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The 28th Symposium on Algebraic
Combinatorics

Dares: June20(Mon)--June 22(Wed), 2011

Place: Oita University, Dannobharu Campus

Organizer:K. Akiyama{Fukuoka Univ., cmail:akiyama@fukuoka-u.ac.jp)
C. Suetake(Qita Univ., cmail:suetake@csis.oita-u.ac.jp)

M. Tanaka(Sojo Univ., einail:mtanaka@ed.sojo-u.ac.jp)

June 20, Monday

14:00—14:50 M.Kiyota(Tokyo Medical and Dental Univ.), T. Okuyama
(Hokkaido Univ. of Education Asahikawa Campus), T. Wda(Tokyo
Univ. of Agriculture aud Technology)
The heights of irreducible Brauer characters in 2-blocks of the
symmelric groups

15:00-15:30 T. Yoguchi(Chiba Univ.)
On sharp characters of rank 2

15:40-16:10 N. liyori{ Yamaguchi Univ.)
A theorem on monomials over groups and the classification of finite
simple groups.

16:20—16:50 N. Chigira(Kumaimoto Univ.)
Rudvalis group and codes

17:00-17:30 Y. Iric(Chiba Vniv.)
On groups generated by mutations of graphs

June 21, Tuesday

10:00 - 10:50 T. Yoshida(Prof. Emeritus at Ilokkaido Univ.)
Random walks on finite groups and applications to discrete
statistics

11:00-11:30 T. Asai(Kinki Univ.), T. Niwasaki(Ehimme Univ.)
An extension of a conjecture on crossed homomorphisms of finite

groups

11:40-12:10 I Sato(Oyama National College of Technology)
Weighted scattering matrix of a regular covering of a graph



12

14 :
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16:

17:

:20-12:50 H. Nozaki(Tohoku Univ.), M. Shinohara

(Suzuka National College of Technology)
A characterization of strongly regular graphs from Euclidean
representatious of graphs

30-15:20 Richard M. Wilson(California Institute of Technology)
Diagonal forins for incidence matrices associated with ¢-uniform

hypergraphs

40 -16:10 M. Jimbo(Nagoya Univ.), K. Shiromoto(IKumamoto Univ.)
Mutally orthogona! partial t-designs over C related to quantum
jumpcodes

20— 16:50 T. Sumi(Kyushu Univ.), T. Sakata (Kyushn Univ.),
M. Miyazaki(Kyoto Univ. of Education)
Existence and construction of absolutely nonsingular tensors

00-17:30 N. Nakagawa(Kinki Univ.)
On planar functions and bent functions

Conference dinner at Qita Univ.(18:00-20:00)

June 22, Wednesday

10:

11:

13:

13:

14 :

00-10:50 Y. Hiraoka(Kyushu Univ.)
Approximate maximum likelihood decoding and its combinatorial
structure

00— 11:30 H. Shimakura(Aichi Univ. of Education)
Kleinian codes and vertex operator algebras associated with even
lattices

10 — 13:40 S. Suda(Tohoku Univ.)
A cross intersection families bascd on semidefinite programing
lattices

50 — 14:20 Y. Hiramine(Kumamoto Univ.)
On difference matrices with respect to cosets
(joint work with C. Suetake)

30-15:00 H. Taniguchi(Kagawa National College of Technology)

On a description of the Buratti-Del Fra dual hyperoval and its
quotient
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The heights of irreducible Brauer characters
in 2-blocks of the symmetric groups

HHIEX GEEMENAE R
BULERR CIEHRESEAZ  EIHR)
MBEEZE GREIRYE TEH5EH)

1 EC&IC

G ZHMRE, F 288 p > 0 ORYMEAkL L, B %Z FG O7 0y 7 TED defect
group Z D £9%. B n Dppart Zn, LBL. |G, =p* L |D|=p?tBL. ¢
% BICEEhB BB Braver 5L §3. FORY (1) & p*? TRNSB. L
TetoT (1), = p*~9+e, 3e > 0 LT, e & o DEE (height) &L\, h{p) =e &
<. EnTay ZictiE 0 OB Brauer IBHEITEIET 5 (Theorem IV.4.5 [4]).

BB 3BMBERER x ICbAILT LR DIL L, x(1),=p* %/, 3f >0 L
T, f=h(x) ZREOMETLNS. x(1) | |G| THBT LS, 0<h()x)<d L
&b, £5447% Brauer @ height zero FH% Alperin-McKay FAd & DOl ERIDOKE
TICT B FHETHS. ULhH LB Braver 158 o IOV T, (1) BZBTLE |G
ZRSTZENZD, hip) £ d THB. FEBE, Thackray ickd L, G=McL,p=20DL
X 2.7y BIZld o(1); = 22 2H 7T B Braver $5EIMH YD, |G =27 &b,
a=d=T7TH3N, hip)=9>7=d &3 (p.166 [4]).

—Ric 7oy ZICFEN B84 Braver I-ETHET 0 DL DR, ENKS50WHBT7E
A3M7? SL(2,27)D2-Tav IDEKSIE, RE—DDTEELHY, SL2,p), p: odd
DL E full defect Dp-T Y IDESIE, (p—1)2BITRTHHZ 0D L EHSB.
MHHRRED 2- 7Oy ZIEDWT, ROEBEET:-.

B¥ 1 (Kiyota-Okuyama-W [11]). G = &, Z n XAFlEL L, p=2&T3. T3
t&2-70v Y BIZEENBEH Braver IS THIN 0D DI, 7275—DTH3.

B ZEZBICE S MBI OWTIRBEDOHI TS, Bl SR BI
ML Tid hook formula £V S50 h'H b, BLFEIEEE S X 5 Young diagram
HRBAHETES. B Braver IHFORBERDZ LA EERSh TV, i



FROEY 2 5—FRBUCONWTIR, I8 TRERES XLV RBREIENHS. BE
% Braver OB > TR T &hY, TR RDZ T L ZEMICL T
W35, EEIOWMHOELXECCIKHS. n < 17 DREITIIEEY Brauver #580OX
BEHSRSENTHABY, 1 DFRSED UDOHESIE, TRTODTay ZiZd0
TFzy 7TBEITLRETHS. BHIDSETICASAT WD /=0 & HA
v Eibhiz.

GEA 1 13RD Fong, James D —BHE L /=B TH S (James DRI DIWNT
HBAIADSBXTHN:-C LICHERBLET) .

EH 2 (Fong [5], James [7]). G ZHEAEL L, F 252k Tchar(F)=2&33. V
ZHBE R IERN R FG-IfEE 5. &L V Dself-dual x5, dimp(V) XML
Th3.

XFRBEOBIK FG-IMBHIFA L THNBEIT, LS self-dual THBT eHB, T
DERBOMBOFRE LT, ROEAHNEYIID.

FEEE3 (Fong [5], James [7]). &, % n XHFELL, FREB 20kETS. Vi
JEHEALEEY FG-MBtL 35 & dim(V) XM THS.

11 BFRIREHIN IOy I TLIBOIDTLERLTVS. FH1EpH
HREDL Z2ELTLERD LAV, RDEK S5 &fIHH5. LT IB(B) T BICR
T 2B Braver {EEIS&DIE L L, ByZRETuv /3%, %70 Braver 55T
ZHFTELTHDD, FTUIREERL, FULXEROEEDN O EHBHE, &
BIRA YTy I REMITHS.

(p=3DL*

(L.1) n = 3,4 DL ¥ IBr(By) = {1;,12 =sign} TRTHE 0

(1.2) n=2_5 0)&% IBI‘(B(]) = {1],4]} -‘T&Tﬁg 0

(1.3) n=6 D& ¥ IBr(Bo) = {11,12,41,42,6} FX 0348, WX 1M1
(14) n =7 D& ¥ IBr(By) = {11,12,131,135,20} TRTHE 0, 13 | |G|
2p=50DLE

(2.1) n=5 D& ¥ IBr(By) = {11,12,31,32} FRTEHEO0

(22) n=6 D& & IBr(By) = {11,12,81,8:} IRXTHI0

F 1.2 &1 OFRSEHFIEHEEBRIIC OVWTIRIRD Ik, p=20 L %, Mg
& FSHEEE mod 2 reduction THUCHIIEREIE 250D T, 7oy ZicE Lt
HME0TH3. K->THE 0DBHINBERZRET gy Zohic 2 EizdH 3.



HHPROEY 2 F—HBUCHL T, RV OOOBEELAER, MhHTFITY AN
ERMNEH B, Scopes i [14) T, MFHDOT Oy 212D Tid Donovan TN D
DT LZFHAL. Chuang-Rouquier it [1] T, ¥t 6, D7ov s BL, BD
weight #w L TBEE, Gp, DEp-TOv Y Bid derived equivalent IZX 5T L Z2F
L. LAOALIHLGORRMSEBICER 1 ARITE K5 KREbhEy. Va2
G5 —HBIDREBPRED p-part X derived equivalence TEDL->TLES 10 TH 3.

Z T THRANEMOMIAIC N UTE > 1z HtEid, Green HIGL symplectic bilinear
form ORE, %LU T James DFEAEFN] Uz n iC[WT BHHAE LV S B BUAR A
TH5.

2 Preliminaries

MHBEDEY 2 5 —RBUCIT 2BLNETICHREZYAL, EH 1 ZEYxE
BUCEDB. James D [8] % James-Kerber D [10] Z#BIL T EE W, FREH 20
kL, @={1,2,...,n} £T3. (TTTHRRBLERE F OFHEN 2 THEHILEN
BN ENBVD, BLOBEMER 20HRELDOT, B 2L LTHEET. )

u = (p1,42,...) B n D partition THB LI, puy,pus,... ZOLLLOBET, 4 >
P2 2 -1+ pa+ =BT LENVS. TOLEBE-TEN u) @BOH, B
ZITHD o lOF, ... DS, EMZEFARAT, FOEDITHE [u) LHE, pic
M9"% Young diagram &5,

MEZ Gy-set [G,\Gp]ICX B F LOBBIEL TS, TCT, 6, =6, X6y, x---
% p ICM9 % Young subgroup &\ 5. M# L y-tabloids & &% Young diagram
DEFIC 1,2,...,n DXFERIRCANT y-tableau t %, row stabilizer TN LI
[FEBZ basis £ 9 5.

M*# @ submodule T, p-polytabloids & XiEN 3, u-tabloids IZFHSZ2{HFTMA
1=& D% basis £ 95 & D% Specht module LW, SH EHL. & U FOEEN 0D
L&, SENITRTOMK FS, hnBtL /x5,

n O partition g = (p1, 42,...) B 2-regular &%, pu) > pus > - ZWMlTLERCT
3. uhi2-regular D& ¥, XFDLXITHED, Specht module $* {3 unique ZxBE
#]quotient module D* %2 &0, DH T XTDRI FS,-MEEL %5, Young diagram
[1] t& 2-weight w & 2-core 6 Z&D. Young diagram [u] DA SH 5 REBHK DR
5, 2-rim hook & KIENBME /3BT MY A B EROEBWIz L &, [4] DRSS
ME57272 T Young diagram L3 K51, TEBHED 2-rim hook ZHH FRHTW
<. & ThA DTN E &, BDERNE 2-rim hooks DEE (1] D weight w
THB. EBITFDL ENTH - IZBHDS 2-core 6 THB. 2-rim hooks DI EREH
B—ENTEVD, w6 E—ENCEES. (2-core i (6] LM< NEME LNE
HA. weight & core l34K Young diagram [u) ICH L TEESEDTTH, partition



p AU THREBRIC u D weight w, 2-core & £ F S5 T LICLET. hook, weight, core
VS FREAPILENIFA LTGRO K S TF. [15))

Nakayama Conjecture (Conjecture &FHEN TV 3 A, &iF] G. de B.Robinson,
Braver iC & DEHEN, ZTORLEROANCKDIHETNATNS.) S L SHHG,
OHRTRIC 2-70y ZICi8T % <= Young diagram [A] & [g] DL 2-cores LT
2-weights Z&D.

#2.1 S icld 78D partition Hd 3. 2-regular L EDICIL o DTz, BDERL
2-rim hook I DWTIIRHID D% +« T, RICHDIEL D% o TEDALIZFET T
LT B, BolcBnk e THYT. THh 2-core &5 5.

THRETDOND 270y Y B, By B Y, k(B) ZEHITH faEIOME, |(B) ZBH
Brauer {§E{DEE, w(B) & weight, d(B) % defect (i.e. defect group DAIEDIEEL
B, HIMiTIEd B eTdE, ADRDKSITE-> T3,

2 — regular | [y w | core
o [5] eo o % x|2|]1]
o [4,1] e o % x 1([2,1]
o [3,2] e o o 2 | 1]
[3,17] ® 00 2 1]
* By | By
[22,1] ° 2 |1 kB)| 5|2
o = I(B) | 2 [1
° w(B)|| 2 |1
[2,19] oo 1([2,1] dB)| 3|1
[1%] . 2|01

UTRNThE X <AL TS, BRHEICLTHL.



1. 2-core X OA LBk HBH-T o = (k,k-1,k-2,...,2,1) EVIBELT
W3, 2ELE=008%2 4 =[0] T3, THLEDEIL, k>0DL2Z
|6k] :=m = k(k +1)/2 KD =MTHS.

2. D(B) % B @ defect group (E&HIEHTIBH BICABRL THEES G D 2-5aH) &
$5&, D(B)= D € Syly(S2y) &%, Chuang-Rouquier [1J{ic KD, BlE S, D
F2- 70w 7IZ derived equivalent TdH 3.

3. P(n) & n O partition EEDKEG LTS, po:= (k+2w,k-1,...,2,1) &5 n
O patition H'$H 5. T it 2-regular T 2-core H' 6 & 43 K 5 /% partition TH 3.
4. P(n) RO S B ERE2MEFDBHS. A\ pe P)iHL A< p &L =
Blyee sy Aiml = Bic1y Aj < fiy... £F3.F B & pp i3 6 2 2-core ITHD 2-regular &
partition DR TRKDELDTHS.

5. o iCBILT, Mo =S oM L73EL, CTTT M ¢ BTHD. cHLE
S#o = Do BT LT3, EHIERD DB,

Lemma D#0 3{5& 0 DB FS,-MMFT, FOD vertex & D(B) T source i trivial
module FD(B) TH5.

CCTEHE 1 2D THAICENS.

BE 1 (Kiyota-Okuyama-W). &, % n XXMMBtL L, p=2%LT 3. B G, DE
RD2-7ay U C2core &6 £T5. 5L D iE BILIBTBHE 00 unique 7%
B FG,- B TH 3.

iE 2.1 ¥ 113 Fong, James DEE3I NS, b FE2-7 0y VORHIELW. X/
Fong, James DEM 3%, full defect D2 70w 23ETOv I LhENVTELES
T3,

3 EE1LEERZODEE

CCTIRER ) EEEAZDDERICDOVWWTEARS. HRICER | ZAHHTH L &,
ZODBRAEIEATB. ENFADB/ICONT, lffiaE e gy 5.



EE 3.1 pueP(n)Z2regular L L, FD2-core o, £LT5. THLE, S (ifi
HEHIRED Dp=2iCl{TRNENETHD < TR d,,, PEBICKS.

5 —DDWHIZBRBITE, 53D SEPHIVBETHS. Y peP(n)
{& 2-regular T, FD 2-core Z d; £ T 5.

0={1,2,...,n} &L, G=6,=6q &TB. Qy={1,2,...,2w} &L, Gap =
Gn,, £T%. EHKQ, ={2w+1,...,2w+m} &L, K=6q &¥3%. IEL
m=|6| =k(k+1)/2 THB. THLQ=Q, U0, THS.

D* % BILBRY BBL¥ FG,-METED 2-core % 6 £ T5. Q% D D vertex &
T3. $35L Ng(Q) CGoy x K 2B, LIENST(G,Q,Gay x K) ICINT B Do
D Green SHIGF f(DH) BEA BT LN TES. f(D*) ZHEBY F(Gyw x K)-INET
H3.

f(D#) i3, T* EWS B FGoW-iENSH->T, TPQp SICRIBICES. TIT,
S i3 D% ICRIME K O defect 0 D 2-7 2y 7B BB FK-MBETCHB. §5¢L
&S5 —D20ffiEMIERDO XS B,

EE 3.2 BT3B FG-inltt D4 (X, u # po &, B3 3 T IEMBT
ks,

A 3. LEA 3.2 IR 1 LFElICRD. CCTIIERIZERT B,

4 TEE 1 DERADEIRE

G=6,DHEDN2-7ay ) BILRY B 0 DB FG-iE% D» L $5. J2iE
LZD 2-core Z 0 LT3, RDZDODFRICHIT, u=pu THBTLEFS. U
T FG-INB#E M L 3 5.

Case 1. phVPE< &% k+ 1 {BlD nonzero part ZH DL &

DL &L SHe &S F-spacell symplectic bilinear form Z#§%9 5. T T, ¢
{& FK @ primitive idempotent T Young symmetrizer £PHEN 5. ZHhid standard
Sr-tableaux 2ADOH TCRMRLSNAFICIE L THAD standard tableau ¢, ICXHET3
DTHB. T5L Drey = Shey [(S#USHL)e; LIT nonsingular 7% symplectic bilinear
form ANEHRE N, Dley HMUBLRITTL o> TR 3.2 DIEHINEENS. (TODADE
TEORERUE, H.Weyl D 16]1ch Y, BIRALOED (6] CHLLTIMNTHET. &



BREDTREZFTDET. )

Case 2. ph'5 & S5 ¥ k BD nonzero parts DL &
RD James DEFE T n iCI¥F S induction T2l 3.1 ZHHIT 5.

Theorem (James [9]). z = (u1,...,m), ¥ = (11,...,vx) 2 n D partition T, u #
O, #0&F 3. pld2regular £33, $5¢a=(u - 1,...,ux~1),7=(v) —
1,...,ux—1) & n—k D partition &%, Fl& 2-regular %%, DL E L, =dpz
MRED ILD.

5 PIEYTRER

R BT BERE, BH ISRV IUDDTIREVDNEERBICE - TIHBIC
DNTHERS.

1 Question (Danz, Kiilshammer, Zimmermann [2),(3]). F ZE#2DETAZn D
2-regular partition &9 %. D* 2 FGS,- L33, D> Dsource VI, &L
non-trivial % 5, AECRTH ?

EEIKD, BULA=poDEEIX, D trivial sourceZED. BLAA o %5
i, D) REDOKEZED. BB G OB FG-IBESICDOWT, SHp-7av s B
iKBT5L$%. BODdefect group Z D &9 5. RONHDEH [12] MG T
3. SHEDHEEEDIHDLEA7RME, SO vertex PAY, P < D THBH,
%5 Tl hid source V BMBURITTHS. P<DDEER, VA trivialhE R
BERTOESMMIRHET, HED question MEL VLAY S DIIBRA TR AN D
TV, VBB FP-IBHED T, —BICE vk Ko KERFEXTICEDITS.

2 R®D proposition /%3 3.
Proposition (Okuyama-W [13]). G ZHR#, B2GODp-7uv L, Cpg% B
DANVZATRNE TS, BDdefect #d £ 9B, TDEE

2\’ do=1
Z #0 (mod p) = Tr(p°Cp’) #0 (mod (7))

—d
¢€lBr(B) P

- AP I, B Cp DHBEHI p T, p¥/p £0 (mod (7)) BT HLONHB.

2
Proposition DFERT, FHRf: Z (;(2) #0 (mod p) % (x) £¥L. GH'p-
»€IBr(B)

IR o, ZOMED p-7 Oy JiE (») 2829, LHL (x) B—HCIZMD L



felzw. BIRIE G = SL(2,p).p > 3DEE, B% fulldefect DpT Ry 7 T3 E,
D 03K p DWIIIEIERS, () @R D LB, & BISHNR ATFRDTRTORA
f pI2DVT p/p = 0 (mod (7)) R ILD. AUERNG =6,,p>3TBAE
pTaY IDE IR D IIO.

p=2TTDXSLHHNHBIEAID? FHIHHRETRESBDEASI M2 LS
RPN OMBEREZ D EoMF bixoTc, EH 1 ZR/IER, XY ILD.

Corollary. MFillf G, iICHLERD 2-Tay 7 Bk, (») HREDID.
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1. A

AT G EBARBLL, ZOoWWE Z = Z(G) THY. AMRKED sharp fFEIL i,
Cameron-iffHH [2] IC & - TRBEHHIC I} B sharp permutation group D—ft{b & L TH
AThIEETHD, LFOL SR END: G OEHEBDIEEE x KL,

L=L{x):={x(9) |1 #9€G} (L.1)
x y O (type) £S5, TDEE,
sh(x) := [J0x(1) - ) (1.2)
el

EWVWSHIEEZB L, sh(x) ROTIEADTEBINICE D, D |G| DS B T &t
HoNTWA. FRHT sh(x) = |G| BED IO L E, (G, x) & type L D sharp pair THB &
Eh 3.

Remark 1. 1g % G ONIRERE T B L &, sh(x + 1g) = sh(x) BIKD LD, -
T, sharp {HEIEZEZBFIITIC (x. 1¢)e = 0 LHELTEY. ABMTEHSAWVEED
(% 1c)e =0 DEDDHERS.

Remark 2. L ¢ Z T5%% X %% sharp pair EFTXTHBENRTWVS (cf. [1]). THL &
D G 13 HIRE Do % SL(2,5) A EIRNC & < MSNIBCRS N, £ x 3754 2
DOEFNEREIONTH 5.

1-® Remark & 0, sharp {HfIORMFICHBWTIR L c ZOE EMNTMICZS. ST
ZRWTLUELTHNUE, sharp ORI H BT BICROMS. Kili, Th S DIREIN



TLHBYSNLDEDH, BB sharp R Z R DT RBELFH S AREDOLDICHS h
200y ix EDOBERICIZE > ED E LIFANBON TV AW,
x B TR BN sharp fENTH B L &, |L| & x O rank LPEE. 2009 {EOf MK
B4 B4 [6] BT, TS
L={-1,p-1}or {1=-p, 1} (p: FEE), »> Z(G)>1 (1.3)
EWV S HRIFED T T sharp pair DRHETV, ZORRELTEFhETAShTW o]
sharp pair D% —BD p KH L TRALN:. COLE Z = Z(G) 3618 p DB EBHT x
b, GRUFOWThHI DR LRI S:
(i) Z x Dap;
(ii) Z x PSL(2,q) with ¢g=pXxlor2p=x1;
(iif) Z x Sz(p + 1),
(iv) Z x PSL(3,4);
(v) Mo 7% Mo O triple cover;
(vi) ES(p®, p?) DECHERRE;
(vii) (18 108 DAIMEMT, G/Z H* Frobenius (FTHDED
(T T T, Sa(q) & ¢ 7Ttk £ Suzuki #E%, ES(p*, p?) 13615 p*, exponent p? DIETHN
#Z, My BEU My IZEFNFN 10 B KU 22 XD Mathieu Bi&£T). LICGIHT A
DOKRMINE Z LIRS LONBITH D, S IR/ Ik 7y-part ZFFDEDIC
o (cf. [6, i 8]). &5 LB LMKTEZDTHAI>M? 1L ZIE, R_it%
LD LD THEMAZEZ 2L &, RO THRIOH L OB RDOH B OGN Hk%
s Ths.
ARIOEME, BICBT 3% 202 L BHELT L={¢, (+p} D Z(G) > 1 &5
Z{FOF T sharp pair BB T2 L THS. ZTOHK£ERE LT, UHOTHEI STHEe
WL L TLH LA, XOEMENRT::

EE 1. (G.x) %Z type {(,{ + p} (p: GFHB) Dsharp pair EL . D Z2=2(G)>1¢&
5. TDEE|Z|=pTHY. THERDVTISNKD 7D:

(1Y¢=-1orl-p;

(2) €= -2, G ES(p®, p?) DI E b5,



DED, L= {{{+p} LGELIHE L BN ONS BRI TXTERNOL DIC
o3 e otz FDMHEH LV sharp pair DR Sz bid Ty, Th
1D EEX, W 1 OAHBLUTZORTHHLWT AT 7o EEHNT .

2. FEEREDERICET 542

FEREOIEZ AT B0, AT rank 2 O HEBBIADREEZINNS L TH I
iz 2 DT 5. L%, n € ZIcH L n OLKBRKDETINEE n(n) TRL, X1z,
WS ODDEEDSLBMRE m iU r iEFFhaVWBReSERDOLTIINGE « TRY.

2.1 FDORBAIEDT

—RIC, x A G DATAMEBUEDIEERT, D G NAWITAVWRLERDL &, XDK 5%k
X DARERKT B ENTES.

il 1. x ZhMRMN G OFHMBEMDIEE, 20 &% Z(G) KEXNBIHUBIBOTLT 3.
O(ZO) =D, Zo = (Z()) t$5< . 26“:, Zo D lz“ t?{&%lﬂﬂ;ﬁg /\o ?‘e': 1 "Jii?Ulﬁlﬁé‘i’é
-

X=¢+(0|+"'+0p_|) (2.1)
EWSHRTH-> T, URORSERIZT LD AET B:

() , 0; ST H B, E1e12 0;

(ii) Keryy > Zyp, h2i=1,2,...,p—1 IKNLT (6‘,’)20 = 9,'(1)/\3;
(i) % CETEBA, {01, 0, ..., 0,1} KABIIILHCI LT DR A S

(iv)i=12.....,p-1EHLT Im8; C Zw] (w = Ao(z0))- $HC, G DITLD
PIEgicHLTO:(9) € ZTHB.

Proof. i=1,2,....,p= 1AL, Irr(G. \) := { € Ir(G) | (pz,: M)z, > 0} LEH
L, EbiC
6 = Z (x.¥lce (2:2)
PEIrT(G . AY)

EBL w=x-00 0 EBE, v, 6,13 (2.1), BET (i), (i) BHLT. D ¥, 6; B
(iii), (iv) 2T T LR RMNCHBT X 3. 0



M 1 DR 29 & Mo DHL (20, M) KL H>TIREEND. TOFMVAMTH B DI,
PR DRBM%E x BHVTHRT ST ENTELHTHS. ThEKIBRIONET
HBEND, HINIET BB,

i 2. i1 LN CESOT T FARD D!

oy = X=X 0y < 0,0) 4 50 (2:3)

#HHE3.9eG-2pLTB. DL E,

w9 =+ ¥ xio2) (2.4)

z€Zy

AR D LD, BHIC, min L(x) € ¥(g) £ max L(x) TH 3.

4. 9geG-2Zy,w= do(z) £T 5. | L{iv) &b 6,(9) € Z[w] Ehb, O(g) =
f____; mw! (n; €Z) LBL. TDLE, RHWEDID:
Aa~"IY —
m = x(90”) - x{9) (2.5)

P
FRHC, j=1,2,...,p=-1ICHLT x(g277) = x(9) (mod p) TH5.

AROLEBOE S ICEZ SN REDRE X KDV TERLEI LI L E x &2H
TR TV BEUTREBTLTHOLTRMDER NGV, —RBIRTIC x DB
NGS5 BAAERIIRNZ TN D LA 212550, T ETORMBLEMIEL
Mz, Z07h, B 1 DL B TFREIRBIARTZD0THS.

HWehZ g, THUITE 1 OREHDS Z(G) > 1 LS5 &MERTNENELEZVWEH
ToH5. 1170, H% 1 EKE Z(G) = | ORBICBVTLRICITE RN S S, 12
5, WYLt g € G ZBATEDNMERAD x ORIEEXEZNUE, /TRICLEL 2 1
WOTHMETZAINSTHS. KOMADMNNE X ZFOFTHS.

22 |Calg)| I<BAT BHHE

%2 G OEBERMEOERETS. &L L(x) = {(,6+m)} ({,m e Z) &5, TRO
a(m)-ltx e GEXLT
o(9) | x(1) - x(=) (2.6)



BRD DT LREL A BHBRTVE, B, o, y € G — (1} 1 x(x) £ x(y) ZllT &
3% n(m)- X THB46IE, z & y ROHTIEIRTH 3.
ChETHEHINEThTI o7, EBRCIZ K D RDYLED R D 31 D:

B 5. x Z{IMEG D iype (¢, +m} (6, meZ) DIEEILTS. CDLE, GO
Tl r(m)-sL LT

ICa(=)] | x(1) = x(=). (27
AR D LD, FRC, o(x) | x(1) — x(x) TH 5.

Proof. ¥ 518 x DIVHDIT x D Co(x) NDFIR xco(z) ZEZA BT LICKD, BN
5z € 2(G) EBELTEY (8L |L(xce)| = 1 H5HE, Bic

ICa(@)l | sh(xco@) = x(1) = x(2) (2.8)

CTBINITHB). Zog= (), 12, # d €Irr(Zy) LT 5.

(z, Ao) ZRIVTHIEI 1 EAIU3BE x = v+6 +---+0p_y Z{ED. BHENIC |G| D p-part
|Gp 4 sh(x) ZMOYIS. HEEXD p | x(1) - x(z) D ptm BDT, |G|, | x(1) - x(z)
THB. —~H,0Z&(+m (mod p) KD, (2.5) BT x(gz ) £ x(9) £%B&5% g, j
REELEV. > TTRD g € G — Zp WXL 0i(g) =0 TH 3. R, ¢ € n(G) - {p},
Q € Syl,(G) IcH L

Q1 | k(@) = ai(y) = X x(2) (29)

MDD, LEED, x(1) - x{z) & |G| DFHTHS. (]
AROEENS D LANSZH, ROFHRD LD,

F6. L={L+m}IDsh(x)=¢|G| £T3. £ L 0< 2c < |G| &5, 7(Z(G)) C
w(m) TH5.

Proof. i p € 7(Z(G)) TH>T m ZHLYSLEVEDN BT 5. Z(G) D
Wil p DT 20 &2 1 DIRDT o, 0; 2 5 DAL BIRRICIED. F12, 0 = x — 9,
x(1) = x(z0) = |G| (t € N) &35<.

X =¥ 40 WS 3 [5, Ml ) DR (1), (i) Z#izT. Th&D, (0.0)c £cTH
BTENRES. S, (01)z, = 06:(Dro D0 1& Zo DATODRELZN S,

2 g2
(61,0h)c = P9|16('|1) = tLG| (2.10)




TH5b. ko7,

1G]
2
CEOREIRTS. LLEkD, 2K % p RIFELEV. O

¢ 2 (0,00 = 2 6) 2 (2.11)

3. G/Z0&

LU, (G, x) IR 1 EAURERBETET S, $hbB, (G, x) i type {€, +p)
(p: A O sharp pair THH, Z = Z(G) > 1 £l T L $5. COMTIEREE 1 DI
BIC 2 MR D A IS .

BE7. (C.x)ZER1OMD £T5. COLE ZRpRTHS. 52, k = (x(1)-0)/p
EBFE, k € N2 |G| = prk(k — 1) DR D LD

Proof. %6 &9, |Z| i pRFTHEINER D, $I2, |G| 1t p DIBKTHS. 2B,
sharp fifODER L D

1G] = sh(x) = (x(1) = O(x(1) - £~ p) (3.1)
THBZM5, x(1) - € & p DFEMTHFNUSBEY, & DATBICHIMIAHES . O

tiREE H 52 ohf-b & HOFRBYT ST T(H) ZRTEBT S: [(H) OTUEILE
B n(H):==(|H|) THY, 2 DDA p, g € n(H) & H DML pg Dy fFo& FIAT
HiEnhs, cobE LUTFIrEIGNTVS:

BE 2 (Williams[d]). H ZFHME, m 2 T(H) OMREXADSE22BLE0ETS. &
LU (H) HElissla 757 551, H ZRDOWEhHORIEEFD:

(a) Frobenius [I#, % 7zi3 2-Frobenius ff;

(b) JEVTINLRGRE;

(¢) m-REDUEEREIC K BHLK;

(d) WKBRED 7 -BEIC X BHLK;

(¢) m-REDUSEREE & BiEA%E, & 5IC m-RETIALE LD,

C T, H A 2-Frobenius B TH B Lk, H DEHTRVH 2 ERIDBIEE M, N DMEE
LT, (i) M i N % Frobenius ¥ & 93 Frobenius ffTH O, »D (ii) H/N & M/N %



Frobenius ¥ & 9" % Frobenius B CHZT LEND.

[6] DERERDIMICENT, G/Z OFBT TN THB T L R LU TEM 2 £
RT3 LIdBHRBEWHTH - 2. R, FilicHE L7l 5 ZRIRIT hiL, ITFOYrk
Z ([0 IKBIAENEHUARTE) BAMNCMUUSIFS T ENTE 5.

% 8. 1 c GEREMTHRWVL Ptk T B, TOLE, LLTFHRD D:

(1) o(z) i k £7:1% k — 1 DVFNHDYETEH B

(2) o(z) | k % BIE, x(x) = (, B [Ca(z)| | pk;

(3) o(x) | k= 185, x(x) = €+ p, D |Ca(z)| | p(k - 1).

Proof. M5 % x ILZDXEHEHTIREITHS. O

HE 9. (G.x) ZEH1OWH LT HLE, LUFAHEDVD:
(1) 12l =p;

(2) G/Z DEBY ST T(C/Z) 3INMETH S,

(3) B U p? |G| &5IE, pid [(G/Z) DA TH 3.

Proof. G =G/Z &BL. k=205 EHSIEDTEk>2L LT kye{kk-1} %
pthk L3 X5 CHT, BWTHEV n(k)Jtr € G ZBFIIND. TDLE Z < Ce(x)
THBH, HiM 8 &b |Colr)| & p? THDEINIRL, WAIC (1) %145,

F1z, |Colx) : Z| A ky DRIBTH BN 5, Cq(E) & 7(k)-EDHEIE. WX, (EX
D g € wiky), r € w(G) — w(ky) KHU G NI gr DITEIE 2. X2 T (2) HIED if
DRI, kL k-1 DOWHD p LHWKETH S0, EhFhiz k) LRATEERHL
MREITI T LILK 2T G ¥ pg (q € 7(G) - {p}) DIEEF AV ENIHS. O

WM™ KD, G/Z XM 2D (a)-(¢) DVTNHDREGLEEFFOT DTN B. G/Z O
B E I DAL HITIE, 0,(G/Z) = 1 THBT LEINT 358053, p* 1G]
DL ERRODESICHIERT ENTES.

#E 10. &L p M I(G/Z) DML THBE5IE, 04(G/Z) = 1 THB. $ic, p3 |G|
DEE 0, (G/Z) = 1.

Proof. G=G/Z. PeSyl(G) £9%. RIK1£NAGHDp||N| THolzE LK.



ZDEE PiE N fixed-point-free ICEHT 255 N EBETHS. #-T, s &b
IN| | kor k-1 (3.2)

THGhIEESEV. LU V| | k-1 45, (TLED g € a(k), Q € Syl,(G) KD\ T
1Ql | IN¥]-1 (33)

WRDDNS, k | [N -1 Shk-2LBVFETS. LoT|N| | kTHEH, DL X
LEROMBICED |N| =k 2145, BRI p | k-1 853N, |G| =pk(k—1) THBH
SER pk 1) | k-1 EROFFHEHNELS. 0

P | |G| DHRERNOT Tu—F 2 WBRENHS. |Z|=p THEND, 1#£20€ 2 L
1z # Ao € Irr(Z) ZIBA T 1 Zi&HIL

X=v+(O1+-+0,1) (3.4)

ExZAMMLTEL. TTT, ¢, 0; 1369 LEEITR AW, ZhBAHE (7, §2| Dk
EE o7 K[ URMAZWTT (cf. [7, §5]).

WHE11. p* | |G| &TB. CDLE, ge G- ZIKHUTRMND ¥
(1) p|o(g) %5, 0:(9) = 0;
(2) pto(g) &5, |0:(g)] = 1.
Proof. (1)1 [7) D% 5, HiMi 6, 15, 17 »5. (2) X [T DFR I M BEENS. O
#H12. PP |IG| LT COLE 0 BBHITHS.
Proof. Wi 11&0,
IGI(8:.8:)c < p:i(1)* +]G - Z| < 2|G| (3.5)
Zi85. &oT, 0, 3UAITHS. O

&L o MERIEERTHNUE, [6) D& Z LFRRIC 6; A° G O principal p-block IZJB3 3T
EERHLTOp(G/Z) = 1 BB TUNTES. #0TC,p° | [GIDEESL 0, (G/Z) =1
MDD, T3 LT T(G/Z) & Op(C/Z) T 5 BB BES L = {€, { +p) DBAE
KB DILDTEN, MM LTHEMOEERICBYEDTHS.



4. EEBOERADEIEE

PLE0WEOE L TER 1 ZEET 5. 12720, KD DRROKEIINE [7) D §4 DRA%
ZFOEFWUMB I THBI S, CTTRIBBEZBNT BICHIDS.

UF, G =G/Z £5<. ¥z, [(G) DHHER DS b 2 3L ELDE ny THT. Hiffl
THRIEE S, G EM 2 D (a)-(e) DWIThHDMEZFED. TR, TDS 5 (d),
(c) DHGIEIRT D A x T L &RY.

#H 13. G REAWTEVIFR m-SoBEFE X, FHC, G HAEM 2 D (d), (e) DI
ZHoc kidizwn,

Proof. 1 # NaG, o n(N)Cm ERETS. TOLE, %10 DFHEFIEIC N B
MRTHBEMNTES. LHL, &L N HFhBRELE, 0 Sylow 2-857 863 G DA
TROVIER p-8aleE->TLES. Thiz 0,(G) = 1 IKKT 5. O

HE 14. G AEM 2 D (b), (c) DHEEZEFE DL BIE, G I 81 D (i)-(v) DWThhDEEL
BETHS.

Proof. p* { |G| D& &1 (7, ¥ 25] DB EBEX LICHEHT B LNTES. p* | |G|
DL E, 7, Hi 26] D Step 4 IKHWT

ptlG: S| (4.1)

EZRYTENDOR ( DEFHEZFHOT WA 28 EENLUTH S,

p|1G: S| &RETH. SORETFTDHMRIDS> 5, 2 2BLELDE o}, p 2B
L& TS L, r=adUns LI, SI3 PSL(2,q) £1:1d Sz(q) LA THBNE, 7 D
RAIEGED Uhizw. {k, k- 1} D35 p THIDYINB L D% ky, NI YN EVEDE

h ETBE, ) i
|S|,, I ko D kl | |S|ﬂ’ (4-2)

TIFNUEESHNT ENBRCIDD. ThEDRIEE [ko — k| = | ZEBCERT 5,
m PMFELIRW T2, IR p |G - 5| LSBT OIS, o

112, G H* Frobenius ¥ /=13 2-Frobenius TH% & &%, G A4 §1 D (i), (vi), (vii) D
Thh LBEBNCARB T L EGERTES. TOK, §1 0 (vi) DRERVTHT e {~1, 1-p}
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B LOHBENRICHET 2 —EHE
AIREMEEO T HEHE

LR ZE BREER
(Yamaguchi University, liyori, Nobuo)

1

RN D RGER & 1. FRRBMEHI RIS BT 2 Bl oL dhh L FAE
THHLWNIELDTHS - (1) #BURIEOMEERE,. (2) 5 KL LOXEDAARBE,
(3)Lie MO BHIRE, (4)(1)~(3) ICHET BN DOBIHE (TAXTHIHL TW3),

HIEMMIREO BRI T BEHC DWW 7— 2k, HIX £, P. Kleidinan-
M. Liebeck # "The Subgroup Structure of the Finite Classical Groups” D3k
Y A MRS AICYEICRDOU 2T LN TES, ThODHIFERVTREASIC
M9 2EMEERALE S LOSRENMEEEITNTVEN, TDLIIELT
RonlERE2S LICH BN EENZ T LHTETH S ERHEETS, L
HUHEHEZ MO TRIMNI-RIEIC OV TSRSG5 DE% - BRI ah
EMTbIA TV, #MicBWV T, FREMBEOSRERZRVTH I NI
HOSFEMEAWEWVEAZE5Z 5 —FICDOWTHES L=, 28EMERIVW:
AL EBHMLUTESREURLWVERZSA & S Likdb I, Thid, #EY
T 7 RUZFDO—BEICDWTDERDOKRDO—~DTH B,

2
Wi BTN LI=DIR. ROEMTH S,

TEER., p&HEPLL, Gk, NENp THOMINZ LS T EMlEL T3, 0 G
BRI p DILE T3, GICBIFBIIIR F(X) % F(X) = (Xo) TE#AT 5, ML
K f(X) D F(Gy) = {1} BT RO, G, pBHETHIMD, 04(C) |
WHKTHB,

FEIBICHH T L 2HEHOFAZBHUC L THL, G2, FZEHREELTS, GIC

BUSMEREIEE. GEFOBHBF+xGOIDT ETHY, FEBICHNTD
FIRTETX TERTNBBEE 1 08B TH B,



FEMDBE, GOIKRTOEER L X 2 ge GIIBT LI BEHI—TRICE
£3, Thxkg bBHE, gl E F+«GHD GADHRIEERTH S, GICHBI S
WIS F(X) KL f(g) = g"(f(X)) LEHT B

COEEIE, KICHT B Kegel IC K DEHDIHRTH S, iEl. Kegel DEHUL,
fi%47c Thompson I K % Frobenius MR TH S L W5 FHOBKICZ>TH
%,

Kegel DER pRHML L. G, {E8p DIERNIRE H 2 & DHMIEL $ 5,
LL G- HMBp DN SR> T35, HIIWERTHS,

TEiid, 8, BAKETITDNEMRE2ICEO THIRRMRO BRI OIE
HE LTAADOBEE L L BICHIN LA DTH B, Millic T D& M LA
ZHENT 3,

EEHEEHET 2/-0IC, ETRORKRSESICHIRL -mdeEx3, C
DL, Kegel DEHDGEDOIIETH S,

B pRAHREE L. GRAREE G DIEHp DILBEITE T B0 0 € Go—G 21
BpDit. f(X) = (Xo) LMWFREEHT D, L. I F(X)D f(Gy) = {1}
itz edhid, GRpWBTHY, Oy (C) IZNHTHS,

LR EHT 278, ENMSWVI T, CGHINMTHILEICERTS
Litizd, CHUTONTIE, BEFICDVLFLERBZ ZEICTHN, G 21
RLIGET D L. LomEihs e ORARZDT, EEMEI AL -
CEILBBRCHERLTESWVIW, £, p=20W3M, EEHKRU L-0OMmE
BAGICHGET AT ENTEEDTp BAHBE LTHEI TR,
UTF, GRUMTREVWEHRET 3, E5I1C, GE2MEDRIMIBORE L BT
FEREL, NE2EBKE G D G-AEIERMHET S, LU NEZEAHETO
&, Go/N RU N{o) I3TEDRERHGI-TDT, GRVWREEDFETHZ. £»
TGk, JEBRE Go-AEILBB BRIV, GIRIHHBTEVWET S, (o)
13, CORDOBEICTBICERTEOTEID DR SETNE, 1£z€ Sy
LT,

fla)y=a 2”2 g )

D8 (0<i<p—1)RIINCYIRDRABEDT f(x) # 1 2145, ThIEFN
THs,

CHWHMTHD LM 1-DT, it EEMZNNS EMNAREICRD
IENTFERBDENTE S, BRNICHS &, > O— p- 5B P ASIENT
ThaT e, POPLOBIIEEORMEREE IEBUEREN —BI B e ER2RT
TENTESZDT, ThOSHMBHFICH LT Ihn e 2RAERNCE
ICix %, KRETH - =ML EAEDIEHMN TS LT



FEHOGMCKZ, GR2EFHORMIBORHIL LTFEEZEL, N2
REUCIEHEITEETHE, F(X)N = XPINDG/N LETHOILDDTG/N ik,
pBTRUINZS BV, GORIMEEXD, G = NDBRDIMD, £l MEGD
GLELDERRAPRT o ZFERNEDLET S, (0)M #£ G THNE, G/M MK
T {o)M EEEHA D DD TARRICKS, Gid, AR TARVDTHRETHS,
E2TG ={o)M Li3H, RiimLi-mEicky, PHEGS, UL&b, G
GHMBEE 5D, HIRHMBEODBIEINCK b BENEFEERGE DI THIN,
BIEAEICE > THA2hE Ly, FEAERIRU-MEERET S
HEFLRRTRIET A ENTEBR LS,

MBI THRN LI BEE#EDRWIHALIZ LA E L TRENLIGERE —BT %,
Riaxsad, Y LIRETZH-0M6THS, CGREMICIE. HHREICMT 3
EBRDPINE LT EN) PRoEFTU G (X2, Gy Dyo—p ol
LB, TOEE N(ZJ(P) ik o 2R, KEELD No(ZJ(P) . pHERTH
3T ehbhB. Thompson DEHLEM (AERE MR SETEE4.15%%
BOI L) IKED, GiE. pRERLLZOFEMNMEL S, LLETIHANRET 5,

3

COETIE., FEMZRELODIRLE: Tl O GCHNRTHIBHICOV
TEXTHD, BOELILEDZDRTREMERRT LTS,

BE pEWHEME L. GEHBAME G, DIEH p DEREIMLT 2. 0 €
Go - G RABp DT, f(X) = (Xo) LMEREHHT S, &L, BER f(X) N
F(Gy) = {1} BT LTE, CRpFBTHY, 0/(C) dRBTHB,

LIF. Gy ZER/MIiBORBIEL, S= (o) LT3, Hi2 THHLHR R ZRVN
& GORIMENS G & S-ALRZIEBMIIE N TRZMIZTLD2RFED I G/N
(& S-BEIR A ¢-RIIREE. Go-BEFIa N IZBA p- TS THS, QEGDY
O— g-BB8EL 35 L. Clifford DFEH LN 2 T () REAWTRR LAz
WARENRQBIITHA L ZIRTIENTES, NI Q-BITH-/2DT, Q
B3N8 g DEEIRETH D, G id Frobenius #%M N TH S Frobenius B THBZ & h
bhrd, CCTHELDE. QI Endp,(N) DENBRETHI LS L THSB,
F = spang, Q &ifi< & FIITTOMEN |N| THHAMKICE S, 14 2 € Cn(S)
REEL
p:F =N (z—2)
LEBTDE, ol S-MBERKTHZ LHbrs,

Tr(v) = M,esv”



L, TOTrL f(X) LDMFIZDNTHHLE I 1 #ueQIiEHL, g€ G
Y we N Tguog™ =wo Biil=TLONFET S, CDLEve NITHL.,

f(ou) = Trs(o?”'y

MRS B, Bt 2N LT, Trid Galois Ak F/FS D b L—RALEA—RHBNT
%%, Hibert DEM OO IC I UL, FL—RIIL2HTH B, Thid, MEOEEIC
Hiid 5. LLEICK D EDZEAMNERET D,

F =spanp Q & LICABNIC DV THRL THL, D Fid. G ORREETR
T, GLOBFAXRTI2KALTIKARESRLDDYEARS LTS, SO
TCDERBRE NICHIRT 3L, NS NADEHRERD, Sid. BROEHICK
DEZEREL D, NHBAT—NIVBTHEDTSIIRLAED, S=F k&b, T
DL, FREOUBENRDIUBHIGRBZLE, ARETLDOTH S,

PLED, WMEEOSHEAE AV TIEHE W EO BN O —FITH 5. ¥4l
IOV T, Communications in Algebra 38: 1695-1698, 2010 N. liyori, Char-
acterization of p-Nilpotent Groups by Monomials of Finite Groups % Z%< 72
Ty,



Rudvalis Bt & 7=

FHRK
EA KRG E AR

1 Introduction

ER SR Ru DT BTFSOMAHER. IEIKEFIRIC K S 2008 OB RY™
LOBRTHNENTVS 2, TS TREDTHCOWTORLVERL, HliLTHS
N1z Ru OFIOMRIC OV THND, & ORI ILER L OHEANKTH B,

2 TFE
fiREGCHEE QIIFNT ALY D, ge GIIHL T,
Fix(g) = {i € Q] ¥ = g}

EBL. £l I{G) TG OB 2DIT (involution) RADUEF LT B,
[ =nTHBLE, QOMMESLKDISE P(Q) ZHRETF; AT, OB
M @&kl LT,

C(G, Q) = {Fix(u) | u € I(G))*
BEAD, TTT. LGEWARICINT ZERMZEMTH .
EBE 1 ([1]). GHQEAITH LT B, EE n = |Q] D sclf-orthogonal code (ECLE T
) CHGARELLIE, CCCG,N) TH%,

COEARINAT n = Q] < 1000 T, BEERVISERAENT 3 & 3 &INERULTRR
i G, (1] 2BHEOT L),

3 Rudvalis&¥f

Rudvalis ff Ru (X% 2" -3%-5%.7- 13- 20 OEAESIWNBNETH S, Ru ld 4060 H LD
rank 3DY I3 7 DECREEREL L'Cmnkénn\%o 1 IRODRBIEMBIBEE 2Fy(2) =2 Fy(2).
(non-split) THb. DT I 7D TEHEZLTHL,

=2F3(2) I involution D class A 2 DH B, ATLASICLI=A 5T 24, 2B B &,



u | Culu)
24 12.2°.25:(5:4)
2B 23.2“ : S;;

THB, uM2ATHBLE, Cy(u)id HOBKEHRBTHY, |H: Cu(u) = 1755 TH 3,
¥io. HICW L,(25).25 (non-split) & BRI K D7 (6T %, |H: K| = 2304 T
H3,

2A={u|ue24} EK={K" |he HY LTSI 1 A+« Z2{HIMA T +1755 + 2304 =
4060 SEFESAEL TR TS TEUTOLSICERT 3,

e x joins all v € 2A
e for uy,u; € 24, uy joins up < o(iuz) =2, or 4
e foruc2A, KeK, ujoins K Cy(u)nN K 2 Dy
o for K|, K; €K, K, joins Ky & |KyN K| =16
T DT 7 Tp & Ru-graph &L,
Aut(TCp,) = Ru

TH3,

4 RuDfEAT WS

G=Rukl, Q& 4060 8IS ET S, C(G,Q) ZRXBIDIC u,v € H{G)ITHLT
Fix(u) N Fix(v) OFEMRBC LicT 3,

Fix(u) N Fix(v) # 0 THAIRSGEERTNIX VDT, v,ve H =?F(2) THBHELT
i,

HOMSBETH D L1(25).23 13 2A-element EFE L, CTHOT EMD, €243 KDJT
FPERRBLENZ EDDDS, £/ w1, € 24D L E

|C"(u|) nCH(ug) n2A| =3,5,11, or 27
ERB, u,u EHICx ZHELTHBOT.
o uy,uy € 2AD L F, | Fix(x)) N Fix(ua)] = 4,6,12, or 28

THBT hghs,
u €24, we2BDE XL,

|C,,(u)ﬂCH(w)r12A| = 1,3, 11, or 27



e u€ 24, we2BDLE, |Fix(u) NFix(w)| = 2,4,12, or 28

THHT LGS,
wy,wp € 2BD L EX, |Ch(un) N Culun)N24| EH{K e K | w,wn € K} BEZB L,

o wy,wy € 2BDE E, |Fix(u) N Fix(w)| = 2,4,6,12, or 28
THBH NGB, LE&ED,
u,v € I(G) IKH LT, |Fix(u) N Fix(v)| = 0,2,4,6,12, or 28
Eh%d, Lich-T
8 1. (Fix(u) | v € 1(G)) i doubly even T 3,
U=UsB)C RukbkBl, |IU)=63THDb,
dim({Fix(u) | u € I(U)}) = 63
LB, GIIEROUH 2T P e Syls(G) IMFIET %,
eUNU=1forl#z€P
{Us|z2€ P} ={U\,--- ,Uizs}, F = (Fix(u) [ue Uy & T B L.
» FEnF;={0}
o dim(D?, F)) = 63 x 32 = 2016, dim(P2, F;) = 2029
PEEYROCELHMNR B,
8 2. (Fix(u) | © € I(G)) i doubly even [4060,2029] code T3 3.
# 1. C(G,Q) & [4060,2031] code TH B,
TDT MG, (Fixw) | ue I(G)) & C(G,Q) EDMIC self-dual code BH B, Thabb,
TR 2. Ru %% self-dual [4060,2030] code A3 DIEET 3,
AF 1. ACRRRRENEFN R THHIT L LD D,

5 Usy(3) 55D Ru DAL

Ru DERT 3 self-dual code DX TZIIIT BH/C. Uy@) B LT3, 2
T, Us(3) 2> T RuZif LLWXRTHz, Ru & Us(3) DBIfRE L TR REC &1,
Rub F, L 28 JGEDRBMER>TOT, 2 ESEMIBU,B) BLDE. Us(3) D3P +1=28
ROBRERN., RudFy |2 8X7edDRY FVERID, HEORBRE LTERLTWSC
LTHB.

Us(3) DIERT A RD K S I FHA v B EX 3,



D Blocks | Aut
2-(28,4,1) 1-(28,4,9) 63 Us(3) : 2
2-(28,9,96) 1-(28, 9, 324) 1008 Us(3)
2-(28,16,640) | 1-(28,16,1152) | 2016 Us(3)
2-(28,17,272) | 1-(28,17,459) | 756 Us(3)
2-(28,20,95) | 1-(28,20,135) | 189 Us(3): 2

Us(3) DIEAIT B 28 i IA B &

28 + 63 + 1008 + 2016 + 756 + 189 = 4060
THd, ThEDblocks (2848 block £ - T) MBTERD 2D X, YIEHLT
Xjoins ¥V <= |X NY|=|X]| x|V] (mnod 2)

Ligpdl, FoI7MURD, A (1) LEENBES {1} n|Y] = Y] (nod 2) D
T, |V DHBESE, LeY, |V MEELIE1gY bk 58Y THD, LIM-T
ZOREI

(63 — 9) + 324 + (2016 — 1152) + 459 + (189 — 135) = 1755

&ns,
COTSTRALTRE, ROTEMNED D,
EBE3 AT

o Aut(A) = Ru
TDEIICD EL Us(3) &fli> T Ru-graph BIKTE 3,

BEXH

{1] N. Chigira, M. Harada and M. Kitazume, Permutation groups and binary self-
orthogonal codes, J.Algebra 309 (2007), 610-621.

(2] JESSIEDR, BRI HAIREDINY, 3 5 3 MIRMEE S VR w LG



77 7 DEE (mutation) BERT ZHICOWT

AL b Yuki Trie®

1 BUdHK

W (mutation) 3¢, iF127 7 7 12T 2 4B (RAIOR 3 2381 ¥ 2 8(8) 2 EBEL 2BETH Y, Fomin
& Zelevinsky 252 5 2 ¥ —REUZEBWTIHGAL 2 [6). 77 7 T 6 mutation 28V EL THohs /57
£4£% T ® mutation K L0F5. 2O L & mutation {2 T @ mutation MU Lo 2 OfRE % 3.

AHROBMIE, mutation £ mutation FAFI LR E AT, 20BEELUHE - BERTILTHL.

EFORM, B EAEOBRAITERBE L ERTRIE 2 508, Z LTEEEN 4 OEROBEIL 2 >OEN
HOUBMBANIBOENHZ bl £, F, THARL 3 OB PSL2,p) /242
PGL(2,p) (p, q 1388 2B 3 %7280 L, ~ARCTEPIL 2. 20BN, 3 TIAOHAD mutation T
lit &7,

2 mutation DER
REWRREL, RI6 R~OER| |12
la| = | - a| € {a,-a} (Va € R)

EWETETS. 2 a€RICHLT|o=a Dt 3 a0 ja|=-aDEXa<0ERTIELTS.
[ = (b;) BRIV R D m KERE L, BREFINT O/ 57 EW—RTS. oL s, Rl

ke {1,2,...,m} 12& 3 T @ mutation KD m KERFFFIT™ o= (b)) TERT 5:

—b.'j (i=korj=k),
by = < bij + lbiklbi;  (bin:baj 2 0 or by, br; <0),
b;j (otherwise).

P12 mutation £ NELEL TSN ITRAILME% T @ mutation WAFIE RS, OF EET. DL &,
# mutation 14, Or LOWH 2 OMIBE LS. 220, Cri=(n:0r =~ Or ke {1,2,....m}) EH(.
DEE {{N-N])e0} ik Gr DT Oy P RIAIDT, ZOTTy 2 F~OHEMOE K TG ¥
Bt% Gr £#L, T @ mutation HERT B RE LIRS

O B—RUZRERME MBS bt ZZTRAREAINAEDZ LIRS,

* TRRPWPTIRH cmail: iricfichiba-u.jp



3 Z E® mutation(R = Z DIFH)

Affitix, Z £T mutation BB ER L L2 77 70980 ATHELHA L 128, 215D mutation
MERT L HOHISR LR, BT, m= 2058300, m>2ET 3.
31 BRERBBI/S7OHH

Z 1:® mutation 1Z2v>T, Buan & Reiten I3 FHATRABORBGZIEN L, mutation BIffi Op 24
&5 trec DHFE L (3]

B 3.1 (Buan, Reiten, 2006). I' dftree D& & Op SHRME%L 3D, T M6 RAZFRV R Y 5 77158
Coxeter-Dynkin R An, Dy, Es75 & 2DEXIC L ZE&ICRS.

E5I2—BD YT 7121 Tid, Felikson & M3HIL 7 [5).
SEEE 3.2 (Felikson, Shapiro, Tumnarkin, 2008). Op #HR & % 2 @13, block decomposable % b D,
Coxeter-Dynkin BRI Eg 7 4, E‘omg, Eél,.'s) E Xor o 2HGICRS.

g0 AN

6 \.M

E;ﬂ) .—o—o<.>’o—o—o

8 o—o<>—o—o—o—o

| VAN

1 FIENARLLE3 Y577 (AEINDAS>TWELIRELSHEZTLROLI E4RKTS)

*1 troe DA, KAIDE X HEEIZEL T S mutation HFITH 5.



%8, 77 7D block decomposable L iz 2 ® 6 MiBN /7 7oA ML £ TRERM—-HLTTES
ZrEBET(RARR—-RTEY, ~ER-H{LAAARRAILZ22), BAMLE2F—8HL TTE®5 block
decomposable % 77 7 DHFIER 3 (CHET 5.

— ANA N <~> X

B2 block decomposable

8:/_°_~§8_’/°\. é»/;‘t\ /_o>).,/i>

(o]
(o]

3 BA%KM—HL TTE3 block decomposable %227 7

3.2 mutation HDVERLT BB

mutation BFAFIHHREL 277 7DN, FHAHI S MLLTD tree & 2DV { 2DOBHIZ>WLTHD
IS ERELL. #1EH2BRTHE.

r Gr r Gr
A3 S5 Dy Sias
A;  (Aszg x Azg): 2 Ds Agio0
As  Sogo D Si9s450
A Aineo D; As715360
A7 Assoaco Eg Az1420
As  Asgosco Eg Az52000
As  (Aussaeo x Aaassace) : 2 ES"Y (Azesono X Azeaono) : 2
Dy Ags E; Alosazo
D5 Ays E; Az1168000
Dg  Asoieo Ey (A1ss00400 % A1ssooson) : 2
D;  Assiaae Xs Azgo
Dg  Apssisso Xz Aggo
#1 A, D, #2 Do, En En BNV



mutation BIffiffi~EEE GAP 2RIV TISIL 7. 22 C, HRBERZIREHIRD L H IR EHK 21
HTLAHMTCRETID . $/, By L &2 >OXRBOIHUMRMSRN I MG, ROFIETRETEL:

(DT EmB/ 772, H %2 Gr ORR20BHYE (nK, 1K, ..., it} LT 5.
(2) HORIEIL 225D, FAILAIS n THE I, MBHDLDT, #o 2 O, ¥ 5. 2L T, &0l
HEERT S E o RENOEICED 2 L £RETS.
(3) O) DITOHEINT HDTLh £XKD X HIZL THED:
(8) 2B m ETET VLY ODE §y,is,...,imy £T 5.
b) o:=nr,7n7, -mn,, K EBL.
(©) ot 200, DRDAZEDT & A LRNDEBRI 2RO h & ot LT3,
(1) LOHETHL 20D h 2{EY, TROMERT M n JOERBLE L5 E2RIET 3.

4 3W[mIZ7

RMTH, 3TMY T 7 TEHMICTEISHYEE L 2 2 XTI MAT . RUDIZI DR L R 12900%
HMrds.

41 F, CHiIIRBER

100 L FOFHK picRL T, F, LTI HAADETNY 7 7120w T mutation HEET 508% GAP A
WCHEL L. 2O/, |-|:F, — F, K& L

la] := a ((16{1.2,---,2—;—1}),
: —a (otherwise).

EORW, LEAEETORGTRREIREN (HBHWVIZINRGIZ2HP JRNOLLNE) Lot
LiL, X0 2 >OBEDXAANC PGL(2,7) Elso 7l

o p=43. T =(2,19,19),
o p=97, T = (2,30,30).

ZITla,be) RRERT:

2
0 a —c
(a,bc):=| —a 0 b I."_.
c =b 0 ¢ 3

Ma (a.be)yd (i@ 7ick5RH

*2 GAP WIECIL Jordan 12X 5 TRK n QKBS SR M p < n ~ 212HL T poyele £y T, n ROXEOEE L 1L ZIROT)
EOAMREEINL T3,



4.2 mutation FER

C=(abec) oL T, abec>0F202abec<0NE & T%cycle LR, 29TV EE acycle &0F
2 EcT 3. 3TAEOHE, mutation TRELBMHFET 5.
28 4.1. T =(a,b,c) 12HL T, n:=#{z€{a,bec}|[z<0} &L, mr BRTERT 5:
_f e+ttt ~abc (n=0,1),
TEE= e+ 2+ +abe (n=23)
_f @ +6+c~|a|lbllc] (T2 cycle),
T 2+ 8+ +a]fbflel (T acycle).
ER 4.2. myp i mutation THE.

H5Wi% Beincke, Briistle, Hille &3¢ mp @BEEMIZ L 7= Cla,b,c) := a® + b* + 2 — abe £M>T, 3T
25 718515 mutation RIFBHEZARL T Z & 2827 C(a,b,c) 12 Markov equation &£ IIEh 3
$ DT, mutation TIRAETIEZV:, L L, mutation DEBREVLEBFT B L, 77 70 cycle DMIEFE
s, ZOPMERGTHESIE 3 TS T 7 d8 acycle & mutation Wfifi & 2 3 B @H-FRAFL2WEL 2 1)

43 PGL(2,p), PSL(2,p)

pEUARM B KR aP=145Ta# ) 2E8UETE. ai:=a"+a ", T:=(ag.a),m) £¥5. 51
ai>0ERDEHC, B K — K &5,
ZOLE mr £#FABILTRONMMENS.

@l 4.3. (1) (ai,0iz5,a;)" = ~(ai. iz, a5),
(ai,aj5,aix5)? = ~(a,,a;, @ixj)
(@i, @y, a;)™ = ~(6ig;, i, 05).
(2) Or = {£(0s,05,0:1;) | 1.5 € {0.1,..., 8 1)\ {(a0, a0, o)}, FHC |Op| = p* — 1.
(3) ERD (ai,aj.a1) € Op IH LT, {X(ani,an; ann) |2 € {1,2,..., P;—'}) 2Gr ¥4 X p-1DJ
Feh7rav 7.

HEOERSR T Oy 7ok 370y 7 H~DEMOBT Gr 2o 128 % Gy BT L, Gr idRick 3.
B 4.4.
Cr o PSL(2,p) (p=1 (mod4d)),
=y PcL@.p) (p=3 (mod4)).
5 SHRORE

54, L PGL, PSL LA OFIHNIL BERTUAED 4 R EOREGOFERORE, RS 4 offfn
ZIL2ODRNEMANNL Z EDHINL 7 5 R 7 — R E DBE 2RI 220,

Buith Fo Lows, Tbb5E&MY7 5 7 OBE, mutation {1 local complementation & i 3 {RfEIC
BLOIEE2NEKRDBEBAENKL T LS ok, oW, &5 7418 graph code £v> 5 Fy L



sclf-dual additive code £ MG ¥ 5 2 EHTE S (Wic, Fy L® sclf-dual additive code 12565 graph code
LRiTHB). 2T, 220 F LD self-dual additive codes DHFITH 5 L8 -&pE Rk, T 275
74t mutation [ff{i*3 T&H 5 Z & % Bouchet I3/RL #2 [2). & 542, Daniclsen & Parker 12 Z QYR E A
T, B3 12T Fy L0 sclf-dual additive codes DRFETo 72 [{4]. 2k, 2oL SOMRLELT
VA,

B

GEOBMECH > THRBEEIIL T ES 0, KFROFRTBLEIER L ET.
AFRIZE 22 BIHHUEEBGURL 2 7 — THREADEARRESBHEINL Z EBMRBRHEL2TED, 20
MHEGZ TS ES > LI LIBALTED T,

E

[1] A. Beincke, T. Briistle, and L. Hille. Cluster-cyclic quivers with three vertices and the markov
cquation. Algebras and Representation Theory, 14:97-112, 2011. 10.1007/s10468-009-9179-9.

(2] A. Bouchet. Graphic presentations of isotrapic systems. J. Comb. Theory, Ser. B, 45(1):58-76, 1988.

[3] A. B. Buan and §. Reiten. Acyclic quivers of finite nutation type. International Mathematics Research
Notices, 2006.

{4] L. E. Danielse and M. G. Parker. On the classification of all sclf-lnal additive codes over gf(4) of
length up to 12. J. Comb. Theory Ser. A, 113:1351-1367, October 2006.

[5] A. Felikson, M. Shapiro, and P. Tumarkin. Skew-symmetric clusier algebras of finite mutation type.
ArXiv e-prints, November 2008.

[6) S. Fomin and A. Zelevinsky. Cluster algebras I: Foundations. J. Amer. Math. Soc., 15:497--529, 2002.

*3 BN, Y DY D 7 % mutation THBTELINLD YD 7 EMRUCL B 2 ESSE R,
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Random walks on finite groups

and applications to discrete statistics

TTHANT (Tomoyuki YOSHIDA JbX - BY)

2011/06/21 Oita X%

1 RLsHIC

11 B Lzt

SHRICAD, TR HAH Vi3 T
4H EVSHIFPORTFLIHHEL TE L. Thll,
HAEAOMEPRE, B EAOENE 34 3.
ESICCBEEIHE, LD EFEMEERLHIFE
THd. LIHo THRILEP ORI 2R 21
KRz TV A,

THE TR L L ERBITNORIZICECCRIER
DENNH -1, KRBKHEER LD, Y
Ca—2t2y b7—0BROWIHETHS.
T=FrR Sy THEEOHETZIVSTSY T
&, <A a7HEE ST AT (MCMC) 8, <A
R eV R L EBICEERL TV 5.

REBHRADPKECRMETZ E oMLK TD
B, LTS K30 BEONN L DMK
ENORAUEN N E o7z, THUCDWTIL.

Al T7L7+—REDBIHES ([HIt 06))

053 6% BAHAIC B B YL T F—IME (1R @i,
BAR)

S 4 51 FRTCRP) T — SRR & ¥ L T F—RE (1R
HES)

DF L AT N TV S,

RiC L - TIBah, R BEAOTIHES
DRV SME -T2, FIHEOZH T, EASR
FO—BBREDEHOUNRARETH 1. F
D pfii (i dXEEHR, HRRO—BA MR SN B

) BUOMCEMICROEMENSETHS. B
RO—BBDOBREAY b, LizhioT—HBOG
HE&L, HERTRSIETES, EV30n
LB BN THS (1980 &5 TEEMNED ).

BB DER (VY TV > HiE) Ik hif,
TMAD—FEY 2EAISHDOHETARICERESY
tud, 2005 p-fOELHENGENS. RSN
RO/ TEOLS BRI (V7 FHREE) 2RRL
=D Oswalt TH5 (1971 T3). LTAM—H
BOKBEREOLBEX Zxv, —BEO pifi (HE
) 12, 2 Fy YOHBBESHIRDHIITIE LU fifihs
fAohs.

Fhis, —ROGNEORERESH. PE
FARICEDRL, ZThEi#->ToeodniicM
T AHHRONMERANS. KRRkt
L, KWERZhIEFHNEROMTENRS DI,
SRARKOME, I LT —RIEORL%
SOMNSTRINERETHS. Lr LKLy
FROMEN D> 1S TR, FRRDS VX LY
YTV EVRBROS ALY T IO
MRBEMIBLY. TV X LEDNEGUVNE, SRR
DEHBE DERILERTES.

—FHRERCL D BRI EDS > F Lyt —2
DIFE Y LT, Diaconis DRI H 5.

P.Diaconis, "Group Representatioins in Probabil-
ity and Statistics,” IMS(1988).
T.Ceccherini-Silberstein, etc., " Harmonic Analy-
sis on Finite Groups,” Cambridge(2008)



Rz e, aMERiCINT s MCMC e 3
BRELDS > XL+ — 2 ODMRAMET DV TINE
\». Diaconis ZETHAHDAFICHTL TW5HH
BAREMABICEI DS THS.

CORE, EHHNEORRIRS T 21
NOBTELTERE ROLSBIEMEDRED
THLELTWVS.

TR RIRD —BBBRAND LS L M BB
M1 R8sy o RTUY L (2007/8 BF) THEEEL
D5 2 H L+ — o LEERFEANDOIERL W 25 EHR
BNl R U L (2008/6/24 FAIEK)

{560 Gelfand £ & Markov il > 7 Hl0iE)
(2009/8/28 FAILK) BXIEIFEER 1689 (2010)

TOWRMTIE, TNHSORXDOBH LTSN
REeEmAhS, HEOBRELRRLI.
1.2 RIba 78S

I a7 8 (Markov chain, MC) 2 =D
(X, 0, P) BB, TTT X (ZIRBAI (state
space) & XIFNBEMILES. TOTERBLVS
TEMBB. po: X —[0,1] i3, WWARF (initial
distribution) & XifHha X LOE®B;:

0 < pofr) €1, z Mo(x) =1
reX

W P = (p(z,¥))z.yex &, BEHETH (tran-
sition matrix) & KIENBEHEITH:

0<p(r,y) £1, ZP(r,u) =1(¥re X)
yeX

HigRRL LTRRXOLS I NS, ETHRE
1 xo ZBER po(xo0) ICBE> TS Prob(z = z0) =
no(x0). $3 1, ETREHSIEE, 1,4 BHF
P(En,Tng) 1B TEE.

PI‘O‘)(:L' = :1.',.+1|In) = P(Im -73u+l)
THUTE>T X DD

Tg=—+I) ~++ " — Iy —+Tyyy — -

NTES.

75 P O n-Fk2
P" = (4, p)

Lz E, p" Nz, y) &, x5 n-RAF Y TIRIE
y KBS 3HBEAT. A I7HRDORATK
Yok, n-AF v 7BBHEEITH P OFENNR
hThs, LLICEMT lim, .o o P" THD.
T CTYIMN g ZITXT RV ERELS,

Bl 44N 2Ly =Z/mZ={0,1,---,m—-1} Lk
DRWEERSD, 5o =005 H5L, B 1/2
T B2 EE5hOMICBINYT 5.

Thbhbt © hd y ~NOHEBRERIE

(z.y) = 1/2 r—y==%1
Py = 0 else

L12ht THEBRERITA P = (p(2,¥))ryez. EX
DHRIxS.

0 1/2 0 0 - 1/2
/2 0 12 0 - O
0 1/2 0 1/2 .-

P= .
0 . . .0 172
/2 0 0 1/2 0

P = (p"(x,y))zy & n-AT v THEBEERITH)
E¥s. corE

1 2rz 2rz(r - y)
(n) = = n|Z27% ki el 4
P x,y) ; ,Ecu oS [ ] cos [ -

ST — ) LRI S D XOERZD S,
EE. (Diaconis): m HHFHT n > m? &5,

" nn
1" ~ Ul < 260 (-3



Thi, P A —R U IR aT L
2T 5.

CORITE, plz) :=p(0,x) LELIZEE p(z,y) =
ply—x) THD. Xfo, FERE C,{g) ODRRDDT
Pi=}(g+g7") LRI p(z,p) = p (0,5~
x) &, PreCC, icBi3a gv-* OERNTHS.
1.3 RILAZEHEFTHIVO (MCMC) *

ChiBREHODTEEL {RLMBAKET
53, HItaFC B AR EELEX 3. M
EZMANCRETIEIRLMBMAAIEL LT, XO#
fEREES TN HS:

Tp41 =azn, +b (mod N)

Chick-T, Al zp DOHBT, 0B N -1
DIWMDEEMELE 20,21, 22, - HTPDNSB,
hoffikblzo e &, BUBEESTAL
ODEEAIREHE T, BLAERDIENTE
3. ARLEORAMEOELIERDSIHOL 2
KO THB. £lXDES 4% NP HEICHTS
WURERDB L L TES.

B. G=(V,E) ZWMB55T7L¥5. Gtk
ZEVEBRMEDOY L ORI pu ZRBIV.
MCMC (i CTORBEXRDE SICLTHL, il
Gh oMb T, WS RED T Y X LR 2IGIC
ML TiF4.

0=Sp— 81—+ = Sp = Snpy =+ — Sn

HBIWUBAME S, BHo1E LT, Sun 21F
3. TOIBHIC

1. HaMH v BV ALIGRE.

2. AL ERUTB.

3. 24 BRTLHIE E(v)NS, =0 THIIE
Snt1:= S, U{w} &L, FSTRUING S,y =
Sy~ {v} £T35.

4. KR BROBIMBIRENBSNIESL, (IS +
IS2| + < +|Sk)/N B p DEBMTH S.

BB TE RSN HS.

a) COMBME, N — 0o DEE p IZIRHT BH07?
b) W T B35 FDME L ZDFUEN?

2 K&

21 BURMEOREAEE L TORIL 27l
F¥=ila7ileECROEECHEmATES
3. HERPHBAROMBIIREP>THB ALK
ERMEMIRL DLV, TITI, BBPHEHOK
EREOSRTMHEHRT. T3ThISEIRE, Gl
FLEo= a7 MoREBICHREOABEESEES
DYWL D, HPHIHDARHIA > THERLTS
Lol A B AN,
CTTRMAERME A TET. A=1=0,]]
TH5. X,V BGEREERT. VX IKX-T X

TOERGGOWREEEY:
VX = {;t:X—oA Z;t(:r)=l}
rex
k3
AX = {ﬂ = Z wx)z|pne VX}
X

ENVIAT7PHESER. EELLEDERSETLR
PRGRITREVE ST, p e filckoT 9X
& AX —H—ICHIEL T3, Dirac BIEE 6, A
i, =ze X CAX IKHELTVE. VX &
AX BUHET, EICMBIkTHS.
RNVATBM| P AX - AY ERTI7AVE
BOTETHB. LD TRIGEZRCET:

P(ru+ (1 -rw) =rP(u) + (1 - r)P(v)

INIAT7ER P, HOTER P(z),zc X &
ARENS—RONCRES.
RNATER P : AX — AY OEBR{TE
P=(plz,y)) £THL
P=P:rr— Z Pz, )y,
yey
fire i =Y p(x)P(z,y)y
sy

PO=0oP

TH%.



TIILATENETIN D THHROD [ ERES 25,
(HR) =L a7 8L =241

(Axv"ch P)

CCTupe AX T, P: AX — AX g7l
ZHEHNA (HBINVITER) THD. THES5%
ZOHINHEENILBOEB L MRRC, YIS
po MHIRBT, P ZRRICEMEEBCLICKD
TNVIATER AX DB

‘[(,—-pl-—o”,z...

—"["—-...

Mo nBs. MELDIE, n A7 v TEOMH p,
A, WD p, , EHTREZCTE (ZVITVH)
i1 = P(u,) TH3. pg=jn. P=P Ly
AL, (X, po, P) BFEDOTRDOZ N I TAMT
b3,

<X NVNATHB (AX, py. P) WETHS L1,
P(AA) C DA BEETEIRE ACX BB L
X IKRBTLEVS. H#BIEH{TH P OUHET
3, (LD z,ye X IKHL, $% n>0H{EEL
T P'z,y) >0 L KB ETHS.

TN AT (AX, 1, P) BIEARATHS &
12, HEBEESBITHIO KT

ged{n>0]| P*(r,z) >0} =1 (¥re X)

THHT LEVS, BAMDIEMNINI<IL a7
EINId—-FRENS.

BRAHMLE PO =B ZMT e VX D
TLTha.

R Td— EBgba 7iEiE, sIamic
54, P00 EWNGHICINET 5:

lim P"(mg) = mo
n—oc

WAWLALRERMISN TS, REMNKE
DIFIELUTANC KT B Perron-Frobenius DA%
H580KEA5, =IVATERHE P: AX — AX
DEIRES 26, T P IR IRELO
BT HD, LihoT

= (] P"(AX) P

n=1

TH5D. SOMNG, CLENEIKkT, Pli C DN
MICHTEBICERIY 5. Bt L IFAIMIE D C O
Friz 0 2. Chid P M AX LOEHE
{Q mo T B EEEKT B.
O.Niggstrom, “Finite Markov Chains ...", Lon-
don M. Soc., 2002.
22 BEHOEAELLLESTIVITIEHN
G ZHEE. X 21l (1) G-RE. pe VG &

T5 CDk¥

F=3 plglg€ AG

geG

i X ko=ia7ER#

Ax(p): X — AX;p— pp

ZHETS.

COLETLIATHH (AX o, Ox () % (@
PEEBENS) X LOSYHLD +—2 (RW))
LS. TORBIEEITI P = (P(r,y)) &

Pay)= Y plo)
gixa=y
THAbNh%., TiHbs, G DIEDTY A LYY
TV Y gogrge.--- CEEEBIX p) I3 X LD
RW

Ty — Todh —* Tod1g2 —

Z/WT 3.

T O RW OMIEMEEL, BRICBUTBF
meCC(n=12-) DM KE{HHFER
5., RELILI-FHTRV pEESCED
55. TOHREIE X LoV po DTBBLER
5.

Dinconis ZEENR-TI B K 32, HRIEEX
I G DEEFHOFEE THWT BDILEL A
Py, KB, pge VGITHL,

-~

pra=(+q)
(= a)a) = g 3 ploh o)

heG
BOTC, FleBRARRE p) = paps--cxp(n
) OB RS, ThIOEHEONWTO
At BIRTE AR BMICRTH S,



23 & pt O
p % G LOMEBGRBHE T S:

p(a”'ga) = p(g) Va,9€C
coLE

= plg)g € Z(CE)

9€C
Irr(G) %, G OE#HRIIRKE TS, coL ¥
POARY VR

p= 2 wy(Plex,

x€lre(G)
&%,

wy :CG — Cig— x(g)/x(1)

T x elr(G) L,

BMWEERT,
) o ()
ey = IGI HEGX g)g I I X

i3 CG OPLKUHNFHFRTH S, LihioT

l—z\

€\€9 = Oy €y,

EE. w, 1 Z(CG) LOZRKBARERTSH
%. &b, e € CG,be Z(CO) &5 w(ab) =
wx(a)u, (b) THB. £l C % COREli.r e C,
Bl €= T oo KD T

c) X&)
ICl == 0
IBIRENBHTH S,

ANT VRS TERIUE i OHEREUTH
B. pn = (pUMTEOT. pim LAGITRBSH
3. ERE, {e\ | x € Ir(G)} dhay Z(CG) DL
LR FF LD T,

“’x(é)

A== T a@ime

x€lrr(G)

z w\(nmX( )

R P('m)(.’l) = |GI
X€Elrr(G)

2.4 "ILm U OIREORELIBRS S
p% G LOWRSHT, LhtHMBTSESLT
3. TOWED p DBMAHICOVTER 3.

p DEER
S :=supp(p) = {g € G| p(y) # 0}

¥ 5. p NENERDT S BUMOMRET

b5 S#0TH3. Ebic
=(§718) = (st |zt € §)aC

EFhE N B G DERERETHS. G LB
i g BXTERT %:

_ JV/INl (g€ Ngo)
ao(g) = {0 (clse)
EXIE N =GC OBB, qi3—B3 i ug THa.

BE. (1) pt S-S HICIRT B 12 HDHY
T&{HE N = G TH3 (Diaconis).
(2) ™ = g™ + Cp". 2T

x(g)|

1= TEe

g, I

coc ki,
we(® = plo)xte)/x(1)

ges
Ju (P =1 & N C Ker(x).

NoNS.
25 INAT «AvHR
K ZHHE G O,

H(G,K) := exCGex = Endeg(exCTG)

ANy rBedH, T
ex = (/1K) Y e AK

kek
ERFF., N7 - Ay rl%E
AH(G,K) = ex AGey

TENT S, ThEIMBHET. Ny rRTORIC
WL TIMLTWS,



AN FBIH(G, ) WalRE L &, (G, IC) BFIV
PR ECS. UF (G Ky V77> b o
THHEEET S.

X ZHR G-RELT B, pe VG EEHN K-F
5#L¥3. Tiabb

plkgk’y =plg) Vye Gk kK ek

CDELE p=egpeyx € AH(G, K) IEDWT, ¥
EHART P LERYSS.

P= Y wilexbex)exey,
x<1g

TCT, BINHIE (§ OB ¢ SRl
x(exger)

x(ex)
BRETE®. YL7 7> FHoOls, wg, 1k,
H(G, K) LOBRIER RS,

X % (4i) G-EETIUE, p i3 K-WHORS
X/K Eo=iba 7l Sad5:

Dxi(p): O(X/K) — AX/K)

2K — Y plg)exgrK
q€G

wi x(exger) =

TOBBEERITINL

VP aK,uK) = D plg)
rgeuk
TH3.
fselLtT

bxe()" = Z wialexper)'exey,
x<1§
S :=supp(p), N := (§S71) LMt |wr (D) <
1L, lwry (@ =1 NcCKer(x) TH5. D
T s, N X/ AIBBIERL TWhiug,

V(P — ux/i

Th3.
26 fOSBEOME

filR GIMBLEDS yH Lo r—TICNES B,
HEWENEL T R BEVOPHIFTHL.

ONEHEE X Lo 7iflG X 2RSS
E3 AUk AX LOTNIZERETH-1-. L
PLED—-BOMEhitk LONGR (TI7 AL UE
B) 2oV TE, a7l HifilomishcE
AAtEEhH 5. WAL, <vazHifiozld—
FiEig, SmADIIO®E/ () BiRHE R
RS R0 2 ATV S, BERANIE R%OH
AHEROMIFN ST

REMIcIz, kLT L27BROAFTI—&
b, MBHEENHROAT IV —DFMEE M
Gt &> TV 3. 1#£#13 Cartesian closed
category TH-oT, KHMEPMBPDOAF TV —
[T (A U N nle Y LY AT YT DT ke e S LN
3. ABHkTHS.

OBHIERFS7. (V.E) #RM k DEATST
T B, AT A OEBMT |\ = k 2T
LD A=k FULMEVEEETS. COkX
P = (1/k)A 39175 T,

Jim P = (1/IV )y

Thabt, PEABERITALT S a7
—BWHHIINRS 5. ¥57MaL L a 7HIAD
PG DENO R TR,

BHE- [rolofkid FASRER (2000)
Rabe TEERis) 36 rHik (2003)

QM k) A ORWE. CHETERATEERE
Mkl Alo,1) c R ORO#NE2E2 545, A %,
& R’ 7= sRREVoboicBER
ARBH#EZGNS. ABTHROMBEES L
5, p-illfRER Z, LRI,

OBFVr—7. L5—DND A DEDOMKAILELT,
C2 Ic B BEkK

A={uecl||lull <1}
ERMTATEMEILENS, L TEMIHY
T5013

AX = { Z Y(r)z|

reX

3 (i = n}

¢ X



22 ZVFMU = (try)ryex KHETHHMFTN
aT7ERAEE

VU : AX = AX; T — Zu,yy
yeX

THET B, IR EBROC L.
SERME ThtFY 4+ — 708 (EXEN 2008)

3 @E

3.1 F—2¥vh

(2 &7T) F—2 4w b (data sct, DS) & IXE(Q
DI [f,g) DTETHS. TCZT, f:N—L.g:
N = M. N:= {12 0} BWHZ 30
HESOME. £ & M EWGORVEMIRET
»5.

EE. Mt BT, BUBZERLS SR T
AEED, BBICE o TRES LIKTIERT LHH
5. TR, LICHTERRE L L M Z T
BU (BBVE TER TRt & &) LPER, &5
SLMEEINZVOT, THAFJVANVEY T
HH. Fh, THEBER) LVHMBLRIHTS
3H, THUIRERZEH D SRIDRANDIE ST
THBLEALANGNDRT. STTRPPS
LS BBDT, TOXSLHRIMABIBEDED
T,

ED—RIZ, d- XD T—2L v FLEALNS,
2R TF—2¥ vk [f,9) &, 1 XEF—%Ev F
(f,g): N —Lx M| LEXLNS.
2RT—2¥ v b |f,g. CTTf:N—=Lg:
N MZEEXD. L x M-BIRY
XIfogh = (7 NN 07 ) s e permn
Z53WE (contingency table) U153

LRETF=2Ev b [f] & o] % |f.9] DRRA
F=R2Ev b3,
Xlf] = (U_l('\)l],\ec
Xlgl = (g7 D)) e na

3 [f] & [g] DEESZHER (frequency table) TH
3. FENSEGRE X[/, g] DBDSE (mariginal

distribution) &£4*J.

LFLESBL, N={1,2,--- ,n}, L, M EHlE
LTHL. FABESI ML a = (ar)ace. b=
(bu)uem T FRMF

ZaA = n,zb,. =n
T L0ENS.

DS(a,b) := {{/, 91| Xf] = a, X[g] = b}
TAB(a,b) := {(xau) | 224+ = ax,24,, =b,}
Y4B, TTT. ay, BIFABETSHS. DS(a,d)
X, HARHH a,b THEHEIBTF—42tv D
WETHY, TAB(a,b) it, Bl a,b TH3
£k L x M-RIBENDORETHS. =L,

Ta+ = Zx»\.wl'-hu = 2 :-77»\#
I A

Lk
HRRERSE LT SHS:
X :DS(a,b) — TAB(a,b)

TR, (1) S, x S, . ROEMT DS(a, b) ICATH
BT B

(/. gl (2, 7)) = [fo,97]
(2) (D = € TAB(a,b) DR X~ '(z) &,
S8 Wlilc ko T3, CCT 85,211 S, xS,
DOHEMEIRE. LI X R2METROKSICHR
$5:

X : DS(a.b) — DS(a,b)/ DS, = TAB(a, b)

(3) PhizL Iz [f,9] ICH L, Fif

a:S, — TAB(a,b);0 — X[fa,g]
it (S,,U) — (TAB(a,b), MHGD) #515%5. T
CTCU & S, D—K5Hi. MHGD (ZHERMNI 6T
$%. $hbb X = (r,,) € TAB(a,b) IZHL,

a'b!

1 -1 = ") =
Sla” (X)) = MHGD(X) = ——

ity

a!:= Ha;\!, ! = HIM,!
Y Ap



TORTMOENIZZE S BLOEDTIREWVA,
B/~ A FROBISHRICSIOD.

T .Yoshida, On the Burnside rings of finite groups
and finite categorics, "Commuutative algebra and
combinatorics (Kyoto, 1985), ASPM11, North-
1lolland, 1987

F—2t2 vy VEASIAA AT T~
sct/L.set/L x M ZEDNBEERD, F—7%
v FELORYECOHT T —TORIBTHE
REY5. PREF—2tLy F [f],[/] € DS(a),
[£,9).1/',9'] € DS(e,b) IZHIL,

[f]f:‘[f']qaae S,';j=j'orr
fa=l/dle3neSuf=fong=gon

COE MG S— Y4 FROMBGICEL D, XDOE
BRENSHS.

#E@. LoF=2v bk [f,(0(f9l[1 91K
U

M =11+ X=Xl

@ (gl =g+ Xf6l = X', 4]

BRHEIORBZEN L L ToBIROBENH
5, A ZRBER ERHo 1S, BRETR
ARNEOKRRRY > T FICEBEFANTEN
FETH 5. O (3) 13, BHMBEIGICE L
SLRRIRDS H LT TN, RO
DSELY TV T (—Bafict e 3) »
5BONAT LEGH®T S, PREDS O E LY
TYF X OBV TY T OFNEMCE
WTHH, FEAMCLENPT L,

32 SYHLEER

HEHE Lo L a7 MT IR 5 ¢
DOHHNUE, LOERIC & H LIHIBE 2GR
TENHL O TN TES.

BHEENMEDR, HTAES XL 7,12,
EhENARUTIHRONEN BT L TH5:

T L A R O

COMIBUT MBI TR VDS, BIRONBUCRE

LTiisns
X[IvyL XU- yrl]! levyfl 7‘2]1 e

DL, FHHECH D ORI ERINE, 5
HR G THICI T 5.

AT FIL a,b DT XTORZH 1L,
EWVWHT L3 BVWERETS. LT, ¥257—
g8y FEFANT DS(a.b) KT BEDLET B,
G=8,&L,C%GCOEBASKOZTIERNE T
5. TODLE[f,g] — [fo.9] (0 € C) &, DS(a,b)
LOS ALY+ - RERT S, TOBRIMIE
SRHIBEA i MHGD TH 5.

Hifr=(i.j)) e C.f(i) = M\g(j) =p ZMB L

T
X[frgl= X[fogl+ X [+1 -1
A -1 +1

THhs. chig, aRRoRg Lofigk<La7r
HRTHS. GINSINTL 3 4 DORFIETH 1
THMORIHEATHSE S %IT By T
NATHELS.

Hit T L7 —RBIEORE] 228 (20006)
D 361 (Yrhf - WA) LI 4 T () BRL R
BRlLovila7ilfioRgEES L, Co<ILaT
IS DOPERIC DV TRAN TR S:
B2, o=l a7dfioR#Y p &

|| — MHGD|3 < Cp™

TERI B L,

p = Max, { x(7) n-3

. . 5. n-3
m "\<lS!‘x< lS,}S w=1
BEHER x oBE ™m2m... FONRGE
1ML eyl
x(7) _ 1 2 -~
FORETTEN Zz (m, — m})
THa (7as=JRA) p<1-2/(n-1) 5D
T, p iR 1ISEV. SOTEISE DO THM
DI L HAEN S, UL, BREIOS T
12 S LUTFOR S Dz EOREMSH UL, IEEI
B{Z3 e MbNn3h, MBI SEOLET
H5.




33 EHZYROFL—RE-BEEE

L=MTHBLIBF—RE b [f,g: N —
L] LEDRRE X[f.9] = (/W) Ny~ G))
BERL. MNOAREE a = (ay) = (') =
Xlfhb=() =g "¢:N) = X[g] £¥5. TOD
& &—5#X (coincidence number) %

Tolf,9] ;= Tr(X) = H{i € N | f(i) = 9(i)}

TERT 5.

—RIC1 X T—2Lv b [f] & (g HEHO
£, —BH zo[f.g] & n ISHEWTHEH, LI
5&5Enk5, [fl=|9] THB. n—zolf,g] &
Hamming il TH 5.

G % NICERTA5MELL, 8reG
L.,

xo(x) := xoffr, g]

LS. 7€ G EBHTRIN- L E, [fa] &7~
2 (1), f(2),- -, f(n) BBFICH EREST—4
THS. LIzd->TENE [g] EO—BEEENR
D—BEEEIONS, TDXSETF—2EEHn
REoTHERTITRET I L EEBIARE
(permutation test) £V5. THUETF—2ORHY
EHELEVOT, RFA MYy JHEOTVEDT
55, irTHROMHIIL L & HITGUTHT - SIS
BELTEE.

ZE (RE@AR). G AN KHBIEHL TV
LTS, SOLE (xy(n) | n € G} DHEIITiIC
DVTRIK D ¥D:

Ezeclzo(n)] = % za.\b,\(=: m)
A

(dx)
t:=M(m,i) € G x N| f(i) = g(wi)}
ZZMYOAETRAS. FFOfid

Z zolf, g7 = |G| Ezeclro(n)]
T€G

IKFELL. —F
1=4{((x.i,7) € G x N'| J(i) = g(§), ] = =i}
= (IGI/m){(i,5) € G x N | (i) = 4G}
= (IGI/n) Y_1{(#,5) € G x N | (i) = g(j) = A}

Ael

=(IGl/n) Y_ |5 x 97" (W)

A€L

= (IGl/n) Y axbs

zel
&R TEEMAXZY 5.
ER(EAY PRR). GH N I L-TATBBIEN L
TWHBLEETS. TOLE (2o(n) |7 E€CG} D
HBEHEEAY MIDWTRAR D ID:

- [(<7)] - 5 2 () ()

Tooe
(AH) G i N (2B ey D Licilig
WKERNT 5. BRGEEELAAHNSU5NS.
. G WGBS, OBE, —B# x|f 9], 12750
[/, 9] € DS(a, b) Doitt, Wil i a, blck>T
—BMICIRES.
34 ER% pll
EAGRIRTERAS. a= (ar),b=(h) &7
3. —BE 7o = wolfo, 90l ([fo: 90] € DS(e, b)) %3
BSE, 3405 rg MERNSHBEERERD J2\.
FDBDDOAEL LT, Cohen OFy 2 &EAM
LNTVW%. T CIRREMSHREES (p-i) &
#{[f. 9] € DS(a,b) | xo|f, 9] > xo
plag = L0l £05(00) Ll 2 )
TENTS. Bk pllEFALHDHIETRDS
HBoitikld, Fisher DERREBELFRIENS.

P(xy) = %u(w € S | To(m) = 7o}
cZT
zo(m) := xol/f, g7]
£V, ROSHREERT 5

Fop(z) = 2Fo(—a,=b;z) = Y (‘;) (:’) T

k>0

MWECE

k>0

Fz) =[] Farinl2) =
A



a,b BIELURBURDT, Fu(z) BREHIKTHS.

TR, q0)=1,9(1)=n LBL. THLE

S Pk =Y qlk) (= - 1)

k21 k21
ThHRObLELRAINT pili PO), r =
0,1,2,--- ,n HRE 3.

. MR 200 BT EH AL NNGIRMOHEHA
HO—BHERDS, HAHTIENE, —~BK
To = 53 THSH. TO—BEINAMNS N SEE
P(xq > 53) (p-MliTH>1z) VAV ARFIECD
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1 Introduction

Graphs treated here are finite. Let G = (V(G), £(G)) be a connected graph (possibly
multiple edges and loops) with the sct V(G) of vertices and the set E(G) of unoriented
cdges wv joining two vertices # and v. For uv € E(G), an arc (u,v) is the oriented edge
from u to v. Set D(G) = {(u, ), (v,u) | wv € E(G)}. For e = (u,v) € D(G), set u = o(e)
and v = i(e). Furthermore, let e~! = (v, u) be the inverse of e = (u,v).

A path P of length n in G is a scquence P = (ey,...,e,) of n arcs such that e; € D(G),
t(ei) = oleiy1)(1 £ i € n— 1), where indices are treated mod n. Set | P |= n, o( P) = o(e1)
and ¢{(P) = t(ey). Also, P is called an (o( P), t(P))-path. We say that a path P = (ey,...,e,)
has a backtracking if €]}, = e; for some i{(1 < i < n—1). A (v,w)-path is called a v-cycle
(or v-closed path) if v = w. The inverse cycle of a cycle C = (e),...,e,) is the cycle
C-'=(e;',...,eT").

We introduce an equivalence relation between cycles. Two cycles C) = (ey, ..., en) and
Cz = (f1,..-, fm) are called equivalent if there exists k such that f; = e;, for all j. The
inverse cycle of C is in general not cquivalent to C. Let [C] be the cquivalence class which
contains a cycle C. Let B" be the cycle obtained by going r times around a cycle B. Such
a cycle is called a power of B. A cycle C is reduced if both C and C? have no backtracking.
Furthermore, a cycle C is prime if it is not a power of a strictly smaller cycle. Note that cach
equivalence class of prime, reduced cycles of a graph G corresponds to a unique conjugacy
class of the fundamental group 71(G,v) of G at a vertex v of G.

For u € C with | u | sufficiently sinall, the fhara zeta function of a graph G is defined to
be

Z(G,u) = Zg(u) = [[(1 - w1,
i€l

where [C] runs over all equivalence classes of prime, reduced cycles of G(see [9]).

In [9], Ihara showed that the reciprocal of the zeta function of a graph is an explicit
polynomial. A zeta function of a regular graph G associated with a unitary representation
of the fundamental group of G, was developed by Sunada [16,17]. Hashimoto [8] treated
multivariable zeta functions of bipartitc graphs. Bass [2] gencralized Ihara’s result on the
zeta function of a regular graph to an irregular graph, and showed that its reciprocal is
again a polynomial.

Theorem 1 (Bass) Let G be a connected graph. Then the reciprocal of the zeta function
of G is given by

Z(G,u)"! = (1 = u®)""Vdet(I — vA(G) + v3(D - 1)),



where r and A(G) are the Betti number and the adjecency matriz of G, respectively, and
D = Dg = (dij) is the diagonal matriz with di; = degwv; where V(G) = {v1,...,v,}.

Stark and Terras [15] gave an elementary proof of Theorem 1, and discussed three differ-
ent zeta functions of any graph. Furthermore, various proofs of Bass’ Theorem were given
by Foata and Zcilberger in [4], Kotani and Sunada in [10].

The spectral determinant of the Laplacian on a quantuin graph is closely related to the
Thara zeta function of a graph(sce [3,5,7,14]) .

Smilansky [14] considered a certain deterinant on the bond weighted scattering matrix
of a regular graph G, and expressed it by using the characteristic polynomial of its weighted
Laplacian of G.

We statc a short review for the bond weighted wave functions which are used to compute
cigenvalues of the weighted Laplacian along [14]. Let G be a connected graph with n vertices
and m unoriented edges, and let V(G) = {m,...,v,}. Then we consider an n x n matrix
W = (w;jh<i j<n With ij entry nonzero comnplex number w; if (v, v;) € D(G), and wy; =0
otherwise. The matrix W = W(G) is called the weighted matriz of G. Furthermore, let
w(v;,v;) = wy, v, v; € V(G) and w(e) = w,j, where e = (v, 1;) € D(G). For cach path
P = (ey,...,e,) of G, the norm w(P) of P is defined to be w(F) = w(e)---wle.).

Assume that W = W(G) is a symmetric weighted matrix of G with all non-negative
clements. Then W(G) is called a non-negative symmetric weighted matrix of G. Set D(G) =
{er,---,em,er ', ...,e;}. and

d; = Z wle) forj=1,...,n.
o{c)=v;

Furthermore, lct
d, 0

Dw = .
0 dy
The weighted Laplacian (matriz) L, = Ly(G) of G is defined by
Ly = Lw(G) = ~W(G) + Dy,

If w =1, i.c., w(e) = 1 for each e € D(G), then the weighted Laplacian of G is the Laplacian
of G. Let A be an cigenvalue of Ly, and ¢ = (¢, -..,¢,) the cigenvector corresponding to
A. For each arc b = (v, 1), onc associates a (bond) weighted wave function

(ap' ™% + gy TN p = 1

his) = —
Dplx) = \/m
under the condition
dp(1) = ¢5,68(—1) = ¢y.
We consider the following three conditions:

1. uniqueness: The value of the eigenvector ¢; at the vertex v;, computed in the terms
of the bond wave functions, is the sane for all the arcs emanating from v;.

2. ¢ is an eigenveclor of Ly;

3. consistency: The linear relation between the incoming and outgoing coefficients, given
in (1) must be satisfied simultaneously at all vertices.



By uniqueness, we have

. . 1 . .
(ﬂ'blem/4 +a ‘“\’—l:'r/-l) == __(abl",'c”’r/4 + ab;j‘c-m/.‘) = ¢J'7

1
w(b1) h Juwlby,y)

where by, by, ..., bp, are arcs emanating from vj, p; = degv;, and i = /-1.
By condition 2, we have

pj
w(by) —im/d 1 /a n/4
-y —=(ap,c " +q, nc”'/ y=(A- (ap ™™ +ay- e~/
; w{by) * pJ kz:l Vw(by) *
Thus, for cach are b with o(b) = v;,
a= Y oM (1)

t(C)=vj

where

B (N) = i(Fpmre - %H—I[Am\/w(b)\/w(c)),

where Jp-1¢ is the Kronecker delta. Then the (bond) weighted scattering matriz U(\) =
(Ueg)e.sen(c) of G is defined by

U = | iBe-ry = Toe) Vwle)w(f)) i i(f) = ofe),
cf 0

otherwise,
h
where )= 9 )
T, ST =55 = E T =41 = Mdjy)
foreach j=1,...,n.
By consistency, we have
U(A)a=a,

where a = ¥(a), @, ...,a,). This holds if and only if
det(Iam — U(A)) = 0

Smilansky in [14] stated a formula, without proof, for the following determinant on the
weighted scattering matrix of a graph G.

Theorem 2 (Smilansky) Le! G be a connected graph with n vertices and m unoriented
edges and lel W(G) be a non-negative symmelric weighted matriz of G. Then, for the
weighted scatlering malriz of G,

2min det(Al, + W(G) — Dy,)

det(Izm — U(A)) = T, (d; — id; + Ai) ’
j=1{4;

where V(G) = {n,...,v,}.

In Scction 2, we give a decomposition of a deterininant for the weighted scattering matrix
of a regular covering of G. In Section 3, we define an L-function of G, and give a determinant
expression of it. As a corollary, we express the determinant of the weighted scattering matrix
of a regular covering of G by means of its L-functions.

For a general theory of the representation of groups and graph coverings, the reader is
referred to [13] and [6), respectively.



2 Weighted scattering matrix of a regular covering of a
graph

Let G be a connected graph, and let N(v) = {w € V(G) | (v.w) € D(G)} denote the
neighbourhood of a vertex v in G. A graph II is called a covering of G with projection
7 : H — G if there is a snrjection 7 : V(H) — V(G) so that for any vertices v € V(G)
and v’ € 77" (v), there exist neighborhoods N(v), N(v') so that 7|y : N(v') — N(v) is
a bijection.

Let I" be a group of automorphisms of a graph G. Au automorphism v : V(G) — V(G)
of [ acts on G as follows: 4(e) = (y(u),v(v)) for each € = (u.v) € D(G). When a finite
group Il acts on a graph G, the quotient graph G/I1 is a graph whose vertices are the [I-orbits
on V(G), with two vertices adjacent in G/IT if and only if some two of their representatives
are adjacent in G. A covering 7 : [l — G is said to be regular il there is a subgroup B of
the antomorphism gronp Aut H of H acting frecly on H such that the quotient graph H/B
is isomorphic to G.

Let G be a graph and I' a finite group. Then a mapping o : D(G) — T is called an
ordinary vollage assignment if a(v,u) = a(w,v)”! for cach (u,v) € D(G). The pair (G,a)
is called an erdinary vollage graph. The derived graph G® of the ordinary voltage graph
(G,n) is defined as follows: V(G®) = V(G) x " and ((u,h),(v,k)) € D(G*) if and only
if (u,v) € D(G) and k = ha(u,v). The natural projection = : G* — G is defined by
w(u, k) = u. The graph G is called a derived graph covering of G with voltages in I or a
[-covering of G. The natural projection # commutes with the right multiplication action
of the a(e),e € D(G) and the left action of T on the fbers: g(au, h) = (u,gh),g € ', which
is free and transitive. Thus, the I-covering G is a | I |-fold regular covering of G with
covering transformation group I'. Furthermore, every regular covering of a graph G is a
I'covering of G for some group I'(sce [6]).

Let G be a connected graph, [ a finite group and a : D(G) — " an ordinary voltage
assignment. In the [-covering G°, sct vy = (v,g) and ¢; = (e,9), where v € V(G),e €
D(G),g € T. For e = (u,v) € D(G), the arc ¢, cmanates from g and terininates at vg.(e).
Note that e;' = (€7 ga(e)-

Let V(G) = {m,...,m )}, D(G) = {er,...,en €7t . el ') and W = W(G) a weighted
matrix of G. Set T = {¢1 = 1,42,...,9m}- Then we define the weighted metriz W =
W(G™) = (@w(ug, vn)) of G derived from W as follows:

W1y, vp) 1= w(u,v) if (u,v) € D(G) and h = ga(u,v),
A otherwisc.

Let A be an cigenvalue of L (G®) = Dg~W(G®) and @ = (dyy g15-- - » oy igem -+ <1 Pvmgrs -+ s Pvmrgm)
the cigenvector corresponding to A. For cach arc b, = (v, 25a¢)) (8 = (v,2)) of G, the
weighted wave function of b, is

o, () =

(abyc'”/" + ab;uc_i"’/"), r =%l

1
Vv w(b)
under the condition
éby(l) = (bv.gv ébg(—l) = ¢:,gn(b)-
Similarly to the above, for cach arc b, with o(b,) = vy,
ap, = Z a;:ch (ANac,,
ten)=vy

where

0::::;. (/\) = i(db;'ch - %Tiz\/d"g) v w(b) w(c))



By the definition of w, we have
d"',q = E “—’(ey) = E !U(B) = dv
o(ey)=vy o(e)=v
for eavh v € V(G) and cach g € I'. Thus,

2 1 _
dy, 1 —i(1 = A/d,,)

2 1
dy 1 -i(1-\/d,)
Let

£y = dl v € V(G).

1
w1 —i(1-A/d,)’
Then the weighted scattering matrix U(A) = (U (eg, fu)) of G is given by

Uleg, fn) = { ;(5.;;|,h = To(e)Vw(e)w(f)) if t(fn) = oley),

otherwise.

_ { i(éc”.h - zoe)Vw(e)vw(f)) ifL(f) = ole),

0 otherwise.

For g € T, let the matrix W, = (') be defined by

w T 0 otherwise.

@ = { w(u,v) il a(u,v) = g and (u,v) € D(G),

Furthermore, let U, = (U9)(e, f)) be given by

U9 (e, f) := { i(be-17 — Toey Vwle)yw(f)) ift(f) = o(e) and a(f) = g,

otherwise.

Mizuno and Sato [12] presented a decomposition formula for the determinant of the
weighted scattering matrix of a regular covering of a graph. The Kronecker product A® B
of matrices A and B is considered as the matrix A having the clement a;; replaced by the
matrix a;;B.

Theorem 3 (Mizuno and Sato) Let G be a connected graph with n vertices and | un-
oriented edges, W = W(G) a non-negative symmetric weighted matriz of G, ' a finite
group and o : D(G) —» [ an ordinary voltage assignment. Sel |’ |= m. Furthermore, let
21 =1,p2,--- . pi be the irreducible representations of ', and f; the degree of p; for each i,

where fi = 1. Suppose that the -covering G* of G is connected. Then. for the weighted
scattering matriz of G®,

k
det(Ipnm — U(N)) = det(Latm — U)) ] det(ay, — ) toi(h) Q) Un)*
i=2 h

tn jnm
_2 ndet((;l.. fd“:fi))m D) Hdct()\lnf. + Y () @ Wi - 1, @ Du)".

her




3 L-functions of graphs

Let G be a connceted graph with n vertices and ! unoriented edges, W = W(G) a non-
negative symmetric weighted matrix of G, I' a finite gronp and a : D(G) — I” an ordinary
voltage assigmnent. Furthermore, let p be a unitary representation of I' and d its degree.
The L-function of G associated with p and a is defined by

Zs(G, A, p,a) = det(lza — Y ‘p(h) Q) Un)~".
hel®

Here the subscript "S™ means the weighted scattering matrix of G.

If p = 1 is the identity representation of ', then the L-function of G is a determinant
on the weighted scattering matrix of G.

A determinant expression for the L-function of G associated with g and « is given as
follows.

Theorem 4 (Mizuno and Sato) Let G be a connected graph with n vertices and ! unori-
ented edges, W(G) a non-negalive symmetric weighted matrix of G, T’ a finite group and
a: D(G) — T an ordinary vollage assignment. Furthermore, let p be a representation of
I’ and d the degree of p. Then the reciprocal of the L-funclion of G associaled with p and «
is

2ldind

Zs(G. A p,0)~' = @ = i, ¥ 3 det(ML + Y p(9) Q W, - 1 Q) Do)
J=1\7 7 g€l

By Theorems 3 and 4, there

Corollary 1 (Mizuno and Sato) Let G be a connected graph with ! edges, W(G) a non-
negative symmeltric weighted matriz of G, I' a finite group with order m and o : D(G) — I
an ordinary vollage assignment. Then we have

det(Lm — U(N)) = HZS(G.,\,p,a)—dcgp’
p

where p runs over all inequivalent irreducible represenialions of I.

4 The Euler product for the L-function Zg(G, A, p,«) of
a graph

Mizuno and Sato [12] presented the Euler product for the L-function of a graph introduced
in Section 3.

Foata and Zeilberger [4] gave a new proof of Bass’s Theorem by using the algebra of
Lyndon words. Let X be a finite nonempty set, < a total order in X, and X* the free
monoid generated by X. Then the total order < on X induces the lexicographic order <*
on X*. A Lyndon word in X is defined to a nonempty word in X* which is prime, i.c., not
the power ! of any other word ! for any r > 2, and which is also minimal in the class of its
cyclic rearrangements under <*(see [11]). Let L denote the set of all Lyndon words in X.

Foata and Zcilberger[4] gave a short proof of Amitsur’s identity [1].

Theorem 5 (Amitsur) For square matrices Ay,-- -, Ax,

det(I - (A; +--- + Ay)) = ] det(1 ~ Ay),
iGL

where the product runs over all Lyndon words in {1,...,k}, and Ay = Ay -+ A, for
I=dy - i



By Theorem 5, the following result follows.

Theorem 6 (Mizuno and Sato) Let G be a connected graph with n vertices and I unori-
ented edges, W(G) a non-negative symmelric weighted matriz of G, I' a finite group end
a : D(G) — I' an ordinary vollage assignmenl. For each path P = (ey,+-,¢.) of G, sel
a(P) = a(e))---ale,). Furthermore, let p be a representation of I' and d the degree of p.
Then
Zs(G, M p,a) = [[ det(la — *p(a(C)ac(A)) ",
[c]

where [C] runs over all equivalence classes of prime cycles of G, and

ac(A) = golentgolen) | nolea) v (e1,€2,...,€n)

€1€n “EnEp-1| ezey !

5 Example
Finally, we give an example. Let G = K3 be the complete graph with three vertices vy, 19, v3

and six arcs e) = (v),02),e2 = (v2,v3),€3 = (va,m), €7} = (va,m),65" = (v3, )65 =
(v, v3). Furthermore, let

a+b 0 0 ]

LSl ~ ]
6o OCR
(=2 e T~

W(i3) = [

Then we have d,,, = e+ b, dp, = a + ¢, dy, = b+ c and

D, = 0 a+c O
0 0 b+c

Furthermore,
. = 2 . = 2 . 2
T (a+b)—(a+b)i+ AT (ate)—(a+ )i+ AT T (b+e) - (b+c)i+ A
Thus,
0 0 —iz,, vab (1 - z,,a) 0 0
—iTy,\Jac 0 0 0 i(1 — z,,¢) 0
U = 0 —izy,Vbe 0 0 0 i(1 = z,,b)
| i1 - zy,a) 0 0 0 —iz,,Jac 0
0 i(1 = zyyc) 0 0 0 —iz,,Vbc
0 0 i(l1 -z, b) —izy,, Vab 0 0

By Theorem 2, we have

det(ls - U(A) = ZE det(Al3 + W(K3) - Dy)

A—(a+b) a b
= i‘:T":det a A-(a+¢) c
b c A-(b+¢)

= %,\(,\2 = 2(a + b+ )\ + 3(ab + be + ac)),

wherep=(a+b)(1-i)+Ai,g=(a+c)(1-i)+Aiand r = (b+e)(1 —1) + M.



Let T = Z3 = {1,7,72}(r® = 1) be the cyclic group of order 3, and let a : D(G) — Z3
be the ordinary voltage assignment such that a(v;,v2) = 7 and a(ve,v3) = a(vs,n)) = 1.
The characters of Z3 are given as follows: Y;(77) = (§°)7,0 < i,j < 2, where £ = LZE

Now, we consider the L-function Zg(#3, . x1,a)~! of K3 associated with x) and a.
Theorem 4 implics that

Zs(K3. A x1,0)™ = ELdet(Al3 + g x1(79) W, ~ Dy)

Pq
oa A= (a+b) af b
= -’ﬁ'? det ag? A-(a+c) c
b c A-(b+0¢)

= %;L:(/\"’ ~2(a+ b+ c)A? + 3(ab + be + ac)\ — 3abe).

Similarly, we have
2043
Zs(K3, M x2,0)" ! = m(/\3 —2(a + b+ c)A? + 3(ab + be + ac)\ — 3ahe).

By Corollary 1, it follows that
det(Iig — U(N)) = det(lg — UA)Zs(K3. A1, a) ' Zs(K3, A xo,a) 7"

18.;
= pT?(fJ':TJ'\('\z —2(a+ b+ )\ + 3(adb+ be + ac))

x(A3 = 2(a + b+ €)A? + 3(ab + be + ac)) - 3abe)?.
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1 HE
a—7Vy FENR! LOBRIRS X i LT, ERORGE
A(‘Y) = {d(xvy)lxvy € Xsl: # y}

EEBTD. TTT, dz,y)ide, yDI—7 )y FHlEXRDLTNS. COLE XH
s-FBEIA (s-distance set) LFHENZDIX, |A(X)| =sDEETHD. —DD s-HHR
BXBEIONLE, X BIK - BDLIZEDOR, FITBHILIZIRE X' &0 558
IS THD. TR, HBERTEDGS ZOORAERERE L, ZORBHICONT
#EXB. Koud EREOMHEB s BIMEL, TUEDWAL 43 s- ARG ZTE « 7T
3T &l B OIANZINED—DTH S, RALHMRERT VI —2a /X
F—LRMIEAT S 7 EBRICIMEL TE Y, HEABOKELERIRSZ BN RELST
ERSHMIF IV IO ETMRIIBITHS.

C ORI MRS Z TS 5. - BRSOV HIBE TREN TV 3 2 [ikiZUT
MECLT, BERIFICHRC TS 7OMZAND Z EMNIRS. HiBIEEMS TS5 7
MEANDB I EREREN, BILTS570ME LD 2HiEEREN, HHERVT, £h
CHUVFHEL TWA D E W3 NI BH TRV, ZOHX & LT, Einhorn-Schoenberg
RIET 570 288IkE L L TOMDAHLDOMEEMEL LT, COREICDUVT, Section
2THRIT LIz, 512, KO, Roy [4] IZBSEITRIOE A 2HEONBIE VLT, HsAR
OXEEWHAIIE L. ZT T, BAZENOW L OHIDIRFA—a—ic&kd, 57
O TIM I T 3. FHITDTid Section 3 TibN3.

-G L MFROFECREMEMEE LT, MIENT S 706N Tw 5. skl
Z7hol36n3 2-HHEGE L TORDAKZIEII -DOKAEICES MG hS.



TS5 7 DMDARMNOD—DDEKMIC RS HDE535% (%2, Roy HELDAHRDRKITD
RSO 75 7 DR O ZWT, RET BT EATES (Section 3). EbIC, F
DR EMNDIARDSH BTN T, HTKEW T S5 7 08O 21722 T LICK
L 7= (Scction 4).

2 J3701—7Yy FEEN\DIRHAH

G=(V,E)ZWiJ57 (MEML, V—TL, HELIML) THHLT 3. GOWHE
TR A &iE, V TITEAMRAT I ONTOSBITHIT, OGN

Ay, = {1, if {x,y} € E,

0, otherwise

THBLDTHD. ARTOHET 77 COBEITITHS LT 3. ARITIE, AL ADW
DBRITATENEDEEZ -V, GRFERYST (ETO2[EADUTHEIENS),
MiLEOWE GAM—ALEV) DEBLLTERWERETS. HBiVSTCE > 01
HUT, ROES T M (G) BEHT B.

My(G) = My := A + bA.
n BT 57 GHa—2 Vv REH RYC representable THB &, HBHICHLT,
d(I,’,IJ‘)2 = A‘Ib(l,])

R ITUIRE V S RIANOMDIAL X = {z,..., 1.} BFHET B L EICWHS. T
T My(i, ) 1& M, D (i, j) % EDYT. DED, M, hd3 X C R DML 55 & %
IZ. G % representable THB LS. CTTHONZBHIAB X IEb#£0,1DE FIC2-
HigEE L3, b=0,10k%E, HHARI1-HERBIRE XS, £ £ 0455HHIA
HIENHTHS.

TTT, VWD MMX CR OHBITFNCRD X2 hEMELIZV. oI, i
M HET 0 DZEDMDHK I ETIEADMEHITH M IZH LT, Schoenberg [5] D
WA (Theorem 2.1) AHISHA TV 3. 179 M A RY IC representable TH 2 &3, H3
X ={zy,...,7,} CRIATFEL T,

M(i, j) = d(z;, ;)
T EEICES. RER
Far(€) = Far(Gare -0 &) 1= D (M(1,d) + M(1,) = M, j)&E;
ij=2

ZHiY 5.



Theorem 2.1. M 7' representable THBT & &, FHEDREE,, ... L CHLT,
Fy(§) 20 (2.1

ERBZTEANTSHS. B, MBQRHEWILID, FyDFVINEDLE M
{3 R* IZ representable TH B A, R¥1IT representable TIxlL,

Theorem 2.1 2R BT & T, bZBELIE EIC M, HRTCICIBSDARTETH S
MHHETES.
RDE S WBEEZS.

(b)) = i >0).
B(b) en, Fy,(€) (b2 0)

CCT, ®b)20THAHT L, M,Drepresentable THDH T LHFEINTH S LICHERZ
Nz, 610, ) =0&7%5LE, EIZFOMIEST, M, 13RI representable
TH5.

Lemma 2.2. $(b) & LICMDIMETEH 3.

Proof. € &R UIMC, Fyy, ()30 EEHE T2 —XBTHS. ©(b)idHICT 5 —XM
OB LOLYIMii% & ZIMB(TH S C LICHFRT 3. O((c+y)/2) < (P(z) +D(y))/2
BBy > ONGFEETRIERETS. FZOLE, ((z+y)/2.0((x + y)/2)) Zili-> T,
(z,8(x)) DLEEES, FIELDZHBID LICHFEELTWS, 1 (y. d(y)) DT
bHoigw) Eillis7:8%, 1MH O OUIMECHNT 5. ]

b=10k¥E, MEn M 1-AMEEELDINS, NDARTETHY, ZOMBDA
BHOXRTEn -1 8553, £oT, (1) >0. b=00Dk %, 5¢2&HI 57 (complete
multipertite graph) D& FDOHZIMHAKANfEL LD, ZFOHBDAAIIHG Tl 7o, M
WABDKTCUE n — 2T 5. FNLURDT ST T, b=0 DL ZHDARIFAT
HB. LIzD>TO0)<0. b o lcDNTIE, #5700 =0DIKREMMEL TS
Mo, Bloo) 0D, HBADRAERBIIZIDIC, 0<b<1ELTRHTE, 20
WSS T7RBEZBETREERM V. L LEOKRE, WHOREANE, ROEH
MEBICED LD, ,

Theorem 2.3 (Einhorn-Schoenberg [2]). G 252255 7, M GDREDLELLTHK
WSS S T THZ LT 5. FDLE n - 20TUATOLI—2 U v FEBNDOMIDAHKE]
ER My (0 < b < 1) IME—DIE(ET B.

0<c<12P(c)=0LBINBTHDHLTD. TDLE, c<b 1 2T bIcD
W, Myldn - LRTICHRDAENRZ T RISz,

3 T35 7 DEEHAHDREINRTTEIREIRSHIAK

Theorem 2.3 TIRFEDVR E NI HUINRTEOIIDARONITIE, BHETH] A DEEERO
HBIRTGA—RIc kD, WHIZIARENS [4). ZOFHICLEILERHU L. AD



iBEDEOEAGHEL L, TOTMIEE M LT 3. EE2LICHTIEEEMEL,
P, % E;N\DBERZHBITHET 5. BE 7 0 main angle §; &

1 .
Bi = %”Pz -Jll

TERENBETHS. TIT jREDDVLTIO8XI ML, ||z = VrTz & LT
3. FOLE, BNV 22-BEESE LTOBDARDORILI, AX)={l,c} (P(c)=0&
BBe> DRLUTORMTNTS (TTTR, e>1ELTWAT LIZERENZWLY) .

Theorem 3.1 (Roy [4]). (1) L A =0%56, c=n/(n+1),d=n—m —1.
(2 LB 0D Dm >1%&ELE, c=n/(n+1), d=n—my.
3 BLA=0,m=1, <1, D
s _ i

Te—T T — T2

i23
5, c=rf(n+1), d=n-mp-2.
(4) %)L/ﬂz =0, my = l, T < -1, b‘o
B g2
2= T >iZZ.;T.'—T2
6, c=7f(r2+1), d=n-my—1.
(5) FhUADLE, n/(n+1)<c,c# nf(re+1),d=n-2.

Theorem 3.1 DFESE/NT, BT T 7 G £/ 2-H AT Type (1)-(5) ICFFH
SF5NB. TO Type (1)-(5) VT, WDIBHARN —~DOBRMIZ TS HHEH SN
xolx.

Theormem 3.2 (FA5-T0). (1) Type (1), (2), (4) DE/NIXTTHESAIE - DDERIC
&5.

(2) Type (3), (5) DUYHRTEHDIAIME —DDKENCIT TS KL
(3) BVNKICDEDAR T n — | X7CHIDABIE, —DDIREICES.

4 SRIERIT ST OO

WHiT T GHIRT A—Z— (v, k, A\, p) DHRIEWI T F 7 (strongly regular graph) &PHE
N30, GHROUIENI-THTHS.



(1) THRIEE DY A Xhin,
(2) &-IER (ETOHSN, kADATHENTVS),

(3) ETORENT VB 2[IKEICHL T, 2D 2MKENIHIATHIIN TV B FADE
A

(4) 2ETOHENT WAV 2 AR LT, 2O 2TALNBCITRIENTVWSTRD
Bh

SRIER S5 7 D Bose-Mesner {05 CUIBHERED &3, WOITHI 1, BEHEITHA #75
T ORHBITH A B RIKIC, BAEBIAC LTERENIRBDO L THS. MENTZI 7D
BREITH A R BB, TEIDOLAZVWILABISENTNS. ED35, LidH
MEAiTHD, HERNIE 1 THS. AD P (HZGHEITH) 1 Bose-Mesner fLEDIE
THBETENHNSNTED, 0PN 2-HMHIRE L L TORNIEONDARD T 5 LT
P BOITHEATIISNTT, IRHUHERARD IKXk->TW 3.

— RO n [T T 71 LT, BDRARDOBNRICE dy, #1757 OHAHZDEE
IZNRTEE dy ELTZE EIS, n <1 +d) +dy WRUT B, dEWSS 7IEHL TR, CO
AEROTFEAKR O D, TRYIC, COREXDFERENT I TT 7, ED
ZLEDHBZION NS EZGNS. L L, TOMPRITOMBDAKRIZED, &5
SHLERMICRA 5, MIFAITS 7 THa eh o1,

Theorem 4.1 (EFS-FER). G DU DDA X, DXITHE d). FDHiIT 5 7 Ok
KIEOUDAI X, DRTEE dy £ T 5. Xy, Xo OFADEKGICED DD, n=1+d), +d,
9o, clIMIENTS72k3.

5 ZhbosDRRE

HFhn =1 +d +d, BT UHD, BUNRICHDARNERIGNC RS & &1, EY 57
THHERMITONTN, n=1+d, +d, ZiGTcL, HROABNEKMICRS TV E EE,
EORIZT S THEELTVRDEAID. n=1+d, +d, BHGI=T TS5 7 DEDAHIC
HUTRDE ST M1z

Theorem 5.1. G®n=1+d, + d Zi§I=IT Y TS5 T7THBLTB. DL E, H
XIEDHBAD X, X IXRHMICHimER R LT, XA b —iZD Fuclidean 2-design &
3.

EIERIY S 7 DOMbAFE spherical 2-design T3 D, Euclidean 2-design (& D—8%
fbichi=5. COETIE, BMENTITUNT n =1 +d, +dy LIBRREN-FERN
T5.

Example 5.2. I,,, K., ZXE239 A4 X (0 #n) DRERTSTTHBILTS. EDL
%, disjoint union K,, UK, & n = 1+d; + da(= ny + np) Bilil=9. KX, dy=n-2
(Type (5)), d2 = 1 (Type (1)) £&> T\ 3.



Example 5.3. Lisonék [3] h'5-Z 72 R® 10D 45 5 2-FEREMLE (Type 3) W n=1+d,+d,
ZiLTwWa. CObkE, Wi 70MDARE LT, RY Lo 2-BEHIRE (Type (4))
MAEL TS,

Example 5.4. Lisonék [3] (ZFEBDLEA M EHIC i 0 DMEM IR KOERER S 2 E N
RIETHEL TV 3. R ETid 940 2-HHEEHRIBZERAN T 3 Fill (3XT Type (3)
HizbhTwz ZHHHITRTI72ZNENG,, G, G T 3. CODLE, G, =G,
G =G 27> TW3., &oT, FNHDTST7E, n=1+d, +d ZWil- LT3,

SRIEN S5 7 DM AL, spherical 2-design 2D 2-FE IR TH D, W spherical
2-design A2 2-¥EHEIR G ISKRIEN 75 7 DMl &2 5D T &M Delsarte-Goethals-Seidel (1]
KEDRENTVS. n=1+d, +d; Z2#i7=9 Examples 5.2, 5.3, 5.4 {3, 75 Ml
it ORIEN Y5 7 D—8HE) OMGZFFOT MBI TE 5. —HRIC Eulidean 2-design
DR ETH S, 1—7V v FEMLOMARRSICHL T, a7 5 MaEOM
ELOLERNIZ LHAUKBIEA I . £, SOLTARAFINE AW, B
ABIOMKE SHDOMNETHS.

References

[1] P. Delsarte, J.M. Goethals, and J.J. Seidel, Spherical codes and designs, Geom. Dedicata
6 (1977), no. 3, 363-388.

[2] S.J. Einhorn and [.J. Schoenberg, On euclidean sets having only two distances between
points. L. 1. Nederl. Akad. Wetensch. Proc. Ser. A 69=1Indag. Math. 28 (1966), 479488,
489-504.

[3] P. Lisonék, New maximal two-distance sets, J. Combin. Theory, Ser. A 77 (1997),
318-338.

[4] A. Roy, Minimal Euclidean representation of graphs, Discrete math. 310 (2010), 727-
733.

[5] I.J. Schoenberg, Remarks to Maurice Fréchet’s article "Sur la définition axiomatique
d’une classe d’espace distanciés vectoriellement applicable sur I'espace de Hilbert”,
Ann. of Math. (2) 36 (1935), uo. 3, 724-732.



Diagonal forms of incidence matrices
associated with t-uniform hypergraphs

Richard M. Wilson and Tony W. H. Wong
California Institute of Technology

The 28th Symposium on Algebraic Combinatorics, June 20-22, 2011,
Oita University

Abstract

This paper is a summary of a talk given by the first author at the
28th Symposium on Algebraic Combinatorics at Qita University in
2011. We introduce Smith form and diagonal formm of integer matrices
and cxplain the counection to solving systems of linecar equations in
integers. Previous results on a diagonal form for a (0, 1)-incidence
matrix arising from a {-uniform hypergraph are generalized and applicd
to a certain zero-sum Ramsey-type problem. Proofs are not given here
but will appear clsewhere [14].

1 Smith and diagonal form

Two integer matrices A and B of the same size are Z-equivalent when
there exist unimodular matrices (square integer matrices that have inte-
ger inverses, or what is the same have determinants +1) £ and F so that
EAF = B. This is cquivalent to stating that B can be obtained from
A by a sequence of Z-row operations and Z-column opcerations (permuting
rows/columns, adding an integer multiple of one row or column to another
row or column, or multiplying a row or column by —1).

Given A, there is a unique diagonal integer matrix D that is Z-cquivalent
to A such that the diagonal entrics d),ds,ds,... are nonnegative intcgers
and where d; divides d;4 for ¢ = 1,2,.... Herc ‘diagonal’ means that the
(%, 7)-entry of D is 0 unless i = 7, but D has the same shape as A and is not
necessarily square. This unique diagonal matrix is called the integer Smith
normal form, or simply the Smith form, of A. (The Smith form D is unique;
the unimodular matrices £ and F so that EAF = D arc not. See any
advanced text on modern algebra for proofs of existence and uniquencss.)

The diagonal entrics of the Smith form, in the order of divisibility (with
all 0’s necessarily at the end) are called the invariant factors, or the elemen-
tary divisors of A.

As a simple example, the Smith form of A = (j _'2 ;) is D= (('] g g)

becausc
(1 0) (3 1 4) (1) :: _31 _(1 0 0)
21\ =27/, | _, 0 5 0



The invariant factors of A are 1 and 5.

We call any diagonal matrix D that is Z-cquivalent to A a diagonal form
for A.

The connection between the Smith form and diagonal forms of a matrix
A is as follows. Integers dy,da,...,d, arc the diagonal entries of a diagonal
form for A if and only if

Z" [colz(A) = 2y, ©Zg, ® -+ D L,

where colz(A) is the Z-module (abelian group) generated by the columns
of A. (Of course, Z; = {0} and Zy = Z.) There arc unique nonncgative
integers sy, ...,S, so that s; divides s;4; and such that the above group is
isomorphic to Z;, & --- & Z,,, and these arc the invariant factors of A.

As we have defined them above, the number of invariant factors of a
matrix A, or the number of diagonal entrics of a diagonal form of A, is
equal to the minimum of the number of rows and the number of columns
of A. But there are numerous times when it is desirable to consider the
number of invariant factors to be cqual to, say, the number n of columns of
a k by n matrix A cven if kK < n. In this case, the invariant factors s; with
k < i < n are to he understood as 0. This agrees with the result when n—k
or more rows of all zeros are appended to A {and this does not change the
Z-span of the rows). To illustrate with the example above),

100 3 1 4 0 -1 3 1 0 0O
210 4 -2 7 1 -1 -1]=10 5 O
0 01 0 0 O 0 1 -2 0 0 O

Now the invariant factors of the middle matrix on the left are 1,5,0. The
context should make it clear whether we are thinking of & or n as the number
of invariant factors.

The Smith form of A may bc obtained from any diagonal form D of A
by a scquence of opcrations that replace two diagonal entries a and b by
g = ged(a,b) and ab/g = LCM(a,b). This can be effected by Z-row and
column operations, as we indicate by the sequence of 2 by 2 matrices below.
First write g = sa + tb with s and ¢ integral.

696~ 1)
(-;;,/g g) - (—a(;)/g g) - (g al?/g)

2 The Smith (or diagonal) form in combinatorics

The invariant factors, and hence the rank modulo p, of a matrix A do not
change on permutation of the rows and columns (or transposition) of a



matrix. Thus they do not depend on the ordering of the vertices when
A is the adjacency matrix of a graph G, or on the ordering of points and
blocks when A is the incidence matrix of some design S, cte. The invariant
factors of the adjacency matrix of a graph G, or the incidence matrix of S,
arc thercfore invariants of G or S, respectively; they are the same for two
isomorphic graphs or incidence structures.

So, for example, two graphs may be shown to be nonisomorphic by show-
ing that their adjacency matrices have different invariant factors. Brouwer
and Van Eijl [2] give Smith forms or p-ranks for various strongly regular
graphs with the same parameters but different invariant factors. For exam-
ple, therc arc four nonisomorphic graphs that arc strongly rcgular graphs
with the same parameters as the triangular graph T(8). One is T(8) itsclf
and the other three arc called the Chang graphs. The invariant factors of
cach of the threc Chang graphs are 18, 212, 87, 24!, and these are different
fromn thosc of T'(8).

Another example is the two Hadamard matrices of order 36 in N. J.
A. Sloanc’s table [8] called “had.36.pal2” and “had.36.will”. These can be
downloaded and the invariant factors computed as

11, 217 1817 36!  and 11, 215 ¢G4, 185, 36!,

respectively. The computation shows instantly that the matrices are not
cquivalent (under row and column permutations and/or multiplication of
rows or columns by —1).

We remark that the invariant factors of “random” square integer matrices
(including e.g. n by n matrices of 0’s and 1’s) tend to be 1’s followed by a
single large factor. But matrices arising from combinatorial designs often
have more interesting invariant factors. See [13] for more on diagonal forms
of incidence matrices of designs.

Here we will be interested in the subject of the following scction.

3 Solutions of linear systems in integers and mod-
ulo p

Diagonal forms arc related to solutions of systems of lincar equations or
congruences in integers. This, in fact, was the topic of H. J. S. Smith’s
original paper on the subject.

Let A be an r by m integer matrix. Suppose FAF = D where £ and
F are unimodular and D is diagonal with diagonal cntries d;,ds,.... The
system Ax = b is cquivalent to (AF)(F~1x) = b, and this has intcger
solutions x if and only if (AF)z = b has an integer solution z. This in turn
will have integer solution if and only if EAFz = Eb, or Dz = Eb, has
integer solutions.



In other words, if we let e; denote the i-th row of E, the system Ax=Db
has integer solutions if and only if

eb=0 (modd;) fori=1,2,...,7.

As a simple example,

(1 0)(3 1 4)‘1’:{ 2 _(100)
21\ =278, | 050

and so the system of cquations

3z + y + 4z
dr — 2y + 7z = b

I
8

has an integer solution if and only if @ = 0 (mod 1) (that is, ¢ is an integer)
and 2a¢ + b = 0 (mod 5).
A similar argument proves the following lemima.

Lemma 1 Let A be an integer matriz and c a integer row vector. Assume
EAF = D where E and F are unimodular and D diagonal with diagonal
entries dj, § = 1,2,...,n. (i) The equation yA = ¢ has an integer solution
y if and only if the j-th entry of Fc is divisible by d; for every j. (ii) Given a
prime p, the system of congruences yA = ¢ (mod p) has an integer solution
y if and only if the j-th entry of Fc is divisible by p whenever p divides d;.

4 Diagonal form of certain inclusion matrices

For integers ¢, k,n with 0 <t < k < n, let Wy or Wi(n) denote the ('t') by
(%) matrix whose rows are indexed by the £-subsets of an n-set X, whose
columns arc indexed by the k-subsets of X, and where the entry in row A
and column B is

1 ifAC B,

0 otherwise.

”’tk(A! B) = {

For example, the matrix Wo3(6) is shown below.

{2} /11 001000001000000O0TO0O
(13} {101 0010000010000000O0
23} |1roo10010000010000000
{14} |01 100001000001000000
{24} o101 0000100000100000
34} |00110000010000010000
{15) |000011010000006001000
(26} |]00001010100000000100
(35} 0006001 100100000000T10
(45} |00 0000011100000000O0]1
{164 |0000000000110100100°0
{26} |000C00000001010100100
36} loooooo0o000001 10010010
46} L000000000000011100°0°1
{5.6} \00000000000000001111/

|
=2y
=S

|



The columns are indexed by the 3-subsets {1, 2,3}, {1, 2,4}, {1,3,4},...,{4,5,6}.

Theorem 2 (Wilson [9]) Given t,k,n witht < k < n —1t, one diagonal
form for Wy (n) has diegonal entries

(k)l (k— 1)"-1 (k_g) (2)-n (k _ t)('l)~(,’.‘,)
t/) T \t-1 TA\t-2 Y 0 '
(Here the exponents indicate multiplicities.)
For cxample, a diagonal form for Wa3(G) has diagonal centrics
3,2,2, 2, 2,2,1,1,1, 1, 1, 1, 1, 1, 1.

This was later gencralized matrices arising for t-uniform hypergraphs as
follows.

Given H be a t-uniform hypergraph on n vertices X, let Ny(H) be the
matrix whosc rows arc indexed by the (}) t-subscts of X, whose columns
arc indexed by the images of H under the symetric group S,,, and where the
entry in row T and column H' is 1 if T is an edge of H' and 0 otherwise.

For example, let n = 4, t = 2, and let G be a path-graph of length 2 plus
an isolated vertex. Then Na(G) is the 6 x 12 matrix partially shown below.
Here abe denotes the path-graph with edges {a, b} and {b, c}.

213 214 314 123 124 324 132 234 134

{1,2} 1 1 0 1 1 0
{1,3} 1 0 1 0 0 0
{144 0o 1 1 0 0 0
{233 o0 o o0 1 0 1
{24y 0o o o0 0 1 1
344 0 0 0 0 0 O

The matrix Wo3(6) is equal to No(G) where G is the graph (2-uniform hy-
pergraph) on six vertices consisting of a triangle and three isolated vertices.
In general, the matrix Wy (n) is Ny(H) where H is a complete t-uniform
hypergraph on k vertices plus n — k isolated vertices. In notation to be used
later,

Wi(n) = N((KP)™).

Theorem 3 (Wilson [11]) Suppose a t-uniform hypergraph H has at least t
isolated vertices. Then one diagonal form for Ny(H) has diegonal entries

(90)", ()™ (@)E ..., (g5,
where g; is the ged of all entries of Wy N;.



This talk deals with the case when H does not have as many as t isolated
vertices.

Onc instance of the matrix No(G) for a graph without two isolated vetices
in the lierature is a result of Brouwer and Van Eijl that gives the Smith
form of the adjacency matrix of the line graph of K, which is Ho(G) when
G = Ky m—2 and n = ('.:,') Here there arc no isolated vertices.

Theorem 4 (Brouwcr and Van Eijl [2]). Let A be the adjacency matriz of
the line graph of K,,,. Then a diagonal form for A has diagonal entries

(1)"_2, (2)('2')—2n+27 (h)l, (2!])"_2, (mg/h)l.

where
m=2n-2), g=n—-4, h=ged{2,n-2}.

(A diagonal form for the adjacency matrix of the complement of L(K,,)
follows from Thcorem 3.)

5 The matrices N;(h)

It is convencnient to consider morc general integer matrices, where the
columns arc images of a single column vector under and action of S,. Fix
t and consider integer column vectors h where the coordinates of h arc in-
dexed by the t-subsets of an n-set X. We may call such a vector h a t-vector
based on the sct X. By N;(h) we mean the matrix whose rows arc indexed
by the t-subscts of X and whose columns are the images h’ of h under the
symmetric group S, acting on the t-subsects of X.
An example whenn=3andt=11is

359359
NM=]|5939 35
9355 93

This matrix has invariant factors 34, 2, 1.

Normally, onc need only use the distinct images of h as the columns of
N, but, for our purposes, it will not matter if N; has repeated columns. In
fact, it is sometimes convenient for the purposes of induction to assume that
N; has n! columns indexed by the set of all permutations of X.

Examples of N, arc integer matrices in the association algebras of John-
son schemes J(m,t).

Given a t-uniform hypergraph with vertex sct X, let Ny(H) = N,(h)
where h is the characteristic t-vector of H. Here h is a (0, 1)-vector.

Theoren 3 remains valid for Ny(h) where h is any ¢-vector with at least
t isolated vertices [11]. The g;’s are defined the same: g; is the ged of all



entrics of Wi, N;(h), which is the same as the ged of the entrics of a single
column W;h.
A Smith form in the case £ = 1 is given by the following casy theorem.

Theorem 5 Let h be the 1-vector [a;,aq,... ,an]T- Then a diagonal form
for the n x n! matriz Ny (h) is

mg/h 0 0 00
0 g 0 00
0 0 g 00
0 00 g 0
0 00 0 h

where

m=ay+---+ay,
h = ged(ay,...,a,), and

g= ngISi.jsn(”'i - aj).

6 A zero-sum Ramsey-type problem

The following problem was introduced by N. Alon and Y. Caro [1] in 1993.
Given a simple ¢-uniform hypergraph H on k vertices and a prime p which
divides the number of edges of H, determine the least integer n > k (called
R,(H)) so that the row spacc over F,, of N;(H') does not contain a nowhere-
zcro vector. In particular, Ro(H) is the least integer n so that the binary
code generated by N;(H™) does not contain the vector 1 of all oncs.

Here H™ is the hypergraph obtained by adjoing isolated vertices to get
a total of n vertices.

This is our terminology. Alon and Caro originally asked for the least
integer Ry(H) so that if n > R,(H) and the edges of the complete ¢-uniform
hypergraph I ,(,t) on n vertices arc colored with the clements of Fp, then there
cxists a subhypergraph H’ isomorphic to H so that the suin of the colors on
the edges of H’ is 0 modulo p.

(It follows from the classical Ramsey’s Theorem that such an integer
cxists when p divides the number of edges of H.)

Theorem 6 (Y. Caro [3]) When (:‘) is even, RQ(KE)) <k+t.
In [12], the value of Ry(K ,(:)) was given exactly and the following proved.

Theorem 7 (Wilson [12]) For any t-uniform hypergraph H with k vertices
and an even number of edges, Ro(H) < k +t.



Theorem 7 is proved using results from [11] about diagonal forms of
incidence matrices N; = Ny(H). One motivation for the current work is to
use this approach to give an altcrnate proof of the following theorem of Y.
Caro.

Theorem 8 (Y. Caro [4]) Let G be a simple graph with k vertices and an
even number of edges. Then

k+2 ifG is complete,

k+1 ifG is the union of two complete graphs,
k+1 ifG# Ky has all vertices of odd degree,
k otherwise.

Ry(G) =

Thus it is rare when Ro(G) # k.

Our idea is to usc a diagonal form of the matrix N,(H') and Lemma 1
to answer the question of whether 1 is in the row space of Ny( H™) modulo p,
or what is the same, whether the congruence y Ny, = 1 (mod p) has a solution
y. This would give us information about Ro(H). We prove Theorcms 10
and 14 below using this idea.

Lemma 1, however, requircs not only a diagonal form D for a matrix
A, but also unimodular matrices £ and F so that FAF = D. We must
know somecthing about these unimodular matrices for our proofs. But to
save space in this paper, we omit all mention of these matrices.

7 New results

Let h be an t-vector based on a set X. We say that h is primitive when the
ged of (f, h) over all integer t-vectors f in the null space of W;_, is equal
to 1. In genceral, we say that the ged -y of all entries of My_ (V; is the index
of primitivity of h. We say that a t-uniform multihypergraph H is primitive
when its characteristic t-vector is primitive. It should be noted that the
primitivity of a hypergraph may change when isolated vertices are added or
dcleted. In gencral, an isolated vertex of a t-vector h is a point z € X so
that h(T") = 0 for all t-subscts T C X withx € T.

The shadow of a t-vector h is the (¢ — 1)-vector W_; sh and the j-th
shadow is W;_;,h. In particular, the shadow of a graph is the vector (1-
veetor) of its degrees.

Theorem 9 ([14]) If a t-vector h and all of its shadows h¥), j = 0,1,2,... ¢,
are primitive or multiples of primitive t-vectors, then the diagonal entries of
one diagonal form for Ny(h) are given by

v

(g0)', (9"", (@)D, (gD,
where, as above, g; is the ged of all entries of Wi Ny(h).



Theorem 10 If a t-uniform hypergraph H and all of its shadows are prim-
ttive or multiples of primitive multihypergraphs, and if p divides go, the
number of edges of H, then 1 ¢ row,(Ny(H)). Hence Ro(H) < k +t.

It can be scen that every ¢-uniform hypergraph with at least ¢ isolated
vertices is primitive or a multiple of a primitive t-uniform hypergraph, Thus
Theorem 7 is a consequence of Theorem 10.

Integer vectors in the null space of Wy, are called null designs or trades.
This module is gencrated over Z by vectors of a certain type that were called
(t, k)-pods by Graver and Jurkat [6], cross-polytopes by Graham, Li, and Li
[5], and minimal trades by Khosravshahi ct. al. [7]. For our purposcs, we
need only to know a generating set for the integer null space of W,;_,,, and
we restrict our attention to this case. Here, we describe these vectors only
fort=0,1,2.

The Z-null space of Wy, = [1,1,...,1] is gencrated by l-vectors of the
form h wherc

h({i}) =1, h({j})=-1, h({{£}) =0 otherwisc,

and where 7 and j arc distinct points.
The Z-null space of 1V, is generated by 2-vectors of the form g where

g({a,b}) =g({c,d}) =1, g({b,c}) = g({d,a}) = -1,
g({z,y}) =0 otherwise,

where @, b, ¢,d arc four distinct vertices.

A 1-vector h based on X = {1,2,...,n} is primitive when the ged of the
quantitics h(z) — h(j) is 1.

A graph (or signed multigraph) G, or 2-vector g, is primitive when the
ged of the quantities

g({a,b}) + &({c. d}) — (g({b:c}) + &({d,a}))

over all choices of four distinct vertices a,bd,¢,d is 1.
A 3-uniform hypergraph H or 3-vector h is primitive when the ged of all
quantities

h(ai, a2, a3) + h(ay, bz, b3) + h(b1, a2,b3) + h(by, b2, a3)

- (h(bl,bg,bs) + h(b[,(lQ,(l:}) + h(al,bQ,(ls) + h((ll,(lQ,bs))

over all choices of six distinct vertices a;,as,ag, by, be, by is 1.



8 Diagonal forms for simple graphs

Theorem 11 ([14]) A simple graph G is primitive unless G is isomorphic
to a complete graph, an edgeless graph, a complete bipartite graph, or the
disjoint union of two complete graphs.

Theorem 9 does not immdiately give us a diagonal form for Ny(G) for
primitive graphs G becausc the shadow of a primitive graph (the 1-vector
that gives the degrces of its vertices) may not be primitive; for example, G
may be regular.

Theorem 12 Let G be a primitive simple graph with m edges and degrees
01,09,...,0,. Let h denote the gcd of the degrees 6; and m; let g denote the

ged of ell differences §; — 6,1, = 1,2,...,n. Then the invariant factors of
No(G) are

WG @)L, (92 (mg/h).

Thus for the Petersen graph P (n = 10), Nao( P) has diagonal form entries
135, 31, 08, 15!, while for the graph P, (n = 11) consisting of the Petersen
graph plus an isolated vertex, Nao(P) has invariant factors 14, 310, 15!,

Nonprimitive graphs may be considered scparately. Here is onc casc.

Theorem 13 Let G be the complete bipartite graph K, -, where 2 <r <
n — 2. Define m, g, and h as in the statement of Theorem 12, so in this
case

m=r(n—-r), g=n-2r, h=ged{r,n-r}.

Then the diagonal entries of one diagonal form for No(G) are
"2, @B 22 (R, (2077 (mg/h)'.

In the case r = 2, the matrix N, is square; it is the adjacency matrix of
the line graph of the complete graph K,,, and we have reproved the result
of Brouwer and Van Eijl [2] (the case r = 2).

Theorem 14 Given a simple graph G with at least four vertices and a prime
p such that plm, 1 is in the row space of N2(G) over Fp if and only if either
of the following holds:

(i) G is primitive with p|g but p fh,

(ii) G = K,,

(lll) G= I(l,n—l with p > 2,

(ivyG=K )UK,y withpm—-2o0rp=2,

(V) G=K, UK, ;,2<r < 5, with (plg but p fh) orp=2.
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Abstract

A quantuin jump code was introduced by Alber et el (2001). Tt has
a close connection with combinatorial designs.

A combinatorial design (V, B) is considered as a map f: (}) = {0,1}
according as a block B € (r) being a member of block set B or not.
In this paper, firstly, we define a family of mutually orthogonal partial
t-designs ( &-MOD ) {(V, fi)li = 1,2,...,m} with membership functions
fi : () = C. which is “equivalent” to a quantum jump code. An upper
bound for the number of designs was given by Beth et al. (2003). Secondly,
we derive a sharp bound of ¢-MODs for a scries of parameters and also
give a construction of t-MODs attaining the bound.

1 Mutually orthogonal partial {-designs over C

Let V be a v-set and 0 < & < v be an integer. Let f: (‘k’) — C be a map, where
C is the set of complex numbers. A pair (V, f) is called a configuration over C
and f is called the membership function ol a configuration (V, f). If we restrict
the image of f to {0,1}(C C), (V, f) is called a dinary configuration.

An inner product of two configurations (V, fi) and (V, f») is defined by

fi-fa= Y T(B)fA(B),

Be(Y)

where f is the complex conjugate of f. The norm of a configuration (V, f) is

defined by ||f]| = v~ 7.
For a configuration (V, f), let 0 < £ < k be an integer and E be an f-subset

of V. For B' € ()}, we define f|(B') = f(B' UE).
(V\E, f|g) is called a derived (or induced) configuration by E of (V, f).
Note that flp = f for E=0.
A normalized membership funclion is defined by:

Fle= {%.:Lu if 1] > 0,
0, if ||f]l =0,

For a positive integer ¢ < &, let 7 = Ui_y(%) and fix an indez function
#: T = Ry, where R is the set of nonnegative rcal numbers.



For a [amily of m configurations (V, f;) : = 1,2,...,m), (V; fi,..., fm) is
called a family of mutually orthogonal t-designs, denoted by t-[v, k, j2; m] MOD,
if for any E € 7 and for any ¢ and j,

f:lE fglE =4

fileJile = Aman

ij(E)
holds.

Especially, if we restrict the image of f; to {0,1}, a +-MOD is said to be
binary. In this casc, we can identify f; with B®) = {B|f;(B) = 1}. Hence, a
t-MOD (V; f1,..., fm) is also written by (V; B}, ... Bim)),

A t-MOD with m = 1 is called a t-[v, k, ¢] design. Especially, if u(E) de-
pends only on the size of E, that is, u(E) = ¢jg|, then the index function y is
completely determined only by ¢,. Hence we write it as ¢-[v, &, cq].

Lemma 1 A t-[v, £, c;] design is a {(t—1)-[v, k, ¢e—1] dosign where ¢,y = ﬁc,.

When we restrict the image of f to {0, 1}, (V, f) is a usnal (binary) ¢-(v, &, A)
design with A = ¢ f||%.

A t-[v, k, j1;,m] MOD is also called a (v, m, t)-quantum jump code or a t-crror
correcting quantum jump code with length v, dimension m and weight k.

Especially, if we restrict the image of f to {0, 1}, a (v, m, {)x-quantum jump
code is called a t-SEED (t-spontaneous emission error design), denoted by -
(v, k;m) SEED. For quantum jump codes, sce [1, 2, 3, 4, 5].

Example 1 Let V = {0,1,...,6} and define f;'s as follows:

fill1l1111100000000000000000000000000¢00
f100000001111111000000000000000000000
f2100000000000000111131111111111111111
0)10001011000110100001110010011001010
11000100100011110000111001000100101
01100011010001111000001100101010010
10110001101000011100000110010101001
01011000110100001110010011001010100
00101100011010000111001001100101010
00010110001101000011100100110010101

Then, [|A? = If2I* =7, |fsl? =21,

[N~ U LR

1 fE=0

N 2 ) ]
121el? = ””'f'”” 3, I =1,
1. if|E]=2,

-

and
file - file = 0 for any i # j.
Hence this is a binary 2-[7,3, ;3] MOD over {0, 1}.



Example 2 Let V = {0,1,2,3,4,5} and define f; and f, as follows:

il 11111111 100O0O0OOCOOO 0O OO

210 000 0000O0O0T1 111111111

0jrt 1111 00O0OO0OOOOOOOTI1TTI1ITI1TI1I1

1110 001 1 01O01O0T1T11O0O0T1O0T1°O0

211 000 11010O0O0T1T110010°1

31011 000O011O0T1T1HO0O0T1T1T1TUO0OO0T10

410 011 010110110010 1001

5/0 00110101111 1001O0100

Then (V5 f1, f2) is a 2-[6, 3, %;2] MOD.
Example 3 Iu Example 2 define f; and f2 as follows:
AlVv3 11 1 111 1 1 1 3 1 11 1 1 1111
fl=-v3 1 -1 =1 11 -1 -1 -1 -1 /3 =1 11 -1 =111 1 1
0 1 1 1 1 1 0 0 U] U] U] 0 6o 0 0 0 1 1 1 11
1 1 0 o 0 1 1 0 1 0 1 0 1 11 0 0 1.0 1 0O
2 1 1 0 0o 01 1 0 1 0 0 0 1 1 1 o 01 0 1
3 0 1 1 0 0 0 1 1 U] 1 1 ¢ 0 1 1 1 0 0190
4| 0 o0 1 1 ¢1 0 1 1 0 1 1 090 1 0 1001
95 0 0 0 1 1 0 1 0 1 1 1 1 1 0 O I 01 0 0

Then (V; fi, f2) is a 2-[6,3, #; 2] MOD. Actually, ||f;]|> = 24 and

2, for|E|=1,
wE)=< £, for|E]=2,|EN{0,1,2}| =2, or 0,
3 for |[E[=2,|EN{0,1,2}| =1.

It is readily checked that fi[g - fo[g = 0 holds for [E| < 2. Hence, this design is
a 2-MOD of “group divisible” type.

2 Fundamental properties and an upperbound
of a t-MOD

For the results below, we refer the reader to Beth et al. [2].

Lemma 2 (Complement design) Fora (V; f1,--- , fin) isat-[v, k, ;m] MOD,
let fE(B) = fi(B°) forany B € (Y) Then, (V; ff,--- , f&) is a t-[v,v—k, pu; m]
MOD lor some p¢.

Lemma 3 (Derived design) If (V; fi,..., fm) is a t-[v, k, g;m] MOD and let

EeT,then (VAE filg, ... fmlE) isa (L—8)-[v—E,k—£, u| gy m] MOD, where
¢ = |E| and p|g(E") = w(E" UE).



Theorem 1 (Beth et al. [2]) The number of designs m of a T-[v, &, y1;m]
MOD is bounded by

Gy
where t = max{|E| | E€ T}.

Proof. A t-[v, k, u;m] MOD has m function f;’s which are mutually orthogonal
() demensional vectors. Moreover for any E € T with |E| = {, fi|’s arc
considered to be m mutually orthogonal (Z::) demensional vectors. Hence,
m < (:::) Also, by Lemma 1, a t-[v,v — k, % m] MOD cxists, which means
-t -t
m < (2l = (") O
Our problem is to know whether there exists a design attaining the bound,
or not.
In the case of ¢ = 1, the following is known by [3].

Lemma 4 (Beth ¢t al. [3]) A 1-[2k,k, 3: (37)')] MOD attaining the upper-
bound (1) exists for any positive integer k.

For a t-MOD, 1 < t < k -1 must hold. In the casc of { = 1, Lemma 4
assures the existence of 1-MOD attaining the bound (1). Now we consider the
case of ¢ = k£ — 1. In this case, to attain the latter upperbound (1), v = 2k or
2k + 1 must hold. Here, we devote the case of v = 2k = 2(¢ + 1), that is, a
t-[2(t + 1), + 1, u;m] MOD. In this case, m < ¢t + 2 holds by the upperbound
(1). Hence the following problem arises.

Problem 1 Does a (-[2(1 + 1), ¢ + 1, 5t + 2] MOD exist?

For the case of ¢ = 2, Beth et al. [3] showed that there does not exist
a 2-[6,3, ;4] MOD. When ¢ is even, we can show more gencral and stronger
results.

Theorem 2 When ¢ is a positive cven integer, there does not exist a t-[2(1 +
1),t + 1, y1; m] MOD over C for any m > 3.

Remark: As a corollary, we can show that a 2-[6, 3, i; 3] MOD docs not exist,
which improve the resuit by Beth et al. [3].

Brief proof of therorem 2: Assume that there exists at least three f;’s. When
t is even, some argument gives us an cquality

Ti(B)[;(B) = =[{(B°)[;(B°) (2
for any B € (¥) and i # j.
In the case of even ¢, if m > 3 then by multiplying equations (2) for (i, j) =
(1,2),(2,3),(3,1) we obtain

155 (B3 (B3 (B = —IIfi (B) S5 (B) S5 (B,



which means that
77 (B)f:(B)f3(B)ll =0 (3)

holds for any B € (}).
Similarly to (2), we obtain

WACB)I + A1 (B = --- = [ fun (B + [ £ (B)I- (4)

Equations (3) and (4) imply that f{(B) = f3(B) = f3(B) = 0 for any
Be (g), which contradicts to the fact that there are at least three f;/=0's.
Henee, m < 2 for any cven ¢. O

3 Existence of a ¢-[2(¢t + 1), + 1, ;2] MOD

We can show the following theorem.

Theorem 3 There cxists a t-[2(t + 1), ¢ + 1, 45 2] MOD over C for any integer
t.

Proof. Take an (t+ 1) x 2t orthogonal array O; with strength ¢ and 2-symbols,
And take another orthogonal array Oy which is disjoint to O,.

4 Open problems

Unfortunately, the existence of a {-[2(¢ + 1),¢ + 1, #;2] MOD for odd ¢ is not
determined yet. It is known that for ¢t = 1, a 1-[4,2, —11;;3] MOD exists, which
attains the upper bound (1).

Iu case of t = 3, the following problein arises.

Problem 2 Docs there exist a 3-[8,4, u; 5] MOD over C for some p?

This problem is equivalent to the following:

Problem 3 Does there exist a 2-{7, 3. s¢; 5] MOD over C for some pu?

Remark: It is known that a binary 2-[7,3,1;3] MOD exists but no binary
2-[7,3, $;m] MOD exists for m > 4.

Problem 2 is genaralized to the problem below:

Problem 4 Find the maximum value of m such that there exists a (-[2(¢ +
1),t + 1, #;m] MOD over C for a given odd integer ¢?

The upperbound (1) is sharp for ¢ = 1. Morcover, if there exists a “large
sct of binary Steiner (-design”, then it attains the upperbound. But only a few
resluts are known for the existence of large scts of Steiner t-designs.



Problem 5 Can we find a +-MOD attaining the upperbound (1) except for
large scts of Steiner ¢-designs? Or, can we improve the upperbound (1)?
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Existence and construction of absolutely
nonsingular tensors
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1 FF

N MVE L KRS, (TRR2IGCENERZ T LW TES. 3RICHN%E 3-7
YVNWERE, TADT Y TV AWARHETEBNTESN, 01 DOEH
DE LT, 3-TYVYNOREBEEKRT S, 3-ToYNVDS 7 Rguid 3D IE
TICHELL. 3-F Y NDY A XDl L EORANERTEIRETETULEL.

R T, ERALOTF VIO AEER LI L Bl o, #ixt
EAE 3-F7 VIV EERL, TOHFELHRICOWVTRRTS.

2 3-TUVILEZTDRE
\ESE m,n, p lTH L,

A = (Gijk)1<i<m, 1<j<n, 1<k<p
5% 3FRENE, mxnxpBRTUVIVERE, BBEFICNL, mxaxp¥5F
I NEERDIETRER Py LRT
3-FUVIVARRBWT, kEEETRE

(@ijx)r<i<m, 1<j<n

BITHEESD. ThZ A4 L&RTLE TUVIVAR

iy
SR BE T Y VOBl LT

(xyjze)1<izm, 1<j<n 1<ksp =8 (Kid1<icm @ (P7)1<j<n @ (2)1<k<p

BHITENDB. (x), (7)), (@) BERRT MLV ThVLEZ, COLSIBFUVYNLVE
B 205, WFRDORY FbAE Ry MLVTHIE, (qpjz) DR
NTO LB, ZOMBBIZ0 LS. TUVIV A= (A;45;5...54,) DREEN
1 THBHI L, B DTN 4, BB D, TNALADITING, 4, DRAAT—IF
(4 = CkAko) THBHTLLETHS.



Example 1

(aije) = z aijker(r? © e,(.i o eg‘)
ijk

= Z(zaijkeg)) e o e},k)
Sk

= Zef,',) o) (zaijker(ij)) @ef,")
ik J

= Zeg) @er(ij) © (Za,-,-kef,k))
i k

P20, &) i m KRS FLOSE e T B,

&oT, ERDI-F VIV, 42 min(mn,np, pm) WO 1 DT>V VDRI
ELTERITLNTES. TIT, JAF LD 3-72V)0 A DREE rankgA %,
REEL L DT 2V IVORIE LTERT & EICQERRER 1 OT YV IVOBOR/INI LR
B3, S, FBODTYVIVIRIXTDEINODLDICRSE LT 5.

p=10DLE, mxnxp®TFU VI mxn{TNEHETEMNTESN, TR
W5, 3-7 /I LTORSEIL, 1L L TORME BT 5.

Proposition 1 (4;...;4,-1;4p) DRI (415...34p-1) OFSBULETH .

CTTHEBELZVEWIEWLDIE, TYVILOBSIL, MBMAICIKFTRC LT
H3. ROMTZ OWETY.

3 mxnx28FUVIL

mxnx | WiF 2V VORI, SHHACK{AETITIORNNTH - 1-. TOMiTlE,
mxnx2BIF UV WVOBERICONWTER D, BRELTIE, mxnx28FUV NI
VT iE, Kronecker-Weierstrass Bliah'dH b, PEBERUT S EHOETH S.

Theorem 1 (IGan59, (30) in §4, XII|) m xn {75 4, BICXHL, mxnx 2”572V
P(4;B)Q = (PAQ; PBQ)

X, Taw 7aae
Diag((S1:Th),...,(Ss 7)),

TET T EANTEB LS4, ETI P, O MEET B, 212U, &F VYN (S;T))
BERDE S BBE LTS,

(1) kxE{x2BI%KF VIV (0,0),

(2) kxkx2MF VI (0E; + i, Ex),

(3) 2k x2kx2BIF VIV (Cile,s) + S ® Ex;Ex), s #0,
@) kxkx2®52 I (B i),



(5) kx (k+1) x 2 BF7 >/ ((0,E): (Ex. 0)),

(6) (k+ 1) xkx28IF >V (( T) (5#))

Ex 4& kx k BITTRNT, L, Gile,s) & FNFN, RTEED k< k1T, 2k x2k 17
SITH%.

0 1 o

Jp=

cerma (s 2)-ou; 2).-(c 2)

mxnx2MFUVNVDS o, RV E ORI, [Ja’79a, Ja’79b,
SMS09] 2B % t‘_éhm\
mxnx2 87V VORBUIIRIERICT AT L RRES.
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rankcT =2 rankgT =3
AR L.

=)o) )= )ok(
(o)1 )o()o() 10200

Proposition 2 rankg(E,;T)=n THBT L&, F L THANALATRETH B L LA
lHTH5.

DD IDONETHS.

4 TV IVORMERR

P = (py;) € GL(n), Q = (g:7) € GL(m), R = (rij) € GL(p) iX L, (P,Q,R) DIFM
(bije) = (P,Q,R) - (aijx)

%

m n p

bijg =Y, >, Y Pisqjtttulstu

s=lt=1u=]



ICTEDS.
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MR D 31D,
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9, S€ GL(m) x GL(n) x GL(p) BMFIET BT L&\ S,
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5 #WERIT>VIV
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IXIX2WF UV IVDEAREUZ 4 THHDIEHL, 3x3Ix3IBFUVIVORA
BT S THBE. ORI ELBRILOTF YN EELELIZNWE SHOMTHITZES
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Theorem 3 X IERNT VIV REDETRER, 2—2 ) v FliilE LD R"%P
IKBWT, HikaTH3 (Hkahd Lhin) .
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o 1 <qg<plttil, (Ai;...;dg) & nxnx g BEEHHIERIT VYV TH S,
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-x2 x1/’ —X3 —X4 X X2
—X4 X3 —X2 X

n =8 Ti&, BJ#/x division algebra IX{ETE L7,

( X X2 X3 X4 Xs X6 X7 X8 \

X1 —X4 X3 —X6 X5 X8 —X7
—X3 X4 X1 —X2 —X7 —Xg X5 X6
—X4 —X3 X2 X1 —-Xg X7 —X6 X5
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On planar functions and p-ary bent functions

Nobuo Nakagawa
2011/06/21

Department of Mathematics, Faculty of Science and Technology,
Kinki University

Sectionl Introduction
Boolean bent functions were first introduced by Rothaus in 1976 in [5]. They
have been extensively studied for their important applications in cryptogra-
phy. such functions have the maximum Hamming distance to the set of all
affine functions. In [4], the authors generalized the notion of a bent function
to be defined over a finite field of arbitrary characteristic.

On the other hahd, planar functions were first introduced by Ostrom and

Dembouski in 1968 in [2] to characterize a finite affine plane with a regular
automorphisin group.
A planar function is defined between finite groups ol same order. However all
known examples are planar functions between elementary abelian p-groups
for odd prime p. In the below, let p be an odd prime and f be a function
from GF(p") into GF(p*). For a € GF(p"), the difference function A,(f) of
f with respect to a, is defined by

Ba(f)(z) := flx +a) - f(z) (z€GF@")),

and f is called planar if A,(f) is bijective for any a € GF(p")*.

Moreover let f be a function from GF(p") to GF(p). The Walsh trans-
formation of f is the complex valued function f : GF(p") — C defined
by

f(b) = Z CI{(IH“(M) (b€ GF(p"))
zeGF(p™)
where (, is a primitive p-th root of unity and Tr(z) is the absolute trace
function. The function f is called p — ary bent if every Walsh cocfficient. f(b)



has magnitude p%, namely |f(b)| = p? for all b € GF(p"). Moreover, f is
called 1eglur if there exsists some function f* : GF(p") — GF(p) such that

fb) =pt (-’ (b), and f is called to be weakly regular if f(b) = upz(',',’ ® for
some constant u € C with |u| = 1.

The quadratic bent functions and most monomial p-ary bent functions are
weakly regular, except one sporadic non-weakly regular example. Recently,
interesting weakly bent functions on GF(p**) are constructed by Helleseth
and Kholosha as the following ([3]).

g(x) = Tr(a? + 22 PP+

Is ga(z) := Tr(a(z? + 27" +P“~P*+1)) bent for what element a 7 It seems
that it is an important problem.

In Section 2 we mention a relation of planar functions and p-ary bent
functions and a necessary and sufficient condition that a function is bent.
Moreover a conjecture related to the function constructed by Helleseth and
Kholosha is given.

In Section 3 we mention strongly regular graphs coming from p-ary weakly
bent functions satisfying some conditions by constructed by Chee, Tan and
Zhang and a sketch of the proof.

In section 4 we argue the non-isomorphism problem between the strongly
regular graphs constructed from the quadratic trace function and those con-
structed from the function by Helleseth and Kholosha.

Section2 Planar functions and p-ary bent functions
Let f be a function from GF(p") into GF(p). Define

Aa(f)(z) := f(z + a) - f(z), (x € GF(p"))

The following theorem gives a necessary and sufficient condition that f is
bent.

Theorem 1 If f is p-ary bent,
[2a(f) ()] = pV
for any a € GF(p")* and any « € GF(p). And the converse is true.

The following theorem shows that a planar function correspond to a fam-
ily of p-ary bent functions.



Theorem 2 Let F be a planar function on GF(p"). We identifies GF(p")
with GF(p)® by a suitable basis of GF(p") over GF(p). We may write as
F(x) = (fi(x), fa(x), - , fu(x)) where each f; is a function from GF(p")
into GF(p). Then

afi+afo+ -+ anfy

is a bent function for any (a1, a0, ,ay) # 0. The converse is true.

Here we give a conjecture. Set G(z) := z2 + zP"*+P*~P*! where G(z) is a
function from GF(p?) into GF(p?).
[Conjecture 1] Tr(aG(x)) is bent if and only if « € GF(p?)*.

Section 3 Stronly regular graphs from p-ary bent functions
We consider the typical quadratic bent function as the following.

f(xy, 0,0, 20) :=:Ef +a:§+--- +17$;
Then f is a weakly regular bent function from GF(p") to GF(p). Because

Z Z ¢ +al) = { P2 ifp=1 (mod4)
£1€GF(p)  zn€GF(p) g —p*/? if p=3 (mod 4)

For b = (ble ot ’bn)a
j(b) = Z A Z C;?+---+z?l+b,zl+...+b":"

T1€GF(p) zn €GF(p)

P27 ® i p=1 (mod4)
= =1
—p"/2¢,* O tp=3 (mod 4)
In this example, X
F(b) = (ug) ®ypn/
where if p = 1(imod 4) then v = 1, and if p = 3 (mod 4) then u = -1,
moreover f*(z) = —3f(x). Thus f* is also a weakly regular bent function.

Definition 3 Let G be « finite group and D be a subset of G. If it holds that
DD =klg+AD +pu(G - D - 1g)

in the group ring C|G)|, then D is called (k, A, p)-partial difference sct in G.



Under the assumptions above, we define a graph constructed by G and
D.

Definition 4 Suppose that 1¢ € D and D' = D. We take G as the set of
vertices, and for 1,y € G, =~y (zisadjacenttoy) < zy '€ D

We denote this graph by I'(G, D) which is called Caley graph generated from
G and D.

Theorem 5 Let G be a group, D is a subset of G, 1¢ € D and D=V = D,
Then D is a (K, A, p)-partial difference set if and only if the Caley graph
[(G, D) is a (k, A, p)-stronly regular graph(SRG).

We consider weakly regular bent functions satisfying the following condi-

tion.
Condition A f: GF(p”') — GF(p)

f(b) = s(,'f(b)pk where € € {£1}

f(0) =0, f(-z)=f(z) (Vz € GF(p™)), f(az)=a'f(z) (Yo € GF(p))
where ¢ is a positive integer s.t. ged(f —1,p—1) = 1.

Then g is also a weakly regular bent function and p(az) = a*p(x) holds
for some h such that ged(h — 1,p—1) = 1.

In the below at section 3, we consider a function satisfying the condition
A and p = 1 (mod 4). However we may argue similarly in the case p =
3 (mod 4).

Definition 6 D, := {r € GF(p*) | f(z) =i} (i € GF(p))
S :={a%?|a € GF(p)'}, Ds:=UiesD;

Theorem 7 (Y.M.Chee, Y.Tan and X.D.Zhang [1]) Let f be a bent func-
tion satisfying the condition A. Then Caley graph T'(GF(p**), Ds) is SRG
with parameters (h, A\, p) = ((n + 1)1, 72 + 3r — n, 72 +7) withe = 1 or with
parameters (h M) = ((n= V12 = 3r + 0,72~ 1) withe = —1, where
n=p* r=3p"(p-1).

Here h = IT1(0)] = 3"~ (p=1)(p* =€), A = (p*' (p—1))*+352p* "¢, and
p=i0"'p-1)>2- :ip‘L Yp —1)e. The formcr is called of negative Latm



Square type and the latter is called of Latin Square type and known examples
of negative Latin Square type are very few.

A sketch of the proof
By theorem 5 we may prove that DgDgs = hlg + ADs + u(G — Ds — 1¢).
where G = GF(p*), 1¢ = 0. Set

-1
L, = Z () = pZDiC‘i.

Z€GF(p?*) =0

By solving conversely, D; = ’1, by L

(Step 1)

(1), L,L, = up*L, if st(s +t) # 0, here v is an unique eclement s.t. s'~* +
t1=F = 1P and u = u(t, s,v) € {£1}.

(2), LL =p* (Wt =1, ,p—1)

(3), X0} LeLoGy®! = (p| Da| — p*)GF (™).

We obtains (1) in the following. For Vx, € Char(GF(p*)), xs(L:) =
—h
u,p"'(,',‘ ?®) wherer u, € {#1}. Thus x4(L.L,) = xo(ttgsp*Ly) for any xs.
(It is used effectively that f is weakly bent. )

(Step 2)
From (3) of (Step1),

p—-1

(plDaI - pzk)GF(pzk) = ZLILU I:ul -

t=1

p-1

Y LiLo(G )™ = (9| Ds| - P*)GF(p™).

=1

Thus | D,| = | Ds| (if ab 5 0). Moreover

p-)

FO) =D ¢ = xi - n(R)

i=l xzeD;

where n € Char(GF(p)) and R := {(z, f(z)) | * € GF(p**)}. Here we set
b=0.
ep"G7 Y = Dol + |Dil(Gp + -+ + ()



Hence we have |D0| = pz""’ + g (p = 1),|Da| (a # 0) = p*'(p* — €).

Now p*D,Dy = st 0 (""“b’ We compute to divide three cases of

s+t=0, st =0and s‘f(s + ) # 0. Then we have

p-1
p’D,Dy = Z])zkcz(“'b) + (2p| Da| — p*)Fpn+
s=1
Z T C-al bsL

st{s+2)#£0. 81~ hppl-h=yl-h
(Step3)
We set T := GF(p)* \ S. It holds S? = &1 4 B335 4 BT,
T?=2l 4 e2lg 4 23T, and ST = "—(S +T) at GF(p)
(Thele are just &3 2=l 0in S48, P— cach nonzero squares and u each nonzero
non-squares in S +S.)

Set m = ,.c¢™* Then we have m? + m = 221,

From p?D, Dy, of (Step 2)
2k ‘ 2 k 2
9o P+ Dp-1 p—1 ) 1 .

+ep* Y > Gobr,

a.bES st(s+)#0, 81 M ppl-h=pl-h

We set Q:= {(s,t) | st(s+¢t) # 0,82 + 174 = ¢!~*}. and set v := o(s,t)
for v such that !4 4 t1-# = y1-%,
The third term (T'3) of the right of the above equation is the following.

(T3) = Z Z 7 Loy =

abeS (s.)eN
Z M2 Ly(s )+ Z (14m)2 Lo gy — Z m(14m)Ly(s,).-
(sL)ENN(SXS) (s.)ENN(T XT) (3.)EM((SX S)UT X T))
Hence we have
(T3) = A _ L)+ B(Y_ Lu)
ues ueT
AT ¢ + B( D; PF.—D)+P2 1D
=S + B G0 = 12 - Dy + L,
i=0 nes ueT



where A = 222m? 4+ 2241 + m)? — 2&-Im(1 +m), and
B=121m? 4+ E23(1+m)? - 2=2m(1 + m). Therefore we obtain

p*DsD{ Y = C) + CyDs + C3GF(p*)

P (-1} (p+1) v =1y eptt!(p—1)
—a G e

where C, = =epttl and Cy =

Sectiond The non-isomorphism problem between two SRGs com-
ing from exponents of bent functions

In the below, we argue strongly regular graphs(SRG) constructed from
bent functions and show that the non isomorphism betweem SRGs coming
two typical bent functions for relative small odd primes p.
Put n = 2k for a positive integer k.

We construct a graph T(f,p) = [(GF(p*), Ds) by using a p-ary bent
function f from GF(p*) to GF(p) satisfying the condition (A) as we men-
tioned in Section 3, where S is the non-zero squares of GF(p). Then this
graph is that defined as the following,

The vertices set is GF(p?*) and a vertex x is adjacent to a vertex y iff
flz—y)€S.

In below we suppose k& = 2 and set F := GF(p*). Then I'(f,p) is SRG
with parameters

s PP+ )P-1) pP*+3)p-2) pP*-—p+2)p-1)
", : - )
2 4 4
if f satisfies the condition (A) from Theorem 7.
Now there are two interesting bent functions satisfying the condition (A4),
one of them is f(z) := Tr(z?) and another one is g(x) := Tr(x? + 2P +'-p+l)
which is constructed by Helleseth and Kholosha.

Theorem 8 Let p be an odd prime which is less than 20. Then the graph
[(f,p) is not isomorphic to the graph T'(g,p).

The outline of the proof is the following.
The autmorphism groups of I'( f, p) and T'(g, p) contain the translation group
T := {tJa € F} and the scalar multiplication group M := {m,|a € GF(p)*}
where t,(z) = z + a and m,(z) = az.



Besides Aut(I'(f, p)) contains the orthogonal group G := O~ (F) of minus
type with respect to a non-degenerate bilinear mapping b(z, y) := Tr(zy).
We note f(r) = b(z, x).

Then F has a orthgonal basis {u;]1 < i < 4} such that b(u;,u;) =1 for
it =1,2,3 and b(uq, ug) = 7 for a fixed vo € S.

O~ (F) is isomorplic to the following.

{A = (a;;)'AE'A = E' } where
AE'A =

) Q21 az) 4aq)
Q12 Q22 Aaz2 Q2

10 @, a2 413 a4
01

M3 a3 az3 (43 00
00

0 0

0 0 az) Q2 Q3 Q24
1 0 @31 a3z Q33 Azg
0

Q14 d24 Q34 Q44 Yo Q41 Qa2 Qa3 dagq
1 00 O
o100
1001 0
0 00 5
Set )
Qa,B) = {y = Zﬂi‘lti € Flb(y,y) = foly) = o, B=pi}
i=1
fora € S and 8 € F. It hold that T is transitive on F -+ (1),
< G, M > is transitive on the 1-st neighborhood of 0 -+ (2),

G, (the stabilizer of u,) is transitive on Q(o,8) fora € S, S € F ---(3).

We denote a triangle {a, b, c} which satisfies
"any two vertices in {a,b,c} are adjacent each other” by A(a, b, c).

For a triangle A(ae, b, ¢), we denote the cardinality of
{v € F|v is adjacent to a, b and ¢} by N(A(a, b, c)).

We take a triangle A(a’, ¥, ) of ['(g, p).

If there is an isomorphisin ¥ from (g, p) to I'( f, p), then we may asumme
P(a’) = 0 from (1), P(V') = 1« from (2) and ¥(¢') = Yas for yag € Qa, B)
for some « and 3 from (3).

Therefore if

N(A(d,¥,c)) & {N(A(0,11,ya8))| €S, B € F}



for a certain A(a’,¥,¢’) of I'(g, p), it means the non-isomorphism between

['(/,p) and (g, p).
We used Magma to compute N(A(0, 4),Yag)) for each x € S, 8 € F.

In the case of p = 19, there are exactly 81 y,5 € Q(cr, 8) which are
adjacent to the vertex 0 and vertex u,.

Among them, differnt values of N(A(0, u1,ya,g)) are just 13 as the fol-
lowing.

{13851, 13882, 13896, 18915, 13920, 13946, 13958, 13972, 13977, 13996,

14003, 14124, 14034}

On the other hand, there exists triangles {a;, b;,¢;} (i = 1,2,3) in I'(g, p)
such that N(A(ay,b1,¢1)) = 13801, N(A(ag, bs, ¢2)) = 13934,
N(A(a3, bg, 03)) = 14281.
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{2 Berlekamp-Massey 355 & b bR FHEZRL T3, FICEBHER = 0.1
ETR2HLPY FRERHB I N T LB I, F-RBRES AU
SO EDIN R T B ML B (RABHINUDIERA — ¥ —Tdh H SRR
fE) D TGEVREEZRL TW 3, U 2W TOBENICEE 2@z o
CTRITH VA, 3XEM ML 8457 O AT NI ML 8155 L iR T & TH AT
THYH, Berlekamp-Massey #i%7 & hilBE RBUC K > TR ZNR L D GE) TH 3.
TSI E LT, MR ML B850t i (5) nkBHEHE oM 6" ¢
WE BN, hud ] REFER L TEBFNOARS Frodltsiohnd, —
HTEDEL) BEBRRITELERRBE I ERENTH - DHICFIFLTOREIR
R EHWLREDAMIERIBIUCBN B Z LItk 3, IRk X H{ERAED
PENRBTEL_LICh 3,
INFTORBETELDS L 06 ORISR, RREEHFATHS3IX
M ML 52 ML IS % TERES RN CEBLTwBE I LERLTWS,
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6 SERORE

SHOPEICO2NWT, FICHEFRLDENEVIYATELDTARS, ROY
Wiz 2 CTORBESARZMICLT, v/ YBR GHfIEAELM) 2UBT3H
RO DINE STUARICHIR T2 2 L TH B, 7 I TARRL X0 EEE»
TRHEEEHICHEZ B I LICh B, ZOBTIIAAR(2) BT 3TN
RN EESTRIT > T 3.

1. SR HIGT 3 RETHEDT b 7 7 ¥ —FUROR AT
2. I FEICNIGT 2HD 70— 7 v THT
3 Hp=(1/2,---,1/2) TDO &k h KMiMIe 54 + 3 7 R
4. Wp=(1/2,---,1/2) TOEHGE & BT

NS DO T ORI BITPIC AR Z T .

e

Z D% Topology, Informatics, and Network #1364 [2] TORFR BB/ E b
RO LN BDTHD, ZIRKBMA Y —DF %, FEN (KRHK), Eif
WA GEKR), Mafs (NEC), MR GXK), Al Ouk), Mz (K
AR) RICEHL 20,

235 3k

[1] K. Hayashi and Y. Hiraoka, Rational Maps and Maximum Likelihood Decod-
ings, http://arxiv.org/pdf/1006.5688v1

[2] http://www.mis.hiroshima-u.ac.jp/ hiracka/tin.htm
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Kleinian codes and
vertex operator algebras associated with even lattices

58 8 (Hiroki Shimakura)
BHIBATRE

Aichi University of Education

¢e-mail: shima@auecc.aichi-edu.ac.jp

ABRTREBTHEH5NSD VOA OEIRIBMICDOWTELZ [Sh) ORRZETTS. FiC
(B8] TIEBBXSEN T Kleinian 7757 & DIUFEEP.ICERS.

1 HEE=

FEERERE (VOA) DEELFO—DTHS L—> Y4 ¥ VOA Y —FIEFH
SHRENTWAI NSO EESIC, VOA LHIERESE L DIMNFRIZIEISICEN. L
Ao T, XOBMIIIERICTHTETH 5.

R 1.1. Z5et¥Fs, M1 L HRIFRERBONOFEICHEE Rou &.

Bl 1.2. (38 TLAFE, V—F8T, L—> ¥ v A U TURFRIFCUI ST 2 0584
THiLEAOND. FO—DOMME «—ME"cH . TLAFHEIEE 24 DEME
CANE Tli/hliAh 8 THZ—ENE TS THY, | V—F K13 24 o
ZEVaTUK TN/ VLD 4 THZ—ENERTTHS?2 FLT, L=y A
YTESERFERBUTLOTED 24 DIEH VOA THYNEAD 2 T 5 — R FAER
ARBETFHREIIhTVS ([FLMSS)). £/, ChoDACREICT a—f, av v
ARE, EVRAZ—MEND &S DBEERA BRSNS BINS C L LM TII RV TH B S.
NIOEE LT, TNhb 3DIcid 24 = 8 x 3 ICHIET 5 Fo LD B E D7 M%)
W-ididh'H 5 ([MS77, LM82, Shilj).

Al 1.3. EEE AT O NEAD LI ([MST73]), T=€ Y 2 5 ST DI/ IV L
D LRR ([MOST73)), 1251l VOA DigyhtETiAD LR ([Ho95)) IiEBiANH 5. BARIC
&, A5ORE, MT-OREE, VOA Oiilifi%z n & LIz EIC, KD LR L S:
n n n
4[§J +4, 2[-22] +2, Lﬁj + 1.

W& EBA, BIZOMRIC L SHETIZRRL .
6BAA, 24 ROICZHDIERMIC L B ERERL<.
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B 1.4, THHCR Ty T2, BTICRKE LOTFF A UHERENB T eH &KL
HEhTW3. 20 23R OFULE LT VOA IKHRIT AINETH A N ERTES
([Ho08]). & LT, HEFHFAICE Assmus-Mattson OFEMOFULILNK D L DPHVRE
NTW5. LA LEHS, Bile LTS B 7-0icid, 552t wlie Bbhns 3

- F LT, Holm BROBREL T3S,
R 1.5. [H603] Kleinian {F5% LS OMICKIHRME LTEA K.
A 1.6. Hexacode BT BT LA TFHFICHIST H2MRWMTHS. /e, ASHHH
Kleinian ¥ DE/NERD LR, —BIEEHT=7F 1 ORRGOMZ LR HEE O
T3 ([Ho03]).
[Sh] DEEEMNSXRMMEE NI

MR 1.7, FIYREZBECT, Kleinian P2 515N0 % Z5ifrs, ifa»sioh
BT, BTHS5ELNS VOA DIND - DDOHUUBRDh - 1=,

2 Kleinian &5

ARSI T LU Kleinian THSICHT 5582 BUHd. 343 [Hoo3) 2B Ehicw.
K={0,a,b,c} TUIADMIRE Z, x Zy #ET L LTS,

B8R 2.1. BX n O (BIE) Kleinian FS &3 K* > 72 ORI HOZ L THS.

K* Ot x ZHEERTREHOT 2 = (1) DXIICHL T T3 o DET LI 0T
WIRITDMETH S, Kleinian 115 K BMBTH B &k, K DD cOMEHAEHEL %53
CeTHD. HWEHHIERZ K" xK* = Fy, (z,y) = -y =Y o, iU, a-b=b-a=1,
a-c=c-a=1,¢c-b=b-c=1, ZDMiL 0 TEH3. Kleinian FFSFHESN &,
RN e —BTB L THS.

LE A 8 LUFD Kleinian TFEHE [Ho03) THOBIXN TV S, FHT, KA B.

# 2.2. [Ho03]

(1) ¥ 2 0ASHHM Kleinian FFFHIEHE ZEROTHE—DTHSH. Fhid ¢, =
{(aa), (bb)) TH 3.

(2) LeE 4 OHZRAMM Kilcinian 5 3EHZRWTTE DH5. Zhbld & &
& = {(aa00), (a0a0), (a00a), (bbbb)) TH 3.

AR 2.3, #] 2.2 &, ZIcfFEHC BB 1L E 8 OE AR MAF A (2R T) SR
NI VTS ey OHE—DTH D, B 16 DESHHEBEFSH (WNIZERNT) THEZ
DT @ & dt, ThaHT LILHIEL TV,

PR, BUEDILE TV A L DERICIE VOA HBBETHEM, 70w ¥ FH 1 il 75 1 i
TEPRMTFRITUTDHS. DAL, BIEOERD “RITGHESMhELL ah 5.

$—fZ, —D@ Kleinian T3 EHTH S L, BEOERE BREICU D (a.b,c) DIRIBOIERT
BOGSLEEVS. T4bB 5318, DENTHifiEANTLS.
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3 ZnfE, BF, VOA DOERGE

AT Kleinian 5, Z78 %, BFH 5 Zafrs, MF, VOA OMIRIEIC DWW T
Bciin3.

3.1 Kleinian 8% B\ TS OMRRE
BB m oL T,
& = {(0000), (111} € F™, (4 = {e € dT | wile) € 8Z)

kil
EX m D Kleinian 75 K IIHNLT

C(K) = K+d? CF™,
CHK) = K+ (d™)oCF",

BEE 4m OB EeE3. 12EL, "2 K - F,0 » (0000),a — (1100),b —
(1010),c — (0110) ZREEXPHICHA L TRHONZBRTHS. T8, RASRT
T3,

A 3.1. [Ho03)
(1) K BECNESIE C(K) bHCRHTHS.
(2) K DM 5IE C(K) & CH(K) 3EBTH 3.

3.2 ZrRASERAVERFOEMEE
BX nO x5 CicHLT,

1 .l e
LiC) = —\/—5{(%’)62 | (z) € C},
£HC) = %{(xi)eZ"l(E})eC, gx,-em},
B OMT LD, HEL-RHRRER Z 7, THS.

#3 3.2. [CS99]
(1) C HEATHHESIE £(C) E2I=ETV 25 THBD.
(2) C HIPTHNE £(C) & £L+(C) RWTH 3.
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3.3 BFEAL:- VOA DIERE

B n OIS LIS LT, Vi, THLER » DT VOA ([FLMSS]) 22X Y. MFD -1
ETZECHRD V, Ofb 1iFE 6 L33 L, BESHN V) = {ve V.| 0v) = v}
13857 VOA Lix3.

% 3.3. [Do93| L HAL=EV 2 5%6IE V, RIFRITHS.

FE 3.4. TR BTN, BFICBUAMicsd 2848 VOA DEHOHhD
M TREYHIENT VB ICHEd 55

2R 3.5 TETIKHTEMRIESHIET BT LELKRT S —DDBUL C(eg) = e,
L(eg) = Ey, Vi, BENETNHSFOHRITZL DTN AN LM THE LHHB. i
C*(Cs) C Gag, LY (Gau) CA VI C VDX, WK THETILATF, V—FH
T L= %4 VOA DL EENS. 712U Cg 1 Hexacode THB., X5, i
HME, T— 2RE ERCBLTLRIEATIARNS.

4 [EBIRIE

MR THONTMTF. VOA 1L B ERNEDOEZ 3RDE S5 5.
R 4.1. [Sh) LN 2R » OB T LTS,

(1) V,=¥Vy e LN,

) VI 2Vie L2 Nor {L, N} ={EM D).

@) V2 VyoICCFist. L=L(C)and N 2 LHC).
R 4.2. [KKMIL, Sh| C, D ZEE n ORUFE LT S.

(1) £L(C) X LD) & C=D.

(2) £¥(C) = L*(D) & C = Dor {C,D} = {hi%, d}:}.

(3) LH(C) = L(D) & 3K C K" st. C = C(K) and D = C*(K).

ChoHRDLLEN S, 1) Kleinian fF 5N iS50 - - DiiOMRWL 551253
NhFiALNS

HADH TR E 5o =B XDEH THB. ThEDHIEEMNT, VOA DIEREN
SRFOME, T BORR, Z LT Kleinian TFSOMRNE- TITE, @NEHH Y
RFLLTWB,

SEIANE, R TCHIST A VOA TH3. A TOEROITNEE/ VL e DT BicHnL

Tl VOA JEBHTREBMGIEhTVS.
SIBA] T Kleinian (FEEHWTVLREWESHIZ, HEHERIh TRV EEICE>TWVS.
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Hhi 4.3. [SN06] L ZIEE n OB TETD. COLELLYC) LD EE n OER
ZIEFE C BMEET B120DLBH3R&ME (A + L)(2)] > 2n + |L(2)] Z#if-T &5 %
A-Le(L*nL/2)/L BFETHLTHS.

EOIC, TDLE, L+ZA2 L(C) PRILT 3.

W& 4.4. [Sh) C ZLEE n OMPJEFIE TS COLECYCHK) LB LEE n/d
DY Kleinian 1¥5 K H{AHET B7DDRBEAFRMFE |(x + C)(4)| > n/4+ |C(4)] 285
&S5k +CeCH/C MIET AT L THB.

EBIC, TDEE C+Fux=C(K)NKIULTS.

FOBEN S, FIXLXKOMBEL K-> T 5.

o Vi 25 Z-BulARIRIETIRONS VOA & L(C) DL LTIHRONSB MK TFL
DMDHAERHULDIELT DB

o WEHIIBFDOTE 1 OEWDRTTENIN: V3 ORI

VOA ZTFESORT-ORIME LTRA S WT, R&RT A TT7TZBATHIENHKS
—7 T, VOA ETHHIYTR T EMTORIBIENITT I LT, HILLBAASUHSND
TeMlitEhB.
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MIEEESTEEICE DS SHEREEERIDONT

FAERZEREGRLERIER AT

1 F

1961 $EIC Erdés,Ko,Rado[2] IZ & » TRENZAZEKCINT 2 @S L%, B4
RUCE D —BHLEh TV 3. A#INHRTIE Matsumoto-Tokushige[6] i & > TH A 51/
RO FEEMRHEER VIR 2 52 5. REFETRIUCH LWORTREVEO0,
CCTHETIAHCL D ARERTH S t > 20BEREX TV A ENEEXBEICHT
3 LI RGO AR R E ZOMEED - RIAE N S, ANIFHI UL OB AFIK
EDHRFEAFUBE IS EDTH S.

2 Cross intersection families

v,dy,do,t B2< t <y Sdp S v/2BBGI=THEETS. Q={1,2,...,0} &L,i=1,2
LT (;’) ZQDd; R DRI ERKET S, (dn‘) DIFHIE Yi(i = 1,2) Heross
t-intersecting &%, {TRD 2, e V), 22 € 2 iEXM U T |z Ny 2 t BT L E LT B, %
Z T WL cross t-intersecting T$H 3 Y, Y2 IR L TY,, Ya DY A X% v, dy, da, t ZHIV
TIALMABC L, ESICEFDARTFNTESMHIITELEDY,, Yo ICWT 5 5&1F2KRD
BTETHD. di=dy=da DY :=Y, = Yo, DL &, LD cross t-intersecting (3 HLic
t-intersecting £ PEIEN, TO & FIZ Wilson[11]IC X O XOEANRSH TV S,

Theorem 2.1. v > (t+1)(d—t+1) £ LY 2 t-intersecting £ 5. COLZ|Y|< (570
LB, GERIOBLEFRFZY NQDH S t AL EFTE d NBBHEE 2D
Lk EICHS.

2RO Johnson graph O IEICH L T width ZEE LI- L &, ZOBHHE
DY A XL SFHTH L, EOICRTRRILTS L 2OMNFHIZITOI T L LHEHET
H3. CORR[RTOTY Y L—va YAF—LICBI 3 —MNZBHE LTI [9) B8
il

d :=d\ = dy D cross DFFITIIBE  DEERPANSNTED, XD Wang-Zhang{10] ic &
DHERNRENTHS.
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Theorem 2.2. Y},Y5,.... Y, % (?) DOMWHRETHRES i, jIcHLTY,,Y; & cross t-
intersecting £ 95. TODL ERORTFERXHKILD :
&) n< A ors

n d
il < a5t
.ZT {n(:;::) n> Z&%@t%.

d-t

d) < dg,t = 1 O cross DEFEITIE Matsumoto-Tokushige i X D ADEHIEREN TS,

Theorem 2.3. Y;(i=1,2}% (,?,) DFFHRE T Y, Yo i3 cross 1-intersecting £ 9 5. TD
L ERDAFAHILILD :
YillYa < (3,23) (220)-
BRYOLE7RFE i = 1,2IcH LT Y, IRQO0H 2 L% B0 d [EpHRE 2K,
LB ETHS

ARTHAUC YTV DL Matsumoto-Tokushige IC &> TH A SN TRV A XORICMS
BLHZRBEOEAORREE X BT L THS. H 3 TS RIEEEHEETHS. Wilson
ERIEA L2 RO T t-intersecting family ICM S 2R OERE BT &SI, £EKE
FERRIS B IR ML 28N B & LI IERC IR L L W X B, M4B% Wang-Zhang D
HREEGRBEVLOD,[8] I &> THHD P- and Q-polynomial association schemne i
FLT T, VIV Z D SIS 5 % TGO AR I RiiEE AW TR T
Wa.

t-intersecting families Yy, Yo ICIVBIA A FIEZ BN T 578, XROK S LikEREXS.
X={0,1}"&¥35. (2) DT FDRHAT ML LFA—YUTHLICE->T X DieeHik
TILIRTS. CHCED Y, DFHERS FIVE x; T3, XDOREEIFIETHS !

(1) Y;, Yz i& cross t-intersecting.
(2) xTApx2 =0 (d) +dy — 2t < h < v).

T T Ap I3 X ZRUHIS £ 95 Hamming scheme OBHETFAITH S, T DEEOHHES
MWT SR EHCT 2582 EIEEMERZBNTITS.

3 Terwilliger algebra of the Hamming scheme

BBO<i<vicHLT, X LOZHME R, BRTEDS : R = {(z,y) : d(z,y) = i}.
CTTXDjix = (xi)je), ¥ = W= KL T, dz,y) = [{i | 1 < i S v,z # 3} | THD.
B RS UT (—BUCBEE IR N LT TN X OFETHRA I BTV
EATRITHEGTH 0,1 OBHETH A, DEES ©

1 (z,y)e RDLE,
(Ai)x.y'-' .
0 FH5Thni¥.

COL EEMINE & “HIMEOE (X, (R} BT VY I—v a3y AF—Lichad (ROK

HUNT VI I—2a vy AF—LONBTHB) !
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(1) Ryy...,R. 3 X x X DH3HITHB.
(2) Ro = {(z,z):z € X}.
(3) {ERD ilcxt U i AEELT RY = {(z, ) : (v,2) € Ri} = Ry DURILD.

(1) 4,5,k ZTRCEEL I L & (z,y) € Re KMLTpf; = {z€ X : (z,2) € Ri(2,y) €
R;}| Ot 4,5, k ICOIMELFE L TIREY (w,y) € Ry DMWY I K50

(5) (FED i, 5, ki LT ptk.j = )_;;.i AR,

TV YI—2ay AF—LEED D HIMROETTIIN C L TEKY 58 % Bose-Mesner
RELIEND. CTTERENT (X, {Ri)i,) & Hamming scheme EFHINT V3.

XIC Hamming scheme @ Terwilliger algebra Z2E &L & 5. z:=(0,...,0) {cn U TR
IV E; = B} (z) ZR TS -

. 1 (Tvy)ERto)a%s
(E; )y.y= -
0 FHThneE.

CDEE EJAE;(0< i, 5,k < v) THEMENS Bose-Mesner (VDG T % z it B
5 Terwilliger KB L LS. T hidd B coherent configuration @ coherent algebra {2725 T
ENHISENTYV B, Coherent configuration &7V VL~ a AF—LO—R{LTHD,
ERO7YV I IT—Y a3y AF—LONMOD (5) ZIND ERE,(2) ZROMEUCEZ TATIRIKE
& HIMFROHDI L THS :

{(z,z):z € X} 3H D RBOCHREICKS.

Coherent algebra &1 coherent configuratin ® ZX OB BTN ERT K TH S.
Hamming scheme @ Terwilliger algebra #8283 coherent configuration & i& “JFll{HOBE
TN E; ALE; LB 6D THS.

4 Positive semidefinite matrix associated with a subset in a

coherent configuration
Hobart [3] i coherent configuration 238 2 TG DA R EIEH L T, D inner
distribution 2 SR MEEMITRAWER LERLE, ThR7ViyI—raryXd—ALo0
#5344 & D inner distribution M MacWilliam Z# T3 % dual inner distribution 7%} £k
B~ S b Vicix 3, L5 BHEUFE coherent configuraiton NMEREL 126D THB.
Coherent configuration % (X, { fi}ie1) & L.f; DBETHE A; £ 95, GilcLTm,; =
15l &BL. Y & X OFFBEL LY O inner distribution(b;);e; ZXTREH S :

bi=[{(z.y) €Y x Y : (z,y) € fi}|.

CDEE XOEMARILD. AHE [3, Theoran 2. 2] ZBHE iz,
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Theorem 4.1. D(Y) i= Yie; & A @ HERAITIITHS.

EH 4.1 &2 Hamming scheme @ Terwilliger algebra A% 3 coherent algebra & t-intersecting
THB Y, KBTS, Ty q, = (B, + E)T(E), + BL) £33, Ty 4, B T O
&% () U (§) ML 728 DT, U coherent algebra i3, Cross t-intersecting T8
30, DR FAEENFN , va L LT &, B 4.1 % = XL 4+ X2 [CEAT

: Ixil © Ixal
3.y = f;T’[A,,l—,jﬁ LE3 CDLE

< yil . s -
. mhd' A‘Zibdl + Z ( ' __v B —‘) Ed2.42iEd2
i=0 \pidy—iv-d)—i i=0 \,idy—i,v-do~i
dy—t ytllg—tlri-?i )
+ Z ~— (bx;lAdz—d|+2iE¢;2 + Ejg Ady—dy +2i E&]) (4.1)

i=0 (i,dl—i.dz—ca+l'.v—lf2—i)
RERMITATH S bbb,
Schriver[7T] IZ & D Ty, 4, D Wedderburn MEAROBSNTHEOTENEINNB L (4.1)
DEEE WL ROTINDOLIERMME L FIMTH S ¢

dy R dy—t o — —
.Zoyﬁ “Qrlion. Br,dh) % YN Qi ag, Badr) - {_—j;ﬁjf—_;}—:
= 1=
dy—¢ X — — da ) ]
20 b~ Qrlisa, B dy)- {-d;iidf_:): ;,y-'j’-i - Qris g, Ba, da),
1= 1=l
(4.2)
0 S r S dl:
da '
(Z ygé : Qr(i;aZo ﬁ‘Z!dZ)') (43)
i=0

dy<r<dy, TCT

-nn+a+p8+1,-z

‘. B.N) =
Qu(z;a. 8, N) 3F2( et 1N

l) (0 < n < N),

01=d|—‘U—1, ﬂ|=—d|—], (\'2=d2—v—l, j32=—l12—1.

TH%. TNXHRDOEELM RGN TES:

maximize Y 9ot yR2-hry — /V([V;]
T N h N
subject to y; 20 for all i, 4, h, (P)

0 — 0 =1
Yin = VU2 )
(4.2), (4.3) are positive semidefinite for 0 < r < da.

FouFu,..., Fa, € SRP?, fur o1, fareze--r f, ER ETBE, LEOMMIMMIERTER S
ns:
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dy d2
minimize tr(z F,)+ > f

r=0 r=d)+1

. 0 1/2
subject to  Fp (1/2 (/) ) FL oG B 20, Saen fae2s e Jap 20
d;
Z()Qr(i;ahﬁhdl)(pr)ll <0 (1<i<d)
rs

dl - bl .
2. Qrliiaz, fo,dy) o (F)12 <0 (0<i<dy—t)
r=,

d] d2
Z(]Qr(i;ﬂz,ﬁz,dz)(l:'r)n + %‘: lQr(i;O%ﬁ'Z:d?)fr <0 (1£igds)
r= r=d;+
(D)
0 0

d <h<
0 fh) (dh+1<h<
da), Dy := (yitg?_d‘+2h)1si.j52 0 < h < da), Que = (Qihsije2 (VS h < dy) LIS B
W —DIFH A, BICH LT, Ae B:=TrABT L LTz L &,

B, RO XS ICRHEZ BT ES. Rid2MIUCT B0 F, = (

tr(520 Fe) = (T2 Qoeo Fr) o Iy
> (X% Qoeo Fy)e Dy

2 ZﬁLo(ZLo Qne o Fy)e Dy
dy da

=Y () _QuoDp)eF;

(=0 h=0

> (Sig Da)e (1‘/’2 1{]2)

dy -t
— da—dy +2i
=D i3 :
i=0

o T |\N||Yz| DL ERD B 12DIIE BAHBIED feasible parametersFL (0 < r < do) 24
AhiELn,

5 Main theorem

Theorem 5.1. Y; C (;:), Y, C (ﬁ) % cross t-intersecting ET 5. CDEE v > d)+2dy—1
THNEVIIY2l < (P2)(57)) PLD. TCHSRIOBEHRRIFER Y H QOB
H2—mZB3B Q04 RAMRELUISLZLETHS.
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Proof. RICE 2> TEDB F, = (f)1cijc2 D (D) DRMEMI-F T L ZRIUL L :

o VDG O@ =20 + 1750 = (17 (7545)

" 2 (v—r+1)( -dl)((h) ’
jm (42D @) () - 2r + D(75®) - ()7 ("78)
g 2 (w—r+ 1) ()
12 _ D —2r+ (v = Dayrildz =+ 1), [(=da)(=v +d1)r
r 20+ V)r{=v 471~ D, +1 (=d\)r(=v + d2),

TTTF = (1‘/’2 1(’)2) THO,1 <1< dISHUT [HRIHITHS. 1<i < < AL

T, QY ZIEHITHIT (. h) BAKTHABNTOB LS B Qu(hi 0y, B, di) /g Amgi=ar.
COLE QY IEANTAITSHS [1). &oT Py, B ZFNFN(QY)™' O (h, k)15 k-5
L¥BL, (f), REMIT

(1 l)(d - ) |
1 AL AL el L 1 1
(fr )r_o* 9 (PllP p()IJ d )
v—1 v—1
(f'l‘l)l"! _ (dl—])(dz—l)( 1 P22 )
r Jp=0 — 2 P22 0 P22

(134

2vdh I e
- —Py-.
(f ) =0 = 2P(:j d
(feasible parameter 23D 2BHUIIET DK ST (QV) ! DHIRY FNVDO—REETI L
BV ERSTIELEDIITHS. ) TOXRBERGCTRINZTIC & D TR0 3§
BRI ORI OV TR T E 3.
IREGICBIEEETETH 5D, % F OITNIRMNFATHHC L 2R S.

muF)
MR- (1)
1w -2l (35 = (et - T (2 03400)
4 o-r-ap AR '
STC glo,r) =TT ((35) - (COrC3n) - I, (3 (5077) &38<. glo,r) B33

gl'f‘ﬁéc:ﬁi‘giﬂafckb‘ WoMC g(v,1) =0 TH B, r DL &,

(3-8 ) (293

v—di=3N\v—-d; (v-di—1)(v—-d;-2)
()R ey

> 0.
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RiTr > 2H0MUB O L 2SI gv,r +2) > g(v,7) THD g(v,2) ITDOVTIDOED

(udldlz.’. .—tb 2)( _ )

d]dz(dl - 1)((12 - l)
RIERLTOBHEED v > di+2dy - 112 & D =2d1dy + (dy +d2 + 3d, d2)v—2(d, +412)>v2+v3
MEEEDDB. &oTy(r,2) LIETHOHIR glv, r) BEZ L Doz, > Tdet(FR) =0,
det(Fy) > 0,...,det(Fy,) > 0 AMKILD.
&2 T VIV < t(TiLy Fr) +2r_d,+| =y (620 () BomE e,
EBHUTALE Y =0hD z Y2 Qe (s i, Biydi) = 0BY2 > 7 > d; OWHTRILD.

COLERY; I Jolnson graphJ(v, d;) IC B4 B width d; — 1, dual width 1 @ decendant
EEEENRTOVANRELD, TR QDO—RAEZ 8T d; sl EE 2k LB T LliiTh
% T &M Meyterowitz IC & DIRENTWLS (1) O

CTTIt = LICBU 3 THAERCOVTHER L. RERBEFHEIER ¢ > 11ITD00WT
LRETEB1-0,t > 1 B 3B TERMIC DOV TIE feasible parametersfi? 2R3 T
EMHENE RO, BB TR ZOL S L DR EER D> THhigw,

g(v,2) = (=2dyda + (d) + dy + 3dyda)v — 2(dy + da)v? + v3).
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Coset Bl difference matrix (CDWT

fRAKT g
RKak#¥E  ®Kir T8

1 Introduction

Definition 1.1 U Z(if u DBEL LT kAeN ET S,

dig o dias
kxul {79l H = : : N BEU LD (u,k; \)-difference
der 0 dran

matrix THB L3 dyj € U (Vi,j, 1<i<k, 1 <j<ud) THORDZHEE
RI=T T LRV,

Y dijdu T =M EZU] (1<h#i < R).

1<j<uA

(e, k ; A)-difference matrix iU T k & ul DREISXOMRHHIS W TV 5.

Result 1.2 (D. Jungnickel [3]) & < ul.

KiZ difference matrix BT 5 EHED—D L x> TV 5.
BE. 5Xonl e, \IiEH LTk DRKMAIZES 2B Hh?
: = ul TdH5 difference matrix, DX D (u,ul;\)-difference matrix % U
EO—7 A—ILTREVY, GH(u,A) over U TET.

Example 1.3 X3 A (3,6;2)-differcnce matrix (i.c. GH(3,2) 1T5) over
of GF(3)* Th%.

00000 0]
0011 2 2
12010 2
121020
100 2 21
021201

AN TS,

Result 1.4 (D.A. Drake [5)) U ZMBEiE « DT 21 A ET5. U D
Sylow 2-f¥A% cyclic T (u, k; A)-difference matrix over U MMFEETIUE L < ¢
TH5.
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INEI u, MIEDV TR END SN TN 3B,

Result 1.5 (P.H.J. Lampio and P.R.J. Ostergard [4))
(i) (3, k; 5)-difference matrices over Zz HEFITHIEL k< 9.
(ii) (5, k; 3)-difference matrices over Zg AFEET UL k < 8.
(iiii) (6, k; 2)-difference matrices over Zg HEETHIE k < 6.

Difference Matrices D[EI{E{E
B U LD 2D difference matrices WROERTH Y > 5 L ERAETHS
EWS,

(i) (L&D 2 TR
(i) {FiE0D 2 RO
(iii) (EEOTICENSHED | DDFTEMNTS
(iv) {EBDORNSHENISED 1 DDFEMNMNT S

2 coset |[CBT B difference matrices

Definition 2.1 H Z¥ U LD (u,k;A)-difference matrix £33, F/z, H
DITEREDILEE RTHL, RCU™MU D u) BOTIRE) LAB. COL
x, HNU" O3 W ICBIL T coset B THB LIERDEMENIAIZE
haT xS

(i) WCRT»H%.
(i) weWHMDreR%EbE rwe R THS.

¥i:, wER HOHB1T7LT2LE HN w TEREIhZEEIRE (w) iU
T coset MTHNIE, HIZTw I TBLT coset BTHBLEBL TS,

Remark 2.2 (i) R W { DHDE cosets gV (g € U**) DHBRETH 5.

A
(i) Iyr:=(1,--- , 1) e R THH, U & exponent p D p-HTH 5.
((cweW — uw® wuw?--€R)
(iii) 1un EREBTLDOT wid U DETEL & 5 € N L.
(v w= w(luz\)—l)
(iv) HF W IZBIL T coset ) < H XEFED w(e W)IZFL T coset B
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Example 2.3 U = {0,1,e,b} % GF(4) DB LT 5. Xk (4,8;6)-
difference matrix over U Td 5.

ho |

[0 0000000000000 0O00O0GOGOO0O0O0O
hy 0000O0O0T1 1111 1aaaaaabddbdbdbod
he 0l a 01 albdbblbblablabO0ao00
by |01 a0l abdDaaleab01b01bb1 b
ha| 001 aablaab01bb0o1lab0O1l1adb
hs 001 aadO0bbalollabo01l15baalodo
he 01 bab1l1011abaaldbo00O015>balkb

L h7 ] I 01 badb110O0babO0Obdb 1l aaabaoloo0

L I ol — R~ B~ o — )
L )

COPICBWTEIThL 0<i<NE2HRBUH =Uo0. .- DU Dt H
BLE, W= {ho,hy, ho,h3} G U OB DBHIBETHD, ha+ W =
{ha, hs, he, h7} (& W OEERE U ICBFBBRHTHS. W-T W IKIET
% coset D difference matrix ¢ HB T EMHTEB.

coset B4 difference matrices I/ LT de Launcy ([1]) 3172& R A BEL
2% GH(u, ) 1T % %% L T group Hadamard matrix &FAJE.
/e, McDonough-Mavron-Pallikaros ([2]) (& GH(u, A) 175 H over U »*
coset 84756, U I clementary abelian p-group £%5Z L &R L.

Example 24 q=p" CTp ZH%EETS. U={g, - ,9,}, ;0 =1 %2f1
8 q T cxponent p D pgronp £F35. TDELE, HBITICMT S (q,p;))-
difference matrix H {ZRICEMATH 5.

wpP!

CCTw= (ngv']!]%"' ngq)’ J= (17"' 11)(= IA) C(Dfﬂl'ﬂi A h‘
ERXTH B LicEmEhizw.

Question 2.5 q = p" ZHREp DREL LT, H B cosct BD (q,k;))-
difference matrix Tk > p & E A I ED X S LHIENDH. p| A DR
URTA® YN

LD Question ICILT k= ud BOERERTENTES.

Theorem 2.6 H U LD (u,u);\)-difference matrix T, H HHBITIC
PAL T cosct ST N =1 D FE /T exp(U) | A THS.
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(AEFHOBIRE) H = [hij], k =ur £ BL. EBlCg= (g1, ) €U¥, z€U
WKHLT, g = (q1x, - ,gux) LTEEDSD. X1 HOF 1T by = (hiy,--- , hair)
LBEWTh e Uk BB, HHLBONBESHE (P,B) DRLEP 7
Oy Z7IE B ZRTEDHS.

P={(i,z)|1<i<k, €U}, [P|=ku
B={Bj,|1<j<n, yeU}, |Bl =u%r
Bj.y = {(1,’11_,'1]),(2, hZJ’.‘I),’ o »("’hkjy)}

CCTHBAMRRINEOTZMFRL LTREHT S, (E> TRMBED LD,
(i,a) € Bj,b — a= h.'jb

K (i,a), 7097 By \DJT x € U DIEH p(z) X TEDS.

A (1,0)?%) = (i,ax)
Jay s Bj.bp(.r) = B; bz

H DMT by iU T coset BID L &, [ (i,a), Ty Bj, NO{FH 0(h,,)
ZRTEDS.

}.55‘ . (i,a)"’("'") = (I.’,a), =L h,‘hm = h[-
Tay . Bj.bo(h”') =B, -1,

Fsl s

TDLE

Ci={(i,x) |zeU} (1 <i<k)
Bi={Bj:|zcU}(1<j<k)

EBFE, (P,B) I (CYERIFR, {B;} 270y 95 AICED resolvable
7% transversal design TDy (k, «)([3] BH) L &2 2 LAREN, D
G := p(U) x {8(hm)} < Aut(P,B)

TG 3P L semi-regular iIC{EAT 5 T LT E 3.

LU DYz R5E 9 huE, Theorem 2.6 (EXDK S ICHITES !
A>1 LHETS. Remark 2.2(ii) & D p = o(w) (o(w) D) IHEHTH
5. £l HAMTwiCBALU T coset B THHLTHEW =(w)dA>1T
HR3IMoWHEBTay I TLREETD 270y IR B, B; Mehs.
CNDLEBeB, CeB; i W RAMSE BN C IC semi-regular I
F¥5. #>T [W[||BACI=A - p=|W||A&%3. O

kAMcKENE ZRIC T &M (1, k; A)-difference matrix I DWW TE R
DO HKN S B.
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Example 2.7 Theorem 2.6 TA=1& A > 10Dfe#H3.

(i) F = GF(p")* = {ki(= 0),ka(= 1), -+ , k;} 2B g OBREKOILBE
L LT gxgfTfl H = [hij] # hij = hih; TEDS. TDLEHWE (q,q; 1)-
difference matrix TH 2 T L BB HICEMIDOENS. H Z de Launcy H5E
#& L7z group Hadamard matrix D 1 D TH D, %> T coset HTEH BN,

ptA=1TbH%.

(i) ROMFTH H B W = (wy ICHTB U = {(a)(x Z3) LD (3,18;6)-
CCTwid HOB21ITHS. £z, (ER
Die€{0,1,2,3,4,5}IDNT3i+1,3i+2,3 + ITTREMBE U IcBiI D
ER5TBE (w) D coset L >TWVT 3| A=6TH3.

difference matrix T&H 3.

1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 e a® a a®
1 1 a a® a a®
1 1 a a® a a?
1 a2 a2 @ a 1
1 a2 a2 a a 1
H= 1 a2 a2 a a 1
1 a 1 a a® a
1 a 1 a & a®
1 a 1 a o a
1 a a> a2 1 a
1 a a2 6> 1 a
1 a a2 a®> 1 a
1 a2 a 1 a® a
1 a2 2 1 a® a
[ 1 22 a 1 a® a

1

ST

8, 0 =

2 — 8,8 -~

]
[N}

-nwbn—l

b”p,_.

1 1 1 1
a a a a
a2 a2 a2 02
a2 a2 a a
1 1 a® a?
a a 1 1
a 1 a a®
a2 a a2 1
1 a2 1 a
1 a a*® a
a @ 1 a?
a2 1 a 1
a @ a? 1
a2 1 1 a
1 a a a°
a2 a 1 a®
1 a2 a 1
a 1 a? a

1 1 1 1 1 1
e a? a2 o o a® a?
e a ¢ a a a a
1 1 a 1 a a® a
a @ 1 & 1 a a
a® 22 a & 1 1
a2 1 1 a a® a @
1 22 a2 1 a 1 a
a a a a2 1 a® 1
a2 1 o> a2 a a 1
1 a2 ¢ a 1 1 a?
e a 1 1 o a® a
a 1 a a® &2 1 a
2 a2 1 a a a® 1
1 @ a2 1 1 a a2
a 1 a® a 1 a® a
a2 a2 a 1 a*® a 1
1 ¢ 1 a® a 1 4

3 (p,k; A)-matrices with p a prime

UTTRRERETS.
Hypothesis 3.1

() HIIHEBHIB p DB U ~ Z, £D (p, k; A)-difference matrix TH 5.

(i) HiZHDHBTwICBALT coset THH, D k=pr,r>1.

(i) w=(J, Ja, --,JaP N eUP, TTTJ=(1,---,1) e U™
w DBICADET H DIEEDOIT v ZIICROETERT :

V= ('UQ,‘U],---

% v @ i-part LS.

» Up-— 1) € (U'\)Pv
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z2=(21," " ,2m) EUMIKXLT, ZEZRTEDS.
E= z[ +"’+z1" S Z[U]

ho:=(1,--- , NeUP &L, R= ho(wyUVh (wyU---Uh,_(w) TH
36, REFEELTI.

M ho
Mw hl
H=[Mu]:= , CCTM=| | (1)
MyP~! h._

HSMIC R := ho(w) Uh(w}U---Uh,(w) & H DITLEATHS.

TFTE (1) OED difference matrix H(= [M,w]) % 8 U LD w =
(J,Ja, - ,JaP~ ) ICT B coset B! (p, k; M)-difference matrix OFHER &
R LILT B, (LIED coset B (p, k; A\)-difference matrix (& §1 Tib~7/=
EMEEBOEH T IEHBICTES0T, RSO SIFERIZGREZTE
W LIZHO N THS.

HZZERIL 32 L EXNRDIID.

hywt = AU V(3. 5) # (0,0)

WFKNLUTv=hih, ' LT v= (1, - ,Up—1), v € UM EBK.

vt = hy, (hiyw=t)"! WD hyw™t € RTHBIME, vwt = AU A D fD,

e, Gi=mipl+mia+mia®+ +mp_aP EBL. TITE
CDLE, Emy; BEBERT, XD p? + pBHOFXZES :

mig+miy+--+mjp = A (2)
(0<i<p-1)
(2) DA :
v; DT DEEN X D THLH.
Mo+ Mgy +Mas o+ +Mp e (p-1) = A (3)
< Vs,t<p—1)
(3) DI :

vwt DR i-part iKDWT w = (J,Ja, -+ ,JaP™1), v = (vo, 01, ,¥p-1) €
(UMY &b (Ja))t = (a¥,--- ,a®) & w* DN i-part THS.
E bz, 9 =m;el + m;1a + "1,‘_2(12 +--- 4+ mg‘p_la"" &b
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ywt = Yocicp-1 2ogi<p-1(Mij o’)a* = ZOSi,jSp—l m;ja’t (= AU) T
5.

Efe, jHit=3s <= j=s—it (mod p) THAND, Y cicp) Mis—it =
A (0<s,t<p-1)MEDID. O

D p? Bl omi; o3 p? +pBOERKY my; = Mp (Vi,5) 28T
LI O ERT.

Lemma 3.2 p|AdD 6 =(A/pU (0<i<p-1).
(3EMH) do,70 € {0,1,--- ,p—1} ZHEEIBTBEL T, mi,j, = Mp D
UDTLERT. S, ={(i,j) €Zp X Zyp |ia+ j =ipa+jo} (a € Zp) &I
VHEXDR D 12 D.

(i) 1Sel =p, Sa NSy = {(i0.Jo)}. a #b.

(i)) Sa N {io} x Zp =Sa N Zp x {jo} = {(i0,Jo)},Va # 0.

(ill) i #£10,] # jo = 31&(# 0) € Zp S.t. (Z,J) € S,

CTTS, = {(i,Jo—(io~1)a) | i € Zp} = {(i,Jo—ia) | i € Zp} THBN5 (3)
ZRANT Z(i,j)ES.. mi; = A -, ZlSaSp—l(z(i,j)ES.; m,-,-) = (p—-1)A
2T (1) & (i) &Y (p— Dmigjo + Xisiy. jmjo Mis = (P~ DA

WS 3 ez Migi(= A) & Tiez, mijo(= A) ZMA BT L2 Y (i) A
D PMigjo + i jez, Mis = P+ DADANSB. TNEY mij, = Ap TH
5T eMhB. 65T Lemma DD, O

UEDT EZRIWCTROSERZ1]S.

Theorem 3.3 H ZFHEEHIE p DR U LD coset BID (p, k; A)-difference
matrix (k > p) £ 35 LAXNDILD.

@ plA

(ii) U £ normalized (p, k/p; A/p)-difference matrices Ho, Hy, - , Hpy
NEEL T HIZRICEIHA

(Ho, Hyy -+ \Hp_y)
(Ho, Hy,- - ,Hpy)w

(Ho,Hl,- . ,Hp._l)wp_l

(w=(J,Ja,- ,JaP~" 1y e UP J=(1,--- 1) € U")
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H=

M, FRICE R S5SNIz U LD normalized (p, k/p; A/p)-difference matri-
ces Ho, Hy,--+ \Hp KNMLT ) THEALSNBITINE w T3 U LD
(p, k; A)-difference matrix T3 5.

(REBR) 7 = k/p, 1= Mp, hi = (hig, hin, - ,hip-1), hij€eU* (0<i<
r=1) £BL EHIC i #RIKHLT, v="h,h,” ' LBE jez, il
Tvj = hi, jhiy ;7' EB< L Lemma 3.21C& D 3 = pU THB. #-T, &
ho'j
JO0<Lj<p-NIENLTH;:= : (& U LD (p,r;p)-difference

hT—l,j
matrix Tdh 3.

Example 3.4 XODT75] H 13 2.7 ® difference matrix % Theorem 3.3 iZ¢
S>TEHERICYNREA 2L DT, U = (a)(~ Z3) EDITw(E71TH) KT
cosct B GH(3,6) 1THITHS. #%ic{0,1,2,3,4.5} L Ti+1,i+7,i+13
DEREE U8 IS B4 B 3578 (w) ICBIT B coset &7x> T3,

1 1 1 1 1 11t 1 1 1 1 1]/[1 1 1 1 1 1
1 1 @ a a®|1 2® @& e a 1|1 a 1 a da a®
1 ¢2 a2 ¢ a 1|1 a 1 a a |1 1 a a* a o

1 a 1 a a2 a?|1 1 a a a a*|1 o> @®> a a 1

1 a a2 a> 1 a|l a a® a2 1 a|l a @ @ 1 a

1 a2 a 1 > a1l a2 a 1 a®> a|l a® a 1 & a
11 1 1 1 1|la a a a a ala® @ a® a® a® @
11 a a® a a®|a 1 1 a® a2 ala®2 1 a2 1 a a

1 a2 a2 a ¢ 1|a a2 a @2 1 1]a2 a®> 1 a 1 a

1 a 1 a a o*|a e a> 1 a2 1|a®2 a a 1 1 a

1 a a2 @ 1 ala &2 1 1 a e®|a® 1| a a a® 1

1 a2 a 1 o> ala 1 a® a 1 a®2|a® a 1 & a 1

1 1 1 1 1 1]|a® a*> a®> a®> a® a®|a a a a a a

1 1 a a* a a?|a2 a a 1 1 a®|la & a & 1 1

1 a2 a2 a a 1 |a® 1 a2 1 @ ala ¢ a® 1 &% 1

1 a 1 a a* ¢*|a2 @2 1 a 1 ala 1 1 @ a® a

1 a @2 a2 1 ala®> 1 e a a*> 1|a a2 1 1 a @

| 1 ¢? 1 a2 a|la® ¢ 1 a® @ 1|la 1 @ a 1 &
BRAID 6 1TH 52 5/MTH M T D coset DRFTTDIRBZEEZS. K>T

M
H=| Mwv | DIETH%.
Muw’

Theorem 3.3IC &Y, XKD 3 DDITFHNIT DT O ITH & L TR 5Nz
U = (a}(~ Z3) LD GH(3,2) {TAITH 5.
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[1 1 1 1 1] [
1 1 a a a? 1
1 @2 a2 a a | 1
1 a | a a a*|’ 1
1 a a%® a® 1 1

[ 1 a2 a 1 & a | [ 1

Example 3.5 p = 2 & LT H, & H, 2{i# 2 DRERF {21} ~ Z,

1 1 1 1
a® a® a a
a 1 a a
1 a a® a
a a® a* 1
e a2 1 a

— o e

S
)

B8, 0 m =

=]
QN —
%R -

E]
-8

2

/K -

FDEED n X normalized Hadamard matrices £9%. TDEE, H =

H, H,
H, -H,
Hadamard matrix TH 3.

n

n

BHDEn+117(1,--- ,1,-1,--- , -1 IZIWF 3 2n KD

Example 3.6 XD H,, Hy, H3, Hy i& GF(4)* = {0,1,a,a%} ~Zy xZ; L

D GH(4,3) 1ITAITH 5.

I 0 0 0 o0

0 1 1 1 @
}

&8 o
ﬂ»o

g

a a a’
¢ a® 0
a a a® 1 1

coooocoOoeEe 00
£
e
)
~N
(=] a8
a &
- -~
8,2 @8 ~ 3 2 ©
B = @8 - o &,
8, —~oa 8 a o

™
a
°
nﬂ
°
© 8 = =

8 ® = a8 - o
-]
a

L =

)

, ©

o 8, —
-—-

iy =

~
~

&
2

hr®%
- o0 =0 8,8 o
~

-}
~
<

B 28 o o= OO
-]

-0 &8 8 o —

-]

~

a

Y
8,0 = = o

a

Y

£
-8

(= — = I — I — I — I — A - - -]

s 8 &
e TR )
-3, e
a8
<
8 o = =
-8 o8
-]
g

a
~

o

a
~

=8, 0

&
g
(=]

& a8 = o

]
~

s

ﬁuo
(=3

o -
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a® @ 1 1 1
1 a* 0 a a
« 0 a a0
0 1 a®> 0 a
a? 1 1 a 0
1 a a« 0 1
a a* 0 | a
a 1 a LI &
0 a a® a 1
1 0 1 & a
0 0 0 o0 O
a a o a4 a°
a® a2 1 1 1
1 a® 0 a o
@ 0 a o 0
1 0 a2 1 &
01 0 a a
@@ 1 1 a 0
1 a ¢ 0 1
a 1 a 1 a
0 a a® a 1
a a? 1 0 a

CTT M = (II),Hs, Hy, Hy) (12 x 48 matrix over U = GF(4)*) & &
W wp = (04,04,04,0J), wi = (0J,J,aJ,6*J), w2 = (0J,aJ,aJ,J)

w3 = (0J,0e%J,J,aJ) £FB. L, J=(Q,--+,1)e U

ZDLkENE

W = {wo, w1, w2, w3} ~ Zy x Zp IKBT B8 U LD GH(4,12) 1THITH 5.

M+ wp
M+u
M 4+ ws
M + wy

H OIT2KITEMEE UB ICB 2598 W O 12 8D cosets h B3 5.
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Question 3.7 EHplciHLTU~Z, xZ, LB L E, U ED coset B
(p?. k, M)-difference matrices DARFEICDWTHIANNZ B

BEE

(1] W. de Launcy, Generalized Hadamard Matrices whose rows and
columns form a group, In : Casse L. R. A. (Ed.), Combinatorial Math-
cmatics X, Lectue Notes in Mathematics, Springer, Berlin, 1983.

[2] T.P. McDonough, V.C. Mavron and C.A. Pallikaros, Generalised
Hadamard matrices and translations, Journal of Statistical Planning
and Inference, Vol. 86 (2000), 527-533.

[3] T.Beth, D. Jungnickel and H. Lenz, ” Design Theory™ Volume I, Second
Edition, Cainbridge University Press, 1999.

[4] P.H.J. Lampio, P.R.J. Ostergard, Classification of difference matrices
over cyclic groups, J. Statist. Plaun. Inference 141 (2011) 1194-1207.

[5] D.A. Drake, Partial A-geometries and generalized Hadamard matrices
over groups, Canad. J. Math. 31 (1979), 617-727.
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On a description of the Buratti-Del Fra dual
hyperoval and its quotient

HIEE AO7SEA (Hiroaki Taniguchi)*

1 (ZC&IC

C DAl HmBRK R TFAYE) & DHFEE (7] KiEJWTHY, XHE
BAOISHY £9, FEZEM PG(n,2) NOEXTTIHEINE (dimensional
dual hyperoval, DHO) & C. Huybrechts & A. Pasini [4]IC& DLLFD &S
KRS NI,

ER 1 (GF(2) LD DHO). m-XieHfi2EM PG(m,2) ICBF 3 d-Kciksr
ZEMDRE S B, PG(m,2) KB B d-RHBIETH B L3, UTD
TEWKDUDT L THS:

(1) SICHBTBED 2D d-E5%ME 1 HTRD D,

(2) ST BEDRKEZ IMD d-Hin2Emls s R T,

(3) SITIBmY B d-BR7P MR PG(m,2) ZERKL,

(4) S i& 24+ D d-FRH7EMD SRS,

UTFd>2389%. GF(2) LD d-XcDRHHEIFE MRS B SHEZER DX
TnlEDWVTiE, 2d<n<dd+3)2 THASLTFREINTWS. ZOE
KDXRTELEZSNS PG(d(d +3)/2,2) icid, BRIE

(1) Huybrechts’ DHO 3],

(2) Buratti-Del Fra’s DHO [1],[7],

(3) Veronesean DHO [g], [9)],

(4) Veronesean DHO DX [6],
D 4HHD (R TEV) BN K E N TS,

*E-mail address: taniguchi@dg.kagawa-nct.ac.jp
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FETIE, £29 dHEBEDBEIC [(2) Buratti-Del Fra’'s DHOJ ® quotient
TH 5 d-XRiAIEBIEE PG(2d+1,2) (T3 (B 1). 'Ei, (2)
DWNRTWVETFIV S % PG(d(d + 3)/2,2) ICHERR (GEFI2) L., 5%
DT 7 74 K Af(S) D halved Hypercube T &K D semi-biplane & LT
cover TNTWABZ LTS (EM3). 2:XM (quadratic) 7 APN %
Mo ENS DHO 1T XT (1) Huybrechts’ DHOJ D PG(2d + 1,2)
B3 quotient THBHT &H5, (2) D PG(2d + 1,2) i) B quotient
LS DEBEMFRT AT EHMIFENT V.

2 Huybrechts’ DHO & Buratti-Del Fra’s DHO

n>2d+123¢&L, HRd+1RKNT PIVERETSH. LLFOT &y
o T35,
B 1. s,t € HiZIzWWLa(s,t) € H®(HAH) BREWETESICUHS.

(a1) a(s,s) = (0,0),

(a2) a(s,t) = a(t s),

(a3) ( t) # (0,0),

(a4) a(s,t) = a(s',t') if and only if {s,t} = {s,t'},

(a5) {a(s )|t € HYU{{0,0)} is a vector space over GF(2).

TDELE, X(s):={a(s.t) | t € H\{0}} & PG(H @ (H A H)) D d-XITi
FHENTHY S = {X )| s€ H} (& d-KTH B L7125

I 1. (1). Huybrechts’ DHOWLLRD a(s,t) TEDH LN S.
a(s,t) = (s+t,sAt).
(2). Buratti Del Fra’s DHO LA FD a(s, t) TEDHSNS.
a(s,t) = (s+t,sAt)
+ x5 Z (ep,co ANw) + Z Tw.s(€0. €0 A W)

weJ(5) weJ(t)

T T x5 € GF(2), Tys€ GF(2) Tey ld H\{0}DERENIZSTEL, HD
BEIK {eg, eq, -+ ,eq} BFEDTZE Z J(t) := Supp(t) (|Supp(t)| WABDEE),
F 7213 {0} U Supp(t) (|Supp(t)| BMREDIRE) L ED B.

'PG(n,2) BEMRT B d-XjT DHO S, # PG(ny,2) KT % d-X7C DHO S, D

lquotint] TdH 3 &3, S) B 52 D projection 7 : PG(ny,2) — PG(ny,2) I L BUCHEST
WBZETHS.
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@ 2 (FAX). (1). Huybrechts’ DHOW DWW T FOMARSE D L.
a(s, t1) + a(s, ta) = a(s, s + t; + ta).
(2). Buratti Del Fra’s DHOWC DWW TLUFORIARAK b LD,
a(s,t1) +a(s, t2) = a(s, s + t; + b2 + a{s, ti,t2}ep),

TTIC afs, b, b} == E(s + 1) + (s + ta) + £(t) + o) € GF(2), £(t) IRIBA
H\{0,e0} DFRHEREETH B.

ROMEHKYITHS.
B8 2. d-XJTDHO S == {X(t) | t € HYIZBN T a(s, t) :== X(s) N X(t) H

LR (1) £7=4& (2) Zuhi=3 5L, Si& (1). Huybrechts’ DHO ¥ 7=
{& (2). Buratti Del Fra’s DHO @ quotientiCx > T 5.

3 [Buratti-Del Fra’s DHO1 @ PG(2d +1,2) I
H1F 5 quotient
TR 1. .dEd>2THHMEALTS. x,t € GF(2H)ITHL
B(z,t) := 2t + xt* + xt + (xt)?
LiEhd L Sp = (X(8) | £ € GF(2)}, TTIE X(t) = {(z, B(z.1) |z €
%1;(2‘7:*." )\{0}} & Buratti-Del Fra’s DHO @ PG(2d+1,2) IZ$5F % quotient

(REEIE Gap ZAWEEET, TD B(z,t) ZFL—#D GF(2)-bilinear
mapping T Sg B DHO IZZ->TWALDZHRLK)
(BEBB) = £ 0,t £0 & T 3. dABDOL &

x=1 (ift=1),

B(w,t)=0H{m=t+1 (ift#£1)

Lo T3, ¢S GF(H)\GF(2) DRt LT3 L,

z=t+&(1)
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ERTTENMKD. als,t) = X(s)NX(t) B &
a(s,t) = (s +t+&(s+ 1), B(s,t) + (s* + s)(€ + 1))
ERBTENHREH>THMD (6o =1 &FBL L), FIAK
a(s,t)) + a(s,t2) = a(s,s + t; + o + a{s, t), t2}eo)

MEDIUDT EMFHENSD. TTIC afs,ty,t} :=E(s + ) + &(s + t2) +
E(ty + 1) € GF(2) THS. Lo Tl 2 & D Sp I3 Buratti-Del Fra’s DHO
D quotient TH 5 &Lhbh 3.

AR . d>2%2M, K=GF@"')&$3LE B(x,t) =2+ xt? —xt +
(P &BEX(H)={(z,B(z,t) |ze K}C KK £9BL S ={X(t) ]
t € K} U X(00) & Coulter-Matthews commutative semifield D spread 2 E 12
3. Buratti-Del Fra DHO D quotient £ > T3 & 5 THVT 5.

4 [Buratti-Del Fra’s DHO| OFHLWERR

EE2.d>28L HEGFQ) LD (d+1) R~ FIVEMETS. HQH
DEREBMW &2 W = {(2Qy) + (y®x) and (z@z)+£(z)(ep®z) | x,y € H)
CEBT B, TTIC, KA H\{0,e0} DFHEMETHS. TTTte HIC
MU Ho(H®H)/W)DEGZM X(t) %2

X(t) = {(z,z®1) | z € K\{0}}

LEDD. COEE S ={X(t)|te H} & PG +3)/2,2) = PG(H ®
((H @ H)/W))Ic#5t+ B d-X7t DHOTH D, Buratti-Del Pra’s DHO L [F%!
TH5.

[GEBA] z #0,t £0 &£ T 3. TDELEWDEHID

x=ep (ift=ep),

I®t=0H{x=t+eo (if t # ep)
Lo T3, €2UE H\{0,e0} DFHERE LTS L,

z=t+E&(t)eo
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LETENMUES. a(s,t) = X(s)NX () &EE, EDEGLZHNT X(s)N
X(t) ZatHd 3L

a(s,t) = (s+t+E&(s+t)ep, (s+1t+E&(s+t)eg) B )
Lo T, i

a(s,ty) + a(s,ty) = a(s, s + t; + to + a{s, t;,t2}ep)
MDD ehbhd. KXo T2 LD Sid Buratti-Del Fra DHO @
quotient THB T EWbhB. EHIC, S = {X(t) |t € H} & PG(d(d +
3)/2,2) = PG(H® (HQ H)/W)) 24T BT &ic kD, Si& Buratti-Del
Fra DHO LIABITHZ T Lhtbhd.

5 Affinelhik Af(S)H Halved Hypecubelc &Y
coverdNbT &

EH 2. A semibiplane of order s] &1 connected finite incidence structure
= (P,B)] (CTTPREDIKE, BRIy IDEELTB)TH>TH
TOBEEHIZTEODOTETHS : (S1) ED257 (27avy 7)) & ofdh
2D 7oy 7 (1) & incident TH D (52) IXRTOTAY Y (1) i s+ 2
DR (Fay ) L incident TH 5.

UFDX S &hHH 5.

# 3. (1). DHOSDT7 774 VK Af(S) -

PG(n,2) I BT B d-K5T DHO SICX L, K2 PG(n, 2) % HEful
EHETETT7AVEM AGn+1,2) 2> T %. SOT 774K
Af(S) LIRUTD X SIcEBENT: Tsemibiplane]l DT & THB: (1) sl
BP = AG(n+1,2) DLk (2)7av s B = AGn+1,2) D (d+1)-K
JCERSYZERID S B, MEBRIEEIE & DD DM SICIRT 5 d- 72L& -
TW3LDek. DL & {P,B} & semibiplane) 173, Thk TDHO
ST 774 KL £,

(2). T Halved Hypercube T1]

V% GF(2) LD 29+ DNy PIVER L LRI {e, | z € GF(2)} %
EDTHEL. VOFFUEL LT P, BELUTOL S ICEHT 3.

P:={ )  ue|v.€GFQ2), Y v.=0}

TEGF(24+1) rEGF(2d+1)
B: = { Z Vel I vy € GF(2). Z Y, = 1}_
TEGF(2411) TE€GF(29+1)
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Flevi=Yvee, & w:=Y w,e, I LT lincidence *] Zvrw < |{z €
GF2*") v, 2w} = 1. LEB®SB. TDELE = {P, B} [semibiplane]
i£%%. TNk Thalved Hypercube] £S5,

semibiplane D 2 &i{ {vg, v, } £ 22DTTAY 7 { Xy, X3} D' {vg, 11} = XoN
Xl %iﬁﬁﬁ:ﬂ-t%\ L:= ({‘U(), ‘U]},{Xo,X]}) %E#ﬁl&b‘a.

7B 3 (the wrapping number). vo % semibiplane DR, L := ({vo, 01}, {Xo, X1})
REMLTS. Tav i X suilHl. 70y s 4, (X)) BZXDESICEH
95

(1) }.-l;i Uy % {U(), U()} = X() nx Tﬁ%ck '5 t:i&b%

(2) 7D 4 7 Y % X()ﬂ Y = {'Ul,‘u-()} T&%ck 5 ‘:;Ey)%

B Ry Z{v,u}=YNX, THBLILEDS.

4) 789 7 vl X):=Z ZZN X, = {vg,u,} THILIIEDS.
CNTE B yr : X = Z = v,,1(X) DEZE B The wrapping number &
& (Toy /oEBE LTD) vy DHED ({(L,v) | L 3 v} ZEH LI
LED) RKIEDZ L THS.

CDL ¥, iiPl2 D Buratti-Del Fra DHO D&BIEFIIT B ik b,
(the wrapping number] 2§42 LA HINKS.

#i8 1. S % Buratti-Del Pra’s DHO D quotient L3 %. DL X Af(S)D
l'the wrapping number) & 1) TH3.

EHIRADT EAHLGNTNS.

7R 3 (Pasini, Pica [5]). [ Wrapping number of Af(S) B1] = TAf(S)
BOIE>Tcoverdhd. ) .

L&D, KDL DT e ghoite.

B 3. Buratti-Del Pra’s DHODED & 5 1 quotientSIZH L TH, Af(S)
I3 Halved Hypercube TTIC & > T (semibiplane & L T) cover TN B.

L EDWAEIZLLTOD preprint [7] ICEDIWNTWET.
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