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Tridiagonal pairs of
g-Racah type Overview

This talk concerns the tridiagonal pairs of lin-
ear transformations.

These pairs come in a8 number of types de-
pending on the form of the elgenvalues.

Tatsuro Ito

Kanazawa University
The most general type Is called g¢-Racah.

We classify up to isomorphism the tridlagonal
pairs of g-Racah type.

Paul Terwilliger
Our proof uses the representation theory of the

University of Wisconsin quantum affine algebra U.,(Elz).

JSPS fellow 07/08

Definition of a Tridiagonal pair

We say the pair A, A* is a TD pair on V when-
ever (1)-(4) hold below.

Tridiagonal pairs 1. Each of A, A* is diagonalizable on V.

We now define 2 tridiagonal pair. 2. There exists an ordering {V;}¢-, of the
elgenspaces of A such that

AV, C Vi1 +Vi+ Vi (0<igd),
where V—l =0, Vd+l = Q.

Throughout this talk F denotes a field with
algebralc closure F.

Let V denote a vector space over F with finite

positive dimension 3. There exists an ordering {V;"}{_, of the

eigenspaces of A® such that
We consider a pair of linear transformations AV CVLi+V + Vi:l-l (0<igé),
A:V=oVand A*:V = V. where V2; =0, Vi, =0.

4. There is no subspace W C V such that
AW C W and A*W C W and W # 0 and
W% V.



The diameter
Referring to our definition of a TD pair,

It turns out d = §; we call this common value
the diameter of the pair.

An open problem for
TD pairs

It is an open problem to classify the TD pairs
up to isomorphism.

In this talk we consider a special case.

We will define a famlly of TD pairs sald to be
g-Racah.

In our main result we classify up to Isomor-
phism the ¢g-Racah TD pairs.

Standard orderings
Referring to our definition of a TD pair,
An ordering of the eigenspaces of A (resp. A*)
is called standard whenever It satisfies condi-

tion 2 (resp. 3).

Let {V;}{, denote a standard ordering of the
eigenspaces of A.

Then the ordering {V;_;}L, is also standard
and no further ordering Is standard.

A simllar result holds for the elgenspaces of A*.

The tridiagonat relations

To motivate our results we now review some
basic facts about TD pailrs.

First of all, any TD palr satisfies two poly-
nomial equations called the tridiagonal rela-
tions,

These relations are described on the next slide.



The tridiagonal relations
Proposition [Ito+Tanabe+T, 2001] Let A, A*

denote a TD pair over F. Then there exist
scalars 8,4,7", 0, 0° In F such that

A3A* — (B+1)A2A' A+ (B+ 1)AA* A% - A°A3
=  4(A24" - A*A?) + p(AA° — A*A),

ABA—-(B+1)A"2AA" + (B +1)A"AA2 — AA™3
= *(A"24- AA"2) 4 0°(A°A — AA%).

These eqguations are called the tridiagonal re-
lations.

The Dolan-Grady relations

In the special case where

=2, 1=7"=0,

the tridiagonal relations become the Dolan-
Grady relations

(A, [A,[A, A°])]

elA, A%),

{A%.14%, A%, 4]])

o°[A°, AL

Here [r,s} = rs — sr.

11

The g¢-Serre relations
In the special case where

BFx2, y=19"=0, g=¢"=0

the tridiagonal relations become the cubic ¢-
Serre relations

A3A® - [3]4A24°A 4 [3]444°A2 - A°A? = 0,
A03A - [3]qA.2AA‘ + [3]qA‘AA.2 - AA03 = 0.

Here 8 = q2 + q"2 and

n_ =n
[n]q=% n=0,1,2,...

10

The shape of a TD pair

For a TD pair 4, A* let {V;}¢_, (resp. {V;"}4-)
denote a standard ordering of the eigenspaces
of A (resp. A®).

It turns out that for 0 < i < d the spaces V;,
V;* have the same dimension; we denote this
common dimension by p;.

It Is known that the sequence {p;}{g IS sym-
metric and unimodal; that is p; = pg_; for
0<i<dand p_1<p;for1<i<d/2

We call the sequence {p;}2_, the shape of
A A"

12



Sharp TD pairs

A TD pair Is called sharp whenever pg = 1,
where {p;}¢_, Is the shape of the pair.

Proposition [Ito, Nomura, T 2008] A TD pair
over an algebraically closed field Is sharp.

13

Leonard pairs and
orthogonal polynomials

The classification gives a bijection between the
Leonard pairs and a family of orthogonal poly-
nomials consisting of the following types:

g-Racah,

g-Hahn,

dual g-Hahn,
g-Krawtchouk,

dual ¢g-Krawtchouk,
quantum g-Krawtchouk,
affine g-Krawtchouk,
Racah,

Hahn,

dual-Hahn,
Krawtchouk,
Bannai/Ito,

orphans (char(F) = 2 only).

This family coincides with the terminating branch

of the Askey scheme of orthogonal polynomi-
als.
15

Leonard pairs

The TD pairs of shape (1,1,...,1) are called
Leonard pairs.

The Leonard pairs are classified up to isomor-
phism [T 2000].

14

The eigenvalues

For a TD pair 4, A* let {V;}&_, (resp. {V;"}¢o)
denote a standard ordering of the eigenspaces
of A (resp. A*).

For 0 < i < d let 0; (resp. 6}) denote the
eigenvalue of A (resp. A®) associated with V;
(resp. V*).

It Is known that
62— 0i41

P10

8i—2 — 8i41
Bi1-0; '

are equal and independent of i for2 < i <d-1.

16



Solving the recurrence

For this recurrence the "most general" solution
is:

0 =a+bg?"?+cg?% (0gi<a), ()
i =a"+b ¢+’ (0<iga), (2)
%09, b¢a", b c"eF, 3)
q#0, ¢?#1, ?# -1, bec”#£0. (4)

The TD pair A, A* Is said to have g-Racah
type whenever the above conditions hoid.

The Leonard pairs of g-Racah type correspond
to the g-Racah polynomials.

17

TD systems

A TD system [s essentially a TD palr, to-
gether with fixed standard orderings of their
elgenspaces.

For notational purposes we take a more formal
approach.

Let A, A* denote a TD palr.
An ordering of the primitive idempotents of A
{resp. A*) is called standard whenever the

corresponding ordering of the elgenspaces of
A (resp. A*®) is standard.

19

TD pairs of ¢g-Racah type
In our main result we classify up to isomor-
phism the TD pairs over an algebraically closed
field that have ¢g-Racah type.

We will state the main resulit shortly.

In order t0 do this concisely we first recall TD
systems and the parameter array.

18

TD systems

By a TD system on V we mean a sequence
® = (A {E:}o: A"H{E] Yi=0)
that satisfies the following:

1. A,A*iIsa TD pairon V.

2. {E;}g'=o is a standard ordering of the prim-
itive idempotents of A.

3. {E7}Y_, is a standard ordering of the prim-
itive idempotents of A°.



Some parameters
It is known that a given TD system is deter-
mined up to Isomorphism by three pieces of
data:
the eigenvalue sequence,
the dual elgenvalue sequence,
the split sequence.

We now define these three sequences.

21

The split sequence

For 0 € i < d define

Ui=(E§V +: -+ EJVIN(EV + -+ EgV).

It is known that

d
Y Ui (direct sum)

V =
i=0
A-6NU; € Uy, (0£i<d),
(A*=6/U; € Uiy (0<i<d),

where U_1 =0, Ugyy = 0.

23

The eigenvalue sequence and
dual eigenvalue sequence

For the time being fix a TD system
@ = (A {Ei)do A" (E7)g) on V.

For 0 < i < d let 6; (resp. 6;) denote the
eigenvalue of A (resp. A*) assoclated with the
eigenspace E;V (resp. E?V).

We call {6;}4_, (resp. {8;},) the eigenvalue

sequence (resp. dual eigenvalue sequence)
of ®.

2

The split sequence, cont.

Observe that for 0<i <d,

(A=0;_11)-+- (A~ 611)(A - 0)Vp
(A* =81 - (A° = 0;_1 D)(A® - 8} DU;

U;,
Uo.

N N

Therefore Uy Is invariant under
(A* -1 (A" =6{I)(A-6;_11)--- (A= 8pD).
Let {; denote the corresponding eigenvalue.

We call the sequence {¢;}{-., the split sequence
of @,

24



The parameter array

Proposition [Ito, Nomura, T 2008] Up to Iso-
morphism the tridlagonal system ¢ is deter-
mined by the data

({60: Yoo 167 Yoi (i} i0)- (5)

We call the sequence (5) the parameter array
of &,

25

The classification
Definition Let d denote a nonnegative integer
and let ({6;}¢-q; {6]}{q) denote a sequence of

scalars taken from F. We call this sequence g~
Racah whenever:

(1) 6; %65 6; #6; i« j (0<i,j<d).

(il) There exist scalars q,a,b,c,a*,b*,c* that sat-
isfy (1)-(4).

a7

Some notation
Let X denote an indeterminate.

For later use we define some polynomlals in
FlA).

For0<i<d,
(A —8g)(A~81) - (A= 8i_1),

Ti

% = (A=0)A=8g-1) - (A= bg-i+1)
o= (A-6)(A-06])---(A-0]_y),
o= (A=A —83_1) - (A= 81_;41)-

Note that each of 7;, 5;. 77, ff is monic with
degree i.

The classification
We now state our main result.

Theorem [Ito+T, 08] Assume the field F Is
algebraically ctosed and let d denote a nonneg-
ative Integer. Let ({6;}%_q:{6]}¢=o) denote a
g-Racah sequence of scalars in F and let {¢;}¢-q
denote any sequence of scalars (n F. Then the
following are equivalent:

(1) There exists a TD system & over F that

has parameter array ({8;}9_q: {6} }¢=0: {¢i}¢=0):

() ¢g=1.¢#0. and

d
# 3 1a-i(00)n3-(9):-

Suppose (i), (ii) hoid. Then @ Is unique up to
Isomorphism of TD systems.
28



The classification
in context

Shortly we will outline a proof of our main the-
orem.

But first we discuss the significance of the
main thecrem with respect to a certain con-
Jecture called the classification conjecture.

The classification conjecture gives the classi-
fication of all TO pairs over an algebraically
closed field.

This conjecture Is stated on the next slide.

The classification conjecture, cont.

The “only If"" direction of the classification
conjecture Is proved [Ito, Nomura, T 08].

The last assertlon of the classification conjec-
ture follows from our earlier remarks.

The “if" direction of the classification conjec-
ture was checked by computer for d < 5 [No-
mura<+T, 08].

Our main theorem establishes the “if" direc-

tion of the classification conjecture for the case
in which ({8;}¢-q: {8/}&o) has ¢-Racah type.

E}

The classification conjecture

Conjecture [Ito+T, 07] Assume F is algebraically
closedand let  ({6;}¢_q: {9°}._o- {G}o) (6)
denote a sequence of scalars in F. Then there
exists a TD system & over F with parameter
array (6) if and only if:

() 6; #6;, 6, #6; Wi¥j(0<i,j<d)

) ¢o=1, ¢g# 0, and

d
0 _‘;)nd—i(ao)n,}_.-(oc'))&:

-0;
() The expressions —'5’—0'51'—’- —',,1’——5‘:— are

equal and independent of i for 2 < i < d-1.

Suppose (i)—(iii) hold. Then @ is unique up to
isomorphism of TO systems.
30

The main theorem:
proof outline

In our proof of the main theorem the essential
part Is to demonstrate that (ii) implies (i).

Assuming F is algebraically closed, we now fix a
g-Racah sequence ({¢; },_0. {0'},_0) of scalars
In F, and a sequence {(;}¢_,, of scalars In F that
satisfy condition (ii) of the main theorem.

Our goal Is to display a TD system over F that
has parameter array ({6;}%_q; {8} }¢=0: {¢Gi}e=0)-

To this end we fix g¢,a,b,c,a*,b*,c* that satisfy
(1)-(4).

32



Proof outline, cont.

Assoclated with ¢ Is the quantum affine algebra
Uq(sl2) over F.

In a nutshell, our proof strategy is:

e Using a,b,c,a",b*,c* we choose a pair of ele-
ments A, A* € Uy(sl2).

e Using {¢;}¢_, we pick an appropriate Uy(slz)-
module V.

e Using the actions of A,A® on V we obtain
the required TD system.

The U,(slz)-module V(a)

In the literature on Uy(sl,) there are some finite-

dimensional irreducible Uq(Elz)-modules Va(a),
where 0 #= a € F and n Is 3 positive integer.

These modules are called evaluation modules.

The scalar o Is the evaluation parameter and
n+ 1 is the dimension.

Wwe will make use of Vj(a); for notational con-

venience we denote this module by V(a).

V(a) Is defined as follows.

The algebra U,(sl,)

Definition Uy(sl,) is the associative F-algebra
with 1, defined by generators e, Ki?,
i € {0,1} and the following relations:

KiK' = K7'Ki=1,
KoK1 = KiKo,
K;cihK,-'1 = qize'-*,
Kief K7t = qF2%f, i},
N o |
e ef) = B8
q—q
[eg.e'i_'] = 0,

(e5)%eF - [3lo(e})2eFed + [Blgefef (ef)? - eF(ef)?
=0, i¥j

The Uy(sly)-module V()

For all 0 # a € F the Uy(slz)-module V(a)
has a basis z,y on which the generators act as
follows:

Kiz = gz, Ky = ¢7%n,
ez =y ety = 0,
ei"z = 0, ei"y =z,
Koz = q7'2, Koy = qv,
egz = 0, ey = ga” 'z,
eg'z = q'lay, eg'y = 0



Tensor products of U,(sl)-modules
Let V,W denote Uy(slo)-modules.

Then the tensor product V@W has the follow-
Ing Uq(sl2)-module structure:

ForveV, forwe W and for i € {0,1},

ef(vow) = efveKw+veetw,
e (vew) = e}'v@w-}-K,-_lu@ei_w,
Ki(vew) = Kjv® Kjw.
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Standard Uy (sl>)-modules:
a basis

Let V denote a standard Uy(slz)-module with
diameter d.

Observe that V has a basls

vie{zr,y} (1<igd).

For notational convenience we abbreviate this
basls as follows.

N - By

For all subsets s C {1,2,...,d} define

B =1 2® By,
wherey,=z figsandvyy=ylfies(1<i<

d).
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Standard U,(sl)-modules
By a standard Ug(slz)-module of diameter d
we mean

V(a1) @ V(a2) ®---® V(ay),
where0# o; €F for 1 <i<d.

Standard U,(slp)-modules:
the weight spaces
For 0 < i < d define
Ui = Span{us | s C {1,2,...,d},
Then

|s| = i}.

(direct sum),

and
. d .
dimU)=() (0<i<a).
Moreover
(Ko - ¢*~9NU; =0,
for0<i<d.

(K1-q¢+2nU; =0

We call {U;}{, the weight spaces of V.
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Standard Uy(sl,)-modules:
the weight spaces

It turns out that for 0<i <d,

e Ui C Uiy, e Ui € Uiga,
egU; € U1, efU; Uiy,
where U_; =0 and Uyyy = 0.
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The elements R, L € Uy(sl2)

We define
R = ueg'+ve1'l(1.
L = u'ei" + v°eg Ko,
where u,v,u’,v* are any scalars In F such that
w® = —bb‘q'l(q—q'1)2.
vu® = _cc-q—l(q_q—l)'{
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Choosing a standard
Uy(sl2)-module

Shortly we will use {¢;}¢_, to choose a stan-
dard Ug(slz)-module with some good evalua-

tion parameters {a;}%.,.

To this end we define two elements R,L €
Uq(slz).
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The elements R, L € Uy(sly)
By construction, for 0 £ i £ d we have
RU; € Uiq1, LU; € Uiy
Therefore Ug Is invariant under L'RE.
We are Interested in the associated eigenvalue,

and we now come to a key step in the argu-
ment.



The elements R, L € Uy(sl2)

Proposition There exists a standard Ug(slp)-
module V = @4, V(a;) such that for0 < j < d,

¢; Is the eigenvalue of LR/ on Up.

The proposition Is proved using a polynomial

called the (nonstandard) Drinfei’d polynomial.

From now on we work with the above module
V.

as

The A, A* are diagonalizable on V

By construction

(A-6,1)U; € Uy,
(A*-6;1)U; C Uy
for 0<i<d.

This Implies that A (resp. A*) Is diagonalizable
on V with eigenvalues {6;}¢_q (resp. {6]}%_o)-

ar

The elements A, A* € Uy(slo)

We define
A = al +bKg+cKy+ R,
A' = a"'1+b0°Ko+c"Ky+ L.
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The projections E;, E¥

For 0 £ i < d define the elements
E;, E7 € Uy(slp) as follows:

A-6;1 . At -0
E;= 9. —0;' El'= H 0* —0*
0gj<d ¢t UF 0gj<d i T J

EE J#

Observe that E; (resp. E?) acts on V as the
primitive Idempotent of A (resp. A*) associ-
ated with the eigenvalue &; (resp. 67).



The A, A* satisfy the
tridiagonal relations

By the defining relations for Ug(sly) the ele-
ments A, A* satlsfy a pair of tridiagonal rela-

tions.

This ylelds

E,A'E;=0, EJAE;=0
if [i-jl>1, (0<i,j<ad).
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The issue of irreducibility
Its not quite true that A,A* act on V as a
TO pair, because the Irreducibility axiom might
fail.

This aspect Is handled in the next few slides.

Sl

Some inequalities
Recall that {; # 0 and

d
0% 3 na-i00)n3-i ()i

i=0

These inequalities yield

ESE4ES # O, EjEoEg # 0.

The subalgebra T

Let T denote the subalgebra of U.,(Elz) gener-
ated by A, A",

Let TEGV denote the T-submodule of V gen-
erated by EqV = Up.

We show that TEJV contains a unique maxli-
mal proper T-submodule; denote this by M and
consider the quotient T-module L = TEgV/M.

By construction the T-module L is irreducible.
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The subalgebra T, cont.

By the above results the elements
(A {E;}d_g: A" (E7}d=() acton Lasa TD sys-
tem which we denote by &.

By construction ¢ has eigenvalue sequence
{9:}3=( and dual eigenvalue sequence {6}’ .

It follows from the cholce of V' that & has split
sequence {¢;}3_o.
Therefore & has parameter array

({6:}ea0: {67 Y imo: {Gi}om0)
and we have accomplished our goal.
THE END
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The Bannai-Ito Conjecture :

Let I = (V(I), E(I')) be a connected undirected regular graph (with

For fixed k = 2, there are finitely many distance-regular graphs with valeney & : valency k)

e

o Distance d(x,y)

o Diameter D = D(I') := max{d(x, y) | x,y € V([)}
e For a vertex x € V(I),

Fi(x):= {y € V(N}| d{x,y) = i}
@ Note that V(I') = {x}Uly(x)U---Ulp(x)

Sejeong Bang! J.H. Koolen2 V. Moulton?
IDepariment of Mathematics
Pusan National University

2Department of Mathematics
POSTECH

IDepartment of Computer Science
University of East Anglia

S-jeony ting, TR Meulon W Lioulion ()
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@ Distance-Regular Graphs (DRG) x4 x

. x2 Tixy) Ta(x) sz
© The Bannai-lto Conjecture

© Proof of the Bannai-lto Conjecture

{enand)=(102) (o.o.b) = (20.0)
(caaxdn) = (20)

Seydmr haag JTE Rotha Vo Ledion ]
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Distance-Regular Graphs (DRG)

A connected graph I with diameter D is distance-regular if
for each i =0,1,...,D, 3 ¢;, 3, b > 0 such that if d(x,y) =i then

¢ =Fia(x)NNily)l, & =IF(x}NFiy)l and b =|Fisa(x)NNly)| -

Ci(x) Trfx) Cx) Tlx) Io(x)
X
|er.qar,du) : intersection smunbers
{(Cy. By.by) (Cp BRDY (cy aty) (Co .0

Sepmrnz Hang I Hedlen ¥ Licdion ()

Examples

e Five Platonic Solids
o Hamming Graphs
e Johnson Graphs

® Grassmann Graphs
...

Scjronz iSang, J H Kaoden, V. Lisition ()

Parameters

Let I be a DRG.

© k:= by (valency of I')

@ +a+b=k (0<i<D)

Qs (1£i<D-1)

O bi>by, (0<i<D-2)

Qi >max{ay+1-b;,aa+1-¢} (1<i<D-1)

Fi(x) Cerix) Tax) Tonta) I'ole)

.| €=
| | €50

x

[tr.v.) - intersectnn ananbesd

e gy,
(Cp oyl (cp by [T S Iy aby) (o 20

Sepeng Bing, 110 Headea V' Lioution (]

€D Distance-Regular Graphs (DRG)

© The Bannai-lto Conjecture

@ Proof of the Bannai-Ito Conjecture

Scjeemz 114ng, )11 Kwsten, ¥ Nloakian ()




v Any DRG is a regular graph with valency k.

| For an integer k:2.2.:are there.only finitely many DRG with valency k 7

e Existence
Hamming Graph H(D,q) (D,q 2 2)
{diameter= D, valency= D(q—1) )

o Finiteness
Show that V]| < f(k) for a function f.
=> Show that #{(cy, 21, b1)) < g(k) for a function g.

Sy, Bong b H roglen W Mavies ()

(civan by) € {(1.0,1),(1,1,0),(2,0,0)}

<1<

a.an = aan 0L Q.00 e (LAD (200

There are infinitely many DRGs with valency &k = 2.

Srjrony, Jhag. JH Heoln, Y floulon (}

The Bannai-lto Conjecture (1984}
| For given integer k23,
‘there are only finitely many DRGs with given valency k.

Stpeng Brag bH Koxen, V. Manton ()

Diameter Bounds {Regular Graphs)

It is clear that for fixed v < 0o, there are only finitely many graphs with at
most v-vertices.

Let I be a connected regular graph with valency k and diameter D

= V(M) <14 k+k(k—1)+ k{k —1)>+--- + k(k — 1)°0-!

Twxry Fax ) Fogr

- Jsket
sl =k skk-1) skk-D" Skk-D™

We want to find a function F satisfying D < F(k).

acprng Bung, 1 HKoolen, ¥V Mowlien {}



Diameter Bounds (DRG)

RS - EEE)
—l

o D=3 ¥c,aibi)+1
@ head h := {(c1, a1, &) and tail ¢ := €(by, a1, ¢1)
et<h

A.A.lvanov (1983)

D(F) = 3 blaran, b) +1 £ 440(1)

We want to find a function F satisfying h < F(k).

Gopeang Banz, JH Kogltn V Mol (1

Known Results

e k=3:13 DRGs and D < 8 (Biggs, Boshier and Shawe-Taylor 1983)
o k =4: 17 intersection arrays and D < 7 (Brouwer and Koolen 1999)
® k=5,6,7 : Koolen and Moulton (2002)

© k=8,9,10 and a; = 0 : Koolen and Moulton (2004)

Bannai-Ito (1986-1988)
| The conjectiiie is true if
o k=34
® bipartite:
@ af _=Id‘anJ,th$ ChranyC21.

Bang, Koolen and Moulton (2007, 20087) : The conjecture is true if
e D-h—-t<CforanyC2>1
e D-h-t<chforsomeec=¢c(k)>0
@ Regular Near Polygons

Segeanp Bang, b 1L Kook, V. Idetion {)

@ Distance-Regular Graphs (DRG)
@ The Bannai-lto Conjecture

© Proof of the Bannai-Ito Conjecture

Sejmonny Bang. ) Hedha Vo Ligulion ()

k =3 (Biggs et al. 1986)

(Ci, al'v bl) E {(1! 1,- 1)7 (1.0, 2)‘ (2v 0, 1)! (1! 2! 0)! (2) 1! 0)1 (3’ 090)}
Note: D=3 £(i)+1< 4*n,

D2 Ky, K33, Oy

D > 3: Only 10 DRGs
1. 3-abe

02 o) Qen
‘[ 1 -
.02 002 Qo

2. The Heawood Graph

3. The Poonus geoh 0e2 (1,82 (2D (300

$ ) S .
4. The Copeter Graph 042 (.82 (LY (210
. ) G
S, Tuite’s 8-cege

(a2 (L0 (.03 (300

Seprong, Bang. 1)1 Bowkn, ¥ toukion ()




|
o
&

|

6. The Dodecahedron o _I .1 L S
(a2 LD (L) (2an (aw

—-—

7. The Desargues graph
(La2 .02 an oy (a0

8. Jutte's 12-cage
(1.0.2) €1.0.2 (3000

9. The Blggs-Smith graph
(Lo a2 L) (L) @Gan

10. The Foster graph o
a2 (1.a2 2an(zan (aon

Sopeeg flamg T Maalin, VO Nlialiton ()

Sequences

Let x 2 3 and 0 £ A £ k — 2 be integers.
A sequence G = {(v;, i, /:‘Z,-)}f.’;1 is called a («. A)-graphical sequence if
Q vit+ai+fi=x (mainBi€No, fivi21)
9 (nmanB)=(LAk-2-1)
QO a;>2maxfA+1-6;, A+1—}
O v<¥is, BizBin Vi

Note : For DRG T, G = {(c;, ai, b;)}Pm'l : (k, a1)-graphical sequence.

i=1
Let £: {1,...,8} — Np be a function.
T(G, ) :(n, A)-tridiagonal sequence if each element (7,0, 8i) € G
consecutively appear exactly £(7) times.

Leth=nh(T):=¢1) and D = D(T):=1+ 35, &(}).

Srpong, Hang 1 Hoaben, V. Hladicn

Well-Placed Intervals

Let G = {(vi, @i, B;)} be a (x, A)-graphical sequence.
R; 1= a; + 2B Li=a; =2V
Remark : the sequence {:;}5_, is unimodal and R; > R, Vi.

i=1

e ~
d’/ \‘?\ I = [Zentns Tenax]
/S I, ‘ v well-placed interval if

07 ¢ (R.max;Ny);
O L, Ne¢gllralll<i<yg;
© T ¢ {£1,9) for some i.

i {

£0=210)
GaplJ)= z?(i}

Sepreny Hong

Christoffel Numbers

Let 7(G, £) be a (s, A)-tridiagonal sequence with
(7o, ap, Bp) = (¢, & — c,0) where D = D(T).

Define orthogonal polynomials {vi(x)}2, by
wix) = Lwn(x)=x,

xvi(x) Bi—1vi-1(x) + aivi(x) + Yipvirn(x) (1€ i< D = 1)
vp+1(x) (x — ap)vo(x) - Bp-1vo-1(x)

o ni:=vi{s) (0<i<D)
. u,-(x):=3‘;(‘:—'1 (0<i<D)
® M@):=Y7, ﬂﬁ?: = & (Vo (0)vo(0) ~ vp(B)vo4r(8)} = S0, min(8)

" The Christoffel Numbers of the Orthogonal Polynomials ”

Srpeay Bang, JH Kodan, V' loedion ()




Outline of the Proof (1) Outline of the Proof (111}

-

© For each / satisfying R; > Ry, I well-placed interval T C (2;,%-} in /7 Ri \\\
which we can approximate the Christoffel number for any eigenvalue 8 AN AR
of TinT: AR B
1 \GHD ﬁ B A \ _’J[ v/ s
G (—) «T) ((-) pi(0) ) L .~
[ \Ly, & 2(J0=-E0)
(7} Y < tbrdozen —
ant ) L=
< Z wiui(0) < Galow" YD ¢(T) H ((% ) m(ﬂ)’) GaplTN=Xe{})
- 4= > there exists i such that £(7) > (Tél) h (- D-h—-t>ch)
© This implies that two eigenvalues of T(G, €) in T that are algebraic > there exists a well-placed interval J; C (£i,R))
conjugate are very close if h is large and w is small enough. = oJ) = &) > (Tél) h
© If £(Z) > ch holds for a constant ¢ > 0 then there exist constants » Either h < G or Gap(J;) > G2 h hold for some C; = Ci(5,G)
G = Gi(x,¢,G,I} > 0 such that » If Gap(.J;) > Gz then there exists i’ such that €(i') > (ﬁ) b
either h < G or Gap(Z) > Goh . Note: Ry > R; and R; < Ny < -+ < max R;
By using induction, 3 H(x, G) > 0 satisfying h < H{x,G) ]

Srjeang Hang JH Kuslen ¥ Liouhion () Seprany Nong, JH Kochn, V. Niouiten (}

|
Y
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Bang, Kaolen and Moulton (2007)
Let k 23beglwn Then there exists e = e(k) > 0 such that the
Bannal-Ito conjecture is true for any DRG with valency k and D-h-t< ¢h.

Bang, Koolen and Moultan (2007)

Let k > 3.be given. Then there exists € = e(k) > 0 such that the :
.Bannai-Ito conjecture is true for any DRG with valency k and D-b-t< eh. |

Hence, suppose that 7(G, ¢) is a (s, A)-tridiagonal sequence satisfying
Hence, suppose that 7(G, £) is a (k, A)-tridiagonal sequence satisfying D-n—-t>c¢h
D-h-t>ech Gaol; Find a function H = H(x,§) > 0 such that h < H holds.

Gaol: Find a function H = H{x,G) > 0 such that h < H holds.
.. For fixed integer k > 2, there are only finitely many

distance-regular graphs with valency k.

e pted Uaar. J M Roddcn, V. Moution ()

Sapvers, Bans VB Kogen, ¥ biedion ()



Completely regular subgraphs in distance-regular graphs

PR (KBREFARE)  Akira HIRAKI ( Osaka Kyoiku University )

1. Definition.

Let I' = (VT, ET) be a connected graph with usual shortest path distance Or. Let d be the
diameter of I (i.e., the maximal distance of two vertices in I" ). Set

Tj(z) = {ye VT | or(zy) =37}
For z,y € VT with Or(z,y) =1, let
A(z,y) = T(z) N I'(y), B(z,y) = Tina(z) N Tay), Clz.y) = Ti—a(z) N Ta(y)-
Definition 1. Let ¢ be an integer with 0 <i < d.
(i) We say c;i(T')-exists if ¢;(T) = |C(z, y)| is a constant whenever dr(z,y) = i.
(il) We say a;(T)-ezists if a;(T") = |A(z,y)| is a constant whenever dr(z,y) = 1.

(ii1) We say b;(T)-exists if b;(T') = | B(z, y)| is a constant whenever dr(z,y) = 1.

A connected graph T of diameter d is said to be distance-regular if ¢;(T')-exists and b;(T")-exists
fori=0,...,d. Then I is a regular graph of valency k = k(T') = bp(T") and that e;(I')-exists with
2;(I) = k(") — ¢i(T") — b(T’) for i = 0....,d. The constants ¢;(T'),a;(T") and H(T') (i =0,...,d)
are called the intersection numbers of I

For more background information about distance-regular graphs we refer the reader to [1, 2, 3].

Definition 2. Let Y be a non-empty subset of vertices in I'. We identify Y with the induced
subgraph on it. Let z € VT. Define

r(2,Y) = or(Y,z) = min{dr(z,v)|veY}. (1)
Let
HY) =tr(Y) = max{or(Y,z) |z € VT} 2
which is called the covering radius of Y in I'. Set
TiY) = {z € VT | dr(Y,z) = i} (3)

fori=0,1,...,8(Y).

(i) A subgraph Y is called completely regular if for any integer i with 0 < i £ ¢(Y)
% = [Ti-1(Y) NT1(2)), @i = [T(Y) NT1(z)], Bi = [Fea(Y) N Ty ()] (4)

are constants whenever z € I';(Y).



(ii) A subgraph Y is called strongly closed if C(u,v) U A(u,v) CY for any u,v € Y.

(iii) Let m be an integer with 1 < m < d — 1. We say the condition (SC)m holds if for any pair
of vertices at distance m there exists a strongly closed subgraph of diameter m containing
them.

Let A be a strongly closed subgraph of I' with diameter m = d(A). For any vertices = and y in
A, a shortest path between 2 and y in I' is contained in the subgraph A. So the distance in A
coincides with the distance in I'. In particular, ¢;(A)-exists and e;(A)-exists with ¢;(A) = ¢ and
a;(A) = g; for i = 1,...,m. Moreover, if A is a regular graph of valency k(A), then b;(A)-exists
with b;(A) = k(A) —¢; —a; for i = 1,...,m, and thus A is distance-regular. However there exist
several examples of non-regular strongly closed subgraphs in a distance-regular graph ( see [5],

10}, [6] )-

e Suppose I' is either the doubled Grassmann graph, the doubled Odd graph, or the Odd
graph. The it satisfies the condition (SC); for j = 1,...,d — 1, where d = d(I'). Any
strongly closed subgraph of odd diameter 2m + 1 £ d — 1 is a doubled Grassmann graph,
or a doubled Odd graph But any strongly closed subgraph of even diameter 2m <d -1 is
non-regular distance-biregular graph.

e For any pair of vertices at distance 6 in the Foster graph there exists a 2-subdivision graph
of the Peterson graph ( the graph obtained from the Peterson graph by replacing each edge
by a path of length 2 ) containing them as a strongly closed subgraph.

e For any pair of vertices at distance 5 in the Biggs-Smith graph there exists a 3-subdivision
graph of the complete graph K, ( the graph obtained from the complete graph K, by
replacing each edge by a path of length 3 ) containing them as a strongly closed subgraph

The next results are direct consequences of [4, Theorem 1], (10, Theorem 1.1], [5, Proposition 4.5]
( see also [6, Corollary 7] ).

Proposition 3. Let I be a distance-reqular graph of diameter d > 3 and valency k > 3. Let m
be an integer with 1 < m < d — 1. Suppose the condition (SC);, holds. Then the following hold.

(i) The condition (SC); holds for all j with 1 < j < m.

(ii) Any strongly closed subgraph of diameter m satisfies the condition (SC); for all j with
1<j<m-1.

(iii) Let r = r(T') := max{i | (ci,a:,b) = (€1,a1,b1)}. Then one of the following holds.

(a) m<r.
(b) m=r+2¢ {5,8}, a1 =0 and (Cr41,8r+1,br41) = (Crs42,8r42,br42) = (1,1,k - 2).
(c) r=4,m=6,a1=--=a=0,¢c5 =c6 =2 and k € {3,57}.

(d) T is either the doubled Grassmann graph, the doubled Odd graph, or the Odd graph.
(e) bm—1 > b and any strongly closed subgraph of diameter m is distance-regular.



2. Examples and Results.

We are interested in a distance-regular graph ' which satisfies the following two conditions.

o The condition (SC); holds for any integer { with 1 <i<d-1.

» There exists a strongly closed subgraph A which is completely regular in T.
The following are examples of such distance-regular graphs.

o Suppose I' is a Hamming graph ( resp. a dual polar graph). Then T satisfies the condition
(§C) fori =1,...,d — 1, where d = d(T"). Any strongly closed subgraph of diameter i is
also a Hamming graph ( resp. a dual polar graph). Also any strongly closed subgraph of
diameter ¢ is completely regular of covering radius d — i in T.

o Suppose I' is a regular near 2d-gon with a; > 0 and ¢; > 1. Then T satisfies the condition
(SC); for i = 1,...,d — 1, where d = d(T"). Any strongly closed subgraph of diameter i is
also a regular near 2i-gon with a; > 0 and ¢2 > 1. Also any strongly closed subgraph of
diameter 1 is completely regular of covering radiusd —1in T.

o Suppose I' is a Hermitian forms graph of diameter d = d(I'). Then T satisfies the condition
(SC); for i =1,...,d — 1. Any strongly closed subgraph of diameter i is also a Hermitian
forms graph. Also any strongly closed subgraph of diameter d — 1 is completely regular of
covering radius 2 in I".

A proof of these facts are given in [6], [8] and [9]. Another examples are given in [9].

The following are main results in this talk { see [8] ).

Theorem 4. Let T be a distance-regular graph of diameter d > 4 anrd cz > 1. Suppose that for
any integer i with 1 < { < d — 1 and for any pair of vertices at distance i in T there erists ¢
strongly closed subgraph of diameter i containing them. If there exists a strongly closed subgraph
A of diameter j with 2 < j < d - 2 which is completely reqular in T, then

a=[t] w=[i]n g

hold fori =1,...,d — 1, where

i = i = i—1 cee
(][] = oo

denotes the Gaussian binomial coefficient with basis g := ca — 1. Moreover any strongly closed
subgraph A of diameter h with 4 < h < d — 1 is either a Hamming graph or a dual polar graph.
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Theorem 5. Let T be a distance-regular graph of diameter d > 4. Then the following conditions
are equivalent.

(i) T is either ¢ Hamming graph or a dual polar graph.

(ii) For any integer i with 1 < i < d— 1 and for any pair of vertices at distance i in ' there
exists a reqular strongly closed subgraph of diameter i containing them which is completely
regular of covering radius d — i.

(iii) For any integer i with 1 < i < d — 1 and for any pair of vertices at distance i in T there
erists a strongly closed subgraph of diameter i containing them. Moreover there ezists a
strongly closed subgraph of diameter j with 2 < j < d — 1 which is completely regular of
covering radius d — j in I'.

The case that A has diameter 2 had already studied and the similar result had been obtained by
H. Suzuki [11].
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Bipartite graph 5 518 5413 Gorenstein polytopes

Bt H
EIRRZHELBHFRER

1 FX

RN THFAUCH S BE A% lattice polytope LES. SCR*, te NEMLT,tS={tz|z € S},
Ls(t) = $(tSNZ") L#H<. Ehrhart[6] i3 d 2T lattice polytope {ZH LT Lp(t) BBIZ t IKDWTD IR
EHAUCEBI L ZRL. Lp(t) % P D Ehrhart BIRE V5. Ehrp(z) = 1+ X enLr(t)2t Z P D
Ehrhart 8L 5. P C R" % d R5T lattice polytope £33 &, Lp(t) 13 d REFIXTHEDOTPD
Ehrhart 8355 s <2 iTHL T

Ehrp(z) = (%:_:—i

LHEMBORBICHT B, s % P Ddegree, r =d+ 1 — s % codegree L §5. R FOBERE -5
FRLED. ROT LK LAMENTB: ho = 1, codegree r ik tP° HHEFRERORPD ¢ E—HL,
h, = l(rP°NZPY KD LD, TTT S C R ICHL T 8° T S D relative interior £ L TV*5. Ehrhart
EG R U Ehrhart #3013 5 BRI BE MR L U T Beck-Robins[3] 7% 5.

Ehrhart SIFR S REMEREF->TH D, Slkh MR E QS Ebrhart IROD Hilbert lEE LTH
ABTEHTES. Ehrhart BH Gorenstein THSEF, P A Gorenstein THB L ED. Ehrhart BRU
Gorenstein f£IZ DT [8], [11] £BHDT &. P H* Gorenstein TH 52U+ 3% MHE h-SAXNDFEE
PHHTHBT L, N5 by = by FMERD { ITOWTHD DT & TH B, THiZ Ehrhart SHXDEHE
TEIL, Lpo(r) = 1 D OAERD t > riCH LT Lp(t — ) = Lpo (1) R D IO L LEIATH S.

G=(V,E) 2BHBDLN—TEFEEVEBRATST LTS, TTTV RBEAANRS, ERIOMREERLT
W3 (BMIHS->TLTREFAROC LIZREDIID) . M C E ¥ matching TH B i3 M DERORZ
32000 HORVEEE S, L LEROTELSS M DB LICH B2 61E, M % perfect matching
LES. M % G D perfect mathcing £ 3. FhTND perfect matching M IZH LT, ZORHERY b
Vxy e REERDESICERTB: ec EICHLT

1: ifee M,
(xat)e =
0: otherwise.
8 1.1 (perfect matching polytope).
Pg := conv{xas | M {& G D perfect matching} C RE,

—fZ Pg i3 full-dimension T3/ <, P DRET-A LS & relative interior LOMFREEA TS
T LICHERY 5. Edmond DFEEEL D Perfect matching polytope @ hyperplane ZRb¥E> T 3:

= 1 (Edmond[3)). G = (V, E) ZAMMOTUNER 7= F5 7L T 5. TOB¥z = (z.)ece EREMN Pg
LizH B LB+ BRI RO SRENEDIDOC L THS:

1



(1) z. >0 (Ve € E),
(2) Lyeete=1(YvEYV),

CCTveellvNeDMATHILEXRLTED, SR SOHMSE, S, TcVIIHLTC(S,T) =
{(,v)€EE|uecS veT} ERLTWS.

& L¥5 7h bipartite 5 7 THNIER(F (3) ZEDERS T ENTEBTEIASNTNS. Wbz e Pg
TH BB I REGTEORE (1), (2) PRV IO LTHS. SICHLT C(S,5') D% bridge L1
5 T &IC T %. Perfect matching polytope & DU Tid Grotschel-Lovész-Schrijver[7] 28BN &.

Grid graph G(m,n) = (V, E) {3 XD &L S ILERE N B:

Vi={(i,j)|0Sism-1,0<j<n—1},
((i,j),(k,l))EE<=>|i—k|+|j—ll=1-

Torus graph Gr{m,n) & G(m,n) LEICTHAMEEE>T2ED T, G(m,n) I8 ((0,7),(m - 1,7)) (0 £
i€a-1)E((3,0),(En-1)(0<i<m-1) ZHIMAIT 57 TH3.

Beck-Haase-Sam[2] {3 Edmond DEFM%Z AV T Grid graph @ perfect matching polytope A% Goren-
stein ICRADEPSE L. $£7-—50D parameter {C39° S Torus graph @ perfect matching polytope A%
Gorenstein IC%2 3 C L ZTBAL =, P(m,n), Pr(m,n) TENEN G(m,n), Gr(m,n) O perfect matching
polytope 229" Bl Beck-Haase-Sam|[2] I&RET L 7=,

BE 2 (B-H-S[2]). mi& 1 MAM, O n BB THBLTS. TOBF Pr(m,n) i3 Gorenstein TH 3.
¥ 72 Beck-Haase-Sam i3 FDRTELHAL T 3.

8 1.1 (B-H-S[2])). mn M THB LTS, SO

(1) dmP(m,n) = (m - 1)(n - 1),

(2) n> 2 BB, dim Pr(2,n) =n +1,

(3) m>2 n>20 8564 MMTHBE, dim Pr(m,n)=mn+1,

(4) n > 1 BEBOR, dim Pr(2,n) =n,

(5) m > 2 BB, n =1 DB§, dim Pr(m,n) =1,

(6) m > 2 HEH, n > 1 HEHOMF, dim Pr(m,n) = mn.
PRI E 2 W TER 2 2Hli5EY 5. MBRERT.

EE 3. mn BMAMTHBILTS. TODBF Pr(m,n) » Gorenstein THZLB+0%MI1E m =1 UTME,
Do n BEE, & (m,n) = (2,3), (2,5) THBTLTHS.

R 2% 0 L —ROEROGHEOFRE LTHRLNTV .

B 4 (B-H-5[2]). G EMBUARESF /= k-regular bipartite graph £ 3. T DBF G D Perfect matching
polytope it Gorenstein THB.



FER 412X D Gorenstein polytope DIHREEZMKTE 5. B 3HTHAE graph HSHIBEThBHLL
polytope 28 AT 5. TD polytope i3 perfect matching polytope DA AR E->THY, Edmond DFE
HLREORBIRD DT L#RT. 12T D polytope ZAWTER 4 2HIEL, & 5ICHL D Gorenstein
polytope ZH} ¥ %. graph /5 Gorenstein polytope KT 5 FD i & LT Ohsugi-Hibi[10) 535 5.

2 Torus graphs & Perfect matching polytopes
T DT Beck-Haase-Sam @) Torus graph @ Gorenstein £ DRESIF DOilise %2175 .

#® 2.1. Grim,n)=(V,E) % Torus graph L L m,n >3 L35, CO, EBOScV (2<]5] <
VI -2) LT, 6ARILLD bridge BHFET 5.

[KEBA] S DHEERN, S DEZHLL T S. BARBWTR2TOENROHTHIBE, STV LD
2 A0 bridge BH D m > 3 THAHN SHEIND . XoTHEIAMFEL ETOMNCEREBEHZLLT
Kb, —BEEES LR EFDORR I AIATSHD (1,1) BATHH L LTIV, TTEZ ORI L
L& 20 bridge MEET . 2iliDcBEDIT 5. () 1 ITTRICEMEET 288, (1) 1{THICRMNE
ELEWES.

(1) TORE 1 ITACEDER L 2ED bridge FET . XTI TIC 4 FD bridge 25> T 5.
2< S| VI-2THa05, (1,1) LHOHCHSMEET S, TOEE (1,5) LT5. —RiEEES 2 ikl
P#£1EULTX. S LITRICEMFEELZD bridge i35 L 2E6MA 3. L-TiFEARETAT
HBLTH. 1{THORE (1,k) L33 kRIAIIIDEL LS 20D bridge BHFETS. K> TIDFRE
D b 6 FD bridge BMEET 3.

(IN & LENICMEMNFET B A6, BlIcP K L d 2 FLLED bridge B H 2D T, n >3 L
HIItES. o THAVMEEL TZORDLTORIIATHHL LT CORS1RHDOHHR (1,1)
BREICIFICBAIC B2 TV 3, ko TALBDOIIBENEE BT (1) OKEEBS. [EiEBRER]

[BR 3 O] P = Pr(m,n) &9 5. $9+51EERT. m =1 XM, D n BHBOBEEER 2
TITICRENTVS. Edmond DEENC X D z € tP° THE2HE 2RI

(1) z. >0 (Ve € E),
(2,) Zvea Te =t (Vv € V):
(3) Toecissy®e >t (¥SCV, 318 < |V -3 3aHHY),

LB (FRCHDES T (1), (2), (3) 2R T LTV ANEHET 32 LADH B30T OBES
&HHENER B).

(mn) = (2,3) £FB. Lpo(3) =0, Lpo{4) # 0 THBZ LERY. ¥/F 71 3—regular THBDT,
t=3IHLT (1), (2) BT RTARLTOTT 1 BRSHFHELIEV. § = {(0,0), (0,1), (0,2)}
EWMAL (3RO ILIB. KoTIP IKBTRETHELEV. 2 e REEZRI QXS CEDH L x € 4P°
THAHT LIIMIKICHETES.

&oT Lpe(4) # 0 THD, polytope P D codegree (£ 4 THHT LAWD. —AHGM 1.11c kD
dim Pr(2,3) = 3. &- T polytope Pr(2,3) @ degree i 0 TH Y, Pr(2,3) {3 unimodular simplex, ¥
{C Gorenstein 75 5.



1: (m,n)=(2,3) LD =z

(m,n) = (2,5) £F 3. ¥57i3 3—regular TH 5D T Edmond DEEDRH: (1), (2)) &b P°,2P° I
IS FEUSTEE L2V, all 1-vector 1 = (1,1,...,1) AS 3P ICAS. EBE1 (3 ¢ = 31U TR (1), (2)
BWEL, EREOLSICIR/RBSREZ S ELTHH>TE WIS LRERCHETES. o
T Lpo(3)£0 TH D, P®Dcodegree & 3 THB. LT Lps(t) = Lp(t — 3) ZXT.

1:RE S REF )=z +1LERTH. zelPLTBHL, 2N t=1T(1),(2), (3) Zi&lL, 1M
t=3IHLT (1Y), (2), () ZWIITTENS (z) IRt =1+3 T (1), (2), (3) EMELTWAS. &oT
I IPNZEDS (1+3)PPNZEDHHPEERS, BER T L EL(+3)PNZENSIPNZEAD
HHEER BT LERT. THUASRENNE Lpo(l +3) = (I + k)P NZF| = IPNZE| = Lp(l) H*8R5.

ze((+3)PETBL, y=1(2)=z—-1t=1E[LT®1), (2) ZMELTWS & LHBSKHL
T, )R UENWETRE, S ORCIRLENS > TRELZW, EHHELDER 2 S IL2TURY
DERUUTELTEY. &-T (3) ZililE RWHRIRED S IR U TEOERONMEIEREM2, 304D
TH3 (HAFEEEXTVD), CTTREVRI SORERLTHED, KWillid S O induced subgraph %
FLTWS.

2: (m,n) = (2,5)

\ / bs b by b b b
7

RE ] o]

ay

ﬂzI as

3: (m,n) =(2,5) LDy

203DDPEICER 32XDRME(1), QD5 I)IXtES. M3EEXD. zlkt=1+3ICHLT
(@) ZWMIELTWARDT, T oissnTe 2144, £2T

Y we= Y (@-121-1

€€C(S,5%) €c€C(S.S')



5 l/ Z:EC(S,S') Ye < l ’;6‘:‘ ZCEC(S.S') Ye = 215555 a; = l -1 8&6 _'ﬁy ‘:*‘1‘3‘6 (2) ; D

Sl= 3 pe= ) a+2 ) b=l-1 (mod2)
vES, vée 1<i<s 1<i<5
CNRFBTHD. Lo Tyl B) BRICHELTVS. ChE A (U+I)P NZENSIPNZE DU
MHEHEXTWATERZRLTVS.

DEHERTDICEOMBERT. EFm=2,n2> TRAFHETS. 1 3P IZABT LW (m,n) =
(2,5) DEF L FRRICIHIICIES, &> T codegree i3 3. £iz AIPNZE M5 (I +3)P°NZE \DUiGE S
ABTLLARTHS. HByg2P Toly) €SP RBLDMFET BT L BREIE Lp(2) < Lpo(5) MR
D, Gorenstein TRU'C EARENS.

BA4DKSIERI MV y ZEDS.

1 1 1 1 1 1
o| o 0 0 0o |o
11 1 1 1 1

Kl 4: (m,n)=(2,n),n 27Dy

COYyREDITORTOAE S LLTERBL (3) Xkl koTyg2P. LhL—FHz=
(y) =y+1€5P° THBTERTRT. bLSKHUT Toecissyte 2 L ETBE, 11 (3) BMliLTO
Ty Secaissn@e > t+3 EEB. 2T S| < UAH) T 5. copson Ve < 2 THIMEFEELNUELL,
Teccis.sn e <2 LBBDIR S LLTEDTOAER TS ERHATHS. CORE LOFHBTOMI
TEL EDODMETVBDT, 7=, (5,52 2t+4=6LBB. K>Tz e 5P

Kiem>4EME, n=3DBEEEZS. HIMECID m =3, n> 413EKETS. ¥Y571& 4—regular
THBING 1kt = 4IHLT (1), (2) BT, EWE 21 XD (3) BT L L85, XoT
1€ 4P° THH, PDcodegree i34 THB.  MIPNZE WS (1+4)P°PNZE DR EEZZT LIEE
LRTHS. XoT Gorenstein THEWVWT EERTICIZHS y ¢ 3P To(y) € TP BHLDDFEEERE

E+4THS. B5DXIEXT My ZED S (KRUSNDETL 0 LEDS).

3 3 al 1)1 141 |g, 3 3
3 3 21, | 1, |2 3 3
€2 €4 d, dy
3 3 3 11 3 3 3
3 PR B ds

5: (m,n)=(3,n),n 24Dy

SELTa(1 Si<H)DSRARMBL, T.ecssyle =1 <3 Xo2Ty g3P. z=1y) € TP
THBHTEEFET. (1), (2) WO LD LIZASH. (3') L TOFHKRED S IKHLTED DT
EEFRERFNEVTEVS, #E 21 L m =2,n 2 T ORLEROBBICED, T cossVe S 1



3 SEIEEZIANEII. SEBMTBRIC T o550 £ 1 ZWETIRE o BRETREH 2
TRHERVHDDELEDITHS. COZLRGBRICL-TERARTHS. XoTEAZRE S DR
it BRE2THU 4, BETA-TESLT, ¢, d; i disjoint 7k matching T2 T DA weight 3 &
FoTVaL0h6HRENS. CORIC(S,S)| 28 THBHTLERY. LIWMTELLT S,
Yeccis.sy Te = Teecis.snWe +1) 21+ Teeas.sn 1 2 8 &Y, z € TP 1B, LrLC OB, &7
IIEEEICDEL L8 15D bridge B D, 3 1THD matching H—2FNTWAZ L&D, 317EMS
1, 2 fTBIC bridge MU TS, Ko T|C(S5,5)| 28 TH5.

m> AN, n > 5 HFHTHIBEEELS. #8121 XD 1€4P° THY, P D codegree iz 4 TH
3. COBBL y g 2P, z=u(y) € 6P° THB y BMMT 5. < by EFOMICIE 1 RO I
0EHRTRTERTS. 1ITHORE S ETBL, T cos,5¥e =0<2. KTy ¢g2P.

z = y) BETOFRBIED S ITH LT Teops.s 2e > 6 T, Hl 2.1 L kL AROMBICED, 5
DIEHELTIE C.cosisy Ve = 0DHDEFZZEANER Y. CORGZRIT S BT SRHIBITIC
BOTARETIRAMRTMERVHDELEHTHD. XoTIOREVEL LE 2nED bridge BT
£3. £2T[C(S, 5|2 20 2 10 THY, Toeais.sn Te = Leecrs.sylte +1) 2 [C(S5,8)[ 2 10. &o>T
z € 6P, [EEBB4E]

AR 1. ER3ICKD, P = Pr(2,5) i3 codegree 3D Gorenstein TH5. El=Hi 1.1ic kY dim Pr(2,5) =
5THBIDTPORBUL I THHT LHMRS. Pr(2,5) DIUEZ Pr(2,5) DIRFH2AT, ThE1 Gr(2,5)
O perfect matching T5X 5N 3. perfect matching DEUIMBUCEZ 5N 11 LfRB. by = Lp(1)—(d+1) =
11 -6=5 TH3H 5, TN Ehrhart HEUT

1+5z+ 522 4+ 23

Ehrp(z) = TP

THEAGN3.

3 S-matching polytope

COMTYTF7%BAWTH LY polytope ZRIRT 5.
G=(V,E)EY5TLL,S5CVIHLT (S) TS D GIcH3 induced subgraph ERT. £/2C D
subgraph Ng(8S) = (Vs, Es) ZRD &S ICERTS:

FS):={zre S| HByeSIHLT,(z,y) € E},
Vs := SUT(S).
Es:=C(5.8"YU{(z,y) € E|z,y € S}.

Ng(S) % 5 @ G 2 #5t3  Neighbor graph £ F3. M C Es T M DEBRDORES 25013 S DETRDS
T, SOTRTRIE M OB BUDOMAUCE>TVBED%E S—matching LTS,

28 3.1 (S-matching polytope). BBZHRE SITH LT, Ng(S) = (Vs, Es) % Neighbor graph £ 5. T
D&, S @ S-matching polytope Ps 2 XD S ICERT 3:

Ps := conv{xas € RES | M 12 S — matching, },

T T xa € REs {3 M D characteristic vector 23,

6



AR 2. S LUTHR2KEL B L, Psid perfect matching polytope & —8¢ 3.

BES5. G=(VE)Y2J57LL,ScVIZHULT, Ng(S) = (Vs, Es) 2D Neighbor graph L ¥ 5. (5)
A bipartite THB LRETS. TDBF z € REs ' Ps LICHBDE SRR RDSKHMNEDIIDT L
TH5:

(2) Eveg z.=1(VveS).

[EEEA) ZEEANE Vempala[13] O lecture note iC3 % bipartite graph IC349"% Edmond DEMOIEA L [ U &
ICTES.

EADRGOTRFXTERINS polytope 2 C THT LT3, M % S—matching £33 L, xp 13EAS
MCEBOFRFALERXZE-T. Lo T PscCTHB. M C O HABFRIEIENBLEHS
MC—DD S—matching MBHELTVS. Ko T C DIHUILTRFATHEC LEREEHHTHS.

HBCORRT = (..., Ze,.. ) FPBRESTELOTWBET B, 212X L T Ng(S) DF L\ subgraph
Ne(S)s 2F5. No(S). DESMAL Vs, IMEIE 2 IBWTHRBAD ¢ € Bs hBAS. KDL 3 I
BENTTS. (1) No(S): M eycle ZEEBTWBE, (I1) Ne(S): B cycle ZELIRS.

(I) TORE Ng(S), DR IERM 1 OAREDEL LS 228D, X1 0BG C D2 /ED
HKEELD SORTIRBOAZ. ZODOXRH 1 OREMRET S path £ ey, €2,....6m £TH. TO
B¥ ¢ := min{z,,,1 -2, | 1 <i < m} LEDS. TOBF x % path UADMIEXT, x,, = 2, — ¢,
Xe, 1= Ty 6o € BMABTLLEIK CLEREICMHUTERT S, T b +e HHIRUSHSHT LU
FERICERT S, CORPHLMIxbTE COD2RMAEMIELTVS, &oTx, € CTHB. —A
z=(x+Z)/2 THBDT, z 12 C DEUATIEBD L2V, Lo THE.

(1) 2RIT Ng(S); I cycle SEET BB, L LED cyde HMEROREE BiFoT b THhid, TOHEL
() LABIC Z, x HC DHZERETN, z A C DOFHATHEVTENRENS.

& L cycle MFWOEX 2 -72L T35 L, (S) 13 bipartite THB DT, TD cycle 349 I(S) DAES
FELEWTEL, cycle # e,...,em EL v € T(S) D ey, e & incident THB LTS, TRz ITx
LTTERDESIICERT S cycle UNTRIAZRERT, T,y = 2¢, + 6, Tey = T, — € EXAR  ZET
TLeFIKTLEBRYET. cycle DREBZFBBEDTZ,,, =2, +¢ LD, AR X, =2, —¢,
X, = Tey +€ EXHICHRYIET, Bikid x, =z, - LX5. v€T(S) THBIDT x, TRAHM (1), (2)
EBEOEEHREL X, TeCHhDr=(x+F)/2¢83, KoTIOBRSLEL r REARLEYBIFET
»5. [RIEEBAZ]

RIT (S) A bipartite THBIBAD Ps ODRTERDEZDNAEE XS,

(1) z. 20 (Ve € Es),

#f 3.1. G=(V,E) 2557, ScV, Na(S) = (Vs, Es) ZFD Neighbor graph L3 5. (S) i2ligs%
bipartite T, fFD e € Es 1353 S-matchingiCML TS LRET . TOBF

. _ J1Es|-1S]: ifT(S) #0,
dim Ps =
|Esi—|S|+1: otherwise.

[IEBE) S x Es TR 1 %

1: vEe,
1 ve =
0: otherwise.



LEHTD B KD, Ps i Iz ="1,z € RE; OREME—B$ 3, TTT 'z ik z DEAERLTVS.
iﬁ%if& Z'\M =1, z\M >0 ‘Ci““.a-(, Tr= ZAA{XA\{ t-‘b‘( y c «:'ﬁﬂti%‘(ﬂ) S-mau:hing ’Z‘EJ( . {Ei
SHEED e € Es 1335 S—matching CBMLTWADT, Iz ="'1 Tz, >0 (Ve € Es) B5LDHET
¥, XoT Ps ORITid Iz = 0 OREMOLKTEE HF L. LT I O rank ZJ{ARS. 1 D viTXT MLk
L, IDeRRT % 1O TEHT LTS, I ORlEC(S,S) & CS,5) DRFILHIIND.

EFNS) =0DBEEERS. TORC(S,S)DARFELEY. Y,el, =075 &le=
(v,v') € Es BbiE I ik v, v B53DH 1 THNZ 0 THBDT, ¥, a0ly = 04D 6y = —ay Thith
5. &oT (v,v) € Esbifa, = —ay £7%3. (S) i bipartite THBIDT, S=51US,,
C(Si,S:) =0 &b, (S) BAETHEDT, HBve S ICHLTa, =2 B6HE, EHD ue S ioH
LTau=\EEDwe S ICHLT, 0, = -2 L8B3, ChIRTEMOXTH S| -1 THBZ EERL
TW3. Ko T Iz =0 DREMDRTL |Es| — |S]+1 723

KEDS) A QDIBESEERSD. ¥ aly=0LT3. I(S) DERLD, v eT(S)IKHLT, HBves
PEELTe= (v,v') € Es 725, TOBF I 3 v RyDH 1 Ciiz 0 TH3. &oTa, =0 —4
v, eSHEHELTWVWAR LT DL, 0, = —a, THLTRESHWC LR LEAMTSHS. (5) IHETHS
o, BRI Y, a], =051 a, =0 (Vv € S) L2, I DITEMOKITIX |S| BB, XTIz =0
DORREMDRTIX |[Es| - |S| L &5 [REBASE]

A3 3. (S) MR TRVWEHIZDMERD % Cy,...,C kL, FREND S-matching polytope % Pg, &
T3 Ps= PC; X Pc, Xoeeoe X Pc. LB Ko TEDLXTE
k
dim Ps =) _ dim Pe,

i=]
L%,

# 3.1. induced subgraph (S} 7 bipartite TH Y, LBD v € S ORBHNER L THALTS. TOBF P
{& codegree k ) Gorenstein polytope {5 5.

[EEBS]) Beck-Haase-Sam([2] LM TH 5. HILER 5 XD z € REs KK LT, z € 1P§ THAXE 24
2 (1") ze > 0 (Ve € Es), (2") Lyec e =t (Vo € S) LB, (17), ()& D, t <k ICHLTtPIRIC
BFARHFERY, 1eREs 3 kP OW—DBFRTHS. XoT Lp(k)=1.

t:REs — REs: y(y) =y+1 28X 5. £BD ve S DRBIERk THEDTHRM (2), (27) KT
CBREMOBRMICETHS. XoTyetPsNZEs IZHLT,

D= (et =t+k

v€e vEe
b uz) € (t+k)PsNZEs HRB. Wiz e (t+k)PENZEs LFBL 2, 2 1 THBINE ™) (), =
z.—-12>0. ¥
ZL"(z)¢=Z(z¢—l)=t+k—k=t

v€e v€e
THBHDT o~ (x) € tPsNZEs,
LLEE D 013 tPSNZEs 15 (1+)PSNZES NO—H—HISEER BT LAMRS. 2T Lpg(t) = Lps (t+K)
THY, Psid Gorenstein TH 3. [RIEEBHE]

ZH 4. Obsugi-Hibi[9], Sullivant[12] DER & Athanasiadis-Bruns-Romer(1], [4] DESRERUDII B C
Lick b, % 3.1 O S-matching polytope & compressed Gorenstein polytope TH b, h*-HHRADE LT
unimodal THBT LR, MBHB jNFEELTho <+ S hjm1 Shj 2 hjy 2 --- 2 by, RO ILD.
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1l 1. Beck-Haase-Sam[2) IC& D, K& m, n s LT P(m,n) i Gorenstein TE&L . —7 Grid graph
G=G(m,n)= (V,E)IctLT

S:={j)|1€ism-21<j<n-2)CV

LB L, BHME (S) (& bipartite TH D, S DIIROAUTRE 4 > T3, £>TH 3.1 & D S-matching
polytope Ps & codegree 4 ¢ Gorenstein polytope iC/2 3. F=ZDRTIEHGY 3.1 &b, |Es| - || =
mn-m-n L3,

R32.G=(VEYEYJ57,8CV,|S|ETFRETS. &L (S) I bipartite THBEHIE, XHK DI
D te Rzo, Te Rgﬂ o LT,

Zz¢=t(VveS) = Z Ze 2 L.

vEe £€C{5,57)

[GERR] HEAER BT LICED z e REG ELTE. 3 T =t (W ES) THEDTEMS KD z € tPs.
Ps QTR matching M TS C M THRLOIERTIHUERI FUCE-TWVS, SEFHREELD
DT MZ2Y S OIHTWB. Ko THERY Ml xar ik T eois.5(xar)e 2 1 &S, o THEROR
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1 Introduction

Let S9! = {(z1,72,...,%a) € R?| 2} 4+ 23 4--- 4 23 = 1} be the d-dimensional
unit sphere in R?, endowed with the inner product {, }. The concept of spherical
designs was introduced by Delsarte-Goethals-Seidel[2] in 1977.

Definition 1.1. X C S9! is a non-empty finite set. Let ¢ be a positive integer.
X is called a spherical t-design if

|Sa- 1|/ f(§)dg = |Zf(€)

gexX
holds for all polynomial f(z) = f(z1, z2, ..., Z,) of degree at most £.
t is called a strength of X if the maximal value of ¢ for which of X is a
t-design.

In other words, if finite set X is a spherical ¢-design then X can give ap-
proximation to the sphere with respect to the integral of polynomial of degree
at most 2.

We shall take up crystal lattices in nature. Crystal lattices excel in symmetry
and periodicity. Through the internal forces binding two atoms in a crystal,
the atoms are placed in equilibrium. We can regard a crystal lattice as an
infinite graph embedded in a Euclidean space, whose vertices and edges are the
atoms and the internal forces binding two atoms respectively. Since a crystal
lattice is periodical, there exists fundamental patterns in the crystal lattice and
its quotient graph is finite. Now we consider the edges in the quotient graph
embedded in a Euclidean space, we obtain a set of finite vectors. The building
block B(T') is such a set of finite vectors obtained from the quotient graph I' .

Ezample 1.2. Let M(k) be a graph consisting of 2 vertices and k£ multiple edges
joining them. Figure 1 represent M(3) and its the standard realization.

We have B(M(3)) = (0, £%5), (£ 45, £ Jz), (£ 2, F 32)}, namely B(M(3))
is a set of vertices of a hexagon.



Figure 1: M(3) and its the standard realization

We consider similarities between the balanced configuration of the atoms of
a crystal and a spherical design. Generally speaking, a building block, does
not always have the same norm. Hence we get the following result by the
assumption that building block have the same norm and the realization is non-
degenerate. The realization is called non-degenerate if the realization is injective
and direction of the realization is injective.

Theorem 1.3. Let T' = (V,E) be a connected graph. B(T) is the building
block of T'. If the realization is non-degenerate and the vectors in B(I') have the
same norm, then the set of normalized vectors of B(T') is the spherical 3-design.
Moreover, the strength of B(T') is three ezcept T’ = M(3).

For Theorem 1.3, it is the problem what graph give the building block having
the same norm. In fact, there exist the graphs satisfied with the assumption of
Theorem 1.3. As the part of answer, we give the following theorem:

Theorem 1.4. Let T = (V,E) be a finite graph. IfT is edge-transitive, then
the elements in the building block of T’ have the same norm.

An edge-transitive graph is a graph such that any two edges are equivalent
under some element of its automorphism group. For definition of an edge-
transitive graph, Theorem 1.4 is a straight result. Next, we consider the follow-
ing question: Is there the graph whose building block has the same norm except
edge transitive graphs? Theorem 1.5 is a part of answer of the above question
and the main theorem in this paper.

Theorem 1.5. Let X = (X, {Ri}o<i<s) be a symmetric essociation scheme of
class s. IfT = (X, R;) is a connected graph, then the elements in the building
block of T have the same norm.

We give the definition and properties of a association scheme. For detail of
properties, we refer to Bannai-Ito[1].

Definition 1.6. Let X be a finite set and let R; (i = 0,1,...,s) be subsets of
X x X with the property that

1. Ry = {(z,2z)|z € X}.
2. XxX=RyURU---UR,, RiOR; =0 if i # j.



3. 'R; = Ry for some i’ € {0,1,...,d}, where ‘R; = {(z,y) | (y,2) € R:}.

4. Forany i,3,k € {0,1,...,s} and (z,y) € Ry, |{z € X |(z,2) € Ri,(z,9) €
R;}| is constant and do not depend on (z,y) € Rx. pf; denotes |{z €
X|(x,2) € Ri,(2,y) € R;}|, the number pﬁj is called an intersection
number.

Such a configuration X = (X, {R;}o<i<s) is called a commutative association
scheme of class s on X. Moreover if an association scheme with the additional
property i = ¢’ for every i € {0, 1,..., s}, then this association scheme is called
symmetric association scheme.

2 Standard realizations

In this section, we observe on the theory of crystal lattices. For the details, we
refer [4,5).

We introduce some symbols of a graph for a explain of a standard realization.
Let I = (V, E) be a finite graph with a set V of vertices and a set E of all oriented
edges. For an edge e € E, let o(e) and t(e) denote the origin and terminus of
e respectively. The inverse edge of e be denoted by &. For a vertex x € V, we
put E; = {e € E | o(e) = z}. When we give I a direction, E° denotes the
set of given directed edges. We put |V| = n and |E°| = m. Then, we remark
|E| = 2m. _

We first define a crystal lattice. Let I' be a graph and Aut(f‘) means the
automorphism group of I'. T is called a d-dimensional crystal lattice if I' holds
the following properties:

1. Aut(f) have a sub group L that is isomorphism to Z¢,
2. L operate freely on V and the set of undirect edges of T,

3. A graph T = (V, E) is a finite graph, where V = V/L and E = E/L. The
graph I' = (V, E) is called a fundemental finite graph.

Next, we give a method of a realization of a crystal lattice into Euclidean
space ]Rf. Amap ®:V — R?is called a periodic realization about L of a crystal
lattice I if ® holds the following properties:

1. There exists an injective~homomorphism p: L — R? such that &(gz) =
D(z)+p(g) foranyr € Vandg€ L,

2. p(L) is a discrete subgroup in R9, and the maximal rank of p(L) is equal
to d.

For a periodic realization ® of a crystal lattice, we define a map v from F
to R? as v(e) = ®(t(e)) — ®(o(e)). Since v is invariant about the operator of
L as a function on E, we regard v as a function on E. {v(e)}ecr determines
completely the periodic realization ®. The system vectors {v(e)}eck is called a
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building block of the periodic realization $. We remark that a building block is
antipodal about 0 € R?.

We construct a crystal lattice whose fundamental finite graph is a given finite
graphs. Let Co(T, R) and C)(T', R) be the set of R-linear combination of V' and
E respectively. About C,(I',R), we request & = —e for e € E.

We define the boundary operator 8 : Cy(T',R) — Co(T',R) as d(e) = t(e) —
o(e). Let Hy(T,R) be the kernel of 8. In this sense, H\(T,R) is called a
first homological group. Then dim H,(T,R) is equal to 1 — n + m, we put
d = dim H; (T, R).

For a closed path ¢ = (e1,...,€;) of T, e; +- - - +¢; € C1(T, Z) is represented
by the identical symbol ¢. Since 8¢ = 0, we have ¢ € H(T',Z). Conversely,
every elements of H;(T,Z) are given as e; + --- + e; obtained from a closed
path.

For e,e’ € E, We set a inner product as

1 ife=¢,
ee=¢-1 iféeé=¢,
0  otherwise.

Then C, (T, R) is induced the inner product, a direction E° of I" is an orthonor-
mal basis of C, (I, R).

We restrict this inner product within H;(I', R). For a surjective homomor-
phism g : H{(T,Z) — L, let W denotes the subspace spanned by kery in
H,(T,R). And we set H the intersection space W+ N Hy(T',R). The dimension
of H is d, we can regard H as a Euclidean space R when we choose an orthonor-
mal basis of H. We remark H = H,(T',R) in the case where L = H,(T', Z).

Let P : C,(T,R) — H be an orthogonal projection. For e € E, We set
P(e) = v(e). Thus, we obtain a periodic realization with the building block
{v(e)}eer. The periodic realization obtained from the above construction holds
the following conditions: For every z € V, and every £ € RY,

Y ve) = o, @.1)
e€E;
D W€, &) = 2(68), (2.2)

e€E

It is known that a periodic realization holding the above conditions is the unique
up to similar transform. This realization is called a standard realization. As
the following, a standard realization means a standard realization with L =
H,(T',Z). In addition, such a building block {v(e)}.cg is denoted by B(T).

3 Proof sketch of Theorem 1.5

We first give some symbols before the proof. Let I' = (V, E°) be an oriented
graph. We index the vertices and the edges as V = {z;,z2,...z,} and E% =



{er,e2,...em}. For 1 < a € m, we set e, = ¥0,...,0,1,0,...,0) € R™ with
1 in the a-th place. We regard C)(I',R) as m-dimensional Hermitian space
with an orthonormal basis {e,|e, € E°}. For 1 € 8 < n, we put d, =
cut({zg}, X \ {z5}) € H\(T,Z)*. We define a incidence matriz of I" about the
orientation as D = !(d,,da, ..., d,), which size is n x m.

Lemma 3.1. IfT is a simple and k-regular graph, then D'D = kI, — A.

Take a graph I’ = (X, R;) of X. We set that A = A; and k = k; for brevity.
We fix z € X, and put £ = x;. Let ¢;,€2,...,¢; be the edges with the origin
Ty. Let zo, z3,..., Tr41 be the vertices as the terminal e, es, . . ., e;, respectively.
We prove that v(e,) have the same norm for 1 < a < k.

The set {da,ds,...,dn} is a basis of HH(I',R)t. Let P' : C(I,R) —
H,(T,R)* be an orthogonal projection. For e € E, We set P'(e) = u(e).
Since 1 = ||u(e)|| + |lv(e)]| for any e € E, it suffices to show that u(e,) have
the same norm for 1 £ a £ k.

Let B denote the matrix which remove the first low and the first column
. from A. Namely, B is the adjacency matrix of the graph I'\ {z,}.

Lemma 3.2. For o,8 € {1,2,...k}, we have u(ea) - u(eg) = (kIn_1 — B); 5.
Lemma 3.3. (kl,—; -B)' =Y >-'qB' (g €R)

We have finished the preparations for a proof of Theorem 1.5. For Lemma
3.2 and 3.3, we have |Ju(ea)|]* = X225 @1(B')aya for 1 S a < k.
We consider (a + 1,a + 1)-entry of A:

n n n
U =
Aa+1.a+1 = Z Z T Z Aatiim Ay Auy el

n=1py=1 Vi-1=1

We separate the summation on the right hand side into two terms T and T.
One of term T is the summation where each indexes v, 1s,...,24—; run from

2ton: W w .
T = Z Z Z A°+lv"l‘4”1-l’2"'Aw-l,a+1,

v1=2v3=2 Vj—1=2

the other of term T3 is the summation where not less than one indexes are equal
to 1:
T2 = Z A°+lvV1A”1,V2 "'AV:_I,u+l-

morwvor..ory_; =1

Then T coincide with B!, ,. Furthermore, let Y, denote the set {(s1,82,...,5p) €
NP | sy + 82+ - + 5, = I}, T; coincide with

3
S AManad@a e (A4 an.

P=2(81,82,....8p)€Yp

Since (Z1,Za+1) € Ri (1 € a < k) and X = (X, {R:}o<i<s) is a symmetric
association scheme, (A" )a+1,1 = (A°?)1,0+1 does not depend on . Hence,
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B! o = Al .1 a1 — T2 have the same value for 1 < a < k. This fact means
that u(e,) have the same norm for 1 < a < k. For the connectedness of I', the
vector v(e) for every e € E have the same norm.

4 Examples

We introduce some spherical designs obtained from the standard realization.

Example 4.1. We give designs from strongly regular graphs. It is known that a
strongly regular graph determine a association scheme of class 2 with a relation
of the distance. Let I’ = (V, E) be a strongly regular graph with a parameter
(n,k, A\ ). Weset X =V and R; = {(z,y) € X x X|d(z,y) =i} fori €
{0,1,2}, Then (X, {Ro, Ry, R2}) is a symmetric association scheme of class 2.

As the following, v(e) means the normalized vectors of v(e), for short. We
have the inner product set A(B(T)) =

k 2k un—p—k n-1
Ot TG a2t D) T -on 2

Therefore B(I") is at most 10-distance set. Especially, for I is a strongly
regular graph with a parameter (n,k,0,1), namely a Moore graph, B(T') is
6-distance set.

Ezample 4.2. There exist some graphs whose building block having the same
norm as in Figure 2. This graph is a neither edge-transitive nor strongly regular
graph. All either edge-transitive nor strongly regular graphs with at most 9

vertices are classified [3].
PANS
pd / \\
< -

SN /7
N
\B/

Figure 2: neither edge-transitive nor strongly regular graph

We have not finished the classification the graphs whose building block hav-
ing the same norm yet. It is important problem for characterization of the stan-
dard realization to classify the graphs whose building block having the same
norm.

Acknowledgment

The author thanks Professor Eiichi Bannai for suggesting these problems as a
master course project for me.



References

[1] E. Bannai and T. Ito, Algebraic combinatorics J. association schemes, The Ben-
jamin/Cummings Publishing Co., Inc., Menlo Park, CA, 1984.

[2] P. Delsarte, JM Goethals, and JJ Seidel, Spherical codes and designs, Geom. Dedicata 6
(1977), no. 3, 363-388.

[3] J. Shigezumi, A consiruction of spherical designs from finite graphs with the theory of
crystal lattice, [arXiv:0804.2956[math.CO]] (2008).

[4] T. Sunada, Why do diamonds look so beauliful? — introduction lo discrele harmonic
analysis — (in japanese), Springer Japan, 2006.

, Orystals that nature might miss creating, Notices of Amer. Math. Soc. 55 (2008},
208-215.

[6] B. Venkov, Résegur et designs sphériques (in french), Réseaux euclidiens, designs
sphériques et formes modulaires 37 (2001), 10-86.

(51



2 ODERE _FOBRW-NEES DR

NN KEREBPEZ PR
B&EHIRASRRIMZER DC1
B W (Hiroshi Nozaki)

1 Introduction

XZ31—7Vy FEMR? LOFHEELTS. AX):={(z,9) |2,y € X,z #y} ZRE
%X D2DRFDHRE LTS, iz, XDzIicDWT, Az) = {(z,y) |z #y € X},
B(z) = {(z,y) |z #y € X,(z,7) 2 (y,¥)} LEHRT 3.

Definition 1.1. e |[A(X)|=sTHbLE, X% s-NHRE (s-inner product set) &
LS.

o BTDz € XIZDWT, |A(z)| < sTHDLE, X ZRATs-PRURE (locally s-inner
product set) &FLEK.

o 2ETDz € XICDWT, |B(z)| £ sTHHEE, X ZNESs-PHiES (inside s-inner
product set) TH3 LFES.

TSN B X5, ASBATERARRFAREREO—RL, BRTARUREIE AR
BD—FLTH 3. W OHMEBSEHET 3.

RS :=5U85U---US, CREEFRPLD p ADEKRL TS, r, % S DIFLL,
0SS <m<--- <K Tp t{ﬁi?%. rn = 0DLEIRX Sl Liﬁ:}ﬁ'zfg%h‘. %ht)ﬁ
AERELTHET. Xi = XNS LERTS. REVFAEARGT L Eeps =1, FH
ZEERVEE, eps = 0 LEETS. P,RY) % s RUTD dEBFXREHAL KD
RAEEMET S, Hom,(RY) % s XD d ERFREHANLSEDOEIREEMLET S,
Harm,(R?) := {f € Hom,(R?) | Af =0}. CCTA =3¢, & Af =0&ilETSH
REPOSER LS. P;(RY) := olfjHom, x(RY). TTT |s/2] i, s/2 2R VR
KO EXRYT. P,(RS), Hom,(RS), Harm,(RS) £ BT, ThThHIET 220
% RS FIcHIRRLI=b DL 5. HIXIS, P(RS)={flrs | f € P:(RS)}. ThoBEZE
BoORTIELLASNTWVS,

Theorem 1.1 ([1, 3, 5]).

ens+ Ticg "7 (), 12 2(p—ers)

1. dim(P(RS)) = {dim(Pl(R")) =(T) #1s2p-ers)- 1,

1



€rs + ZS’:OERS) THEHEY, if | is even and ! > 2(p - ers)
2. dim(P}(RS)) = { T &gt (4+ 2"’l) if | is odd and | > 2(p — €gs)
mmW'mﬁy-zh‘*“2") if1 < 2(p—eps) — 1

RS s- AR S DFEOBEUC XL T OREE Fisher IO LRASRENS. TG, -X C
X ZiGlzd L, X ZENNTHR VS,

Theorexg 1.2 (9]). 1. X C RS % pEDOR.LEA LOAE s-HNEBURELTS. T
k

?

|X| < dim(P,(RS)). (1.1)

2. X C RS % p HDFRL.LEKE_EOEMATRAE s-HEBRE L T5. COL ¥,

3 P. 3 _ .
IX| < {2 dim(P;_,(RS)) + egs, ifs—1 is odd (1.2)

2 dim(P;_,(RS)), ifs—1lisevenand 0 g X

COLERZHETHEEBOELRER, BONBARESOEEKFOFICIE, BU Eu-
clidean design I/ > TWAHIMNSHEEL TS [9).

Definition 1.2 (Euclidean designs [11,2]). X # RS C R LOBERMELTS. w: X —
Ryo ZEMBKETS. fEHD f € P(RS)ICHLT,

222“§|“f/f(w.u) 3" w(z)f(z)

zeX

Gl L %, (X,w)’% Euclidean ¢-design LPEER. EDIIERME S; FORIG%2ERL TH
9, [s doi(z) =|Si).

CCTw(z) NEBMEET, p=10&E, X IHlt-TY1 > WHiEN35. Euclidean
design DFTDEEUZDOWT, Fisher O ERNLUTFOX SIS TV 5.

Theorem 1.3 ([3,6,7]). 1. X C RS % Euclidean 2e-design £ 9 %. TDL &,
|X| = dim(P,(RS)).

2. X C RS 2 Euclidean (2¢ — 1)-design £ § 5. EDEL %,

X[ > 2dim(P;_,(RS)) -1, ife—1liscvenand0e& X
~ | 2dim(P;_,(RS)),  otherwise

COEREZEBRTEITY AV EZBOTFYA VR BHATERVE E, £<IC The

orem 1.2 ¥ Theorem 1.3 E—BL TW3. i, FREESELEVWEE, EUNTHIIEE

&, —BLTWV3. BNFYSL Y EDOBFRICLERLANS, BOASAREEIZOWT
EBEEX 3,



2 HESCIDBE

HEDBES, N5 s-HEEESIIRM s-NBBRATHA T LICERT S, £/-, KELOA
LRI ——DENH D, BT s-NBUREIZRMF s-ERMEATH ST LICHERT
5. sEEELEE EIC, TOBRMNRATHS X % optimal 7% (JRFT)s-NFURE L ER
T3, s=2,d=3%EZL ¥, optimal % 2-NEHES (c §» RIEMEMEADADH L
M55% 6 TH5. optimal ZFAT 2-MBUEE (C S?) &, IE20mEENLTFL 7T RAZR
RTLTHIRTE3 (10, OFH, —RRICIE optimal Ik s-IFHRE L JRFT s-ARHRAIZ—
BLTWiRL.

ZN T, Fisher D LREI-9 R s-NERE S EDHBLDONHBDIEA 53 0?
B s-RFRAIC OV TR, ThABRVERE -7 A THHT EHNMSNTED 4], &
Fot=45T2RVTETLTVWS. BORMABERSLERET YA LECERLT
WA EAEFEh, BKEVNRTHZD1EH, ROBRIEFLNT.

Theorem 2.1 ([10]). 1. X NBVREATs-AHRETHBI L L, X BBV s-NRURE
THBHT LHAEM.

2. X HBWENNEERT s-RTURETH BT L L, X HBOEXNNL s-NEBRETH
3T EAEE.

COERIZ, BORHs-AFUREN, UVIA MTORE 2s-TV AV THBT LETR
FLIEDEBLENS. xS, VXA MIDOERETYA > Fisher 1D R %2R,
TAHLE, VIS X ORIESEV—EDMEICEST LAMSNTVBH S 12).
COATHVW SN, BORANBERE LB I A MiZOERETY A > &L ONED
PRI IER I BRI .

3 2DDEONRESDIZS

ARARESOZBNAREZZARMTHEH, ThIDHEORETHS, ARESOHED
LMz s, p A PEVEZRIBRDE S ILFENELI 5N S.

Theorem 3.1 ([9]). d > 2CHWT 2 DORE LDBE 2-F 7213 3-NEULEIIFEL
T,

FOEMIIEFEERRLIZBL DD, Thid Fisher D ELRICOWTIIASATIRS
HEBNEHEEROC L EZFERLTVWA. COERDICIIEICRDO=—D>D L REIT
B LAV,

Theorem 3.2 (R? E® Rankin bound [9]). X % R? LOHMHES LT 3.
L D ac AX)IKHLT, a<0MWHIUDEE, |X|<d+1.
2 EEDaec AX)IEMLT, a<0MWHIUDLE, |X|<2d+1.

COLREERT AHIGMBUC RO 3 T LAHEKS. FIXIE, 11DV T regular
simplex ME 3 THB L, 2CDWTI cross polytope ICRREMAT-LDNE S THB.
DEDFERIIERM_ED absolute bound T3 % Fisher R F RAEFZEMICHEZBT B LR T
H3.



Theorem 3.3 ([10]). X 2R S¢-! LD s-HHURE (s-EEHIES) ¢T3, KB s
H Fx(t) &

Fxt):= ]] (t—a)=fjf.-c.f“"(t),

a€A(X) i=0
EEBTD. TTTfieR, GPi3GP(1) = dim(Harm;(R?)) & ERHLE N7z i 3K Gegen-
bauer ZHN. TDOL &,

1X|< >0 ok (3.1)

i with f;>0
CTTHEBR [ >0%2%E-T0<i<sIKDWTORMEEKT 3.

BL, TRTD1<i<siZDVT f; 205D fy > 0251375, Linear pro-
gramming bound 4] BEATE, BV LEAMELNS:

Theorem 3.4 (Linear programming bound [4]). X ZERE S9! LD s-NFHURS (s-FERE
WE) LT5. RBsOBHFEKX Fx(t)

Fx(t)= [] t-o)=> 560,

a€A(X) =0
LEETS. 3L, fo>0hD, INRTD1Li<kIiTDOVT ;>0 THB4E5IE,
Fx(1)
X< 2L
Xl < fo

LiL, UGEDTH f; < 0 ERBBEIMEFEETIELE, AUz LAZISOhTVWE
M7z, Theorem 3.3 D LFEENX T HHELFEL TED, linear programming bound H4#
HATERWERESIONL T, Theorem 3.3 3B THS. s=20Df>0,1<0,/,>0
DEE, OLFRT|X| < () LiaBh, d>7DEE dRITregular simplex OADH
ROBEN, TOLRZERT BHICE->TVS (10, 8].
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Random Walks on Finite Groups
with Applications to Statistics
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New Trend—(Computational) Algebraic Statistics

Application of | Linear Algebra, Finite Group, Symmetric
Group, Linear Group, Representation, Grébner basis,

Galois Theory, Invariant Theory, Symmetric Polynomial,
Algebraic Geometry, Graph, Enumeration, etc.

Application to| Biology(Phylogenetics, Evolution, DNA),
Social Science, Archeology, Historical Linguistics, etc..

» Algebraic Statistics for Computational Biology”,
Pachter, Sturmfels(ed), Cambridge (2005)

Scatter plot of isotope of lead: Pb204, Pb206, Pb207, Pb208
Thirty two bronze mirrors of Tsubai-Otsukayama tomb.

By Pliicker coordinate, Regression analysis,

{Fact 1} They are almost exactly on a (regression) plane P,
(Fact 2) There are some lines containing three points.
(Fact 3) Some simple rational dividing points (e.g.3:7, 4:7).

‘What does such patterns mean?—Mix of lead.

{Reason 1) These bronze has three origins X, Y, Z.

X came from northern east china. Y from Sichuan.
Probably, Z came from Gangnam region, not from Japan.
{Reason 2) Mixture of defectives.

(Reason 3) The size of a fusion reactor.

Linear Algebra, Computational geometry, Pattern
recognition, Projective geometry, Error analysis.

3

Part I

Random Walks (RW) on a finite group(FG).
Application of group characters.

Part 11

Random samplings of contingency tables.

Exact test of coincidence numbers.

Part III

Bootstrap, Binary test, symmetric semigroup.
Phylogenetic tree, perfect matching, Gelfand pair.
RW on distance regular graphs(DRG).

"Harmonic Analysis on Finite Groups”, Cambridge. 2008.

Diaconis, saloff-Coste, Fulman, Kerov, Woess, Gluck.



First Example

Example 1. RW on a circle Z,, =Z/mZ = {0,1,--- ,m —1}.
Start at 0. Move z to z + 1 with the same probability 1/2.

Transition probability p(z,y) = 12 z-y=4%1
0 else

Transition matrix P = (p(z,9)): yez..
[0 12 0 o 1/2]

1/2 0 1/2 0 0

0 1/2 0 1/2

o . 7 0 172

/2 0 0 1/2 0]

P" = (p'™)(z,))s,,: transition matrix at n-th step.

PNz, y) = ;II,ZEZC;" cos™ [inﬁ] cos [271':(:— y)]

By discrete Fourier transformation,

THEOREM (Diaconis):

If m odd, n > m?2, then ||P" - U||; < 2exp (—5'%’;),

If i > 6, then ||P" — U]y = exp (—%’; - ;—’::';)

Note : p{z) := p(0,z). Then p(z,y) = p(y — z).

P:=1(g+97") (g generator of Cy).

™) (z,y) = p{™(0,y — z) is the coefficient of y — z in P* in CC,.

Calculation of ji* in CG.

(G,n) : Probability space on a finite group G.

Distribution 4: G - R. 0< pu(z) £ 1, 3 cqulz)=1.

p(z,y) = p(z~ty) : one-step transition prob of move z — y.
Start at zy. Choose y with prob = p(y), then move to

z) = wpy. Next choose y with prob u(y), move to 23 = 21y, ...
We have RW zy — z; — 2 — ---. Then n-step trans.Prob.

Mzy) = Y plzz)p(E1,32) - plEa-1,p)
L1 el
= Y s sy
Ntz ly

- Zp(n)(y)y (Z ’3(3)3) , p(n) (:l':, y) - F(“)(-’r—ly).
4 x

7

CG: group algebra. For P:G—C, P:= Y e P(z)z. Then
PQ=P+QinCG.
(P+Q)zx):= z P(zy™)Q(y) : convolution product.
VeG

Conj(G) = {C,,Cs,--- ,Cr}: conjugacy classes. z; € C;.
Z(CG)={x € CG |yx =y Vye€ CG}: center.
Z(CQG) is the linear spans of class sums C;,--- ,C;.
A=Y"a (ACG identified with A: G — {0,1}).

acA
Pisin Z(CG) & P is class function (=CF), i.e.
P(zy) = Pyz).



— 08 —

Ire(G) = {x1,--- , xr}: irred. characters. x; * x; = —;(Ifll)éifx" Convergence to uniform distribution U

ey, = wﬁ = xi(1) Z xi(z~')z :Primitive idempotents. THEOREM (Diaconis-Shahshahani 1981).
IGI Gl &= p" = U e (B-1E) =G.
exiCx, = ijexuzexo =L wy,(g):= i’% When ¢ € E is a conj.class, then « [t,G] =G.
' pi= Max{ i—g—; :x€E,E'E¢ Kerx} : Convergence ratio.

~ 1
P=—2% xi(1)(xi*P)g)g for P:G—C.
G Z': ’ ' Convergence term C ~ ¢p™.

P= Zw.-(ﬁ)ex,, P = Zw;(ﬁ)"‘ex. if P is CF. Given G, find a conj.class E 3 r such that
i i p= = Max,|x(z)/x(1)] is minimum.

" wy, : Z(CG) — C is algebra hom.

(G, ) : prob.space on finite group G, u : CF, E :=supp(u). Spisymmetric group. 1 # z € E:conjugacy class.
n U=¢’.1, 0=:l:engn.
p(z)z) = 1" (z)x in Z(CG). 5| .
(:g'; zg(:. pr = Mﬂx{ u—}x:(l txxF l.sgn}
THEOREM. Min,4,p, = 2/n(n — 3).
This value is realized by (n - 1)-cycle t,_.

e DN S

x€rr(G)
m - -1 A=[a,2,1**(a+b=n2<a<n-2
lwy(7)] < 1. Under n — oo, Xa(tn—1) = ((] ) l [ I( )
(") = (Uniform term)-+(Oscillation term)+(C ce term e'se
u (Uniform term)+{Oscillation term)+(Convergen ) For = = £, (n-cycle), p. = 1/(n - 1)
U=¢ = Tél 3 sec 9 uniform distribution, For z = {; (transposition), pr =1 —2/(n — 1). Very slow.
O : the sum on x # 1 such that |w,(g#)| = 1. By Frobenius, A = 1#12¢2 ... g#n
C : the sum on x such that |w,(f)| < 1. xa(ta)

1 ; ’
X(l) = "(n — 1) Z{:‘z(ﬂi - ﬂ'i]

10 12



Data set

Two dimensional Data Set [f,g], where f: N - I,g: N — J.
N ={1,2,--- ,n}: the set of observations, the set of persons.
I,.J: the sets of categories.

X(f,9)=(0/710) ﬁg'l(j)l]'.eue_Jr (Contingency Table, C-tab).

X[f]:= (If~'(}),,: marginal distribution.

X(fl=XIf1e /1~ ie IneSn; f' = fr
XS, 9l = X[f"g) & f,g] ~ ', 9); Le., In € Sp; J' = [, g = gm.

13

Sy :={m € 8y | f7 = f} Young subgroup.

S¢1 = [T 1S~ = Tl iy @4 1= X245

marginal distribution

X[f1=AF72 @) = (@it ) Xg] = (l972 (@)]); = (z+5)
(/. 9) | XIS, 9] = (=)} = "'/l'lu ;!

B/, 9) | XU1 = (a2), Xlgl = (b))} = /T]; e, T, b5
H(x) = Prob(X[f,g] = (zi;) | i+ = @i, T4; = b;)

= lizi! [ -‘L'+j!/"! [1;; =i5!

Multiply Hypergeometric distribution(MHGD)

Given marginal distribution a = (a;),b = (};).

DS, (a,b) : the set of data set,

Q,(a,b): the set of C-tab’s.

Canonical surjective map X : DS,(a,b) — Qy(a,b).
Take any |f,g] € DS.(a,b).

|THEOREM: S, transitively acts on DS, (a, b)|

[ THEOREM: RW on (S,,U) induces a RW on (2(a,b), MHGD)|

Sp — Qll(ﬂi by;mv— X[f,gn']

Coincidence number of C-tab

N={1,2,---,n}.

Data set [f,g: N — A], C-Tab X = X[{,g],
a = (@) = XIf], b= (5) = X[g].

zo(f, 9] := Tr(X) = #{i € N | (i) = 9(i)}
xo(7) := zo[f, g7]). G < S, transfer

THEOREM m = Eyecleo(r)] = % 3 by
A

COR. E, [(xo(”))] - (n -' t)! Z H (a.\) (bx) 8!
¢ L ST W L ta




Exact P-value of coincidence numbers

Fu5(z) = 2 Fo(—a, =b; z) = E (Z) (Z) Kl 2*

k20

F@) o= [[Fam® =Y (:) Kig(k) 2*
A

k>0

¢(0) = 1,4(1) = m > hen P-value

P(r) := Prob(zo(x) > r) = #ﬂ{ﬂ' €S, |z(x)=r}

THEOREM: )_ P(k)2*~! =) q(k) (z — 1)*~"

k>1 k>1

17

Higher dimensional C-Tab is difficult

Markov chain Monte-Carlo(MCMC) method — RW by
transposition. Convergence is slow.

Qn(a, b) = S\Sn /Sy = SE\(Sn % 80)/(Sr x Sp)
[f:N—>I1g:N—Jh:N— K|: 3dim C-tah.

2,.(a, b, ¢) = SA\(Sa x Sn x 5,)/(Sy x Sy x Su)

Given a, 8,7 € S,, Enumerate o,7,p € S, s.t.

Jo=fa, fo=fy o € Syo NSyt Syo = Sya =Sy
gr=gB, gr=ga, .{ BES,;rNShp ..{ Gr=85,8=Sa
hp=hp, hp=hy Y € ShpN Syo Snp = SnB = Sny

Application: Japanese-Korean languages.
A : set of head sounds,
f(3) (g(3)) head of i-th word in Japanese (Korean).

L9 N — A, ax = |71 ), b = g7 ()]

F(u)::[}{éj( ‘:‘) (l:‘ )k!uk}=§](:)k!q(k)u*

. k
pa) = (-1 ( ) a(k)
k>z z
P(z 2 z¢) = p(xo) + p(xo + 1) + -+ + p(n).
Japanese and Korean: zo = 53. Pz > 53) =

P(z > 53) = 0.00156169(exact), 0.000554 (normal), 0.00238 (binomial)

19

Appendix—Exact x2-test of independence

X = (zi): I x J-C.Tab s.t. 2y =a;, 74 = bj, 244 = n: given.
fiN—=Ig:N—>J,|N|=n

Exact probability Prob (x2(X )=, lﬂ%‘%’%—“’: > :;:)'!
Prob (Zi,j (I'l.--;e;a-") (l'l,-:,e,- bj’) -'C,-2j = :l:) ?
s i .9:]—’N,fs=l'gsi=j}

Zlfig) =325 =14
If9):= 224 t jJ| t:J-Ngt=1,ftj=i
# of 2-cycles in bipartite graph with V=JUJ,E = N.

Occupancy probability H(X) =

1 .
Prob = i Z Slf,gr] =7, ${r €S, |gnt=1,gnsi=j}=?

' ®minSn



Appendix—Categorical view point

[h: N — K}, [A : N — K]|: Data sets. tab[h] := (|h~"(k))xex
[tablr] = tabji'] <= 37 € Sym(N); b’ = k|

(Proof of =)

set: Category of finite set.

set/K: Comma cat (object A — K).

Connected object &, : {*} = K (» — k € K).

Hom{k.,k) = h=Y(k). .. [Hom(k.,h)] = [Hom(k,,h')|. - h =W

* Yoneda-like lemma : X Y & |[Hom(J,X)| = [Hom(1,Y)|.
* Burnside homomorphism ¢ : Q(G) — §}(G) is injective.

21

Semigroup

Build representation theory of symmetric semigroups T,
and cyclic semigroups CS,,.

n
CT,/Rad & @CS,,. Parametrize irreducible representations.

r=1
n
Go(CTn) = €D Go(CSw)-
r=1
Bootstrap sampling of C-Tab’s. {Uniform dist) + (Sgn part)
+ (Vanishing part) + (Nilpotent part).
The nilpotency of J(CT;,;) 7 (Polynomial growth?)

Partial Burnside ring Q(T,, V) = Go(Tn)? V?
Relation : [XUY]+([XNY]=[X]+[Y],[0] =0.
CSn) 7 Go(CCS,) T

22

Categorical version of average formula

&:Locally finite topos (e.g. set€ for f.group G).

C:Normal connected object, i.e. Aut(C) acts transitively on
Hom(I,C) for any connected I, e.g., a progenerator, and G/N
in set® for N < G normal.

N=mC (m21), f,g9: N — L. Eq(r) C N equalizer of f, g,
z1(7) := |Hom({, Eq(n))| (coincidence number). P(f,g)
pullback of f,g. I connected and Hom(I,C) # @.

1 1
THEOREM Y z(m)= IHo—m(LT)NHom(I, P)]

IAUt(N)I mrE€AW{N)

23
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Piecewise-linear equivalence relations on an interval
D. Tambara
Hirosaki University

1. Introduction

An equivalence relation on a set X is a subset of X x X satisfying the conditions
of reflexivity, symmetry, and transitivity. We consider an equivalence relation R on
an interval [ap,a;] = {= | as € = < a1} such that R is a union of finite number of
segments. We are interested in the shape of R. Here are three examples of R.

We further impose on R the condition that the quotient [ag,a,]/R is isomorphic
to an interval. (This excludes the second and the third of the above three.) This
amounts to saying that R is give as

R = {(z,2') | f(z) = f()}

for some map f: [ag,a1] — [0,1].
We use the following terms. The kernel-pair of a map f: X — Z is the set

{(z,5") e X x X[ f(z) = f(z')}.
This is an equivalence relation on X. The fiber product of maps f: X — Z and

9:Y — Z is the set
{(z9) e X xY | f(z) = 9(w)}-

We specify our class of maps. A map f: [ap,a1] — [bp, b1} is called a P-map if
there exist ay,...,oq such that

=0y < <0op=a;

and f][o, ai41] is linear with nonzero slope for each i. (This name is provisional.)
With these terms we state our problem: What shape is the kernel-pair of a P-map
J+ [ao,a1] = [0,1]? What shape is the fiber product of P-maps f: [ag, ;] — [0, 1]
and g: [bo, 1] — [0,1]7
In §2 and §3 we observe some basic facts. In §4 we give a theorem about param-
eterization of connected components of fiber products.



Example. Here are pictures of a P-map f and its kernel-pair R, and P-maps f, g
and their fiber product W.

(1) If f has the graph
then R is
(2) If f has the graph
then R is



(3) If f and g have respectively the graphs

then W is

(4) If f and g have respectively the graphs

then W is



2. Local pictures

Let f: [ao,@1] — [0,1] and g: [bo, 5] — [0,1] be P-maps. Put W = {(z,v) |
f(z) = g(y)}. Let (a,b) € W. We look at W around (a, b).

The following pictures show the graph of f(z) around 2 = @, the graph of g(y)
around y = b, and W around (z,y) = (a,b) in various cases. We put ¢ = f(a) =
g(b).

(1)
fel oS
A7
AN AN
2N
()




(3)

)

a=al b a

l/\/\/

- _,‘{ ; _{

anao bab0
K. ...... ]\ ceaseang
a=al beb0

Hence we conclude that W around the point (e, ) has one of the following twelve
shapes.

5



N
A > X<

SN

N XN

N

3. Connectivity

Let f: [ag,a;] — [0,1) and g: [bo,51) — [0,1] be P-maps. Put W = {(z,y) |
£(z) = 9@)}.

If ap < a < @¢; and f is increasing on (a — ¢,a) and decreasing on (a,a+¢) for a
small ¢, we say f has a local maximum at a. Local minimum is defined similarly.
Local maximum and local minimum are called extremum.

If f has an extremum at @, g has an extremum at b, and f(a) = g(b), we say f
and g have a common extremum. (3) of §2 shows this case.

Proposition 1. Assume that f(ag) =0, f(a1) = 1,9(bp) = 0,9(b1) = 1 and that f
and g have no common extremnum.

Then every connected component of W is homeomorphic to either an interval or
a circle.

Proof. Among the above twelve figures the seventh and the eighth are excluded by
the assumption. Therefore W is locally homeomorphic to an interval. Then the
conclusion follows.

When V be a union of segments in R?, we say p € V is an end point of V if there
exists a neighborhood N of p such that N NV is a segment with end point p.

Proposition 2. Every connected component of W has even number of end poinis.

Proof. We regard W as a graph. A vertex of W is an end point, a crossing point,
or an isolated point. An edge of W is a connected sequence of segments joining two
vertices.

Let C be a connected component of W. Count pairs (v, ¢) such that v is a vertex
of C,eisanedgeof C,and v € e.

Every edge has two vertices. Hence the number of pairs (v, e) is even.

A vertex v belongs to no edge if v is an isolated point, one edge if v is an end
point, and four edges if v is a crossing point.

Hence there must be even number of end points.
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Corollary 3. Assume f(ao) =0, f(a1) = 1,9(bo) = 0,9(b1) = 1. Then the poinis
(@0, b0), (a1,b1) belong to the same connected component of W.

Proof, End points of W are only (e, bp), (@1, ). Let C be the component of W
containing (ag, bo). By Proposition 2 C has another end point. It must be (a;,b;).

"The following is proved similarly.

Corollary 4. Assume that f and g are surjective. Then

FHO) x g7HO) U £7H(1) x g7 (1)
is contained in a connected component of W.

4. Circular components

If a subset V of R? is & union of segments and homeomorphic to a circle, we say
V is circular. We consider here the question how circular connected components
arige in fiber products.

Example.
(1) ¥ f and g have the graphs

then {(z,9) | f(z) = 9(v)} is

= 101 —



(2) If f and g have the graphs

——d

then {(z,y) | f(z) = g(v)} is

These examples are generalized as follows. Let f: [ag,a1] — [0,1], g: [bo,b1] —
[0,1] be P-maps. Put W = {(z,y) | f(=) = 9(v)}.

Let D be the set of (ap, @1, 50, P1,7, 1) satisfying the following conditions.
eag<as<a La.

s bp<Po<Br<h.

e 0<w<m<l

¢ f([ao,)) = [10,m], flao) = flar) =7 (resp. =)
* 9([Bo, A1) =10, ), 9(Bo) =9(B1) =m (resp. =)
e f(z) does not have an extremum at z = ag, ;.

» g(y) does not have an extremum at y = fo, 6.

Let D = (o, @3, 80, 51,7, 1) € D. By Corollary 4 we know that
(F7 () x 97 () U £ (m) x g7H(n)) N[ao, @1] x [Bo, Bi]

is contained in a connected component of W. Call this component w(D). We know
that w(D) hes no end point.

Let C be the set of connected components of W which are not a single point and
have no end point. Thus we have a map w: D —C.

Theorem 5. w is a bijection.
If f and g have no common extremum, then C consists of the circular components
of W, so we have a bijection between D and the set of circular components of W.
Taking g = f, we obtain the following,
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Corollary 6. Let f: [ag,a1] — [0,1] be a P-map. Let R = {(z,2') | f(z) = f(z')}.

Assume that
FH0) ={ao}, f71(1)={a}-
Then R is connected if and only if D (for f and f) is empty.

5. Summary

Let f: [ao,a1] — [0,1], g: [bo,b1) — [0,1] be P-maps and let W = {(z,y) |
f(z) = 9(y)}. Assume that f and g have no common extremum.
'We have obtained a bijection

circular component C of W « (g, @1, 8o, B1,70:71)-

Finally we mention a problem. A part of Hilbert'’s sixteenth problem concerns
the topology of real plane algebraic curves ([1]). Every connected component of
an algebraic curve X in RP? is homeomorphic to a circle. One component may
lie inside another component. This inclusion defines a partial order on the set of
components of X. The problem is to classify partially ordered sets arising from a
curve of a fixed degree. We can ask the analogous question for W.

References
1. G. Wilson, Hilbert's sixteenth problem, Topology 17, 63-73, 1978.
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2EICHITRETAYID

Wi 2- 0—BHEES"
ViTIDESE

AILE

WIET CGRRERAE HZEH)
MBRE CRRRIAY HERZELHDIZER)

1 (FC&IC

G 2HRE, F 288 p> 0 0RBWBAKELL, B%2 FGDTOY I TED
defect group 2 D &9 5. | = (B) Z B ic3F N 3B Brauer (modular)
EEOREETS. B DANVEZAH Cs = (o) &4, I x I {THIT, RS
c; & B BT BB FG-nB S; H i REDOHBHIREHY FG-inB P, ©
FICHEF L LTRN2EHEEZRT. Cp BIEA, BEWARITHZI M5
Frobenius-Perron BB 1H (i.e. ¥—DRKEHH) p(B) 2%D. Rg % Cs D
BEAfLE, FRIC Eg % Cp O (Z-) BEF24DORELT 3.

ANVZ TS Cp DEREMNEDK S L B, EDXS kL
ZICERMAEBAFI—BITZ2ONCONTEZATE, EEALEDRHEIC
p(B) DERE SIET X TOERBEMNERICKRD, E5IC Rp=Ep ZHT.
ZFTTROTFHEEFI:.

Conjecture([5]). G Z15fB8E, B% FG D71 & T defect group 2 D £
%. B DANEZ /TS| Cp DEIGRBICOVWTRIIEETSH 3.

(@) p(B)€Z.

(b) p(B)=|D|.

(C) RB = EB-
Z 1. (c)=(b)=(a) TH 3.

COFRBIZROBEICIFIEAZT N TNS.
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1 ([1, Proposition 2]). D <G %5E (c) A D iLD.

2 ([1, Theorem 1]). G »' p-FIREEESIE, (b) & (¢) XAETHS. ((a) &S
& (b) REZEATATVEN)

3 ([1, Proposiiton 3]). B ANEEIZT O 7 (i.e. DANKEIRE) &5 (a),(b),(c)
BESITRD (d) ICRETHS.

(d) B & bI3ZMERMTHS. TTTbE B D Braver HEF (e bl
FNg(D) @70y T i = B #HlTHD) .

2 01X bIREKC () AT, ZARMETHNE Ceg=C, &Y, B
& (c) BAIT. &oT (d) » (c) Kb,

4 ([1, Proposition 4]). B ' tame block (i.e. p =2 T D = dihedral, generalized
quaternion ¥ 7zld semidihedral 2-8¢) x5 (a),(b),(c) T HIC 3 D (d) IT
FfEiTH5.

32 3. () & (d) B—RUCIFAIC A S\, (d) B5IE () THAN, (o) &5
iE (d) LIZEBELV. ZOBE LT I(B) = 1 DROBHB S ([1, Example]).
G = SL(2,3) + Eg (EHEBD T p=3 9% G DEEXETovy B, (> ¢
I(B)) = 1,k(B)) = 12 T%%. —7 Brauver fI5F b & U(b) = 1 A
kb)) =17 Lxh, B, L b, I3FHARE TR, (B)=1 ZOT Cs, = (D))
&Y Rp, = Eg, ={|D|} TH3.

Question. FDFIZ D =~ ZywrZ; T D ' non abelian ZXI5&TH%. D H'
abelian D& Eicld, (c) & (d) XAMEICESEWEESIHM?

CORMBEICMLTE 3 ickhiETay JOBEICRELY. EFROBE
IZIELLV. ThHDRERIS Koshitani-Kunugi DRER (3] IcRE hiz.

5 ([5, Theorem C]). G IBRE T 3->O—&I 8 P A EATIABE Ey ICF)
B33 . BRGDIETay I LdBLE, Conjecture D (a),(b),(c) & 3
D (d) LAME (&5 L Puig AE) TH3. COLE 0¥(G)/0x(G) D
MEIRES.
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2 EEE

CCTRsDERLALCEN p=2 DIBRICHATESZCLERT. &
FREF X ICHL O'(X) & X OFRIEROBR/NDERSEI B, O(X) I& X OF
HUBOBAFREIBROCL LTS, UTOERICHWT (d) & (e) DRIE
HiIDPLEDVRUEEZZLEIN, (d) b (e) VS L&, HILE VT
OEBMENS FLEHATES. HERLLTIDBRAE (¢) 25 (d) A3,

T ([4, Theorem]). G ZHBHL L, 2-2O—858E P 37—V THS
L9535 BEGD2ETOY I LTBLERIAMTHS.

(a) o(B) € Z

(b) p(B) = |D|

(c) Rz = Ej o

(d) B ~ b i3BARE (52 L#< Puig Rl TH3. ELIEBOD
Brauer HiGF.

@O0G)={1} ¥L,G=0'G) &BL. CDLEGC=G, x--xGr xS
%%, CTTTG;i~PSL(2,¢:), 3< =3 (mod 8),1<i<r T, SE7—
~)V 2B THB.

F 4. GHpTRBIDOL 213, defect group D 7 —~)VBELSIE, B L b b
FHBHEICZ>TWA T ki, Morita, Dade ElC XD ASNTWBDT, £D
(¢) DEIRIIEAVRBDFAICOVTHNTH 5.

THDZTYF (d)—(c)—(b)—(a) RHASMTHS. (e)=(d) IDVTH, &
G; ~ PSL(2,q;) DET T & & F D Brauer HHFOMIC I3 Erdmann 2 X 9
FAORE (PuigfHE) BEETS. ThEBEMG=GCG, x- xG. xSDET
0y %7 & Braver HEFOMOAEHARE (Puig FM#) icD%4&lF 5. RIC [3] TE
BAIAEILED Bo(G) & Bo(Ne(P)) DEIDZRERIA (Puig FIE) 12 HAI
By(G) & By(Ng(P)) DHIDZHHERIE (Puig BH) ICHIRTE ST L5,

(a)—(e). ROWEEEEMES. ARPEZP>TVHIARRBFRICERA S0
LhiendS, REMEEAEZEDLTIC—ROFEET IOy VMDA 7Y —
DR{EEZIIAT S DI, EhHTHLL.

8 (Walter, Bender). G %A 2-0—3 8% & DIEAIRERA L T 5.
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THL
O'(G)/O(G) =Gy x+-xGrx S

k%3, TTTG; (1Li<r) BRDBHBPDS> BLOENITHS.
(1) PSL(2,q9), g=3o0r5 (mod 8), ¢ >3
(2) SL(2,2"), n > 1
@) &
(4) R(g), g = 3**!

key lemma & LTo728DIE [G: H|=q TqM p LRUEDFEHOL Z
ICRERAL 7248, 2R ERDE SIC—RICHIBTE S T L RIILEARICHZ T
= LT T TiRENEIAT 5.

B GEAMBLL,GoH T|G:H| A p THhENETS. b2 HOD
p7avi L, B b%NN—T3GCOEED pTOv I LTS T5L
p(B) = p(b) TH 3.

SEEA b ICIR 9 B BE4 Brauer 618% IBr(b) = {h,--.. %} &L, ¥ ICHRET
ZHEMERHEER U, 1<i<IETB. 0 ZW—FTBGCDpTavy
24k% A:=B+--+ B, £T5. COLZE IBr(A) = {¢1,.-., ¢} £L, i
ST 25 UEBLOIsERZ 6, 1<i<r LT5.

C, DEBHE p(b) KETZ2EEXY FNVTERGHEDLDZ (ay,...,a1)
t‘g-% ?%t (a,,...,a,)Cb = p(b)(al,...,a;) ?56 Cb(’l/)l,...,‘l/)')r =
(T,..., )T THBHhH

(@,...,a)(¥1,. ., )T = (a,...,@)Colhr, ..., )T
= p(b)(ay,- .-, @) (¥, ..., )7

?4'3?56 CC‘(’ (:L'l,...,:L'g)T ‘i (Z],...,:L'g) o)ﬁﬁ?ﬁé '3-6 k%’?gféﬂlc
21T

(ala ey al)(‘I"lG, vy "I’!G)T = p(b)(ah LR ,a!)(wlcv v 1¢IG)T (*)

%18%. FG,FH O Jacobson radical # J(FG),J(FH) £9%. G- H T
G : H| #* p kDL &}, J(FG) = FG - J(FH) MDD, TOTE
M5GH T|G: H M p LFEOLER B FG-BE% HICHBLZL
ZDEPYRFOEBE TH S ramification index &, FET 2 HEHEEEN
FG-Bf% HICHIB LIz EOMET 3 BHENERIRFOEERETHS

4
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ramification index 3—8 T 3 &\ 5 EH (Willems DFEBEFEEN TV S &
35 72) BX U Nakayama relation i XD

r 1
0,8 = by®; <= ;=D byt (Nakayama relation) (1)

]
= &y = b;¥; (Willems) (2)

i=1

<= %€= byp; (Nakayama relation) (3)

i=l
TH5. #uc
(01, cee ,a;)(b,-j)CA(tpl, e ,go,.)T = (al, - a;)(b;,-)((bl, ceny ‘I’,-)T
& = (ay,-..,a)(1C,..., 067
(*) ‘tb = p(b)(al,...,a;)('tﬁla,...,;b,G)T
BED =oY@, s 0) ()11 0)T

218%. TTT {pn,...,0-} & CEI N BB TH IS

! i i i
O abi,..., Y abi)Ca = pB)D_ aibin,--., D aibir) (k%)
i=1 i=1

i=1 i=1

1
BHIT. TTTa>01<i<IEb; 20 THEND, Y aby =0

by = 0 for Vi LB T LICEET B, A I b &4/ =L TOBHEII (5;)
DEINIFTREY. &oT (x+) & D p(b) & Cr DEFETEOERBFAS b
WRIETHS.

IBr(A) = {¢1,.-., 0.} ZTOY 7 TLICHEREA 5. IBr(B) = {vi,... v}
1<i<mé&ETB. 0% {01,...,0:.} D5 {P11,- 1Pty -+ 1 Pmtse o+ s Pralin }
NYREXS[PLTE. Q ZZORBTHELTS. Q& rxr TAT
r=l‘+'5'+l"‘ T*ZEZ:L

z:= (;aibih---,;aibir) ETBLz2>0T,2°=2Q &5,
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zCs = p(b)z &0,
QQ7'CaQ = p(b)zQ

Cs, 0
z° . = p(b)z°®
0 Cs,,

Y53, 2° O Bipart ® 29 LFBL

THBH M5

z{Cp, =pb)zf, 1<i<m

218%. Cp, BEBHTRITHSH 6 27 > 0 ICHERTH LTI p(B) =
pb), 1<i<mEZEK®TS. O

(a)—(e) DIHA. (o) RO ITBWVWETS. THLRENS 0(G) I
PSL(2,q), ¢ =5 (mod 8),SL(2,2"), J;,R(q) DI BLENIEREAF G, &L LTE
. LIANThSDMBIHOETOw FDHIVE T BIRAKEEE
& p(Bo(G;)) > |P| ##I=F. CTT PR IR G DYu— 2808 THS.
BED p(Bo(B) = p(Bo(G)) > |P| £T5%. Thik (a) IKRT 3. AL
L p(Bo(G)) H &8s 5IE 2, Corollary 4.6] & b Ehid |P| 2HS KL Tk
. o

¥ 5. (1) BED () DERDHBIC O(G) = {1} EWSRENSBH, E70y
713 O(G) % kernel IZETDT, DML L TiE mod O(G) THREB L
SEKTHS.

(2) §iED |G- H| B p EHRTHNEX, LWV I XS5BT 28, 7
¥ p DL EII G/O7(G) B—RITIITTEBIC B SEWVN, Mgt p LHEED
Tp HEHFFEBOLTLTOMBIIMER 5. D ULNERSHZH, TOHEE D A
T—_IED L %, B L ED Braver i5F b ORJICHFHBENSH 20 E 5 H
ZHAROBACRETIV/NERZ LTV A HEBTHZ L VX 3B,
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1 BR

BHERSICED n XITH A BEZ 5, A OFERE A\, ),... 0, &F
%, ERED A DFMEBHARX fa(z) = |zl - A i

fa(@) = (= M)(z = A2)--- (z = An)

CIEEREND, — ., ADBETF% ¢),¢e5,...,6, £T 5. EBLDey,e9,...,6,
[
e.~|e,-+1 (ISzSn—l) (1)

BRHicT BETHO, A RNATITI diage), e, ...,e,) EXNFICKS, Thb
B, THIOMED £1 THBH L S BHITH P,Q MFELT.
PAQ = diag(ej, e3,---,€n) (2)

&%, TNHORERE AT L OMICROMFENHBC Lid. <Hb5h
TWa,

/\1/\2"'/\,, =:!28182"'e,.. (3)
Thid 2) OMAOTRRERBETZ T LT Cicbh B, chichmiT, X
DORFENH BT bl

BE1 k2 nTOBREETS. ADn BORERNSEREIC k B2
ATEo TR, BHID k BOHEETFOR eep--- e THHYINS,

Thbb, FEOL(1<k<n) EEEDi,...,is A Si1<iz< - < i £
n) IKAHLT
AiAig Ay, =cejeg - ek (4)

1
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R HITIRGVEBE ¢ DFET B,

R L BETF ORI, (3) & (4) TRAEEhBILLbholc, FB X
DERVEO NI,

EE2 f(z) ZRERFEED 1 OBBRBOZHRL L. e,e,...,6, Z (1)
ST BERE TS, f(z) ZERBOMWHET f(z) = (z=M)(x=A2) - (x= )
LRBET S, TNOHD (3) & (1) BRHI=TaHIE. f(z) ZRESENCE
L, MHFN ey, e...,, THD XS DBBITNEET 5,

S B LEH2E, FHEBRE—ROURSTFTIVBETEENAT
LT B, CT TR BEEMBUCT A 7-HICHREER LOFEICB > 12,

2 EE 1 DOIEADELEE
n REHITA A DHIESHERE

fa(@) = (z=M)(x—A)--(z = A)
= Zn—51$"-1+"'+(—l)nsn

L. ADHEFE e,e0,...,6, LT3, BHZ, FEOL(1<k<n) LiE
BDi,...,ix (1<) <ia< - < <) EWLT

AifAig et Aiy, = cerep+ e (5)

ZHT-TREHEE c OTFERTRTILILH S,

rank(A) =7 < k DL EIIEFBIHPICKILTIDTC. k<7 LRET S, &
BILr=nD2FY ABERAILLTEY, 9. RO LIZERT 5,

AB1 B (1<i<n) ZHAFORID i DK ejey---e; THIDEIN S,

HEBR s = tr(A), s, = det(A) BELASNTNEH, —fC s; & A D
principal i-minors TRXTDME LD, —H. e ---¢ {& A D i-minors DIRK
DO T. FE1/RDIID. QED.

LIF, MiHD k=2 DIBSICOWTHAETS. B, 8D, (1<
i< _7 < n) CCE'!‘TL"C\ “‘E;&&"Jgﬁt L/T z\.‘z\j 75‘ €162 ?@JD@J“%C t%ﬁ?'ﬂ-
TETHB, ThERTEDIC, {M)j]1<i<j<n) ZRICHOSHEN F(z)
2EZB:

Fz)=Tlz-M))=2z"+cz" ' +---+en
i<j
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CCC . N=n(n-1)/2 TH%B, ET. M) (1<i<j<n)hee THD
hac kix, ZO Claim "o BHICEMN B,

Claim %K c; (1<i< N)IE (e1e0)’ THIDYIN S,

LUF, Claim DFERHDF 21BN D, ¢; 13 My, . .., A, DHHFRTHB T LiC
EEY B, LEN>T, ¢ REENFHN 51,...,5, DBRAL BB, LA,
C] = —89, Cg = 8183 — 84 tfct%o C(D?JEHH%EEU‘ELTEBJ:% if /\1, ves ,/\n
MolEbh 3 BEFGEOMICRO &L 5 HEERNIERFZANS ¢

,\11’1,\'?;" > ,\‘{1,\?1"
B0k,
PL=qnL 2 D-1=q-1. 1> q
BA3BE I NEETHLE,
ETFZ M-y Ay O E T B, fICRANZBEEROLZH T, LOIBEF

IEDWTRADED (leading term) % XX ... \2» kL. ZOFHKE m LT
%o ?E‘?ﬂl’{7 I‘)I/ (pl,...,pn) @Igﬁﬂ’& (ql,...,qn) tHL

G =P1=DP2 +++y Qn=1 = Pn-1 — Pny Qn = Pn- (6)
T Tq BIATHBT LITHEET B0 My.ooy Ay OXFHR sfisP st T f
L[ UK (leading term) ZFFDD T,
fi=f—ms{sf-- sl

BT f; D leading term X f D leading term & D BiZ/phEW, DR, LD
BRUFEZRETTLIZED, f D5y, ., 5, OBAXTHERDIhB LM
T3,

EDT7NTY XL%E F(z) OFE o IKBATZ L, o BESHHR {s;} D
BEFEHBOLENL 15, EHOKRICET L, #iE 1 XOXRMBLIS,

WEz FARE p,..pe g0 BV(6) BEELTLE, S5 i
ef'---efr THIDYINS,

ET. ¢ D leading term XEDAHS MM, L—HIT B0 FRZFhKID)
T, Ko THIE?2 tﬁi €; | €541 ya)lo) (eleg)‘ I ¢ yaita: PN J—;{J:lr:ck Y Claim
MIERHE h=,
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3 TEIE2 DD

CTTR n=4 DRPEHICDOWT, A ZEEMICHIRT 2 C & THEHO» D
h&d %, f(z) ZRARBEN | OBBIRRD4RLHREL, e, e,...,¢
Z (1) Bl RBEE TS, €T, BHEAX

f(@) = (z = M)(z = A2)(z = Ag)(z — A4)
ZEELILO%E
f(z) = 2% + 0,7° + a22® + a3z + a,.

L, T A ZRDESICERT %

O 0 0 - e_ad._
1€2€3
A= e3 0 0 __Leleg
a
0 €2 0 “a
0 0 ey —-a,

CIT. ADBEOVICRNZDEICDWT., 480 0 DBERIEES %
0 LEBTZ, A DBESERN f(z) LB L, BXU., A OHEFH
€, €2,€3,€4 t&% C t&i’é%liﬁﬁh‘&béi &b‘?% 60 A Oﬁiﬁh‘ﬂ-&fgﬁ
TharT Lid, &4 (1) o5,

4 {952

JbiERZEC B B A REOREE (200846 A 24 B) D%IC, ShETAZORE
ANEKXOER 1 OFEFAOEERNFEONE L, AFRKOTRE2ET, &
T, B oFEENIATE, TOEEOETIBRLET,

n RDITHI A & n UTOBRE kEDHHLE, AD kMR TART
ZERBIRFCHEXTOLHNBTFIMNHDET, ZO1T5% B L%, B
D size I3 2 TBFEED ,.Cro B DEBMAIE. A D n HOBEEEND k HBAT
Eo ST, ADHERTORLHD k BORUI B ORZTITXTEHS
DT, BOBEGHEHIRTEZRZ Lickd, 2Fh. A DEBGHEHOEED LB
DOREJNBENZET,
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S50 20D v —THEEICDWNT

FERY (TEXE)
RO K (TERERERERNEMFN)

1. B8

G ZHRE, x 2 G DIERLTHLE,

L:={x(g) | 1#9€G},
fu@)=[]=-0

teL
LBL. TDLE fL(x(1)) BAREYT, Lhd |G| THIDLYINS (cf [2), [3]). TR,
fo(x(1) = |G| DY IO L &, x & type L D sharp 1§ LFER. ERHS

x M sharp 8 <= x + 1g H sharp {684
NEBIZES DT, LT TR (x,16)g = 0 DIBETE#EX S (normalized % sharp 1557
LOHIND).
sharp DRI TTL HAMOMRBICEWTRELIZLDTH AN, HFER I H—MIC
EIEOMEL LTHENZINTED, TORBE LT x PBEHETEVBESIIBHICS

BOBMFET S (cf. [1)). 1> T, BIERXBBUAD sharp SR ELHANRTH 5.
YHIAD sharp EFZRN3 L THBL LB DIEIROHETHS.

B LCZ, LI >1LTHLE UTHHEILD:

(1) L= {£1,32} 7‘;:5!;!:', (x,x)c =1~ flfg.
(2) |L] > 2 &5, (x,x)¢ < —min(L) - max(L).

E5ig, (1), (2) DEBEDY—ATH>TH min(L) < 0 TH3.

COMBEICEY (x,x)g tTiE LITISCIHBMIK. ETT, HED L %21 DEEL,
F 0D type 2D sharp S IELTHET ARBMNEIN TS,
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Fl1. L={¢,¢+1} DL E, Gid 2-transitive Frobenius T 3.
Bl2. L={0,0+2} DL %, GRIRB|LFBEEhTWV3S.
B 3. L={00+3) DLW, Z(C) > 1 £/id £ = -3 DRATIHHEET TS,

BLOBRIM 3 Z—LL L = {£,0+ p} (p: THER) DREICOVTHETS L
TH%. Lh L, ARRTREZ-RLDI=DHDELNMOHARB LTS8, SHEIE

L={-1,p—1}or {1 -p,1}
DBFIETEMOEZS. TOLE, HE1H»DL (x,x)c =p £ b x OB OERIC
MOFIRAE OIS, IS, / VLSS XD BELEWEMICDWTIE, LD 2 DLt

D type ILBWVTEHLIOMBAR D LD,
SEFHLHEBEE 1 OBRERDERTHS:

ER 2. pETHEHM, L={-1,p—-1}or {1-p,1} £ 3. G H type L D sharp f5iF%
HOEBIE, |G| i p THID Y3,

ChiZ—RI3LEHTERLTERTHIN, G HERALERLERHDIBSIIARICET
DOFMEETS. —H, Z(G) > 1 DPSIE G KL T B OfifiZs T L’
TZ3. FhODORRICDOWT 3HiTENT 3.

2. |G| B p TEIUYINBT L

FMTIIER 2 MM LTHAST WA 0B 2HAT 3. Rid, Z(G) > 1 DFER
LD AT OWRM R D 11D:

#8538 3. G » type{l,¢+ p} D sharp 5 EFOELE, Z(G) X p-BETHB. EHIC
expZ(G) =1 or p B YD,

CNIERDE S IERENS. 2(G) hORRUBDT : #1208, Z = (2), o(z) = ¢
EBL. x DBIRD DS B, Z % kernel iIcSTLDLEDME ¢, Z % kernel \CHFX
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WEDLMOME 9 LBL. TOLE, ¢, 0 DEDENMS geG-ZIEHLT

Yo xlg2') =) #(gz') + > _0(gz") = Y %(g) = qib(9)
i=1 i=1

i=1 i=1
MDD, TTTHEIIENUT x(g9z') € {6,0+p} &Y, p=q THAM, T&TThiF
x(9) = x(92) = --- = x(927"') = ¥(g), 6(g) =0

5B, LURERLTBL, 018G —Z TORLBE LB, § 4 type {0,m) (m € Z)
D sharp IBHUCEBZ T LHTRES. COLEHE L KD 0 NEHNCHBH, ThiZETH
BV, o Tp=q TERIFThiIEST, Z(G) B p-BHTHB LIH3B.
BEERTRTIOICE, expZ(G) > p ERELIZEZ (), X)g M LI X > TRES
Bz EE->TUES T LEERTS. UL, AlEHEIC 3D T TRIIEY 5.

DI Z(G) > 1 DBPERI ELHRTHDT, MEL B0 Z(G) =1 DFE
TH5b. £CT,
Z(G)=1, L={¢t+p}, te€{-1,1-p}
Mo, |G| D p TRIDYINEZVWERELKS. x(1) =n LB L, sharp HROEHR LD
IGl=(n— O)(n—€0—p) LXENS. |L| =2 DIBAD—FRA S KA IID.

B4 per(n-0,ppen(n—E0—-p) T3 (CTT, a(m) & m DFXTOEREE
Mo REERERT). TOLE, G IIE pip, DFEERZEV.

FoHiEX D, GOEBTS TRV LY 2 D0DMBRSEZRD. TOXSEHIZ
Williams [5] iICX > TAEENTED, TOEREAV B L RONThIDNEDIIDT L
Mainsd:

(a) G X Frobenius ¥£7={& 2-Frobenius,
(b) G D non-abelian composition factor S TH> T, |G|r = || ZiFEI=T L O
FETS.

TTT, T =Ugnoy(o) T(9) THS. LOET—RALD0THINVHE L WEZRTFE
MEINS. LTFRENEFNDT I 514 2 2BNT B,
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(a) BREV D& E

T DX %, 2-Frobenius DEHRHM 5
N<K<G, NdaG, H:K D GB35,
HN : Frobenius &

EBLIENTES. |G| Hn-CtE&n—"Lt—-pLVSHEVRER2BOMTREIATL
BLLLHE4ZBANBL, |Hl=n—-¢ |K|=n—-0-pHRENS.

M=HN &BE, x DM \OHIR xps ZEXS. M & Frobenius #THE05, Hil
3 DOFEA L FIRRIC, xar DB DS B N % kernel IS L ODOM% o, N % kernel
KEEZVRDDME O LBE, xpy=v+0 LET. CDOLE, M Frobenius HT»H
BTEEZMAVTHRLTW E, COESBr—ANET B ahd.

(b) BREYIIDE &

= |Glr, b= [Glr £BL. TOEEEEMC (a,b) = 1 HD
ab =Gl = (n—)(n— ).
T OEHHLHEA LD, {0,b) = {n—b,n—Ll—p} THRFNEELEL. L€ {-1,1-p)
THEPS, WThDT—ATH>TH b<2a+1 DK IID.
TBL, RELY |S|r =a THEIMS, |S|r < 2|8~ +1 &5 5%RHEZ185. LML,
CORM%Z M-I IEHABMBHIR L THL LV, FORTOYy—R%2 L 5 A1t LICKRIE
LT 8R, K5 (b) D —RREC DB T EAFR -,

REXb, GHalxh.L2iOEas |G & p O LD, EH 2 AMIAETH S,

3. Z(G) > 1 DF—RILDWNT

—MRIC sharp fEEOMR T, BHETZVRLERFDOBDIE S BMHENPTNT EHB,
EPR, L={0,+p}, L€ {-1,1-p} DF—RICEL TS Z(G) > 1 DFBIIEH BL
DERZBBTENTES. A TRBLAHPREBTVIEREENT S.
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UF,ZG)>1¢9%. COLE HEILARCLT Z=2(G) = Z, M3bh3.
EBI 0LX)e =p THANS, Irr(Z2) = {1z, A, ..., A~} LBIFE,

x=9%+ @+ -+0,-1), Yelr(G/Z), 6 €l(G,N)

EEFTEHNTED (TTT, In(G,N) i& (V)6 DEMRS26EET). WD
n=x(1),k=n-tHBL. TOLE |G| =pkik-1) THB.

gEG—-ZIKHLT

By :==t{z € Z | x(92) = €+ p}

LEDHES. COLE, Y(g) =+ [, MEDILD. SN B, € {0,...,p} THBMD,
YHG-Z THABMHEIZLL+1,...,0+p DOVThNMBEINS. CTOWRITIERIC
HRHZFEMNIOTHS.

WE,G-Zh25pag, 0 %LBE,p|Y(1)-¥(s) THB. &oT

P | ¥(a1) — ¥(g2) = By, — By,

LILBDT, By, = B, THBM, TN {B,,,85.} = {0,p} ThiThiEESmN.
DT LD, pTeic B3 B, DEIKDVTRDOWTIAINKD ILD:

(A) G-ZODOEEDpTtglcHl, By =0o0rp.
(B) 3C ¢ {0,p} st. G- Z DILBD pit g lHL B, = C.

i3 (B) «= PPt |G| THAHT LHHAMATES. /bbb, LD Case (A), Case (B)
EENTN |G| B p® THHYNBBELHD PR OBEICHEL TWS.

—7, 6; B Q] (w= A2)) LR LB LICEBTRL GDp'-TL g IcHLT 6i(g)
OEZHET BT LHAHET,

_J)-7 if O(g)lk,
9‘(9)‘{1-7 it o(g) | k~1

LB ehghd. IKEL, Ty R OD1DVTADT,

x(2)=Cl+pyforl#z€ Z.

BT EIICELS. COXSIC YR 0; ONBESRESC LiITX D, RLAGHAZITS
TENTEBXSICES.
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7o & x1Z, Case (A), Case (B) DVWFNOBAICE G/Z(G) DEBY S Thdkiliic
BBTULHUATE, £726; D p-TTOFNIHhBZ &5 Case (B) DFAIIIE 6; A
G O principal p-block IZRT 3 T L ¥HVRES.

T LMRREZHARRTHONTROERNFELDE 2 DERTHS:

EES5 pEFRYE, L={-1,p-1}or{1-p,1}, Z(G)>1LT3. £ L GhtypeL D
sharp {68 x ZR/D% 5, G/Z(G) DHREY 5 7 3EHETHS. T ¢ & x DB
B530D 55 Z(G) % kernel (& (M—0D) BAIEIR L THiE, ROWTNHDRED ILD:

(i) |G| = p*k(k - 1) for k € {p,p(p — 1)/2},
(i) |Glp 2 #* 2D Imy = LU {0} U {y(1)},
(iii) |Glp = p?, G = Z(G) x R, D G/Z(G) D Sylow p-#B57 BiZ self-centralizing.

FUTLOEBORERMHEHRBTEI LIZTERVD, REChSOBRERANT
L={-1,p-1}or {1 -p,1}, Z(G) > 1 DIFEDRLLEFIFEEDTEY, RELDLL
TN TRETNBRELTHS.
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THE PARTIAL BURNSIDE RING RELATIVE TO p-CENTRIC
SUBGROUPS

FUMIHITO ODA

1. INTRODUCTION

Let G be a finite group and let p be a prime. Let X be a family of subgroups of
G such that it is closed under taking G-conjugation. In [Yo90], some conditions such
that the R-submodule R ®z Q(G, X) of ordinary Burnside algebra R ®z Q(G) over a
commutative ring R has ring structure are considered. If X satisfies the condition (C),
(see 3.6 of [Y090]), then Q(G, X)(p) has a canonical ring structure (see 3.11 of [Yo90]).
The ring (G, X)(p) was called a generalized Burnside ring with respect to X in [Yo90],
[0d96] and [OYO01]. Recently, there are some generalized version of Burnside ring for
some mathematical objects. For instance the ring Q(G, X) is called a partial Burnside
ring relative to X in [Ta06], if (G, X) is a subring of the ordinary Burnside ring Q(G).

The present report is a survey of [Od]. The purpose of this report is to show that if X
is the set of all p-centric subgroups of G then Q(G, X)(;) is a generalized Burnside ring
with respect to X. A key lemma (Lemma 3.2) of the main results (Theorem 3.10 and
Corollary 3.11) of this paper is used to show that the family X satisfies the condition
(C), that is discussed in [Yo90]. The lemma is used by Sawabe’s work on the reduced
Lefschetz module (see Proposition 6 of [Sa6]). The family X of all p-centric subgroups
of G is the first example such that it satisfies the condition (C), but not closed under
taking subgroups.

Diaz and Libman showed that the ring Q(G, X)(p) is isomorphic to the Burnside ring
A(F)(p) of the fusion system associated to G and a Sylow p-subgroup in [DLO07]. They
showed some properties of A(F)¢p) for any saturated fusion system F (Theorem 1.4 and
Theorem 1.5 of [DLO07]). Assuming Theorem 1.6 of [DL07], our Theorem 3.13 and 3.14
give alternative proofs in a particular case of Theorem 1.4 and 1.5 there. However, those
are special case of their original results.

The paper is organized as follows: Section 2 recalls some definitions and results from
the theory of generalized Burnside ring of [Yo90]. Section 3 is an application to the all
p-centric subgroups of G, showing main results, relationship between our results and those
of [DLO7].

2. THE GENERALIZED BURNSIDE RING

2.1. Notation. If G is a finite group and p a prime, denote by G, a Sylow p-subgroup

of G, by |G|, the order of G, and by |G|, is the quotient |G|/|G|,. Let X be a family of

subgroups of a finite group G such that it is closed under G-conjugation. If X is a finite

G-set, denote by [X] the isomorphism class of finite G-sets containing X. Denote by WH

the quotient group Ng(H)/H. If H is a subgroup of G, denote by (H) the G-conjugacy
1
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class {9H|g € G}, where H = gHg™!'. If g € G is an element of G, denote by {g) the
cyclic group generated by g.

2.2. The mark homomorphism. Let §(G, X) be the submodule of the ordinary Burn-
side ring (G) of a finite group G generated by elements [G/H] for H € X. Then (G, X)
is a free Z-module with basis {[G/H]|(H) € C(X)}, where C(X) is the set of the G-
conjugacy classes of a family X of subgroups of G. The direct product H(S)EC(I)Z of

copies of the ring Z will be denoted by ﬁ(G,.‘i). Let s denote the additive map from
(G, X) to Z defined by [G/H| — |(G/H)®|, where |(G/H)9| is the cardinality of the
S-fixed points of the G-set G/H for a subgroup S of G. Thus we have an additive homo-
morphism relative to X

¢ = (ps)s) : UG, %) = UG, X) : 2= (ps(2))

and o is called a mark homomorphism. For any element z € Q(G, X) and any subgroup
S in X, we often write z(S) = pg(z). For a prime p, let Z(,) be the localization of Z at p :

Zyy = {a/ble € Z, b€ Z\pZ} C Q.

For a Z-module M, we set M, := Z;®zM, and denote by p) : UG, X)) — UG, X))
the map induced by the mark homomorphism .

2.3. Condition (C),. Let p be a prime. We use the notation for a subgroup H of G
that H := N{S € X|H < S}. We put H = G if there is no element U € X containing H.
In [Y090] Yoshida introduced the following condition:

(C), 9S€e (WS),, SeX=(g)Se¥%,
where (WS),, is a Sylow p-subgroup of WS.

2.4. The Cauchy-Frobenius homomorphism. The direct product [] s)cc(x) (Z/1W S|Z)
of the quotient groups will be denoted by Obs(G, X). The Cauchy-Frobenius homomor-
phism iy from Q(G, X)) to Obs(G, X)) is defined by

(y(S))(S)'—’( > ¥({@)S) mod |WS|»)
gSE(WS),p )

Theorem 2.5. (Yoshida [Yo90] 3.10, 3.11). Let p be a prime. Then under the condition
(C)ps the following sequence of Zy)-modules is exact:

21) 0 — (G, X)) 22 B(G, X)) 22 Obs(G, X)) — 0.
Moreover, Q(G, X)) has a unique ring structure such that ¢, is a ring homomorphism.

Remark 2.6. If z and y are elements in Q(G, X)), denote by z e y the product of z and
y over Q(G, X)) defined by

zoy:= (o)~ (Lo (@)em®)).
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Definition 2.7. Let R be a commutative ring. The R-module R ®z (G, X) is called a
generclized Burnside ring with respect to X provided it has ring structure with identity
element such that the homomorphism

1®¢: R®z UG, %) » RRz0(G, %)
is an injective ring homomorphism.

Remark 2.8. If X satisfies the condition (C),, and if the commutative ring R is p-torsion
free and |G| is invertible in R, then by Theorem 2.5, R®zS)G, X), particularly (G, X))
is a generalized Burnside ring with respect to X.

Proposition 2.9. Let o be the multiplication of UG, X)) defined by Remark 2.6. Then
z oy =zy in UGy for z, y € UG, X)) if and only if X is closed by intersection.

Proof : If z @ y = zy in Q(G)¢y, for z, y € QG, X)), then we have that
[G/H]+[G/K] = [G/H]IG/K]= ) [G/HNK]

9E[H\G/K]
for any H, K € X and (G, X)) must contain Y- i g/x)[G/H N?K]. Hence the family
X must contain H N9K for any g € G.
On the other hand, if X is closed by intersection, then (G, X) contains 3 ¢ g x [G/HN

IK]. Since 3° e g,k |G/ HMP K] = [G/H|[G/K] in G), UG, X)) contains [G/H]|G/K].
Then we have [G/H] o [G/K] = [G/H][G/K], because pu)(|G/H]) - v ([G/K]) =
»p)([G/H|[G/K]). Proposition 2.9 follows by Remark 2.6. O

2.10. Condition (C'),. In [Yo90] Yoshida introduced the following condition:

(), 9S € (WS),, SeX=(g)SeX.

If X satisfies the condition (C'),, then the condition (C}), holds trivially, and so (G, X)(y)
is a generalized Burnside ring with respect to X by Theorem 2.5.

2.11. The equivalence relation ~,. We assume the condition (C),, so that by Theorem
2.5, G, X)) is a generalized Burnside ring with respect to X. Let ~, be the equivalence
relation on C(X) generated by the relation

(2.2) (_<g)s) ~p(S) for S€ZX, gSeWS),
This relation can be lifted to X, that is, S ~, T if and only if (S) ~, (T).

2.12. Primitive idempotents. If Q € X, denoted by ef, the sum }_ ey of idempotents
ey € Q®z G, X), where (H) € C(%) with H ~, Q (see Theorem 4.2 of [Y090]). Let
px : X x X — Z be the Mdbius function on the poset X with the order relation by
inclusion. Yoshida computed the idempotent efy of (G, X)) for @ € X as follows:

%= > o (Z ux(D,H)) (/D

(D)eC(®) HepQ
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Theorem 2.13. (Yoshida [Y090] 4.12). Under the condition (C),, the element ef, is e
primitive idempotent of UG, X)(p), and conversely any primitive idempotent of UG, X))
has this form. Thus the set of primitive idempotents of UG, X)) is bijectively correspond-
ing to the equivalence classes of the equivalence relation ~, in C(X).

Yoshida determined the prime ideals of the generalized Burnside ring (G, X)) by the
method of Dress.

Theorem 2.14. (Yoshida [Yo90] 5.12 and 5.13). Assume that the condition (C), holds

for X. Then there is a bijective correspondence between the connected components of prime

ideals of UG, X)(p) and ~,-equivalence classes. Moreover, the set {(D) € C(X)|W D is a p'-group }
is a complete set of representatives of ~p-equivalence classes.

3. p-CENTRIC SUBGROUPS

Definition 3.1. A p-subgroup P of G is said to be p-centric if the centralizer Cg(P) is
the product of the center of P and a group of order prime to p. This is equivalent to the
condition that the center Z(P) of P be a Sylow p-subgroup of C¢(P). The subgroup P
is p-centric if and only if Z(P) = Cs(P) for any Sylow subgroup S of G containing P.
Denote by C,(G) the set of all p-centric subgroups of G.

Lemma 3.2. (e.g. see Proposition 6 of [Sa06)).Let X be Cp(G). If @ < P for Q € X and
P is a p-subgroup of G, then P € X. In particular, any Sylow p-subgroup is p-centric.

Proof : Suppose that Q@ < P for @ € X and P < G is a p-subgroup. Then Cg(P) £
Ce(Q), and thus any p-element g in Cg(P) is contained in Cg(Q). Since Q is p-centric,
we have r € Q@ < P, which implies that P is p-centric. O

Proposition 3.3. Let X be Cp(G). Then X satisfies the condition (C),.
Proof : Let P € X and gP € (W P),,. The groups P and (W P),, are p-groups, so is {g).

Since P < {g)P and {g)P is a p-group, {g)P € X by Proposition 3.2. Hence X satisfies
the condition (C’),, hence also the condition (C),. 0

Proposition 3.3 and Proposition 2.5 show the following corollary.

Corollary 3.4. Let X be C,(G). Then G, X)) is a generalized Burnside ring with
respect to X. In particular, the ring Q(G, X)) has an identity element.

If ¥ = Cy(G), then we can determine the complete set of representatives of ~p-
equivalence classes.

Proposition 3.5. Let X be C,(G). Then the Sylow p-subgroups are the only p-centric
subgroups of G such that the order |WQ)| is not divisible by p for Q € X.

Proof :Let S be a Sylow p-subgroup of G. Then |W S| is not divisible by p. Let Q be a
proper subgroup of S. Then |W Q)| is divisible by p because @ is a non maximal p-subgroup
of G. O

Theorem 2.14, Proposition 3.5 and 2.12 show the following corollary.
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Corollary 3.6. Let X be C,(G). Then the generalized Burnside ring G, X)) with re-
spect to X is a local ring. The identity element of UG, X)) is

%= Y ( )> #x(D,H)) (/D).

(D)eC(X) H~pGp

Remark 3.7. Let S;(G) be the family of all p-subgroups of G and let C;(G) be the family
Sp(G)\Cp(G) of non-p-centric p-subgroups of G. Since S,(G) satisfies the condition (C’),,
it satisfies the condition (C),. By Theorem 2.5, Q(G, Sp(G))(p) is a generalized Burnside
ring. The module Q(G,Cp(G))(y) is an ideal of G, Sp(G))(p)- Diaz and Libman intro-
duced a quotient ring A”*™(G),) whose free basis is C(C,(G)) as Z,-module (see 5.1 of
[DLO7]). Denote by H? the subgroup g~'Hg of G for g € G. The product of basis elements
(P) and (@) is 3°,(Q? N P) where the sum ranges through the double cosets QgP such
that Q7 N P is p-centric. We can regard the quotient (G, Sy(G)))/QUG,C(G))(p) s a
Z,-module A”°*™(G)(,) by identifying a representative [G/P] of a basis of the quotient
ring with an element (P), where P € C,(G). Moreover, the map is a ring isomorphism
(see Corollary 3.11).

Lemma 3.8. Let Q@ € CJ(G). Then pp([G/Q]) =0 for any P € C,(G).

Proof: For a pair H and K of subgroups of G ¢k (|G/H]) = §Mapg(G/K,G/H), where
Mapg(G/K,G/H) is the set of G-maps from G/K to G/H. Hence ¢x([G/H]) # O if
and only if K <g H. If Q € C}(G) then P is not G-conjugate subgroup of Q for any
P € C,(G). S0 2r([G/Q)) = 0. D

Lemma 3.9. Let Q € Sp(G). If pp([G/Q)) = 0 for any P € C,(G), then Q € C;(G).
Proof: Let Q € C,(G). Then ¢o([G/Q]) = |WQ| # 0. O

Theorem 3.10. The generalized Burnside ring (G, Cy(G))(p) is isomorphic to the quo-
tient ring

NG, Sp(C))n /UG, CH(C)) -

Proof: We give a linear map p from (G, 5,(G))p) to G, Cp(G))(p). Let = be an
element of (G, Sp(G))(z). We note that po([G/P]) = 0 for @ € C,(G) and P € C}(G) by

Lemma 3.8. Let x be the element (2(Q))@)ecic (@) in UG, Cp(G))p, Where z(Q) is the
image of z by Q(G,C,(G)) ) — UG, Sp(G))p) 8 Zy). Since Cp(G) satisfies the condition
(C’)p by the proof of Proposition 3.3, {(g}Q = {g)Q for any S € C,(G). We have that

)= D, x(@Q= > x(9Q)=0 (mod |WQ|,)
gQE(WQ)p 9Qe(WQ)p

for any @ € C;(G) by the lemma of Cauchy-Frobenius. By Theorem 2.5, we have that x
is contained in Q(G,C,(G))(p). The linear map p is obtained by p(z) = x. Lemma 3.8 and
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Lemma 3.9 show that Ker(p) = (G, C;(G)))- The map p makes the following diagram
of Z;)-modules commutative:

G, 55(G)) ) = UG, Co(G))r)

“ip) )

0(G,S,(G))y — UG, C(B)) s
where  is the projection.

We have to show that p is a ring homomorphism. Let z, ¥ € (G, S;(G))p). We show
that p(z) ® p(y) = p(zy) in G, Cp(G))(n)- We have that

p(x) ¢ p(y) = 95y (P) (P(2))0e) (2(¥))) = V) (TP() (2) TP () = Py TPl (2Y) = P(2Y)
by Remark 2.6 and the commutativity of the diagram above. a

Corollary 3.11. The generalized Burnside ring (G, Cp(G))(p) is isomorphic to AP *™(G) ().

Proof: There exists an isomorphisms of Z,-module from Q(G, C,(G))(p) to A”*™(G);
defined by sending [G/P] to (P) for P € C,(G). Since G, C,(G))(p) is commutative and
[G/QN9P] = [G/Q? N P] for any g € G, so it suffices to show that [G/Q] e [G/P] =
L seiarcyic)/p|[G/@ N 9P|, where [Q\C,(G)/P] is the subset of [Q\G/P] consisting of
elements g such that QNYP € C,;(G), by the note on the product of A»**™(G),) in Remark
3.7. Let p be the surjective ring homomorphism from (G, S,(G)) to (G, Cp(G))p) in
Theorem 3.10. Then

[G/Q) = [G/P] = p(IG/Q)) » p(IG/P]) = p(IG/QIIG/ P]) = p ( > [G/QH”P])

9€[Q\G/P]
= Y dl6/QneP)= > plc/QneP)= > [G/Qn9P),
g9€[Q\G/P] 9€[Q\Cp(G)/ P] 9€[Q\Cp(G)/ Pl
because Ker(p) = (G, C;(G))- D

In this paper, we use the following theorem.

Theorem 3.12. (Diaz and Libman [DL07| Theorem 5.11). Let F be the fusion system
associated to a finite group G and a Sylow p-subgroup S. Then the rings A(F)y) and
AP =G, are isomorphic.

Then we have the following theorems of Diaz and Libman those are restricted to the
case of their assumption.

Theorem 3.13. Let F be the fusion system associeted to a finite group G and a Sylow
p-subgroup S. Then the ring A(F),) has a unit.

Proof: Theorem 3.12, Corollary 3.11 and Corollary 3.4 show the theorem. O
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Theorem 3.14. Let F be the fusion system associated to a finite group G and a Sylow
p-subgroup S. Then the ring A(F)y) is local.

Proof: Theorem 3.12, Corollary 3.11 and Corollary 3.6 show the theorem. O
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A Wei type duality for matroids*
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1 Introduction

BT, ¢t Fy LD n R 7 FIVEMO k RTEBH2EM C % [n, k] BE) FELEW, K
EERATIRSFERDLSICEDS.
ROV Mz = (21,...,20),¥ = (91,-.-,¥n) € F IKHL T,

supp{z) = {i : z; # 0},
wt(z) := |supp(a)| =|{i : =i # 0},
Ty = E-‘ﬂi!h'
i=1

LUT, I min{wi(z) : 0 £z € C} =dDB, C% [n,k,d)FBLTS. Tol, FECicH
L.

n
Wel(z,y) = 2 ;"‘“(”)y‘"(”) = zAizn—iyi
veC i=0

REHRBHERLE, ST Ai=AC) ={z €C : wi(z) =i})| THB. £, ¥5 COMHF
g%

Ct:i={yeF; :z-y=0,V¥z€C}

bk R
FHETE, ASLTONTELOMEERTEOZIHE (duality) £V, ULTIKBL{AISH
L DE¥T B,

@@ 1 (MacWilliams identity (cf. [2]))

Weu(zy) = ﬁWc(z+ (@-1y,z - )

* %753 Thomas Britz FX (University of New South Wales, Australia) & DHEKDO—HTH 5.

— 128 —



[n, k)| FEC LRI MEMC N ={1,2,...,n}ICHL T,

C(M) = {=z€C : supp(z) C M},
c* Homg (C,F,)

LD E,
8 2 (Yoshida’s algebraic duality (cf. [8], [9]))

0 —ci) ) Lo Bow-Myr—o
BRRELRNTHB. TTT, frz— (@ :ym2-y) €T3,

FIRIE B 2 OB HEZ AWT, il 1 DRSSP V7L FBAREEIIDOWVWT, Kb
BRREEEX AT LNTED, Bl 1 OESFENS BETHFESOR/INI Y THAICMT SRR
APTHEELITOI LN TES.

—f{k/NS > J1BH (generalized Hamming weights (GHW)) &1, @, &F2E (RX7MLV)
KEHLTERENTWBINI VBB ZZBIFE (BIEM) cHL T—RIEL TERLZEOT
B, V. Wei lc &> THEEF 2 V5 + FEFOSHEERL THAZNE (6)). [ FECE
B r(1<r<k)ICHLT,

dr = d,(C) := min{Wt(D) : dim(D)=r, D < C}.

TEDS. TTT,
Wt(D) = [Supp(D)| =

|J supp(z)

xeD
L33, &6, {d,dy,...,dx} ZTFS C O weight hierarchy £ V>, BRLALFSICHL TRES
AT UHAEERMEL ShTW3, FIRE, NIVFHFS9 BCH {8, MDS B2\ Tik
BHCHREEN TV 3 (cf. [6), [5)).

TTT, —BENZ T TEMCWT AHED—D L L TUTOESEXN SN TV 3.

8l 3 (Wei’s duality for GHW ([6]))

{d.(C) : 151'51:}={l,2,...,n}—{n+1—dr:(C"') : 15r'5n—k}.

FPROBMEL TR, FERBIEHT ZRLAETNEEZ~ O FAHERL, < h o4 F Bigic
B} HRL R FSRRNERC X > TH AR O RHT BT L THB. FHic, FRICHL
Ti3, EROGEIOTMEE < b oA FA—RELL 2L DEBNT S.

2 Dualities in Matroid Theory

AEHIC ABNNC, RPOALRDEREWV L O DIHFIICOWTEBNTS. &b, oKk
DBANE [4] % [7] EBRE AT,
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B#E 4 YhoAF L, BRIRE E LEOBSIREETI TUTD 300N Z#I:TEM = (E,I)
DT ELTH5.

oez
(12) X eINDYCX%EBIEY e ITHB.
(13) Y| < |X| CH3 X,Y € TIEHLT, YU{e} eITHB e e X - Y NFET 3.

T, FRDO I c TRIMIMALE, D¢ IRWBRELTS. £, IraARICBIZHE
THEE L TUTOLDONETbN 5.

* BREIMIIRAEE MOBELEY, ThoDRABIEE BTEHY.
BN ERIRE R MDY —F v M EBY, ThEDREHER C TKRY.
* M O rank function &id, UTCEBENIMEp : 28 5 ZH U {0} DT L THB.

pX)=max{[Y|: Y CX,YeI}, VXCE

T, p(E)Z M OBEH LT 3.

ThOAFE, MRIEBERDY—F v MEHD b AR — TN ERT BT ENTES (. [4],
(7).

< a4 F BRI 51 3 EEEMNED—IC, EOL S EEEENEN 5T O K ERRTES
MEVS T ENFENS. BIAIE, A%F, kDO mxn{iLT3. E% ADNBSOKRALL,
T% ADRIRY FLOHT 1 RETEMR Y LONBEORAEL TS, cOLE, (BI)IE<H
04 K ORREEITC ENBEB D Z0T—HOT O FTHB. COLSHHREC X i
RENFETFOLRERT FLTROAREES. Ich, F5T70Y1 2 LREHEN BRREN S
Tk O RS 3.

EEDTROAF MICHUT, (E-B : Be By RBEKLTHTFOLFE MOTHT o
LR EFY, M TET. COLE, ThOAK LEZOWHT F o1 K OMOTREL L TUFOL
DR BLEBNTVS,

B 5 M* D rank function # p* £T5LE, XCEIHLT,
p"(X) =|X| - o(E) + o(E - X)
HMRILT B.
EEDTFOAF MIZHUT, Tutte BAREZRDOK SICERTS.

Tz, y) = Y (z — 1)AEI-2S)(y — 1)IS1-2(5),
SCE

CDLE, UTOESXNRILYT S.

& 6
Trme(z,¥) = Tmly, T).

HERBL T b oA K BROBIKMEI B ALRIENENTED, Ko LROTMEEAVTY
pUY 4 )7 LXESREEACRICTENT BT N TES (. [1)).

— 130 —



3 A Wei type duality for matroids

M%E FOBBp(E) = kTHBIMOAREL, [E|=nkT5. FE0Di,j,0<i<k,
0<j<n—kizHLT
fi = max{|X| : X C B, p(X) =1},
f; = max{[Y|: Y CE, p*(Y) = j}
k95 TOLE, UTOFRERMHILT BT LM oh 5.

WwE T
0sfo<h<fa<:<fi=n

EhiT, UTOREETEDS.
Um = {n-fi-uyn— fe-2,....0- fo},
Vum {fo+LA+1 i fa e +1}
CDLE, UTOERMBRIUTHENTHS.
FE 8 UnUVM={1,2,...,n} THD, UnNVp =0
(EEEAODIRE)
‘n—fi=f}+1THBEI 04, i VFETHLRETS.
‘) X| = fidDpX) = iTHBELE, |E-X| = f;+1TH3. COLE, @ESHE

p(E-X)> i+ 10T 3.
- CTT, |E-X|-p(E) + p(X) = p*(E - X) 1"

n-fi—-k+i>ji+1
»iE5hA.
cRAS, ~f;+i+k2i+ 18603,
H¥oT, kD251 =n—-fi-f;22 iz, FEMVELS.
CCTT, HEnKFSCONRVYF+BETNNELT, MEHISEBBRENZIXI MV aA
Felizbs,
de=n—-1-fx,
THBRTENIHB. &oT, LEBOFBEMEIO—RILTHAT EHIHD, ARCHEIHIE
BRBNICHATEZZT NS S,
Fi, EBSHh LB LELT, Y57 GIIHLT,
* b & i HOBENA Y My F ORRSIZ B B HN0ND
cc; # j DY A 2 INVOHMEIT B B RADADEL
L35 CDLE,
Ug = {b11b29"-9bk}9
Ve = {n+l-cp-pyn+1l—cag-1y...,m+1-01}
IZHL T, UTFOSXHNKIITS.
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RO UsUVe={L2,...,n} THH, UsnVs=0.

SHOPBL LT, ERBEAVTIFOASRICH) 2MBEFEERT S L (AIXIE, Whitney
numbers DERF), WOFSEEIC BT 300HE (FRIE, Yoshida's duality) < b O FiZik
BRYBILTIFOAFORRME (5A501-2 O KM F, LOTHH SHKTE 20 2K
TAME) FANOHET T O—-F 2TV,
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On projective planes of order 12 with
a collineation group of order 9
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Chihiro SUETAKE
Faculty of Engineering, Oita University

TOWMER, LEERTEDHBRZ 2] ICDONWTORELEHRTHS.

9, HRFREmMcOVTOERMSHBOT, MHAEHERN, C
DHETDF—T— K L L2007 T A IOV THERT . R,
{18 12 OHE @ISOV TOMEKRR DN, BRikic, Bohi-BRE
T OIIADF ik & AADOEIBRZREMNT 5.

1. ERMHETE & NIRRT 1>
§1.1 S FEOERLES
EBE1 ETEVARIRE Q L L Qx LOETRVRSES T 0E
7 =(Q,L,I) Z&&H#HE (incidence structure) £S5, THELE, QD
TLa®R, LOTAZER (BA3WE7Tay ) v, IO (e, A) %
I (lag) £\3. (e, A) eI DL ZE, RalIEMA LICHB, HBAWER
a3ERABBDIFELN.

RalcHLT, (a)={X € L)(a,X) € I},
BERAICHLT, (A)={zxecQ|z,A)el}LERTS.

HEWEr = (Q,L,1) BRD IRM2HT-d L &, BIRFRTFME (finite
projective plane) £\,
(1) EFEDOR%EZ2Ra,be QITNLT, |(a)n(d)| =1
2) EROBAS2EMA B e LIHLT, [(A)n(B)=1
(3) B%%4/a,b,c,d T, COPNSLDREZ 3R z,y,22E>TE,
[(2) N (y)N ()| =0 RAT=TLDMNFEETS.

T, WHOSHEMMHTMEZRICHEFEEND T EIKT B, T,

SHEEEIC OV T LERNEORBRE LABAEY, BLLIE, T (6] %
BREN.
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HEFPHE o CHLT, EEOK o LIEROER AIKKNLT, |(a) =
[(A) =n+ 1 ZHT=TIEOBE n(> 2) BEETS. On ZHEPHE~
O (order) &5, TOLE, |Q=|L|=n+n+1TH3.

§1.2 SIEFmMENH2-7H1

ER2 v,k \ZEQRET, v>2% 2H2TLT 3.

HAWMEr = (Q,L,1) MRDIZMHEHBI=TLE, 2-(v,k,\) THI /L
(2-design) W 3.

(1) [@=v

(2) FEEDO7avy s BIZHLT, |(B) =k

(3) ERDORKED2/Ma,bIEHLT, |()N®) =X

COLE, EEOHMITHLT, [(a)] = Ao —1)/(K - 1),
L] = Mo(v - 1)/k(k — 1) THBT LD DM B,

2-(0, k,\) THYA Y 7 IKBWT, |9 = |L|HPWDIDLE, = =HTR2-
(v, k, X)) THA > (symmetric 2-design) £V5. E/2CDLE, n=k~A
%7 QUM (order) LS.

BE1 nZ 2l LOEDEE, = (Q,L,]) 2EEHELTS. CoL
&, nHUBln ODHETEETHBT L L, o HNFR2-(n2+n+1,n+1,1)
FTHAL U THBT L, RIETHS.

Pl g ZEBRELL, F=GF(q), V% F LD 3RTHLZERELT 3.
TDLE, QR VO 1IRTHRIERLE, L%V O 2T EMEHE,
HEMNFREZASHEFRLTIESMERMUE  DHETETHS. LHL,
FERE TRVIBICOWT, HETEOFEERASh TV,

HETFOOFEEICHALT, ROEHENBENTHS.
FEE 2 (Bruck, Ryser [4]) n 2 2 Ll L DIEDE LT 3.
n=1%7iE2(mod 4) T, n =22+ BHTHER (z,y) PEELE
Wed3. CnLE, Bin OHFBFEITFEELZ.
EE 3 (Lam, Thiel, Swiercz [19]) (£ 10 DSHEFEIIFEEL TV,

EIE2 X b, (e, 14, 21, 22 BOHEFEMIFELEWLT LHGH

3. Ty, 175, FFESHSNTVRWHEFROOME n Z/HE W
BzHiFB L, n=12,15,18,20,24,26,28, - TH5.
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§1.3 SHETEOHCEER
B3 7=(Q,L,1) 2B n DHEFELTS. RAHBEQ LORAMp
T, ThHHHEHIAE L LIcBRICEBEINAEGN £ LoEpES | &
BT LE, p%r ODBECFE (automorphism) £\ 5. r DECERE
*IXBEROSRTHEEZXT. TOBE r OLACRARE (full automor-
phism group) &\, Aut(r) TEY. X/, TORHEHE~ OECRFR
# (automorphism group) &\ 3.

rDBACAME GICHLT, GOBERES, BEERMRESERDOR
BTHY.

Fo(G) = {a € Q| T<TD p € GIHLT, o =a).

Fe(G) = {A € L] FRTD p e GICHLT, A9 = A}

BHEPHE = (Q,L,]) DECRMTROLDONEERTHS.
rDACRAR it LT,

(a’ A) €1, FQ((P) c (A)’ FC(‘p) c (a’)

HIzTRae Fg(tp) LEB Ae Fe(yp) MFEETH L ZE, o &7 D—A%
85 (generalized elation) &\ 5. i, LD 2ODTIMETHTH
LEENWDIIDLE, o B (elation) &\5.

FERRIC, nDECHEB et LT,

(a,4) ¢ I, Fo(p) € (A)U{a}, Fc(p) S (a) U{A}

BHI-TRac Fo(p) LHEHM A€ Fo(p) WEETRLE, o7 D—f]
REQI— (generalized homology) &4\ 5. FHC, LD 2O00@EME
TWTNEFENHDIDL E, pZAREOQAI— (homology) &W 5.
r DECHAYEE GBHAVEIECHE p (TDOLE, G=(p) LBL))
X LT, 7 DESHE (Fo(G), Fz(G), IN(I' = (Fo(G) x F£(G))nI) 1
HETRHTHE L E, G(HE\Ep ZFEEM (planar) &3,

BE4 7= (QL, 1) RUBnOFREFELL, (1) % r DACHE
T, Fo(p) BEMRETEY (BAWVIE Fo(p) RERETREV)ETS. T
DEE, olX—MES, —RREQY—, REHONTIALTHS.

§1.4 SERE, 771 FEENHER T

{8 n OPWHFEICBHET B 7Y 1 /DN THBRRS.

T4 nZ 2L LEOEDEHLTS. 2-(n%,n,1) THA %, filin®D
777 4« F@ (affine plane of order n) &5,

3
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EBES nZ 2 LOEDRELTS. CoLE, (#in OHETEIE
ETBHILE, DT 74 FEANMFETSIIL LI, AMETHS.

S k,u, \ZIEO¥HET 5. &EWED = (P, B, J) BRD 3 DDFKH
BT LE, DEING A=k, u, A\ 2E DN TH 1> (symmetric
transversal design) &\, STD,[k;u] TR

(1) FEORp LEEDOTO v 7 BIZHLT, |@)|=|(B)| =k

(2) POGBEP =PoUPLU--UPp_ DEFEEL T, XD ILD.
[Pil=u(0<i<k-1),
PORIEZ2HRpePi,qgeP LT,

0 (i=3)
] =
[(») N (g)| {,\(i#j)
(3) BOBMB=ByUB,U---UBp_ WFELT, RHEDILD.
IBj| =u(0<j<k-1),
BORX32DO0D7avy BeB;, CeB; iIcHLT,

0 (=)
BYn(C)| = .
(B ) {Aa#ﬁ
CTTC, Py,Pi o ,Prio1 ZDOKRY SR (point classes) ,
By, By, ,Bk_IJE-‘:Do)?’I:I“/OOiZ {block classes) &\ 3.

TDLE, k=,|P|=|B|=ku. Fi:, EEDOmp LIEROTOY S
JIABOLj<k-1)IMLT, |(p)NB;|=1,{F&DTav s B
FEOEIFAP(0<i<k-1)IHNLT, |(B) NP =1

EE6 nEZ22ULOEDOEEETS, TOLE, MllnOHETENE
FEITBTLl, WHEBRTY A STDinn) BEET S L L, FlfE
TH5.

TR T A N DWTRAR D 32D,
FEE 7 (Akiyama, Suetake [1]) D = (P,B,J) & STD)k;u] £9 5.
Q={Po,P1,  ,Pr-1} ZRI T ADRE,
A = {By, By, ,Bx-1} 27wy 25 A0EREGELTS.
pZDOHCHEE, GEZDOACHEMLTS. COLE, oBXUG
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BENFHh, Qf, A LIERAL, XKD IID.

(1) 8p(p) +0a(p) = 0s(p) + ba(p).

12121, Op(p) = {z € P | z¥ = z}| T. 8a(p).

08(v), Oa(p) LERTH S.

(2) tp(G) +ta(G) = t8(G) + ta(G),

1IZL, tp(G) X G % P LIZEA X B L&D G- HHADMEKT, ta(G),
ts(G), ta(G) LRIRTHS.

2. {12 DHETFE
§2.1 {12 OSEFHEOHAZR

REDL T3, F1E, EEENASh TV aERWHEEEOR/MIEIT
12 TH3. HCAMBOFEEDRELZLTRIZLALFHI B EVDT,
BHATRZVEHCRRBEEREL TTOHFELZHAXRB CEMELITbAT
W3,

BUIOHBREAE 12 OHPFEOMEIZ, Janko & T.van Trung I
&£ 3 1980 M5 1984 FEICMF TOMRTHS. FDO—HOMFIC L - T
ROERMBOIT-.

FEE 8 (Janko, T.van Trung [11] - [18])
(1) 12 0 FIOLBC R, {2,3)-B#TH5.
(2) %12 DSHEFmiE, k27 OB, (¥ 6 DIET[HARE, 4D
A EACRIBE L LTS k.
(3) DI¥X12 DEHEFIIXAIE 3 DHEE S T2k,

#0D1%, Horvic-Baldasar & Kramer & Matulic-Bedenic {Z & - T 1986
FEM D 1987 FITHT THRLEIT S, ROFERNBS I,
EE 9 (Horvic-Baldasar, Kramer, Matulic-Bedenic [8], [9])
(% 12 DHBFEOLECEBBOMELE, 2°(0<a <) F2i
PO<b<2)TH3.

RITERKLIT & B 2004 EDNSIHE S -HIRIC K > T, ESIKROER
MES5h-.
FEE 10 (Akiyama, Suetake [20], [1])
fr# 12 Ot FEIE, (e, M SDHCRBEMEL LW,

SEBONERIIRDEDTHS.
EE (Akiyama, Suetake [2])
(7812 DR PZFEOME 9 DECEBEHE, HATIRET, PEATE.

ot
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§2.2 fERADFE

7= (Q,L) 212 DHELEL T 5. G% nDHHRM () Bii=diL
BIODBCRYHET, n OB B (1o, Loo) EEETHLTH.LUTIDL
STHECHEELBEVWILERLEY. TOLE, 75 Ly LOTRTD
RE 1 2B TRTOERERVLTELNS » DEIHEE D = (P, B)
LEBE, DIt STD[12;12]1c55. G M (ro, Loo) EEET BDT, G
RDDACRBEEZEATS. CTT,GIRD LEBR(HBLDEX |G
OFBGEE 7Oy JHEEFOCELAIAE LN L ZERLTHEL. CD
REDE L TUTDERET 3.

(1) GOP LHXU B LOER (1) BBRET 5.
(2) P LOEX |G| D G-HEDREERD, FD5RLRER
{gi}(0 < i < 5) B—DEWHS. FARRIC, B LD G DERICDONTE
FERCHB L, TOREMREFR {C;}0<j <) Z—DEDS.
B)Dij={aeG|ge(C))}0<i<s 0<j<t)LERL,
m;; = |Dy| &8
0<i, # <sIKMLT, Y DyDSY #ET 3.

0<j<t

-t oS

(8) D = (Dij)ocicsosi<t ZIRET 5.

(6) BEN |G| T\ G-HUEDIERA &R, STkl 71 >
STDy[12;12) BT 5. (BEH |G| THB G-HlNE BN B
WANBWEWSERE, COfitE LA T21:HTH3.)

(7) WP T A > ST D, (12;12] 2 12 ORT M « ICHKRT 3.

TS BHERARHO I OIS Ob. @A 12 OREFEEED
FEF/b I, bETHOEEE D U TET O HIETH 3 HFaG 751 >~
STD;(12;12] %S Oh. —Hif->7z & LT, ABETHEETH H0i% 12
DT 7 7 A YFEEZARLZVOh. BRI TY A~ HETE
DRILTI7AVEROREOMAEHRMA THWEIHN O THS. i1
BRE7ay 7onHETHh, BHEEIRLEROETHEERDOEVIA
THB. COT LR, TS v OaCREROEEE 7Oy 7L
DIERNRARBNEWVWSI T EEERL TV, R, EH7ICDTLE
RT1DDHITHS. BB LDAATII LIEDFHE B) X TZHRND
TEIREY (DFED DDIEERIET B), Rff (») 2T GHEFEEL
BWTLERLTWVS. #oT (6),(7) 1}, REFETH 3.
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§2.3 EEDOIIADEBE

EEERTICE, ROGEZREEIN.

B8 7= (QL,I) 2 12 ORETE, G = Aut(r) L L, GIIRD%E
# (x) EBI=T LTS,

(*) |G]=9, G= 2Z3x Z3, G RFEATIIEN

COLE, o REFEELEY

COHETEROMEL, KDL L THIMITTY A > OREICE
BTES. %% () D5,
Bre € Fo(G) 7BV Y Ly € Fe(G) T, 1o € (Loo) HI=T L DHE
TY¥A. T,
(Loo) = {ro,r1,** y7"11, T}y (Teo) = {Lo, L1, , L11, Lo},
P=Q- (L), B=L~- (1), J=(PxB)NI,
Pi=(Li) - {reo} (028 <11), Bj =(r;) - {Lo} (0<j < 11)
D=(P,B,J) £BL. TOLE, DIZHFHENTY A > STD[12;12] T,
CGRDDOMUPBIDECHEBLES, T5IC,E{M =) 6, GRERDE
# (1) DWIFhh—DEHI=T.

(1) -
() G={p]¢®=1)38AH, Fo(CG) = {ru}, Fc(G) = {Lw},
ptleo) = (rg,r1, -+ ,78)(r9, 710, T11){To0),

ptre) = (Lg, L1, , Lg)(Lg, L10, L11)(Lco)s
(la) o B—AHES i
(i.b) ® SN
(ii) G={p|¢® =1) RKEBE,
Fo(G) = {re, 110,711, 70}, F£(G) = {Lg, L0, L11, Lo},

(p(Loo) = (ro,7T1,° 1‘8)(1‘9)(1'10)(7'11)(7'00))
(p(ree) = (LO, Ly, ,Ls)(Lg)(Llo)(Lll)(Loo)’
o 1T

(iii) G iZF-mhy,
(iil.a) G={p|¢®=1) F/&
(lllb) G= (‘pv T I (p3 =r= 1, pr= T‘p)

(i.a) DIBSDLEEA
D=(P,B,J)DRERISABIUTavre7av i i ARRDL
SICEDS.

P = {po,p1," - »P1a3},
Po = {po,P1,*** P11}, P1 = {p12, P13, - - , P23},

7
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ooy Pu = {p132, ;133, - - , 143},

B = {By, By, , B},
By = {By, B1,--- ,Bu}, By = {Bi12, Bi3, -+ , Bas},
«++, By = {Bi3a2, B133, - -- , Bua}

i?"c, Q= {Po,P),“- ,Pu}, A= {30,31,--- ,311} &?5(

(1) ¢DP EBLT B LEOEHR

P (H B B)= (z0, T12, T24, T36, T48, T60, T72, T84, T96)
(z1, 713, Z25, T37, Ta9, T61, T73, T85, T97)
(2, Z14, T26, Z38, T50, T62, 74, T86, Lo8)
(z3, x15, T27, 39, T51, 63, T75, T87, T99)
(4,716, T28, T40, T52, T64, T76, T88, T100)
(zs5,Z17, T29, Ta1, T53, T65, T77, T89, T101)
(z6, T18, T30, T42, T54, T6, T78, T00, £102)
(z7, 219, T31, T43, T55, T67, T79, T91, T103)
(8, 20, T32, Ta4, T56, T68, T80, T92, T104)
(z9, x21, T33, Tas, T57, T69, T81, 93, T105)
(z10, 722, T34, Z46, T58, T70, T82, T94, T106)
(z11, T23, 235, Z47, T59, T71, T83, Z95, £107)
(z108, 7120, 132, T109, T121, T133, 110, T122, T134)
(z111, 7123, 135, T112, T124, L1365 113, T125, £137)
(%114, T126, T138, T115, T127, £139, T116, £128 £140)
(z117, T120, T141, T118, Z130, T142, T119, T131, £143),

FefEl, zidp RT3 B ZKT.

2) PEBHBWNIBLOEE 9D G- BB L TDNREKT
PL (B33 BL) DEX 9D G-hiEi% YV = 2°(0<i<15)
ETBH. FEL, 2 = (0 < i < 11), 212 = Zios, 213 = T111,

214 = Z114, 215 = Tn7- 72, W, 2,2) = (Q,p,9) £l (C,B,C)
THa.

(3) D;;(0 < 4,5 < 15) DBEFRR
0<4,# <11IIHLT,
- G-{1}(i#i{DL¥)
DDV = A
OSJX.S:m I { 12 (=70 %)
(4) M = (mij)ocij<15 DRIE
mi; (0 < 4,5 < 11) IRORM R BT
Y my=12(0<i<15),
0<5<15
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> mimp; =8 (0<i,i'(#) < 11)

0<§<15
Y mi=12 (0<ig1))
0<j<15
CCTT, FOBESEMNCL-T,
0000 1111 1111 1111
1111 0000 1111 1111
SeSTsI= 1111 1111 0000 1111
1111 1111 1111 0000
MRS, LU, SERDITEZRHZRICTISKEDB T LA
HEEHDT, M= (mij) ($IETFTET, CORBIIAIE 12 DHE
FEISFELEL.

(i.a) UHDBEDIER
RED (i.a) UNDOBEE, MBI LVBMET, M = (my;) BRET B1:
HOILRELVEL DHRBOFANLETHS.

(i.b), (iii.a), (iii.b) DPHITDNVTE, FNFN (i.2) DBE L FEHRIC M
DIEFEN A B.

LU (i) DBEL, JERHEY 4 B M BMEET 50, BMICIE D =
(D;;) DIFFEMTEN, GENERAENS.

BE R
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The nonexistence of STD,[12; 6]’s
with an automorphism group of order 9

Chihiro Suetake
(Oita University)

25th Algebraic Combinatorics

Hokkaido University(June 25, 2008)

81 Motivation

We assume that all sets are finite sets.

1.1 Definition
Let # = (P, B,I) be an incidence structure.

D is a symmetric transversal design(STD) STD,[k; ).

defl
=

(i) For B€ B, |(B)| = |{z € P| zIB}| = k.
(ii) There exists a partition P = PyUP,U- - - UPi_) (|Pi| = ufor 0 < i < k-1)
such that for p,¢(#) € P
0 if p,q € P; for some %,
p) N (9l = { A otherwise.
(Po, - - -, Pi— are said to be the point classes of D.)
(iii) The dual structure D¢ of D satisfies (i) and (ii).
The point classes of D¢ are said to be the block classes of D.
This definition yields k = Awu.

1.2 Example

Let P = {po,p1,---,;7} and B = {By, By,---,B)7}. Let D = (P,B,I) be
an incidence structure defined by the following incidence matrix M. Then D
is an STD,[6; 3].
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g

M

OO ORROO~=OO MO O =OO =
oo~ OoOQmo0O|moOo|~oQo|~o o0
Co=loo-Oo~O|lO=Q|mOo OO0
OO O QO = OO0 -~ O OO O -
—-_—O OO0 0 =IO~ 000 =o=O
—_ O OO OO0 ~O =~ O O OO @ =
CO == OO0 O OO0 =IO =D
O-OICO MR OOIOCO ~O mO~oOoO
O = OICO=OoOO = OoOOoOo—-oQo|Ieo—=O
O OO = OO~ CIO OO O =moo

S

O = OO = OO = OO0 = Qo =S| = O
OO0 Ol OO O QOO OO =
= OQ=OQOoO OO O =IO =D~
COO OO~ OO~ O
—=_OoOOoOICO=O Q- O Oo|o-= 0ol =
OO O—=O Q0O =mOO|lo=o
OO OOCO O =O|loo ==0o o
CO PR OOI-OOIO OO = O o =

P
o

For example (B3) = {po, p3, s, P11, P13, P16} and (ps) = { Bs, Bs, Bs, By, B3, Bis}-
The point classes are Py = {po,p1,P2},- -, Ps = {P15, P16, P17}
The block classes are By = { By, By, Bz}, - - -, Bs = {Bis, Bis, B17}-

1.3 Example

Let Il = (Q, £) be a projective plane of order n and peQ, LeL, pe (L)
Set P = Q — (L) and B = L — (p). Then the substructure D = (P, B) of I1
is an STD [n;n] with the point classes (X) — {p} (X € (p)) and the block
classes (z) — {L} (z € (L)).

(The converse is also true.)

Therefore,
Ja projective plane of order n<=>3 an STD,[n;n].

1.4 Example (a generalization of 1.3)

Let G be an elation group with a fixed center p and a fixed axis L of a pro-
jective plane IT = (@, £) of order n.

Set |G| = A. Then A|n. Let P =(the set of G-orbits on @—(L)) and B =(the
set of G-orbits on £ — (p)). Fora € P, T € B,

aol\,T’ &L 4IC for some a € a, Cerl.

Then, (P, B, ;) is an STD,[n; n/]].



1.5 Remark
Let n be a non square positive integer. Let ¢ be an automorphism of order
2 of a projective plane II of order n. Then, ¢ is an elation of II.

1.6 Example
If there exists a projective plane of order 12 with an automorphism of order
2, then there exists an STD,[12;6].

1.7 Remark

The point class size v of any known STD,[k;u] is a prime power. It is
unknown whether there exists an STD,[k; u] or not which u is not a prime
power. The smallest such STD is an STD,[12; 6].

In this note, we prove (i) of the following theorem.

1.8 Theorem

Let D = (P,B) be an STD,[12;6]. Let G be an automorphism group of D.
Then, the following statements hold.

(i) |G| = 223% , where a is a non negative integer and 8 € {0,1}.

(ii) If |G| = 4, then G is not semiregular on P U B.

((ii) was proved by Akiyama and S in [AS].)

§2 Preliminaries

In this section we note several theorems which will be used to prove 1.8
Theorem (i).

2.1 Notation
Assume that a finite group G acts on a finite set A. Let ¢ € G.
Then, set Fa(p) = {z € Alz¥ = z}, Or(p) = |Fa(p)| and let tA(G) = t, be
the number of orbits of (G, A).

2.2 Theorem(Akiyama, S, 2008[AS])
Let D = (P, B) be an STD, Q2 the set of point classes of D, A the set of block
classes of D and p € Aut D. Then,

6p(p} + 0a(p) = 65() + 8a(p)-

2.3 Theorem(Akiyama, S, 2008[AS])
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Let D = (P,B)be an STD. Let Q be the set of point classes of D, A the set
of block classes of D and G an automorphism group of D. Then,

tp+ia =tg+1tq.

2.4 Theorem(S, 2008[S])

Let D = (P, B) be an STD. Let Q be the set of point classes of D, A the set
of block classes of D and p € Aut D.

(i) If Ga(p) # 0, Oa(p) # 0 and Og,(p) = 1 for some Qy € Fa(yp) or
Oco(w) = 1 for some Co € Fa(yp), then 0p(p) = ba(p), O5(p) = 6a(yp),
Oa(p) =1 for Q € Fq(p) and 0¢c(p) =1 for C € Fa(yp)-

(ii) If 6a(p) # 0, 6a(p) # 0 and Og,(p) = 2 for some Qo € Fa(yp) or
bco(p) 2 2 for some Co € Fa(p), then Op(p) = O5(p), Oa(p) = Oa(y)
and Oo(p) = Oc(p) for Q € Fa(yp) and for C € Fa(yp), where the value
0o(p) = 6¢c(p) is constant.

(iii) If Oa(yp) = 0, then 6p(p) = 0 and O5(p) = Oa(vp).

(iv) If 6a(p) =0, then O5(p) = 0 and 6p(p) = fa(v)-

We define a sub STD of an STD.

2.5 Definition

Let D be an STDj[Au;u] and € a substructure of D, then
é; l!irs asub STD of D

—

(i) € is an STD,[\v; v] for some v(< u).
(ii) Any point class of £ is contained in a point class of D and any block class
of £ is contained in a block class of D.

2.6 Theorem
Let D be an STDy[Mu; u] and £ a sub STD of D. If £ is an STD,[Mv;v] with
v < u, then

u > M

2.7 Remark
2.6 Theorem is a partial generalization of the Bruck theorem in finite pro-
jective planes.

2.8 Theorem
Let D = (P, B) be an STD,[Mu; u] and p(# 1) € AutD. If any prime divisor
of o(yp) is greater than A, 6q(p) = 2, 0a(p) = 2 and bg,(p) > 2 for some

4
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Qo € Fa(yp) or Oc,(p) = 2 for some Cy € Fa(yp), then Dy = (Fp(p), Fs(v))
is a sub STD of D. Actually, D, is an STD,[\v;v], where |QoN Fp(p)| = v.

§3 STD,[12; 6]

Throughout this section let D = (P, B, I) be an STD,[12; 6], Q2 the set of
point classes of D and A the set of block classes of D.

3.1 Lemma

Let ¢ € AutD such that o(p) = 3. Then, the following statements hold.
(i) {p) acts semiregularly on P U B.

(i) Bn(p) = 0a(p) € {0,3,6,9} and 6p(p) = O5(p) = 0.

Proof 2.8 Theorem, 2.6 Theorem, 2.2 Theorem and [HS].

3.2 Assumption
Assume that D has an automorphism group of order 9.

Let 2 = {P01" '1P11}1 A= {301' ' '1Bll} a'ndPO = {PO,Pla“ ':p5}1" '1P11 =
{pes Pe7,* - - P11}, Bo = {Bo, B1,- -+, Bs}, -+, Bu = {Bes, Bsr,-*+, Bn }.

Case A G is cyclic.

Let G = {p). We may assume that

@ = (Po, P1,- -+, Ps)(Po, Pro, Pr1) and 2 = (Bo, By, - - -, Bs)(Bo, B, Bur).
Therefore we may assume that

©* = (Zo, Te, T12, T18, T24, T30, T36) T42, T4s)
(%1, %7, 213, T19, T25, T31, T37, T43, T49)
(372,378,37141372013726137321373&3744,3750)

(z:h Ty, I15,T21, T27, X33, T39, L4s, 1:51)

(T4, T10, T16, Ta2, Tos, T34, T40, T46, T52)

(T5, T11, T17, T3, Ta9, T35, Ta1, Ta7, Ts3)

(54, To0, Tee, Tss, Te1, Te7, L6y T2, Tos)
(1757,11?63,-’1759,1758,-"364,937019359,9365,9371),
where (.’E, X) € {(pa P)v (Ba B)}

Set

Yo = {3701376137121371&372413730137361374213748}1
N1 = {z1, 27, 213, T19, Tas, Ta1, T3z, a3, Tao},
Va2 = {x2, x5, 214, T20, T26, T32, T3s, T4, Ts0},
Vs = {3, Z9, T15, T2, T27, T33, T39, T45, 51},
Vs = {4, Z10, T16, T22, T2s, T34, Ta0, Tag, Ts2},
Vs = {x5, 11, 17, T23, T9, T35, Ta1, Za7, T53},

5
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Vs = {54, Te0, Te6, Tss, T61, To7, T56, Teo, Tes} and
Y= {-’Esh-’vss,3369,-’358,P641$70,-’E59,$65,$71},
where (z,)) € {(p, Q), (B,C)}. These sets are G-orbits on P and B.

Set go = po,q1 = p1,-+.¢s = ps and Cp = By,C) = By,---,C5 = B5,C5 =
Bs4, C7 = Bss.

For0<i<35, 0<j<7, set my=|QN(Cy)l, Di; = {a € Glg:* € (Cj)}
and M = (m;j)o<i<s,0<j<7-

Then m;; = |D,J|

3.3 Lemma
(i) For0<i#14 <5,

Z Dyi;Dyi~' = 2(G - {1}).

05587
(i) For 0<i <5,

Y DyDy™' =12+2(G - {1}).

0<;<7

By considering the action of the trivial character of G on the equations of
3.3 Lemma we have the folowing lemma.

3.4 Lemma
(i) For0<i#4 <5,

Z mijmy; = 16.

0<5<7

(i) For 0<i < 5,

Z m,~,-2 = 28.

0<5<7

(iii) For0<i<7,

Z mi; = 12.

0<;i<7
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3.5 Lemma
For0<i<5, (mio,mi1, -, Mi7) is equal to (0,1,1,1,1,2,2,4) or
(0,0,1,1,2,2,3,3) up to ordering.

3.6 Definition

Let  be the set of 6 x 8 matrices with entries from {0, 1,2, 3, 4} satisfying:
(i) For0<i < 5,

(i 0.Ti 1, +, i 7) is equal to (0,1,1,1,1,2,2,4) or (0,0,1,1,2,2,3,3) up to
ordering.

(ii)) For 0 < r # s £ 5,

Z Z, ;T, j = 16.

0<j<7

3.7 Definition
Let X = (Zij)ocics, 0gi<t ¥ = (Bij)ogigs, o<ic7 € . Then,

X is equivalent to Y (we denote this by X ~Y)

&y - (¥i;) = (%iajs) forsome a € Sym{0,1,---,5}, @ €Sym{0,1,---,7}.

An extensive computer search yields the following lemma.

3.8 Lemma

these do not exist.

3.9 Lemma
There is no STD»[12; 6] admitting an automorphism group of order 9 which
is cyclic.

Case B G is an elementary abelian group of order 9.
We consider the following two cases.

Case B-1 The size of any G-orbit on 2 is equal to 3.

In this case we have to consider 10 types of actions of G on P U B. For each
type of these actions, we define subsets of G D;; (0<i,j<7)and a8x8
matrix M by a similar argument as in Case A. But for each type of these
actions of G, there does not exist M.
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Case B-2 G has a G-orbit of size 9 on 2.

In this case we can show that it is sufficient to consider 171 representa-
tives of §2/ ~ of 3.8 Lemma. Using a computer it follows that there is no
(Dij)o<ics, 0gj<7 corresponding to each representative M, where any D;; is a
subset of the elemetary abelian group G of order 9.

3.10 Lemma
There is no STD[12; 6] admitting an automorphism group of order 9 which
is elementary abelian.

Proof of 1.8 Theorem: 3.9 Lemma, 3.10 Lemma, [S], [AS].

3.11 Problem
Is there an STD»[12;6] D admitting an automorphism group of order 6?
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1 Introduction
Importance of functions on a finite fields with high nonlinearity has been recognized in recent
applications to cryptgraphy.

Let f be a function on GF(2") (from GF(2") to itself). For an element a € GF(2"), a
function D,(f) is defined as

D,(f)(z) := f(z + a) + f(2).

It is easily shown that D,(f)~'(b) = @ or |D.(f)~*(d)| = 2 for any b € GF(2"). A func-
tion f on GF(2") is called an almost perfect nonlinear (APN) function if D,(f)~'(b) = @ or
|Da(f)~1(b)| = 2 for any b € GF(2") and any nonzero element a € GF(2"). Then z — D,(f)(z)
is a two to one mapping from GF(2") to Im(D,(f)) for any e € GF(2")*.

Recently several quadratic APN functions have been constructed ([1},(2]). We are interested
in a construction of APN functions starting from a finite geometric object, finite semifields
planes. We deduce a function

f(.'l:) = .’123 + az2¢+l + axu + al+lzt+2

on GF(2%) where t = 2¢, a € GF(2%) from the cubic function f(z) = (z o z) o z of certain
Albert’s semifields. It is proved in [4] that the function f(z) above is a differentially 4-uniform
function.

We consider more generally functions as follows;

f(z) = 2* + Az?*! + Bz'*? + Cz™

on GF(2%) where t = 2¢ and A, B,C € GF(2%) which are named cubic type of semifields.
We made sure by computers that there are many APN functions of cubic typefor 3 < e < 8.
And we proved that some cubic type functions are APN functions.
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Theorem 1
Let f(z) = 23+ 22+ + y2'+2,  g(z) = 23+ 2%*! + vz be functions on GF(2%) where t = 2°.
Suppose that 2k is a divisor of e for a positive integer k > 1 and ¥ € GF(2*) \ GF(2). Then
f(z) and g(z) are APN functions on GF(2%).

We observed these functions are extended affine equivalent to Gold functions.

Theorem 2
Let f(z) = 23 + uz®*! + uz**? + (u + 1)z be functions on GF(2%) where t = 2¢. Suppose
that e is even and u € GF(2°) \ GF(2). Then f(z) is an APN function on GF(2%).

The following lemma is the key lemma to obtain the theorems above.

Lemma 3(See Theorem 2 in [5])
let 2+ ax' + 1%+ 6z = 0 be an equation on GF(2%¢) where § = a+3+1 and t = 2°. Suppose
that a # 1, 8% 1and 8 # (a+ 1) Set

Q o= ((6‘ + ﬂta)(aHl + 5!+l))/(1 +ﬁ2t+2).
Then the above equation has just two solutions z = 0 and z = 1 in GF(2%) if and only if

Q+Q+Q +--+Q" # (@ +BQ)/(a+1).

2 Proof of Theorem 1 and Theorem 2
Proof of Theorem 1
Take any a € GF(2%) such that a # 0.

f(z + a) + f(z) + f(a) = (¢’ + a’z) + (a%z + az¥) + 7(a'z® + a®2).
We may prove that the equation
(@’z + a*z) + (a®z + az™) + y(a'z® + d’2') =0
has just two solutions in GF(2%*). Put y := z/a. Then we have
(Y + %) + @ (y + y?) + a2 (y? + 1) = 0.

Multiple a=2 to both side of the equation above then set b := a'~! and rewrite z instead of y.
Then we have
BPr? 4+ bzt + (1+ vb)z? + (14 %)z = 0.

Divide by 4? bothside above and put ¢ := b~!, Then

% 4+ yezt + (2 +ve)zt + (2 + 1)z = 0. (1)
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Here we denote by K the subgroup of GF(22¢)* of order t + 1 and by H the subgroup of
GF(2%)* of order t — 1. We have K N H = {1} trivially.

We remark that ¢ € K and 4 € H. Therefore ¢!*! =1 and 4% = 4.

We adopt Lemmma 3 here. Then

a=v¢ B=c+7v, §=2+1.

We have a # 1. Because suppose that a = 1. Then ¢ = v~} € HNK and v = 1, a contradiction.
We have £'*! # 1. Because suppose that 8¢t! = 1. (2 + c'v)(c® + ¢y) = 1 Since ¢#+? =
1, A =¢, 2 =¢, ¢ +c+ v =0. Since GF(2%) is the quadratic extension of GF(2*) and
¢ + c+ v = 0 is a quadratioc equation over GF(2*), c € GF(2%), thus c € GF(2°) because of
2k|e. Therefore ¢ € H. Namely ¢ € HN K. Thus ¢ = 1, implies ¥ = 0, a contradiction.

We have ' # (a + 1)'"!. Because we suppose that 8 = (a + 1)), Then (a + 1)8' =
(a+1)* = (a'+1). Therefore (cy +1)(c* + ) = (¢y+1). Thus v + ¥+ + ¢ = ¢t +1
because of ¢'*! = 1,4* = 4. We have (¢!)?++c'+ (72 +1) = 0. Because GF(2%*) is the quadratic
extension of GF(2*) and v € GF(2*), ¢ € GF(2%), that is ¢ € GF(2¢). Hence ¢ € HN K.
Therefore ¢ = 1, which implies 42 + 4 = 0. This is a contradiction.

Above all, We have a # 1, **! # 1 and B # (a+1)*~. Hence the theorem is verifies if we

prove that
Q+Q*+ -+ Q7 £ (Q +8Q)/(a+1)

from Lemma 3. It holds that (8%+2 + 1) = y2c® + 92c2 + 4* as we proved in previous parts.
On the other hand

ol 4 6 = Iy (2 4 1) = 2 (R 1) (E+1) =2+ +

Therefore

(al+l + 6!+l)/(ﬂ2!+2 + 1) = 1/72

Moreover
Ftaft=(E+1) +cy(c?+cty) =+ 1+ + 42

Then we have
Q=(M+7+ (P +1)/4
Thus
Q+Q*+.--+Q'? =

-71—2(c"+7c‘+(72+1))+%(c“+'yzc2‘+(’y4+l))+%(c8‘+7‘c“+(78+1))+- . -+$(c"+‘y"2c"/2+(’y‘+1)

1 1
= ;C‘ + ;C + Trereyera)(7)-

Remark that e is even.
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24~

Here Trigr(2e)/Gr) () = 0 because v + Pty ' =1 or 0. Now we have

Q+Q +---+Q2 = %(c+c‘).
On the other hand
@ +8Q)/(a+1)= %(c2 +e+P+14+(E +y0)( + ¢+ + 1)/ (rc+1).

Thus
(@ +BQ)/(a+1) = (v¢' + P + vc+v¢)/ (e + 7).

Suppose that

Q+ Q@+ +Q7 =(Q + Q)/(a+1).
Then

(¢ +c)(Yc+7) =7 + P+ e+ e
Therefore y¢ = 1. Thus ¢ € H N K = {1}, which means that v = 1, a contradiction. Hence we
have

Q+Q*+--+ Q' #(Q +8Q)/(a+1),

namely the equation (1) has just two solutions at GF(2%) from Lemma 3. Therefore f(z) in
the theorem is an APN function.
It is proved that a function g(z) = z¥ +2%*1 +4z* on GF(2%) is APN by the similar arguments
as we did concerning f(x).

Proof of Theorem 2.

Take any a € GF(2%) such that a # 0.

flz+a) + f(z) + f(a) = (a’z + az?) + u(a®z + az?) + u(a®* + a'z?) + (v + 1)(e*z* + a'z?).
We may prove that the equation
(az + az?) + u(a®z + az?®) + u(az' + a'z?) + (u + 1)(a¥s* + a'z%) = 0.

has just two solutions in GF(2%). Set b := a*~.
By the same arguments of theorem 1, we may prove that the equation

(e +1)0° + ub®)z? + (u+ 1B +ub)r' + 1 + ub)z® + (1 +ub®)z =0 2)

has just two solusions, namely z = 0,1 in GF(2%). We denote by H the subgroup of GF(22¢)*
of order t — 1 and by K the subgroup of GF(2%¢)* of order t + 1. Note that b € K and u € H.
Hence ! =1, u* = u.
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Suppose that (u+1)0° +ub* =0. Thenb= 2y € HNK = {1}. Thusb=1andu=u+1,
a contradiction. Therefore (u + 1)b® + ub® # 0.
We have
2 +azt+ B2 +6z=0 (3)

where
a = ((u+1)b3+ub)/((u+1)b*+ub?), 8 = (1+ub)/((u+1)b*+ub?), § = (1+ub?®)/((u+1)b>+ub?).
Suppose that a = 1. Then ub = ub?, so b = 1. Substitute =1 to (2). Then we obtain
2+ +(u+ )2+ (u+1)z=0.

Hence
(E+a) {2 +2) '+ (u+1)} =0.

If this equation has a solusion which is an elemennt of GF(22¢)\GF(2), (u+1) € (GF(2%)*)!!,
namely (u+1)**! = 1. Thus (u +1) € HN K = {1}. Therefore u = 0, a contradiction.

Hence a # 1.

Suppose that '+ = 1. Then

(1 +u'd')(1 + ud) = ((u + 1)'0* + u'b™)((u + 1)b* + ub?).

Therefore 1 + b + b = 0, thus ¥ + b+ 1 = 0, which means that b € GF(4) C GF(2¢) as ¢ is
even. Thus b € HN XK and b = 1. We have a contradiction again as we see above.

Hence B'+! # 0.

Suppose that 8! = (a +1)'~!. Then (a + 1)8* = (@ + 1)! = (a* + 1). Therfore

(ub+ub?)/((u+1)b> +ub®) x (1+u'8")/((u+1)'0* + u'd?) = (u'd' +u'b®)/(((u+1)b* + u'b®).

We have u2(b? + b) = 0 from this equation. Hence b = 1 a contradiction.
Above all, We have a # 1, 8*! # 1 and 8* # (a+1)""!. Hence the theorem is verifies if we

prove that
Q+Q+--+ Q7 £ (Q" +8Q)/(a+1)

from Lemma 3.
Now we calculate
Q — (at+l +6l+l)(6l +aﬂt)/(ﬂ2t+2 + 1)'

(B¥**2 +1) = {(1 + w®*8*)(1 + ?0%) }/{((u + 1)%b% + ub%)((u + 1)%° + ")} + 1

=u*(1+ 0% +62)/(1 + (1 + u?)B? + (u? + u*)b¥).

5
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Next,
(@ 14+81) = {(1+uB*) (1+ub’)+((u+1)'0* +u'd') ((a+1)6"+ub) /{ (u+1) B +u'b%) (u+1)6%+ub?) )

=u?(1 + 52+ 6%) /(1 + (u+ u®)b + (u + w?)bY).

Thus
(@t + 8 /(B 4+ 1) = (1 + (u+u?)b + (u + u?)b) ful.

Moreover
d'+aft = (1+u'b®)/((u+1)"0%+u'd® )+ ((u+1)b3+ub) /(u+1)b*+ub?) x (1+u'b’) /((u+1)"6¥+u'b?)
= u?(b+b)/(1 + (u+ u)b+ (u + u?)d").
Therefore
Q= (1+ (u+u?)b+ (u+ud)b)/u? x u?(b+ b)) /(1 + (u + u?)b + (u + u?)b*) = b+ b2

Therefore we obtain
Q+Q*+Q +--+Q =b+ 1.

On the other hand,

14+ ub }
(u+ 1) + ul?

= (1+b%)/(b+ ).

(@ +BQ)/(a+1) = (¥ + 8 + (b+7) x (2 + 1)b° + ub®)/(ub + ub?)

Suppose that
Q+Q@+Q +---+ Q" = (@' + 8Q)/(a +1).

Then
b+ b= (1+8%)/(b+ ),

which implies b = 1. This is also a contradiction again. Hence we have

Q+Q*+Q'+--+Q" #(Q +8Q)/(a+1),

namely the equation (2) has just two solutions at GF(2%) from Lemma 3. Therefore f(z) in
the theorem is an APN function.

3 Discussions
We like to consider the general form of the functions on GF(2%) of the cubic type as follows

f(z) = * + az®*! + bx'*? 4 ozt

6
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Deliberate the equation
J(z+u)+ f(z)+ f(u) =0
for any u € GF(2%) such that u # 0. Then from this equation we have the equation
+az'+ Bzl +4z =0
where t = 2¢, a = (bv+cv®)/(av? +cv®), B = (1+bv)/(av®+cv?®) and v = (1 +av?)/(av?+cv®)
for v := u*~! if it holds (av? + cv®) # 0. Moreover
Q= (@' +7*)(' +ap)/(1+ p***) = A/B
where
A= {(Q+a + 6 4+ (a+cb)v? + (@ +bc )P }H{(a ! + 8 + (b+ a'c)y + (a+ bic)v?},
B= (l + a2l+2 +b2!+2 + C2H-2) + (b2 + c2a2l)v2 + (b2l +(12€2l)‘02'.
Here suppose that
1+a™*! 40" 4+ ¥ =0, and a + cb* = §? + Fa®.
Then
Q = (1 +c*") + (b+a'c)v + ((b + a'c)v)?.
Therefore
Q+Q*+Q +---+ Q2 = (b+a'cv+ ((b+ a'c)v)
because of 5+ 5% + 8% + -+ + 542 = 0 for s € GF(2°). In this case there are a few possibility
to construct APN functions of the cubic type.

Edel,Kyureghyan and Pott proved that a function f(z) = 22 + uz® on GF(2'%) is an APN
function if u € GF(2°) in [3]. We consider a function

f(z) = 2° + ur't
on GF(2??) where p is an odd prime and ¢ = 27 in general. We have a equation
(X + X)) +ua (X + XYY =0
from f(z +a) + f(z) + f(a) =0 for a # 0. Note to X := z/a. Here consider the function
9(z) = (z* +2%)/(z* + 2)

from GF(2%) to GF(2%). We define g(1) = g(0) = 0. We would like to give a conjecture here
in this situation as follows.
Conjecture BCN:

GF(2')Im(g) # GF(2%)
If this conjecture holds, then a function f(z) = z® + uz'** is APN for u € GF(2%) \
GF(2°)Im(g). For p = 3 set GF(64) = GF(2)(8) where 8° = 8 + 1. Note that § is a gen-
erator of GF(64)*. Now we can check easily that GF(8)Im(g) =< ¢* > u{0}.
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Virasoro Frames and Frame Stabilizers for Framed
Vertex Operator Algebras

Ching Hung Lam

National Cheng Kung University
Tainan, Taiwan 701

This manuscript is based on the sildes of my talk given at Hokkaido Uinversity
on June 2008.

1 Virasoro Vertex operator algebra

Let Vir = @, ., CL. @ Cc be a Virasoro algebra, i.e.,

Lo La] = (m=7)Losn+ % (m® — m) SmynoC:
[Len, €] 0.

Let L(c, h) be an irreducible highest weight module of Vir of central charge ¢
and highest weight h. That means L(c, h) is irreducible and generated by a single
vector 1. Moreover,

Ln,-1 Qforn>1
Lo+l = h-landc-1=cl.

When ¢ =1/2,h =0, L (},0) is a rational VOA and it has exactly 3 irreducible

modules, namely
1 11 11
L (5,0) , L (5, -2—) ) and L (5, E)

where 0, 1 and 3 are highest weights.
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Its fusion product is given as:

11 11 1
L37)*2(33) =£(29):

11 11 11
L(&a)“(&m)“(a’ﬁ)’

11 11 1 11
t(zm) < (3m) =+ (z9) +2(33):

and L (3,0) acts as an identity. Note that the fusion product gives a group struc-
ture on ({0,1/2}, x) and {0,1/2,1/16}/{0,1/2}. In fact, ({0,1/2}, x) & Z,, and
{0,1/2,1/16}/{0,1/2} = Z,.

2 Miyamoto involutions
Definition. Let V = @n>qV be a VOA. An element e € V; is called an Ising vector
if the subVOA Vir(e) generated by e is isomorphic to L(1/2,0).

Let e € V be an Ising vector. Then, Vir(e) o~ L(},0). Define 7. on V by

Tc={ boom VO®WLE: L vy (Miamoto)

1 on V.(e),

where V.(h) be the sum of all irreducible Vir(e)-submodules of V' isomorphic to
L(z, k) for h =0,1/2,1/16.

On the fixed point subalgebra V(™) = V,(0) & V,(1/2), one can define another
linear automorphism ¢, by
{ 1 on V,(0),
O =

1 on V,(5).

Then o, also defines an automorphism on V{7,

Theorem: (Conway-Miyamoto) There is a one to one correspondence between
the Ising vectors in V! and the elements in the 24 conjugacy class of the Monster.
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3 Framed vertex operator algebra

Definition. A framed verter operator algebra V is a simple vertex operator algebra
which contains a subVOA F called a Virasoro frame isomorphic to a tensor product
of n-copies of the simple Virasoro VOA L(14,0), i.e., F = L(1/2,0)®", such that
rank(V) = rank(F) = n/2.

Examples.

1. the Moonshine VOA V! constructed by Frenkel-Lepowsky-Meurman, whose
full automorphism group Aut V¥ =Monster

2. the lattice VOA V., , and
1 1 11, .11
Viza, = L('2’10)®L(§,0) $L(§,§)®L(§:§)

3. Many lattice VOAs and their twisted versions.

Example. Let L = v24, = Za, (0,a) =4and L* = {f € Q®zL|(8,a) € Z} = }
its dual lattice. Then L*/L 2 Z, and L* = LU {}a+ L}U{ia+L}u{-1a+L}.
There is a nice correspondence.

1 1 11 11
0 — V. —L(— 0)®L(— 0)$L(§,§)®L(§,§),
1 1)
2 16 2 16
2 — V1°+L—L(2 2)®L( 0)@[4( 0)®L(2 2),

2'16 %
0« (0,0),(1/2,1/2),
2 — (1/2,0),(0,1/2)
1 or 3 — (1/16,1/16)

1] — V1°+L ( )® (

3 — V-—-o+L L( )® L(

2’16

Important facts.

1. All framed VOAs are rational. [DGH]
2. If V is framed and V; = 0, then AutV is a finite group.[Miy]

Remark. The subalgebra F is not unique. In general, there are many subalgebra
2 L(1/2,0)®" in V. In fact, there may be infinitely many.
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Questions:
1. Characterizes all Virasoro frames of V' (up to the actions of Aut(V')).

2. Compute the frame stabilizer of a given frame F, i.e., the subgroup of all
automorphisms of V' which stabilizes the frame F setwise

4 Frame stabilizers and Pointwise Frame stabiliz-
ers

Definition. Let V be a framed VOA with a frame F. The frame stabilizer of F is

the subgroup of all automorphisms of V' which stabilizes the frame F setwise. The

pointwise frame stabilizer is the subgroup of Aut(V') which fixes F pointwise.

The frame stabilizer and the pointwise frame stabilizer of F are denoted by
Staby (F) and Stab}; (F), respectively.

Structure codes
We shall associate two binary codes C and D to V and F as follows.
Let F ~ L(i/,0)®" (rational). Therefore
V= @ mub L) ® - ® L2, n),

h,€{0,1/2,1/16}

where my,, .5, > 0 is the multiplicity of L(}/, h1) ® - - ® L(}/2, k) in V. Note that
all the multiplicities are finite and my,,._s, < 1 if all h; are different from 1/16.

Let M = L(12,h)) ®---® L( /2, h,) be an irreducible module over F. The 1/16-
word (or 7-word) 7(M) of M is a binary codeword 8 = (f,,...,8s) € Z3 such
that

0 if hy=00r1/2,
| i m=1/16.

For any « € Z§, define

V' =the sum of all irreducible submodules A of V such that (M) = a.

Denote D := {a € Z | V* # 0}. Then D is an even linear subcode of Z} and
V = @aepV*°. Moreover, V0 is a subalgebra of V.

For any v = (11,...,Yn) € 23, denote V(y) = L(/2,)®---® L(1f2, hy,) where
hi =1/2if 4, =1 and h; = 0 elsewhere.
Set C := {y € Z} | my,2,...va72 # 0}. Then C is an even linear code also.
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Note that V(0) = F and V° = @,¢cV (7). V0 is called a code VOA associated
with C. The codes C and D are called the structures codes of V' with respect to
the frame F.

As a summary, we have:

1. A code D «—— the positions of 1/16. (triply even)

2. A code C +— the positions of 1/2 if there is no 1/16. ( even )

Remeark. The codes (C, D) depend on the choice of the frame F. Diflerent frames
may give different codes.

Proposition: Let F and F’' be Virasoro frames of V. Suppose that there is g €
Aut(V) such that F/ = g(F). Then C(F) = C(F’) and D(F') = D(F).
Basic facts about Frame stabilizers and Pointwise stabilizers

Let (C, D) be the structure code of V with respect to F. Then we have the
followings.

1. Stablf(F) < Staby (F).

2. The group T = {,|y € Z3} = Z3/D* is in the center of Staby;(F).

3. Stabl(F)/T < Hom(C, {%1}) = {¢: |z € Z§,0:(y) = (-1)",y € C}. In
fact,
Stab"’,t(F)/T = {¢, | z € P},

where P:={£ €Z3 |a-£ € C for all a € D}.
4. Staby(F)/StabP}(F) < Aut(C) and Staby (F) < oo.

Question: What are the possible choices for the codes C and D? We will show that
they satisfy some “duality” conditions.

Structure Codes
The structure codes {C, D) actually satisfy some “duality” conditions.

Theorem[L-Yamauchi]. Let V = @gepV? be a framed VOA with the structure
codes C and D. Then for any 8 € D, the code Cp = {a@ € C|suppe C supp 8}
contains a doubly even self-dual subcode w.r.t. 3. As a consequence, all V? are
simple current modules.
Fact. A framed VOA V with structure codes (C, D) is holomorphic (i.e, V is the
only irreducible V-module) if and only if C = D+.

As a consequence, we also have
Theorem. Let V be a holomorphic framed VOA with the structure codes C and
D. Then
(1) the length of C and D are divisible by 16 and C = D*;

(2) C is even and every codeword of D has a weight divisible by 8;

5
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(3) for any a € D, the subcode C, of C contains a doubly cven self-dual subcode
w.r.t. a.

Remark. The above conditions are also sufficient. That means if C and D are
binary codes satisfy the condition (1),(2), and (3), then there exists a holomorphic
framed VOA whose structure codes are C and D.

Theorem. Let n = 16k and D is a lincar code of length n.

Suppose (1) € D and for any & € D, the weight of a is divisible by 8. Then
C = D* and D satisfy the condition (1),(2), and (3) above. D is called admissible
in this case.

5 Z4codes and Framed VOA

Let Z be a self-orthogonal linear code over Z,. Define
1
Ay(2) = 3 {(z1,-..,2) € Z* (z1,...,2,) € Z mod 4}.

Then A4(Z) is an even lattice. It is also well-known that A4(Z) is unimodular iff
Z is self-dual.
Note that if Z = 0, then A4(Z) = \/§A’,‘. Hence the lattice VOA Vj,(z) is
framed for any Z.
Let Z be a self-dual Z, code. Denote
Zo = {(m,--.,an) € {0,1}"|(2q,...,20a,) € Z},
Z,={a€{0,1}*a=48 mod 2 for some 3 € Z}.
Then Z, is doubly even and Z3 = Z,.
The structure codes of the lattice VOA V = V,,(z) is given by

D=d(Z) and C=D*">{(0,0),(11}"

whered:0 — 00,1 — 11.
Let 6 = (10)". Then D =< d(Z,),(10)" > is also tribly even. Therefore, there
exists holomorphic framed VOA with structure codes (D*, D).

Z,-orbifold.
Let V be a framed VOA with the structure codes (C, D).i.e., V = @,epV*, and
V@ = Mc. For a binary codeword 8 € Z3}, we define a linear map 75: V — V by

5= (=1)Hy, forveVe.

Then 75 is an automorphism of V' and is often called a r-involution.

Theorem: Let V = @,pV* be a holomorphic framed VOA with structure
codes (C, D). For any & € Z%, denote

D°={a€D|{a,8) =0} and D'={ae€D|{ad) #0}.
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Define
(P V)& (D Mssc xae V®) i wtis odd,

V(m) =4 o = <2 o ,
(@V)@(@AJ‘HCXMCV) if wt d is even.
acDP aeD"

Then V(75) is also a holomorphic framed VOA.

Let D =< d(2,),(10)" > and C = D*. Let V be a holomorphic VOA with the
structure codes (C, D). Set § = (1100...0). Then V/(7s) is isomorphic to a lattice
VOA associated with a self dual Z,-code.

Conjecture: Let D be a non-decomposable triply even binary code of length
16k. Then D is a subcode of < d(C), (01)% >, where C is a double even self-dual
codes of length 8k.

The conjecture hold for k= 1,2 but is not proved for k& > 3.

The conjecture implies that the dual code C = D* of D always contains a
subcode isomorphic to d(Egy), where Eg is the subcode of Z§¥ which consists of
all even words.

Therefore, there are two kinds of structure codes (C, D) with C = D+,

1. C contains a subcode isomorphic to d(Z3*) . In this case, V contains a subal-
lgebra isomorphic to V aa,™ and V is a lattice VOA associated with a unimodular
attice.

2. C contains a subcode isomorphic to d(Es,) but does not have a subcode
isomorphic to d(Z§¥). Then V is isomorphic to a Z,-orbifold of a lattice VOA.

When k = 1, the only holomorphic framed VOA is Vg,. There are five possible
tribly even codes (up to isomorphisms). All of them are subcodes of RM(1,4).

Theorem (Griess-Hohn) There are exactly 5 Virasoro frames in Vg, (up to
the action of Vg,;). They can be characterized by the dimension k of the code D.
Moreover, the frame stablizer G has the shape

1. If k=1, then G = 2!+ Sym,,.

. If k=2, then G = 22*12[Symg 1 2]

. If k=3, then G = 2*+16[Sym3 1 Sym,|
. If k = 4, then G = 2521 AGL(3,2)]
. If k=5, then G = 25AGL(4,2).

ot ks W N

When k = 2, there are 2 holomorphic framed VOA of rank 16, Vg, ® Vg, and
VD+ .
If V = Vg, ® Vg,, then the structure codes (C, D) are decomposable, i.e., C =
C1 @Cz and D = Dl @DQ, where Cl = D‘lL and Cg = DQL

7
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Theorem: Let D be any triply even codes of length 32 and (1,...,1) € D and
let C = D*. Then there is a Virasoro frame F of Vps+ such that the structure codes

associated with F are (C,D) unless D =< (1'50'6), (0‘61'6) >.

Let F be a Virasoro frame of V = Vs and (C, D) the structure codes associated
with F. Suppose that C contains a subcode K isomorphic to d(Z®). Then K
determines a subVOA My 2 V 5, ®'® in V and gives a selfdual Z,-codes associated
to the coset structure of V/Mk.

Theorem: Let g € AutC. Then, g lifts to an automorphism of V if and only if
the Z4-codes associated to V/My and V/Myx) are isomorphic.

Proposition: Let F be a Virasoro frame defined as above and F’ another
Virasoro frame of V. Suppose that there exits g € Aut{V') such that F' = g(F).
Then the Z4-codes associated to V/My and V/g(Mgk) have the same symmetric
weight enumerator.
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Abstract

In this talk, we establish a mass formula for self-orthogonal codes
over Z2, where p is a prime. As a consequence, we can also derive the
known mass formulas for self-dual codes over Z,2. We also establish
a mass formula for even quaternary codes.

1 Definitions and Preliminaries

Establishing a mass formula for self-orthogonal codes over Z,2, where p is a
prime, means finding a number M (n) such that

_ |£]
M(n) = ; [AutC|

10n study leave from the Department of Mathematics, University of the Philippines-
Diliman, Quezon City 1101 Philippines
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where C runs through the equivalence classes of self-orthogonal codes of
length n over Z,2, E is the full group of all transformations that we al-
low in defining equivalence for code C, and AutC is the automorphism group
of C. The mass formula gives the total number of distinct self-orthogonal
codes. Mass formulas for self-orthogonal p-ary codes, with p an odd prime
were given in [4, 5], quaternary self-dual and Type II codes were given in [3],
while for odd primes p, a mass formula for self-dual codes over Z,2 was given
in [1, 2].

For a positive integer m, we denote by Z,, the ring of integers modulo
m. A code C of length n over Z,, is a submodule of Z%. For a matrix
G € Myxn(Z), we denote by Z¥ G the code {aG mod m | a € Z*} of length n
over Z,,. A generator matrix of a code C of length n over Z,, is a matrix G €
Mixn(Z) such that C = ZXG. Since we deal with codes over Z, and Z,2 at
the same time, we adopt this non-standard convention to avoid cumbersome
notation.

We denote by z - y the standard inner product of vectors z,y in Z7,, and
by C* the dual code of a code C over Z,, with respect to this inner product.
A code C is said to be self-orthogonal (respectively self-dual) if ¢ c C*
(respectively C = C*) holds.

Let p be a prime, and consider the exact sequence

022,52z 5 Z,—0,

where ¢ is the composition of the isomorphism Z, — pZ,: and the embedding
P2,z — Zpz2, and 7 is the canonical homomorphism. For a positive integer
n, by abuse of notation, we denote the cartesian product of the mappings ¢
and 7 by the same symbols. For a code C over Z,2, m(C) is called the residue
code of C, and ¢~!(C) is called the torsion code of C. Since ¢o 7 = p, we have
7(C) C ¢~ Y(C). Moreover, since Im ¢ = Ker 7, we have

ICl = [+l (). (1)
Note that C ¢ C* if and only if 7(C) C ¢™}(C) C #(C)*. Furthermore, when

p = 2, w(C) is doubly-even.
Every code of length n over Z,: is equivalent to a code C with generator

matrix
I, A
0 pB
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where A € Mk;x(n-k,)(z), Be Alkgx(n—kl)(z)- Note that
(I, 4]

is a generator matrix of the residue code of C, and

I, A

0 B
is a generator matrix of the torsion code of C. We say that the code C has type
(p?)*p*2. Unlike mass formulas for codes over finite fields, our mass formula
for self-orthogonal codes over Zj: is given as the sum of mass formulas over
some finer classes of codes of a given type, where we use the type in place
of the dimension for codes over finite fields. The type of a code over Z, is
determined by the dimensions of its residue and torsion. We shall determine

the number of self-orthogonal codes over Z,» with given residue and torsion.
We say that the code C is free if k2 = 0, or equivalently, #(C) = ¢™(C).

2 Codes over Z,» with prescribed residue and
torsion

Let p be a prime, and C),C; codes of length n over Z, such that C;, has
generator matrix

[r 4], 2)
C> has generator matrix

I A

o 3] )

Aec Alk;x(n—k;)(z), Be A’[kzx(n—ln)(z) and dimC, = k;, dimCz = k; + ka.

Lemma 2.1. If C is a code of length n over Zy» satisfying n(C) = C, and
t7Y(C) = C,, then there ezists a matriz N € My, xn—,(Z) such that

I A+pN
0 pB

is a generator matriz of C. Moreover, if ko = 0, that is, n(C) = :™}(C) = C,,
such a matriz N is unique modulo p.

— 169 —



For the remainder of this section, we assume C; C C; C Cit. This implies
I+AA*=0 (mod p) (4)

and
AB'=0 (mod p). (5)

Moreover, when p = 2, we further assume C,; to be doubly even, or equiva-
lently,
diag(l + AA') =0 (mod 4). (6)

Lemma 2.2. The number of free self-orthogonal codes C C Zj; such that
7(C) = 7€) = €, is pr@®=31-1/2 for odd primes p and 25'@n=3+1)/2 for
p=2.

These results were obtained by counting N such that
I+ AA'+p(AN'+ NA) =0 (mod p?).
Let us consider sets

X = {C | C is self-orthogonal, 7(C) = :~}(C) = 1} and
X' = {C'| C' is self-orthogonal, #(C'} = C;,:"}(C") = C2}.

By Lemma 2.2, we have | X | = p*1®"=31-1/2 {f pis odd and | X | = 2k1r-3k+1)/2
if p=2. To obtain | X’|, we need the following lemmas.

Lemma 2.3. IfC € X, then there exists a unique C' € X' containing C.
Lemma 2.4. Let C' € X'. Then |{C € X |C C C'}] = pF*2.

Theorem 2.5. Let C, and Ca be codes of length n over Z, where C; C C, C
Cit. Assume further that C, is doubly even when p = 2. If dimC; = k,
dimC; = &k, + ks, then

Xl pk|(2n-3kx—l—-2kz)/2 for odd primes p,
|X'| = ok1(2n=3k1+1-2k2)/2 forp=2.
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3 Main Results

Let o(n, k;) denote the number of distinct doubly even binary codes of length
n and dimension k,, and let o,(n, k) be the number of distinct self-orthogonal
p-ary codes, with p an odd prime, of length n and dimension k;. For k < n,

we define the Gaussian coefficient Z as

4
[n] _e =0 —p)--- (" —p)
kT D@ —p) - F -
Corollary 1. The number of distinct self-orthogonal codes of length n over

Zya of type (PP)F1p* is

Myl ki) = oyl ) [P 28] ppemsinan,
for odd primes p, and

My(k1, k) = o(n, ky) [ _kfle gk1(2n=3k1+1-2k2)/2 8)
forp=2.
Proof. Given a self-orthogonal [n, k] code C,, we have [n —kfkl]p codes C,
such that C; € C, C Ci. The result follows from Theorem 2.5. ]

As an example, let n =4, ky = ky =1, and p = 3, Cy, Cy, C3, C; be the
self-orthogonal codes over Zg of type 9'3! with generator matrices

11401143 11461770

0 360/’l0 360’1036 3['l000 3]
respectively. Computing the orders of automorphism groups of each code,
we have

g IEL 2t 2 ot
— |AutC| ~ 24 12 4 8
= 16 + 32 + 96 + 48 = 192.
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Using Corollary 1, we have

My(1,1) = 03(4,1) ["] ] 3s-1-1
3
=16-4-3=192.

This implies that {Cy,Cs,C3,C,} is a complete set of representatives for equiv-
alence classes of self-orthogonal codes of length 4 and type 9'3! over Zg. As
a consequence of Corollary 1, we have

Corollary 2. The number of distinct self-dual codes over Zpz of length n is

> Ma(ki,n—2k). (9)

oshis|3]

Corollary 2 agrees with previous known results on the number of distinct
self-dual quaternary codes in [3] and the number of distinct self-dual codes
over Z,z, where p is an odd prime in [1}, and [2}.

4 Even Quaternary Codes

We define the Euclidean weight in Z; by wt.(0) = 0, wt.(1) = wt.,(3) =1
and wt.(2) = 4. The Euclidean weight of a vector z = (z),...,2,) € Z} is
defined by wte(z) = 3", wte(Z:). A quaternary code is said to be even if the
Euclidean weight of every codeword is divisible by 8. Every quaternary even
code is self-orthogonal. If a quaternary even code contains a codeword all of
whose coordinates are &1, then the length is divisible by 8. A quaternary
even self-dual code is also called a quaternary Type II code. We are mainly
concerned with the enumeration of codes containing the vector 1, or codes
containing a vector each of whose coordinate is 1 or —1. This restriction
forces the length of a code to be a multiple of 8.

First, let us consider such codes containing 1. Let n € 82,1 < k; £ 2,

C1,Cs binary codes of length n such that C, is doubly even and has generator

matrix 11 1
[0 Ikl—l A]’ (10)
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C; has generator matrix
1 1 1
0 Ik;—l A ’ (11)
0 0 B

A€ Alkl—lx(n—kl)(z)q Be Aszx(n—kl)(z) and dim Cl = kl, dlIDC2 = k] + k2.
Moreover, we assume that C; C C; C Cit and C, is doubly even. Then the
matrices A and B satisfy (4)-(6). We may assume without lost of generality
that the entries of the matrix A are all 0 or 1. Then 1 + 1A* =0 (mod 4).

Lemma 4.1. The number of free quaternary even codes C of length n con-
taining 1 such that 7(C) = :~1(C) = C; is 2*1—1)(@n=3k1-2)/2

Using this lemma and applying similar methods as in Theorem 2.5, we
have

Theorem 4.2. LetC) andC, be binary codes of length n whereC, C C, C Cit.
If Cy is doubly even and dimC, = k, and dimC; = k) + k», then the number
of quaternary even codes C

1. containing 1 such that 7(C) = C, and :~}(C) = C, is 2(F1~)C@n—3k1-2-2%k2)/2

2. containing an element of {£1}" such that #(C) = C1 and :™}(C) = C;
is 2(n—k|)+(k1—l)(2n—3k|—2—2k2)/2.
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A partial generalization of the
Livingstone-Wagner theorem
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Abstract

For a transitive permutation group G on a finite set €, the Living-
stone-Wagner Theorem states that if G is k-homogeneous then G is (k—1)-
transitive. It can be conjectured that the number of G-orbits on k-subsets
of §2 is greater than or equal to the one on ordered (k — 1)-tuples of 9,
if |Q] is sufficiently large. For the simplest case k = 3, we prove this by
establishing a result on edge-colorings of complete digraphs.

1 Introduction

Let G be a permutation group on a finite set 2. Denote by G\ the set of
G-orbits on Q. Let Qx), ) denote the family of all k-subsets of 2, the family
of all I-tuples of distinct elements of €2, respectively. The group G is said to be
k-homogeneous, [-transitive, if G acts transitively on Q), Qyj, respectively.

Livingstone and Wagner [2, Theorem 1,2] showed that for any group G acting
on €2,

1. |G\Q)| is greater than or equal to |G\Q(x—))|, hence in particular k-
homogeneity implies also (k — 1)-homogeneity.

2. If G is k-homogeneous then G is (k — 1)-transitive.
3. For k > 5, if G is k-homogeneous then G is k-transitive.

Martin and Sagan [1, Theorem 2] generalized (1) by introducing the concept
of A-transitivity as follows. Let Sy be the set of all partitions of Q2 of shape A.
If a permutation group G on 2 acts transitively on S, then G is said to be
A-transitive. Let < denote the dominance order on the set of partitions of |©2|.
Martin and Sagan proved that A < p implies |G\Sx| 2 |G\S,|, in particular
A-transitivity implies also u-transitivity. Let us consider a natural extension
problem of (2), that is, for an integer k, whether |G\Qx)| > |G\Q x| holds.
Since Q)| = [Qx-1)| holds when Q)] is large enough, one may expect this to
be true for || sufficiently large. By the definition, Q), Q-1 are identified
with Syg)-k s Sjin|-k+1,1%-1) 8s G-sets, respectively. Since [|?] — &, k] and
(1) = k + 1,1¥-1] are incomparable with respect to the dominance order, the
result of [1] does not apply. For the simplest case k = 3, we prove |G\Q3)| >
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|G\SYg)| provided || > 11, by counting certain configurations in a regular
edge-coloring of a complete digraph, the definition of which is given in the
next section. Here we only note that every transitive permutation group G on
Q induces a regular edge-coloring (2,C, ¢, ¥), and the number |3/ ~ | of
equivalence classes is at least [G\Q(3)|. There are regular edge-coloring which
are not induced by transitive permutation groups (see Example 3.3). We prove
the following in section 3.

Theorem 1.1. Let (,C,¢,¥) be a regular edge-coloring. If | > 11 then
[Rz)/ ~ | 2 |C| unless the coloring is the one given in Ezample 3.3.

Corollary 1.2. For any transitive permutation group G on Q with |Q| 2 11,
IG\Q3)| 2 1G\Qyz| holds.

For some permutation groups of degree less than 11, Corollary 1.2 fails to
hold. In fact, the counterexamples are Cg, C5 % S2, C31 S2, of degree 6, C; of
degree 7, C41 Sz of degree 8, and Cs 1 S of degree 10.

2 Preliminaries

Let Q,C be finite sets, and ¢ : Q3 — C be a surjective mapping. We call
(2,C, 9, ¥) a regular edge-coloring if

(R1) For each ¢ € C, the color valency 4. is independent of points:
Va €, H{B € Q| ¢(a,B) = c} = 6.

(R2) There is a bijective mapping ¥ : C — C, which maps a color of an edge to
that of its opposite:

V(a, B) € Qzp, (¥ 0 ¢)(a, B) = ¢(B, ).

Let G be a transitive permutation group on §2. Then we obtain a regular edge-
coloring induced by G, denoted (,C,#, V), as follows. Let C = G\Qy, and
define ¢ : Q91 — C by ¢(a, f) = G(a, B) for (a, B) € Qyzj, where G(«, B) denotes
the G-orbit of (a, 8). Define ¥ by ¥(¢(a, 8)) = ¢(8, @). Then (R2) holds, and
by transitivity of G, (R1) holds. Thus (,C, ¢, ¥) is a regular edge-coloring.

For the remainder of this section, we assume that a regular edge-coloring
(%,C, ¢, %) is given. We define an equivalence relation on Q3 as follows. For
A,B € Q3 we write A ~ B if there exists a bijection 7 from A to B such
that ¢(7(a), 7(a’)) = ¢(a,o’) for any distinct a,a’ € A. Let [A] denote the
equivalence class of A. For a,b,¢c € C we define [a,b,¢] = {{a,8,7} € Q) |
#(a,B) = a, ¢(B,7) =b, ¢(v,a) = ¢}. This set becomes an equivalence class,
unless it is empty. By the definition, every equivalence class is of this form. For
¢,d € C, let us define a set T, 4 by

Toa = {{a.8,7} € Oz | 8(c, ) = ¢, (e,7) =d}.

It is easy to see that Te g4 = Ty = U, ecle, 2, ¥(d)].
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Lemma 2.1. For a,b,c,d,e € C with [a,b,c] # @, we have
[a,6,d] € Tue <= {d,e} € {{a, ¥(0)}. {5, W(@)}, {c, ¥(®)} }-

For D C C let us define f(D) and A(D) by f(D) = 2+ 23 4cpds and
A(D) = Uz,y,:EC\‘D[x7 Y, Z].

Lemma 2.2. Let D C C. If f(D) < (S|, then for any ¢ € C there exist
d,e € C\ D such that [c,d, ¥(e)] # @. If moreover D = ¥(D), then A(D) # 2.

Lemma 2.3. For distinct {e,b}, {c,d} € C(1j UC(3), we have
{‘I’(a)s ‘I’(b)} n {C, d} =g = Ta,b NTeq = 2.

Lemma 2.4. Let {c1,d1},...,{cs,d,} € Cuy U Cg) be distinct, and assume
Teid, # @ for alli. Then we have

U I, .d(/ ~

1<i<s

- [2]

Lemma 2.5. If |Q] > 8 and |C| > 6, then |[Q3)/ ~ | > [C| holds.

3 Proof of the main result

Let a regular edge-coloring (Q,C, @, ¥) be given. We define subsets IC, £ of C by
K={ceC|¥()#c}, L={ceC|¥(c)=c}.

Lemma 3.1. If || > 11 and £ = 2, then |Q3)/ ~ | 2 [C].

Lemma 3.2. If Q| 2 11 and K = @, then |3/ ~ | 2 [CI.

Proof of Theorem 1.1. By Lemmas 2.5, 3.1 and 3.2 we only need to treat the
cases (k,1,|C]) = (1,1,3),(1,2,4),(1,3,5),(2,1,5). We omit the details. 0

Example 3.3. Let ¢t > 3 be an integer, Q = {a},5,...,at, 5}, C = {T,T,l},
tI'(T) = T, \I’(T) = T, ¥(1) = 1. Consider the regular edge-coloring
(2,C,¢,%) defined by Q = {1, b,...,0¢,8:},C = {T,T,l}, andfor1<i<
ist #(as, B;) = ¢(Bi, 05) = 1, ¢(0y, 3) = ¢(B;,5:) i¢(0i,ﬁj) = ¢(Bi,05) =
1, ¢(as, ;) = ﬂﬁi,ﬁ_j’) = ?_(a,-,ﬁ.-) = ¢(Bj,a;) = 1 (see Figure 1). Then
9(3)/N={1, 1, 1},{1, 1, 1},8.1‘1(150 IQ(3)/NI=2<3=ICI.

Proposition 3.4. The regular edge-coloring given in Ezample 3.3 cannot be
induced by a transitive permutation group on S.
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Figure 1: Exceptional example

Proof. Let (92,C, 9, %) be as in Example 3.3, and suppose that (Q,C, ¢, ¥) is
induced by a transitive permutation group G on Q. Let a), a2, az € Q be as
in Figure 1. Since ¢(az,a1) = ¢(az, o)) = T, there exists ¢ € G such that
g(as, ) = (az,a1). Since ¢(g(az),n) = ¢(9(a2) 9(1)) = Plaz, o) = T,
we have g(a?le {a3,...,0a:}. But then 1 = ¢(g(az),a2) = ¢(g9(c2),9(aa)) =
¢(az,a3) = 1. This is a contradiction. O

Proof of Corollary 1.2. Let (,C, ¢, ¥) be the regular edge-coloring induced by
G. By the definition of induced regular edge-coloring, |[C| = |G\Qy| holds. For
A,B € Qa, if g(A) = B for some g € G, then [A] = [B], hence |Q)/ ~
| € |G\S3)| holds. Therefore, the assertion follows from Theorem 1.1 and
Proposition 3.4. O
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