, §' # 0. Hence G5 or
G746 C T, a contradiction.

By the above discussion, we have completed the proof of Theorem. : [

From Proposition 5.8 and Proposition 4.7, we obtain the following result as the main
theorem.

Theorem 5.9. Let I” be a minimal non 3¢ -line graph without fat vertices. Then [['] € &
‘..flmin(r) Z -1- \/i
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Minimal Direct Summands

TAKASHI OKUYAMA

Oita University

1. INTRODUCTION

All groups considered are abelian groups. Throughout this article, P
denotes the set of primes, N the set of all positive integers, and p a
prime integer.

We pose the following problem.

Problem. For which subgroup A of a group G, is there a minimal
direct summand containing A 7

Next we give several definitions.

Definition 1.1. Let G be a group. The subgroup
Glp] = {9 € G | pg = 0}

is called the p—socle of G.

Definition 1.2. A subgroup A of a group G is said to be almost-dense
in G if, for all integersn 20 and allp € P,

p"Glp] € A+ p"'G.

Definition 1.3. A subgroup A of a group G is said to be pure in G if,
for alln € N,

AnNnG = nA.

Definition 1.4. A subgroup A of a group G is said to be purifiable
in G if, among the pure subgroups of G containing A, there ezists a
minimal one. Such a minimal pure subgroup is called a pure hull of A.

Not all subgroups are purifiable in given groups. T. Koyama gave a
good example in [3, Remark, p.93]. The following result is useful.
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Proposition 1.5. Let A be a subgroup of a group G. Suppose that A
is purifiable in G. Then the pure subgroup H of G containing A is a
pure hull of A in G if and only if the following three conditions are
satisfied:

(1) A is almost-dense in H;

(2) H/A is torsion;

(3) for every p € P, there exists a nonnegative integer m, such that

p™*H[p] C A.

Proposition 1.6. Let G be a group and A a subgroup of G. Suppose
that H is a minimal direct summand of G containing A. Then A is
almost-dense in H.

Note that direct summands are pure. Hence the subgroup H as in
Proposition 1.6 is pure in G and A is almost-dense in H. If G is
torsion, then H/A is torsion. Hence H satisfies the above conditions
(1) and (2).

Now. we give definition of quasi—purifiable subgroups.

Definition 1.7. A subgroup A of a group G is said to be quasi-purifiable
in G if there exists a pure subgroup H of G containing A such that
(1) A is almost-dense in H and
(2) H/A is torsion.
Such a subgroup H is called a quasi-pure hull of A in G.

To solve the problem, we need to study quasi-purifiable subgroups. It
is easy to see that purifiable subgroups are quasi—purifiable.

2. MAXIMAL QuAsi-PURE HuLLs

Lemma 2.1. Let G be a group and A a subgroup of G. Suppose that A
is quasi—-purifiable in G. Then there exists a maximal gquasi-pure hull
of AinG.

Example 2.2. Let G be an unbounded p-group. Then there exists a
proper basic subgroup B of G. Let A = Blp]. Then A is purifiable in
G, B is a pure hull of A in G, and G is a quasi—pure hull of A in G.
Hence B is not a mazimal quasi—pure hull of A in G.

In fact, the basic subgroup B is pure in G and B|p] is almost-dense in
G.

In general, by Example 2.2, pure hulls of purifiable subgroups are not
necessarily maximal quasi—pure hulls of given subgroups. However,
pure hulls of purifiable torsion-free subgroups A of groups G are max-
imal quasi—pure hulls of A in G as follows.
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Theorem 2.3. Let G be a group and A a torsion-free subgroup of G. If
A is purifiable in G, then pure hulls of A in G are mazrimal quasi-pure
hulls of A.

3. QUASI-PURIFIABLITY

First, we give a basic property.

Proposition 3.1. The set T of all elements of finite order in a group
G is a subgroup of G. T s a torsion group and the quotient group
G/T is torsion-free. Hence T is the mazimal torsion subgroup of G.

Moreover,
T=Pa¢,
peEP

where Gp is the mazimal p-primary subgroup of G.

In general, if X is a group, T(X) denotes the maximal torsion subgroup
of X.

Definition 3.2. A group G 1is said to be torsion-complete if G is the
mazimal torsion subgroup of a direct product of cyclic groups.

We have an important property for torsion-complete groups as follows.

Proposition 3.3. Let X be a torsion group and G a subgroup of X.
If G is torsion-complete, then G is a direct summand of X.

We used the previous Proposition to prove the following theorem.

Theorem 3.4. Let G be a group whose mazimal torsion subgroup is
torsion-complete. Then the followings hold.

(1) All subgroups of G are quasi-purifiable in G

(2) Let A be a subgroup and M/A = T(G/A). Then there exists a
subgroup N of T(G) such that M = H @ N for every mazimal
quasi-pure hull H of A in G.

(3) All mazimal quasi-pure hulls of A are isomorphic and for all
mazimal quasi-pure hull H of A, the groups H/A are isomor-
phic.

Corollary 3.5. Let G be a group whose mazximal torsion subgroup is
torsion-complete and A a subgroup of G. Suppose that G/A is tor-
sion. Then all marimal quasi-pure hulls of A in G are minimal direct
summands of G containing A.
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4. APPLICATIONS

As an application of Theorem 3.4 for torsion groups, we have the fol-
lowing corollary.

Corollary 4.1. Let G be a torsion-complete group and A any subgroup
of G. Then the followings hold.
(1) A is quasi-purifiable in G.
(2) For every subgroup A of G, there exists a minimal direct sum-
mand H of G containing A and the summand H is also a min-
imal pure torsion-complete subgroup of G containing A.
(3) All minimal pure torsion-complete subgroups of G containing
A are isomorphic and for all minimal pure torsion-complete
subgroups H of G containing A, the groups H/A are isomorphic.

Before giving an application of Theorem 3.4 for mixed groups, we give
the following definitions and basic properties. From now on, let T =
T(G).
Definition 4.2. A subgroup A of a group G is said to be p-neat in G
if

ANpG = pA.
If A is p—neat in G for every p € P, then A is called neat in G.

Definition 4.3. Let N be a subgroup of a group G. Then a subgroup
A of G s said to be N-high in G if A is mazimal with respect to the
property of being disjoint from N.

The existence of N-high subgroups is guaranteed by Zorn’s lemma.
We studied N-high subgroups in [2] and [1]. Summarizing them, we
give the following characterization of N-high subgroups.

Proposition 4.4. Let N be a subgroup of a group G. Then a subgroup
A of G is N-high in G if and only if

(1) AN =0,

(2) A is neat in G,

(3) Glp] = Alp] ® Nlp| for every p € P, and

(4) G/(A® N) is torsion.
Corollary 4.5. A torsion—free subgroup A of a group G is T—-high in
G if and only if

(1) A is neat in G and

(2) G/A is torsion.
Definition 4.6. A group G is said to be an ADE group if there exists

a torsion—free subgroup A that is almost-dense and T-high in G. Such
a subgroup A is called a moho subgroup of G.



We already studied ADE groups of torsion-free rank 1 in [5] and [6].

Definition 4.7. A group G is said to be an ADE decomposable group
if there ezists an ADE subgroup H of G and a subgroup T' of T such
that G=HeT.

Corollary 4.8. Let G be a group whose mazimal torsion subgroup is
torsion-complete. Then G is an ADE decomposable group.

Proof. Let N be a T-high subgroup of G. Then, Corollary 4.5(3),
G/N is torsion. Let H be a maximal quasi-pure hull of N in G. By
Corollary 3.5, N is a direct summand of G , i.e. G = H & K for some
subgroup K of T. By Definition 1.7, N is almost—dense in H. Hence
H is an ADE group with N as a moho subgroup and so G is an ADE
decomposable group. a

By Corollary 4.8, we have the following.

Corollary 4.9. Let G be a direct product G of cyclic groups. Then G
is an ADE decomposable group. '
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TERINDILETH .
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5 N—2YA FROELRTEE
I € Con(€) 72

Hom(I,X +Y) Hom(7, X) + Hom(1,Y),
Hom(I,X xY) = Hom(l, X) x Hom(I,Y)

IR

5B, LI=ho>T |X] — [Hom(l, X)| {33RMEEE
@1 B(€) — Z;[X] s [Hom(I, X)|
IR TE B, ShiRhRT, SA—r¥ M FRERRER

v:=(p1): B€)— B(€)=]]Z
I

2155.
. o IFHARERREERTHD.

% BFEBFRAICBWNT XY THALHDOLE- &G, &
ErExt T o3t LT |Hom(I, X)| = [Hom(I,Y)| BV LHZ L Th5.

ZDFRIL, BHRER—FH epi-mono SRS T T Y —TRYIID. &
7o Z DFITK B OKHER
X =Y < Hom(—,X) [Hom(I,Y): £ — Set

DYETHS.
HIRBEED S— YA FROBPEIL, ROBESZLERIUBH D :

0 — B(G) - B(G) -5 Obs(G) — 0.
ot

B(G) =[] 2, Obs(G) := [[(2/|WH|Z), WH := Ne(H)/H
(H) (H)
@ = (pu), ea((X]) = X" (X" X H-BERDHEE) .

Y= (¥u) vu(x)= > x({9)H) mod |WH|

gHeWH

BELOIZ ¢ BEEHICREEZIZETHS. BERBL, —ROBAA
PR b AR AT ROBRENEREH D 7-DICEFDFEE T LT
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RV, EXZLEFRNEBFLHEDOHMKIN OB OND. ThiZ
N=rH% A FROEBERDOLIRLDIZEZXDZLETHS.
(1) Z C Con(&) {=P8¥ 5 48%t Burnside 8t B(£,TI).
(2) T € Con(€) B84 %5 #B5r Burnside ] B(Z).
(3) 5Ei#% Burnside 58 B(£).
(4) Hom % £ HIIR L 7= Burnside 88 B(Eqpi)-
(5) AFREDOBEIRMRORENE Irr(£)/ = #FOBEIE, Go ] B(E,Inr).
TITEHbLo L LMER (1) DEREAAT TY— I C Con(E) I
3 % f8% Burnside 8t B(£,Z7) 2% %2 5. fli¥oD7-%, I 1% Con(€) @
skeletal 2 HRFEWE S I T Y — & 5. skeletal &I, IXJeI R
HI=J &M ILa2BHTD. ORI IIEFRICBELTHLLS
DEFTH. FThbbIs>sI»Je b, JeI.
xt/s— Y%A N8 B(E,I) &, RfEFES
v:BE) 5[]z 5]z
c Iez
(TZTCidCon(€) = £L£2WL) 2E-T, B(E,I) := B(€)/Ker(¢')
L UTERTS. B(E,T) IBEE LT, T ol minkE B(Z) := Z[I]
ICRET, B(Z) #REBRDIRORD LS ICEEHERTER2RFIMBHEA
T& 5.

B(I) = Z[I] = {ZGI[I] I ar € Z} C B(g)

Iez ‘

E(I) =27 :={x:I— Z} (ghost ring)
pr: B() » B(Z) (4%)

¢=(pr): BZ)— B@)=][2

I
eri Y aslJ] =Y as{l,J), {I,X):=|Hom(l,X)|
J J
¥ = (1)1 : B(Z) — Obs(Z) = [[(2/]Aut(1)|2)
I
Vi x — Z x(1/c) mod |[Aut(I)|.

g€Aut(/l)
ZIT, Ifotk1,0:1—= I @ coequalizer.

.. |Hom(Z, X)'?| = |Hom(I/e, X)).
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yi$ ]
0 — B(Z) -2 B(Z) % Obs(Z) — 0 (exact).
AERA. T x T BEHITHERCERT S ¢

H = ({I,J})),

L := (|Quot(Z,J)]), |Quot(Z,J)| = |Epi(Z,J)|/|Aut(J)| € Z
D= (|Aut(I, J)ld["])

U := (|Sub(Z,J)]), |Sub(Z,J)| = |Mon(Z,J)|/|Aut(l)| € Z

ZDEE H=LDU THY, @EHERERBXICLY L IXFET=/1T
i, DIZAITH, UBSFELEZATINCRS. dROUFLEL
T, [« 3K(EL)—»JDEEILSJ ERDEIITNEVENLLIESR
i kv

- det H = det Ldet Ddet U = [ [ |Aut(I)| # 0
1

£2T, H ! BTFEL, Kerp = 0 »>2 |Coker(y)| = |[Obs(Z)|. Cauchy-
Frobenius D#REIZL Y, Yo =0. v DEFHIFS RO T, LLEIZ
LVELENEXS.

#. B(Z) &, ¢ xRUERBLE TRV LE2>OBREELRD.

HIBES 77T Y — I C Con(€)] = DEMANTIY — Ty %, &I
ZLRAULT, FEIaREiTLLTERTS.
ZD& ZL5T1-O® Burnside & B(Z) & B(Zp) b 5.

HE. I XEHRCELTALTWS S, BAE B(Z,,) & B(Z) &
Hho.

HdGel Hoho>T, GMLIEEND eI ~DEFMBFET DI LRE
5.

E :Z — Sety; I — Epi(G,I)

B77r 0% —%IR3. I:=Elem(E) % E @ elements ®DHF =Y —
LB b I ot (I, OFELTWS. ZZTIeIA:
Gl ¥TieBF3H f:(I,AN)>Up)iEf:I->JTu=fol
EEETLOL LTERTS. oL, I/~ 3YIEFES (Thbb
& Hom-set D=2V & 2D H723B) TH 5.
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f:f—)I;(I,/\)b—)I

SDEE GIZBETAEEMND, f iiobjects E2HTHS. f DBRE
¥E pLTBL,
f': Obj(Z) — Obj(T))/ =
T fof =idowjr). te £ I/ X DAY REIKLT S,
T FLORELEEOLET
Liy= - Y pe(f'(1), (4, B)).

(SB)Yf~1(J)/ Aut(J)

K € T o555+ 5 QB(T) DRIS~*E 55
ex = Z Ly k]

ThAI LicEELTEL.
p-FFBEIR Eo~E LN L H I3 BNOBES IR0,
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B DO RBILKOMETRIETREE

BE M
Iy

X ={0,1,2,---,n} &£ L. Go it X\{0} LI-TTBLBREEELTE. 72751, Go
X X\{0} E42 2 BATBTCREVET S, Go A X x X x X I AEALAL &0
orbit %

{R11R21'°’1R8}'

Go 3 B#GUBIIAH 0 DBEAEMABLTE. G 13 Go PTRBILKIZL S,

BHOTIIFELREWVWT, {R),Ra,-- R} 2D THEEEEIZLILEST. GO
XxXxX EDorbit #lKT 2 EHNTEIDN? ~——= 24D "Yes”" H LW,

QEMBBIMHELALT VI -3 A%—L53EXELTLES, T, 2
METHC, 3HEABCEELVED | SEEBOMEL TV VX —-YasA%—Lhp
SLED2ETBRHEX ROII LN TELIN?T———-BlE "No"

Association schemes & Superschemes
EF. (X,{Ri}o<icd) ¥F Association scheme ¥ 7213 (X,II} A t-Superscheme
THhsrE3, FhEfh =

Al {Ro,Ry, ,Ra} 3 X x X R, 77K L. Ry ={(z,2)|lx € X},
S1. II={m},m?,...,Mm} t>2 TN ik 1<l<t BT X 054,
A2. ¥XTO R 3L T, Ry DEELT, R = {(v,2)|(x,y) € Ri} HRLIL,

§2. g € Sym(l) 122V T, o((y1,¥2, %)) = Wo(1)s Vo@)r***» Vo)) EBE,
M = {RY, R, Ry}, 1<i<t, EBLE, TXTD RL & o e Sym(l),
XL T, o(RL) €el' ---( symmetric ) :

A3. ¥XTD R, R, Ry &, TTD (x,y) € Ri {23 L T, constant pijx
LT, KA

I’i.j,k = #{Z € XI(Iv Z) € Ri! (Z, y) € ij(IYy) € Rk}'
S3. projection x : X! — X!-! %

ﬂl((yhy21"'1yl-hyl)) = (y11y21"'1yl—l)v ?’}Eﬁ-’-é tv
TRTO R e, 2<i<tiantL T, »'(RY) eIV,
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S4. TRTDHORL, 21t &, TRTDy= (y1,y2,-- -, y-1) € 7 (RL) 1K L
T, constant p}, = |(z')~Y(y) N RY| D, 52, pl = |RL/|='(RL)).
( regular )

A3. R}, = {(z,9,2)(z,2) € Ri,(2,y) € Rj,(z,y) € Ri} B &, $RTOD
(z,y) € R W3 LT, piju = I(73) 7 ((2,9)) N R ;| AL,

& wl((ynye o m)) = (Woyz - Y- Yoo m) EBCEL L

ni(RL) € R'™!

CHXLOBRRBOLE M2 G XL 1<I<tIZERALAEEED orbit &
TA5E, (X, 00) &, I =(I, 103, I1*) & 3BVT, superschemelle 5.

XW = {zy, 22, ;) ze BRLS } EBL AL EH X LICTBEL, B
BT ER LT, superscheme Tl G D on XV L) orbit ¥ ZE X 53 T+5
% DT, superscheme (X,1I), I1 = {IT',112,... [1*}, CTOIZEDH 5.

nY ={R!|Rlel' and RREC X}, 1<i<t.

— A E X DMBULROMIC LD, Gotd X\{0} Lic t-2) HAHBT, (t-1)H
ABTIREVET S, Go ® X LICBIFBTBIEKA G HEETS LT 5. (X,11)
% G DfEAH t-superscheme (X,I1') ¥ Go DIED t-superscheme &5 .

[e}iA
EH%oT (X,IT) 26 (X,00) 22 57,

L Aut((X, )& G2&L (¢ - 1)-HTBT t-ETBTIILWBEICL S,
TBILADENE 2 (X, )M BONBEILizHD. T0OL &L, Aut((X,IT)
BB v, GBI X 2 EBROER)

G X kiz(t-1) WTHLOT, - = (XD = (R, RS-, R}
ET3. 2, G XO L, rBD orbits b, THE,
Ph; = IRLI/IXE D forl<k<randl<j<t

Proposition.

Go 1& (X\{0}U-V k. roombits RE™}, 1 <k <r, 2. LT, |RY =
(X1 - IRETY. #%ic,

Phy = IREMNNON D for1 <k<randl<j<t

Proof.
BEREFECTOLIIN LI ENbbIS.

{z=ri((z1,22,- -, 2e-1,0))|TERL} =R for 1 <k <r.
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Go DK 5 superscheme (X, I1'), II' = {I1",11°%,... 11"}, T. KD constant

YEOT, TORKXEBHBLTEHE2Fzv 7 T5.
i, = IRF/ImS R (R} € T'®),

n(‘) = {Rh R?s ) RV’} (*iﬂ )
J.l L \Sym(t)
ptk,j
| me-D = (xG=D} = (R .- URESIY URL}
I H'(‘-l) = {Rll‘-lv R "R;'t—l! R:-t-;-tl—l} |
e p;t,
»J
( BEsn )
Sym(t)\' ﬂ wt
n’(t) = {R'h lg, R} er'i R:"'-l-rt}

MH S2 D Sym(t) 12, Xt OB EIZIEAL T, orbit % {1,2,---,7} £{1,2,---,
v +rt) LOBRBLEESTS. 2L, 0O = {R,Rs,- R} =G D
X® Eo orbit, "® = {R},RY, -+, Rl .} = Go ® X ED orbit TH N,

Y ={1,2,---,7 +rt} £BL.

b LG A Go DIABIEKLSIE, Y DR {V), Ve, -, Vi) T RAKILD b D

HH5.
Re=|J R, 1<k<r
1eYs

SOLE, Yigs={le ViRV =at(R)} , 1<s<r+t—1, B,

Phj = Z Pi's:

1EYL ;.0

LT, {Yk.j.l,Yk.j,m"'sYk.j,r+t-—l} 21<j<tT. Y, DFENL B, &H

12, Sym(t) D 20D orbit HFF {k} & {{} ~OIERBWLT 5.

LEno&x#odb iz, LORKESBLT, 7V IT) XLWEORKIIHL H, L

FTC. zfEsTrt.
#l: PSL(m,q), m >3

G = PSL(im,q), m>3, X=P (qiklom-1RTHE=EH ).

Go=GIIBVBE P, DIEIESRDBE (stabilizer).
t=3,n=|P\{R}l=q+q"+--+g""".

— 151 —



Table 1

PSL(m,q) 28115 P, » BESRFEHD P ED orbit &
PSL(m,q) (P U {P})'® L0 orbit

B P, ORERT B PSL(m,q)
No. size rep. size rep. property
1 n(q—l) (Piij) (n+l)n(q—1) (Pi'leH) PjG (PhH>
2 |n(n-q) | (P.P) | (n+)n(n—-gq) | (P, FP;R) | P; & (P, R)
3 n (P, F) (n+1)n (Po, P, P)
4 n (P.,})[) (n+ l)n (P,‘,Po,ﬁ)
5 (n+ l)n (P,',H,Po)

Table 1 DEBIN G, G 1& X3 L2 28D orbit Ry & Ry kb b, £0 sizeld
(n+Dn(g-1) and (n+1)n(n—-q). K S2 D Sym(3) 1t I = {Ry, R} IZH
BIZMER, (. sizedSB I DT, |[Ri| = (n+1)n(g-1) < (n+1)n(n—q) = |Rq|)

Table 2
PSL(m,q) \251% P DEERIEHD PP Lo orbit
No. size rep. property
(0 we—1) PP, o) P P € (B, P)
1(g—2) n(g-1) (Pi, Pj, Py) P;, Py € (P, P)
2 n(g-1)(n-gq) | (B, P Px) Pj € (P, P,),Px & (P, P})
3 n(g - 1)(n -q) (P, Pj, Px) P& (R, P),Pc € (P, P)
4 n(q—l)(n_Q) (Piijka) Pjg(ﬁvpl)kaG(PhPJ)
] n(g - 1)(n-q) (P, P;, Py) P; & (P, P), P, € (P, Pj)
6 ng-1)2(n—-q) | (PP, P) | P. € {P, P; P;), non collinear
6(1,2,3) n(g - 1)2(n-q)/3 | (P, P;, Py) as above and m = 3|g - 1
7 n(n - q)(n - q - q%)| (P;, Pj, P:) | P: & (P, P;, P;), non collinear
8 n(q—l) (}lePiij) Pje(PhPi)
9 n(n—q) ('PIVPHPJ) PJ¢(P’!Pl)
10 n(g-1) (R, P, P;) P; e (P, R)
11 n(n - q) (Pi, P, P;) P; ¢ (R, F;)
12 n(q—l) (PhPJvPl) PJE(PI!Pl)
13 n(n—Q) (PiijsPl) P]¢(P11Pt)
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projection DPER

LY 2 3

No. im. mult. [ im. mull. | im.  mult.
10,--,q=-2) | 1 1| 1 1| 1 1
2 2 g-1 2 g-—-1 1 n—gq

8 2 g-1 1 n-q| 2 g-1

4 1 n—-q| 2 q-1 2 g-1

5 2 g-1| 2 a-1| 2 g-1

6 2 (g-17%| 2 (¢g-12| 2 (¢g-1)0?
6(1,2,3) 2(q-1)%/3| 2(q-1)*/3| 2(q-1)?/3
7 2n-q-¢*| 2n-q-¢*| 2n-q-g¢g

8 1 1| 3 a-1| 8 g-1

9 2 1 3 n-gq 2 n—gq
10 -8 qg-1 1 1 4 qg-1
11 3 n—-gql| 2 1] 4 n-—gq
12 4 qg-1| 4 g-1 1 1
13 4 n-—gq 4 n—gq 2 1

¥ ET: im= orbit HS s T, KE/T R = 7;(R))

mult.= pid, = |RL|/|REH o TWVB.
E(—xoE): Y ={1Q,--+,¢-2),5,8,10,12}, Y> = {2,3,4,6,7,9,11,13}.
2®:p} . =q-landpy,=n—-qfor1 <j<3.
Yiaa = {1(L--,q = 2),8}, Yixz2 = {5}, Yina = {10}, V114 = {12}, Yau1 =
{4}, Y2_1'2 = {2,3,6, 7,9}, Y2.1‘3 = {11} and Y2‘1‘4 = {13} EloTnah,

BN EDE:
q=2 DHE;
Y, = {5,8,10,12} or ¥, = {6,8,10,12}, Y2 = Y\Y\.

m=23, 72 q=4 DHE;
Yy = {1(3,---,¢-2),1,8,10,12}, T2 T, i I3 {5,6(1),6(2),6(3)} PHD—",
Yo=VY\N. (CD& &, Aut((X,I1)) = PTL(3,4) : §F¥RFELR)

Association scheme vs. Superscheme

8 5 L % 6 orbit 13 association scheme @ 1 D relation 123\ 5. (KD "im.”
D Hb»D.) LrL, EOIKTIX 5 €Y. 6¢€ Ya. association schemes
TRITBILKERO OGN RVHEIH .

PSL(m,q) BE DO RILK

t=d,Y ={1,2,-,15}.(Table 34 EBDOZ &)

EEL (—ARDOHE ). Wik 51K » 6 (2,3,4,5} C Y, LT V1,12 € {6,7,9}
E%B. LPL. ShTiRpl,=¢-1=2 ey, AR
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Table 3
PSL(m,q) ® (P U {Po})¥) LO orbit

No. size/(n+ 1)n rep. property
1(1) (q-l) (P.',P,,Pk,})f) Pijke(PhPi)
H{g—2) (e-1) (P, Py, Py, PY) P;,Pc e (P, P)
2 (g-1(n-9q) (Ps, Py, P, P) P; € (P, P),Px & (P, Pi)
3 (g-1)(n-4q) (Pi, Pj, P, P1) P, g{(P,P),P. € (P,F)
4 (q_l)(n-Q) (P.‘,Pj,Pk,P[) Pjg(Pl,Pi),Pke(Pz,Pj)
5 {(g-1)(n-q) (Pi, P, Px, P) P; & (P, Py), P € (Pi, P;)
6 (g-1)*(n-29q) (Pi, P;, P, Pt) | Px € (P, Py, Pj), non collinear

6(1,2,3) | (g-1)*(n-4q)/3 | (P, P, P, P) as above and m = 3|g — 1
7 m-qn-q-¢%) | (P, P;,P,P) | Px & (P, Pi, P;), non collinear

8 (q - l) (Po, P.', P,,Pk) Pk € (P.'.P,‘)
9 (n—4q (Po, P, P;, Px) P. & (P, Pj)
10 (g-1) (P:, P, P;, Px) Pc € (P, P;)
11 (n-q) (P:, Po, P, Px) P & {Pi, P;)
12 (g-1) (PHPJ!P‘)!P’C) PkG(Piapj)
18 (n-4q) (P, Pj, Po, Px) Pc & (P;, Pj)
1 (g—-1) (P, P;, Px, Po) Py € (P;, Pj)
15 (n-q) (Ps, P, Px, Po) P. & (P, Pj)
Sym(4) 13 {2,3,4,5}, {8, 10, 12, 14}, {9, 11,13, 15} /= s[BI-TEA.
projection DYE
m T2 T3 Lt
No. im. mult. | im. mault. | im. mault im. mult.
L--.q-2) 1 1] 1 1| 1 1| 1 1
2 2 g-—-1 2 g-—-1 1 n-q| 2 g-1
3 2 g-1 1 n-q| 2 g-1 2 g-1
4 1 n—-q| 2 q-1 2 g-1 2 g-1
5 2 g—-1 2 g-1 2 q-1 1 n-—gq
6 2 (q-1%| 2 (q-12| 2 (¢-12| 2 (¢-1)?
6(1,2,3) 2(q-1)2/3| 2(q-1)3/3| 2(g-1)*/3| 2(g-1)?/3
7 2n-q-q¢*| 2n-q-¢* 2n-q-¢*| 2n-q-q
8 1 1] 3 q-—1 3 g-1 3 g-1
9 2 1 3 n—gq 3 n-gq 3 n-—-gq
10 3 g—1 1 1| 4 qg-1 4 g-1
11 3 n-q| 2 1| 4 n—q| 4 n-gq
12 4 g-1| 4 g-11 1 1| 5 g-1
13 4 n—q| 4 n-gq 2 1 ) n—-gq
14 5 g-1 5 g-1 5 q-1 1 1
15 5 n-qg| § n—-—q| 3§ n—-q| 2 1
q=20%5

Y: = {6,8,10,12,14}, Y2 = {2,3,4,5,9,11,13,15}.
THIEKIE AGL(m, 2) i2% 2 TV BT,
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m=3 52 q=40D%H8
Y, = {1(1,---,¢ ~ 2),4,8,10,12,14}, I T i (X {6(1),6(2),6(3)} D—=>. T
BILKIE Mo 12 o TV BIdY, FFUERTIZ Aut(Man).

AGL(m,2) DITRBIEK
t=5Y={2--,17). (REL)
&L, k¥26, R S2 O Sym(5) DER» 6, {2,3,4,5,6} C Y, DT

Moy D RBILK

t=5, Y = {1(1),1(2),2,---,6(1),6(2),6(3),8,---,17}. (’iﬁ-ﬂ!’: L’)
{2,3,4,5,6(:)} C Yo, SITild {1,2,3} D—2, I TBI37. 6(3)eYz &
R Tl I Sl i o

i3 2o, Y, = {1(1),1(2).1,8,10,12,14,16}, i I¥ {6(1),6(2)} D Fha.
Moz D¥THIEY . (RETH)

Aut(Mag) T2 6(1) U 6(2) A% orbit 2 DT, THILKIITFEEL 2w,

Mo DTTRILK, t =6, |Y| = 19. KAWIDL, Y, = {1(1,---,9-2),6(1),8, 10,
12,14, 16}, Moy YT BT

Moy DITRBILK, t =7, |Y| = 21. T S2 » Sym(7) i3 {2,3,4,5, 6(1),6(2),
6(3)} ICTTRBIAEAL T, £hid Yo IZAB LA %v. £LC, Y, ={1(1,--,q -
2),8,10,12,14,16,18,20} & £ 7%, LN T, p}  IZOVWTOEBNELT ST
EIXE, §IZ, Moy DEBILKITEN,

G = Sp(2m,2) ® Ot (2m,2) & O~ (2m,2) for m > 3 (2 X % coset L~DIER
DHES, BRI, TRIEKOHFICHIIL TV 5.
ETHEERIC L A HEERICIZ GAP 2 EAIL T 5.
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Finite groups with small number of conjugacy lengths

FHERE A /WX

1 Notations and Results

G : finite group
Irr(G) : the set of ordinary irreducible characters of G
C!(G) : the set of conjugacy classes of G
cd(G) := {x(1);x € Irr(G)} = {Lin1,np,- -, M} (L <y <Mz <00 < 1y)
cc(G) = {|C];C € CU(G)} = {1, my,mg, -, m} (L <my <Mz <+ <my)
Z(G) : the center of G
G’ : the commutator subgroup of G (:= [G,G])

HLOMBMEY TiL 1950 F£REMG od(G),cd(G) KM L THRHEEXEL, ThEWMALT G OEEDLS
WIRSBRITITE2 L. od(G) & cd(G) PENTFNROERXERT IR EYOHRAMNITHLATE I, character
degrees, conjugacy lengths & G @ order DMIZRIK O L < LN =MEENH 3,

x(W |6l IC1[1Gl  11mr(G)l = KO,
1G] = e treicy X(1)? = Leecray ICI

LOBUENS cd(G) £9 b ccl(G) DI 5 B E BRI . KBUT cd(C) ~RMEEEXEERLY . cdl(C)
~GiEE B A RRROIE O NN ZPBERE, LTOKRREUHAILE < % Huppert, (Character
Theory of Finite Groups] (de Gruyter 1998) 2 6k L T\ 3,

Example

(1) (Ito,1951 Michler,1984 Okuyama) p{ x(1) for all x € Irr(G)

« G 1 normal abelian Sylow p-subgroup % #-0, (MEROHELFAL TV 3)
(elementary proof) p{ |C| for all C € CI(G)

« G @ Sylow p-subgroup i center icF £ h 3,

(2) (Thompson,1970) p|x(1) for all x € Irr(G) with x(1) > 1

= G i1 p-nilpotent TH 5,

(Huppert) p||C| for all [C| € CI(G) with [C| > 1

= W HTHREV plength @ group ML h 5,

(3) character degrees @ prime divisors iIZM4 2K D L 5 LB H 3,
#(G) := {p;pprime, px(1) for some x € Irr(G)}

BAY n i3 LT a(n) := |{p; pprime, pin}|

0(G) := Maz{o(x(1));ix € Irr(G)} £+ 5L, G Hisolvable D& &

[(G)] € 3¢(G) +2 (Gluck, Manz, Wolf, 1993)

EWVIHRDBHY . BIENII |p(G)] < 20(G) Tz ML FHMER TS,
. —BOBEC LV OMERNH Y |p(G)] € 3¢(G) L TFMENRTV B,
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—7% conjugacy length 2% L THRHRZMEREZE X o hTRY
p*(G) := {p;pprime, pIICI for someC € Cl(G)}
o*(G) := Maz{o(|C|); C € Cl{G)} & T3 & solvable D& & —BOHBETENTRARD L 5 RERMNF
IhTw3,

[p°(G)] £ 40°(G) + 1
lp*(G)] £ 5¢°(G) + 1
(Ferguson, Casolo, Dolfi, 1996)

B |p*(G)] € 207 (G) & FARSA TV 23, Dolfi, Casolo(1996) i- & » THEEMIZT S hiz,
(4) (character degree graph & conjugacy length graph)
character degree graph ['(G) & 13 vertices % p(G). edges #R725 p,g€ p(G) I LT
P~ q & pg|x(l) for some x € Irr(G)
TRENEBDET S,
(a) G # solvable D & &, T'(G) ix# 42 2D components L AFil=721y, (Manz,1985)
(b) —HEDHBEIZIL, Wh43 2D components L2 F¥7=9°, best possible ChHhD Z &Ik
ed(SL(2,27)) = {1,2/ - 1,2/,27 + 1} h6bdd, 2L (b) DEFITIIHAERO IR FELN TV S,
(Manz, Staszewski, Willems,1988)
—7% TR/ 2tE)7 T conjugacy length version LTFTET 5, conjugacy length graph I'*(G) & i vertices
% p*(G). edges ¥ %725 p,ge p°(G) IKHL T
p~qge pqllCl for some |C| € CI{G).
THRERELOET S,
(c) ZDBALRTH G I2HV T I*(G) it components T 42 2 Th B Z EAMLA TS,
(Kazarin,1981)
(d) S ZTHEIRBKEVERE LT, Example 1.1 £V p(G) € p°(G) TH Y.
Theorem [Dolfi,1995]

G Msolvable D& & p, g ¥ BRAIBEETHE, HD x e Irr(G) KM LT pgx(1) 6k pg||C| L7225
IC| € CI(G) DTFTE+ B,

EVIRERD G I(G) 1L T*(G) @ subgraph & 725, nonsolvable DFEILE LB O TV 2V,

(3) EDBEMYH ed(G) R ccd(G) BETHEK., 2THE~FH DV LR T square free REENRFhLOZK
{279 group DR RLHE ST 2TFI R YDERLH S,

2 |ed(G)|1=22WT

cd(G) DFHRICEVTH 2 & bR E LT [cd(G)] IcHT 5B H Y, RERZ N HDOHEOSH
THROD LD ER>TWD, KXENGICPTIHRETHS,

Theorem 2.1 [Isaacs-Passman,1968]
G : finite group with ¢d(G) = {1,m}(m > 1)
=G"=1
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Theorem 2.2 [Issacs,1968|

G : finite group with cd(G) = {1, m}{m > 1)

= KDIB—2RELV,

(1) G 2 index m % $#-> abelian normal subgroup % -2,

(2) FEpBHFEELTm =p®(a>0) THY G 2 nilpotent THDH, HiC

G=PxA
I =T P it nonabelian p-group. A it abelian p’-group T3 3,

Theorem 2.3 [Isaacs,1969]
G : finite group with |cd(G)} =3
= G i1 solavable THY G =1

IOZENGAERRTIBE LTG % solvable & Lt & & —D group {TH LT
dl(G) £ |ed(G)|
THENEVHIHENRSH Y, monomial D& i IhAZ LML TS,

Remark 2.4
(1) [cd(G)] =4 DBEITIT As R EDWMMERANTFEET 3,

(2) cd(G)= {1,m}(m > 1) ® example & L T Frobenius group G = C; x C 2B, DL &
cd(G) = {1,6} THh Y. nilpotent T# < Theorem 2.2 (2) &k E41>,

(3) ETpgiRMEL K=GF(p*) L, DL %k

G= {(az:+b);a.b€ K.a¢0.05j<q}

116G = (Cp x Cp X +++ X Cp) ¥ Cpa—y ¥ C, & semidirect product THEND, L&
ARy —

¢
cd(G) = {1,q,p7 - 1} 22 dl(G) =3 L2 Y. Zhid Theorem 2.3 A% best possible THHZ L £RLT
w3,

3 Jed(G)|IT2WT

— 77 conjugacy lengths iIZM T SEHROTRC cc(G) = {1, m}(m > 1) 2B group GIZHL G =1 T
Bavh e FRFI0RARTHY. NTHO Huppert OFIZH BRAZ FRREINTWS, ZONEOH
MO ELEBERILZRDOL IR HONH S,

Theorem 3.1 [Ito,1953)
G : finite group with ccd(G) = {1,m}(m > 1)
=> HE3RBpBHFELm=p(e>0) &40

G=PxA

Z 2T P 4 nonabelian p-group. A i3 abelian p'-group TH 3,
412 G i nilpotent TH B,



Z DOFERILHED Isaacs-Passman o character degree DRED 10 FLEAIZFR I TWH Z LidHRIZ
FUORIR< . conjugacy length DIZ IR L D MVERICRZ 2TV B, ZOKEPL cd(G) = (1,m}(m > 1)
% -2 group NDEFFRIL p-group XIFBTE 3,

Theeorem 3.2 (Isaacs,1970)
G : finite p-group with ccd(G) = {1,p%}(a > 0)
= G/Z(G) IX exponent p ¥ ¥,

ZORPEMNORDO LI p =21t T AHBMTEEN S,

Corollary 3.3
G : finite 2-group with ¢cl(G) = {1,2°}{a > 0)
=2G"=1

LA, Verardi, Mann 2 KO#ENH D F LEMKFRIIRRET. COZENIOFAKBITS
conjugacy length ICMT AHAN LRV EOBREAD—2E L RoTHELL, ELTROBRERLE
L. '

Theorem 3.4 [Ishikawa,2002]
G : finite group with ccl(G) = {1,m}(m > 1)
= G O nilpotent class iXZh« 3 Th 5,

Corollary 3.5 [Verardi,1988]
IDEE G =100, HHIRY p BEFEEL G’ X elementary abelian p-group TH D,

= DFERIT conjugacy length D ROKBIZBRO—HORMELER> T et B bh, ZORKREEF]
M L 7= Barnea-Isaacs DRXOPIZHE I Vo EBOXRBRLND,

Remark 3.6
(1) lecl(G)| = 3 %2 finite group G i solvable TH 2 Z LAMLA T 5. (Ito,1970)

(2) extraspecial p-group i3 ccd(G) = (1,p} THIZ &MMLNATEY, M ec(G)={1,p} RDG X
AFBYT extraspecial p-group T#H D, E7- G A Camina group ThHD Lk, {EEDzeG-G iTxL.
z 2 81r conjugacy class B3 G’ = {22;2 € G’} ERB LI RBOTHD, TOLE, |G|=p" THD
nilpotent 2 ¢» Camina p-group G i |ccl(G)] = {1,p*} &72V . Zhit Lk o TI D class @ nilpotent class
2 O series ¥ {E5, (Camina)

3) &Y d(G)={1,p"} (n > 0) 225 group ® nilpotent class 2 ? series  {£5,
G= <a;,a2, ceelnybia, b3, bnoini (@i 0] = bijaf = anP = b =1,(1SE<F < n))
(4) nilpotent class 3 % 8-> group IZIXRDO L H 2 b ORH S,
G= <ahaz.b.chm; lay,az] = b, @i, b] = ¢ a:? = ¥ = ;P (i = 1,2))
IOk & cd(G) = {1,p*} TH B,

Problem
(1) % Theorem 3.4 IR L VIEASATRY, W LIDHBEPBEERTHDI LD class 3
@ lecd(G)] = 2 D group DHFIINI2 0 Hrvo T B, T cd(G) = (1,p}, {1,2), {1,p%} KT 55
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HiBdHdI LT led(G) = (1,p°} (a > 1) DHJUTEET 2 F M2 H Y, Tihid Remark 3.6 D Camina
group. (3) @ groups M quotient DL FHEO LD & (4) D group 2B L THOTHEH EBDAD,
(2) Jed(G)| BT BHRICHBVTKRICL D ced(G) = {1,m;, ma} BB L Lie3,
(m1,mg) = 1 iZ8BV T Dolfi iz & » THESH24Tbh TV 5,
(3) Mann's conjecture

Z OF% Theorem 3.4 DEERE Z 1T Mann 12 & - TR S b O Tiff # Israel J. Math IZ{B8R S
M3 TFETH S,

Conjecture

G % finite p-group & L ccl(G) = {1,my,ma,---,m}{l<my<ma<---<my) LT & &, KDL
5172 f(s), g(p) BFET 3,

(a) conjugacy lengths m;, mg, - m, @ conjugacy classes £k T4 X5 subgroup @ derived length
(27 % f(s) T B,

(b) conjugacy length m, @ conjugacy classes £ T4 X1 5 subgroup @ nilpotent class i3 « g(p)
Thd,

ORI —EEIIEAR TV 55 d(G) < f(lecd(G)|) 2EDTFRLEEA TS,
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The W-graphs of the Hecke algebra of type E-

HH &F
FERFERFERBARBEM AR
E-mail: nyoshida@g.math.s.chiba-u.ac.jp
i RFK (ARETHHE) & OkENE

June 2004

1 F

AER Coxeter system 7 & E# & 115 Hecke B (generic) ®JRiL, W-graph £ W5 V7 70F
{WTEHRT 52 LAHFES 2 & Hf Kazhdan-Lusztig [14] LBV TRENTW A, ZIZITEK (10]
12X b, —xDHIR Coxeter system »H{EH 15 Hecke ROBHRBIIL, }iET %5 W-graph #F
BruTsmsns e, £ DHEB Coxeter B iZxf L, 39 % Hecke ROBLHERRE KT
W-graph 29k SR Tvio 7 (cf. [9]). RIEE TREEH W-graph PRESR T Wb DL LT
i%, B, D, E;, Eg 8 Weyl B0 51ES N % Hecke BATTR S LT W1,

Bt#y) W-graph 29t ¥ 5% & v ) BEIZx L TIE, Geck [6]) DEEZ AV hid, E; B Hecke R
H(E;) ODBSITRBRERZER IR > TV AIHIR IV, Th oA PET & Nl generic BE
HRBADTFINE O BDOT, %I E D modular BEHRRAITFIRUFRITFI2ELIZ L bR
%. Hecke ¥ modular RIB = F 2z, £ block S % B~ BRI HBITH & MRITN 5 @5 B4
£IH & modular EHRADHITIFHREBAZLHNEETH 5. FlAiL, XT3 block ZFEHMF
fti& %2 % basic algebra ¥ ETHADHBELFRI VL LB HLTHS. S 612 Eg B Hecke B
® modular FATFI 2 ERT 2 HDOFHHRLBONLTH A ).

72, By OMIRICE > THARO B, D BOBEII OV TERT ARICORIOBENEON
i, BE%H Wegraph 2 REICARRL T I XML 25 h b ANk,

ARETIH, UEDE ) 2HBISUTO2 00ER2BLWLENTHL0TH 5.

Theorem 1. E; B generic Hecke ROBMIRB 2 ETHEL, Th o % W-graph & L THEER
L.

Theorem 2. k ##A72,3 Tla% vk, ¢'/2 e k* &3 5. HRILENL 4, DEHEROK
T, k DRI RIRE T q ORLEDAICL DRED. (i.e. Hecke RELD James FROBiR)
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Remark 1. (1) Dipper (2] ®EHiZ & 1, Theorem 2 THE & W7z 5 #E175i24 R Chevalley

B E7(q) DERFIOBFTBITNEELTVAEI LIRS,
(2) Theorem 2 PAHZE B (L, Geck, Miiller {2 & ) Eg & Hecke ROFHREBWTH LA TW

5, H 4 DHEO /I H—HTH 5.

2 —iRERD S DS
COFTIX B WRFL ZVWIHBIZ>WTE LD THL.
(W, S) %= —fxD AR Coxeter system, & := Z[u'/2,u~/? & ¥ 5.
Definition 1. & L® generic Hecke & )¢ = J,(W,S) £id, {T, |we W} 2&EIZH D

o -algebra THhH,se S, we W I L
Tsw if l(sw) > l(w)

T.T, =
{Tsw + W2 —u VT, if l(sw) < l(w)

kW frERE NS, 2 2Tl length function TH 5.
Theorem 3 ([14]). 5£,(W,S) L® involution

Z aw(u)Ty = Z aw(u-l)T;-ll

wew weW

ICBL, AT 25k %i#%7:% (Kazhdan- Lusztig) EEN—FIZFET 5.

( for ay(u) € &)

(I) C_w= er
(2) Co=Tu+ D> Py,Ty

yew
y<w

22T Py, 13 Kazhdan-Lusztig #IRX, “<” i Bruhat order TH 5.
Definition 2 ([14]). 3 2#& (T, u, I) BT D 4 20&ELiEHLTE & (W,S) O W-graph T

Hortwv,
(1) T = (X,Y): vertices X, edges Y ¥ §FoFMY 5 7
@ pu: XxX—Zst. (z,9) €Y = p(z,y) =0
B)I:Xx —2°
(4) X % basis £ T5 o/-free module V #*
-z’ s € I(x)

Tsm =1L ur + ’U,l/2 Z l*‘(xa y)y s e I(J?)

¥EX
s€I{y)

L& h oy (W, S)-module & %2 5.
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Remark 2. X% T2 % W-graph i3,

X = {Cw}wEW’CW7
I(w) == L(w) :== {s € § | sw < w}

*RETS.
BETIIREE LT left cell IZPWTERZTRRTEL.

Definition 3 ([14]). The Kazhdan-Lusztig left preorder < is the relation on W generated
by y < w if there exists some s € § such that Cy appears with nonzero coefficient in T5C,,.
The equvalence relation associated with <, will be denoted ~, and the corresponding

equivalence classes are called the left cells of W.
RO Geck DERIIIEMENREME L 72 bDTH 5.

Theorem 4 ([6]). Let W' C W be a standard parabolic subgroup, and let X' be the set of all
w € W such that w has minimal length in the coset wW’. Let C be a left cell of W'. Then
X' -C is a union of left cells of W.

3 1B OBLES

Theorem 1, Theorem 2 #1155 ¥ TOEBE % <5 L RDORIZL 5.

(1) Weyl B¢ W(Ag), W(Ds), W(Es) D left cells ¥ ¥ 5. [CHEVIE [7]]

(2) 1 0 left cells # W(E7) ~aF#8 L THAWAF LMY, W(E7) D left cells /S {IHE R 5.
(GAP [4]

(3) 2 D& left cell (2xf L, Kazhdan-Lusztig £ %8313 5. [Coxeter [3]]

(4) 2,3 26 left cell ®BLE k5. [CHEVIE]

(5) 4 DEFEEAFHET . [MeatAxe[15]+GAP]

(6) 5 DELHRFAD 6 W-graph ¥ 185 T 5. [GAP]

(7) $BRILL 72 54, DABTHIZRE T 5. [MeatAxe]

ETOHELTA. CHEVIE 2135 2 51t 7: Coxeter BFIZAT L, 2T D left cell RUE 4 D left
cell RIMZ ST HBGEN D 5%, BEM ) OFHOBIRHFHFICEL, W(E,) 122 L THEIRE
HETBILRARMETHo7. EHELHADEBMIZE 2T W(E;) DLTD left cell EKDHBZ
ERERTH), LE L left cell DAL BI2FELEI HLEMNH -,

Parabolic subgroup #°% 1 2 left cell #FEL TH SN D DIZ W(E7) @ left cell 25D
disjoint union T& 275, % { DHE I OBEBETIEF 754 4 XAk E step 3 DEFHBEETH 2.
FD4, Rz 5 parabolic subgroup 7S DOFEDIGEIF E ML Z L Tleft cell X TEB75IF/ME
CHODETIEMHNLBAEIIRSD. Thdtstep 1,2 DFRTH 5.
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Step 2 TiEoOMN s left cell 2 L LT3, THiE W(E) DEDEETLARZVOT, £ D
RPE/H7:D0E p(x,y), 7,y € L OEMPLEEL 2 5.  hit Kazhdan-Lusztig ZHRA %
HTAILIEINEBONS. COFEE—ARICERIBRTHEY, FEh W(E,) BT 3
Kazhdan-Lusztig £ Z 584 5 2 L 5%/,

N T left cell REAMFICA DT, RBANDF = v 7 RUBHER~NOIMRETHZ L2 B,
< T Hecke ROXRICEN 2T O5FHELFIAL T GAP o7 — 7 i, ITFliRH &AL, R
KN TRRNET TS L1

Step 5 DEHRRANDFRIZOWTIIUTD 2 BN O FENH 5.

o BT O modular #EEHE) Hik.
e L(w) % B\ T (primitive) idempotent % ¥ % Kik.

FE—DOFELZOVWTOFHEMIL Geck-Lux [8] #ZWLTRIIL T, BZDOHEIL DV THEA
T5.

3.1

Left cell ® %3 i21d special representation &IN5 L KIRH unique ILFFTRTWHI &L
AEMONTY S (cf. Carter [1]). SHIZRDOE L THIBT I LA MRDE L) THS.
L %leftcell LT 5.

(1) 7NN {L(w)}wese ZERHTS.

(2 AMLIRNVERFOTEXE—HL £ 238T 5. (i.e. W-graph TRIL SRV OEEED &
b¥3s.)

(3) (2) TOKE SHAD coset LiHfL, D=3, 5Cy ¥ELS.

(4) D THH NI B H#-submodule ZEHHT 3.

D& o7 (4) D H-submodule 13, L DRBIZET NS special RIRE Lo T,

2 special 2% 5 DHFho TRV, “(2) THOLN S coset DEEL = special B HF L
fECH OIS coset DEE” LV HH® B,(n < 5), Dp(n £ 5), Fy, Eg, By TIZHRHE TS,
3.2 Example

W(By) @ left cell 325 4 2,

{1}, {31, 5251, 515251}, {52, 5152, 525182}, {51525152}.
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THED left cell 123 L, H-RREHHATILUTNOLILLS.

[-1 Vu 0
~ =1 2y/u
Ty, — | O u 0:|=[0 \:_]61,

L0 Vu -1
[« 0 O
~ | 0 U.
e el e

Left cell RRD W-graph: D—@—@)
BEEIRBAD W-graphs: D23 @
Remark 3. (1) —#%IC left cell RAUIBRHTIE 2V,
(2) —#%42 |2%] < degree of a special representation Z DT, £ THDEEMER OIS HIT T
v,

WEOBUZEN L 7 H(Ey) DEE# W-graph 13, LED L 5 288 %47V, dual 2 EE L
edge ¥ {H77: 5D TH 5. EBREDO W-graph 30 BEX S SIIWEL I L ERTELAWELTT.

4 HERITHI
W(E7) ® Poincaré £\
BT B3D2D5 BID, PPy D10P12®14D18

2BV T, Fec {2,3,4,567,8,910,12,14,18} 123t L r | O.(q) 2l THEH r LEHMN g
YERXL. EEXERrORETHLETE-FHOER [11] 2L D, I8 4(E7) 13 non-semisimple
algebra & % 5 Z &G H 5.

EZAT, 5] 2BV T Geck it e € {5,7,8,9,10,12, 14,18} DY & D block DH5% % Brauer
tree & LTREICHREL TS, LA THFTFIE LTide € {2,3,4,6) DJAITHRIEL
%5,

P4 (BRI Sy (Er) OEEAIETR (BEH W-graph) # BTV 5 DT, MeatAxe TONM ARG &
LT ®.-modular 3875 %185 Z LR S (cf. [8])

HE LSBT HEEETIIEAL 00, e h RE(EZVOTEGCOBRIIPEL FT.

5 BIEHIR

2004 % 5 A CHEVIE-beta (= Howlett-Yin #5 2003 £ 11 A2t Lok H 5 H#(Er) D W-
graph 7— ¥ M h T/, HEoORBOBRFE [12], [13] bEHHEBICE> TIZv 32,
W-graph #— % 2R 2 L V) BBV TIEEL L) OB ICBOHHTHITHRS L5 T, Eg
D W-graph D—83 2 bR L T3,
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LA L, 5D %iETid Kazhdan-Lusztig SR 2 B H T L BIECVH, K4 287
Kazhdan-Lusztig ZIHAE THHB TV 202 IETHTH 2.

EbdHh, W-graph LT AL L TIBEL B, D HIOEREIZOVTOAR IS NI FI
BIEAS,

St OMB L LT, block algebra D&% # L (B35 12k 1, Hecke BRER M local
representation theory ¥# 2 TA& L\,
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Commutativity of Hecke algebras associated with p-nilpotent
groups and their Sylow p-subgroups

& (IBMKRFEEE)
kE HE (BMRERERLERARH)

1 FEX

BROHALZIBRE L>Tw 3~y YROTBEOBEIZAS N TV, 22T, BHFEKK
C Lo~y Rt % BiaiEE O multiplicity-free k% EET3HWIC L N E X2, BREGC
LEDWMABHICH LT, Cy ZEHL H-IBE, (Cy)° 2 Z0FEMBLLALE, ~v TR
Endc[c;]((CH)G) ‘i#“ﬁﬁﬁ?#) ZEBHENT VDS, koT~y ri Endc[c;l((CH)G) HAjiRC
HBYL (Cx)C IR T 2 BIRIEER (14)C 2% multiplicity-free THBZ T LAEATH S, 2T
2, FR# G MEHEBROBEOBREED multiplicity-free B2 ZEL, LK G pRERE
T a— p-W58E H DR p TH BB 40BN (14)C 5 multiplicity-free 1272 3 G DG
ERET 3.

2 TEBEH(E
CCTIRGREMBELL, A28 TRTHEEECTHE LTS,

TR 2.1 BCOHIBH LT, 1y TEBEZ HAHEELRL, (15)° Tly O G ~OFELIE
BeRT. Zo(1y)C zEBRERLE).

EH 2.2 G-HEH multiplicity-free TH 2 L i, ZDBELENY G-IEE~L 2B L L EDBE
RIERNTRTREBILTHS,

BEBEETR~y Y BIRERBBUCZ 30T, ~y ¥R Endg)((Cx)C) THBIc kB L L
BHIEEE (15)C 4¢ multiplicity-free 1246 5 Z L MEITHB, ZITIIG=NxH t%>2Twn3
BELEFETS, G=NxHDLE~y YR Endc((Cx)°) BBERC(V] LARICE>TWV3
DT, HDN ~DEARFKEEHATH B LTS, NP7~ ABOLE~y FTRETBRIZZ->Tw
% ([7), #Hilficd) DTNRBE7—<ABETHE LT3,

3 G=NxHD&EE
N OBIBEE H ORFBECHL T, (14)° D multiplicity-free i L TROHMEI B SN 3,

#HB3.1GCG=NxHLT3.

(1) K% H-AEL NOERSSIHLTS, X =KH, Y = (N/K)HLTR, DL
(14)C¢ b multiplicity-free % & & (15)¥ & (14)Y & multiplicity-free TH 3.

(2 T2HOBWMYBELT B, ZOLE (17)NT DS multiplicity-free %2 543 (14)C b multiplicity-
free TH 3,
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N DRLEICORENTVS & 21, (14)C @ multiplicity-free HiCBIL TROFEIB SN 5.

i 3.2 C* HOEHICERT 27—V BLEL, G=(C*+N)xHET3, DLI NMH-
TEC (1y)VH 5 multiplicity-free 2 51 (14)C b multiplicity-free TH 3.

4 G=NxH, HOBF—RILBDLE

HB7P—=_UBOL 2, ROMEIBoNnS, ZOHMIE 5 (14)€ @ multiplicity-free ¥
#HZ TV EClETeHY, 4, EERMEI SN L ZIC (14)C 5 multiplicity-free TH 3
DEBRBICHET 2029HEICT 5.

W 4.1 G=NxH, HN7—_APETH2LT2, OLERIEMTH3,
(1) (1y)€ & multiplicity-free T® 3,
(2) TRTOFZ G-IBE x IR LT, xly 2 multiplicity-free TH 3.
(3) TRTOEH L HASEB A cH L T, (M) 12 multiplicity-free T$H 3,

B, TOLE, TRTOBRHVLGEHR Y ICHLT, x(1) < (H|TH3,

5 G=NxH, |H=pD&E

|Hl=pD ¥t &, B#Vz G-BEUL, B N-FED G ~DIRHFGHERE LTRONS, 2
OFPHL TROMMMB SN S,

FHi 5.1 G=NxH, |H=pt¥T3. ZDLE (14)C »S multiplicity-free % 5 IXTRTD 1 K
TR BHL N85 G ~IRAETH 3,

ZOHIED SRD & 9 I degree set 1T 2 FEHFBB NS,

R52G=NxH |[H =p&tlN=%EE7—NBLTE. (1y4)° »° multiplicity-free D &
%, cdGCcdNU{p} 2, TRID AN DT pUTFTHZ, XIS (N [H) =1%61
cdG=cdNU{p} », $XTDcdNDTTizp L HHAEL,

ZDFRYPS |H| =20t 20RMALFREMH NS,

}53G=NxH, |H=2T(N.2)=1DLE, (14)C » multiplicity-free THBZ L E N
M7 —_ABETHEZ LIEAHETH S,

6 G=NxH, |H=p (|[N,p)=1D&E

UTT’, (INL,p)=1,F3. T4bbCidpREBETLU— p 8O H $HEp OXE
BTHBET S, _
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M 6.1 1. M. Isaacs 338X [6] o BT, G = NxH THIEAHIL NISfERIL, (IN|,|H|]) =1
T3 ZIDLE HOEATTRTD 1 RTHRVERN S N-{ERLEET I U0IEN I 2ER
THAIPEZRL TS, Lo THiMES.1 £ D (14)C A5 multiplicity-free D & % N i3 X X B8,
ECICGRTRETH B,

¥, FREDOEM L Glauberman HIGEENT 3.

EE 6.2 (FEOER, [5]) G2 Ln ROBIBHBLL, p2n+1 2RHETE, GOYu—
pEABRVESBAIRTLVES, p=n+1ELh nid2<¥TH3,

EE 6.3 (Glauberman 3ib, [5]) G=NxH THMWUET(IN|,|H)=1,T3. DLE,
SFedree b
7(N,H) : Irrg(N) — Irr(Cn (H))

B—BMICEES, ZIC Img(N)id{xclr(N)|[x*=x, VYhe H} TH53,
£, FEROBHEAVIIICLD N O degree set DRGNP oS,

#f 6.4 G=NxH, |H=p (IN,p)=1,7F3, ZDL & (14)C » multiplicity-free % & i
cdN={1,p-1}THY, p-1R2RETH3, tilpR7N"—HETH3,

ZDOHIE L Glauberman HRGE2AWT N OME2RET2HMTE S,

BE6.5G=NxH, |H=p, (IN,p)=1,7F3. ZDLE(14)° 2 multiplicity-free % & i
Cn(H) = Z(N) = Z(G) T N/Z(N) 3t (p - 1) D7 —<1L 2-BETH 5.

hohs, pREFHRTIO— p-RoH H OEL p D E ZD multiplicity-free 272 5 BED
WEERETIDIENTES,

R 6.6 BGHpREHRKET, 20 u0—pHoBHBEEpOKEBIBTHE LTS, Tihd
L5GC=NxHT|Hl =pH»2(N|,p)=1. SDLERD2ODFKMAZEMIE 3,

(1) (14)C (2 multiplicity-free TH 3,

(2) pR7zA=—FETHH, N i3 semi-extraspecial 2-BE M T |M/Z(M)| = (p-1)2 t %
BHDET—RABC LOROLRICR D, H i M/Z(M)ISEERRSERL, Do Z(M) EC
IIEBCEAT B,

2 ZUZTT #7: semi-extraspecial p-BFEIZRD LI L HDTH 3,

E® 6.7 G Htsemi-extraspecial p-BF L 13, EBD Z(G) DEATTH K ICNL T, G/K Hex-
traspecial p-BEIC R 2D Z ETH B ([1)).

ZE 6.8 LOEA®D (2) 6 (1) DAL, (3] DEBE 171318V T, N % extraspecial p-BE &
L. H2E8H|N| EEwiz#2 N OHCRENOKERIEL TS, COEEG=NxHL
Lt 2OBMEREREL T2 th6bh 3,

p=3,p=5DLEDFEHNT S,
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$16.9 G=NxHT|H|=3»2(N,3)=1. TOLE, EH6.6&NH M ILIE 8D extraspecial
2.UTHN, 209 LEEIDEEALEANBFET DR QDA TH S, L>TG =(CxQs)xH,
Cit HOHHEICERT 2 7—~<AREE 23, #iZ, DR multiplicity-free TH 2 & & ISR

#£ (4, Bl79) tHEB41 ohH 3,
SEBETI2 semi-extraspecial 2-B8 TdH 2 W2 T L 2255, FKBRC semi-extraspecial 2-B¥ T multiplicity-
free Ic2 BF 2T 5,

#l 6.10
M = (g1,92,93,94):
914 = 924 = 1.912 = 942.922 = 932|91'19291 = 92912,
917 9391 = 93922, 917 9401 = 9491%92%, 927" 9392 = 93912927,
927 ' 9492 = 94915, 9379493 = %4

LT 3L, Z(M)= (g2 g2%) TZ(M) DEREIB (6:%), (927) (@1%g2%) AL T
M/{g:®) = M/{g2%) = M/{g1%92%) = Qs * Ds

YizoTw3, k2T M iX semi-extraspecial 2-BCH3, H=(oc|oe®=1) ¢t L, G=MxH
EROLICERT S :

c7'g10 = 9193, 07920 = 91929394,
0-lg3c = g2, 07 'gs0 = 19204

IDLEGRISHED I RTLLENZEREREENS D degree 3T RTA4THB., ThbHd)
H ECOEROHEIBRDE2DI 4 TTH 5,

1 ¢ o2 o3 of
4 -1 -1 -1 -1
4 -¢ ¢ ¢ ¢
4 -¢¢ ¢ ¢ -¢
4 -¢¢ ¢ -¢ -¢
4 -¢t ¢ ¢ <

Cid 1 DA 5 EiR, Wi 4.1 X b (14)C * multiplicity-free TH B Z L 23H» 5,
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