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Performance of lights and shadows
for the quasithin groups

Yasuhiko Tanaka
Oita University

1 Even small groups

Let F be a set (of isomorphism classes) of known finite simple groups. If G
is a finite group, then one of the following holds:

(1) G is a member of F;

(2) G is not a member of F, but the local structure of G is close to that
of a member of F;

(3) otherwise.

A group arising in the second case is called a shadow from F, while a group
arising in the first case is called a lLight from F. Examples show that we have
both simple and nonsimple shadows.

The purpose of this note is to give a short introduction to the classification
of the simple quasithin groups. To be more precise, the author would like
to show how shadows emerge in front of us to be obstructions in the whole
classification process. The work of Aschbacher and Smith was published in a
two-volume book [AS], which was full of traces of fights against various types
of shadows. This note treats only a small number of ones because we should
first become familiar with the notion.

Let us make a stop for a while to look back at the history. Revision
projects to the existing classification had already begun before it was declared
to have completed. It was around those days that an amalgam method
appeared and started to expand in the world. Most people must have thought
that the amalgam method was one of the most elegant approach in the final
stage of the proof.

We know that we always had in mind a set S (of isomorphism classes)
of simple groups for a classification problem beforehand. Of course, it was



expected to be the set of solutions to the problem. We often met with
shadows from &, which should be treated appropriately. We can now say
that those shadows caused the proof long and complicated. Bender, known
for long as a specialist of revision projects through his various results, told
us in 1990’s that the same would occur also in the approach by the amalgam
method. The history proved that he was right indeed, which means we had
to spend another decade for analysis. Those footprints left scattered on the
sands make us recognize again that we must know how to control many kinds
of shadows in the classification.

In the existing proof, the classification of the finite simple groups was
divided into four classes: odd large groups, odd small groups, even large
groups, and even small groups. We will follow the similar track. In order
to do so, we need notions of ‘characteristic’ and ‘rank’ for the finite simple
groups, corresponding to the inherent characteristic and rank of the Lie type
groups. The definition given below is somewhat different from the classical
(well-known) one.

A 2-local subgroup is, by definition, a normalizer of a nonidentity 2-
subgroup. A finite group G is said to be even if C (O2(L)) C O,(L) for
all 2-local subgroups L of G of odd index. A finite even group G is said
to be quasithin if e(G) < 2, where e(G), the (Thompson) rank of G, is the
maximum of the p-rank of L, where L ranges over the set of 2-local subgroups
of G of odd index, and p ranges over the set of odd primes. We will focus
our attention on the quasithin groups.

2 Minimal and maximal parabolics

Where do we come across shadows from the simple quasithin groups, and
how? In order to explain that, we will consider the following theorem as
an example although it is only a tiny part of the classification of the simple
quasithin groups.

Theorem 1 Let G be a simple quasithin group having a ‘minimal parabolic’
subgroup. Suppose that the condition

Cr(02(L)) = Oq(L) (%)

holds for all minimal parabolic subgroups L of G. Then G = PSLs(q), PSp4(q),
where q is a power of 2.

We will give a definition of a ‘minimal parabolic’ subgroup later.



Before we go to description of generic structure of simple quasithin groups,
we review properties of Lie type groups because they behave as typical ex-
amples and solutions.

Let G be a Lie type group defined over a finite field of characteristic 2.
A Borel subgroup of G is a normalizer of a Sylow 2-subgroup of G, and a
parabolic subgroup of G is a subgroup containing a Borel subgroup. The most
important property of the Lie type groups for us is described in the following.
If G has rank 2 or more, then G is generated by a minimal parabolic subgroup
P and a mazimal parabolic subgroup @) having a common Borel subgroup B:

G={(P,Q) and BCPCGD>QDB.

How do we find similar structure in a simple even group? What is a
minimal parabolic subgroup in a simple even group? What is a maximal
parabolic subgroup in a simple even group?

Throughout the remainder of this section, let G be a finite even group,
and let S be a Sylow 2-subgroup of G.

A subgroup P of G is said to be an abstract minimal parabolic over S if
1# 0,(P) C S C P and S is contained in a unique maximal subgroup of P.
An abstract minimal parabolic has a very restricted structure. In fact, we
have the following for an abstract minimal parabolic P.

e If P is solvable, then P is a {2, p}-group for some odd prime p, P =
O3,p2( P), and the 2-group S/O,(P) acts irreducibly on the elementary
abelian p-group (02 ,(P)/02(P))/®(02,(P)/02(P)).

e If P is not solvable, then P = Oz g2(P), and the 2-group S/O,(P)
permutes the simple components of P/O;(P).

A subgroup @ of G is said to be an abstract mazximal parabolic over S
if 1 # 05(Q) C S C @ and @ is a uniqueness subgroup of G, plus some
other technical conditions, if necessary. A subgroup @ of G is said to be a
uniqueness subgroup if @ is contained in a unique maximal 2-local subgroup
of G.

A pair (H,U) of subgroups of G is said to be a min-max parabolic pair
over S if the following three conditions hold:

e H is an abstract minimal parabolic over S;
e U is an abstract maximal parabolic over S;

o O;((H,U)) =1.

It is a min-max parabolic pair over a Sylow 2-subgroup that plays a
central role in our analysis.



3 Case division

Let G be a simple quasithin group, and let T be a Sylow 2-subgroup of G.
Denote by M(T) the set of maximal 2-local subgroups of G containing T,
There are obviously two cases where |[M(T)| =1 and |[M(T)| > 1. The first
case is called a uniqueness case, while the other is called an amalgam method
case.

In this note, we focus our attention on the amalgam method case. So
we can take a pair (M, N) of maximal 2-local ‘overgroups’ of T (subgroups
containing T'). Then we have O2((M,N)) = 1. We must choose M and N
carefully enough to find the precise structure of M and N. Possibly, we may
have G # (M, N), but we do not care about that because M and N have suf-
ficient information on ‘saturated’ structure of 2-local subgroups. The smaller
both M and N, the better we have. Both M/O,(M) and N/Oy(N) have re-
stricted structure because they are quasithin themselves. The structure of
the chief factors of M and N are restricted by analysis of the amalgams they
form.

4 Reduction

We continue to use the same notation. The group G is a simple quasithin
group with a Sylow 2-subgroup T.

In order to pin down the precise 2-local structure of G, we want to take
a min-max parabolic pair rather than a pair of maximal 2-local overgroups.
The next proposition enables us to take a desired one.

Theorem 2 Let G be a simple quasithin group, and let T be a Sylow 2-
subgroup of G. Suppose that |M(T)| > 1. Then G has a min-maz parabolic
pair (H,U) overT.

Let M € M(T). For a while, M may be an arbitrary element of M(T).
We will choose an appropriate subgroup for M later.

We first choose an abstract minimal parabolic H over T. Let H = Hg be
the set of subgroups H of G with O,(H) # 1. If H € H, then H is strongly
quasithin, namely, m,(H) < 2 for all odd primes p. Let H(T; M) = {H €
H | T Cc HC M}, and let H*(T; M) be the set of minimal elements of
H(T'; M) under inclusion. If H € H*(T; M), then H is an abstract minimal
parabolic over T, and O,({H, M)) = 1.

Suppose that there is a uniqueness subgroup U of M. Then 1 # O,(U) C
T C U, U is an abstract maximal parabolic over T, and Oz({H,U)) = 1.
This means that we have a min-max parabolic pair (H,U) over T. Thus
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it suffices to prove that there is a maximal 2-local subgroup M having a
uniqueness subgroup. We will show that there is a general way to construct
a uniqueness subgroup of M for an appropriate choice of M. This is done by
using ‘component-like’ subgroups.

Let K be a subgroup of G. Let C = Cx be the set of C-components, or
subgroups L of K minimal subject to 1 # L = L’ <« K. Then the following
hold.

o = (CK)
o If Ll, Lg € CK and Ll 7é Lz, then [Ll, Lz] C 02(L1)002(L2) C OZ(K)
o If L €Ck, then L < K, or |LX| =2.

Let us consider subgroups like the Levi subgroups in the Lie type groups.
Let £(G,T) be the set of subgroups L with L € Cyumy, T € Syly((L,T}),
O2({L,T)) # 1. Let L*(G,T) be the set of maximal elements of L(G,T). If
L € £*(G,T), then M({L,T)) = {Ng({L™})}, which forces that {L,T) is a
uniqueness subgroup of G.

We want to take a uniqueness subgroup rather than a maximal 2-local
subgroup by the following reason. First of all, a maximal 2-local subgroup
itself has too many possible structures. In order to determine possible struc-
ture of the maximal 2-local subgroup M by an amalgam method, we want to
restrict it before analysis of amalgams. We must know interaction between
M and other 2-locals. It is more appropriate if [ M| is smaller, which neces-
sarily demand M should contain many 2-local subgroups. If M(U) = {M}
and W is a chief factor of U, then we have O*(Cq(W))U C Ng(W) C M.

From now on, we will work under the following hypothesis, which is
weaker than (*) in the Theorem 1.

Hypothesis:

Cu(0x(H)) = Ox(H) and Cy(02(U)) = O2(U). (*%)

In the course of analysis of 2-local subgroups, the main task is to obtain
precise structure of 2-chief factors of them. To do so, we need various results
concerning G F(2)-representation of even groups. Here, we raise one of the
typical ones.

Let G be a group of even order with Oz(G) = 1, and let A be an abelian
subgroup of G. A GF(2)G-module V is said to be an FF-module for G with
an offending subgroup A if

|V :Cv(A)| <Al

Finite groups having an FF-module has a strictly restricted structure. In
fact, the following theorem holds.
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Theorem 3 Let G be a group of even order with Ox(G) = 1. If G has an
FF-module V with an offending subgroup A, then the following hold.

o |V :Cv(A)|=|A]
e G~ PSLy(q) x --- x PSLy(q), where q is a power of 2.

o V = the direct sum of the modules, each of which is induced by a
standard module for the PSLs(q).

Of course, the numbers of direct factors and direct summands coincide.

We have just used the symbol ‘~’ in the above theorem, and will fre-
quently do in the remainder of this note. It means as usual that both sides
are close enough to be considered isomorphic for the present purpose.

5 Local structure

We are still proceeding under the same notation. The group G is a simple
quasithin group with a Sylow 2-subgroup T". Take a min-max parabolic pair
(H,U) over T. Define Q = O2(H) and R = O,(U).

Under the Hypothesis (#*), we have the following.

e |Q:QNR|=|R:QNRA|

e H/Q =~ PSLs(q) or PSL2(q) wr Z, where g is a power of 2.

e H has a unique noncentral chief factor within Q.

e U/R ~ PSL2(q) or PSL2(q) x PSL2(q), where g is a power of 2.
o |T:QR)| is small.

We can conclude that all the above statements are true by the Hypothesis
(#+) and the properties of groups having an FF-module. We should also
remark that U is generated by abstract minimal parabolics even though it is
not an abstract minimal parabolic itself.

By the above, we are reduced to one of the following.

o Case 1: H/Q =~ PSLy(q) and U/R = PSL»(q).

o Case 2: H/Q ~ PSLy(q) and U/R =~ PSL2(q) x PSL2(q).

e Case 3: H/Q = PSLy(q%) and U/R =~ PSLy(q) x PSLy(q).

e Case 4: H/Q = PSLy(q)wr Z, and U/R =~ PSL.(q%).

o Case 5: H/Q =~ PSLa(q) wr Z, and U/R = PSLy(q) x PSL2(q).
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6 Shadows of quasithin groups

Before going to each case of the above, we recall the definition of lights and
shadows of quasithin groups. Let Q be the (expected) set of (isomorphism
classes of) simple quasithin groups. A ‘light’ from Q is an actual group
contained in @, while a ‘shadow’ from Q is a group not contained in Q,
whose local structure is close to that of some group in Q.

Now, we will give a short comment for each case.

In the Case 1, we have H/Q ~ PSL2(q) and U/R =~ PSLs(q).

This is a classical case, and we have examples included here. In fact,
we have G =~ PSL3(q), PSps(q)’ as the solutions of the Theorem 1. So, G
is a light from Q in our terminology. If we ignore the Hypothesis (*x*) for
now, then G = a Lie type group over GF(q) of Lie rank 2, or an exceptional
groups. Thus G is a light from Q with some exceptions.

In the Case 2, we have H/Q =~ PSLy(q) and U/R = PSLy(q) x PSL»(q).

This is impossible under the Hypothesis (). If we ignore the Hypothesis
(**) for now, then G = a Lie type group over GF(q) of Lie rank 3, G is a
light from Q if G = PSL,(2), PSps(2), PSU,(3), ..., but G is a shadow from
Q otherwise.

In the Cases 3 and 4, we have cither H/() ~ PSLy(¢*) and U/R =
PSLy(q) x PSLy(q), or H/Q ~ PSLy(q) x PSLy(q) and U/R = PSLy(q?).

This is impossible under the Hypothesis (**). If we ignore the Hy-
pothesis (#x) for now, then G ~ PSU,(2),PSL4(3) for ¢ = 2. G is a
light from Q if G = PSU4(2), PSL4(3),..., but G is a shadow from Q if
G =~ Aut(PSU4(2)), Aut(PSL4(3)),-. ..

In the Case 5, we have H/Q =~ PSL,(q) wr Z; and U/R = PSL,(q) x
PSLy(q).

This is impossible under the Hypothesis (). If we ignore the Hypothesis
(**) for now, then G =~ L wr Z5, where L is a Lie type group over GF(q) of
Lie rank 2. Anyway, G is a shadow from Q.

7 'Typical shadows

We have encountered four types of shadows in the course of analysis. Both
shadows ‘of automorphism type’ and shadows ‘of wreath product type’ should
finally be eliminated as they are not simple. Both shadows ‘of rank 3 or more
type’ and shadows ‘of odd type’ are eliminated due to our restriction. If we
deviate from the restriction of the quasithin groups and consider in a broader
range of groups, we will probably obtain those groups as lights. Let us take
a closer look at each type of shadows.



First, let L be a simple groups of Lie type of characteristic 2, and let
t be an involution. A group ‘of characteristic 2 like’ is a group such as L,
G = L{t), H = (L x LY)(t).

As you know, we have the following examples of small groups.

o L =As Sps(2), G =Ss = Spa(2).

o L = As = PSLy(4), G = S5 = PSL,(4){f), H = AswrZ, =
PSOj (4), where f is a field automorphism of PSL,(4).

o L = Ag = PSL4(2), G = Sg & PSL4(2){g), where g is a graph auto-
morphism of PSL,(2).

Those example show that we are sometimes unable to distinguish simple
groups from nonsimple groups only by 2-local structure.

Next, let G = PSL4(q), where ¢ is a power of 2 and larger than 2.
Let M be a maximal parabolic subgroup of G. Let L be the uniqueness
subgroup in M. Then L/Ox(L) = PSL3(q) or PSL2(q) x PSL3(q). Thus L
is quasithin itself. This example shows that a simple quasithin group with a
uniqueness subgroup isomorphic to L seems to be possible at first, which is
finally eliminated, though.

The example shows that some even groups of rank 3 have similar 2-local
structure with quasithin groups. We are often unable to distinguish quasithin
groups from even groups of higher rank only by 2-local structure.

Finally, we raise examples of odd groups. The detailed information is
obtained from the ATLAS [AT1, AT2].

e It is known that PQ;(3) has a PSps(2)-subgroup of odd index, where
PSps(2) is a quasithin group.

e It is also known that PQg(3) has a PQj (2)-subgroup of odd index,
where PQF(2) is a group of rank 3.

o It is further known that PQg(3) has an Aut(P;(3))-subgroup of odd
index.

Those examples show that some odd groups have similar 2-local structure
with even groups. In some cases, we cannot distinguish odd groups from even
groups only by 2-local structure.
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1 Introduction

The purpose of our presentation was to study actions of finite groups on finite Ty-spaces,
i.c. topological spaces having finitely many points with the Ty-separation axioms. The
definition of Ty-scparation axiom is, for each pair of distinct points, there exists an open
set containing one but not the other. A remarkable feature of a finite Ty-space is that it
has the structure of a poset. Conversely, one can give any finite poset the structure of a
finite Ty-space. The cquvariant theory of finite Tj-spaces was first made by Stong [13].
His rescarch motivation is an approach to the Quillen Conjecture, that is,

If a Quillen complex A(A,(G)) is contractible, then O,(G) is non-trivial,

where p is a prime number dividing the order of a finite group G, and O,(G) is the
maximal normal p-subgroup of G. Moreover A(A,(G)) is the order complex of a poset

A,(G) = {non-trivial elementary abelian p-subgroup of G},

ordered by inclusion. In [13], Stong viewed A,(G) as a finite T;-G-space by conjugation
and obtained the following result:

Proposition 1.1. If a finite Ty-space Ap(G) is contractible, then O,(G) is non-trivial.

Therefore, the Quillen Conjecture is equivalent to

If the Quillen complex A(A,(G)) is contractible, then the finite Ty-space A,(G) is so.

Following McCord's result [11, Theorem 2], the Quillen complex A(A,(G)) is weak ho-
motopy equivalent to the finite Ty-space Ap(G). From a topological point of view, this
problem deals with a difference between weak homotopy equivalence and homotopy equiv-
alence.

First we define a simplicail complex induced from a finite Ty-space. Recall that a finite
To-space has a poset structure (see Proposition 2.2). Let X be a finite poset. The order
complez A(X) of X is the abstract simplicial complex on the vertex set X whose faces
arc the chains of X, including the empty chain. The dimension of a simplex is defined
to be the length of the chain, where the length of a chain is one less than its number of
elements. In particular, the length of the cmpty chain is —1. When the dimension of a
simplex o is k, we write dilno = k. Next we shall define the geometric realization |A(X)|
of A(X) by

JAX)| = {m: X = [0,1]| )_m(z) = 1, supp(m) € A(X)},
rexX
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where for a map m : X — [0,1], we mean that supp(m) = {x € X |m(z) > 0}. The
numbers (m(x) |z € X) are the barycentric coordinates of m. For a simplex o € A(X),
we put

lo| = {m € |A(X)||supp(m) = o}.
We can define a metric topology on [A(X)|. In details, we have a metric d on |A(X))]
defined by

1
2

d(my, ms) (Z(m.(m ~ my(z ))).

reN

Then we have jo| = {m € JA(X)|| ¥ m(z) = 1}, where |o| indicatcs the closure of |o].
re€o

Moreover a etric space |A(X)| is equipped with a CW-complex structure whose n-cell
is a set {|o]|o € A(X), dimo = n}. Let (p.|z € X) be a family of points in euclidean
n-space R". Consider the continuous map

FAAX) - R, me ) m(z)p
zeX
If f is an embedding, we call the immage of f a simplicial polyhedron in R* of type A(X),
that is, f(|A(X)]) is a realization of A(X) as a polyhedron in R".

Now, we shall introduce McCord’s result [11, Theorem 2], which provides insight into
understanding relations between finite Tp-spaces and simplicial complexes.

Proposition 1.2. There ezists a correspondence that assigns to each finite Ty-space X
a finite simplicial complex A(X), whose vertices are the points of X, such that the map
ix 1 |A(X)| = X induced from the correspondence above is a weak homotopy equivalence.
Moreover, cachmap ¢ : X = Y of finite Ty-spaces is also a simplicial map A(X) = A(Y),
and pux = jy || where |¢] : |A(X)]| = |A(Y)| is a continuous map induced by .

Let G be a finite group. In this note, we focus on the equivariant. order complex A(X)
of a finite Ty-G-space X, that is, a finite Ty-space with a G-action, and then its orbit
space A(X)/G. In particular, we are interested in the following questions:

(1) Does |A(X)| has a G-CW-complex structure?

(ii) Is there the orbit space version of Proposition 1.27

Our results related the above questions are the following.

Theorem A. Let X be a finite Ty-G-space. Then |A(X)] is a finite G-CW-complex.
We will prepare the following technical condition:
(C) If 9o, g1, -+ . g are elements of G and (xy, x1,- - , ) and (goZo, PiL1, - -, Gui)

are both simplices of X, then there exists an element g of G such that ¢ gz; = g;x; for all
i. Here overlaps of some of z; arc allowed.

Theorem B. If A(X) satisfies property (C), there exists a weak hommotopy equivalence
ix  |AX)/G = X/G.

The rest of this note is organized as follows. In secction 2, we briefly review finite
(7o-)space theory. In section 3, we investigate an equivariant version of finite Ty-spaces
and prove Theoremn A. The last section studies orbit spaces of equivariant complexes and
prove Theorem B.



2 Finite (Tj-)spaces

In this section, we survey well-known properties about finite (7p-)spaces. General refer-
ence may be found in [2], [7] and [12]. Let X denote a finite space, i.e. a topological space
having finitely many points. Let a set U, be the minimal open set which contains a point
z of X, that is, U, is the intersection of all open sets containing z. It is easy to see that
a set {U.}rcx constitute a basis for the topology of X. Now we can define a preorder on
X by

z<y if zeU,

In other words, every open set containing y also contains z if and only if £ < y.

Proposition 2.1, Let x and y be elements of a finite space X. Then X is Ty-space if
and only if U, = U, impliesz = y.

Proposition 2.2. A finite Ty-space with the above preorder < is a poset.

If X is now a finite preordered set, one can define a topology on X given by the basis
{y € X |y < x}.ex. Note that if y < z, then y is contained in every basic set containing
z, and therefore y € U,. Conversely, if y € U,, then y € {z € X |z < z}. After all,
y < z if and only if y € U,. This shows that these two applications, relating topologies
and preorders on a finite set, are mutually inverse. Thus we have

Proposition 2.3. A finite Ty-space corresponds to a finite poset.

Example 2.4. Let X = {a, b, c} be a finite space whose topology is {0, {a, b, c}, {b, ¢}, {b},
{c}}. This space is Tp. Immediately, U, = {e,b,c}, Uy = {b} and U, = {c}. Therefore
b < a and ¢ < a, but there exists no order relation between b and c.

Example 2.5. Let X = {a, b, ¢, d} be a finitc space whose topology is {0, {a, b, c,d}, {b, ¢, d},
{b}, {b,c}, {b.d}}. This space is also Tp. Immediately, U, = {a,b,¢,d}, U, = {b},U. =
{b,c} and Uy = {b,d}. On the order relation, we see the following Hasse diagram:

a

b
Figure 1.

Proposition 2.6. Let X be a preordered set. A set F, = {y € X |z £y} is a closed set
of X. Moreover F, is the closure of the set {z}.

Definition 2.7. A subset U of a preordered set X is a down-set if for every z € U and
y £ z, it holds that y € U. Dually, a subset F of a preordered set X is a up-set if for
every € F and y > z, it holds that y € F. Open sets of finite spaces correspond to
down-sets and closed sets to up-sets.



Proposition 2.8. Let X and Y be finite spaces, and f be a map from X toY. Then f
is continuous if and only if f is an order-preserving map.

Proposition 2.9. Let X be a finite space, f a continuous map of X into itself. If f is
either one-to-one or onto, then it is a homeomorphism.

Next we state connectivity. First, for each U, we let U, C AU B, where A and B
are open sets of a finite space X. Then z is in one set, say z € A, immediately U, C A.
Thus any finite space is locally connected.

Proposition 2.10. Let z,y be two comparable points of a finite space X andx <y. Then
there exists a path from x to y in X, that is, a map o from the unit interval I to X such
that a(0) = z and a(l) = y.

Let X be a finite preordered set. A fence in X is a sequence zg, z,,- - , Z, of points
such that any two consecutive are comparable. X is order-connected if any two points
x,y € X there exists a fence starting in z and ending in .

Proposition 2.11. Let X be a finite space. Then the following are equivalent:
(i) X is a connected topological space.

(i) X is an order-connected preordered set.

(#i) X is a path-connected topological space.

If X and Y are finite spaces, we can consider the finite set YX of continuous maps
from X to Y with the pointwise order: f < g if f(z) < g(z) for every z € X.

Proposition 2.12. Let X and Y be two finite spaces. Then pointwise order on Y*
corresponds to the compact-open topology.

Corollary 2.13. Let f,g : X = Y be two maps between finite spaces. Then f ~ g if
and only if there isa fence f = fo < f1 2 fo < -+ fu = g. Moreover, if A C X, then
f =~ grel A if and only if there exists a fence f = fo < f1 2> fo < -+ fu = g such that
fila= fla for every0 <i<n.

Any finite space is homotopy equivalent to a finite Ty-space.

Proposition 2.14. Let X be a finite space. Let X, be the quotient X/ ~ where z ~ y
ifr <yandy < x. Then X, is To and the quotient map g : X — X, is a homotopy
equivalence.

Therefore , when studying homotopy types of finite spaces, we can restrict our atten-
tion to finite Ty-spaces.

Definition 2.15. A point z in a finite Ty-space X is a down beat point if z cover one
and only one element of X. This is equivalent to saying that the set U, = U,\{z} has
a maximum. Dually, z € X is an up beat point if z is covered by a unique element or
equivalently if £, = F:\{z} has a minimum, where F, denotes the closure of the set {z}.
In any of these cases, we say that z is a beat point of X.
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Proposition 2.16. Let X be e finite Ty-space and let z € X be a beat point. Then X\{z}
is a strong deformation retract of X.

Definition 2.17. A finitc Ty-space is a minimal finite space if it has no beat points. A
core of a finite space X is a strong deformation retract which is a minimal finite space.

For example, we have the following:

a
L \ a\ a
c d ¢
T - X\{b}=>< { = xa- \\J
<< < e v
b is a up beat poin. ¢ is a up beat point. e is a up beat point.
After all,
a d
X\{b, c, e} = ><‘ is a minimal finite space.
f g

Proposition 2.18. Lel X be a minimal finite space. A map f: X — X is homotopic to
the identity if and only if f = 1x.

Immediately, we have the following corollary.

Corollary 2.19. (Classification Theorem) A homotopy equivalence between minimal
finite spaces is a homeomorphism. In particular, the core of a finite space is unique up
to homeomorphism and two finite spaces are homotopy equivalent if and only if they have
homeomorphic cores.

By the Classification Theorem, a finite space is contractible if and only if its core
is a point. In fact, a one-point finite space has a core of the one-point. Therefore any
contractible finite space has a point which is a strong deformation retract. This property
is false in general for non-finite spaces,

3 Finite T;-G-spaces

In this section, we treat an equivariant version of finite Ty-spaces. Let G be a topological
group (a group, for short) and X a finite Ty-space. A G-invariant subspace A C X is
an equivariant strong deformation retract if there is an cquivariant retraction r: X — A
such that ir is homotopic to 1y via a G-howmotopy which is stationary at A. A finite
Ty-space which is a G-space will be a finite Ty-G -space.

Remark If a topological group G acts on a finite topological space cffectively, then it
must be a finite topological group (8, Proposition 3.9]. Therefore, from now on, we assume
that G is finite.
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Proposition 3.1. Let X be a finite Ty-G-space. Then there exists a core of X which is
G-invariant and an equivarient strong deformation retract of X.

Proposition 3.2. A contractible finite Ty-G-space has a point which is fized by the action
of G.

This proposition deduces Stong’s result stated in introduction. Note that A,(G) is a fi-
nite Ty-G-space by conjugation. If A,(G) is contractible, A,(G) has exactly one point core
which is G-invariant. Therefore A,(G) has a fixed point by the action of G. Consequently,
G has a non-trivial normal p-subgroup.

Proposition 3.3. Let X and Y be finite Ty-G-spaces and let f : X — Y be a G-map
which is a homotopy cquivalence. Then f is an cquivariant homotopy equivalence.

Let X be a finite Ty-G-space and z, y points of X. If z € U, then gz € gU, = U,,.
Therefore a G-action on a finite Ty-space X preserves the order. Thus A(X) is a G-
simplicial complex (in short, G-complex). Let Ny be the union set of natural numbers
{1,2,3, -} and {0}.

Definition 3.4. Let G be a finite group. A CW-complex Z with a G-action is called a
G-CW -complez if it satisfies the following conditions:

(i) The G-action determines a cellular map, that is, for any ¢ € G, gZ' C Z for each
i € Ny, where Z* denotes the union of cells of dimension < ¢ and is called the i-skeleton
of Z.

(ii) If g(e) = e, then g is trivial on €, that is, Z9 O €, where € is the closure of e.

n
Example 3.5. Let z = (z),--- ,x.) € R", then its nermn is defined by |[z]| = ‘/ 3.
i=1

For G = Z, = {*1}, the unmit sphere $"7! = {z € R"|||z|| = 1} together with the
G-action given by scalar multiplication,

Gx8" 18" (AMz)=Ar, AeG={£1}CR, zeS"'CR"

is a free G-space. Then S"7! becomes a G-CW-complex. Let us verify this. Observe
that "' = E?"'U E"~', where E"~!(respectively, E"™') is a upper(respectively, lower)
closed hemisphere, and E?"'NE"~! = §"%(the equator). There are thus two (12— 1)-cells
el "V and ¢ 7! with ¢}~' = EZ7!, ei™! = E™7!; one concludes by induction that S"~! has
a CW-decomposition with two i-cells in every dimension 0 <i <n — 1. For each A € G,
Aei(§=1,2;i=0,---,n—1)is also a cell. If A(e}) = €}, then A = 1, and it is clearly

trivial on e_', Thus S"~! has a Z,-CW -complex structure.

A G-CW -complez was defined by Matumoto ({10]) and Ilman ([5]) separately. Roughly
speaking, a finite G-CW-complex is a compact Hausdorff G-space obtained by attaching
a finite number of G-cells G/H x D, where H is an arbitrary subgroup of G and D is an
arbitrary finite dimensional, closed disk with trivial G-action. As sets, a finite G-CW-
complex is a disjoint union of open G-cells G/H x Int(D), where Int(D) denoted the
interior of D. In particular, a 0-dimensional finite G-CW-complex is a finite G-set, and
in general, a finite G-CW -complex is a finite cellular complex with regular G-action. A

6

21



22

G-action on a cellular complex X is said to be regular if, for each open cell e in X, ge is
an open cell in X for any g € G, and the isotropy subgroups appearing in e coincide with
one another. As we saw above, $"~! is a finite Z,-CW-complex.

Proof of Theorem A.
Proof. For g € G and m € |A(X))], we define a map g(m): X — [0,1] by

(g(m))(z) :=m(g™'(z)) forz e X.
Then we have

Y (gm)z) =) mg7 @)= D mlgTi(z)) =1,

T€X reX g-Yx)EX

on the other hand,

supp(g(m)) = {z € X |(g(m))(z) > 0}
= {z € X |m(9~(z)) > 0}
= {z € X|g7'(z) € supp(m)}
= g(supp(m)) € A(X).

Therefore we have that g(m) € |A(X)|. Thus we can define a isometric map g : |A(X)| =
|A(X)|. For each 0 € A(X), it holds that g(|o|) = |g(e)|. In particular, & map g is a
cellular map.

Let g(Jo|) = |o|. Immediately, we have g(g) = o. Since g is an automorphism between
totally ordered sets, it is an identity map. Therefore g~' : 0 — o is also an identity map.
Let m be any element of |o].

Case z € o : It follows that (g(m))(z) = m(g~'(z)) = m(z).

Case ¢ € X\o : Since g7'(z) € X\g7'(0) = X\o, we get that (g(m))(z) =
m(g™\(z)) = 0 = m(a). _

Therefore g(m) = m. Thus we obtain that |o| C |A(X)[?. O

Referring to (6, p.229], we now prepare the following technical properties concerning
a G-complex K:
(Py) For any g € G and simplex o of K, g leaves ¢ N go pointwise fixed.
(P2) If go, 91, - - - , g are clements of G and (zy, z,,--- , 2i) and (goTo, 121, - - - , GxTx) are
both simplices of K, then there exists an element g of G such that gz; = g;z; for all i.
Here overlaps of some of z; are allowed.
(P3) Let g be an element of G and ¢ a simplex of K. If g(o) = o, g leaves o pointwise
fixed.
Proposition 3.6. It holds that (P;) = (P,) = (Ps).

Proposition 3.7. Let X be a finite To-G-space. Then a G-complex A(X) holds both
property (Py) and property (Py).

On a G-complex, we can see a geomnetric simnplex as a cell. One immediate consequence
of this observation is the following.



Proposition 3.8. Let |K| be the geometric realization of a G-complex K with property
(P3). Then |K| is ¢ G-CW -complex.

The following result is an equivariant version of Proposition 1.2 in a sense.

Proposition 3.9. Let X be a finite Ty-G-space. For each subgroup H of G, it holds that
A(XH) = A(X)H and the map p¥ : |A(X)|Y = XH is @ weak homotopy equivalence.

4 Orbit spaces

Next we will devote the study of the orbit space of a G-complex.

Proposition 4.1. Let X be a finite Ty-G-space. Then the orbil space X/G is a finite
To-space.

Let X and Y be finite sets, and P(X) the power set of X. A map f: X = Y induces
a map P(X) — P(Y), which we denote also by f. Let K be a simplicial complex such
that X is the set of vertices of K. Then it is easy to see that the image f(K) becomes a
simplicial complex such that f(X) is the set of vertices of f(K). We apply this observation
to our situation.

Let K be a G-complex and X be the set of vertices of K. Councerning the induced
G-action on X. we consider its orbit space X/G and the orbit map p: X = X/G. As
observes above, p induced a map P(X) — P(X/G), which we denote by p as well and
p(K) becomes a simplicial complex such that X/G is the set of vertices of p(K). For
s € K, we denote p(s) by 5.

Next we consider another kind of orbit space. Let K be a G-complex. Denote by K/G
the orbit space of the G-action on K and by 7 : K — K/G the orbit map. For s € K, we
denote 7(s) by [s]. Note that X/G is not a simplicial complex in general and K/G does
not coincide with p(K') in general.

Proposition 4.2. [6, Lemma 5.10] Let K be a G-complex satisfying property (P2) and
X be the set of vertices of K. Then the orbit space K /G becomes a simplicial complex such
that the set of vetrices K/G is X/G and K/G is naturally isomorphic to p(K). Moreover
the orbit map 7w : K — K/G is a simplicial map preserving dimension of simplezes.

Corollary 4.3. If K is a G-complez satisfying property ( P2), |K|/G is homeomorphic to
|K/G)|.

Furthermore, we add simplicial notion for both posets and (finite) cell complexes to
investigate the simplicial structure of the orbit spaces in detail.

Definition 4.4. A simplicial poset P is a finite poset with a smallest element 0 such that
every interval

0.9 = {ze PO <z <y}
for y € P is a boolean algebra, i.c., [0, y] is isomorphic to the set of all subsets of a finite
set, ordered by inclusion. When a boolean algebra is the set of all subsets of a finite set
consisting of n elements, we denote the boolean algebra by B,. Let = be an element of P
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such that [0, x] is isomorphic to a boolean algebra B,. Then the dimension of z is said
to be n — 1, denoted by dimz = n — 1. Remark that dim0 = —1. Moreover, a simplicail
poset P is n-dimensional, if it contains at least one point x such that dimz = n but no
(n + 1)-dimensional points.

The set of all faces of a (finite) simplicial complex with empty set added forms a
simplicial poset ordered by inclusion, where the empty set is the smallest clement. Such
a simplicial poset is called the face poset of a simplicial complex, and two simplicial
complexes are isomorphic if and only if their face posets are isomorphic. Therefore, a
simplicial poset can be thought of as a generalization of a simplicial complex. Figure 2
shows that a 2-simplicial complex and its face poset.

1 123

2 3

a 2-simplicial complex
a face poset

Figure 2.

A CW-complex is said to be reguler if all closed cells are homeomorphic to closed disks.
Although a simplicial poset is not necessarilly the face poset of a simplicial complex, it
is always the face poset of a regular CW-complex. Let P be a simplicial poset. To each
element y € P\{0} = P, we assign a (geometric) simplex whose face poset is [0, y] and
glue those geometric simplices according to thie order relation in P. Then, we get the
CW-complex in which the closure of each cell is identified with a simplex, the structure
of faces being preserved; moreover, all characteristic mappings are embeddings. This CW-
complex is called a simplicial cell complexr associated to P and is denoted by |P]. For
instance, if two 2-simplices are identified on their boundarics via the identity map, then
it is not a simplicial complex but a CW-complex obtained from a simplicial poset (see
Figure 3). Clearly, this CW-complex is homeomorphic to the 2-sphere $2. The simplicial
cell complex |P| has a well-defined barycentric subdivision which is isomorphic to the
order complex A(P) of the poset P.

1 1
N\
2 3 2 3
a simplicial cell complex |P|
a simplicial poset P Two 2-simplicial complexes are identified on
(123’ is a copy of 123) their boundaries.
Figure 3.

By definition, we have the following proposition.

9



Proposition 4.5. Let S is a finite cell complez. Then S is simplicial if and only if for
each cell o C S, the closure @ of o is isomorphic to a simplex A of the same dimension
with o as a cell complez.

In a word, a simplicial cell complex is a cell complex such that each closed cell is a
geometric simplex. Obviously, the geometric realization of any finite simplicial complex
is a simplicial cell complex.

Definition 4.6. Let S be a simplicial cell complex and V(S) the set of all O-cells of S.
Let o be a cell of S. We put V(o) = V(S)Na. For each cell o C S, there is an embedding

Do A(Iimn(v(a)) »gC S,

where AY™7(V (o)) is the dim g-simplex whose vertex set is V(g). We say ¢, a charac-
teristic map of o.

Proposition 4.7. A simplicial poset corresponds to a simplicial cell complez.

Let P be a simplicial poset and 2 € P. A half-open interval (0, z] is a subset {y €
Pl0<y<«z}of P

Definition 4.8. Let P and @ be simplicial poscts. A simplicial poset map f: P — Q is
a map such that for any « € P, dim f(z) < dimz and f((0, z]) = (0, f(z)).

For a simplicial poset P. we put V(P) := {z € P| dimz = 0}, which is called the
vertex set of P. Similarly, for each x € P, V(z) := V([0.z]) = [0,z] N V(P), which is
also called the vertex set of 2. A simplicial poset map f is order-preserving and satisfies
SV(z)) = V(f(z})) for 2 € P. Note that V(P) = |J V(z). Morecover we put

reP
Kp:= {V(I)Il‘ € P}

which is a simplicial complex whose vertex set is V(P). Herc we see Kp as a simplicial
poset, so that a surjection pp : P — Kp defined by pp(z) = V(z) is a simplicial poset
map.

Definition 4.9. Let X and Y be simplicial cell complexes. A simplicial cell complex
map f : X = Y is a cellular map such that for any cell 0 € X, f(o) is a cell of Y and
fls:3 = f(o) CY extends linearly the map f | : V(e) = V(f(o)) C Y. Note that
S(7) is the compact set of a Hausdorfl space Y.

Let X and Y be simplicial cell complexes. Lot F(X) (respectively, F(Y')) be a simpli-
cial poset corresponding to X (respectively,Y). A simplicial cell complex map f: X = Y
defines a simplicial poset map F(f) : F(X) = F(Y) by o — f(o) for each cell 0 € X.
Conversely, we have the following.

Proposition 4.10. For any simplicial poset map a : F(X) = F(Y'), there exists uniquely
a simplicial cell complex map f : X = Y such that F(f) = . In particular, if u simplicial
poset map a : F(X) = F(Y) is bijective, then f is an isomorphism from X to Y.
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Proposition 4.11. For any simplicial poset P, there exists some simplicial cell complez
X with F(X)= P.

From the above two propositions, there is uniquely an isomorphism class [ X] such that
F(X) = P. Then a simplicial cell complex X is said to be a realization of P, denoted by
| P| as well. Under this notation, we have a simplicail cell complex map |pp| : |P| = |Kp|.

Let K be a G-complex. Now, we shall investigate the structure of the orbit space
K/G. Let o and T be simplices of K. We define a partial ordering on K/G as follows:

w(t) £ w(o) if and only if there cxists an element g € G such that g(7) C o,

where the map @ : K = K/G is the orbit map. Note that the orbit space K/G has the
minimum 0 = x(@). Moreover we denote the orbit map from | K| to |K|/G by = as well.

Proposition 4.12. If ¢ G-complez K has property (P,), K/G is a simplicial poset.
Moreover |K|/G is a simplicial cell complex such that {n(|o|)|o € K\{0}} is the set of
all cells of |K|/G.

Proposition 4.13. If ¢ G-complex K has property (P,), it holds that |K|/G = |K/G]| as
a simplicial cell complex.

Corollary 4.14. Let X be a finite Ty-G-space. The orbit space |A(X)|/G is a fi-
nite simplicial cell complex associated to a simplicial poset A(X)/G. Moreover we have

|A(X)I/G = [A(X)/GI.

Let X be a finite T5-G-space. Since the orbit map p : X — X/G is continuous, it is
an order-preserving map. It determines a simplicial map

Ap) : A(X) = A(X/G),

and also a continuous map |A(p)| : |A(X)| = |A(X/G)|. Noting |A(X/G)| is a G-space
with a trivial G-action, we have a continuous map p : |A(X)|/G = |A(X/G)] such that
the following diagram commutes

lA(X)
ql A®)

|A(X)/G —~ |A(X/G)

where ¢ is the orbit map from |A(X)]| to |A(X)|/G.

Proposition 4.15. Let X be a finite Ty-G-space. A simplicial complex Ka(xy/c concides
with A(X/G).

In consequence we have the following commutative diagram:

IAX)|/GC —— |A(X)/G]

f’l l|¢A(.\')/G|

|AX/G)] — |A(X/G)I.

11



A simplicial action of G on a simplicial complex K is called regular in the sense of
Bredon if K possesses property (P,) for the action of each subgroups of G. Now, we shall
present an interesting example.

Example 4.16. Let n be an integer larger than one. Let Xo,.2 be a set consisting of

2n + 2 eleinents as follows:
n+l

Xansa = U{xi, T-if-
i=1

We set .
U(z;) := {z:} U{z;, z_;}, and
j=1

Uz.i) = {x-i};L;JI{Ijv z_;},

fori =1,2,--- ,n + 1. First note that each point x; determines the smallest open set
U(z;) on Xap 42, that is, Uy, = U(xz;). Therefore we define a Ty-topology on Xy, 0. Let
g be a map from Xy, 42 to itself by g(z;) = z-;. We set G := (g)(that is, a group is
generated by g). Evidently, G is a cyclic group whose order is two. Since |A(X2,+2)|
is homeomorphic to the n-sphere S", it holds that |A(X,,4+2)|/G = RP", where RP"
is the n-dimensional real projective space. Note that |A(X2,4+2)|/G is a simplicial cell
complex by Proposition 4.12. On the other hand, X5,.2/G is a totally ordered set with
n + 1 elements. Therefore |A(X3,42/G)| is homeomorphic to a n-simplex A*(Xy,4+2/G).
Since the map p : |A(X2n42)|/G = |A(X2n+2/G)| is not a weak homotopy equivalence, p
is not an isomorphisin between simplicial cell complexes. If A(X2,42)/G is a simplicial
complex, the map |pa(x,.,.)/¢| is an isomorphism, and p is also an isomorphism. This
is a contradiction. Hence A(Xj,.2)/G is not a simplicial complex, thereby G-action on
A(Xon4+2) is not regular in the sense of Bredon.

Proof of Theorem B.

Let X be a finite Ty-G-space. By Proposition 1.2, there is a weak homotopy equivalence
ix : |A(X)] = X. Then px determines a continuous map iy : |A(X)|/G — X/G such
that the following diagram commutes.

1A(X)|/G L~ |A(X/G)l

. Hxsa
Hx

X/G

Therefore p is a weak homotopy equivalence if and only if fiy is so. In general, jzx is not
a weak homotopy equivalence (see Example 4.16).

Remark that both [A(X)|/G and |[A(X/G)| are CW-complexes. Therefore, we have
Claim 1. iy is a weak homotopy equivalence if and only if $ is a homotopy equivalence.

We consider the case where $ is a homeomorphism.
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Claim 2. Let X be a finite Tp-G-space. Then the following conditions are equivalent:
(1) $ is a homeoinorphism.

(2) A(X)/G is a simplicial complex.

(3) A(X) has property (P-).

Proof. (1) = (2) Since p is a homeomorphisin, pa(x)/q is injective. Let U be a subset of
X/G. Then there exists only one clement s of A(X)/G at most with V(s) = U. Therefore
A(X)/G is a simplicial complex. (2) = (1) Since A(X)/G is a simplicial complex, it
holds that |A(X)/G| = |A(X/G)|. Noting that pa(x)/c is surjective, p is also surjective.
By Proposition 2.9, § is a homeomorphism. (2) => (3) Let 0 = {2;]i = 0,--- ,k} and
7= {gizi| g € G, i =0,--- .k} be simplices of A(X). If z; = z;, then

9;%; = (9,97 ')(9:x:) € TN (g;97")7.

Since a G-complex A(X) has property (Py), we have g;z; = (g;97') "' (g;2;) = giz;, s0
that g;x; = g;x; = gjx;. Hence we assume that each z; (i = 0, - , k) is distinct, then both
o and 7 are k-simplices of A(X). Therefore both 7(c) and n(7) are elements of A(X)/G
such that V(n(o)) = V(n(7)) = {n(z:)]i = 0,--- ,k}. By assumption, n(c) = n(r).
In consequence there is some g € G such that 7 = g(o) and g¢;z; = gx; (¢ = 0,--- ,k).
(3) = (2) It follows fromn Proposition 4.2. O

Combining Claim 1 and Claim 2, we obtain Theorem B. O
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B D VOA [RTH 2 Z,-$ul ke E AV /2 ER| VOA O %2E 2%, ZHIZER
VOAV L p DHCRA g IcH LT, BESA L LTHLNDEY VOA VI DK &
LTHIDER VOA V7 28T 2 K ThHB. £L T, < 2MD VOA L EZDHEH
Bicxt LT Z, SUBRAEARS Sh TR YT, ROFLER 24 DIER| VOA 23R
ATV

o 24 (&3t 24): Niemeicr HIZ {0+ 2 ER& - VOA ([Bo8G, FLM88, Do93)).

o 15 (&t 39): Zo-§LEEHIAIE % Niemcier #F VOA & —1 {533 BB O
LiFIi@ A 8 ([FLM8S, DGM9Y6)).

3[Sc03] T & B, FEHILARE

15¢93] 1o k5. EH LAY

b2z PaFBT L & L M pueighbor LI JL/LNLY| = L'/ (LOL) =p. Zk&E, (LN
LY HLNL) 33 p* OWRETH Y, Ln(LNL) & L'/{LOL) 13K p OBD8ETH S,

S5 EOBAERO “RUVREEH LTV S: VY OUEEMBEORBIEATIE p? MY, HERIZ X > T
[ OME I p° OWBRBEOIIEAAY, V & Ve Ofiy V-THORRIFIRE p OmSBEL 5.
WIZ, VI-BEMBEIT B L > b

T— D VOA OBBOHIUIZLETH 72 VO O Co-HRIEARIEIC [Mi]) CERHE RS,

89 o> Niemeier H-T-OH&IET VOA LRz S.

3



o 17 (88 56): K& 48 O=ZHABHF S ([BM12)) (= fHHli¥ ST ERI VOA® (|Lall,
LS12, LS)).

o 1 (A# 57): Zy-taEkMKIES E} B0 Niemeier 1 & H A 3 icASRR~
B ([Mil3)).

SEIOFED L5ERT, BAKIZ X » THEZL SN EAR-f VOA ~0 Z;-§uE K
£ ([Mi13]) 42T Niemeier & 2TOMEK 3 OACHEAIZY L THALT, 20k
ETHONAHELWRLER 24 DER VOA 22 THRO-YTHS.

SEIE 1.10. [SS, ISS] L % Niemeier #1& L, 0 € Autl %I 3 £45. X b,
Lo={vel|o(w)=v} &L,rank L° € 6Z £ T 5'°. ZD+ &, Z;-PulilkiiikE%: VL
& o IZHEAVLTH OB ER VOA V7 IZROWThh 2tz d.

(1) ¥ VOA &FI%,
(2) (VE)) DY —REUBEIL 0, AS,, EeaG3,, AszDizAd, OV L FAL
EBHIT, (2) DY —REERS VP 5 (DR E b —20) HIET 5.

[Mil3] T EesG3, 23 ERI VOA R EN TV AT, FiZ RO EORZST
Hha12 LoT, KOFREHES.

F# 1.11, BOERH 24 OER] VOA 13 (De< & b) 59 BFEMET 5.
LER-T, BRENTWIMBIZKROEY TH 5.

e Schellekens @Y X McdhdH 0 12 @0 Y —{EicxH L T, Th 2 EHP.LEH 24
DIEAl VOA Zi%pd L.

e Schellekens ® Y 2 b (fifHi7e) iEHE 52 X,

o %) —REUK LT, 2hE b o .OER 24 OER VOA @ (RBEERW:) —&
t (b L< ixm8E).

PRIZHHN TV 39 BL B VOA THS. WED—->THhD VOA BEPABER (V4T /0
B BIZIERT 5003k 2 0 8 2RBUC{TEIT D) Zo- A IkIBALE [LYO0S] X AWTARIRL TV 5.

10 = DEFIT twisted MBEICEBBO I RANRBRND Z & LA Tibb, Za-fuli KGR ENEN T
SO LB 544

USBMEOBFOB BRI ((MRE &£ ) 8T VOA OHCHICHSL LT 5 - & AtiNs.

e LVWIERI VOA THBZ LiE, Y—IVEOLALI SHESBATHAZ ENLNNS. 2, #
HITER VOA O Y — RO LA 2 % ([LS12]) M 685,

4
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2 Zs-BEHEBEEERW-RILER 24 OER VOA O

Z DI T [SS| DFEEREMBIZHNIS.
EFE, BARICK > TR ENTZROBREBVWEE S,

BHE 2.1. Mil3| L 22 =Y a2 7T, 0 € Aut L #{I% 3, rank L° € 6Z L ¥ 5.
Vi(o') & Vi OBER) of-twisted MIBEL L, Vi (0')z & Vi(o') ORBELDIEHR THHH
REMETE. 0L E, V=V OVL(0)20Vi(0%)z 1T (Co-HTRA) ERI VOA L7225,

OERE LTEARBROBREB TS,
B 2.2. [Mil3] L % E}! %o Niemeier #T& L, 05 € Aut L %

EsoEcoEse E;
o¢: 3-cycle fixed point free

THEALND L O3 DABRAMET S, DL &, rank L7 =6 THY, (V) =
E(i.:ngJ

ER 2.3, M) L 2V —FHFL L, 0 cAut L BB A BT HTLTS. 20
L& rank L7 =0 THhY, (V') =0.

I, Za-PuaRiiiE A2 B L THRTF VOA LAREONRSBERR 0, (1 <i <5)
T TL.

L % DS 10> Niemeier #F & L, 04,03,04 € Aut L R Z W73 3 DECHEE L
T 5:

Di®D;® D, ® D, ® D& D,
R R R R "

g3 P P W W W

op:  3-cycle ¢ ¢!y

2L pw € Aut Dy \ W(Dy), ¢ € W(Dy) 138K 3 C rank DP = 0, rank D¥ =
rank DY = 2 2=, DL &, rank L7 =0, rank L°® = rank L =6 &2 5.

BH 2.4. [SS] (V7?), = A3, (Vo) = Es3G3,, (Vi) = As3Dy3Ad,.

N(Q) Tr— bR Q IZH53 5 Niemeier T4 KT Z LIZT 5. 0, € Aut N(A?) %
a3 DACRIRNET5:

AloAioAle A
o, : 3-cycle fixed point free

05 € Aut N(AID,) # R CERSNBIK 3 DAERRL T 5:

5



AsG A G As B A; © D,y
o5:  3-cycle n

7<72L n € W(As) iX rank A7 = 1 @i+ 3 oBCRBILTS. DL E,
rank Ni{A}?)”" = rank Ni(A3Dy)™ =6 &7 5.

R 2.5. [SS] (Vi )it = A5, (Viesapyht & AsaDiah] .
I DEBRDOTEHADOHIIR AW THS.
o V7 1% Zy-grading 2.
o Vi (o), Vi(0?) iZ [Le85, DLIG] THE XN TE Y, V7 OIERANEEMIZHTS.

o (Vi) HTHRTRTIUSERMTHS. X561, HHHMA T T AIHLT, FH 18
(3) BRI LTV 3.

B ) —RBOZENS, K2 OBE BV TY —REo ek EoEY T, & 642, ki

BT O T2 —DICB D IAAT.

FE 26 o HV—REIIHLT, Fh2E> VOA OMREN @Y HEM, Zhbd
VOA HRIEME ) Hd (BIFATIE) bhrvo TV,

o "N &H?DIFEEAIZIT Schellekens DY X k& BV Tz,

3 Weyl BORIZHHHY 5 Z,-BEFEHEALE

Niemcier #-1 VOA (2 Zs-#LB {kilinkiE % 8A L TH LN S ER VOA 0 U —KREO7
RBHEEIC DWW TR, F99, Weyl BICRT52ECRBE2EETS. 20D, bo
B2 ACRBTH BT 1 OFTXD 0-HID exponential & L TH SN SB[
BHZHS>WTERTAS.

EE3.1 LEa=EVaTEETE L, N(VL) = (expag | a € (Vo)) &1 5. g€ N(V)
EEHBIE LTS

(1) [IL:M|=|g| L7253 L OB M BIFEL. VI 2 V,,.

(2) Z,-$EMERIESE V, & g ICEALTBORBIER VOA V! BEETHL+5. =
DEE,IN: M| =|g] £%5MKF N BFELT, V) 2 Vy. BiS, L &N
|g]-neighbor TH 5.
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N(Vp) 1) —RE& (V) oNBECRIRREEXS. ARRETY —REOFRECH
RNL [K90] » 8 ETHTEINTEY, g l3H B HNF L EFIREDTD exponential &
ST EMRWHKS. N(VL) i3 g o BaRE~FBIERT L &, Bl hng v
53 {REPD LD exponential (2 & HFEEEH Y VOA OHEIZL->T (1) BiEWA SN 5.
7=, F VOA OEEKMBEITHEENI L FTHY, TS L MEKIZEF VOA &
225, LoT (2) RERSHB.

iz, L O Weyl B (D5 E) 12 N(Vi) KAB 10, KEBORD.

% 3.2. L= N(Q) % Niemeier #F& L, 0 e W(Q) £T5. D& &, V7 134F VOA
L2k,

4 Niemeier HFDRH 3 ODECRAEDSEETOLA
MO RN, RONFMELZ MR L, ZREROBEIC V7 2E5E%THITEV.
PIRE 4.1. Kxilil=% L= N(Q) Oirix 3 nBECRB %2 o8¢ X:
rank L°€6Z  and o ¢ W(Q).

Weyl BIZBERVHSRERE, A— PREHRE LTERY 20, /I 7HERARL
LTHEATS. %7, Niemeier iF0HSREBEOH BRI [CS9] izHEMN TS, Zh
LEEIZLT, TNEADOHETHAETHI LT, KOKREED T LK S:

EE 4.2. L = N(Q) #*
rank L° € 6Z and o ¢ W(Q)
ok 3 0BECRR o 28 bIE
Q =0, A¥, AR, A3, DS, AlD,, A}, D}, E..
ELIZ, ZOL ) L HERROKEFORIIRTHI NS,

QTR 0; BRI BIHBBUSSOVTUL, (V7)) OV —REOHBENRRESA TS,
Fh, U—FRF AHRITS V, & rank A =6 DB VIV, LRDZERES
IZIEATE 5. RHAGEIIKROMEIZL VER I N S:

B8 4.3. Niemeier #-1- L = N(Q) Ok 3 »ACFKE o A% rank L = 12 Z#il-37
BiE, V7 i3 VOA LR TH 5.

[DM04a] (2 & » T, EHHA 1 DLW Y —REBEDT > 2 H5 24 125X+ VOA L
BERAZeMBHMbATVS. ThALOBHIC, RICEHAEHL2ACRBORLRE AW
T, 24 RIEDANE ARG REERNITH. ZIZThH, K| D 8 EONKFEZAWS.

UEMNSE#ERTHIEE 1.10 BIEAEN 5.

7



Q 0 AN | AP | AS| Di | AsDy| Al | D; | Eg

rank L° =0 | 1 0 010 1 0 000
(4] 09

rank L7 =6 | 1 0 1 0 2 1 0] 01

aj 03,04 241 Og

rank L =12 | 1 1 1 1 2 1 1 1 1

5 4%0ORE

1 RO E TEH OB AW TIRRTWAS, BYIOMMITHZERY 12 A0 ) —R ¥
ZRHOIEQ VOA OWMRIZE L TiX, W< 2 DT A FT7HH 5.

—DIREEXRROBRY Z; OBA/ICIEERTHIZLETHS. ZhiCE-T, HLWEN
VOA 0K b — oM TEA I LE2HERLTWA. HLITERIZ VOA BiENRAS
ZEEEBL, ICH LWER VOA B TE 202 MRTILENHD. ZhidicE
REEDIIN—T L H>THETETHS.

b o — 23t VOA o E CERICHHIT 5 Z,- i (KSR IEORN Thb. Zh
EoT, HLWIERM VOA KA THAI ETHLTHA. VOA BEBALZ L%
GERL, V—REUEEERE L 2L T2V, Zhid Lam K& OERFEDTET
h5.

FPUZ 71 BEMRT DI Zy- R Zy- b AR IE ST SN+ TH D
Z &A% Montague IZL > TREEENTWD ([Mo98]). L L7aehn, BRERECII—KD
VOA 1283 2l R EN R STy, ZoMRokER B HuE, 36128 <
DOIEN VOA A T& 3 L Bbh 3.
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The McKay-Thompson series of

Mathieu Moonshine modulo two

WK « HIKEE UL =6 Hl

1 XC»iC

FOBHNE, AERRE Nz Mathieu Moonshine Bi% (7], Umbral Moonshine B4t [2]
KRNhZEy 77— 28O 7—) LEROSHN, FHCWBERCMT 28RN 2ZHN, £
DEFRD Cheng-Duncan-Harvey (& & 3 FH 2] \DIEHERANTSH L THS.

ARORE R, SB53HIC Matthias Waldherr [X (University of Cologne), Thomas Creutzig
K& (Technische Universitit Darmstadt) , Gerald Holim K (Kansas State University) &
DHEIMFETHS.

2 Moonshine H$
Ey(1) % Eisenstein %%, n(7) % Dedekind n-lE & 45 :

oo
Eyt)=1+240 Z a3z(n)q",

n=1

n(r) = g% [[(1 - "),
n=1

TCT os(n)=Y,,,,m* TOLE, jHBIRDLICERENS:

min

3
iy =B 1 aay 106884 + - -
() q
o
= ) eln)g".

n=-1

McKay (&, ¢(1) = 196884 A% Monster H&liEDIE QIR BRI RBID IR/ RIT 196883 &
BEAEFLWINCKTZ, LD Moonshine REERER L. Chiid, Conway &
Norton {C & D, Moonshine conjecture & L TR 5, RETIE Borcherds 12 & > T
BHENTVS [5, 1]. TORRC 5-BIELD Fourier (REL c(n) 1372 ORMKEOERR & DN,
MCROEFARREG-IHSMENTVS [14) ta 2 1ITHL,
(mod 22) =¢(n) =0 (mnod 2%+8)
(mod 3%) =¢(n)=0 (mod 32+%)
(mod 5%) =>¢(n) =0 (mod 5°*!)
(mod 7%) =e¢(n)=0 (mod 7?)
(mod 11%) = ¢(n) =0 (mod 11%).

1

<

2 2 3 a8 =2
mome e

S oc oo
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3 Mathieu Moonshine IR$

& THHA, Mathicu moonshine HRANFER TN (7). di(z7) & ulz7) BRICED S
L d5:

o0
D (z7) = - Z er.'i'r(n+%)2+‘2Hi(n+._l,)(z+._l,)’
n=-oc

L"("_f_l)c:lm‘n:

oy i€ e
u(ET) = 5o "%;( i e
ENLERVTE() ZRADEHICERT S !
T(r) =8 > u(z;7)

s€{1/2,7/2,(1+7)/2}

=q % (2 -3 A(n)q") (say)

n=I1

= —q~8(~2 + 90q + 462¢* + 1540¢" + 4554¢" + 11592¢° + 27830¢% + - --).
Mathicu moonshine RRL BBIAO S B@O7— ) TE&EE 2 THIH- D
{45,231, 770, 2277,5796},

1 24 2RO Mathicu Bf Moy DBIRIZRBIORTICE L L, TIC{HOFERE Moy OBEIEBOD
RADEOMBFRIERLEATHITVS, LWS8DTHHz. TOIRAFYTRATR
i3, TRTICELT, P ICK>THBEE N (LHL, CORROERIHFET ST
H35REUEE TR, P hTViEW.)

T, CO7-VIFEHOGRAXEFARELS LW H T LHAEHNTHS. ML, j-HK
OREARREZFFZZOHURZINT, - HBOFRLELBAS, ROGRANEHER L

n=1,2 {(mod3) = A(n)=0 (mod 3)

n=1,3 (mod5H) = A(n) =0 (mod 5)
n=23.5 (mod?7) = An)=0 (mod 7) (1)
n=23,4.69 (mod1l) = An)=0 (mod 11)

n=4,56,7,911,12,15,16,19,21 (mod 23) = A(n)=0 (mod 23).

EV25—HADT7— V) LEBDBFANXERTICIE, AVIVLOERE WS N KEAD
H3. AVNLOERIR, ROOGHRAOZARXERETHIE, 2TO7—) EHEHT
ELWC ehbh3aT ERERTS. LML, S(RLBREPES25—BRATHEL, €Y
I 7—2ETHB. DEHDAVIVLOEREMNSC EAMELZY. T, Matthias
Waldherr KL ORFAMEIC BT, AVIVLOERREY Y 57— 2ME~EEL, chd
DERRERL

EE 3.1 ([101,[12]). (1) DARRUTIE LV .

MBI &I, BE UTHRNZERE, 1My 2RIRARBE LTRHEII NS,
ABROBMTHABMER 2 ICHT I ERARIC DOV TRIBERERS.
2



4 Mathieu Moonshine I} McKay—Thompson $&#
ET, PL—ZDZ(r) &%55 Moy-MBEK = @2 _ | Ko ICH U, Moy DILEB X DT

9 D McKay-Thompson HEZERL &I [6, 8 :

oQ

Tex(r) = Y tr(glK)g"® = Y Ax(n)q"/® (say).
n=-1 n=-1
COEE ] IZBVT, Ax(n) b (1) ERACHOBHEARENHOC LDRENE. 200
typelC G TWAED, REHNZ W T S (1) DB 77— R IYBOD L & “TypeI’, P2
S—MEDO L E “Type I"EHFI TS

BE 4.1. g€ My IKHL A,(n) BADBRARERD :

e Type It
1A
(1 (mod 3) \
1,3 (mod 5) (1"03:3 )
_J 23,5 (mod7) 4 . (mod ;)
"= 2,3,4,6,9 (mod 11) = Aia(n) = (mod 7)
4,5,6,7,9 (mod 11)
{ 11,12,15,16,19,21 (med 23) (mod 23).
2A
1 (mod 3) (mod 3)
= Asa(n) =
" { 2.3,5 (mod7) 2a(n) 0{ (mod 7)
3A
1,2 (mod 3) (mod 3)
= A =
" { 1,3 (mod 5) = Asaln) 0{ (mod 5)
5A
1 (mod 3) (mod 3)
= Ar,, =
{ 1,3 (mod 5) = Asaln) 0{ (mod 5)
7A
_) 2 (mod3) _ (mod 3)
"= { 2,3,5 (mod 7) = Asaln) = 0{ (mod 7)

3
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[
et
>

2

ek
ot
>

[
[Z5)
o

Type II:

&

n

n=1 (mod3)= Asa(n)=0 (mod3)

n=23,4,6,9 (mod 11) = Ajja(n) =0 (mod 11)

n=23,5 (mod7)= Apga{n) =0 (mod 7)

n

1 {mod 3) _ (mod 3)
{ 1,3 (modg) — Awalt)= "{ (mod 5)

4,5,6,7,9, _
{ 11,12,15,16,19, 21 (mod 23) = Asza(n) =0 (mod 23)
_ ] 2 (mod3) _ (moa 3)
n= { 1,3 (mods5) ~ AB(M)= 0{ (mod 5)

n=1 (mod3)= Aja(n)=0 (mod 3)

n=1 (mod 3)= Ayc(n)=0 (mod 3)

{(mnod 3)

" {(mod 7)

mn

1,2 (mod 3) _
{ 2,3,5 (mod7) Azp(n) = 0{

4



n=2 (mod3)= Agg(n)=0 (mod 3)

12B
n=2 (mod3)= Appp(n)=0 (mod 3)
10A
n=1,3 (mod §) = Apa(n) =0 (mod 5)
12A
n=1 (mod3)= A124(r)=0 (mod 3)
21A

_ ] 2 (mod 3) _ (mod 3)
nE { 23,5 (mod7) ~ Azalm)= 0{ (mod 7)

A(n)(= Aa(n)) ERICL, B LTRNBEBUE, 1Chy, (6X) ERDHHRBL LT
Eodons (1] BICfioFEBICBMLTE, 1)0XS5 8RR FE Ve THEN
3. COTFHRERRTHLIE, Ty i 75— 2L My LOBFREBICHLMNCT S L
WS BKICBNT, KYMEETHS.

5 77—V IRBOEEHY

TIREIC, Fourier REOMAT 2RIz, LUTF TR, 83 [3]ICHES. Fid 10, 11,
12 B0T, MFFFEL L EREh o L0501, 2TOLXIIHL 2|§Ch,, (6X) T
HY, THL LICHETFIFROTEEBEUC E6IE, RTOLXITHL, Apx(n) DBFEH
RINEIZ S THB., BMCHRLTHRB L, HERTD Aix(n) BMEEED, LHLAFH
LMD X TN ULFEL, BHhOhBORESILBRONS a6 THB. &
B, [eBVTRHEE W —D20OTH L BOMMENROH D, Fhic X b Fourier f%
HOMFORKH DI EWILIzDOTHETS. ZOFHLE, XDXS5HEDTHS !

F32 5.1 ([2], Conj. 5.11). n = ¢m? =7 (mod 8) £ ¥ 5. K, I ROMAEKGTETHIXRE
DRTEZL -

e For £ =7, one of the pairs (x3, x4), (12, x13) or (X15. X16);

e for £ = 15, the pair (xs, x6);

e for ¢ = 23, the pair (x10, x11)-
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COFAUCBNZ847,15,23" %, MADORHMIHCLBEIES12DTHB. Ax(n)icH
I 5ETHE, ROXSICHERENS

BHE 5.1 ([d]). Moy DIIFH X KL, Aix(n) HNEFBTHI 2T 5%, €X €
{74,7B,14A4,14B,15A,15B,23A,23B} D D& ¥ m 2T, n = im? LBF3, &L
<, X € {214,218} D 3 THHIIZVHE m ZAWVWT, n = m? LHFB LT
H5.

EHS5.1 2T, PRSI ZBEX I BROFEMELNI:

F51 (). n=tm? =7 (nod8) £ ¥3B. n=0m?=7 (nod 8) &T 3. K, dRDH
HEHBABWERORT 2 HEEFNTIT

For € = 7, the total munber of pairs (x3, x4) and (x12, x13);

for £ = 7 and m divisible by 3, the pair (x5, X16);

for £ = 15, the pair (x5, Xx6);

for £ = 23, the pair (x10, x11)-

6 Remarks

e [2]iC& D, Umbral Moonshine REMRDOMofe. CORQHBNZEY I T—2H
BCH LT RS OHBKHEFRAEZRRAL TS, FC, FIXTvVORREL
REYDEY I T—2HEHIGRL, TNEDT7—Y ZHBOAFRNICRNSED,
MHETHHOMBLMFET S LLHELTWS. ARSI v DEY I T—
ZBEHS, HAIELWHREE LG AT ENRASME-12DTHSB. ThicD
WT, WXEFRPTSHS.

o AIBHIC DWW THENZM A, MISEXTE L. BB X S i, BEEADT—
YIFEROBRNEZRTEE, AVIVLOFEH 13| ZAWA LREATHS. L
L, $i%kDEZ TV 3 McKay-Thompson $ 83 —BICRBUER TR By IV T7—4
MBEDT, AVIVLOEMMMIZZV. HLlk, AVVLOEREEY 77— 211
B —RIET A LICRYLEE. FNEHOTChSEE L OBEROIRICKIIL
f=.

Fl, BV TF—2MEE 25 McKay-Thompson $8 5%, EVa5—EXPRB<{A
HNIEROME LTERTEZREN, LiahoTHs. Cok5alald ik
BRAYNVLOEREFEIIS I,

BL CRBXEBILTEE (10, 12, 2).

2EH

[1] R.E. Borcherds, Monstrous moonshine andd monstrous Lie superalgebras, Invent. Math. 109 (1992),
no. 2, 405 -444.

2] M. C. N. Cheng. J. ¥. R. Duncan and J. A. Harvey, Umbral Moonshine, preprint (2012),
arXivi1204.2779.



(3

[

tal
(6]

U

8]

o

(10]

(1]

(12]

(13]

14]

J. 1L Conway. R. T. Curtis, S. P. Norton. R. A. Parker. R. A. Wilson. Atlas of finite groups. Oxford
University Press, 1985.

T. Creutzig, G. Holin and T. Miezaki, The McKay-Thompson series of Mathicu Meonshine modulo
two, subritted (2012), arXiv:1211.3703.

J. H. Conway and S. P. Norton, Monstrous Mconshine, Bull. Lond. Math. Soc. 11 (1979). 308 -339.

T. Eguchi and K. Hikami. Note on twisted elliptic genus of K3 surface. Phys. Lett. B 694 (2011),
no. 4-5. 446-455, arXiv:1008.4924.

T. Lguchi, H. Qoguri and Y. Tachikawa, Notes on the K3 surface and the Mathicu group Afyy, Exp.
Math. 20 (2011), no. 1. 91 96, arXiv:1001.0056.

M. R. Gaberdiel, S. Hohenegger and R. Volpato, Mathien Moonshine in the clliptic genus of K3,
J. High Energy Phys. (2010). no. 10, 082, 21 pp, arXiv:1008.3778.

T. Gannon, Much ado about Mathicu. preprint (2012), arXiv:1211.5531.

T. Miczaki, On the Mathicn mock theta function, Proc. Japan Acad. Ser. A Alath. Sci. 88 (2012),
no. 2, 28-30.

T. Miczaki, Congruences on the Fourier coellicients for mock theta functions, which relate finite
groups, preprint.

T. Miczaki, M. Waldherr. Congruence of the Fourier cocilicients of the Mathicu mock theta function,
subinitted.

K. Ono. The web of modularity: arithmetic of the coeflicicnts of modular forins and g-series. CBMS
Regional Conference Scrics in Mathematics, vol. 102, Published for the Conlerence Board of the
Mathematical Sciences, Washington, DC, 2004,

J.-P. Serre, A course in arithmetic, Translated from the French. Graduate Texts in Mathematics, No.
7. Springer-Verlag, New York-Heidelberg, 1973,

45



46

Ternary Golay code D3 & i 3 LoD 7 — A

AL 68 (TEARFARFUHEH)

¥ = L DOBBEEESR G GEHPEE R >BANH L LMo TS [2]. AT, 20 L5 %BL
L THBIE 240 ternary Golay code L 255 — LAt T3. 361, 20RO BEEOHNESR
L3,

1 S—LOHB

FFX—LEZHBELEY. AMTRY-LALRAABABERLZ2VOERHBA Y7 72T LicT 5.
Fp={0,1,...,p— 1} TRE p (BB) OHBUEZRL,0<1<---<p-1 TAFHAS>TWBET 5. M
IO, IS £ OUIFHIBIE (b by b) T Bo= (b b oo b,) CHFILETS,

LIE B 2T FY CAAKEFEANRS, F) ORBLE 2005 ¢ = Y ribi,y = X yibi LT
BN BRADBFEE m T3 (m:=max{i€ {1,2,...,n} [z #p}). SDLE, bl <yn &
SIfz<py LEDBIEC < BEWFICAS. O <p & BEFEMEZLIZT 3.

T}, BRIFLACTY - L2MBT 5. d 2 2 EOARKE L, MARE V 2 F) E¥5. 28,y 12
#HLT,z & y D Hamming Bl d(z,y) 5 d KM TLDO y<pz DEE, b5 y ICKEHKD. Thbb,
UG E 2RET 5

E:={(z,y)eV?| y<pz, dz,y)<d }.
ZORMY S 7 (V,E) &, B RFTAIVHGBIILHRIGES el o, FEBHBER 2. BT, il
F7(V,E) %2 F, LD BRI d¥—LEREZ TS,

ZOX— i 2 AHBROY —LTROEHICBIEI EHTES, £, MEMAE 2 D4 vy 28BS, T
12, v0 6 (vg,v) EE Eed v, ~BHT 5. 7T vy o (v, v2) € E Ehd Mo ~BWTs. HE
BRIOBOEL T, RHIZANSGHANERZB->TBEHL TV 2, BIHTE 58k { k> FdATTH 5.

2 DB

ZnTik, B UF d ¥ — hOBRTOBHAREMRL LS. 22 THRFLBH LR, 0P SHHS LY
FTHEIWO I LM TESBEMS S ML TS, UT, BICSPHE v o ia, BILWEERT LT
5. w(0):=(0,--- ,0) € F* £¥5. ZLT, w(m) % w(0),w(l),...,w(m 1) LOHMH d L EX LDD
T, B HIIFIZ 2V TRAAD b O LEBT 5. Thbt, BRI K TERT 5:

w(m) = xr<uBn{:: €Fy | d(z,w(i)) 2d (0 < Vi<m)}.

2L, UDRE {z € F) | d(z, w(i)) 2d (0 Vi<m) } BorRBREIL D0, 20 &9 kiliih
DmEme+1 &L, wimo+1) BERERELLVWOLOLT S, 0L 2 W := {w(0),w(l),...,w(me)} of



F-hoLBHLE ks, K 3 w0) B/ oHBTHFOBLD:G, w(0) RLBHBTHEI L
hhd. ZIT, W ORLGIRMBMO W DANZBIHTEY, 2, W L&Thkvidb ol W Ol ~B
BTE5. ST W DANSERHDZE, BERRIC W OMEBIT 22 EHTE, 22, HFEMIC W D
SBHTE LY, I5I w0) e W THHZ Ehs, BFILGID w(0) ILBRITE S0, W QLBHET
b3, £, WAThGEwAIGHS 3 L, AROFETRFENLTB TS0, LBELSHEBIZ Witk 3
Ztithdh s,

3 LS
F2 L0 B B d ¥ — AOZBIBIC OV TKOBRIM ST S [3, 2, 1].

£ 3.1 (Levenshtein 60, Conway-Sloan 86, Brualdi-Pless '93). F, L B Bilf d ¥ — ADOLBE2HK
RBBRHIL S,

ZOEHD F, ~NO—HLEKREBCLHA 5.

BT, RN L ARIETYN B d ¥—ahoBohsht w5 e, B % Fy LD n XilififF
FeF+rL8 n=2"d=4 DL E extended Hamming code, n = 24,d = 8 D & & extended Golay code
MPohns. ZH T, ternary Golay code HIU X H PO DA 5. IFRIWU LI B %2 Fa L
D12 XKNEFTR, d =6 & LU TLBEEEZIFIT 3 L ternary Golay code 1276 2WiEd Y, BAC
RohuIldhds. LU, BEVLEVELSEI LIZ L2 TRORME R

ZE 3.2. Bi; % F3 Lo 12 XIMIFTAD (i,5) Y% | KERALTFAL TS JOLE B; B 67—
DABHEEIRT L L 5LBHIRFIi=1,2,..., 92 j=10ThH3. 61, 2ht 920FFIE
42T, extended ternary Golay code {2725,

TL2OLTDO X o7 1 % 1 2wl &, extended ternary Golay code 25 h 3.

[1 0 00 000 00 X 0 O]
010000DO0O0OO0XUO0O
0010000O0O0XUO0OWO
0001000O0O0XUDO02O
00 00100O0CO0XUO0O0
00 0001000XU00
000000100 X 00
000000010 X 00
000O0O0CO0OOT11 X 00
0000O0DO0O0CO0COTI11 0O
0 00 0O0O0COO0O0TUO0 10
0 00000000 O0 0 1

4 BMEOHESRYE

EoOFERERTIIRO BB 20HETINITRY. 2 CREAMFESZAD:0, BG20M{T 5.
{o¥e 1M L (p-1Mer I ko T aeF, & M, HSUSEMAERTILICT S, £, BAREK
TCOHIN 0 LB D% LO2FMRELEEE M) CHT:

Mg = { M= {0‘"0' lM',...,(p— l)‘""" } IU # B{ON",...,(p— l)‘v""} C M s.t. Zaer Noa=0 }

2
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SOLEIRTHBELAETE 3:
EE 4.1, B ¥ d ¥ — AOBBIBRK W ARG 2 5 B+ ORIFR, 8O T8 Jap' € T KHLT

KR LD ETHB:
s k-1
w (Z a.»p‘) = a,w (p*) + w (Z a.»p') )
=0

i=0

L, &l B 2i->T wim) =Y wim,jlb; ERTLE, T BROBETHS:

k
T:= { ap < #W

i=0

3.7 st {lU(po,j)"", s 1w(pk,j)ak} ¢ MO } .

COEBOAERFIZDY LD, EREFH L LROOLMYPTVHEAFNON D!

® 4.2. BUUT d ¥ — L OBBIERK W HRIBIC L 5 B2 &AEE, EED S5 e <p -1,
Thoaip' < #W KHLTRIMRY UL I L THB:

w (Z p) = aww () + (Z ,,) .

Thbt, RROHM p- | LFOBIEIERTER L., FAIE, p =3 oW w3 +3") =
w(3*) + w(3h) % & RIBRH S TH 579, ternary Golay code OFEHEZHR T, ORI IERETH
IR, Ef, BBl p=2 OBAICRIBREIC 2L S ohh s,

B, d BEATHU L) S TRBERSMN o o, MRLEREHNT 5. k(n,d,i,j)
TF, EnXD B; Al d ¥ — LDORBBHBORTTEXRT Z &2¥ 5. REL, BIETRVWHREIRZOXITIR 0
T3, E6IC, by = max{k(n,d,i,i) |1 < i< n}, kg := max{k(n,d,i,j) |1 <i<n,1<j<n} t¥3
ERDOBRBY ot

EH 4.3.
wd= 1 (d=1,2 (mod 3)),
d <3 (d=0 (mod3)).

=1 (d=1,2 (mod 3),d +# 5),
ki< <3 (d=0 (mod 3),d# 6),
=6 (d=5,6).

Tabs, SRIDOKE T} ternary Golay code MM IR ILOF OB B o i,

2E 3

[1] R. Brualdi and V. 8. Pless. Greedy codes. Journal of Combinatorial Theory, Scries A, 64(1):10-30,
Sept. 1993.

[2] J. H. Conway and N. J. A. Sloane. Lexicographic codes: Error-correcting codes from game theory.
IEEE Transactions on Informalion Theory, 32(3):337-348, May 1986.

[3] V. Levenshtein. A ¢lass of systematic codes. Soviet Mathcnatics Doklady, 1(1):368-371, 1960.



2B p-ALOBERBEIZDOINT

S K FE SRR R RFE TR LonnRe
i ES

1 JEA

AREGIIHLT, GOBCHBER2GLY Aul(G) &L, B pHEoDO G
OEMBEE G*? &5, &6, GORXTHNENHEE n OHWFETHE LD
6% Q(G) &5 (£ 90.(G) = {g € G|g" = €}). UTF. p £ HFK
LT, 5T, il p OXKERE C, & L, TOEMTE-DEY g, & T
5, ZORHAREGIIHMLT, KOLI 2% C, 1o Aut(G*P) ~DRAARRE
B ¢: Cp = Aut(G*P) BFEET 5,

¢(Up)(gl!g2v"' 1gp) = (gr(l)vgr(‘z)a"' ygr(2)) = (gpvglv"’ egp-l)

(ZZCrdKE@E (1,p,--,2) &ET5,) ThEv, G & Cp ITHER
BEFTE, TOFERMNEZ GIC, £T5, 22T, EbIZ, GI1C, DRk
KDOE KT,

(91,92, 1 9pi 9)

(ZZT. 9:€G,g€C)) TDLEE, KDL IITHWHNIZ G, (n) XEHT S,
TR 1.1G,(1) 2C, &T5, n22H LT, Gp(n) KRN Ly & Ryn T
ERENT Gp(n - 1)1C, DEIRLT S,

Lyy:=0p,€G,(1) and L,, :=(Lpnu-1,6---,€0p)

Ry = a,,'l €Gp(l) and R,,:= (R,,,,,_l,e,--- ,e;ap“)

BUF. 20 Gp(n) OHEICOWTH LW T3, E612G,(n)
BEHTIEE p-ARICHOWDTHRIET N EHIZ G5(1). Gs(2) & G5(3)
BEHTAZEMAABDO /7 728 ETH, T > 2128 LT, 2O
Gp(n) ITFETHRR “e 4 p B THD Z L IR ARNTIC L D bhB, &T
FIPREE G ICH LT G*P (2 GI1C, DEBMABEE R ~HTE. ZOR—HI
L0 GrC, DEBFREH I LT, HNG*P X H OIEFRE IR L 125,
BE 1.2 Z2h L9 n 2213 LT, Gp(n)NG,(n—1)*? 1L G,(n) DIERES
B Y. ZOBNBE Hy(n) L¥T. S6I5, Gpln) ORBTEEE G,/ (n)
L&Y,

#E 1.3n 221X L TGy(n) & Hy(n) DEEILp TH D,
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EBIZ, g€ Gp(n) IZH LT ghen & glon BERDOL DI B,

glom = (92, 1 9ps (@1) Frn-15€) if i=0
(921"'gi+le.n—l="' agpprTrll—lgl;U;) Zf 2#0
(gp’(gl)n"'"_‘vg2"':gp—l;e) if i=0

g% =< (gpRpn—t, Ryl 191,92, 1 gp-1:057") if i=p-1
(9p: Rpi-191,92, " Gis1 Rpno1, 0+ 1 Gp—1305') if i#0,p—1

BEBR B 1.1 76, EEHNZLYbM3, O

2 Gp(n) L ZDERTE

T I T Gp(2) DMELXRET D, £¥. EHLY G,(2) i G(1)1C, D
WaBETHY
|Gp(n)| < PPH

|Lp.2| = |Rp.2| = P2
Thd, 3T, ER 1290 H)(ZCXP DBHIETHD, O,
Lp.'ZRp,'Z = (0",, U;l;ea"’ y €5 e) € HP(2)

Thd, Bz, HH 1376 H,(2) 1RGP LRBETHY. G,(2) Dhirlk
P THD, EHIC, WHRHRIZL Y Gp(2) DFLIL LY, THEM S I
(L p DKEBETH S,

WIZ Gp(2) OXMTHE G, (2) KOWTERT D, Gp(2) BITHERTH S
=% Gp'(2) 1L [Lp.2, Rp 2] D Gp(2)-3 BB THEREND H,(2) DEHRBETH
5, 2%9,

Gy'(2) = {[Lp.2, Rp2)’lg € Gp(2)} C Hp(2)
Thd, IHIC
[Lp,2,Rp,2] = (oﬁ,o‘;',e, Tt 7870;1;6)

L0, #Hil1.325 G,/(2) nfitEt pP-? TH B, BIZKBRY I,

Hy(2)/Gy'(2) = (Lp2Rp2G)'(2)) ~ Cy
Gp(2)/Gy'(2) = (Lp2Gp'(2)) x (Lp2Rp2Gy'(2)) = Cp*?



rEREELDHH L
W 2.1 p 2 HRELET D, DL &, Gp(2) I pP O e RIET Rt
THY, (G2 B LD ¥ Hy(2) THB, &bIC

Gp(2)/cp’(2) = (Lp,2Gp’(n)) X (Lp.2Rp.2Gp'(2)) = CPX2
Hp(2)/G,'(2) = {Lp2Rp2G,'(2)) ~ G,
Z(Gp(2)) ={LR2) =Cy

ThHAH.

I, n 23 I LTHROL D2 2.1 LEROZ LAY LD,

SEH 2.2 n 2> 21T LTRAKY Lo,

(1) Gp(n) iTF5% p™ @O AR p-B¥

(2) (Gp(n)) B Gp(n) DEEXT—~VER pBARTHD, E6ICq%p
L5 E QCpn) B Gyln) DBYTEE 125,

(3) ker(mn) = Qp(Gp(n))

(4) Gp(n) DBLAHIZ (Lpa)? ™ (b LI (Ryn)?" ") TERS W BN p
OKEFHTH B,

T I T, mn: Gp(n) = Gp(n — 1) ITRO &L 5> RWRIPEBRTH S,

Tn: Gp(n) = Gp(n - 1)
Lp.n = Lp,n—l

Rp,n —r Rv.n—l fOT n Z 2

BEBA D SHOMIZ (1) BRY L, 7, ITEHBRBTHSE, SHICME
21X0, n=20LEEXTEN, BIZ, n >3 & UIMIZTT,
(2) & ) IZ2W\Tik, KOEANGH{ LN,

Ty = (7rn—ly7rn—la"' y”n—l;l)

COBRRERNLHALNTHSD,

ET. g% Z(Gy(n)) PTEETB L. malg) 1T Z(Gp(n - 1)) DFETH B,
HIZ Z(Gp(n— 1)) it Hy(n — 1) DBABETH N5, ma(g) it Hy(n—1) D
FThB, IS, gt Hy(n) DETHB, &b, MMECEEND g K
DX ITKED,

g=1(91,92,"-9p:€) (9i € Z(Gp(n—-1)),1<i<p)

hlit. gi=gi(1<4,j<p) &R+ THIH,. HELINLHLNT
Hh3, 0
(22T (Lpn)?"” OB LD E (Ryn)? ' THB.)
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3 Gp(n) DEH

BHBIZ Gp(n) DALEE Gy(n)/Gy' (n) DIGERRET S, BEIC, M 21
Tn=20¢XIIRL, n2> 3 ML T, EEMELXRETHI-DIZWV
K OPDOWMERNT S, UTF. n23 ¢35,

#58 3.1 Hy(n) = (Lp.)? (Rpn)Ps (Lpon) (Rpn)i|1 Si < p—1)

HWE3.2 H)'(n)=(G,/(n- 1)) THY. (Lpn)PHy'(n) & (Rpn)PHy'(n)
12 Gp(n)/H,' (n) DPLIZEENS,

#HE3.3 612, gpu(0) = (91,92, gpi §) ERDL S ICED B,

gp.n(l) =(g|192a' i vgp;g)

i=(Lpu(n — V)H' (n), Rpm—1Lypsn ™" (n = )H' (n), Rpn ™' (n = 1)H,'(n), €, - -

Iz, 2<i<pliiLT

Ipn (D) 1= (gri-1(1)2 Gri-1(2)s* 1 Gre-1(p)i €)

¢T3, (ZZTr=(,p,---,2) THo,)

Z OB, {gpn(dhicicp—1 1t Gy (n)/H,' (n) BERT 5.

RO L ROGEN S KROEIEAREY Lo,

FE 3.4n > 21K LT, Gp(n)/Gy(n) IEERBIULES pl"H] & pl3l 0
ZODEIRE (Ly 2 Gy (n)) & (LpnRpnGy'(n)) ODEMTH B, & HITERMN
D LD,

Hy(n)/Gy'(n) = Gyln — 1)/Gy'(n — 1) (3.1)
and
G,/ (n)/H,'(n) = (Gpln = 1)/Gy'(n = 1))*°T (3.2)

THd., (ZZT[]iXGauss BELTB,)
EBA i 2.1 1o n =2 DYPFEBUHIRERTWS, HiZ. n >3 & LTHht
WM T T, 3T, MREDORENS
Gp(n)/Gp'(n = 1) = {Lyy—1Gp'(n = 1)) X (Lppn—1 Rp.n=1Gp'(n — 1))
=2y X Zp, ngd)

ThBe TOEE, Gp(n)/Gy'(n=1) 1O Ly XL jncs) ~OBRRFRITY
BoETD, &I, Hil3.2H 5 Hy(n)/H,' (n) 12 (Gp(n - 1)/Gy'(n - 1)) P
DESRELA—BT5 2 LI k2T, Hy(n)/H,' (n) 536> (z,,,len-.,)"’
~OERLHRRER I Kb D,

- ’ p
it Hy(n)/H, (n) — (zp‘g, XZ s ,)

(g.lvg-'la tee 1g-p; 6) — (‘(jl)v“j?)! e 1L(g.P))

,€€)



2D (Lyu-1Gy'(n)) = (1,0) & URpniGy'(n)) = (-1,1) ThHIMH
LynRpoHy (n) OBIZRO LIRS (2T, K LBMDOF ML
Zp“-” k l./\ ;ﬁ:ﬁié}‘i Zp[!!';il] ‘(“'&Jé)o

Z(Lp.an.an’(")) = ((la 0)7 (_17 1)) (07 0)1 tty (01 0))

Th3,
ST, O (3.2) #FF, HE 3355 {gpn(i))icicpo 12 Gy (n)/H,' (n)
DERTTH D, SO, {gpn(Dhgicp—1 PDERND

Z(gp.n(l)) =((110)v(_251)7(1v _1)1(010)7"' $(010))
p=1
Zaii(gp.n(i)) =((a) + ep-1,—ap_1),(—2a) + az,a1), (a1 — 2a2 + a3, —a, + az)

i=1
g v(aj —2aj+| +aj+2,—aj +aj+|)1--_

) (ap-3 - 2ap—2 + Qp—1, —Qp-3 + ap—?)! (ap-2 - 2ap-11 —Qp-2 + ap—l))

(22T, 0, €2) ThBH, ZOEE, hp(1) % 12 (gpn) £TBE

p—-1

Ehpn(1) = D i (gpn(d))

i=1

= ((p~1 —p)v(091)="' 9(0v1)9(—p! l))

THZ ° hp."(l) = (h]_,hz,"' ,hp;e) &'7’-6 L&, {hp.u(i)}'zs_iSp-l %&(D
LITEDD,

hpn(i) := (Rriy Rricrgy, ooy Rpicipyie) for 2<i<p—1

ZOW, NS SBOBRBERBT DL {gpn(2i — 1), hpn(2i - 1)} gicemn
1XG,' (n)/H,' (n) DISEERR R THD Z EBDND, EBIC gypuli) & hpa(i)
OB TR EN pl3 & p*F TH MG (3.2) IR D Lo,

WIC (3.1) &5, MHARIUC LY (Lyn)?PG, (7)) & LynRpaGy'(n) OfiL
sizThzh vl L pltl THy

{(LpnRpn Hy' (n)) NGy (n)/HY' (n) = {e}

((Lp.n)pHp’(n» N Gp'(n)/Hp'(n) = ((Lp.n)p
(Lp.an.nGp’(n» N ((Lp.,,)pG,,'(n)) = {e}

a3

Hp’(n»

THhd,
Nt (R

H,(n)/G)'(n) = {(Lp.n)’Gp'(n)) % {Lp.nRp.nGy'(n))
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Thd. EBIZGp(n) & Hy(n) DiEEANp LY
GP(")/GP,(n) = (L,,,,,G',,'(n)) X ((LP'"R?J!)GP’("))

THY. LynG,'(n) & (LpaRpn)Gy'(n) Ofitiiz T ER pI*F] & pl3) ¢
3, 0O

HICEE 34 b, Gp(n) DREIZHLTRO L 5 2EEXBB LIS,
R3.5(G,(1) =plGp(2) =pP THB, EbiZn>3ITHLT

IG,(n)| = pIGp(n — 1)[P/p =5

THhd,
EBIT, ZOWERERES T LI LY Gp(n) OiLEIT
IG,,(1)|=IJ
IGp(2)] = P
133 n
_ =l _ n=2_, - kg °
|Gn| Ot =p"~' —p +2k§p +5(n23)
THhd,
4 #HE

p=5DEEDGs(1). Gs(2) & Gs(3) BEAT I ZMAARIIENEL
UFDY77Thb.

Gs(1) Gs(2) Gs(3)



Dudeney DFHE£RIE — A survey —
BRI KRE DALY

1 Dudeney DHSRIREL I

Dudeney DR L IZROMNETH 5.

(n AOANEFEIDOMGICESED. ZOBE, EOANCDOWTE, BZUNDERED 2 A
MNEZOFHBOICBLE S 1 ECBKIC L. ZORLBHERD XK.

COEIEn AEELGESICIE, BAUNDERD 2 N\ZBFETHOBTHS .10,
BELE 32BN BH .

Dudeney O ERETEHOML, n HAVNENE ZIIRD IS ITKRDENS. n ADAZ1,2,...,n
93 n=30kR1BESENITLL, BRIE {(1,2,3)} THD, n=40DLEZ3[E
T, B {(1,2,3,4),(1,2,4,3),(1,3,2,4)} THB. TTT, (1,2,3,4) BHEEFP2RL T
BY, G 1NRBLEDLTB. n=5DL T 6HET, BT {(1.2,3.4,5),(1,2,4,5,3),
(1,2,5,3, 4), (1,3,2,5,4), (1,4,2,3,5), (1,5,2,4,3)} TH, n=6 DL i 10ET, ML
{(1,2,3,6,4,5), (1,3,4,2,5,6), (1,4,5,3,6,2), (1,5,6,4,2,3),(L, 6, 2, 5, 3, 4),(1,2, 4, 5,6, 3),
(1,3,5,6,2,4), (1,4,6,2,3,5),(1,5,2,3,4,6), (1,6,3,4,5,2)} % ¥ TH 3.

FTRTDRIZDWVT, TDESRBSEAMNHS N, HhIThERDE, EW5>0HH)
EThHY, BEXTRRROMETHS.

J57DFHETIX, Dudeney DFHEME L (I ROYEZERDJIMETHB. 522757
K, D9XTD 2-path (K& 2D path) £H &5 ¥ 1ETDOEYE Hamilton cycle DEH %
RHEK.] TOES % Hamilton cycle DA %Z Dudeney set LR, DFEH, Dudeney D
MefEi &, TRTD nIZDWT K, D Dudency set ZRHBETH 3.

2 Dudeney DF=RIEDESE

1899 {E, Judson A% Amer. Math. Monthly {ZRDOEEBE /- [14).

(7 ADARS, HICUY—FT&-7M HH1E, 7 ATHEBATERTS. O,
T=7NOFIEZ, EDANDVTE, BHRLUADEED 2 ANEBZOERICELSE 1
BIKA&HCT 3 (EGEERTS). TH5LTI15 HMBELE. COEREZRY. )

¥ 1900 €, Judson H[E L Amer. Math. Monthly i, 7 AD & ED@HAEENIZWE
b, 6 AL8 ADBETRT] LLT, 6 AL 8 ADREIRKET- [15). Editor A%, 7 AD& &
ORI ZDU 7 (WKL, oD 1 SEMBRESFTH - 12).

1904 5, Safford A% Amer. Math. Monthly I 7 AD & EDERERL, T ADEL ZDRRIL
unique TH3 L FHLI=. E7= Judson D6 ADRORIRRETL, 6 ADRRIEZD 2 HDH
TH5S5 Lil\7= (32, FEB¥C, CO2EORIEFEYTHD, 6 ADBREITD2{DOHT
HBHT LM, Safford & Dickson i &k hR&Ehi=[33, 5]

1905 £, Dickson {3 Judson DRJM%E n ADPEIC—MEL, BBRERAVTERL, n=
4,5,6,8,10, 12 DFE%ERHT= [6].
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B L 1905 fEiC Dudeney &, VU RO Daily Mail i 6 ADHERE . 1907 £,
Dudeney (& 3% * Canterbury Puzzles " [7] (No. 90) {C 7 ADORIEZ L=, FOHT, T
DM, Berglolt ' n = p + 1 DL FICFRWE. Bewley T XTOMBUCOWTRES
Dz, FLT, DWVIZED, IXTOBICOVTREADITIZ.] LHHTWVS.

1917 £, Dudeney X DA * Amusenents in Math. " [8] (No. 273) & & n ADRE%
W, LHL, FOARIZIE, Bewley BT XTOBBUCOWTREADGECLLESD
TRTOBUCOWTREERDG S LE/IN TV, FOHE Dudeney IIFEREL
TWiEWNEITHB. CODEI DU TRETLREITMEEVEETHS. FDlH, X
% Dudeney DFHLFLLEC LICT 5.

Dudeney ®F* Dudency D&RELX, FXTD nicx U TRIFEET 3.

3 Dudeney ODHSREHLERIT TS n
AT, Dudeney DMSRIEMERT TV % n %, BERENIBFIIEICERS.

1.

10.

n=p+1(pisa prime) !

. n=2p (pis a prime) [30, 2, 3] 2
. n=p°+1(pisa prime, e > 1) [31]
. n=p+2 (pis an odd prime and 2 is a primitive root of GF(p)) [9]

.n=p"+1,n=pg+1 (p,q are odd primes, e > 1); n = p°¢/ + 1 (p, g are odd primes

with p > 5,¢> 11, and e, f > 1) [10]

. nis even [17]

. n=p+ 2 (pis an odd prime and -2 is a primitive root of GF(p)) (16]

n=p+2 (pis an odd prime, 2 is the square of a primitive root of GF(p) and p= 3
(inod 4)) [16]

n =p+ 2 (pis an odd prime, 2 is the square of a primitive root of GF(p), p =1
(ixod 4), 3 is not a quadratic residue modulo p) [21]

n =p+ 2 (pis an odd prime, -2 is the square of a primitive root of GF(p), and
either

(10-1) p =1 (mod 4) and 3 is not a quadratic residuc modulo p, or
(10-2) p =3 (mod 4} [21]

USRI (18, 35) B EHNBH DA, n=p+ 1 (pisaprime) DERE, HIHEWBINWBREACIOBINT
N5EELNS.

2 Nakamura X [30] IZBWT perfect 1-factorization (PIF) 2R L, PIF 5 Dudeney set SN2
TERFL, Ky & Kz, O PIF ZRIRUL. Anderson i [2, 3] iKBWT K,y & Kop @ PIF ZRKLT.

2



11. some sporadic cases (n = 11,23,45 [9]; 27,29, 35,37 [29]; 75,91 [18]).

Lll-#ZFrHB L, nHeven DE Z Dudency DFGIIHIIART TV B, nhlodd DE
Elx, n=2+1(e>1) &, n=p+2(pis an odd prime) DL TWBZDHTH
B, I=72L, nHlodd D& &, TZH) ORIBLSNTWVWS [20). ST IZili) OBRLIL,
LLLLDMMD 558 1) 2 MBx3 20l KEANEDRDILTHS.

4 Dudeney design — Dudeney DM SRBED—AHEIL —

Dudeney DMHEIRME X, wipdLiz &S, TEY 57 K, © Dudeney sct Z:RD S|
HTHb, —FTWAIUL I5EL T 5713 % Haniilton cycle I & % 2-path O uniform
covering] ZRDBMFETH 5.

COMBICBI AT I 7%, RELZRT S T7XREHAMS T 7ICEZT-D, Hamilton
cycle %, Hamilton path, k-cycle, k-cirenit, k-path ICZEZ2NEEREZ ST LIZERE
CETHB, DD, KDL S Dudeney design ZEHT S . G % graph, H G D
subgraph £9 % & ¥, Dudeney design D(G, H,\) &iZ, H L&z G @ subgraphs O
MEOTHD, FOHICTST CDTXRTD 2-path B x5 ENAITOFERTNBED
T3 3. Dudency design D(G, H,A) Hiresolvable TdH 3 Lid, FD subgraph DIRE b A,
W ODD class ICHETE, FRFND classicld K, DT 1 HETOFENTVEED
DT L THDB. FNEND class & parallel class & FFXR,

AT, CHRETIT K, REZMT 57 K., DA, F LT H B Hamilton cycle,
Hamilton path, k-cycle Cy, k-path P, OWEICDONWTEZXS. TIT, k-cycle EI3TAM
BEDYALIN (BEEDYALIN), k-path LT LE DR (BT k-1D/1R) D
T L TH5. %P Dudeney DMHEHIE D(K,, Cn, 1) design Z3RDBZWHAD L THS.

5 Dudeney design IZDWTOHISNTWSER

XD Dudeney design (33 TICRRENT VLS. RSN T3] Lid, D design
FET 37 DDRYUAL FRENBENTVB I LTHS.

1. D(K,, P;, ) designs (trivial) and resolvable D(K,,, Ps. A) designs [11] (Th. 2.9)
2. D(Ky,Cs, M) designs (trivial) and resolvable D(K,,, Cy, A) designs [11] (Th. 2.9)
3. D(K,, Py, 1) designs [11] (Th. 2.20)

4. D(K,,Cjy, A) designs [12] and resolvable D(K,,. Ci, 1) desigus [23]

5. D(Kn, P5,1) designs [24]

6. D(Ky, Ps, 1) designs [27, 28]
3 Heinrich 543, ¥ SIK—BILL T (G, H, K, A)-design B2 L7 [11].

3
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7. D(K,,Cs, 1) designs [25]

8. D(Kyn, P;,1) desigus [1]

9. D(K, n, Py, 1) designs and resolvable D(K,, ., Py, 1) designs [11] (Th. 3.3)
10. D(Kyu,Ch, 1) designs and resolvable D(K,, »,Cy,1) designs [11] (Th. 3.1)

11. D(Kpn, Pan, A) designs [26].

LUTF® Dudency design i 20 THE, XD & SICHBAMICHREINT WS,

1. D(K,,Cy,1) design (3 n D' even DE EFEL [17), n D odd D E ¥ D(K,,C,,2)
design AMFET S [20].

2. D(Kn,P,,1) design & n = 0,1,3 (mod 4) DL EFEEL, n =2 (mod 4) DL E
D(Kp, P,,2) design BMFET 5 [26).

3. D(K,n,Can, 1) design & n =0,1,3 (mod 4) DL EFFEL, n =2 (mod 4) DL ¥
D(Kpp,Cap, 2) design BMEET 5 [26).

6 Dudeney design ICB89 % open problems

A Tld Dudeney design (&9 2 EAREFRBIEIC DWW TENRS. BFIO 3 DOREE
WMHORRROMHTHS, WE I HFRINENRE?, 3 MBI Lhah-TWv35. %
DEBET D(K,,,Cn, 1) design, 37535 Dudeney DPISIFIEM T 50D 3 DOMEADH T
—HRANTHECELWHETHZ LA 3.

B#E1 nhodd D&%, D(K,,Cy, 1) design ZRKE L.
BE2 n=2(mod4) DL E, D(K,,P,, 1) design ZHL .
B3 n=2(mod 4) D& E, D(K,.,Con, 1) design ZHACE K.

RO 2 DDEIENFRTHIE, n b even D L D Dudeney OFIEMHDRZERS C LHT
%3%. n b even D& %D Dudeney DFISIHMDRI T TILB SN T BN (HHSHE) |
ZOWMBIIENMTH S -0 simple TEENRDLNTED, ZOLTEUROSHZMET
H3. E-MNEEESHESSMETHS.

B4 nheven DL E, K, D perfect 1-factorization B X.

C T, Kn® l-factorization ¥ perfect TH 3 &, FOHDEED 2 DD 1-factor D
union A K,, ® Hamilton cycle £ 3L DD ETHB. K, D perfect 1-factorization F
MR TENE, K, O Dudeney DMSIEEOREN D= {(FUF' | F,F e F} £856h3
T eI <ahBH, K, D perfect 1-factorization DAL Dudency DPASERBAL O &L



WEETH D, BIE, BIRRANTIEn=p+1 (pis a prime) & n =2p (pis a prime) DB}
AULMREEh TV [34).

5 nHodd (=5) D&&E, K, D 2-perfect Hamilton decomposition ZHIREE &.

K,, ® Hamilton decomposition %% i-perfect (2 < i < (n—1)/2) THB Lid, TORICEE
159X T D Hamilton cycle D i-chord (B i D chord) &N K, DHMEEL—BT B L
TH3. K, D 2-perfect Hamilton decomposition A% T & if K, 1 @ Dudeney DS
BN EHINEC LHRENTVS [22]. &B, K, D i-perfect Hamilton decomposition
ORIRICDONTIE, i =3 DFFICHEENTVBOHT [4, 19, FhLSID i icDWTid
FEMMEN TV,

K, ® Hamilton decomposition %, $XTDi (2 < i < (n - 1)/2) IDWT i-perfect
TH%B L %, Steiner Hamilton decomposition EPFEIND. n BNEKDEL E K, IC Steiner
Hamilton decomposition ITFIET 2HY, FNLHND n ICDWTREIL 3> TWiEWL. £
T CIR#IC, Steiner Hamilton decomposition iZ DT DIE# L THL.

BiEe ni3fe95. K,IC Steiner Hamilton decomposition BFEET UL, n (XHE
THHLEFHE L,

B AR Tid Dudeney O G %R u0IC F OB L BENORSR, F U TARRRMEIC
DNTiiRTz, TOF—ITRESFAFHRETVE URERETK, BHBEK R
BHEKiCHEEERLET.
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A construction of difference matrices
using functions from GF(q) to GF(q)*

Yutaka Hiramine
Kumamoto University

Chihiro Suetake
Oita University

1 Introduction

Definition 1.1. ([1]) Let & > 0, A > 0 be integers and U a group of order u.
din - diaa

A k x uX matrix : : (di; € U) is called a (u, &, A)-difference
dir --r diua
matrix over U ((U, k, \)-DM for short) if d; 1de) ™" + -+ + diwadeun™" = AU
forany i, with 1 <i#¢<k.

Example 1.2. The following is a (Zg, 3,1)-DM.
00 00O0O0O0O0CDTO
012 345 6 7 8
0216 87 3 5 4

Open Question. Find the maximum number % for given U and A.

Result 1.3. (D. Jungnickel [3]) & < uA.

If the equality holds, the matrix is called e generalized Hadamard matriz
and denoted by GH(u, \).

Definition 1.4. (1) If p and ¢ are primes and ¢ = 2p + 1, then p is called a
Sophie Germain prime ([4]) (¢ =3,5,7,11,23,---).

(2) In this talk we weaken slightly the assumption that q is a prime by assuming
that ¢ is a power of a prime. If p is a prime and q := 2p+ 1 is a power of a prime,
we call p a quasi Sophie Germain prime. We note that 13,1093, 797161, - -- are
not Sophie Germain primes but quasi Sophie Germain primes.

In this talk we prove the following results.
Theorem 1.5. Letp > 3 be e {(quasi) Sophie Germain prime and set ¢ = 2p+1.
Then there exists ¢ (Z,,(p — 1)q/2,q)-DM.

Theorem 1.6. Let q be a power of a prime with q =3 (mod 4). Then there
erists a (Zq-1)/2:9,q)-DM.



We note that ¢ € {19,31,43,67,- -} is not a quasi Sophie Germain prime,
but satisfies the condition of Theorem 1.6.

Theorem 1.7. Let p be a Mersenne prime and set ¢ = p+ 1. Then there ezists
a (Zp,pq,9)-DM, i. e. GH(p,q).

Remark 1.8. The GH matrices with the same parameters as in Theorem 1.7
are also obtained by T. Feng's (pq, p, pg, ¢)-RDSs ([5]).

Result 1.9. ([2]) If there exist (G, k&, A1)-DM and (G, k, A2)-DM, then there
exists a (G, kA + /\2)-Dl\'1

Using Result 1.9, we check (Za3, k,47)- and (Zs, k, 59)-DMs.

Example 1.10. (1) Set p = 23. As there exist a (Z23,529,23)-DM and a
(Z23,184,24)-DM, by Result 1.9 there exists a (Zo3, min{529,184},23 + 24)-
DM, i.e. a (Z23,184,47)-DM. On the other hand, applying Theorem 1.5, we
obtain (Z,3,517,47)-DM, since (p — 1)q/2 = (23 — 1)47/2 = 517 > 184.

(2) Set p = 29. As there exist a (Zay,232,24)-DM and a (Z29, 232, 35)-DM, by
Result 1.9 there exists a (Za9, min{232, 232}, 24 4 35)-DM, i.e. a (Z39, 232, 59)-
DM. On the other hand, applying Theorem 1.5, we obtain (Z2g, 826, 59)-DM,
since (p — 1)¢/2 = (29 - 1)59/2 = 826 > 232.

Definition 1.11. An incidence structure D = (P,B) is called a transversal
destgn TD, (k, u) if the following conditions are satisfied.

(i) There exists a partition P = C; U--- Uy, into & point classes, where
|VC,| = u.

(il) B= {Bh"‘ 731424\}? |VBE| =k

(iii) The number of blocks containing two points Va # b € P

_Jo ifae,beC;, 31,
~ ) A otherwise.

Example 1.12. TD,(3,2) : P={1,:--,6}, B={B,---,Bs}
P = C, UC; UC; (point classes)
C] = {1,2}, C2 = {3,4}, C;; = {56}
B| = {1,4,6}, Bg = {2,3,6}, B;; = {2,4,5}, B.|
Bs = {2,3,5}, Bs ={1,4,5}, By ={1,3,6}, By
Aut(P,B) > U ={1,s} = Z,, s=1(1,2)(3,4)(5,6)
U acts regulary on each point class — Uis called a class reguiar group.
BY = {By,Bs}, BY = {B,, Bs}, BY = {Bs, B;}, BY = {B,, Bs}.

{2,4,6}
{1,3,5}

Example 1.13. We note that a difference matrix M = (d,;) obtained from a
class regualr group. Let notations be as in Example 1.12.

{1,3,5} : aset of representatives of the point classes

{B, B2, B3, B;} : a set of representatives of U-orbits on B,
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where B, = {1,4,6}, B> = {2,3,6}, B; = {2,4,5}, By = {2,4,6}) and s =
(1, 2)(3,4)(5,6)). Moreover,

1t e B,, 1€ By, 1°€ By, 1°€ B,,

3% € By, e B,, 3% € Bj, 3°€ By,

5l e B], 5l e B,, %€ B;, 5! e B;.

—
o W o«

1
Then we have a (2,3,2)-DM M = [ s
1

= 0
—

In general, the following result is well known.

Result 1.14. There exists a TD (k, u) admitting a class regular automorphism
group U if and only if there exists a (u, &, A)-DM over a group U

2 Functions from GF(q) to GF(q)* and a TD

Notation 2.1. Throughout we use the following notations.

(i) 2tpeN,meNand g=mp+1is a prime power.

(ii) Set I, :={0,--- ,t — 1}, t < p and assume p is a prime when ¢ > 1.
(i) Set F = GF(q), F* = (w) and U = (w™) >~ Z,.

Hypothesis 2.2. A group G = U x F x U of order p’q is defined by
(11,21, 21)(y2, 2, 22) = (Y1Y2, T1Y2 + T2, 21 22),
V(y],zl, zl)v (y'.’vz'.’v Z‘_)) € G'
We often identify (1,0,z) (€ G) with z (¢ U) and so often regard U as a
subgroup {1} x {0} x U of G.

Our method for constructing difference matrices is as follows:

a group G of order p*q withGo U ~Z,
— a dual TD,(¢g, p) admitting G as its automorphism group
for some ¢ (< p), where U is class regular
— a (Zp,tq,9)-DM

Remark 2.3. In our construction, G is regular on the set of points. But G is
not regular on the set of blocks.

Hypothesis 2.4. Let notations be as in Notation 2.1. Let functions f;
F— U (j€l)and a bijection g : Z, — Z, satisfy the following:

(A) #{(y,2) € U x F | y?U02)=9U) £, (z)fi(cy+2) ' =k} =4
Vj],jjg € I(, C,k € U

Under Hypothesis 2.4 we define a pg-subset D;, of G
(j € I, a € F) in the following way :

Dj.u={(y,z, ¥V fj((x-a)y™")) | yeU, z€ F} (CG).
Note that DJ'.“ - (y,x,z) = Dj.uy+;z: . zy".’l(j), zy—y(j) € U



Here we identify (1,0, zy~99)) with zy~9) € U.
Then the incidence structure D(IP,B) defined by
P=gG, B={Dj.2|j€l, z€F, ze€U}
satisfies the following lemma.

An incidence structure D(P, B)

Lemma 2.5. Let notations be as above. Then the following holds.

(i) [Pl =p’q, Bl =tpq, |B|=pq (VB€B)

0 if (jr,z1) = (j2,72), =1 # 22,

g # (Gr.x1) # (J2, 72)-

(ili) Set Bjo = {Djez | 2€ U} (j €I, a€ F). Then |Bju| =p and U acts
regularly on B; ,.

(ii) IDjlvzlzl nDJ"z-I'.)Z'—’l =

Definition 2.6. We define a pq x tqg matrix M = [M(, ..). G.zo)] (1, 71) €
UxF, (j,z2) €Iy x F)over U by
M. Gy = ¥ (@1 —22)y™") (€ V)

The following holds.

Proposition 2.7. (i) The dual of D is a TD,(lq, p).

(ii) M™ is a (Z,,tq, q)-difference matriz.

(iii) G is regular on P, but non-regular on B. Actually,
Guyry ={(1,0,1)} and
Gp,.:={(y,z—zy,y°?) | ye U} = Z,.

3 Sophie Germain primes and DMs

In this section we assume Hypothesis 2.4 and that m =2andg=2p+1lisa
power of a prime. Moreover, p is an odd priine
ift > 1. Note that g =3 (mod 4) and U = { w®),F* = -U UU.

We can show the following.
Lemma 3.1. The condition (A) is satisfied if it is true for c € {*1}, i.e.

(A) #{(y,z) €U x F |y =900 f; (z) fi(cy +x)" =k} =¢
Vi1, j2€ I, keUce {1}

Lemma 3.2. Assume ged(2¢,q—1) = 2 and let h(z) = % be a function from
F* toU. Then h|yy and h|_y are bijections.
In particular, 2 =k e U < 3heU;x=+h, k=h*

We now define functions f; and g as follows. Set g(i) = 2i and f;(z) = (2% +
1)%+2 for § with 0 < j < (p — 3)/2. Then ged(p,2j + 2) = 1. Moreover, in the
present condition, (A) is represented in the following form.
(A #{(y,2) €U x F | 22 (2 + 1) ((ey +2)° + 1) =k} =¢

(m =jl +1,n =j2 + lvvjh j2 € I(,...])/z, cE {:l:l}, ke U)
Casem=n:

W) #{2) € Ux FI(SE)" = hh =g, ((eh) € (£1) x V).
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Case m#n : '
@A) #{@a) € Ux F | (20)" = (letnp)™) o g ((on) €
{£1} x U)

: (:1;1)2’"/((cu+:)’+1)2" =k, 3AheU st k=h®

Case m=n
First we consider the case m = n.

) (Cy+$)2+1 2n_ nl _
(A)#{(y,z)EUxFI(TH) —h2}—q,h€U

As z?"|, : U - U is a bijection, (A’) is equivalent to

#{(y,z)GUxF'|2ca:y+y2=(:th—1)(:1:2+1)}=q, (1)
(Ve € {£1}, YheU)

Fix h € U and c € {£1}. For each ¢ € {£1}, set
Pee (T y) = —(eh — 1)2” + 2czy + y* — (ch - 1)

and Neen = #{(z,y) € F xU | pc.e.n(z,¥) = 0}. Then (1) is equivalent to
Nc,l,h + Nc,—],h =q.
We can prove the following.

Lemma 3.3. N. 14+ Ne—1a=¢. (Vce {£1}, Vhel)

Case m#n
We now consider the case m # n for a fixed (h,c) € U x {£1}.
2 2
" z?+1\2m ey +x)* 4+ 1\
Wy #{wa) e xF| ()" = ((F2=h) "} =g

In thiscasep>3and, m—1(=j ), n—1(= j2) € I;p_1)/2- Hence p is a prime
by assumption. As 1 < m,n < (p — 1)/2, we have ged(p, 2m) = ged(p, 2n) = 1.
Let ¢ € Z), such that 2nf =1 mod p.

Remark 3.4. a,be U, a®™ =" = a ="

Lemma 3.5. (A"”) holds if and only if, for any h € U, the number of solutions
(a,z,y) € U x F x U to the following simultaneous equations is q.

2
.’z:;-l = oa, ==l (2)
2

leytaz)y+1 +1h = ra®™, T=1=%1 (3)

y

Proof. By the previous lemma on the function i(z) = z2¢ with ged(2¢,9—1) =
2m 2
2, there exists a unique (a,b) € U x U such that (%ﬂ) = (%&h) "t =

(£a)?™ = (£b)®. As a®™ = b*",a,b € U and 2nt = 1 (mod p), b = a®™t.
Therefore the lemma holds. O



Lemma 3.6. Set s =2mt. Then (2)(3) are equivalent to the following simul-
taneous equations.

¥’ —2ac + ra*h Ny + (ca - 1a*h™ )2 +4=0 (4)
2cx = —y+h~'ra® —0a (5)

For a fixed (h,c) € U x {£1}, let N be the number of solutions (a,y,z) €
U x U x F to (4)(5). Then we can show the following.

Lemma 3.7. N, .=gq for any (h,c) € U x {£1}.

DMs obtained from Sophie Germain primes
By Proposition 2.7 and Lemmas 3.3, 3.7 we have the following.

Theorem 3.8. Let p be an odd prime with ¢ = 2p + 1 a power of a prime.
Let fi(t) = (2 + 1)¥*2 be functions from F = GF(q) to U = (F*)? for
i € Iip_1)72- Then, (p— 1)q/2 x pq matriz M over Z, defined by the following
is a (Z,,(p— 1)q/2,q)-DM.

M(i,z).(y.z). = y_z‘fi( (.’E - z)y) (("72) € I(p—l)/2 X Fa (yvx) €U x F)

Theorem 3.9. Let ¢ =3 (mod 4) be a power of a prime. Set F = GF(q) and
U = (F*)?). Then q x rq matriz M over Z, with r = (g — 1)/2 defined by the
following is a (Z,,q,q)-DM.

M. (o= (({(z - 2)y)* + 1)2 2€F, (y,x)eUxF

Example 3.10. A (Z,5,12,31)-DM is listed in Table 17.43 of [2]. On the
other hand, Theorem 3.9 implies the existence of a (Z;5,31,31)-DM.

Mersenne prime p (= ¢ — 1) and GH(p, q)

Theorem 3.11. Let p= q— 1 be ¢ Mersenne prime. Set F = GF(q), F*
{w) and let f be a function form F to F* defined by f(0) = 1 and f(z)
zlos(z) (mod p) for 3 € F*. Then a matriz H = (h; 1) (;.y)) over F* defined by
the following is a GH(p.q).

h(i,:).(j.y) = w_zijf((x - y)w-'_']) ((i13)7 (.71 y) € Zp x F)

Remark 3.12. The functions correspon(_iing to (A) are given by
filz) = f(zw™"), i€,

T. Feng’s (pg, p, pq, q)-RDS ([5])
In [5] T. Feng constructed a (pq,p, pq, q)-RDS, which also gives the following

GH(p,q)-
H= (h(sx.n).(sg.zz)) ((31111)7(32,172) € Fp X El)

(52~ 31)? (z1 = x2),
(s2 = 81)m(@2 — 21) — §7(@2 — 71)* (71 # 22),

Bisy zi)(s2.22) = {

where 7 : F' — F, is any bijection.
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Remark on (p, k,A\)-DMs over Z,

Remark 3.13. We now compare the bound in [2] with our new bound. In
the following table, “x” denotes the bound in Table 17.42-43 of (2] and “{”
denotes the bound obtained from Theorems 3.8, 3.9.

["+(5,17,11)-DM | 1(5,33,11)-DM [ *(7,26,8}DM [ 1(7,56,8)-DM [ * (9,3,19)-DM [ 1(9,19,19)-DM |

[+{11,44,28)-DM | f(11,115,23)-DM | » (13,65,27)-DM | {(13,162,27)-DM |

[« (15,12,31)-DM | 1(15,31,31)-DM || » (31,496,32)-DM | (31,992,27)-DM |

Let p be a quasi Sophie Germain prime and set ¢ = 2p + 1. By Theorem
3.8, there exists a (p, (p — 1)q/2,q)-DM over Z,. In connection with this result
we would like to raise the following question.

Question. Does there exist a (p, pq, ¢)-DM (i.e. GH(p, q)) over Z, ?
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d-dimensional symmetric bilinear dual
hyperovals in V(((1/7)d? + 3d + 2)/2,2)

FIBE (BRF¥ ¥ /3R) A RiEE (Hiroaki Taniguchi)*

1 [FLCHIC

C. Huybrechts & A. Pasini [5] i2& D, <27 FAZEH) V(m,2) NOBEKRITR
*t#8IP (dimensional dual hyperoval, DHO) iZE#HEEhE L7,

m-IRTTT FIVER] V (m, 2) 1IZ31F 5 d-IRFTTBIEROEE S M, V(m,2)
BT 5 d-RIETABII (DHO) THD LiL, LLFBRY LD L THD:
(1) SIR/TDHED2AD d-HHZEMS 1 RITHI~7 PNVERTRDY,
(2 SIKEBTDEDRLD I/D d-HHEML, ENOLDOIEF S FAER
(X0-_7 hAZERTHY
(3) S KRBT B d-HAZEREE V(m, 2) ZEHK L,

(4) S 1% 2¢+! D d-ERD LM A HR D,

HUFd>3 LT3, GF(2) Lo d-%k7t DHO 40K 3 REZMOK T m
IZOWTHE, 2d+1<m<(d+1)(d+2)/2 THAD ETHRIATND (1]
FOBRKORIEEZZLND V((d+1)(d+2)/2,2) ITi%, BRIE

(1) Huybrechts’ DHO [4],
(2) Buratti-Del Fra’s DHO [1],[2],
(3) Veronesean DHO [10], [11],
(4) Veronesean DHO D% [6],
D 4HEO (FET2RV) Bt I (DHO) Bambh T 5,

L AT, T iaffAim = 3d—3,m = 4d — 2 72 ¥ T simply connected
BBl KT S [7] 2T, 2d+2 < m < (d+1)(d +2)/2 12313 5 DHO ®
Bz 3~ TLLE®D 4 fifH> DHO ® quotient(projection D{%) (272> TV 5 %
OLPRALNTWRPSTz, FEl, £Inb LTS, d=Ir > 472721
LriZBRE) I LTm = ((1/r)d? +3d +2)/2 TH B L 5224 S(7=7ZL

*taniguchi@t.kagawa-nct.ac.jp (7 FVAREb- T §7)
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cE€EGF() #H L7=-DTENEZHE LIV, ZOHE—FTE A [(A)
EHM-A OIZ X 5 Buratti-Del Fra O f|OF# 9]1 & [(B)Dempwolff iZ &
Zm=2d+10H 3] EHEVDTLHLDOT, HUDTB LW I RERMNHN
EENICTHMEICHRTES LR S, ERr=10IRZ(A) L2V 1=1
DOFHZIE (B) Lo TW5, Ebbhend EEF%E L (FFMz0TE)
DIXBET, ZhoDflNr>2,1>2THrOGF(27) 3 c# 1DZITE
L0 4 fi > DHO @ quotient(projection DAR) i/ > TWRWZ L %R {15
mTHhol, TDHATHALRMBE (L3 48D DHO O quotient {ZBI3
B) BRTIENTEREES, L Lo, R—YHENRbEofix+&
5 (EBE, %3 LR 4 FEo DHO oMV HEALELRD) LESD
T, ZOHETIIHR LIFRATE 2, BIFLEWZW, EHICHBKY R
F= = B ISR BRAETERL P O preprint[8] D ZFHRIBFAV L 7=\,

MHOBSEEXA T ESokEs, THEBEES o EEFICREH
Wi LET, ¥/, ZODHO DHCRBA L S 255 LI EROEKMN
FREOTHERICIIXEEZZEZORTWRWA, ([2] DEhEzThiE) LA
LLRRWES S EEZXTWET, R8T 7 4 X PLK Ap(S:) @ Universal cover
DERD Q) ICHEC THANITHEL S RWEA S LEBXTVWET,

RE. ZhbOFIIEVES TO Buratti-Del Fra DHO ©O—fk (E#iZ
HYERAN, f=& LT 7 4 KD universal cover A3 halved hypercube
THHILEPWITENLEZIOND) 2RTOTIERVD, LEXTWET,

2 DHO S, for c € GF(2") with Tr(c) =1

Let { > 1 and r > 1 be integers with d = Ir > 4, and GF(2") a finite field of
2" elements. The letter [ is used to denote the set of integers ¢ with 0 <17 <[,
and we set Iy := I\{0}. Let V; be a l-dimensional vector space over GF(2")
with a basis {e; | 7 € Ip} and V2 a (I + 1)-dimensional vector space over
GF(2") with a basis {e; | ¢ € I}. Let V C V; be a (rl + 1)-dimensional
GF(2)-vector space generated by V; and ep. Note that V = V] @ (e) as
G F(2)-vector space.

Let ¢ € GF(2") be a non-zero element such that the equation 22 +(z/c) +
1 = 0 has no solution in GF(2").

ZEF . If there exists an £ € GF(27) with 22 + (z/c) + 1 = 0, then, if we
put y := cz, we have y* + y + ¢ = 0, hence the absolute trace Tr(c) = 0.
Conversely, if Tr(c) = 0, there ezists a y € GF(2") with y* + y + % = 0,
hence there ezists an x € GF(2") with 2®+ (z/c) +1 = 0, by additive form of



Hilbert’s Theorem 90. Therefore, for c € GF(2"), we have 22 +(z/c)+1 # 0
Jor any x € GF(27) if and only if Tr(c) = 1 in GF(2).

Let V2 ® V; be the tensor product of V3 and V; over GF(27). We define
the action of a € GF(2") on V,®@ Vs as a(z®y) = (az) @y = z® (ay). Inside
Vo ® Va, let W, be a GF(27)-vector subspace generated by

(e;®@ej) + (e; ®e;) for all 4,5 € I with i < j,
eo ® eg and c(e; ® €;) + (eg ® ¢;) for all i € Iy.

We denote by z ®. y the image z® y+ W, of a vector z @ y € Vo ® V, under
the cannonical projection of V, ® V5 onto (Vo ® V5)/W,.. Then 2@,y = yQ®.x
and (2, + 22) ®c ¥y = ) .y + T, @, y for any z,x(, x5,y € Vo. We notice
that

T®.e0=¢®: = (cz)® x=2z®, (cx) for any x € V; and
e0®ce0=0 in (Vo® V)/W..

Hence {e; ®:¢; | ¢, € Ip,i < j} generate (Vo ® V,)/W, as a GF(2")-
vector space. The symmetric tensor space Sym(V)) := (V; ® V})/W over
GF(27), where W C V| ® V] is a GF(2")-vector subspace defined by W :=
((e; ®ej) +(e;®e) | 4,5 € Igwithi < j). Weregard Vi@ Vi C V, @V,
naturally. Then, (W,Vi @ V1)/ (V1 ® V]) =~ (eo ® o) ® (c(e; R e;) + (eo R €;) |
i€ ) ®(ei®e+e ®e; | i € Iy) as GF(27)-vector spaces, and since
(Wo, Vi@ Vi) /(i@ VL) = W,/W, N (V, ® V}), we must have W, N (V, ® ;) =
W. Hence natural injection V} ® V; = V5, ® V;, induces an isomorphism
Sym(V}) = (Vo ® V,)/W,. Therefore {e; ®.¢; | i,j € Ip,i < j} is a basis of
(Vo ® Vo)/W, as a GF(2")-vector space. Thus the dimension of the vector
space (Vo ® V2)/W, over GF(2") is (I + 1)/2, and (! + 1)/2 over GF(2).

#HE L Letz,yeV,. fzQ.y+c(z+y) Q. (z+y)=0, thenz=y=0.

Proof. Let us express z,y € Vi asx = 3., Tie; and y = ) ., yie; with
z;,¥; € GF(27). Then, by easy calculations, we have

2@ y+ce+y) @ (z+y) = Y (25 +z3)(e Geey)

i<j.i5€ln

+ ¢ (Z(m;z + (zays/c) + 1) (&; ®c e,-)) = 0.

icly
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Recall {e;®.¢; | 1,7 € Io,i < 7} is a basis of (Vo®V,)/W, as a GF(2")-vector
space. Hence, if ®.y+c(z +y) ®c (z+y) =0, then ;2 + (z;y:/c) +y:2 =0
for any ¢ € Iy. If (z;,4:) # (0,0) for some i € Iy, for example y; # 0, then
(z:/y:)® + (zi/cy;) + 1 = 0 gives a solution z;/y; € GF(2") for the equation
z? + (z/c) + 1 = 0, contradicts our assumption on ¢ € GF(2"). Hence
(xi,¥:) = (0,0) for any i € Iy, thusz =y = 0. a

#HB 2 Letz,yeViandy#0. Ifz®.y=0, thenz =0.

Proof. Let z,y € Vi and y # 0. Let z = } ., mie; and y = ) .., wie;
with z;,5; € GF(27). Then we have ij’i’jelo(:v,-yj + z;y)(e: ®c ;) +
D iel, Tivi(ei ®c e;) = 0. Hence ziy; + x5 = 0 for i # j with 4,5 € I
and z;u; = 0 for i € Iy. Since y # 0, we have y; # 0 for some i. We fix this
i. Then we have z; = 0 from z;y; = 0. From z;y; + z;y; = 0 for j # ¢ with
J € Iy, we have z;y; = 0, hence x; = 0 for any 7 # ¢ with 5 € I,. Thus we
have z = 0. O

#E 3. Letz,ycVuwithz,y¢g V). fz®.y=0, thenz =y = e.

Proof. Recall that V = Vi ®(ep) C V2 as GF(2)-vector space. Since z,y ¢ V],
z and y have expressions £ = xg+eg and y = yo+ep With zo, yo € V;. Assume
z ®.y = 0. Then, since ey ®. 9 = 0, we have o &, yo + €9 ® (Zo + W) =
Zo ®c Yo + ¢(To + Yo) ®c (xo + Yo) = 0. Hence zo = yp = 0 by Lemma 1, and
T =y =e. O

Wl 4. Letz,yc V withz gV, andy € V\{0}. Thenz®.y = 0 if and
only if x = cy + ey.

Proof. Let y € V{\{0} with y = Zielo vi€i, ¥i € GF(27). From ce; ®. ¢; +
eo ®ce; = 0 for all i € I, we see that cy ®. y + eg ® vy = 0. Hence
(cy + €) ® y = 0. Now, let z ®.y = 0 with z € V\{0}. We must have
T = xo + € for some zy € V| from Lemma 2. Adding these equations, we
have (zp + cy) ®. y = 0 with zo + cy € Vj, hence xq + cy = 0 by Lemma 2,
and we have x = xg + ey = cy + €p. O

Let ye V=V, & (eo) withy € V; and y # e9. Express y as y := o + €o
with yo € V1\{0}. Then by Lemma 4, we have (yo + €9) ®: ¢ 'yp = 0, that
is, ¥y ®. c~!(y + ep) = 0. By the same way, we have the following lemma.

WHES5. Letz,yeV withz e VI\{0} andy € Vi. Thenz ®.y = 0 if and
only if £ = ¢y + eo).



Thus, we have the following proposition.

il 1. For non-zerox,y € V, we have z®.y = 0 if and only if t = cy+ey &
Viincasey € Vi, x =c Yy +e) € V] in case y € V| with y # ey, and
T = ey In case y = €.

Set d := rl. The dimension of V & ((Vo® V,)/W,) over GF(2) is (rl+1)+
ri(l+1)/2 = (rl2+3rl+2)/2 = (1/2r)d* +(3/2)d+1 = ((1/7)d® + 3d + 2) /2.
Inside the vector space V(((1/r)d?® +3d+2)/2,2) := V & (Vo ® Vo) /W,), for
each t € V, define a (d + 1)-dimensional vector subspace X.(¢) by

Xe(t) = {(z,z Q1) |z €V}

FE 1. S, = {Xt) | t € V} is a d-dimensional symmetric bilinear dual
hyperoval in V(((1/7)d? + 3d + 2)/2,2).

Proof. Since (Vo®Va)/W, ~ (Vi@W))/W = Sym(V))and V; C V, V(((1/r)d?+

3d+2)/2,2) =V & ((Va ® V2)/W,) is generated by {(x,0) | z € V} = X(0)
and {(z,z®.t) | z € V} = X.(¢t) for t € V\{0}. Hence the ambient space of
Scis V(((1/r)d?+3d+2)/2,2). Fors #t € V, let X (s)NX.(t) 3 (z,2R.s) =
(,z ®ct) with  # 0. Then we have x ®. s = xR t, i.e., t®. (s +t) = 0.
From z ®. (s + t) = 0 and Proposition 1, we have z = ¢(s+t) + eo € V)
fs+teVi,z=cls+t+e) € Viifs+t &V, withs+1t # e,
and * = ey if s +t = ¢p. Hence any two members X (s) and X.(¢) with
s # t intersect in one dimensional subspace. For mutually distinct elements
s, t1,t2 € V, we have X (s) N X,(,) # X.(s) N X (t2) from the above result.
Hence X (s)NX.(t,)NX(t2) = {0}. There are |V| = 2¢+! members in S, (|V|
is the cardinality of V). By the definition of W, we have B(z,y) := z®.y is
symmetric and bilinear. Therefore, S, is a symmetric bilinear dual hyperoval
in V(((1/r)d? + 3d +2)/2,2). O

FE . Ifr=1, then GF(2") = GF(2), c =1 and ((1/r)d® + 3d + 2)/2 =
(d+ 1)(d + 2)/2, and S, is the Buratti-Del Fra DHO in [9]. Ifl = 1, the
dimension of the ambient space ((1/r)d* +3d +2)/2=2r+1=2d+1, and
S. is DHO constructed by U. Dempwolff in Example 3.4 of [3].
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[ Extremal binary doubly even self-dual
codeM 5 F b N S t-design IZDUVT

e KE
(FRE)

1 FX

t-(v,k, A) design IZFBVyT, X =1 D& & Steiner System & FEIEN 5, 1938 FEIZ Witt
system 5-(24,8,1) design R XN TV 5 L 512 5-design OFILE < bEbATWS
B, ¢ > 612725 L BIEIZIV T Steiner System OTFEIMGH TV, dBMR KA
RS LTAaLRS,

Steiner System T2 < TH ¢t > 6 DT VA L OFEFERUTOL S ICBERMICHT A%/
HMThHoT,

o ¢t ATBBEE (FERW) NIETE = t-design MNTETE (Mathieu 8 & Witt system, 1938 )
e Assmus-Mattson DERIZL W, 23— FH b 5-design B3FHN S, ([1], 1969 F)

o 6 HAIBIEDIETFIEMNTRENS, (1982 4F)

e (simple) 6-(33,8,36) design K E N5, (Magliveras, Leavitt [7], 1983 4E)

o EEDLIZHL T, t-(v,t + 1, 1) design BFET S, (Teirlinck [8], 1987 4F)

HALRZETBH L Lo RABHEL n RERBTEREA 2B E (n-2) KB T
H5, HRHMBEOSEORRICEATRWV6HABENEEZ 3R T EMb, 6-design
BEFELRWEAS LELbATWEZ b hofe kO THD, L L, FREBMEEOSH
DERL L HEA TR0 6 MAIBBROFERTE IN/=h3, 6-design DHFIIHR SN TEDE
FRITIEED ¢ 123 L T t-design DIFERTENIZ &L D,

a— Fpb Assmus-Mattson DERNSLBEBLNDETHFA L IZHOVWTHHERMEAR LA
%, Golay code #*& Witt system 5-(24,8,1) design fthiZiX QRys code A5 5-(48,12,8)
design 238 51D & 91 5-design DHFNTEOMH SN TV EH, I B 6LLEDF AL D
Plizmbon TV < EOTFE - IEFEILRBR TH 5,

A TiE Extremal binary doubly cven self-dual code %% Assmus-Mattson O EB
L THOLAAT YA o>V TikR3, ZDa— FOFRYiL Typel & LERERFRIZ
B &3 24 O{EBORRLNIR O Golay code 3L T QR code 2 F Al b RER a— FD
RAD—2LEDLATWD, ZDa— FORFIH 6T Assmus-Mattson DEHIZ L T
(B&%n &T5L) (i) u=24m OHE 5-design, (i) n = 24m + 8 DIFE 3-design, (i)
n =24m + 16 DFE 1-design A HHN B,

Al 20 a— FOFRFTH-> Minimum weight 25§55 t-design IZHWTTh
AR, tOMIZHONWTHD EREH-OTREIR TR, F5EONERT TICR
TREL TWHOTHEMIL[B] 2 TBWL ISV,
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2 HohTW-FRR

& & n @ extremal binary doubly even sclf-dual code % C ¢35, ZZTC ® minimum
weight X d(C) = 4[n/24] + 4 TH B, R EIH n = 24m OHEFERMON TN HDIT
4, BDEEITTTHY, HITKE T2OBRGIIERRKRMRBETH D, Fio, IFEI
DUWTEE Zhang [11] £ Y (i) n = 24m DFE m > 154, (i) n = 2dm + 8 DIFE m > 159,
(i) n = 24m + 16 DIFE m > 164 THFER N> T3,

ZITiRn=2dmDE EFIIHONWTHERS, L»T. C % extremal binary doubly-cven
[24m, 12m,4m + 4] code &+ 5,

c=(Cr,---1Cu) €EC, (ci €EF)IZX LT, supp(c) ={i:c; #0} X c DY R—h LFE
5o XZCOnHAOERE, B% weight w Da— FU— FEOHYHR— 343, T3
L. #HAWME D, = (X.B) % COweight w DY FR—bFHF L), ZZTw=0
(inod 4), 4[n/24] + 4 < w < 24m — (4[n/24] + 4) TH 5,

I 62, Z 2 CiE minmum weight dm + 4 (ZX3 B9 H— T A % D(= Dynya)
FDRIA—F % 1-(24m,Am + 4, \) & T D, TEHL, HZRDOZ EHRMONATVWS,

1. %I ~<7= Zhang OFERMNS DBFEETE 2611 <m <153 L0, t OfliEf~
ERTHS,

2. Assmus-Mattson theorem X V. DX 5-(24m,4m + 4, (5,::'_'12)) design TH 5,
3. Al = (Sm—‘z) (-lm—l)/(?-‘lm—.'») liIEo)gﬁﬁ('C‘&éo (t > 6)

m-1 t-5 t-5

4. A strengthening of the Assmus-Mattson theoremn (Calderbank, Delsarte and Sloane
[4], 1991) k9. Dix{1,2,3,4,5,7}-design TH B,
BV A D L, 6-design <= T-design B N5,

1<m <1531 LT, A & A DIAEH & L IFDER 2 O,
m € {5,8, 15,19, 35,40, 41, 42, 50, 51, 52, 55, 57, 59, 60, 63, 65, 74, 75, 76, 80, 86, 90,
93,100, 101, 104, 105, 107, 118, 125, 127, 129, 130, 135, 143, 144, 150, 151}.

2006 4= (Bannai-Koike-Shinohara-Tagami [2]) D33 Section 3123\ T LR ¢ < 8
NEZbNT, EF2, 1<m <1530 I B t > 6D t-design iT72 B AIEEHIZ W T
BEDm MGz ohiz, FLHLRLROKRDEBY THSB,

(91}

t-design m total
5-design 1<m <153 153
7-design | 8,15, 19, 35, 40,41, 42, 50, 51, 52, 55, 57, 59, 60, 63,
(6-design) | 65,74, 75, 76, 80, 86, 90,93, 100, 101, 104, 105,107, | 38
118, 125,127,129, 130, 135, 143, 144, 150, 151
8-design | 8,42,63, 75,130 5

3 FEHEELDLR

DOtDOLEREGXI-HRLEZDFHEICOVWTOFELLRD,
C.% COweight u Da—FU— FR2EDHEEG LTS, dm+4<u<20m-4)
a € C, XL T, n¥ :=|{c € Camss : |supp(a) Nsupp(c)| = j}| LEHKT 5.,
A

FBHE. s=01.. iHLT. 3 (‘Z)n}‘= (‘s‘)A AR Y 5,
=0

2



A4
BISO< s SLITH LT, AV = D ()an) = (w)A EBL
J=0
(772l (Dy=i(i—-1)---(i—5+1))
Z 2T, D® 7-design iIZ72 AHEHEIZ DWW TR B8
A+
F(m, u; [Ty, T2, 03, T0, T, T, T1]) = Y (G =2~ 22) -+ (§ — z7)]

LEBRTDLE.
o S(a, B) : % 2%k Stirling numbers z° = Y75 , S(a, B) ()4 &

® 0y, : clementary symmetric polynomials % fH\T

7 -0
F(m,u; [11, T2, Ty, Ty, Ts, T, T7|) = Z 1)%007 (Z S5(7 - 9,h)Aﬁ)

0=0 h=0
REohsd, 75 ROL S RRHANTED

F(m,u;[0,2,4,6,8,10,12])
A+

=) i -G - 4 - 6)(j - 8)(j — 10)(j — 12)n
Jj=0

— 1039547 — 10395A% + 4725A% — 1260A% + 21047 — 21AY + A,
IT Al IOV TH L (nZERLY, EDHRTHD)

F{m,v;[0,2,4,6,8, 10, 12]) N " 2m+ 2\
my = | 645120 b _ 8nyg — 36nyy — -+ - — ( 7 )"4m+4
o m € {8,40,42,50,74,76,80,86, 100,130,144, 150} D & &, Hlzdmi kD246810.12) 1y

WRThv, L»T. ZDL & DI 7-design Tigvy,

o m € {5,19,35,41,51,65,75, 101,120} D & &, Elmim 8020681042 jyugey ¢ /s,
L2T, THE & Did7-design Ty,

Rz, 8-design DWHEMEDIR -7 m = 6312 L T,

Am+d
F(m, dm + 4; (51, T3, T3, T, %5, T6, T]) = Y (i = 21)(6 = 02) -+~ ( = za)s
i=0
8 -8
=3 (= 1)0s (Z S8 -9, h)A,.) .
0=0 h=0
GHREL, G IloWTHE &
F(m,4m + 4;[0,2,4,6,8,10,12, 14 2m+2
Ny = ( 1[0321920 D _ g —45n99 — -+ — ( 8 )"mn
m=63nk &, Fomdmt llg)‘lill)g(]“ J0121) 4G A2V, kT 2D & & D i 8-design
Ty,

ULEY ROERERERD,
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Theorem 3.1 (N. Horiguchi, T. Miezaki and H. Nakasora). D ® L[RIZ ¢t < 7 TH 3,
FT2. T-design iZRDAEHDH D mITHOWTIILLTOE DY TH B,

t-design m total
O-design | 1<m <153 153
7-design | 15,52, 55, 57, 59, 60, 63,90,93,104,105 | 18

(6-design) | 107,118,125, 127,135,143, 151

FhMOREn=2dm + 8, 24m + 16 IOV T HRERFETRO L 5 REER %
B,
Theorem 3.2. [N. Horiguchi, T. Miezaki and H. Nakasora/ Let Dy and D, be the support
t-designs of the minimum weight of en extremal binary doubly even self-dual [2dm +
8,12m + 4,4m + 4] code (m < 158) and [2dm + 16, 12m + 8,4m + 4] code (m < 163),
respectively.

(1) D\OLERITtLT THD,

t-design m total
3-design | 1 <m <158 158
5-design | 15,35, 45, 58, 75, 85,90, 95, 113,115,120, 125 | 12

(4-design)

6-design | 58,90, 113

7-design | 58 1

(2) DO ERITL <5 ThHDB,

t-design m total
1-design 1<m <163 163
3-design | 5, 10, 20, 23, 25, 35, 44, 45, 50, 55, 60, 70, 72, 75, 36
(2-design) | 79, 80, 85, 93, 95, 110, 118, 120, 121, 123, 125, 130,
142, 144, 145, 149, 150, 155, 156, 157, 160, 163
4-design | 10, 79, 93, 118, 120, 123, 125, 142

S5-design | 79, 93, 118, 120, 123, 125, 142 7

oo
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The Critical Problem in Coding Theory
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1 Preliminaries

Let E be a finite set and p : 28 — Z* U {0} be a function. M = (E, p) is called a matroid
if M has the following properties:

(R1) If X C E, then 0 < p(X) < | X|.
(R2) If X CY C E, then p(X) < p(Y).
(R3) If X and Y are subsets of E, then

PXUY) +p(X NY) < p(X) +p(Y).

We refer the reader to [9] and [11] for the basic definitions in matroid theory.
For a matroid M = (p, E), the characteristic polynomial p(M; ) of M is defined by

p(M;)) Z( llz\l,\n(L) pX)
XCE

Let M be a matroid representable over GF(g) = F,. It is well known that p(M;q*) > 0,
for all £ € Z*. Then the critical exponent ¢(M;q) of M is defined by

c(Miq) =4 > if M has a loop;
T min{j € Z* : p(M;¢) >0}, otherwise.

Thus if M has no loops, then p(M;¢*) > 0 for all k > ¢(M;q). For a matroid M which is
representable over F,, one of the critical problems is the problem of determining the critical
exponent ¢(M; q) (cf. [6, 1]). However, this is difficult in general.

The support and weight of each vector = (z1,%3,...,2,) € Fy is given by

supp(a: ={i : z; #0};
wt(x) := [supp(z)|.



Similarly, the support and weight of each subset B C Fy are defined as follows:

Supp(B) := U supp(z) ;

x€EB
wt(B) := | Supp(B)|.

Let C be an [n, k] code over [F,, that is, a k-dimensional subspace of the vector space
7. Let G be a generator matrix of C, that is, a k x n matrix over F, whose rows form a
basis for C. Set E := {1,2,...,n}. For cach subset X C E, the punctured code, denoted
by C'\ X, is the linear code obtained by deleting the coordinate X fromn each codeword in
C. It is easy to check that if we define a function p by p(X) = dimC \ (E — X), for any
X C E, then M¢ = (E, p) is a matroid, conversely, if M is a representable matroid over F,,
then there exists a linear code C such that M = M. (cf. [11, 9]). Thus, for an [n, k] code

over F,, the characteristic polynomial p(C; A) of C' is defined by

p(C,,\) — Z (_l)ll\‘ll\k—dilnC\.\"
XCE

and the critical exponent ¢(C'; q) of C is defined by

oo, if Supp(C) # E;
c(C;q) = { min{j € Z* : p(C;¢’) > 0}, otherwise.

For any subset X C E, the shortened code, denoted by C/ X, is the linear code obtained
by deleting the (zero) coordinates X from cach codewords € C with supp(z) N X = §.
Crapo and Rota ([4]) prove the following theorem widely known as the Critical Theorem (cf.
Theorem 2 in [1}).

Lemma 1 (The Critical Theorem) Let C be an [n.k| code over F,. For any X C E and
with supp(vy) U - Usupp(vy,) = X is p(C/X; ¢™).

From Lemma 1, if there exists at least one set of m codewords V = {v,,...,vn} in C
with Supp(V) = E, then p(C;¢") > 0 and so ¢(C;q) <m. For0 <r < kand any X C E,
let Af\'.) be the number of r-dimensional subcodes D of C with Supp(D) = X. We note that
the polynomial

W/((,-'-)(I,y) - ZAgr)xn—iyi

i=0

is the r-th support weight enumerator of C, where A\ Z‘\-E(H) Af\'-) (cf. [5])-
Then we have the following result:

Proposition 2 Let C be an [n, k| code over F, having gencrator matriz G and set E =
{1,2,...,n}. The following are equivalent:

(1) e(Ciq) = m.
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(2) min{r : 0<r <k, A(E';')#O}:m.

(3) m is the smallest positive integer such that there exists @ (k —m)-dimensional subspace
U of IF: which does not contain any of the n column vectors of G.

Example 3 Let C be the binary [10,4] code having generator matrix
1000111000
c-|0otoo0o1r11110
10010101111
0001100101

If we take a 3-dimensional subcode
B ={(1,1,1,1,0,0,1,1,0,0),(1,0,0,0,1, 1,1,0,0,0),(1,0,1,0,0,1,0,1,1, 1))

of C, then Supp(B) = {1,2,3,4,5,6,7,8,9,10} = E. And there does not exist any 2-
dimensional subcode of C whose support is equal to £. From Proposition 2, it follows that
C(Mc; 2) =3.

2 Bounds on Critical Exponents

Let G be a k X n matrix over F, which contains as columns exactly one multiple of each
nonzero vector in lFf;. Then the [n = (¢* — 1)/(g — 1), k] code C having generator matrix G
is a dual Hamming code and C*! is a [n,n — k, 3] Hamming code. It is also known that, for

anyr, 1 <r <k,
S AP ={ [, i=@-¢")/e-1).

xe(®) 0 otherwise,
where [t]q denotes the Gaussian binomial coefficient (cf. [5]). So we have that i = n if and
only if r = k.

Proposition 4 If C is a dual Hamming [n, k] code over F,, then
min{r : 0<r <k, Ag) #0} =k

A mazimum distance separable (MDS) code over F, is an [n,k] code over F, whose
minimum Hamming weight is n — k+ 1. According to Theorem 6, p. 321, in (7], the number
A, of codewords of weight w in an MDS [n, k] code over F, is given by

w—d

to= () a0 (Y] e 0

ford<w<n,whered=n-k+1.



Theorem 5 Let C be an MDS |n, k] code over F,. Then
o(C;q) < 2.

Remark 6 From Proposition 4, for a [¢+1, 2] MDS code C over F,, we have that ¢(C; q) = 2.
So the bound is sharp.

It is known that a uniform matroid U, ,, representable over F, is corresponding to a
matroid obtained by an MDS [n,m] code over F, (cf. [9]). As a corollary of the above
theorem, we have the following.

Corollary 7
C(Un,m; Q) < 2.

In general, we have the following bound on critical expouents for linear codes over finite

fields.

Theorem 8 Let C be an [n, k| code over F, having generator matriz G. If d* > q, then
C(C;Q) _<. k_d-L + 2e

except when C is a binary codes such that d* = n is odd or such thatn =2 -1 andd* = 3
in which case ¢(C;q) = k —d* + 3, where C* denotes the minimum Hamming weight of the
dual code CL.

As a corollary of the above theorem, we have the following bound on critical exponents
for representable matroids over finite fields.

Corollary 9 Let M be a rank k representable simple matroid over F, with girthg. If g > g,
then
eo(Miq) <k—-g+2,

except when M is a binary matroid isomorphic to Uy, or PG(k — 1,2) in which case
c(M;q)=k—g+3.

Example 10 Let C be the ternary [11,5] code having generator matrix

10000122210
010060012221
G=|1001060212012
00010110111
0000122212901

Then the dual code C* is an [11,6, 5] quadratic residue code. By a Magina calculation, we
have that " N ) @ (
1 5
AD =0, AD =330, AD = 825, AQ =110, AD =1,

where £ = {1,2,...,11}. If M¢ is the vector matroid obtained from G, then ¢(Mc;3) =
2(=5—5 + 2) and so M¢ holds the equality in Theorem 8.

4
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3 A construction of tangential blocks

As defined in [3, 6], for 1 < r < k — 1, a set M of points of the projective geometry
PG(k — 1,q) is an r-block over F, if every (k — r)-dimensional subspace in PG(k — 1,q)
contains at least one point in M. If X is a flat in M, a tangent of X is a (k — r)-dimensional
subspace U in PG(k - 1,q) such that

MnU=X.

An r-block M is called to be minimal if every point in M has a tangent, and to be tangential
if every proper nonempty flat in M of rank not exceeding k — r has a tangent.
Alternatively, a matroid M is a tangential r-block over [, if the following conditions hold:

(i) M is simple and representable over F,.
(ii) p(M;q") =0.
(iii) p(M/F;q") > 0 whenever F is a proper nonempty flat of M.

Proposition 11 For any positive integer k, set K := {1,2,...,k}. Foranm (1 <m <
k), we take an m elements subset T € (:,) and a family V of (m — 1) distinct points
V1,V2,...,Vm- € PG(k = 1,q) with supp(v;)NT =0,i=1,2,...,m — 1. Define

XT:={z € PG(k~1,q) : supp(z)NT =B},
YT :={x € PG(k—-1,q) : [supp(z)NT|=1}\{vi+ re; : v, € V, A€ F, - {0}, j € T},

Z" :={x € PG(k - 1,q) : supp(x) € (Z) }-

Then M := XTUY, U ZT is a (k — m)-block over F,,.
Then we can give a construction of tangential blocks as follows:

Theorem 12 Let M be the set of points in PG(k — 1,q) defined in Proposition 11. If
m—1<¢*"™"', then M is a tangential (k — m)-block over GF(q).

From the definition, M is a minimal r-block over F,, if and only if ¢(C;q) = r + 1 for the
linear code having generator matrix G whose column vectors are all points in M (cf. p. 168
in [3]).

Corollary 13 Let M be the set of points defined in Proposition 11. If m = 2, then the linear
code C over Iy whose generator matriz obtained from M attains the bound in Theorem 8.

Proof. From the definition of M, it finds that d* = 3, since there cxist three column
vectors in G which are lincarly dependent. Thus we have that

k=2+1=k—-1=c(Ciq) <k-3+2=4k-1.

[ ]



Example 14 Let C be the binary [22,5] code over F, having generator matrix

100000111111 100001100°0
060100011101 100110011110
G=]10010011010011001111110
0001000001 O0C1O0101010101
000010000OO0O1O0I1O0101010T11

From Theorem 12, G forms a binary tangential 3-block. Moreover, we have that

p(Mc;A) = A% — 220 + 1750 — 61002 + 9 — 4\ — 448
=A=1)A=2)A=4)(A=T)(A~-8).

If Mc is the vector matroid obtained from G, then ¢(M¢;2) = 4(= 5 — 3+ 2) and so M¢
holds the equality in Theorem 8.
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TD-pairs of shape 1, 2,2, ..., 2,2, 1atg=1

EREE (ERRZRFRARBEMAR)

Abstract

shape 1, 2,2, ..., 2, 2, 1, type Il £\W5 2 5 A® TD-pairs DR F % 17>
DT, ThERETS.

ZOLETIX, £, TD-pairs DEX/L, WiZ, TD-pair D type B LU
shape (ZDWTHMIAT 3. BH#IZ, TD-pairs D shape 1, 2,2,...,2, 2,1,
type [l 2F LR 2R3,

TD-pairs

£9, TD-pairs 2E#7T 5. V 2 HREUL ELOFERRIT<Z MLEN, A,
A* 2V LOBRBERTHALTELRZLOL TS, 4, A° OBEEHEE2ELE
Nnb,8y,...,046,0,...,05 L, ZhsOBEFMICKET SEGEM 2
EhEO, Vo, Vi ...,V Vg, V..., V5. e84

d
v=@pv;, AlV;=0;

J=0

e
v=@@v;, AV} =6;.
i=0
RD=ED%A1=FTLE, (A A") 2V ED TD-pair (tridiagonal pair) VL :

(i) XeA=T AOEEEM Vo, Vi, ..., Vy DIEF S HFEET 5 : (T8RO
J=0,1,...,diZHLT, A'V; CV;1 +V;+ V), 2L, VO, =0,
Vis1 =0 TH 5,

(il) REALT A OBAEEM VG, Ve, ..., V] OB TUNEESTS : £
BOj=0,1,...,d"8LT, AV C Vo + V) + V5, KEL,
V=0,V ,=0TH5.

(iii) ViX(A4,A%)-module ¥ LTERMITHS. Tabb, V OBFENT A-
TEPDA-FETHIDE, 0 VICRS.

(A, A*) B TD-pair 2 5iE, d =d* B D L2, ZOEE d % TD-pair ®
diameter ¥ FEXR,



RIZ TD-pair DEIREE#RT 5. (B, B*) 28I REE LOBRKRTRZ b
A2 W £ TD-pair £ 3%, =0 TD-pairs (A, 4°), (B, B*) KERT
HdLi,

B=ypAp~!, B"=pA"p~!

A7 TRIEERE LTORBER o: V- W HAEETEI L 205,

Type of TD-pairs

RiZ, TD-pairs D type ¥ E# T 5. TDHIZ, TD-pair DEHFENIC
BT sREE_O-NTS.

(A, A*) % diameter d D TD-pair £ U, 0; # AD V; LETORFIE, 67 %
A* DV ETCOBEGMET 3.

Fact 1. d >3 D¢ E, REALTHEH SV —-BHRCEETS 80
i=1,2,...,d=-21Z/LT,

8= 0j+2 —0j+| +0j +8._,

i1 —0;
_ G2 =051+ 0 + 65,
;+1 ‘0;

Fact 2. A, A* DEGMFIIROVTNID (g+q¢~'=8) TH5B:

(I) q # 1 {01‘ = + azq + azg™

6; =ai + g’ +ajq”?
0; = oy + 09f + a5
Il g=+1 I ‘
( )q + 0'_ - ot + ® 2 .2
i = a) +az)+ay)
6; = oy + az(—1)7 + azj(—1)!

0; = a} + a3(—1) +ajji(-1y

(1) g = -1 {

forj=0,1,...,d ZIZT, aj,az a3 af, a3, a} & j it LVWEHRT
H5.

TD-pairid, g# 1 DL E typel,g=+1 DL E typell,g=-1DL &
type 11l EFHIEN 3.

Type I ® TD-pairs IZRFHEATH S (12720, BRREXhTVWBI0DH, ¢q#
root of unity DHEDHK) .

Shape of TD-pairs

RiZ, TD-paris @ shape # E#T 5. type I& TD-pair DEGHMHNICET
5 & TH-o7-. shape i TD-pair DEFRMORTIZWTEIZ L THS.
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TD-pair ODEIAZEMOKRICBEL T, dimV; = dim V) R L2 L A5
ShTwa. £I T, pj = dimVj titE, BAEMORTON POy Plyoer Pd
% TD-pair @ shape £ W3, shape i—8R I symmetric #*2 unimodal T
A3&hbhoTw3, T4bdbb,

P; = pd-j

PSP pr L 2 pg-2 2 pu-12 Pd

MBEDIUD. TSIT, pp=1HEKDIUDI L (shape conjecture & FRIEN T
Wiz) bhoTwa,

&<z, shape %1, 1, ..., 1 ® TD-pairs & L-pairs (Leonard pairs) &
I T3, L-pairs 3 3FEATH D, {L-pairs } +— { Askey-Wilson
polynomials} ¥\ 5 £MPFLHELSH S Z Lhbhr>TW3S.

L-pairs DIRD 7 5 A— Rzl 2 5 A——IF, shape 1,2,2, ..., 2,
2, 1 ® TD-pairs TH 3. bhbhid, IO shape ® TD-pair 2% 5.

TD-pairs of shape 1, 2,2, ..., 2,2, 1

bhbholE#EiL, shapel,2,2,...,2,2,1 D TD-pairs of type 11 4
FH X TH3B. typel @ TD-pair IR FHEATH B2 LitFRET 3.
TD-pair (A, A*) DEH{LH

8; = ay + azi + asi?
0 = o} + aji + a3i?

KRNBFEHEDORT (a3, a3) L >TED2DHBEFIATS .
(1) az #0, a} #0
(2) aa #0, az3=0
(3) az=0,a5=0

EH. Shape 1,2, 2, ..., 2,2, 1 @ TD-pair of type II {X, ROFTFHDORT
(A, A*) LABTHS :



A'

(% )
’\(] gl
& &
& A |0
& 02
€a-2 Ad-2 | 04—
Ea—1 B4
\ a-1 M- | b4 )
( Oy | Ho ™ \
i m
07 | m
63
- 63
Nd—-2
Hd-2 -1
9;_1 Nd—-1
0‘}—1 Hd-1
\ 7,

(=FL, ZBEBIX0ZET.) TAOEENERDL D IZHENS :
(Naa#0,a;#A0DL &,

Jo,-=hz'(z'+1+w)+oo 0<i<d)

s

where Q =1+ (w+w*)/2

0 =h%i(i+1+w*)+65
Tpi=-h"(2i+1-b6+10Q)
\7,,'=h'(i—d)(i—a+9+d/2) (1<i<d-1)

Ai=h(2i+1+0+Q) (0<i<d-1)
\{,-:hi(i+a+9+d/2) (1<i<d-1)

(0<i<d)
(0<i<d-1)

89



90

(2) a;;;éO, 0§=0®t‘:§,

'0i=hi(i+l+w)+00 (0<i<d)
SAi=h2i+1+b) (0<i<d-1)
(& =hili+e+d/2) (1Si<d-1)
(6: = h*i+ 85 (0<i<d)
fmi=—h* (0<i<d-1)
(m=h"(i-d) (1<i<d-1)

(B)az=0,a;=0D% &,

(6= hi+ 8, (0<i<d)
rn=hb (0<i<d-1)
Lf;:hai (1<i<d-1)
(6: =h*i+ 6 (0<i<d)
Swi=-h" (0<i<d-1)
m=h'Gi-d) (1<i<d-1)

=L, ‘:‘fﬂ@%'g% &, ni -',é 0TH5.

S 3k

[1] T. Ito and P. Terwilliger. The augmented tridiagonal algebra. Kyushu
Journal of Mathematics, 64(1):81-144, 2009.



PYII—=a Y AFx—LOBGEN—R{EICDOWT
— AF—EAREZFDE —

FH BE (BMARF)
20134£6 A 25 A

L. TUBIC

AHEMOATIZE 3 OENRBEMEAALRS VYEC Y AICBY 3HABT L 7L TY
Y F B DABICHETOTWS, FICARNL [8] CHALL () AX¥—€A A FEzhon
DX 3EOBRER L 2 ORAREORBREEANE T3, BiRzEBT 2 HEmCEY, 9
¥ EDBMTIIED (Lo, OESHEY, FHNEL2E - TV 5 EPT L THETES
FLE,

ARBGIHREZERT 3 - L CHRARNERROEREZHO THRRXICABORRR L
RO A THEIMED ST 3, FH-OBERZ&N L THHEMOBLcrE
E—RTAVTZONEMBEHI N TEL, RBWESTRICBU 3 RELHARNR TS
37V X—yavA¥—Li3HREO-BLELEZ NS, LIMNoT, Zh oD
HORRAS, YRI5 DHEE 2 2 2N ICEEXRNETH R, 7Y L—varR
¥—LDWRZZSICHEDH B DI, HFRBOMEDIERIRT X ) icBEBRNE 2%
HMEL 20 BICLBELER BTk, ¥7-08E2ERT 2 - DICHYLFRE
RMEERT I LNEETHA S,

—HChEDOFE FE—izD 2 EW, CHEMO R FE—REEMiTH, LHIE
fEc 3B OB L 2RO { 3EICiE Quillen DEKRDEFABMENES D, 20
SDFEFE—BRREVICREICE S ([9)). o>T oYy —HRICENS S DR
(CWHBIE, > 7V 77 v 2 5R4EP Lie Bl &) 3 € F E—RNICI/NBEICEY 25
GEAMLTERTCEZLDLEMTHILET>TR, L LEDS, MEICIE THL
v, EEFLES (posets) PHPEDFE b ¥ —&, BRWIERIS2L00, FDk
9 /NEHEEN L DH L VI BBIE kv, DMEICH 2L EHE T8 243
RBIBIEZFLTLERDEI T Y I—a v AX—A0BBNREOMELXENLL
TEARET S 27 FidhE -7, D) RRAO—BEEHTERT 2,

BoRTRT7Y Y- arAi—0%2 LU - AF—FL ROBZEHEAL 206
50K BBEEHT 3, AF¥—€A4 FLiZNBEORHeEI L 2RAIHEYLWZE5 A
(B30T L THRINBILDT, ThohH{ 2BiICi Hanakitic k37 Y
YI—YavAX—LOBP French 2k YA IN:-BHISEDAENE, 6TV
I—% a¥yA¥—AIZ Bose-Mesner fRBDEIET 2 L5, A¥—4 FioFLTHAR
REMHI L THRN S, ZORBMBAF—EA Ficd 2 LB OBAEOHIRE L
LTHNS LG, BRVERROBERZAVTAX - FUREETEDLZ L2TML
T3,

E3M Tl Frenchlc kW BAINS-T YL I—Sar A¥x—ADBIDFEEREAX—
T4 FOBEI—BLL, 2OEAMEZHBRE, FA4XATCRAF—€A FOHRCEN
5 D5y HI% Baues-Wirsching O/MNEOILRIEIZ FVW-TBHT 3, BsHATR7 Y > x1—
YaVvAX—LERETI7EEIBILT, /MNEALALRLEFIDLLAX—FL FEHIK
T2HEE2HRS, SEOBIERFeHEThRON3,

[8] TiXX 61 thin A ¥ —LICHIET 5 thin R ¥ —€ A FORR L ZHOMND{ B X
¥—% A FOBYLHOE L BN 2B L RIS TV, ZTh o LHE
RERTED 208, AMTCRZOREITHEL /2,

2. B)AX—€EAFLA¥X—%1 FOl

B BEATEIAF—E4 FEORBD-DIZ, TPV Y L—a Y AX—LDE
EEBWHT,

TERONBER, MEISOETII T R THBEL 7. (8] BHL T,
1
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2

HRES X LHBEE X x X O0W S, Thbb G 2 X o RETH Y Xx X =
Upeso 2HTHDEHRAD, FlegeSIKMLT

9" = {(y,7) | (z,9) € g}
LEE AR {(r,x) [z € X} 21y TRT. 7HSHRDOIFHEHR:-TLEH
(X,S) #PYYI—avRE—L (AS & LFER) &3,
(1) 1x € S|
(2)geSItNLT g* €S,
(3) EHDe, f,ge SKENLTHADER p), HWEXY, D (2,2) € gL T

Py =ty€ X | (z.y) €e 2 (y,2) € f}.

SITpl, BTG (z,z) € g DM HICHMBIRICE Z 2 ABMTH D 2 LICHERT 3,
Bz, ERBCEELADLE(G]:={Gh), Gr:={(k,1) e Gx G | k7'l = h} L EH
T3L(GIG)13pgs, =1, h# fgDE &l =0L%Y ASLE S,
L& (@3) @%#%lﬁﬂ’]&%#! YR ZZ LT BAX—24 FOEREINZ, Y
BEBCORu: x5yl L Tr=s(u),y=t{u) tRTHLHD S,

¥ 2.1. CZ/E, Tbb CORREFYBO( ZEMBRETH LTS, S:={o1he
% CDOHEENI WA mor(C) DAY TH B LTS, ROFEHFEALTLE BCL
g¥ioxt(C,S) %ﬁl*—’E'f K (quasi-schemoid) & PES, (C 13 Z DR ¥ — ‘Eff Fo
HE L Lz, )

fEBD o, T, peS L uDIEBDOH f, gl L T, HEL L TORR

(m )N (F) = (m,) " (g),
MDD, 2L, wk, cas N u) - p iR
Tor 1 0 Xopie)y T := {(u,v) € 0 x 7| s(u) = t(v)} — mor(C)
ZHRLTERINZBERERL TS, BT (n2,)7(f) DL pt, LRT,

NEENGEE LNEOMOBEFELH L L TRONZE % Cat, ZORMBIETH 20
## (groupoid) D% Gpd L KT,

ﬁﬂ 2.2. (1)(&’3&?&&‘]1#——-’&4 F) C %’J‘Mt L mor(C) o)iﬁ:’ﬂ SzS= {{f}}femor(C) ‘C”a‘-
ABLE NK(EC) :=(C,S)IFEAXF—4 FEi3, T5 L TUMNEDSHARIEERF—
A F¥Bons,

({i) (¥2—T7AX—EL F) G2 (ARLIZBOLW)BLTE, GE—2DOHRe DA%
bh, HOREMNGC THIMMLEXS, G-BID, TEHbBRFEF:G - Cat BFELT
D=F(o) L2 2BD%2%Z%, COLELEMmor(D) DG Ik BMMEHHIOC DMUE
ZSLTBLE (DS)RBAXF—EAFLid, BRI 2—THASH(3) DE
HER-TILEZELOIBALAL LI ICTRYE S,

FZE DYBROEATEZSGNB/NETHY, Z/213a%bi 1, 1, 3EXITICDIC
EALTw3 LT3,

I,C:r y:):, an

CDLERAF—EAF(C, {1, 1,,}, {a,b}}) 283,

BEAX—FA FIZASOEZRDOSRMF (1) L Q) 2—HRLLAbDEMAMLTAX—%4
FEEET 3,

28T OMRIHTH B I



3

ER 23 WAX—FEAF(C,9)BRD2HEM%2ARITLEFYII—Ya Y AF—FA
R (A% —%4 F (schemoid)) £V>$ "3,

(i) EED o € S LA J := U emqHome(z,z) IR LT, b LonJ £ ¢ % biEaC J.

(i) RKEMF T :CoCTT? = ide AT OLDHHELET 3, 6B Doe Sic

LT
o' :={T(f)| f € a}

2SI T 3, REMFTE2ROZDA¥—E4 FZ(C.5T) L&,
Bl 24. ()ASHSDMML) 7V L= a v A%—A (X,5) 2E4L 5, <k Z/MEC
% ob(C) = X, Home(y,z) = {(x,9)} € X x X, A% (z,1) 0 (z,y) = (2,y) L ERT
5, COLEU=8S REBFET:C-C%T(x) =1 T(z,y) = (v,x) TEHRT S L,
iX,8):= (CUT) RAX—E4 FEkd,

(i) (D S DHERN) H 2B L T3, DMEH % ob(H) := mor(H), 2 L THIZML
Tik
{(h,9)} if t(h) =t(g)

Homﬁ(g, h) = {@ otherwise.

LERT D, ¥61C mor(H) DM S = {G} remorcry % Gy = {(k,1) | k=l = f}, RER
F% (f,9) € mor(H)INLTT((f,9) = (9, f) LERT S, DL ESH):=(H,ST)
BAX—€Af VL3, ChBchroBohd7yYyrr—varyAx—L45(G) DA
tRRICHEDDON S,

ESIERNE () AX—€4 FORBAICODOLTREBSTTHERSE, I TRRIC
TFRy 2B AETHBONERAX—24 FORZHITS,

Bl 25 GEBEL,CERDEATHEAGNE/PELT B,
G C L. Y D oW
Thabb, obC) = {r,y} TH Y, Home(z, z) = G, Home(y,y) = G°P, Homne(z,y) = {f}

W75, COLE(C,S,T)RAX—EA FTH 3, 1272L, mor(C) DRIES = {S,}gecV
{57}, Sy :={g,9}. Sy :={f}, KEBFIX T(z) := y, T(y) := z TEBIh T 3,

Bl 26. RTERIND IF (D, {S}ocics, T) BAXF—FEA FL L3, ZITHREDIR

K=
N
S,

TERBINDG, XS5 mor(D)DPHED LOREWFET D - DIRENFAIS =
{Si}iz(l,l,2,3 S] = {aa‘)'}a 52 = {ﬁa‘s}a 53 = {E}a S() = {l.m ly’]mlb} % ch T(a) = b‘
T(e) =¢,T(a) =6, T(B) =y TEREINTWVS,

TV E—a v A¥—Ah(X,S)I Bose-Mesner fo¥ A(X, S) 23448l L TR ARIC,
BAX—€4 FhobARCRBDEHETE S, TBEREEROEZSH, C2/pBL
L, KZHMUICERF TR L T2, 20 & ZEAE (category algebra) & i H B K-
KC:=K{(f | f €mor(C))y THY

_Jaop se)=up)
“ﬂ‘{o Z Dk,

B OERDPS AX—E A FIZKEE, coherent configuration DLz 2TV 3 2 Litbh 3,

z Yy ; Ba=cz=dy
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ICEDERINZWE L OK-RHMTH 2, BRBII—BINIIIETETH b HETEE
felz, CREREE LTR2EAX—EA F(C,5) 526Nt T3, 78S DI
TRTERBETHIERET S, SO EERD SO0, ricH L TEREKC kT

O-s)-O_n=>_p.0 u)

s€o ter HES u€y

DRI T B, ThHLEH K-
K(C.S):=K() _ slo€S)

8€o
BEARBKC B2 E%3, 2 TK(EC,S) 2BA¥—€A4 F (C,S) D Bose-Mesner
/L L3, COREDBITEROEZIIEDL ) BIBEPIRHHL 3,
BCicwL T, mor(C) e Jo %
Jo:= {1 | = € 0b(C)}

LEZET D, BE)RAX—€AF(C,)INLT, aeSh2anSy#okbifac h®
KT L& (C,S) IZHURIMY (unital) TH B LI,

#HE 2.7. [8, Lemma 2.4] (C,S) XA X —€A A F, ZOERBIC3ERMET S, DL
& Bose-Mesner fRELK(C, S) BT 2 Ri> - H DL B3 24M4512 (C,S) BN TH
52¢THS,

Hanaki 235238 L 7= D AS OB AS([4] ) DEREEHRICHBLT ) A¥x—€A F
DEEERT 5,

B 28. (i) (C.9) L (E.9)%BAF—EAFLTE, ZOLEWFEF:C— EHHER
DoeSKHLTTeSVHFELTF(o)CriII-TLEFR2ERAX—T4 FORL
VW F:(C,S) — (£,5) £ET,

(i) (C, S, T) £ (.8, TYEA¥—CA P, F:(C,8) = (£,.8) 2FA¥x—€4 FOH L
T3, FT=TF%2&:TELEF:(C.5T)— (£,S T)ERLT, FEA¥—EL FD
B ERES,

HEDEMIEH 20, FBHEAX—FA FORTHY Flo)Cr AL TWBELE, F
EZAHOMDBREEZ T Flo) =1 LRRT 3,

HAX—€4 FOB, A% —€4 FOBERZLUTZHEN gASmd, ASmd & #7,

Bl 2.2(i), 2.4 TH R - NHREONICIIBOMOMFERZ EAMT, 29 L TROTHK
2185,

3 U
(2.1) Gpd »Asmd——i+qASmd:5;:caL

| . )

Gr AS
2L U ISERBERY BT SHANE, L RARLTHNFEZ L TGr 3HREOE %X
To S() ML TR 2RDBOOTEALRRHDOHETHENI N bHFL LS,
TARUKS( ) BARLIEDIAKR Gpd — Cat ICiz > Tk 0w ZEICHEERET 2,

JEFE 2.9. [8, Theorem 3.2] (i) BIF S( )12 S( ) X BKRTH 3,
(ii) B3F i, j BX U K BHABEBIBRDARTH B,

CORBUCEYAF—EA FIRASO—BETHL L HFY, SSLPAX—EAF
WNEDIRTHZZ L hbh s, BIEEEBREINI LSS, BFS()ICLHRENBR
¥—%A Fidthin A% —A FELTRHREIIoNnD, LMo TAF—EA FiddifE
D—LTLH 3,

50)




3. FEEMEEBIAX—€AF
B2l h35 Bose-Mesner fU % 5 X 2 ARDOPDOXE

A() : AS ~nnns Alg

B—BRICMFEEE X Vv, T, French[3] 13 AS O 2" HF AR IcHRT 2 LT
BSE#HAL, k2RLI,

B 3.1. (3, Corollarics 6.4, 6.6] HRDMONE A( ) : S — Alg lIBRAIINF %5 &
N N

FEEROEBZBBICHER|ATMELT 2 LT, ER3IRBFERAX—EA FD
HRT—-LEhB ticks, 20—BILD-DICES 2IKT 3,

B 3.2. |MAX—€A F(C,S)MBEANTH S LIZLTD (i), (i) 8A LTI LTHB,
aeSiKHLTandy#¢kbifaCy, 727L Jo:= {1, |z € 0b(C)} TH 3,
(i) HEREHE C ixdRBETH 3,

EH 3.3. BAX—4 FOH¢: (C,S5) - (D, T) I3K% &) ¥ & ZFEMN (admissible)
LN, EED s € ob(C). 0 € SZLTt(g) = ¢(z) &7 F g € ¢(o) ICHL T,
FETMHFELTHUS )=z BLU¢(f) =gt %3,

c D
...... * * LJ *
\ lf lQEO(U)
7% morphisins z ¢(z)

HE 34. ER3IICBWT, (D,T) BEXNTHD, (C,S) BERLBEAX—€A FTH
HEEBERTHII5E fOUBRERTZ2DffiIo L o DARICEYIED 2, gODRD A
ik & 572 (8, Lemma 6.5| &), Z2O8EET ng L£T,

ARG ELNTER % — €4 F LIFENRNOC 2% B LRT,

TIT, M THAL LA ¥ —E A FIZZ D Bose-Mesner fREZEDH B RGK() 2
Buiid, French DEREZAX—€4 FOEBRTHERRBZLUTDO LI 12k 3,

8 3.5. [8, Proposition 6.7) (D,T) 2 ML IEANEER ¥ —€ A F, (C,5) 3BRALH
A¥—%4 FThHHERECBHETHILETE, ¥612¢:(C,S) — (D.T) XHEEMN
Bt T3, ZDLEK()(s,) = nSss0) TERINIEHRK(g) : K(C,S) = K(D,T)
RBRBOMRAREGRL 5D, 1L s, =), pTH5,

ZHLTERSl D—HLB oSN 3B,
TEFE 3.6. [8, Theoremn 6.9) ME 2.5 THA SN BZHIE K( ) : B— Alg IXWFE2HEHT 3,

EHICFEMERMT j: AS > ASmd i js : S — BICHIR I PR ) FEMERL & 3,
A E thin R ¥ — €4 FE IV ZOMt(ASmd), bERTE™S, ZOBRMFES() K
X DEEREDIE Gpd L Fffilc %2 3 Z L HsbH» 5 ([8, Theorem 4.11)).

YFAX—E4 FOBRGIBB L -EBEUTIOARS 70 AS OB GOERITERT S,
‘5302 |8, Section 4] B,
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6
%m®$$&0%ivﬁ&t@am¥cowfi&b%&&@@i%ﬁ%o

k Sy, M) %0
ASmd —- gASmd " Cat _— Set®” ~_ Top

(3.1) Gpd “=_ (tASmd)o

«f S0 Tsn

Gpd’

K ‘ I
B ] K()
x? S0) j(tAS)(,
Gr —— (tAS)o /
is
\_) S

S()

TR LERARBAFECRE (RICHREORIETH S, £/ K LEEAADEKA ], js,
Juas), 1S FEMHBIF (fullly faithful functor) TH 2, FH 29 %28, H N() & c i3,
ThE¥hr— 7&&5235%&!1&:55#([6] ZREIEL T3, E6I2|], S.() I2LHEF, %
RRGEEF I IMFTH B, P74 v EeREN TR EHTFE, ToMHsEOHD
ERifECHDZ LICHERET 5, WBCIZBFS(): Gpd' — B & gASmd 5 Alg «mm

K() BRERFNGREPROE L GREBER ¥ —€ 4 FORICHREN2RETHB, 2
T, Gpd' &R ETHHF L LAHICHRL T oh 3, Gpd DFFETH 3,

(&noEL&KmETa30@&Cajam%ﬁwm%émmy%UtnmmmE%m
) %% %, Thomason([9]) DFHRH» S 26Dk E F -k LORR EicH» N T
WBMFEN(), S )X DI 3, BIF K BRENEETH 20 56H 280K, HAX—
A F RO —BE EDBERE S, >THHTHMVBLERINSZI LT
HBH, gASMdICBITARE P E—HE BT LIGEELE®RER,

Zicschang [13], Hanaki [4] I2 & ) HIRBEDE Gr & K4 E D thin AS 230 { 5 AS DI
S (tAS) IR E L TR E %3 (RIRET) 2 EBRENA TV D, KoL,
COWERIREINT, (3.1) LBROFAMlZS5Z 5,

4, A¥—%A FOHREFAER

() A ¥ —€4 FEFRHANCEY HF 2 L2 ASmd, gASmd 280 ic T3 2 Ltk h
FICIiETH B, Z I Tl Baues-Wrisching @B’ﬂ@ﬁﬂ’ﬂﬁﬁ%ﬂ”ﬁ LT (HE) RX¥—%¢4
FEZERLTW I EEEZS,

FCO)COFRBLT S, Tiabb ob(F(C)) = mor(C), # (a,B8) : f — giX mor(C)
oxTHY, FR

t(f) —— t(g)
i
s(f) < s(9)
RT3 0D TH 2, F(C) LORDOERIE (o, 8)o(a, f) = (oa, BF) TEHBENS,

JE 4.1. ([1, (2.2) Definition]) C £ £ Z/MNAE T3, E5ICD: F(C) — K-Mod % B
# (natural system), T%bH 5, F(C) D5 K-MBEDE K-Mod ~DMF LT3, DL ¥
KD (), (b), (c) D LD & &

D, o3¢
2ER% DI X 5 C DRIEILE (linear extension) & V> 5,
(a) £ £ COMNRDILEIIRI L T q I3WRD L TIHEFN L FTEHBIF,
(b) C LOERDOH f: A= BIcK LT, 7—<0EE Dy IZHEBNDORHMIC mor(E)
DWFEE ¢ ()BT, a€e DD freq™'(f) LOER%E fo+a L ET
() (b) DEANTEIEIRCHER (linear distributivity law):

(fo+a)(go+ B) = fogo + f.B+ g,



RH1T, 1L f.=D(f.1), 9" = D(1,9) TH 3,

8 4.2. [8, Proposition 5.2] /NEC LOBIBER D, - £ESC %2EX1 5. (C,S) 25
AX—EA FET B, SHIHEREDH f € mor(C) IcH L THFHBER f L f. ARE
REEDERD oS, f,gec oML TD, =D, BENUDOETE, COLEEK
liqi)*mor(E)@i’r@l.t’(‘liiﬁﬂ"ffp’)x—*r -‘64 b@ﬁ@ﬂ\l&&%l’)&ﬁfxﬁ" €4 F

42 TV ﬁl&ﬂﬂﬁ%z#——f»r RERZ L TZOHW ¢ ZBLUF, BHEH (proper
morphism) & & &,
HEX 43 BDBECICAX €4 FOMENASH2RHNLPAIIE, EICHAF—EAF
MEHE T & B ([8, Theorem 5.5 M),

D ZINBE M LT, BAR M : F(C) — Z-Mod (BIRE) £ 1 € ob(C) &
femor(C)IH LT M(z) = M, M(f) = idy FET 3, DL Z Baues-Wirsching 2
FEQY— H}, o (C, D) BRTERI NS,

Hpw (C, D) := Extgyne(ric).z-Moa) (%> D).

4k Baues-Wirsching 2 R0 P — 3BV A F x4 Y HEBIC I D ERIN TS Z LICHE
¥ 3 ([1, (1.4) Definition] 2),

Baues-Wirsching = & 2#&5% [1, (2.3) Theorem] i3 2 X Baues-Wirsching 2 k€0 Y —
HUNE EDORBHRENFT DL I L ZERL TS, LidioT, mlfi42556K
NERER D,

R 4.4. 8, Theorem 5.7] (C,S) %A ¥ —% A F, D : F(C) = Z-Mod ZHART,
femor(C)ICHLT L, [rRABER, S5l oeSs, f.geaicl T, Dy, =Dy,
BEDIUDET S, TDEE Baues-Wirsching 3 F€ 0¥ — HE,\ (C; D) IR ¢ EH
HBTHEAX—%A FIEED, - £ L CE2IHT 5,

# 4.5. [8, Corollary 5.8](X,8) 27 V¥ L—vavA¥—LtT 3, A¥—€4 Fj(X,S)
T RTOAF—F4 FERIZDHT S,

(X, S)RBE LTREL/ I 70 oBonsBEkd i, HALBLEME LS, L
P30 THEROBRRF DIcX LT Hyy (X, S),D) =0 (* > 0). Sk b EDFDES,

HIFHTT, AF¥—%4 FEROBEFIINMRTHAL 2 HBERICAD, 5107
DFEEH I Bose-Mesner fU LICARER % U T 2 Z L B3HH 5 ([8, Propositions 6.6,
6.11, Corollary 6.13] M), & DWHED & HHBEHB & L TXRBE TR AL, 28
Fho Bose-Mesner fREUIRIRITCHAIAF—FE A FEBBIEMNTES,

#l 4.6. [8, Remark 6.14] £3", —UCH G ML TG := (G, {G}.T)) RA*—EA FT
HBETEIHERTE. LR LKENFETERT(g) =9 ' THEXLGNS,

(X,8) 27 V2= avA¥—Lil,ELEZFNFNNAX—FL FOj(X,S)x
(Z/2) LOAWMKRRZ/21c L 2HWAAF—F A FIEREFEHAHELDETE, ZDL
#ch(K)#2%618, RBELT

K(&) = K(&) 2 K((X, S) x (Z/2)°) = K(j(X, 9)) = A((X, )

3%, UL, BicbilRiEHI0j(X, ) BHRMP—HTHIEHALBLBEE L TH
i, T#bfb%ﬂ)ﬁﬁ”ﬁﬁtijﬁﬁtt% % 72 572 2 B(Z/2) i3 WX TR M R P>

M2k —2 4 FORLZNZFHONHOMEMHOTHRICAZ—2 1 Fizk 5,

THX,S) REWILIE L FfiCH o7z, LIt Hipy (5(X, ) x (Z/2)°,2/2) = Hiyy ((Z/2)*,2/2) =
H*(Z/2,Z/2) L5, HYZ/2,2/2) = Z/2 & Y BIBEERO I FEMS & R X — €4 FIERE LTAVE
LbDEEHITLEOLD2OMBIND

B o2 HHOREUL §(X,S) LOBMERZ/210 8 32 %— 24 FEHSFAL j(X,5) x (2/2)°
LuSBDOAF—T4 FLEARTHS LVIWHERVTLS,
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LRBMPOSTRTIAR, SO EDS §(X,8) % (Z/2)° & j(X,S) 3HE & LCRHETIZ
Kol Edbd 3,

5 A¥—%A4 FORMEHE

MITEICHI 2 HEE, (B8 A ¥ —€ A4 FOMBAEIZOWTEZL B, I 2 Tld Berger-Leinster
KX BHEBCETEZELATIA»SNEEMEL, ZICA¥F—€4 FORMEEANRS LW
IR FEEENT S,

Z = (z;) ZFARBERDTETIELTAET S, ZREBNT2DD, 2,20 > 1
ROz 21 2H0:TET2, EHICRHARTRBET2UETHZETE, CDLE
Berger-Leinster[2] i, BIOTA Z TH 2 HRANEC, RD & 5 ISR L 727,

Cz @ﬁgﬁi}f") ( 61&%%“@?%% {i},’e,,;,(cz) t';%o 2i; = ﬂHOInc(i,j) ¢ L, ﬁ'i,j I
LTz £ 0D L HESHTIRE ¢ 11— j 2—DMBE, HOARI S j S k#a#1
POBAI1DLE foa=¢y TEDHD, COLEC,BBELS, LT T (¢} 2C2
O)#EWF-& Q‘IV)AI&%%T#&' " LJb&bé "z t’C‘.CJ l;tf%"oh'(b)é EE2TX\,

i;b% R, D (i, J)ﬁkﬁ’? Ri(i,j) T 3L
1 ifG.j)€P,
Ri(i.j) = { 0 otherwise
TH3, {(R)} ZHOTAF—EA FHMRTE 2,
EE 5.1. [8, Theorem 7.5] LDEEDH &, IEH 2, ..., 2, KN L T
Z:=zRo+ 2Ry + - + 2,R, + diag(1,1,...,1).

EBL, §= {0‘1}1:0,|_,_,, * Cy; DI {¢.'_,'},'_,- @53#]&'4—6, 7 Lag = {¢,~,- | 1= 1,...,m},
or=1{¢; | (G,i) € P} TH3, ZDLE S %ET mor(C) DY T HHEEL T, L)
BEEAX—€4 Pk, 6= =2, CHDLE, (C2.2) MBI R ¥ —E 4
FRigEE b,

THS.1OREB C, 3BDHICEZOND AS LTI 7EZILEZDHOERE
2R THONTWVLS,

#l 5.2. H(2,2) % (2,2) ®I® Hamming A ¥ —A LT3, ZDE ZFHS5.1 DHEICL %
NoTRONBIFAX—CA FE(C4,Z) T2, ZOHEMBEC, 134 x 47751

9 no+1 n) n no

_ B . _ m ng+1 no n)

Z = Zon,R. + diag(1,1,1,1) = n ne notl  m
= ny n n| ng+1

Z v, Ll Berger-Leinster DFERE > TROoND, 6L RBRORMRT X
9 72 mor(Cz) DHFYITH 3,

xnu( . <—> .
xn;
x| Xy
xn;
)(n()( [ ] <—> [ ] ( Xng

BOFTH C 26 B Buler B2 2 REND, Zh DTN [2 THEHIATHS,
*105 o5kt [8, Proposition 7.4) B,
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) AF—EA F2HRTILTCOSBEORAZERTIOMELZ 3,

o Bose-Mesner W% &EH L - BANRRBEHO A ¥ -4 FOrse s —RNEE:
A¥—% 4 Fr 61853 Bose-Mesner VDM RFEBEDEEL L,

o Cat @ Quillen € FNVE#HE, (2) 774 7L —2 3 YEWED S gASmd iIfHME N 3
WMEED LI LA F—F4 FORe FE—RNBE: BENLS Y v y—HRE 541
HRAE FE—ROEI L gASmd D 2-BEZ V- R FE-RNEEB L ULEHE
E—FERVOBAL L,

ED2o0#FZiIzP L THZ L Tillie b i3 Tid ey, EBEgASmd D 2-BRE 2 Al TH
OB LR X -4 F(C.9) 2o R7 FAEROB~DOMFE%EE X 25 Z & T Mitchell
HIEZBRATE 3, T4bDL Bose-Mesner fUK(C,S) L TCHRMNABERS, arxod—
RBNRABOEMHFETE 2, 1) DERBIUFZOHD XY FBRT LI ICHR
BIZASEZEhL TRA¥—24 FOBICEIFNS, 2L Cat FTRoTw-aiazh
RS HRY—RTHIBERMICR>TLEY, 22 6HAVARR, bty —
BB TE 2V, Webb [10], Xu[1l, 12| i X W HRBEO arT 0 —REHRL 724
BOareu—ROWELHEATVZY, 220 FASIEATE I LIZTEY
v, MEDIFER Y —HBETMRL THRINDOZAX—€S FOarzud—E%22( 3
BEBHAH, ZDX—7— FHLBo Mitchell IETH B LEZX 3,

F7- gASmd D 2-[ENGE I Cat D ENERIER L THON B, THbE Lo bR
F K : Cat — gASmd 13 2-BDINF= & % 3 ([7, Theorem 3.9]), #€- T Hardie, Kamps,
Marcum [5] t= & Y BERIVICE R I NS Toda DRZROTEAX -4 FORE FE—
WEEXEETIILLAHEIC R A9, 25 LTES N3 IEAWHRITGCHIF BN, (U
PEAERNTREELLICLEHREH B,

7YY L= ayAX—LDOMAETIRFERADEIZS, Bose-Mesner {ED £B BN %
HEOEELRWEZRZLTOS (14). I LEEESERX—A FOBAI—RIEL
ZN6HgASmd P ASmd AT ED & I IiRA ) hOHADRETH 5 5, FBE, H
g}.lﬁ) WNEBBIL 226 DEEMNHEAS IKE-> T 3TER L H 2, —{Ld 5 DRITD

T3,

() AFX—€A FIZ[8 TRLOTHAZINLBETH S, FXEXEL, 20HIZ
BLEALBTOROVEES>TRYL, AN Feosl-REEORHPT7 Y
YE—=YavAF¥F—LDL)IKIBNEASYER, T4y, FERRC oL uafss
A& NS 2 L E,

B FEI0EEOIBETXENICERLD 2RENHEER v ovricmL 2L
THEHEE - LRI E > TIEMICKERZ ETLE, 8BS, 2MEDHL LT
YOXL—2aVvARE—LD—BLIZOVWTRRTELZL, E5It5HBAAEEDSL LT
MHEZBEEZLTHOWAZERARICE>TRELNEE D E L, BB ELE
A, MEOBEEEZTHEE L UEAS 4, LHEIESK, FHRARE, Ia#KZEL T
HuE & U CHERS L THW - EARREFEICEH L ET,

REFERENCES

[1] H. J. Baues and G. Wirsching, Cohomology of small categories, J. Pure Appl. Alzebra 38 (1985),
187-211.

[2] C. Berger and T. Leinster, The Euler characteristic of a category as the sumn of a divergent series,
Homology, Homotopy and App. 10 (2008), 41-51.

U7 eRERAE—E4 FHIOHUAE F E-FAMlT RO 3REEHEL TV,

99



100

10

[3] C. French, Functors from association schemes, J. Combin. Theory Ser. A 120 (2013), 1141-1165.
[4] A. Hanaki, A category of association schemes, J. Combin. Theory Ser. A 117 (2010}, 1207-1217.
[5] K. A. Hardie, K. H. Kamps and H. J. Marcum, A categorical approach to matrix Toda brackets.
Trans. Amer. Math. Soc. 347 (1995), 4625-4649.
[6] P. Gabriel and M. Zisman, Calculus of fractions and homotopy theory, Ergebnisse der Mathematik
und ihrer Grenzgebiete, Band 35 Springer-Verlag New York, Inc., New York 1967.
(7] K. Kuribayashi, On the strong homotopy for quasi-schemoids, preprint, 2013.
[8] K. Kuribayashi and K. Matsuo, Association schemoids and their categories, to appear in Applied
Categorical Structures, preprint (2013). arXiv:1304.6883 math.CT.
[9] R. W. Thomason, Cat as a closed model category, Cahirs de topologie et géométrie différentielle
catégoriques, 21(1980), 305-324.
[10] P. Webb, An introduction to the representations and cohomology of categories. Group representation
theory, 149-173, EPFL Press, Lausanne, 2007.
[11] F. Xu, Representations of categories and their applications. J. Algebra 317 (2007), 153-183.
[12] F. Xu, Hochschild and ordinary cohomology rings of small categories. Adv. Math. 219 (2008), 1872-
1893.
[13] P. -H. Zieschang, Homogeneous coherent configurations as generalized groups and their relationship
to buildings, Journal of algebra, 178 (1995), 677-709.
[14] P. -H. Zieschang,Theory of association schemes, Springer Monographs in Math., Springer-Verlag,
Berlin, 2005.



EDGE-SIGNED GRAPHS WITH SMALLEST
EIGENVALUE GREATER THAN -2

GARY GREAVES*, JACK KOOLEN', AKIHIRO MUNEMASA,
YOSHIO SANO, AND TETSUJI TANIGUCHI

ABSTRACT. We give a structural classification of edge-signed graphs
with smallest cigenvalue greater than —2. We prove a conjecture
of Hofftnan about the smallest eigenvalue of the line graph of a
tree that was stated in the 1970s. Furthermore, we prove a more
general result extending Hoffman's original statement to all edge-
signed graphs with smallest eigenvalue greater than —2. Our re-
sults give a classification of special graphs of fat Hoffinan graphs
with smallest eigenvalue greater than -3.

1. INTRODUCTION

The (adjacency) eigenvalues of a graph G on n vertices are defined as
the cigenvalues of its adjacency matrix A. Since A is a real symmetric
matrix, its eigenvalues A;(A) are real; we arrange them as follows

For convenience we will sometimes also refer to each A;(A) as A\ (G).
Much attention has been directed towards the study of graphs with
smallest eigenvalue at least —2 [2, 6, 15, 18]. Most of this atten-
tion has centred around the beautiful theorem of Cammeron, Goethals,
Shult, and Seidel [3], which classifies graphs having smallest eigenvalue
at least —2. In the late 1970s Hoffinan [10] studied graphs G with
M(G) 2 —1 — V2 and later Woo and Neumaier [19] furthered Hoff-
man’s work, introdueing the so-called Hoffman graph. Recently, Jang,
Koolen, Munemasa, and Taniguchi [13] proposed a programme to clas-
sify fat Hoffman graphs with smallest cigenvalue at least —3. The
present work fills a part of this programme, and includes the results of
[17].

*GG was supported by JSPS KAKENHI; grant number: 24-02789.
tPart of this work was done while JHK was visiting Tohoku University with a
JSPS visitors grant. Also he greatly appreciates support from the ‘100 talent’ grant

of the Chinese govermmnent.
HTT was supported by JSPS KAKENHI; grant number: 25400217,
1
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In this article we classify, up to switching equivalence, edge-signed
graphs with smallest eigenvalue greater than —2. In particular, we re-
cover as a special case the classification of graphs with smallest eigen-
value greater than —2 given earlier by Doob and Cvetkovi¢ [6]. As an
application, we classify the special graphs of fat Hoffman graphs with
smallest eigenvalue greater than —3. Some of such graphs are related to
the modified adjacency matrix that appeared in Hoffman [9]. Below we
describe the conjecture Hoffman made about these modified adjacency
matrices.

Let T be a tree on n > 2 vertices with line graph £(T) and let ¢ be
an end-edge of T (one of whose vertices has valency 1). Then e is a
vertex of £(T). Define A(L(T), e) to be the adjacency matrix of £(T),
modified by putting a —1 in the diagonal position corresponding to e.
In one of his papers [9], Hoffiman conjectured that A (A(£(T),e)) <
A1(L(T)) for all trees T and end-edges e. In Section 4 we prove this
conjecture, which we record as the following theorem.

Theorem 1. Let T be a tree and let ¢ be an end-edge of T. Then
M(A(L(T), e)) < M(L(T)).

Furtherimore, using the classification of edge-signed graphs (sec Tle-
orem 6) with smallest eigenvalue greater than —2, we prove a gener-
alised version of Hoffinan’s conjecture (see Theorem 15).

In Section 2 we give our preliminaries. In Section 3 we prove the main
part of the classification theorem of edge-signed graphs with smallest
cigenvaluc greater than —2 leaving the exceptional case to Section 5. In
Section 4 we prove Theorem 1 and its generalised version, and in Sec-
tion 6 we comment on the application to Hoffinan graphs with smallest
cigenvalue greater than —3.

2. EDGE-SIGNED GRAPHS AND REPRESENTATIONS

In this section we introduce some terminology that we use in our
results. An edge-signed graph G is a triple (V, E*, E~) of a set V of
vertices, a set E* of 2-subsets of V' (called (+)-edges), and a set E~
of 2-subsets of V' (called (—)-edges) such that E¥ N E~ = Q.

Let G be an edge-signed grapli. We denote the set of vertices of G
by V(G), the set of (+)-edges of G by E*+(G), and the set of (—)-edges
of G by E~(G). By a subgraph G' = (V(G'), E*(G'), E-(G")) of G
we mean a vertex induced edge-signed subgraph, i.e., V(G') C V(G),
E*(G') = {{z,y} € E*(G) | x,y € V(G')}. The underlying graph
U(G) of G is the unsigned graph (V(G), E*(G)U E~(G)).

Two edge-signed graphs G and G’ are said to be isomorphic if there
exists a bijection ¢ : V(G) = V(G’) such that {u,v} € E*(G) if and
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only if {¢(u),¢(v)} € E*(G') and that {u,v} € E~(G) if and only if
{#(u), ¢(v)} € E~(G)).

A switching at vertex v is the process of swapping the signs of each
edge incident to v. Two edge-signed graphs G and G’ are said to be
switching equivalent if there exists a subset W C V() such that
G’ is isomorphic to the graph obtained by switching at each vertex
in W. Note that switching equivalence is an equivalence relation that
presecrves eigenvalues.

For an edge-signed graph G, we define its signed adjacency matrix
A(G) by

1 if {u,v} € EY(G),
(A(G)ue = § -1 if {u,v} € E~(G),

0 otherwise.

To ecase language, we will refer to the signed adjacency matrix simply
as the adjacency matrix.

Let G be an edge-signed graph with smallest eigenvalue at least —2.
A representation of G is a mapping ¢ from V(G) to R" for some
positive integer n, such that (¢(u), d(v)) = £1 if {u,v} € E*(G) re-
spectively, and (¢(u), ¢(v)) = 24, otherwise, where 6, , is Kronecker’s
delta, ie., 6,, = 1 if u = v and §,, = 0 if u # v. Since, for A
the adjacency atrix of GG, the matrix A + 27 is positive semidefinite,
A + 21 is the Gram matrix of a set S of vectors x;,...,X,,. These
vectors satisfy (x;,x;) = 2 and (x;,x;) = 0,+1 for i # j. Sets of vec-
tors satisfying these conditions deternine line systems. We denote by
[x] the line determined by a nonzero vector x, in other words, [x] is
the one-dimensional subspace spanned by x. We say that G is rep-
resented by the line system S if G has a representation ¢ such that
S ={[#(v)]: v € V(G)).

Below we give descriptions of three line systems, A,, D,, and Eg. Let
er,...,e, be an orthonormal basis for R,

A, ={lei-ej|:1<i<j<n+1} (n21).
Dn=A,,_1U{[ei+ej]:1$i<j<n} (Tl?‘l],

3 8
1
Eg = Dgu {[ézfiei] 1€ = :tl,He,- = 1}.
i=1 i=1

These line systems are used in the following classical result of Cameron,
Goethals, Shult, and Seidel.

Theorem 2 ([3]). Let G be a connected edge-signed graph with A\\(G) >
—2. Then G is represented by a subset of either D,, or Eg.
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Let G be an edge-signed graph represented by a line system S. If S
embeds into Z" for some n, then we say that G is integrally repre-
sented or that G has an integral representation. By Theorem 2,
for an edge-signed graph G with A, (G) 2 —2, G has an integral repre-
sentation if and only if G is represented by a subset of D, for some n.
We record this observation as the following corollary.

Corollary 3. Let G be a connected edge-signed graph with A\ (G) = —2.
Then G has no integral representation if and only if G is represented
by a subset of Eg but not by a subset of D,, for any n.

Corollary 3 motivates our next definition. Let G be a connected
edge-signed graph with A;(G) 2 —2. We call G exceptional if it does
not have an integral representation. Clearly there are only finitely
many exceptional edge-signed graphs.

3. CLASSIFICATION OF EDGE-SIGNED GRAPHS WITH A, > —2

In this section we classify integrally represented edge-signed graphs
with smallest eigenvalue greater than —2. We leave the exceptional
case until Section 3.

Lemma 4. Let G be an edge-signed graph whose underlying graph is a
cycle. Then \(G) > -2 if and only if the number of (+)-edges of G
is odd.

Proof. If the number of (+)-edge is even, then G is switching equivalent
to the edge-signed cycle in which all edges are (—)-edges, hence A (G) =
—2. Conversely, suppose G has an odd number of (+)-edges. If the
length of G is odd, then G has an even number of (—)-edges, hence G
is switching equivalent to an unsigned cycle. Thus A;(G) > —2. If the
length of G is even, then, up to switching, A(G) = BT B — 2I where

1 0o - 0 -1
1 1 " 0
B=10o 1 1 :
: o 0
0 -+ --- 1 1
Since this matrix is nonsingular, A\;(G) > —2. O

Let G be an edge-signed graph with smallest cigenvalue greater than
—2. Assume that G has an integral representation ¢. This means that,
with m = |V(G)|. there exists an n x m matrix

M= (vl Tt vm) )
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with entries in Z, such that (v;, v;) = £1if {i, j} € E*(G) respectively,
and (v;,v;) = 26;; otherwise. We may assume that M has no rows
consisting only of zeros. Since v; € Z", v; has two entries equal to %1,
and all other entries 0. This means that we can regard M as an signed
incidence matrix of a graph H and the underlying graph of G is the
line graph of H. More precisely, H is a graph with n vertices, and the
vertices ¢ and j are joined by the edge & whenever {i,j} = supp(vg).
Note that the graph H may have multiple edges. A graph without
multiple edges is called simple. We call H the representation graph
of GG associated with the representation ¢. Note that H has no isolated
vertex. If G is connected, then so is H.

Lemma 5. Let G be an m-vertex connected edge-signed graph having
an integral representation ¢ and smallest eigenvalue greater than —2.
Let H be the n-vertex representation graph of G associaled with the
representation ¢. Then n € {m,m + 1}. Moreover, if n = m, then H
s a unicyclic graph or a tree with a double edge and if n = m+1, then
H is a tree.

Proof. Since M™ M = A(G) + 21 is positive definite, M has rank m.
This implies n > mn. If H is disconnected, then so is G, which is absurd.
Thus H is connected, which forces n < m + 1. O

Let G be the line graph of a unicyclic graph whose unique cycle has
at least 4 vertices. For each edge e of G there exists a unique maximal
clique that contains e. For such a graph G, we denote by € (un’) the
unique maximal elique of G containing the edge uu'.

Theorem 6. Let G be a connected integrally represented edge-signed
graph having smallest eigenvalue greater than —2. Let H be the repre-
sentation graph of G for some integral representation. Then one of the
following statements holds:

(i) H is a simple tree or H is unicyclic with en odd cycle, and G
is switching equivalent to the line graph £(H),

(ii) H is unicyclic with an even cycle C, and G is swilching equiva-
lent to the edge-signed graph (V, EY, E™), where V = V(£(H)),

E~ ={uv e E(L(H))|v € C,(uu')}

where uu’ is an edge of £(C), and E* = E(S(H)\E™.

(iii) H is a trec with a double edge, and G is switching equivalent
to the edge-signed graph obtained from the line graph £(H),
by attaching a new vertex u’, and join v’ by (+)-edges to every
vertex of a clique in the neighbourhood of u, (—)-edges to every
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vertex of the other clique in the neighbourhood of u, where u is
a fized vertex of £(H).

Conversely, if G is an edge-signed graph described by (i), (ii), or (iii)
above, then G 1is integrally represented and has smallest eigenvalue
greater than —2.

Proof. By Lemma 5, we can divide the proof into three cases.

Case 1: H is a simple tree. Since G has smallest eigenvalue greater
than —2, G cannot contain a triangle switching equivalent to one with
threc (—)-edges. By repeatedly applying switching, one can move the
locations of (—)-edges toward an end block, and eventually end up with
an unsigned graph. Therefore, G is switching equivalent to £(H).
Case 2: H is unicyclic. We prove either (i) or (ii) holds by induction
on the number of vertices of H minus the length of the cycle in H.
First suppose that H is a cycle. By Lemma 4, G is either an odd cycle
with an even number of (—)-edges, or G is an even cycle with odd
number of (—)-edges. In the former case, G is switching equivalent to
an unsigned odd cycle. In the latter case, G is switching equivalent to
an even cycle with one (—)-edge and the clique of the underlying graph
of G containing the (—)-edge is then switching equivalent to the one
described in (ii).

Now suppose that H is not a cycle. Let ¢ be the integral representa-
tion of G to which H is associated. Then H has a vertex of v of degree
1. Let H' be the graph obtained from H by removing the vertex v,
and set G' = £(H'). Then G’ may be regarded as a subgraph of G,
and H'’ is the representation graph of the representation ¢ restricted to
G'. By induction, (i) or (ii) holds for (G’, H'). The edges of G not in
G’ have the same sign, so we may assume that these are all (+)-edges
by applying switching if necessary. Also, we may assume the unique
vertex of H closest to v is not incident with (—)-edges, by applying
switching if necessary. Then (i) or (ii) holds.

Case 3: H is a tree with a double edge. If H has a double edge, then
the matrix A has a submatrix

()

Let ' (resp. u) denote the vertex of G corresponding to the first (resp.
second) column of this matrix (which in turn correspond to a column
of M), and let v* (resp. v~) denote the vertex of H corresponding to
the first (resp. second) row of this matrix (which in turn correspond
to a row of M). Let G' = G — ¢'. Then the graph H’ obtained from
G’ is a tree. We have already shown that, in this case, we may take
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G’ to be the unsigned line graph of H’. Let K* (resp. K~) be the
clique of G in the neighbourhood of u consisting of vertices u"” with
M.+ o =1 (resp. M- ,» = —1). Then in the graph G, «’ is joined
to every vertex of K* by (+)-edges, and ' is joined to every vertex of
K~ by (—)-edges. Therefore (iii) holds.

Conversely, suppose G is described by (i), (ii), or (iii). First, we
describe how to construct M for each case. For (i), Af is the incidence
matrix of H. For (ii), let v be the vertex incident to both the edges u
and v’ of H. Then M is the incidence matrix of H adjusted so that
M, = —1. For (iii), let v and w be incident to the edge « in H. Then
M is the incidence matrix of H together with an extra column for v’
with M, =1, M, . = —1, and the remaining entries 0.

To prove the converse, it suffices to show that, in each case, M T M is
positive definite. If G is the line graph of a tree then this is well known.
Thus we can immediately restrict our attention to when n = m. We
will show that, in both remaining cases, M T M has determinant 4. We
inductively show that det(M ™M) = 4 for H unicyclic. Suppose that
the underlying graph of G is the line graph of a unicyclic graph. If H
is a cycle then, by Lemma 4, M is nonsingular. Hence the rows of Af
are a basis for D,,, which has discriminant 4. Thus Af has determinant
+2. Otherwise, H has a vertex v of degree 1. Let M’ be a the matrix
obtained by removing ». Then det(M) = £det(M’). Hence MM
is positive definite, as required. The same inductive approach can be
applied when starting with the double-edge where A is the matrix

1 1
-1 1}°
which has determinant 2. ([l

Note that, if G is represented by the line system A, then one can
relax the assumption of Theorem 6 to having smallest cigenvalue at
least —2. Ishihara [12] shows that, in this case, the underlying graph
of GG is a claw-free block graph.

4. HOFFMAN’S CONJECTURE

In this section we settle Hoffman’s conjecture, i.e., we prove Theo-
rem 1. Moreover, we prove a stronger version of Hoffinan’s conjecture
extended to edge-signed graphs.

Lemma 7. Let M be an n x m real matriz. Then MM and MM7
have the same nonzero eigenvalues (including multiplicities). More ezx-
plicitly, for any nonzero eigenvalue @ of MM, the multiplication by
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M gives a linear map from ker(M ™ M — 0I) to ker(MM" — 6I) whose
inverse is given by v 8"'MTv.

Proof. Follows from [1, Lemma 2.9.2]. a

Lemma 8. Let A = (a;;) be a real symmetric matriz, and let A’ =
(ai ;) be the matriz defined by ai ; = a; j — 8;10;,1. Suppose there exists
an eigenvector x of A belonging to the eigenvalue A\ (A) with z, # 0.
Then M\ (A) > A (A').

Proof. We may assuimne without loss of generality that ||x|| = 1. Then
M(A)=xTAx = xTA'x + 22 2 A\ (A) + 22 > M (A).

Remark 9. One might wonder if Theorem 1 can be proved by showing
that the adjacency matrix of £(T’) satisfies the assumption of Lemma 8
when we take the first entry to correspond to an end-edge of T. This
approach, however, does not work. In fact, let T be the Dynkin di-
agram FEg, and let the first entry of A correspond to the unique end
edge attached to the vertex of degree 3. Then the smallest cigenvalue
—(v/5 + 1)/2 of £(T) has multiplicity 1, and the eigenvector has 0 in
its first entry.

Lemma 10. Let G be a connected bipartite graph on m wvertices and n
edges, with oriented incidence matriz B. Let A be the adjacency matriz
of the line graph of G, and let L be the Laplacian matriz of G. Then
for eachi € {2,...,m}, Bker(A— Aiy,—m(A)) = ker(L =X, (L)I) and
ker(A — Aign-m(A)) = BT ker(L — X\;(L)I).

Proof. Since G is connected, the multiplicity of 0 as an eigenvalue of
Lis 1. Since B'"B = A+ 2I and BB = L, Lemma 7 implies that
Ai(L) = Mgn—m(A+2I) = Mipmim(A) + 2 for 1 < i < . Moreover,
Lemma 7 implies Bker(B'B — \ij,_.(B"B)I) = ker(L — \(L)I)
and ker(BT B — A\ipn_m(BTB)I) = BT ker(L — \;(L)I). Since BT B —
Mitn-m(B"B) = A = A\iyn_m(A)I, we obtain the desired result. O

Let G be a graph and let v be a vertex of G. Recall that A(G,v) is
the adjacency matrix of G, modified by putting a —1 in the diagonal
position corresponding to v.

Lemma 11 ([9, Lemma 2.1]). Let T be a trec and let e be an end-edge
of T. Then A\ (A(L(T),e)) > —-2.

We are now ready to prove Theorem 1.

Proof of Theorem 1. Let T be a tree on n+ 1 vertices and n edges, and
let A denote the adjacency matrix of the line graph £(T) of T. Since
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T is bipartite, one can orient its edges so that its oriented incidence
matrix B satisfies

B'B=A+2I.

We also have BB = L, the Laplacian matrix of T

Let r and s be the vertices of the end-edge e, and assume r has
valency 1 in T. We may choose B so that the first row and column
correspond to  and e respectively, and the second row corresponds to s.
Let the columns vectors e; be the canonical basis of the Euclidean space
R™ where m should be clear fromn context. Without loss of generality,
we assuine Be, = e, —e, and B'e, = e,.

We obtain the matrix C from B by setting b; ) = 0. Define matrices
A" and L' by

C'C=A"+2I, andCC" = L.

Then A’ can be obtained from A by setting a;; = —1, that is, A’ =
A(L(T),e). The matrix L' can be obtained from L by setting all entries
of the first row and column to zero.

By Lemma 11, C7C is positive definite. It then follows from Leinma 7
that L' is a positive semidefinite (n + 1) x (n + 1) matrix with rank n.
Let X be the principal submatrix of L' obtained by removing the first
row and column of L. Since the matrix L' has only zeros in its first
row and column, the matrix X is positive definite.

Morcover, X is an M-matrix, that is, in addition to being positive
definite, its off-diagonal entries are non-positive. By [11, Theorein
2.5.3], X! is a non-negative matrix. By the Perron-Frobenius theorem
(see, for example, [8]), any eigenvector corresponding to the smallest
eigenvalue of X has no zero entry.

By Lemma 7, A (A'+21) = A(L') = A (X), and A\ (A+21) = Ao(L).
Thus, to prove Theorem 1, it suffices to show that A;(X) < A(L). By
Lemma 8, we can assume ker(A — A (A)]) C e

Let w be an eigenvector of L belonging to the eigenvalue Az(L).
Then

Bw € BT ker(L — Mo(L)1)
= ker{A — A (A)]) (by Lemma 10)
Cer.
Thus w € (Be;)t = (e, — e;)*. Therefore w; = ws.
On the other hand, again by Lemma 10, the eigenvector w can be

written as Bv where v is in ker(A—X,(A)]) C e{. Thenw, = e/ Bv =
e;v = 0. Hence w; = wy = 0. Since the first row of L is given by
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0
Lw = (Xy) ,

where w' = (0,y ). Hence, w restricts to an eigenvector y of X. But
the first entry of y is zero. Since X is an M-matrix, A2(L) is not the

T_ ol
e, —e,, we have

smallest eigenvalue of X. This implies A)(X) < Ao(L). O
€1
o— 9o o ---
€ €n_1 €En-2 €4 €3
€a

FIGURE 1. The graph X" (n > 3)

€2
€ €3

fo fier fie

€2t 41 €an—1
Cok

FIGURE 2. The graph Xg)(k,l 21)

€2
o—o—o— - ’ :
fo fiev fie2 f2 N
€242 C2k
€a1:41

Fi1GURE 3. The graph X,f?;)(k,l =1)

Lemma 12. The matrices A(X,Sl), €n), A(Xk(z,) fi), and A(XS), f1) (see
Figures 1, 2, and 3) have smallest eigenvalue -2.
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Proof. We give the eigenvectors corresponding to the eigenvalue —2 of
each matrix in the statement of the lemmma.

o A(XM, e,): set er,ea = —1, and ¢; = (—1)*+1 -2 for j €
{3,....n}.

o A(X,S),fl): set e; = (—1)*! for j € {1,...,2k + 1} and set
fi=(-1)-2for j€{1,...,1}.

. A(Xg),ﬁ): set ¢; = (—=1) for j € {1,...,2k + 2} and set
fi=(=1)y-2forje{1,...,1}.
Deleting the row and column containing the —1 on the diagonal, we
obtain the adjacency matrix of a graph with smallest eigenvalue greater
than —2. This is immediate for X" since the obtained graph has
spectral radius less than 2. As for X,f?,) and X,g). the result follows from

(i) and (ii), respectively, of Theorem 6. By interlacing, A(X,(;”,e,,),
A(X,fi), f1), and A(Xﬁ) , fi) have at most one eigenvalue less than or
equal to —2. This implies that —2 is indeed the smallest eigenvalue. O

Theorem 13. Let G be a connected edge-signed graph and let v € V(G)
such that A\ (A(G,v)) 2 —=2. Then G is integrally represented.

Proof. Suppose that A(G, v) + 21 is positive semidefinite. Then we can
write A(G,v) + 2] = UTU for some matrix U. Label the colunmns of
U as uy,...,u, where [Ju;|| = 1 and |Ju|> = 2 for i € {2,...,n}.
Let A = @;_,Zu; and let B = {v € A | ||v|]| = 1}. Clearly B =
{£vy,...,xvy} for some m with (v;,v;) = §;;. Define A’ as the Z-
span of the vectors of B and set X = AN(A’)L. It is easily checked that
a vector v € A with ||v||> = 2 and v € A’ is orthogonal to A’. Hence
we can write A as the orthogonal sum A = A’ 1L X and so v € X.
Unless either A’ = 0 or X = 0, this orthogonal decomposition of A
violates our assumption that G is connected. Since u, € A’, we must
have X = 0. Therefore A = A’ = Z™.
Finally, the vectors

() () = ()

all have norm /2 and their Gram matrix gives A + 2. Clearly these
vectors are contained in a Z-lattice and this lattice represents G. O

Remark 14. The proof of Theorem 13 is essentially the same as that of
[13, Theorem 3.7).

Theorem 15. Let G be an edge-signed graph with M\(G) > -2, and
letv € V(G). Then A\ (G) > M{A(G,v)). Furthermore, \{A(G,v)) >
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—2 if and only if the underlying graph of G is the line graph of a tree T
and v corresponds to an end-edge of T. Otherwise, A(A(G,v)) € -2.

Proof. By Theorem 2, G is represented by D, or Eg. We may assuine
that G is represented by D,,, otherwise by Corollary 3 and Theorem 13
we would have A, (A(G,v)) < —2 in which case the theorem holds.
Therefore the structure of G can be described by Theorem 6.

First suppose G is of type (i) from Theorem 6. Suppose G is the line
graph of a tree T. If v is not an end-edge of T then A(G, v) contains
A(X{" e3) as a principal submatrix, hence A(A(G,v)) € —2. If v
is an end-edge of 7', then A,(G) > A\(A(G,v)) by Theorem 1, and
,\l(A(G,v)) > —2 by Lemma 8. Next suppose G is of type (i) but not
the line graph of a tree T. That is, G is the line graph of a unicyclic
graph with an odd cycle (and G is not equal to C3). Then A(G,v)
contains (as a principal submatrix) either A(Xé”, e3) or A(X,g), fi) for
some k and /.

Suppose G is of type (ii). Then A(G,v) contains (as a principal
submatrix) either A(X:;(l), e3) or A(X,g), fi) for some k and [.

Suppose G is of type (iii). Then G contains X" for some n. There-
fore, by Lemma 11, we have A (A(G,v)) € —2 for these cases. a

Remark 16. A special case of Theorem 15 for unsigned graphs is given
in {17, Theorem 5.2].

5. EXCEPTIONAL GRAPHS

In this section we enumerate the exceptional edge-signed graphs with
smallest eigenvalue greater than —2, i.e., those that are not integrally
represented. In the tables in the appendix we list (up to switching)
every such edge-signed graph. We generalise the following result about.
graphs with smallest eigenvalue greater than —2.

Theorem 17 ([2. 6]). Let G be an exceptional graph having smallest
eigenvalue greater than —2. Then G is one of
(i) 20 graphs on 6 vertices;
(i1) 110 graphs on 7 vertices;
(iii) 443 graphs on 8 vertices.

To describe our results, we need a list of 120 lines of the root system
Eg. Such a list can be found in 7, Appendix BJ, and this is also suffi-
cient to describe our results for Eg and E, since these root systems can
be embedded in Eg. Each of the 120 lines are determined by a vector
B= 2?:1 b;; and the coefficients (by, . . ., bs) for each 8 are given in [7,



GRAPHS WITH SMALLEST EIGENVALUE GREATER THAN -2 13

FIGURE 4. The simple roots of Ej

Appendix B|. The inner products among the basis vectors ay,...,as
are described by Figure 4, where (o, ;) = 2 for all ¢ € {1,...,8},
(aiya;) = =1 if a; and o; are adjacent, (e, a;) = 0 otherwise. The
lines determined by FE¢ are precisely the 36 lines with b; = bg = 0, and
the lines determined by E7 are precisely the 63 lines with bg = 0.

Remark 18. The numbering of the 120 lines of Eg in [7, Appendix B]
is the natural one in the following sense. Every line can be represented
by a vector @ = 3o, a;a; with [laf> = 2 and @; > 0 for all i. We
assign a total ordering to the lines as follows. Let o = Z?=l TR
B =32 b We define [a] < [3] if either

D i < Loy bi

or

S ai=30 b and

a) = bi,...,0; = bi,a,f+1 > b,'+1.
Note that this ordering on the set of lines is the default ordering given
by MAGMA [14] on the set of positive roots of the root system Eg (which
are in one-to-one correspondence with the lines of the line systemn Eg).

Let n = 7 or 8 and let G be an n-vertex exceptional edge-signed
graph. By [18, Theorem 1.10], G can be obtained from an (n — 1)-
vertex exceptional edge-signed graph H by attaching a vertex to H.

In the tables in the appendix we describe, up to switching equiva-
lence, the edge-signed graphs that are not integrally represented. Each
edge-signed graph is described by referring to the lines used to con-
struct it and each line is referred to by its number in [7, Appendix
B], or equivalently, by its position in the total ordering. Clearly, ex-
ceptional edge-signed graphs with smallest eigenvalue greater than —2
must have at least 6 vertices and at most 8 vertices. In Table 1 the 32
exceptional switching classes Sg; (1 < i < 32) of 6-vertex edge-signed
graphs are described. The first 20 out of the 32 consist of those classes
which contain an unsigned graph, and these ordered according to [4,
Table A2|, in which graphs are ordered by the number of edges. The
remaining 12 switching classes are also ordered by the number of edges.
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In Table 2 the 233 exceptional switching classes S7; (1 < ¢ < 233) of
7-vertex edge-signed graphs are described. Each switching class S;;
is obtained by adding a line ! to Sgx. In Table 2, the triples 7,1,k
are listed, and the first 110 switching classes consist of those classes
which contain an unsigned graph, and these ordered according to [4,
Table A2]. Similarly, in Tables 3, 4, 5, 6, and 7, the 1242 exceptional
switching classes Sg; (1 < i € 1242) of 8-vertex edge-signed graphs are
described. Each switching class Sg; is obtained by adding a line [ to
S7.4 and these triple 4, k,l are given in the tables. As before, in the
tables the 443 unsigned graphs in [4, Table A2| come first.
We can summarise the tables below in the following theorem.

Theorem 19. Let G be an exceptional edge-signed graph having small-
est eigenvalue greater than —2. Then G is one of

(i) 32 edge-signed graphs on 6 vertices;
(ii) 233 edge-signed graphs on 7 vertices;
(iii) 1242 edge-signed graphs on 8 wvertices.

6. HOFFMAN GRAPHS

A Hoffman graph $) is defined as a graph (V, E') with a distin-
guished coclique V;($)) C V called fat vertices, the remaining vertices
Vi($) = VAV($) are called slim vertices. For more background on
Hoffman graphs see some of the authors’ previous papers [13, 16, 17].
Let $ be a Hoffman graph and suppose its adjacency matrix A has the

following form
A, C
A= (CT o)’

where the fat vertices come last. Define B($)) := A,—CC". The eigen-
values of §) are defined to be the eigenvalues of B(§)). A Hoffman graph
5 is called fat if every slim vertex of $ has at least one fat neighbour.
In this section we show how our results relate to the classification of
fat Hoffman graphs with smallest eigenvalue greater than —3.

It is shown in [17] that if A;(B($))) > —3 then every slim vertex is
adjacent to at most two fat vertices and at most one slim vertex can
be adjacent to more than one fat vertex. It therefore follows that if
a fat Hoffman graph $) has smallest eigenvalue A,($3) > —3 then the
diagonal of B($))+ I consists of at most one —1 entry and the remaining
entries 0. In other words, B())+1 is either the adjacency matrix A(G)
of a signed graph G, or the modified adjacency matrix A(G,v) of G
with respect to some vertex v. The special graph §($)) of a Hoffinan
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graph §) is the edge-signed graph whose adjacency matrix has the same
off-diagonal entries as B($)) and zeros on the diagonal.

Theorem 20. Let $) be a fat Hoffman graph in which every slim vertex
has exactly one fat neighbour. Then $ has smallest eigenvalue greater
than —3 if and only if S(8)) is swilching equivalent to one of the edge-
signed graphs in Theorem 6 or Theorem 19.

Proof. Since every slim vertex has exactly one fat neighbour, B($))+1 is
the adjacency matrix of S(5). Thus § has sinallest eigenvalue greater
than =3 if and only if S(§3) has smallest cigenvalue greater than —2.
The result then follows since Theorems 6 and 19 give a classification of
edge-signed graphs with smallest eigenvalues greater than —2. g

Lemma 21. Let § be a fat Hoffinan graph in which every slim ver-
tex has exactly one fat neighbour. Then in the special graph S($) of
9, there are no (+)-edges in the neighbourhood of any fat vertex. In
particular, S(9) does not contain a cycle in which all but one edge are
(—)-edges.

Proof. Let N Dbe the set of neighbours of a fat vertex. Then the off-
diagonal entry of B(§)) corresponding to two vertices of N cannot be
1. This shows the first claim. Suppose that S($)) contains a cycle
Vg, V1, - - -, Un, tp such that all but the edge {v,, v} are (—)-edges. Then
v;, ¥i41 have a common fat neighbour fori = 0,1,...,7n—1. Since every
slim vertex has exactly one fat neighbour, it follows that vg. ..., v, have
a common fat ncighbour. But this contradicts the first claim. a

Lemma 21 iinplies that not every edge-signed graph can be the spe-
cial graph of a fat Hoffiman graph in which every slim vertex has exactly
one fat neighbour.

For an edge-signed graph & = (V, E*, E~), we denote by S~ the un-
signed graph (V, E7). Let § be an edge-signed graph that is switching
equivalent to one of the edge-signed graphs in Theorem 6 or Theo-
rem 19, and S has no cycle in which all but one edge are (—)-edges.
Then every fat Hoffman graph $) in which every slim vertex has exactly
one fat neighbour, satisfying $()) = S is obtained as follows. Let

V(S)=JV: (disjoint)
i=1
be a partition satisfying
(i) for all ¢ € {1,...,n}, the subgraph induced on V; contains no
(4)-edges,
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(ii) every connected component of S~ is contained in V; for some
ie€{l,...,n}

Define a Hoffinan graph $ as follows. The vertex set of ) consists of
the set of slim vertices V(S) and the set of fat vertices {f,..., fu}.
The edges are {f;,u} with v € V;, 1 < i < n; {u,v} with u,v € V,
1<i<n, {u,v} ¢ E(S); and {u,v} withue V,,veV;, 1<4i,j<n,
i # 3, {u,v} € E(S). Observe that for u,» € V;, {u,v} ¢ E(S)
if and only if {v,v} ¢ E~(S), and for v € V;, v € V; with i # j,
{u,v} € E(S) if and only if {u,v} € E*(S). Then S($) = S holds,
and A (%) = L (S) - 1.

In general, given an edge-signed graph S, there are a number of fat
Hoffman graphs $ with S($) = S, satisfying the condition that every
slim vertex of $ has exactly one fat neighbour. For example, consider
the simplest case where S is a path consisting only of (+)-edges. Then
such Hoffman graphs are in one-to-one correspondence with partitions
of the vertex-set into cocliques.
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APPENDIX

TABLE 1. Switching classes Sg; (i = 1,...,32)

| lines i | lines

11, 2, 3, 4, 44, 48 1711, 2, 3, 11, 19, 63
21, 2, 3, 4, 6, 24 181, 3, 5 11, 17, 27
3|1, 3, 4, 6, 17, 18 191, 2, 3, 11, 18, 27
4 11, 2, 3. 4, 12, 69 201, 3, 5 11, 17, 52
5|1, 3, 4, 17, 18, 26 21|11, 3, 4. 6, 30, 48
61, 2, 3, 4, 6, 12 221, 2, 3, 4, 18, 48
701, 2, 3, 4, 24, 52 231, 3, 4, 5, 6, 18
81, 2, 3, 11, 30, 48 241, 2, 3, 4, 6, 30
9|1, 3, 4, 10, 18, 20 25|11, 3, 4, 5, 6, 30
10((1, 2, 3, 4, 12. 45 26 (1, 2, 3. 11, 12, 48
111, 2, 3. 4. 25, 48 271, 2, 3. 4, 12, 26
12| 1, 2, 3, 4, 37, 52 28(1, 2, 3, 4, 19, 20
131, 3, 4, 17, 18, 33 291, 2, 3, 11, 18, 20
1401, 2, 3, 4, 24, 33 301, 2, 3, 4, 19, 27
51, 3, 5, 11, 17, 20 311, 2, 3. 11, 18, 31
1601, 2, 3, 4, 12, 20 321, 3, 5, 11, 17, 45
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TABLE 2. Switching classes S7; (1 € i € 233) where
i =+ (mod 100)

1 <ig<50 51<ig< 100 101<ig<150 151 <i<200 201 <:<233
A | | I 0 O G N | i |
1 1 |80 || 51 8 |61 ([ 1 |[12] 41 [[51][25]| 70 1 (16| 49
2 1|75 (|52 7 |97 2 (15|59 ||52| 5 | 85 2 ]| 26| 41
3 2 (58 ([53( 91|59]| 3 |16 28 ||53] 26| 7 3 (129 93
4 1 |55 ([54 [ 2 |41 4 1|19 ] 46 || 54 || 27 | 61 4 |30 75
5 3| 7T||55( 9|58 5 |[20] 8 (|55 24| 66 5 |[16 | 34
6 1 (591|856 12(76]] 6 |16 | 41 || 56 || 28| 14 6 7|49
7 2 |89 |57 || &5 41| 7 || 20| 41 ||67 | 6 | 7 7127 35
8 3|7 58 8 |76 |1 8 || 19| 35 || 58| 8 [ 89 8 || 30| 39
9 1 /8 (|59 8 [66] 9 |[20] 66 [| 59 || 23 | 41 9 |[30] 85
10| 3 |80 ([60 ) 9 |28 || 10) 20| 59 [[60( 29| 7 10 || 31 | 89
11 3 (14|61 6 |70([ 11| 1 | 82 ||61| 28|97 ||11 ] 28| 93
12 4| 7|62 6 [71f[12]] 1 | 49 |62 29| 21 || 12 ] 15| 55
13 3 (34|63 13[80][13] 1|97 ||63| 23|89 ||13] 15 53
14 6 |97 |64 ][ 16|97 || 14| 3 | 46 || 64| 23| 58 || 14| 28| 28
15| 1 |64 ([ 65| 6 |28 || 15| 23| 97 |[65( 26| 49 || 15| 29 | 66
16| 6 (21 || 66 10| 59][ 16 || 21 )| 58 || 66 || 25| 75 (| 16 || 31 | 46
17 (| 2 |71 || 67|12 (28|17 (|21 | 75 || 67 || 21| 59 |[ 17| 27| 41
18| 2 [28 || 68 (| 13|89 |[18| 2 | 75 || 68| 25| 97 || 18] 30| 28
19 6 |61 ]|/69]| 8 [93]/19]]23]| 82 ]/69( 13| T 19 || 28 | 53
201 7| 7|70 7 [59]|20 24| 21 || 7 25| 61 || 20| 17 | 97
20 4 |75 {70 ][ 9 [40 |20 || 1 | 89 || 71|25 ] 71 [[21 [ 29| 59
22 6 |93 (|72 9 |53 ||22] 23| 7 72| 4| 89 ([22] 11| 46
23] 6 |14 || 73| 15|34 ([ 23|21 | 49 [| 73 [ 29| 55 |[{ 23 || 28 | 64
24| 8| T || 7416|9324 4 | 14 ||| 9| 46 |]|24]]30| 34
25| 4 |64 ]| 75 |[ 17 |75 (| 25|26 | 97 |[ 75 [ 28| 55 [[ 256 | 31 | 59
26 || 9 |97 |76 || 12|97 ([ 26| 22| 49 || 76| 27| 64 || 26 || 31 [ 66
27| L |41 |[7T[ 18] 7 [[ 27| 27| 97 || 77 || 24| 64 [[27 ) 30| 93
28 || 3 |58 ([ 78| 6 |41 ([ 28] 4 | 34 || 78| 26| 66 [| 28 |[ 31| 41
291 8 |21 || 79| 187 29 ] 23| 46 || 79|/ 25| 55 || 29 || 18 | &3
30 3|193|/80|[14 (85 ([30 6 | 49 |[80 28| 59 |[30 ] 32| 93
31 || 7|76 ([81][10]28(|[31) 23] 61 |[81]| 27|39 |/31]32]53
32| 4 |93 |[82][18]|85([32) 22| 75 ||8 8 | 58 | 32| 16| 46
33( 7 /193|183 |15 |28 ([33( 23| 21 |[83 13| 46 |[33 ] 20| 53
34| 8 |55 || 84|[ 18|71 |[34]/ 21| 8 [[84] 5 | 39
35( 48585 ( 8 [46 (/35|24 | 97 |{8 [ 24| 7
36 [ 6 |53 ])86 (12|53 (/36|23 [ 28 ||8 || 27| 71
37 (|11 |80 || 87| 8 |35([37 ][ 23| 34 || 87 || 25 | 66
38| 5 |28 [|88|[13|28(|[38]| 4 | 97 || 88 29| 82
30 (1197189 |[12]|59|[39]) 5[ 46 || 89| 8 | 39
40| 8 |97 [|[90|[ 13|93 |40 25 39 ||90 | 24| 41
41 || 12|80 || 91 |[ 14|28 |[ 41| 21| 89 |[91 [ 23| 71
42| 5 |93 (|92 18|21 || 42| 3 | 39 |[92] 28| 80
43| 3|4 ||93 || 11 [41|[43( 3 | 76 |[93 30| 21
4] 4|71 [|941][19]89 |44 23| 8 || 94 11| 49
45 (| 1397|195 || 13 | 59 [ 45 || 24 | 80 |[ 95 || 22| 46
46 || 13| 7 (|96 |1 20| 71 || 46| 25| 89 |[ 96 |[ 25 | 53
47| 7 |28 ([ 97 ][ 20| 75 || 47 |[ 23 | 14 |[[ 97 |[ 13| 49
48 (| 7 |53 || 98|18 [ 49|/ 48| 24| 85 |[98 | 31| 97
49 /(10|97 ([ 99 ]| 19 | 58 |[ 49 |[ 24 | 71 |[ 99 || 28 | 89
50| 8 |53 || O || 1766 || 50 ] 26| 21 0| 12| 49
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20 G. GREAVES, J. KOOLEN, A. MUNEMASA, Y. SANO, AND T. TANIGUCHI

TABLE 3. Switching classes Sg; (1 £ i £ 250)

1€1<50 51 €< 100 101 < ¢ € 150 151 < i < 200 201 €i < 250
N | O ) N N N N AN | | S O | R
1 1 8 51 (| 14] %0 1 5 | 50 51 || 45| 74 1 |[64] 47
2 1 [ 118 || 52 ]] 16 | 116 2 ||42 | 74 52 | 27| 95 2 19 | 36
3 2 | 118 || 53| 5 | 106 || 3 || 44| 68 53 || 58 | 8 3 || 58] 74
4 1 | 96 54 1 50 4 14 | 84 54 || 46 | 118 4 (| 28 | 50
5 1 92 55 || 28 | 74 o |[|44] 8 55 || & | 105 5 [|69 | 78
6 5 8 56 || 14 | 106 6 |43 ]| 8 56 || 14| 77 6 || 60 | 116
7 1 95 57 || 6 | 102 7 || 15| 87 57 (| 28 | 79 7 (|36 84
8 6 [ 118 | 58 || 27| 8 8 |[20] 95 58 || 15 | 102 8 ||58] 7
9 6 8 59 || 4 | 62 9 |[32]118 /59| 59| 8 9 (| 28] 84
10| 4 | 96 60| 6 |105]|| 10| 21| 79 [| 60| 14| 7 10 || 65 | 47
1] 3 [106 ]| 61|17 ] 74 11 ]/ 19| 68 (| 61 |45 [ 103 ([ 11][71] 8
12| 7 8 62| 9 [ 117 || 12 )] 24 | 87 62 [| 43| 74 12 || 61 | 87
13]] 8| T 6319 8 [ 77 13 || 22| 47 || 63 |[ 44| 103 |[ 13 || 73 | 118
14 1 90 64 )| 19| 74 14 [ 25 ] 47 || 64 || 59 | 116 || 14 || 62 | 106
15 9 8 66 || 19| 118 || 16 || 10 | 7 65 [[ 45 | 92 1564 | 7
16 || 10| 74 66 || 31| 8 16 || 48 | 96 66 [[ 64| 8 16 || 74 | 74
17| 6 | 118 || 67| 9 | 103 ]| 17 ([ 37 | 118 || 67 |] 65 | 118 || 17 || 65 | 117
18| 6 | 117 || 68 || 32 | 68 18 || 17 | 84 68 [| 16 | 36 18 1] 75| 8
19|12 ] 8 69 || 32| 8 1911 9| 50 || 69| 31] 77 19 || 41 | 74
20| 6 | 62 T0( 19117 |20 |[39]116]] 70| 32| 90 20 || 75 | 118
21 ({14 ] 8 71 8 | 84 21 || 40 | 87 71 || 36 | 68 21 |] 64 | 90
22 )| 15 | 118 || 72 |[ 2 | 108 || 22 || 21 | 105 || 72 || 48 | 62 22 || 77 | 117
23 | 5 | 42 730 3 [ 77 23 || 37 | 92 73 || 52| 116 || 23 || 24 | 105
24 (| 13| 8 74|28 77 || 24 ]| 23 | 108 || 74 || 31| 95 24 || 26 | 103
25 | 16 | 118 || 75 || 2 | 50 || 25 || 12 [ 90 75 || 21 | 47 25 || 28 | 106
2611 9 | 96 76 (10106 [[26 (] 5 | 78 76 [l 52 | 95 26 || 78 | 116
271 3| 78 TP 4| 36 [[27 ([ 25102 |] 77135105 || 27| 79| 74
28 | 9 | 62 78 || 11 ) 108 || 28 || 50 [ 118 || 78 || 52 | 78 28 || 30| 79
29[ 7| 71 79 1) 20 103 [[ 29 [| 35 | 103 || 79 || 37 | 77 29 || 47 | 77
30 || 11 [ 74 80 || 27 | 62 301 9 | 80 80 || 52 | 92 30| 33| 36
31 || 12| 68 81 )28 117 || 31][25[105||81 ]| 39| 68 31 || 54| 78
32 7 | 90 82 (|31 | 118 || 32| 37| 78 82|51 | 118 || 32|32 79
33| 4 [ 117 ]| 83 ) 7 [ 84 33 [ 16| 105 || 83 || 34 | 42 33 || 32| 105
) 9 [ 78 84 |30 77 || 34 |[ 26| 105 || 84 || 51 | 62 34| 51 | 42
35|19 8 85 || 35 | 68 35 || 10 | 50 85 || 66 | 96 35 || 49 | 105
36 || 10| 42 8 || 4 | 17 || 36| 2 | 36 86 || 59 | 87 36 || 51 | 96
37)20]| 8 87 || 36 | 118 || 37 || 12| 78 87 || 24 | 95 37 || 48| T
38| 3 [108 |88 || 14 | 92 38 [| 53 | 77 88 || 36 | 90 38 | 53 | 102
39 |14 | 116 || 89 |[ 35| 8 39 || 40 | 77 89 )20 | 74 39 || 67 | 92
40 || 20 | 62 80 || 22| 106 || 40 || 25 | 95 90 || 55 | 7€ 40 || 58 [ 108
41 ([ 12 [ 118 || 91 || 13 [ 108 || 41 |[ 55 | 74 91 || 34| 62 || 41 || 50 [ 62
42 (| 14 | 74 92 1 36 42155 | 7 92 |22 | 7 42 || 67 | 116
43 ] 4 [ 1031193 [} 30118 || 43 || 41| 92 93 )] 42 | 103 || 43 |} 49 | 102
44 || 13 | 11T || 84 |[ 36| 8 44 (| 21 | 96 941136 | 7 44 || 23 | 106
45 || 12 [ 86 95 (| 39| 92 45 (| 22| 79 95 || 67 | 118 || 45 || 24| 79
46 || 22 [ 74 96 || 23 | 106 || 46 || 43 | 117 | 96 |[ 22| 78 [{ 46 |[ 53 | 79
47 ] 1 79 97 || 25 | 106 || 47 || 41 | 95 97 |1 39 | 95 47 |[ 50 | 56
48 || 6 [ 103 || 98 || 27 [ 78 48 [| 23 [ 117 || 98 || 45 | 84 48 || 50 [ 102
49 || 5 [ 108 [| 99 || 11 [ 117 || 49 |[ 44 | 102 || 99 || 25 | 108 || 49 || 75 | 68
50 || 12 ] 103 0 || 41 8 30 || 43 | 42 0 || 63| 42 50 || 71 | 116
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GRAPHS WITH SMALLEST EIGENVALUE GREATER THAN -2

TABLE 4. Switching classes Sg; (251 < ¢ < 500)

ol IS

251 €1 €300 301 € i £ 350 351 £ i € 400 401 € ¢ <150 451 < i € 500
|

B I | I | | IS A | N | I |

k
7 | 50 1 82 | 68 51 || 68 | 79

51 1 97 | 116 || 51 1 68
52 || 76 | 47 2 |[63] 78 52 [ 95 | 77 2 91 | 79 52 1 42
53 || 53 | 42 3 |[ 91 ] 62 53 [| 35 | 36 3 71 81 53 || 114 | 74
54 || 37 [ %0 4 36 | 78 54 90 | 106 1 103 | 105 (| 54 4 92
55 || 54 | 74 5 || 83 ] 42 55 [| 36 | 50 ] 106 | 74 55 [[ 111 ]| 74
56 || 20| 79 6 [[60]108 || 56 || 79 | 106 6 77 | 79 56 ([ 122 | 8
57 || 56 | 95 7 521105 || 57 || 62 | 77 7 103 | 77 57 1 106
58 || 57 | 42 8 20 | 50 68 || 40 | 43 8 78 | 50 58 1 84
59 || 76 [ 95 9 91 | 118 || 59 || 74 | 84 9 107 [ 118 |[ 59 || 116 | 8
60 || 75| 96 10 || 85 [ 74 60 || 75 | 77 10 || 89 | 105 || 60 || 118 | 118
61 || 74 | %0 |7 ]| 79 61 57 | 50 11 90 | 79 61 3 116
62 11 | 105 || 12 || 56 [ 108 [[ 62 || 101 [ 92 12| 98 [ 106 || 62 ]] 117 | 8
63 || 60 [ 42 13|76 | 78 63 || 44 | 36 13 ([ 92 | 106 || 63 || 116 [ 92
G4 || 64 [ 105 || 14 || 92 [ 118 [[ 64 || 102 [ 118 |[ 14 91 36 64 || 119 [ 74
65 [| 78 [ 117 || 15 || 34 | 43 65 || 97 | 92 15 || 99 | 106 || 65 1 87
GG || 36 | 108 || 16 || 88 | 42 66 || 62 | 78 16 || 107 | 92 66 || 112 [ 62
67 || 82| 8 17 [ 411105 || 67 || 78 | 84 17 [[ 107 | 110 || 67 || 115 | 47
68 || 22| 50 18 || 76 | 68 68 || 65 | 36 18 ([ 95 | 79 68 16 | 42
69 || 43 | 84 19 ][ 76 | 102 || 69 [| 31 50 19 || 87 | 43 69 || 130 | 118
70 || 38| 79 20 || 61| 36 70 || 92 | 92 20 || 108 [ 118 || 70 2 84
711/ 84| 8 21 [ 91| T4 71 83 | 56 21 || 109 [ 8 71 10 | 90
720 78| T4 22 (/39| 108 || 72 | 94 | 84 22 (| 100 | 77 720 122 ] 118
73] 61| 84 23 (| 59| 105 || 73 || 95 | 84 23 | 98 [ 79 73 4 42
74 || 58 | 56 24 [| 80 ) 103 || 7 87 | 108 || 24 98 | 102 ]| 74 13 | 116
75 (] 27| 36 25 || 59| 102 || 75 || 98 74 25 || 86 | 50 75 || 121 | 87
76 [| 27 | 108 || 26 |[[42] 105 || 76 || 99 | 77 26 [| 100 | 102 || 76 5 47
77 || 85| 92 27 ]| 62| 84 77| 90 | 78 27 || 89 | 50 FT 129 ] 7
78 || 63 | 102 [] 28 [| 90 | 118 || 78 || 81 78 28 )] 102 ] 79 78 6 7
79 || 86 | 92 29 (/96 8 791 97 | 47 20 || 110 ] 77 79 4 77
80 [| 64 | 103 [] 30 || 43 [ 50 80 || 58 | 110 || 30 || 107 | &7 80 9 74
81 || 86| 118 [| 31 || 86 | 68 81 | | 77 31107 ] 79 81 || 115 [ 92
82 || 26 | 84 32 || 46 | 50 82 || 54 | 50 32 || 105 [ 102 || 82 || 111 | 56
83| 87| T 33 (/68106 || 8| 73 | 105 || 33 ([ 96 [ 105 || 83 || 122 | 74
841 88| 8 34 || 50 | 110 || 84 72 1108 || 34 ][ 103 | 3G 84 || 122 ]| 116
85 [ 88 [ 118 || 356 || 81 | 95 85 || 88 | 108 || 35 || 108 | 108 || 85 || 122 | 42
86 || 42| 79 36 || 83| 92 86 || 86 | 105 || 36 ([ 105 [ 105 || 86 || 134 | 8
87 || 89 | 118 || 37 || 54 | 77 87 || 103 | 47 37 | 106 | 36 87 7 | 118
88 || 90 | 74 38 || 67 | 36 88 || 105 | 68 38 ([ 104 | 43 88 || 137 | 8
89 || 70 | 77 39 || 82| 90 89 || 59 | 43 39 ([ 107 | 102 ] 89 || 133 | 87
90 | 66 | 77 40 || 84| 116 [ 90 || 65 [ 50 40 || 110 | 50 90 12 | 42
91 || 61 | 105 || 41 |[ 83 | 116 || 91 00 | 102 || 41 [[ 109 [ 102 || 91 || 118 | 62
92 || 81 | 47 42 (| 81| 77 92 || 91 [ 105 || 42 || 110 | 106 [| 92 || 123 | 92
93 || 69 | 68 43 || 83 | 96 93 || 98 95 43 || 110 | 105 || 93 12 | 62
94 || 55| 105 || 44 || 59 | 110 |[ 94 |[ 49 | 5O 44 ]| 112 | 8 9 || 117 | 77
95 || 67 | 103 || 45 || 94 | 103 |[ 95 |[ &2 | 5O 45 || 111 8 95 || 122 | 110
96 [| 67 | 102 || 46 || 71 [ 102 |( 96 |] 85 | 79 46 (| 113 | 8 96 || 119 | 47
97 || 71 | 42 47 | 93 | 78 97 || 73 | 106 || 47 1 71 97 || 122 | 47
98 || 51 | 68 A8 || 71 | 103 || 98 || 92 | 116 || 48 || 121 8 08 || 116 | 77
99 || 81 | 96 49 || 85 | 77 99 [| 101 | 95 49 A 16 || 99 || 113 | 106
0 || 68| 102 || 50 || 67 | 105 0 102 | 36 50 6 87 0 113 | 56

21
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22 G. GREAVES, J. KOOLEN, A. MUNEMASA, Y. SANO, AND T. TANIGUCHI

TABLE 5. Switching classes Sg; (501 < ¢ < 750)

501 € i € 550 551 £ i< 600 601 < i <650 631 <7< 700 701 <i <750
(NE | NN N | S | N | N N NN | O O Y

1 116 | 96 51 || 119 [ 90 1 138 | 96 51 || 132 | 106 1 154 | 96
2 119 | 87 52 || 143 | 118 || 2 124 | 95 52 || 122 | 108 2 139 | 108
3 115 | 77 53 || 119 | 102 3 16 | 96 53 || 133 | 92 3 151 | 96
4 140 | 118 || 54 ] 132 | 103 || 4 137 | 68 54 14 | 110 A 37 | 42
5 119 [ 79 55 || 120 [ 92 5 163 | 87 55 || 148 | 106 5 123 | 79
6 122 | 77 56 11 | 47 G 14 | 56 56 || 173 | 116 6 125 | 117
7 119 | 36 57 || 131 | 74 7 || 151 8 87 || 30 | 95 7 182 | 78
8 111 | 80 58 || 122 | 92 8 113 | 79 58 || 181 | 74 8 121 | 108
9 G 117 || 89 || 132 | 116 || 9 131 | 118 || 59 || 159 | 96 9 161 | 118
10 4 43 60 || 160 | 8 10 |[ 168 | 47 60 || 45 | 110 || 10 ]| 192 | 74
1] 111 ] 103 || 61 |] 121 | 68 11 ]| 130 | 68 61 || 124 | 62 11 37 | 106
12127 ] 8 62 || 144 | 87 12 |[ 161 | 8 62 || 188 | 74 12 || 164 | 87
13 ][ 115 | 96 63 || 117 | 96 13 || 176 | 96 63 14 | 62 13 || 155 | 117
14 ][ 145 | 106 || 64 || 140 | 47 14 || 114 | 102 || 64 || 144 | 77 14 || 114 | &0
15 ] 120 116 {165 (] 164 | 118 {1 15 |} 143 | 116 || 65 || 36 | 96 15 1) 42 | 77
16 [ 130 | 8 66 || 127 | 116 || 16 || 164 | 77 66 || 133 | 50 16 [| 115 | 43
17 || 122 ] 36 || 67 12 | 74 17124 | 74 67 || 164 | 110 || 17 || 132 [ 102
18 12 | 116 || 68 || 160 | 117 || 18 || 114 | 84 68 || 158 | 116 || 18 || 138 | 105
19 |[ 128 | 8 69 9 84 19 || 168 | 42 69 || 114 | 78 191 184 | 8
20 || 142 | 74 70 || 122 | 79 20 | 13 | 47 70 || 112 | 110 || 20 ][ 20 | 68
21 4 84 T[4 ] 7 21 24 | 50 71 || 139 | 62 21 || 119 | 117
22 | 121 | 105 || 72 || 134 | 96 22 || 131 | 68 7 28 | 90 22 || 157 | 56
23 || 111 | 87 T. 127 | 87 23 || 120 | 103 || 73 || 142 | 106 || 23 |] 146 | 77
24 [| 113 [ 116 || 74 || 135 | 84 24 || 148 | 84 74 ]| 123 | 43 24 || 123 | 84
25 || 127 | 74 75 15 | 106 || 25 || 153 | 118 || T 167 | 47 25 || 41 | 118
206 8 103 ] 76| 124 | 106 [| 26 || 191 | 74 ! 10 | 43 26 | 122 | 84
27 || 123 | 87 77 || 132 ] 56 27 |) 160 | 118 || 77 14 | 43 27 || 125 | 84
28 4 106 || 78 || 162 | 117 || 28 || 136 | 117 | T 172 | 8 28 || 111 | 62
29 || 168 | 8 79 14| 8 29 || 136 | 36 79[| 28 | 96 29 || 192 | 117
30 |{ 122 | 43 80 16 | 43 30 || 124 | 103 || 80 13 | 102 [[ 30 || 44 | 116
31 18 | 62 81 || 150 | 42 31 [| 39 | 118 (| 81 || 140 | 92 31141 ] 79
32 [ 136 | 74 82 9 56 32 || 122 | 80 82 || 131 | 80 || 32][ 158 | 74
33 (| 123 | 96 83 6 [106 || 33| 180 | 74 83 [| 137 | 79 33 || 157 | 87
34 16 | 79 811 120 | 79 34 || 189 | 118 || 84 || 139 [ 90 |[ 34 || 147 | 116
35 || 157 | 74 85 || 168 | 87 || 35 || 165 | 92 & || 127 ] 78 35 || 27 | 87
36 || 115 | 42 86 [| 116 | 79 36| 16 | 92 86 || 125 | 90 36 || 189 | 92
37 25 | 68 87| 11| 79 37 || 141 | 62 87 || 114 | 56 37159 | 79
38 || 29 | 117 || 88 || 145 | T4 38 || 124 | 92 88 || 132 | 96 38 || 174 | 92
39 || 149 | 87 89 (| 124 [ 56 39 || 172 | 68 89 || 115 | 95 39 || 189 | 116
40 || 117 | 84 90 || 129 | 92 40 || 117 | 102 || 90 || 178 | 8 10 || 28 | 103
41 13 | 56 91 || 122 | 50 || 41 |[ 126 [ 87 91 45 | 96 41 || 163 | 92
42 || 125 | 78 92 || 132 | 77 || 42 |[ 165 | 68 92 ] 156 | 117 || 42 |] 26 | 110
A3 ) 131 | 116 || 93 |[ 149 | 116 || 43 || 144 | 106 |[ 93 || 23 | 96 43 || 46 | 116
44 || 137 | 92 94 (| 122 | 117 || 44 || 132 | 79 94 || 129 | 117 || 44 || 153 | 68
45 || 123 | 116 ([ 95 || 153 | 8 45 || 169 | 117 || 95 || 134 [ 118 || 45 || 129 | 50
16 5 841 86 [| 21 42 || 46 || 125 | 77 96 || 135 | 42 46 || 129 | 68
A7 || 148 | 8 97 || 142 | 77 47 || 157 | 79 97 || 134 | 77 47 || 143 | 42
48 | 123 | 106 || 98 15 | 77 || 48 || 156 | 106 || 98 || 156 | 71 48 || 113 | 36
49 || 123 | 77 99 [| 148 | 116 || 49 |] 45 | 118 || 99 || 1564 | T4 49 19 | 102
50 6 110 0 22 | 96 50 || 21 [116 || O 137 | 117 || 50 || 143 | 84




GRAPHS WITH SMALLEST EIGENVALUE GREATER THAN -2

TABLE 6. Switching classes Sg; (751 < 7 < 1000)

751 < i< 800 801 < ¢ € 850 851 < i €900 901 < i £ 950 951 < i £ 1000
[NEGN | NN N | O NN ) A NN I | O | N0 | O
51 || 131 | 117 1 185 | 79 51 || 156 | 62 1 33 | 42 51 || 123 | 110
5- 154 | 62 2 131 | 78 52 || 147 7 2 189 | 106 || 52 [{ 185 | 77
53 || 187 | 8 3 || 203 [ 92 53 |[ 183 | 103 3 175 | 92 53 || 40 | 42
54 || 138 | 74 4 151 | 68 54 || 162 | 108 4 || 209 | 92 51 || 174 | 87
55 || 166 | 47 5 119 [ 105 [[ 65 || 156 | 79 5 64 | 42 55 || 165 | 96
56 || 169 | 74 6 162 | 77 56 || 143 | 102 || 6 || 212 | 78 56 || 166 | 36
57 || 122 | 103 7 188 [ 118 [ 57 || 44 | 42 7 166 | 68 57 || 130 | 105
58 7 47 8 194 | 77 58 | 134 | 95 8 36 | 103 || 58 || 1562 | 84
59 || 161 | 74 9 163 | 116 || 59 || 122 | 78 9 169 | 95 59 || 145 | 36
60 || 124 | 47 10 ][ 202 | 103 || 60 || 209 | 74 10 || 212 | 42 60 [| 177 | 90
61 [| 136 | 43 11 || 207 | 118 || 61 || 124 | 43 11 [| 135 | 50 ([ 61 || 152 [ 50
62 || 187 | 47 12 || 123 | 56 || 62 || 116 [ 68 12 || 183 | 68 62 || 52 | 103
63 || 41 | 42 13 ||2060] 8 63 [| 161 | 68 13 ] 222 | 118 || 63 || 153 | 42
64 25 [ 110 (14 || 197 [ 118 [[ 64 |[ 124 [ 79 14 || 178 [ 90 || 64 || 156 | 84
65 || 45 | 90 15 || 167 | 90 || 65 || 172 [ 62 15 ] 199 | 68 65 || 21 [ 43
66 || 186 | 118 [| 16 || 188 | 62 66 || 177 | 74 16 || 62 | 96 || 66 || 179 | 106
7 || 155 | 68 17 || 180 | 47 || 67 || 172 | 74 17 || 216 | 103 || 67 || 31 | 80
68 [| 135 [ 68 18 || 196 | 118 || 68 || 165 | 84 18 || 62 | 103 || 68 |]] 50 | 103
69 [| 147 | 50 19 17 [ 103 [[ 69 ]| 186 | 79 19 || 191 | 50 || 69 || 161 | 108
70 || 61 | 36 20 || 156 | 42 70 || 177 | G2 20 || 203 | 118 || 7O || 155 | 77
71 || 150 | 30 21 || 158 | 68 71 ]] 136 { 90 21 )] 209 | 84 71| 174 | 102
72 || 41 | 36 22 [ 179 | 84 72 || 189 | 92 22 || 194 | 62 72 || 164 | 108
7311 209] 8 23 || 161 | 79 73 || 1538 | 95 23 || 211 | 90 73 [ 2060 | 95
74 || 46 | 95 24 || 193 | 106 || 74 |] 34 | 36 24 || 163 | 84 7] 191 | 84
75 || 53 | 62 25 || 187 | 74 RIS 25 ) 218 | 3 75 || 160 | 42
76 || 131 | 62 26 || 127 | 42 76 || 144 | 108 |] 26 || 176 [ Y0 76 ]| 169 | 84
77 || 124 | 77 27 || 54 | 62 TT| 178 | 7 27 || 180 | 106 || 77 || 167 | 110
78 || 172 | 118 || 28 || 156 | 80 78 || 117 | 68 28 || 147 | 84 78 || 190 | 84
79 || 185 | 84 20 || 190 | 87 79[| 155 | 78 29 || 192 [ 105 || 79 || 173 | 108
80 |[ 173 | 68 30 [| 42 | S0 80 || 161 | 84 30 |) 174 | 47 80 || 44 | 110
81 ] 123 [ 78 31 || 146 | 84 81 || 160 | 68 31 || 157 | 95 81 40 | 50
82 || 110 [ 95 32 (| 150 79 82| 50 | 84 321223 (118 || 82 217 8
83 || 120 [ 95 33 || 147 | 56 83 || 141 | 108 |[ 33 || 156 | 79 83 || 201 | 116
84 [[210| 8 34 [ 139 | 36 84 || 130 [ 36 34 || 204 | 92 84 || 221 | 118
85 [ 161 | 62 35 || 143 | 95 85 || 167 | 84 35 || 188 | &4 85| 76 | 96
86 || 205 | 8 36 [ 159 | 43 86 || 122 [ 95 36 || 37 | 62 86 || 197 | 77
87 || 144 [ 78 37 || 60 | 62 87 || 43 | 56 37 (| 207 [ 79 87 || 148 | 108
88 || 161 | 77 38 || 163 | 47 88 || 189 [ 87 38 || 164 [ 43 88 || 157 | 62
89 || 23 | 62 39 || 139 | 105 || 89 || 150 | 77 39 | 1756 | 42 89 || 180 | 77
90 || 21 | 110 || 40 || 16¢ | 36 90 || 169 | 62 40 |] 196 | 96 90 || 189 | 96
91 || 156 | 95 41 || 143 1 103 || 91 || 183 | 102 || 41 [| 216 | 118 || 91 || 181 | 79
92 || 150 | 84 42 (| 183 | 116 || 92 |[ 183 | 110 ([ 42 || 169 | 103 || 92 || 186 | 102
93 || 183 | 92 43 )| 158 | 102 || 93 |[ 199 [ 90 43 || 187 | 106 || 93 || 158 | 47
94 |] 40 | 106 || 44 || 151 ) 102 || 94 || 151 | 110 [( 44 || 66 | 42 94 71 | 68
95 || 39 | 56 45 || 189 | 117 [| 95 |] 206 | 92 45 || 170 [ 117 ) 95 || 182 | 8T
96 || 193 [ 47 46 || 145 | 77 96 || 172 | 105 || 46 || 213 | 8 96 || 128 | 43
97 || 206 | 118 || 47 |[ 194 | 106 || 97 [[ 201 [ 62 A7 || 147 | 117 || 97 || 159 | 50
98 || 178 | 68 48 || 208 | 74 98 || 164 | 106 || 48 || 191 | 43 98 || 159 | 8t
99 || 207 | 116 || 49 |[ 139 | 50 99 |{ 204 | 56 49 || 131 | 103 || 99 || 183 | 90
0 || 148 | 78 50 || 154 | 90 0 |j219] 8 50 || 60 [ 90 0 199 | 118
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24 G. GREAVES, J. KOOLEN, A. MUNEMASA, Y. SANO, AND T. TANIGUCHI

TABLE 7. Switching classes Sg 1000+: (1 < 7 < 242)

1<:<50 51 €ig 100 101 € i < 150 151 €i <200 201 € i € 242
(NE| I U | A | OO NN | N O | N O I
1 175 | 84 51 71 56 1 224 | 118 || 51 || 213 | 110 1 191 | 105
2 30 | 102 || 52 || 212 | 36 2 143 | 105 || 52 || 206 | 43 2 101 | 90
3 61 95 53 || 85 | 103 3 182 | 79 53 || 58 | 90 3 || 232 | 103
4 133 | 95 54 || 149 [ 105 || 4 || 227 | 116 [[ 54 || 153 | 110 1 || 221 [ 105
5 127 | 36 55 [| 205 | 79 5 |[ 226 | 74 55 || 218 | 87 5 || 226 | 95
6 ST | 77 || 56 || 209 | 90 6 || 224 | 80 56 ([ 185 | 103 6 || 221 | 95
7 167 | 956 57 || 199 | 79 7 196 | 68 57 || 225 | 92 7 || 218 | 108
8§ || 202 | 68 58 [| 208 | 77 8 180 | 43 58 || 94 | 62 8 || 200 | 50
9 || 211|118 || 59 [ 174 [ 110 || 9 90 | 90 59 (| 172 | 43 9 197 [ 105
10 || 31 56 60 || 175 [ 43 10 ]] 188 | 106 || 60 || 193 | 43 10 || 226 | 62
11 71 | 80 || 61 | 196 | 117 || 11 || 184 | 47 61 77 | 87 11 || 198 | 42
12 || 43 | 95 62 || 207 | 78 12 |] 206 | 102 || 62 || 184 | 84 12 ]| 96 | 108
13 || 197 [ 95 63 [| 209 [ 105 || 13 || 205 | 43 63 || 71 47 13 | 232 | 62
14 || 221 8 64 || 217 | 79 14 || 193 [ 110 || 64 [| 194 | 110 || 14 || 103 | 43
15 || 201 | 92 65 || 160 | 43 15 || 211 | 103 || 65 || 185 | 50 15 || 82 | 108
16 || 179 | 50 66 || 204 | 68 16 || 199 | 84 66 [| 89 | 90 16 || 219 | 110
17 || 148 | 105 || 67 || 187 [ 43 17 || 219 | 68 67 [| 197 | 108 || 17 || 229 [ 95
18 || 146 | 95 68 || 202 | 62 18 |[ 226 | 36 68 [| 97 | 68 18 || 212 | 106
19 ]| 65 | 96 69 || 215 | 118 || 19 |[ 205 | 84 69 || 69 [ 47 19 || 205 | 50
20 || 44 | 81 Tl 227 | 106 |[ 20 || 67 | 90 701 85 | 84 20 ]| 230 | 110
21 [[226] 8 71194 | 7 21 || 230 | 8 71 || 216 | 62 2] ] 232] 79
22 || 87 [ 103 [ 72 |[ 202 | 90 22 (| 178 [ 110 || 72 || 199 | 103 (| 22 || 105 | 47
23 || 84 | 77 T3 | 218 | 47 || 23 || 232 | 118 || 73 || 222 | 90 23 || 229 | 106
24 || 149 74 || 182 ] 106 || 24 || 229 [ 77 T 227 | 77 24 || 104 | 62

36
25 | 210 | 96 |[ 75 || 228 | N8 |[ 25| 66 | 92 |[ 75 || 103 | 42 |[ 25 || 225 ] 105
26 [ 161 | 36 [[ 76 || 175 | 36 |[ 26 [[173 [ 110 [[ 76 || 197 [ 47 [ 26 [[ 226 | 50
27 [ 78 | 62 |[ 77 || 87 [ n7 (27 [ 93 [ 42 [[77 |28 [ 36 |[27 ][ 211110
28 | 79 | 92 |[ 78 [[ 199 | 95 |[28 [|[210 [ 95 |[ 78 || 216 | 79 |[28 [ 227 42
29 [[182 | 36 |[79 ([ 178 [ 102 |[29 ][ 69 [ 30 [[79 ] 196 [ 105 [[29 ][ 218 T 110
30 |[201 | 77 |[80 |17 | 74 |[30] &4 [ 62 [[80[[ 100 | 74 [[30] 97 | 43
31 |[162 | 106 |[81 [ 51 [ 90 |[31][200] 90 |[81 [[233[ 8 |[31] 89 ] 43
32 [[ 153 [ 105 |[82 ][ 176 [ 103 |[ 32 [[ 199 | 36 |[ 82 |[ 208 ] 50 || 32 ][ 227 [ 108
222|105 [ 83 |[209 [ 103 [[33 [[211] 79 |[83][ 64 [ 36 |[33 ][ 2337108
159 | 95 |[84 [[217 [ 62 |[34 ][ 67 [ 74 |[84 ] 212105 |[31][ 231 ] 116
176 | 42 || 85 [[ 223 | 90 |[ 35 [ 225 [ 81 || 85 || 97 [108 |[ 35 [ 2327 84
206 | 42 |[86 [ 163 | 78 |[36 ][ 216 ] 90 |[86 [[ 205 110 |[ 36 |[ 226 | 13
155 | 103 || 87 || 52 | 36 |[37 | 77 [108 |[87 |[ 227 [ 103 ][ 37 ][220 | 43
217 ] 68 || 88 || 201 | 90 || 38 ({205 ] 77 |[ 88 || 216 | 105 |[ 38 | 110 | &2
207 [ 103 || 89 [[223 ] 47 [[39 ][ 186 | 84 |[89 ] 101 ] 42 |[ 39 ][ 107 | 108
40 [226 [ 92 |[ 9o [[221 [ 92 |[40 || 173 |43 || 90 [[ 223 [ 95 |[40 ][ 233 [ 106
41 J201 [ 47 |[91 [[ 194 [ 103 |[a1 ] 50 [ 90 |[ 91 ][ 217 | 105 || 41 || 169 | 108
42 [[210 | 84 || 92 [ 148 | 95 |[42 ][ 49 [ 36 || 92 || 226 | 90 |[ 42 ]| 233 | 105
43 [[212 [ 116 |[93 [ 198 | 74 |[43 [[213 ] 68 |[ 93 | 224 ] 36
M [223] 117 ]| 94 [[226 [ 117 |[44 [[200] 78 [[94 [ 219 ] 36
45 [[219 [ 92 |[95 [ 181 | 36 || 45 || 63 | 47 |[ 95 [[ 227 | 47
46 [[ 174 [ 108 |[96 [| 48 [ 90 |[46 [ 95 [ 62 |[ 96 ][ 225 ] 90
47 [ 169 | 79 [[97 [ 82 [ 110 |[ 47 [| 146 | 103 |[ 97 || 222 | 62
48 || 47 [ 103 |[98 [| 178 | 77 |[48 [[201 [ 103 |[ 98 [| 96 | 62
49 || 42 | 47 |[99 [ 147 [ 103 |[49 ][ 83 [ 108 |[ 99 [| 83 [ 110
50 {211 ] 105 [[ o f[ 50 | 50 || 50 [ 209 36 || 0 [ 221]102

B|¥|9| 8|8 28
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Complex Hadamard matrices and
3-class association schemes

Akihiro Munemasa

(joint work with Takuya Tkuta)
June 26, 2013

The 30th Algebraic Combinatorics Symposium
Shizuoka University

A (real) Hadamard matrix of order n is an n x n matrix H with entries
+1, satisfying HH' = nl. A complez Hadamard matrix of order n is an
n X n matrix H with entries in {{ € C | |[¢| = 1}, satisfying HH* = nl,
where * means the conjugate transpose.

We propose a strategy to construct infinite families of complex Hadamard
matrices using association schemes, and demonstrate a successful case. If we
consider circulant Hadamard matrices, then

Qg @1 - Qup_) 1
n-1
a1 @y ap ) 1
H = . . . = E a,~A', A =
- - i=0
ay ao 1

Instead of n? entries, there are only n entries to determine. This simplifies
the search.

Bjorck—Froberg [1] classified circulant Hadamard matrices of order n < 8,

Faugeére [4] classified circulant Hadamard matrices of order n = 9, 10.

On the other hand, it is conjectured that no circulant real Hadamard
matrix of order > 4 exists.
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Goethals—Seidel [5] symmetric regular (real) Hadamard matrix necessar-
ily comes from a strongly regular graph (SRG) on 4s? vertices

de la Harpe-Jones [6] SRG n: prime = 1 (mod 4) implies the existence
of a symmetric circulant complex Hadamard matrix

Munemasa—Watatani [7] doubly regular tournament (DRT) n: prime =3
{(mod 4) implies the existence of a non-symmetric circulant complex
Hadamard matrix

The last two results are of the following form:
H = ogAg+ onA) + Ay, Ag=1
Al = Ay, A, = Ay (G-J.,delaH-J)
Al = Ay, (M-W.)

Unifying principle is: association schemes (strongly regular graphs is a special
case).

Godsil-Chan (2010), and Chan (2011) classified complex Hadamard ma-
trices of the form:

H = ool + 01 A} + agA;  (we may assume ap = 1)
where |a;| = |az| =1, and
A, = adjacency matrix of a SRG T,
A, = adjacency matrix of T.
also found a complex Hadamard matrix of the form
H=1+aA) +aAy + a3A3

of order 15 from the line graph L(Oj3) of the Petersen graph O;.
The Bose-Mesner algebra of a symmetric association scheme of class d

(Ao, Ay,y... Ag) = (EoyEl,n-,Eﬁ)

is a commutative semisimple algebra with primitive idempotents Ey, E,,.. ., Eq4.

d d
Y Ai=J, > Ei=1I Ay=1I nE=J
i=0

i=0

2



AJ' o Ak = 6jkAj, EjEk = 6jkEj

d
AJ‘ = Zping, A;r = A;, Pii € R.
i=0
d
When is H = Za,-Ai with |o;| = 1 a complex Hadamard matrix?
i=0

d d

d d
HH'=nl < () oY puB)(D ;Y piiEx) =nl
i=0 j= k=
p JdO dO
= (Z a; pkiEk)(Za_ijkjEk) =nl

oG pripki B = nl

M= I~ I
M~ i~ £~ L

d
o oGpripki By = n Z E;

a;oGpripr; =n (Vk)
d d
= Z Z a—;pk,pLJ =n (Vk)

= Z ( + )m.pm—n ZPL; (Vk)

i=0

Consider a system of linear equations

Z Q;PkiPk; = N — ZT’L; VI‘ (1)

0<i<j<d
in
a"’:a,J’a, 0<i<j<d). (2)

Step 1 Solve the system of linear equations (1) in {a;;}

3
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Step 2 Find {a;} from {a;;} by (2).

Problem is: given {a;;}, when do there exist {a;} satisfying (2)? This
can be formulated in terms of a rational mapping defined as follows:

f . (Sl)d+l - Rd(d+l)/2,
{ai}io = {8+ Plosicicd-

where S' = {¢ € C | |¢| = 1}. If we can describe the image of f, then
the problem will be solved. Instead of considering f : (S!)**' — Rdl@+1)/2,

consider
fi (Cx)d+l Y Cd(d+l)/2,

{ai}ly + {&+ ogici<d-

For example, for d = 2:

fi(C*)P® = ¢
(z.9,2) = G+L3+5E+7)

This is not surjective. Indeed, let
g X,Y.Z)=X*+Y%24+ 2 - XYZ - 4.

Then T
+= 24 -}=0
xTz y
Actually, one can prove that the image of f coincides with the zeros of g.

Next consider the case d = 3.

fi(C) = €

(%0, 21,72, 73) = (F + Fosicizs

T Yy =T
_+_,_.
g(y s

Then T r; & T £ Z

— i j i kL k
Gige=9(—+="—+—,—+—)=0

Z; r; T Ty Ty I

One might expect that the image of f coincides with the zeros of {g; s}
This is not true. We need to define another polynomial

h = (X2 — 4)X12 — Xoa(Xo1 Xoz + Xo2X)13)
+ 2(Xo1 Xo2 + X13Xa3),



where

Z; ZT;
Xij= “ 42

x; T;

(and similar polynomials obtained by permuting indices). Then the image of
f coincides with the zeros of g, h. The same is true for Vm > 4.

Theorem 1. Let

f . (Cx)d+l - Cd(d+l)/2‘
(a0, a1,...,00) = (& + Logicjcd

The image of f coincides with the set of zeros of the ideal I in the polynomial
ring C[X;; : 0 < i < j < d|] generated by

Q(Xij, Xiks Xjk)y

M Xz, Xiks Xits Xje, Xjt, Xut),

where ¢, j, k,l are distinct, X;; = Xji, and

9g=X2+Y*4+ 22 - XYZ -4,
h=(Z22-4)U - Z(XW +YV) + 2(XY + VW).

Given a zero (a;;) of the ideal I, we know that there exists (a;) € (C*)?*!
such that
a;=34+8 (0<i<j<d). (3)
R TR = =

The next question is: how do we find (o), and when does (o;) € (S')4*!
hold?
Observe, for a € C*,

1
|a|=l — —2SQ+ES2.

So we need —2 < a;; < 2. Moreover, if a;; € {£2} for all ¢, §, then o; = +q;
so the resulting matrix is a scalar multiple of a real Hadamard matrix (cf.
Goethals-Seidel (1970)).

Theorem 2. Let

f . ((Cx)d+l - Cd(d+l)/2’
(ap,0,...,0q) (%: + Z—i)og«jgd

i

5
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Suppose (a;;) belongs to the image of f, a;; € R, and there exist 0 < ip <
i) £ d such that -2 < a;,;, < 2. Let oy, a;, be complex numbers satisfying

-1
o, Oy, @ Q;
Qg = —2+ =%+ (—)
(o ) (87 oy Q;,
Define o; (0 <i<mn, i#ip,1) by

_ aio(aio.ilail - 2&,'0)
t - .

@i i%) — Bigi iy

Then |o;| = |aj| and (3) holds. Conversely, every (a;) satisfying (3) is
obtained in this way.

Using Theorem 2, the strategy of finding a complex Hadamard matrix in
a Bose-Mesner algebra is as follows:

Step 1 Solve the system of equations

Q(Xij, Xik, Xjk) =0,
M Xij, Xy Xty Xig, Xjt, Xua) = 0,

d
Z XijPriPrj =1 — ZPZ:‘

0<i<j<d i=0

Step 2 List all solutions a;; with —2 < a;; < 2.

Step 3 Find (o;) by
_ Qg (g, 0y — 204,)

i
a;,,iQG, — i, 0,

where a;,;, # £2,
%, 0 _

aiovil *
;, a,-o

In many known examples of association schemes with d = 3, Step 2 failed.

Theorem 3 (Chan [2]). There are only finitely many antipodal distance-
regular graphs of diameter 3 whose Bose-Mesner algebra contains a complex
Hadamard matriz.



But Chan did find an example, L(O;): the line graph of the Petersen
graph. This graph belongs to an infinite family described below.

e q: a power of 2, g > 4,
o Q2 =PG(2,q): the projective plane over F,
e Q = {[ag,a;,as] € N| a2 + a,a; = 0}: quadric,
o X = {[ag, a1,a2] € 2\ Q | [a0,a1,02] # [1,0,0]},
e | X|=¢-1.
For z,y € X, denote by z + y the line through z,y. Define

(1 ifi= 0,z=y,
1 ifi=1(z+y)NQ| =2,
(A)zy =<1 fi=2[(z+y)NQ|=0,
1 ifi=3, |(z+y)NQ| =1,
(0 otherwise.
Then the matrices Ay, ..., A3 generate a Bose-Mesner algebra of a commu-

tative association scheme, and there exists a complex Hadamard matrix in
this Bose-Mesner algebra.

Theorem 4. The matriz H = I +a, A, +0As+ 03 A3 is a compler Hadamard
matriz if and only if

(i) H belongs to the subalgebra forming the Bose-Mesner algebra of a
strongly regular graph (precise description omitted, already done by
Chan-Godsil [3]),

(i)

al+_=__) Qg = —, 0‘3-:1,

(iii)
o+ lole-N@-2-(@+2r
Qi q

wherer = /(g — 1)(17¢ — 1).
The case (ii) with ¢ = 4 was found by Chan [2].

7

131



132

References

[1] G. Bjorck and R. Froberg, A faster way to count the solutions of in-
homogeneous systems of algebraic equations, with applications to cyclic
n-roots, J. Symb. Comp., 12 (1991), 329-336.

2] A. Chan, Complex Hadamard matrices and strongly regular graphs,
g gu
preprint arXiv:1102.5601v1.

[3] A.Chan and C.D. Godsil, Type-II matrices and combinatorial structures,
Combinatorica 30 (1) (2010), 1-24.

[4] J.-C. Faugere, Finding all the solutions of Cyclic 9 using Grobner basis
techniques, Computer Mathematics (Matsuyama, 2001), Lecture Notes
Ser. Comput., 9, World Sci. Publ., 2001, pp.1-12.

[5] J.-M. Goethals and J.J. Seidel, Strongly regular graphs derived from com-
binatorial designs, Canad. J. Math. 22 (1970) 597-614.

[6] P. de la Harpe and V. Jones, Paires de sous-algebres semi-simples et
graphes fortement réguliers, C. R. Acad. Sci. Paris Sér. I Math. 311
(1990), no. 3, 147-150.

[7] A. Munemasa and Y. Watatani, Paires orthogonales de sous-algebres in-
volutives, C. R. Acad. Sci. Paris Sér. I Math. 314 (1992), no. 5, 329-331.



EQUIANGULAR LINES AND SEIDEL MATRICES WITH
THREE EIGENVALUES I

FERENC SZOLLOSI

ABSTRACT. We discuss soine preliminary results on equiangular lines in RY whose Seidel
matrix has three different eigenvalues.

2010 Mathematics Subject Classification. Primary 05B20, secondary 05B40.
Keywords and phrases. Equianguler lines, Seidel matriz, Switching, Two-graph

1. INTRODUCTION AND MAIN RESULTS

This paper is based on a talk given at Shiznoka university, and describes some preliminary
results from a forthcoming paper jointly with Gary Greaves and Akihiro Munemasa [1].

A sct of n > 1 lines, represented by the unit vectors v,,. .., v, € R?, is called equiangular
if there exists a constant o > 0 for which | (vi,v;)| = fa holds for every 1 < i < j < n.
Such lines arise in many applications [2]. The main question we are concerned with is the
determination of the maximal number of equiangular lines in a given dimension d. For
the state of the art of this question see [3]. The Gram matrix of the cquiangular line
system [G], = (vi,v;), 1 £ i.j € n, is of fundamental interest, since it contains all the
relevant information and thus study of equiangular lines via matrix theoretical and linear
algebraic tools is possible. It is, however, more convenient to consider the Seidel matriz
S := (G — I)/a instead, which is a symmetric matrix with zero diagonal and %1 entries
otherwise. The algebraic multiplicity of the smallest eigenvalue Ag of S describes the smallest
possible dimension d where the line system fits in with common angle a = —1/Aj. Seidel
matrices are the central objects of this work. We remark here that there is an ambient graph
I'(S) associated with cach Seidel matrix, whose adjacency matrix A can be aobtained from
the formula A :=(J - S -1)/2.

One of the fundamental results in the area is the following conditional upper bound.

Proposition 1.1 (The relative bound, [4]). Assume that there exist n equiangular lines in
R¢ with common angle « < 1/v/d+2. Then
d(1 — a?)
1-da?’
and equality holds if and only if the corresponding Seidel matriz hes two dislinct eigenvalues.

n<

There are a munber of interesting strongly regular graphs corresponding to the equality
case above, e.g. the Petersen graph on 10 vertices in R®. However, when the bound is
not an integer number, it is unclear what is the “best” combinatorial object providing the
largest nummber of equiangular lines. Therefore we seek for a relaxed coneept, and begin to
investigate Seidel matrices with three different cigenvalues. This concept is non vacuous.

Date: October 8, 2013.
Contribution to the 30th Algebraic Combinatorics Symposium, Shizuoka University.
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Lemma 1.2. There exists mn equiangular lines in R™"~"™+! with common angle a = 1/(2n—
1) for cvery m,n > 2. Moreover we can assume that the corresponding Seidel matriz has
spectrum {[1 = 2a]™71, (1Y, [n(m - 2) + 1]'}.

Proof. It is easy to see, by using properties of the Kronecker product, that the mn x mn

matrix S := J, ® (Ji — 21,,) + Iuy has the desired spectrum. Under the asswuinptions on m
and n its smallest eigenvalue is 1 — 2n, hence the result follows. a

The Paley matrices of prime orders p = 1 (inod 4) form another series of examples with
spectrum {[— /7] r=b/z [0, [v7] b1/ ?}. We have the following result characterizing Sei-
del matrices with three distinct eigenvalues.

Theorem 1.3. Letd > 1 and let S be a Seidel matriz of order n > 2 with smallest eigenvalue
Ao with multiplicity n —d > 1. Assume that it has another eigenvalue p with multiplicity
1<m<d. Then

(1)

Equality holds if and only if S has et most three distinct eigenvalues.

o+

Mo(n — d) <\/n(d(n—1)—/\5(n—d)) d-m
d ‘- d Vm

The proof is standard, and follows the spectral analysis of [4].

Proof. First note that the right hand side is well-defined by [4, Lemma 6.1]. Let us denote
the remaining cigenvalues of S by Ay, A, . . ., Ay—um;, respectively. Then, by using that TtS =0
and TrS? = n(n — 1) we find, after an application of the Cauchy-Schwartz inequality, that

d=-m

d—m 2
(v = d)dg + mp)? = (Z A,-) <@d=m) Y. ¥ = (d=m) (n(n = 1) ~ (n — )3} - my?).
i=] =1

The result follows after some algebraic manipulations. a

Theoremn 1.3 can be used to tabulate feasible parameter sets of Seidel natrices with 3
different cigenvalues. Some of these are highlighted in Appendix A. The main result is the
following connection between Seidel matrices with two and three eigenvalues.

Theorem 1.4. Let S be a Seidel matriz of order n > 2 with two eigenvalues {[M]"™", [M]"}
with Ay < min{d — 1,n — d — 1} and assume that it admits the block partition

*

_ | I =y
S = s |-
Then the spectrum of §' is {[Mo]" ™, M7, (Mo + M + 1M}
Proof. See [1]. (W

We have the following interesting consequence.

Remark 1.5. One can see the following by the repeated application of Theoretn 1.4. Assume
that there exists a Seidel matrix of order 96 with spectrum {[—5]",[19]*°} containing a
Joy — Ipp principal minor. Then, there exists a Seidel matrix of order 76 with spectrum
{[-51’",[15]""}. If, in addition, this latter contains a Jig — Iy principal minor, then there
further exists a Seidel matrix of order 60 with spectrum {[-5]*%,[11]'*, [15]%}.
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The examples, described in Remark 1.5 would correspond to 96,76 and 60 cquiangular
lines in R?, R and in R'®, respectively improving upon earlier coustructions. We suspect
that most of the indicated cases, as well as those in Appendix A are in fact nonexistent, but
hopefully the others will lead to some new and exciting examples of equiangular lines.
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APPENDIX A. A SUPPLEMENTARY TABLE

Here we display a list of feasible spectrum of Seidel matrices whose existence might reach,
or improve upon the maximum number of equiangular lines in dimensions 14, 16-20.

n d A u v  Exist? Remark

28 14 [-5" [3° 7" Y [7]
30 14 -5 [ [7°  ?

40 16 [-5 [5° [9)° ?

40 16 [-5* [7° [8)' Y [5]
42 16 [-5]2‘: [7]; [9]9(’ ?

48 17 [-5]° [ (1] Y [3]
49 17 -5 [9]" [e)' 7

48 18 [-5]* [3° m)* 7

48 18 [-5° [71° 19 7

54 18 [-5]° [ [ 7

60 18 [-5] [11]" [15° 7  Remark L5
72 19 [-5 [13]" (9 Y [6]
75 19 [-5]° [10' [15]" 7

90 20 [-5]° [3° [9)* 7

95 20 [-5" [14' [19]® 7

TABLE 1. Feasible parameter sets of Scidel matrices with 3 distinct cigenvalues.

F. Sz.: RESEARCH CENTER FOR PURE AND APPLIED MATHEMATICS, GRADUATE SCHOOL OF INFORMA-
TION SCIENCES, TOHOKU UNIVERSITY, SENDA! 980-8579, JAPAN
E-mail address: szoferi®gmail.com
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Hoffman graphs and edge-signed graphs

B0 HE (I TRaSurMeg)

1 ZLCsIC

S4 Y T57DENEABEDN 2L ETHBTLRBASNATNS, TR
&0, BVNEBRHEICX 375 70REMERNA S LS ENaREED
BDEH, (BLHBNTWVWAB) 54275 T OMRETIER/MEBED —2 &
HENENTSTEMET 2HETE A, FT T R. Woo & A. Neumaier
6]k, 757D 8] % TR) THERZZ LW BEMLERTHES5 1
757 OWMREZEEIC—RILL. B/DEFEDS -2 HEhENWTST70
BREZERL L, [6) Tk, BUNEAFE -1 - V2 DTS TRSRE
NTH3, FhiclE ORED) x7 7577 LPHENZRBIE TS 78D
MOBPXHANLNTED, ZFTICKRTIIV IS 70t IV — &R
tDOMbhEELS, CNCERNERBEICX ST 57 ORRBRKEZRAT
Z2ETHY. BREERDZIBICEL S LEL DRIV TSI TEZHZLE
hNHas.

BAERFL LTWADIE. BvNMEBEEN 3 EDTS 7098 TH%5, L
MLEMNE, COBLETSIT7RHEVICLEBEL LD, RARCENDEND T
$B, TLTC. ETRFORERTI VIS TONERTIRICT S, TC
T ARV VIS TEBATRECED, KTV TS57058% K bifi
BRLDICTIYUNTES, ARV Y NVT ST LB T 57 (edge-signed
graph) WWIXFERZBGENH S, SRE. BDABEHED -2 XD XEVTFE S
SIOBEELER, XTIV T57 LOMBRETRT,

CEDT LICDWT. TSB!, J. Koolen &2, {EHFRARFS, G. Greaves
KIS EHATHED TS,

2 ST 57 (edge-signed graph)

B 2.1. V57 S LE{fsgn : E(S) = {+,-} DT (S,sgn) AT
B 57 (edge-signed graph) L & &, AFET 57 S = (S,sgn) IR L.
V(S) 1= V(S), E*(S) = sgn'(+), E-(S) := sgn='(=) £F B E*(S)
(E-(S)) DEFE S D (+)-edge ((—)-edge) EMER, Tz, BHFBTS7 S
% (V(S), E+(S), E-(S)) TEF.

VRS R A G tHBRARITER
2R A /AT AR
IRPRE VAT LR
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NEFETS57 8 = (8, sgn’) IKBWT, 57 & WS OFERRITS57
T. 8§ DALFED e Tsgnle) = sgn'(e) XD DAL, &' % S = (§,sgn)
DOFEEAFFBER T 7 7 (induced edge-signed subgraph) EPER,

2HS ¢ : V(S) - V(S) BMFEIEL T

(i) {u,v} € E*(S) <= {4(u),¢(v)} € E*(S')
(i) {u,v} € E7(S) <= {¢(u),d(v)} € E7(5")

DREHMRIUT B35S, ZDODAFBEIS57 8. & BHAYTHE LD,
TZ7 (V(S), EX(S)LE~(S)) Milliks GElIKY) THHL&AFEI 7
S 35 GRdR) THaed,

R 2.2 AFE T 57 S, TOBEITH A(S) ZRXTERT S -
1 if {u,v} € E*(S),
(A(S))uv = § -1 if {u,v} € E~(S),
0  otherwise.
B

Amax(A(S)) = Ai(A(S)) 2 A2(A(5)) 2 -+ 2 An(A(S)) = Auin(A(S))

Z Amax(S) Ai(S)s Amin(S) THT, HL n=|V(S)| £ T B,

EREvDAAyF T, v LEBEHETIIXTOUDOTFEZANBEZ S
BETH 3, $3 G OEAMA V(G) DEREW HDMFELT. W DB
RCAAF TR LETSZING LRBUC B0, ZDDA/FET 57
GG WALy FUTRITHD LD, AL vF Tl 7S 70T
B CABHZFD,

BTOADFSH + DFE T, BEFB TS 72MMOTS5T7 LRI T,
WOTST7D5H, E-BICOWTOREITHIETIE. UTOHKEMNLLMSN
T3 :

EE 2.3 ([1, 2]). Let G be a connected exceptional graph having smallest
eigenvalue greater than —2. Then G is one of

(i) 20 graphs on 6 vertices;
(i) 110 graphs on 7 vertices;
(iti) 443 graphs on 8 vertices.
M 23 ZAFE T I 7IHETHELUTORIICES

EB 2.4 ([3]). Let G be a connecled ezceptional edge-signed graph having
smallest eigenvalue grealer than —2. Then G is one of

(i) 32 edge-signed graphs on 6 vertices;
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(ii) 233 edge-signed graphs on 7 vertices;
(iii) 1242 edge-signed graphs on 8 vertices.
E-BThweE, UTOwMEHS

BEE 2.5 ([3]). Let G be a connected integrally represented edge-signed graph
having smallest eigenvalue greater than —2. Let H be the representation
greph of G for some integral representation. Then one of the following
statements holds:

(i) H is a simple tree or H is unicyclic with an odd cycle, and G is
switching equivalent to the line graph £(H),

(it) H is unicyclic with an even cycle C, and G is swilching equivalent to
the edge-signed graph (V, E*,E~), where V = V(£(H)),

E~ ={uv e E(£(H)) | v € Cg(uu')}
where uu’ is an edge of £(C), and E* = E(L(H))\E".

(iit) H is a tree with a double edge, and G is switching equivalent to the
edge-signed graph obtained from the line graph £(H), by atiaching a
new verter u', and join ¥’ by (+)-edges to every vertex of a clique in
the neighbourhood of u, (—)-edges to every vertex of the other clique
in the neighbourhood of u, where u is a fired vertex of £(H).

Conversely, if G is an edge-signed graph described by (i), (ii), or (iii) above,
then G is integrally represented and has smallest eigenvalue greater than
—2.

% integrally represented & {3, S BIL— FRTRESTVELEDI L,
CNERSEDIHERTH S,

3 KRIIV%>7 (Hoffman graph)
TER 3.1. &M (). (i) BT TS T H=(VE)LIRV YT p:V
{f,s} EDRT § = (H,p) BRI VTSI 7LV

(i) TN f OBTORRE, Pal bb—DIR s DM LBET 3;
(ii) INUH [ OFRIEEWCIERETH 5,

T s DIEMEE slim AR LMY, FNEM6IES H DERUAE V4(H)
T&KY, £z, N f OFRE fat THREWT, FNOH LS H DT
WEEVI(H) THT, £/, ¥Dslim FRL. H3 fat FUIELBBETZ L
AR fat- RIS T LS, HIZ, kT2 T 57 DR4iENT
5EZx%[0):



EE 3.2. ARRODRIERTI=TS57 6 OBETIE T 5:

4, C
a=(2

BL. A, & slim [HROBEEMFZEZZ L. C 13 slim [AR L fat FUSOBZM
fRz&d, TTT. ENFMTY B(H) = A, — CCT DEETHE o OREEHEL
WEZ,

EE 3.3 (Hoffman [4]). H ATV FS5T7L 93, Wit %, & fatTH
= f % slim n-clique K(f) THEZBX., fOBTOBERL K(f)DETO

EREEWNCUTHECL LT hoBONE 57T 3, CnkE, LT
ZRAEKD 31 D:

/\min(rn) 2 /\min(f]) (1)
lim ’\miu(ru) = /\min(f]) (2)

n—o0

R, D e> 0L, T EZFEPH TS 7L LTEURTO stim &7
IT7AN
/\min(A) < /\min(ﬁ) + €.

ZRleT LS. BB 2N S,

EMIINS, RTIT 5T T 7 DE/PEFER BT 5 EREMAE
THY. Woo K, Neumaier K [6] DI EF<BHALILEA KD,

3.1 KIRVISTDRR

75 7DRMNAEMEE LSRRI, K<mbhifE O—FBFES L
THRALZEMT 551, Woo K, Neumaier K [6] xR 745 T7DER
BHALE, ThIZPLEEMA, UTOHFLNEREZEAT S,

T 34 FT7VTS57 5 LEDBE nlcHL. UTZEZTER ¢ :
Vi(H) - R* &/ VL m OHEFIER LOLE:

m— |N,:;(a:)| if £ =y;
(=), ¥(¥) = { 1= [N{(z,9)| if {z,y} € E(%);
~|Nj(z,y)] ZoOfb.

BL. Nj(z) 3 = LBHET 5 fat FUROMEEEL, N)(z,y) & 2,y OFA
ICBHET 3 fat TIROMAERET, B, {¥(2) |2 € V,(9)} TERENS
%?% Arcd (5. m) —E.il‘?i‘g-o

N TR/DEBRMAD -2 2 TE- IS, V— FMEFOBRERNSH
N i o R vl x £ i
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3.2 KIRVIST70OH

B’ 3.5. H2KRTIIVTITEL, 8 H%(# 0) & H D _DDFEMHy
H57Ld5, UFORMGEHI-TLE, Hiin' Lo ONTHB LI,
H=H'wH? THETXT:

(i) V() =V(H") LV (H%);

(i) V*(9) = V*(H) L V*(H?),
VAR NV(H?) = b;

(iii) = € V*('), y € V/(9), {z,y) € E(H) = y € V/(H');

(iv) z € V*(®'"), y € V¥(H*) = [Nz, )| < 1A (IN,{(I,y)I =1
{z.y} € E(%)).

HPRTTTIT 9, HH#0) TH=H'wH? ERINBEH, H RO
AETHH LD, MR RT T TS TRBLEMRAIGETH 5,

Chdb, RIS VISTOBIEOBEINE LS, ThE CICEHERR
D1 DEHNT B,

X 3.6 ([5]). HZOMHKE fat- KTV T T TT, Vo = V(%) b
BEMDS -3 LT3, TOLE BTO slim HAUIH L3 HD fat LB
B33, B, LTOFEENHKITS:

(i) Iz e V* (INj(2)| = 3) = H = 5

(i) Vz € V* (INf(@)] < 20A3z € V* (INj(z) =2) = In >0
(A (%,3) >~ Z")

(i) Yz € V* (INj(2)] = 1) = A™(%,3): BRI — MET.

BL. 59 1% stim JAAD 1 DT, 32D fat TAEZ ZORBEAIE DRI <
YIS TTHB,

3.3 RIIXVISTDARY v IVGTST

E#R 3.7. RITVYIST HDARYY VT ST Lid, UTFRETUA0E
T257 8(9) = (V(S(H)), EY(S(H)), E~(S5(H))) DT LTHB :

V(8(9)) == V*(9),

E*(S(9)) := {{m, v} | u,v € V*(H),u # v, {u,v} € E(H), Nf(u) N N}(v) = 0},

E=(S(9)) = {{n, v} | w,v € V¥(H),u # v, {u,v} ¢ E($), Nf(u) N Nj(v) # 8}
#8 3.8 ([5, Lemma 3.4)). :T7 VT 57 § FETEROINE, ZDX
RPNV TS5T S(5H) Wil TH B ADBEIDOTHESTH B,

A 3.9. MA/ETS57 SOFHARSWI T 7745, Muin(S') >
'\min(s) ?ﬁéo
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88 3.10. fat R T5T7 o H -3 X REVR/DEBERHIZLDEXS,
Amin(‘g(":-’)) 2 /\min(f)) + 1 i)‘ﬁibﬁoo

LUFE, BUEHED -3 KO KEVROD, RT3 THS !

B 3.11. fat KTV TST HIZBWT, ED slim [HHETHE 1 DD fat
FREBETZEDLTE, COLE, HORPMIFHHD -3 LD KEWE
3. S(H) H Theorem 2.5 Xl Theorem 2.4 DWDAFE TS5 T7D—DL R
A9 F IR THBADLEIDOTIRETH B,

4 mElc

RE. E£MH 3.6 DFRTIC. WPBEHED -3 Kb KEXSS5TOREIT
BEESZBWERT-TED, (i) KOV TERER TS GRIBIRD. (iii)
EDOWVWTIE., REGHREIBTOAEWHETETH S, BDEEWEN -3i1cF
LUVBE, ZORMTI3BLVWEEISNRTVAY, k77 /S5STEMN
FOECAFE TS5 707586, AhRs5EWMR#ERTH S,

BE R
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A cross-intersection theorem for vector spaces based on
semidefinite programming

M H Hrh K%
SRBIT K BB R BobAS REBRBRTTIEH
BEPr - EMBPHR L 5 —

suda@anccc.aichi-ed.ac.jp
htanakatm.tohoku.ac.jp

VEHBEF, LOn X< 7 FABRNE T2, 20 Q 2 20F2EMEEOREE L, B L XKAH
FEMEOREE Q. TRT (k=0,...,0) Z2DFFEMNEF C O, ¥ C Q H cross-intersecting
THEER, ERDze F ye G I20TzNy£0BRD LI L LT3, XBOTHRUIIROTEHT
53%:

Theorem 1. Let F C . and 4 C S be a pair of cross-intersecting families. Suppose that n 2 2k and

n 2 2¢. Then!
n-1]n-1
Fll¢| < )
s

and equality holds if and only if cither (i) there is z € Q) such that F = {z € O : z C z} and
G={zeW:2Cx}, or (ii)n=2k=2f and there is 2 € Qs such that F =F ={z € Q. : 2 C z}.

SR, n MIBGD DB RA BT 3 Pyber [10] 22U Matsumoto-Tokushige [8] DFER D g-
HOTH 32, o DIENIIE Kruskal-Katona D5ERR (cf. [4]) 2365 Tw b, —#, Kruskal-Katona O
RO - HiPlz 2Tk, BN TR EZBHOIEOLOL OB SHTE ST (cf. [1]). Theorem 1 %W
T3 Ciiiv (b)), Theorem 1 3 Erdds-Ko-Rado DEM [3]) @ ¢-FiBlOHMTLH 3,
Erdés-Ko-Rado 8% 2 0 ¢-Hil, Delsarte [2] DEEHERRLZIGHT 22 LIt > THH THE
BIETIEW S N (cf. (16, 13, 14]). MUBIHERYIL. 75 7 O Shannon ARUZBT 3 Lovdsz ? 9-BRHA &
ERCIIRL TV B A8, 2 ZICBIN BRI TS, association scheme D IENEE 7 M ICIEHIT 2
T L&k THBHLIEI RN I N EDTH D (of. [11)). RAIZI-BAOSHZHD 2875 7/ £ 8
AT 32 L&k 2T Theorem | ZHEWT 5,

FTRGOMMET ), (FEALQ CHEFFT oM KTALEOREGE RPN LT3, Z20F7
Y, Ze RV ICHL, 2ONM%E Y 0 Z = trace(YTZ) TRT. 7. RV othoRFiTTI2koRE
EFSRVO EMLIEICTE, Bk E=0,...,nicHL, {75 Wi, Wi e RO 2R TERTS :

1 f GQ-, GQ, n eQmin ¢, 8}
(Wk.f),.y—{ pES T yE e 2T o

otherwise,

_ 1 ifref, Q zNy €D,
(WL—.{):.y={ et yeils zNy ey

otherwise.

[R o [';]q RARD ¢ “HARHE LT 2] = 1500 = D/ - 1))
2Theoreny 1 9 & = { DWERRE Tokushige (15) 12X Y EF N7,



S I Wi = W, Wie = W, KIEBT 5. E7. I = Wiy I8 R C R ~OIfXHETH Y
& (KHENNC) g-Kneser 7T 7 g, DEETHICH S, MBI, J e RV ZEIVRTLOFHIEL

BhkE=0,....n KRLT s :=LJI ET 3.
BUFke=1,...,[2) 2EEL. k> € EEET D3, BTLOBIEMK F C U, & C O ¥ cross-
intersecting THDE L. v eREEENFN F GO/ IRV ETE, CDLE,

, . T
@ v 14 v (%0
X = (—+—)(—+—) € SR
* = \lell ™ el /\Tiell ™ 1wl

RKDEIEE BRSO, AW | F|3 |9 ORTAIMBALELGR D 2 EMALIRr DN ¢

(P): maximize 5 (J“ +Jex)o X

e X=lLeX =1,

(‘_V et + W, ) e X =10,

X>»0, X20.
Xzo0R2hEFh X MWEEEHRFEATHILEE

subject to

IIZTX e SRV MEHTHY, i X »0,

%y 5, ZOMEORNHHEIRRTEIONS :
(D): 1minimize a+ 3

subject to S :=al; + 81 - -;' (Jeg+Jes) = (‘_VL-,[ + W(.k) -Ax0,

A20.
HéEE, (P) & (D) DIEROTTWEARIZHL T,

ZITa, B,y RKRUAc SRS HILEHTHB,
a+fp- .l (Jk.l + Jr.k) X = (alk + 3l - % (Jk,l + J[‘k)) o X
Z(r(Wie+ W)+ A)e X
=AeX

20
Lo +Jdex) o X Els BRI

Eieh, B @+ B8 R|FIFIOLRESELSE, 61X, a+
SeX=Ae X =00HEY ML NIEL SRV ELADDE, ROL AT A—FPeELD

a=p= ["" H"" ] v=b(A), A=a(A)Wx+ AW (1)

EELIZTAeRTHY., a(r). b(A) 2
i, n-l%n—l’l-‘ PR L
—l)[ ] [f—l] +q (g l)[ ,‘]z\.

(et =0 o = o= 0[5 2
R KRR i R i [ o

KE-oTEDD, COLEXDERMRENS !
3 ZOMEE (k> ) RIMCEBEERRZT B .00 6DTHY, KRANTRE LY, Tiibb k=(DBHCRQQ £ 0D
Wiz »av—" LL, fFLAL QU THRFEDGRALTEEAS Z L1k 3, wIluie k. ZOBER2 Tokushige [15] 2

EWRIRRINTE,
G DERIRMNS, vy DTS T UQ RKBENRLEOMGIZIR A, =0 LS
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Theorem 2. For sufficiently small A > 0, (1) gives a feasible solution to (D).

Theorem 2 DIEFE, WHHE (D) £ —RBTBBE GL(n,q) DHHHEIZ L > T 7oy 208ML" $52¢
IZE 2T, BHliZ2WTIR [12) # TEW 2 &0, 22T 2 fIBIDXTTE (k, ) 02 RMNBEE R L
TV 3 DT, Erdds-Ko-Rado DEHPE D) ¢-HBOTEWOBED & 5 IcBUEIHERIMN E CRFT 2 Lid
TEY. 2x 2N L SMHIFRADIRLTL £ 5, o TR L DB TH 595, Frankl-Wilson [5] D
HHEVLBWTE LIt >THRIRINS, Theorem 114, Theorem 2 (KUNBED 2 X F) LR
ha:

Proof of Theorem 1. ¥ 115 | FI9| < (o +8)? = [[21] [521]] PHB IS . RICHEFIHNLT 5 &
T2L. 0=Ae X5y = a(/\)Wk‘kOX:;_g +/\W“OX3,g L3, LOLAHS, A> 00D EEIIMIC
a(A) >0 THEDT, ZOBGLRERW 0 Xsy =W o Xs9=0E,%3%, THbL, FLIRY
Ph b Erdés-Ko-Rado DD ¢-HIC R 2RRM L % 5, W#->T|F| = (1)), 9] = [}2)] #/5

N, 2SI F LY ORWBLALERE)EREBRENSD (cf. [9, 6, 13)), O

BE X
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Weighing matirx & 3Kl LT A >, 7/ o—Tra X
F—AZHONT

TMBHERE A@RE

1 F

Hadamard 750 — L T 5 Weighing matrix (2-0V T, A4 Cit Hadamard 775
ET V=g A% LADNEME weighing (TH~LRT S5 - L 2 AL T3 . £/~
MUB o —#%{t & L T, mutually unbiased weighing matrices [Z2W T hlkD = L 2 H 5t
T 5. KRFITEHBE RO IC & OILFIFRICE-S< . AL THBEEIN-ERAIX 5] %
BHRLEE,

2 Weighing matrix

W % 0,+1 L35 dROIESITFHETD. W HBTE & O weighing matrix Tdh 5
Eix, WWT =kl 2if-3 2 235, Z2TC, TIZEUTHET D, BEMOHALNM X
SiC k = d &7 5 weighing matrix {2 % d ® Hadamard matrix i2—&7 3.

¥4, Hadamard matrix & 7 Vo x—3 a v A% — A0 IC o0 Tk~ 3, {r#d
® Hadamard matrix H 55 d REDEKE S LOARKE X #UFDLIHIILT
{E3. Xo = {£e),....%eq}, X) = {:l:—‘}‘-}hl,...,:tV“-ih,,} (e; IZ55 i BRAIA 1 DHLHL~
A RIEHORBiFTETR)EL, X = Xou X) &BL. Zokx X ONKRE
AX) = {{z,9) | oy € X,z # y} T AX) = {:t—‘}Ti,O,—l} THZbND. o=l =
—llaz= Ja3= Fag =088 Z0EE,

Ri={lz,9)e X x X|{(z,y) = o} i=0,1,...,4)

EBLZET X {RY GYRT Yz —a v AF—AllhB.

L 2L Weighing matrix {26t U TRERO FILE TR T Vv T —va v AF— Al bR
WIERARRICHhMS. Zhid, Hadamard matrix 123 U Tix Xo & X, OB 00 8
B oizx L, weighing matrix i2# L THRE 5 TRrAeWZ LiclB¥T 5, #-T, K&
k O weighing matrix W 26 LT, X = {iﬁwl,...,iﬁuu} (W ITWDEIfT) L L,
X =Xou X, iZxL AX) = {¢7‘E,0,—1} THEDT. fo=1.5=-1.5 = 7'z,ﬂ:, =
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3;';,&:02::5(. oLk,

R={zpeXxX|{z,y) =4} (i=0,1,2,3)
Ri={(z.y) € X x X :{z,y) =0,z € X,y € X for i #j},
Ri={(z,y)e X x X :{z,y) =0,z,y € X; for i = 1,2}.

DI, AHONLEED HHFELAHTIZENERTHD. LML, 2oLk 5km
MEAEZEATLERDLEIRWIE X LTV yxz—a v A —AXEDHAR

/1 1. 1 1 0 0 0 0 )
1 -1 0 0 1 1 0 0
10 -1 0 -10 1 0
wo|l 0 0 -1 0 -1-10
01 -1 0 1 0 0 1
01 0 -1 0 1 0 -1
00 1 -1 0 0 1 1
\0 0 0 0 1 -1 1 -1

TIIYDES B WILH L TIRT V2= a v AX—AETEDAINCH2VTIEHERDO L 5 72
FHESFMER N EROERIIERRT LOF¥ L o OoBRBIAV GRS,

Theorem 2.1. W #i{ X k T d KD weighing matriz (12750, k<d) &L, X,Ri X LiE
DESEEETD. ZOLEXRO_FMHIRRBETHS :

() (X (R} RT /v x—2a vy A¥—ALThHE,
(1) W X balanced gencralized weighing matriz TH 5.

Z T d, i E k @ weighing matrixW A3 balanced generalized weighing matrix T
BLEIROFMGERI-TILTHS: (LEROMRLDi,je {1,...,d} KHLT, ZHEMRE L
LT (WaWp! | 1<k <d, Wi #0# Wi} = 3{1,-1} (0 = E580) sty 5o,
Remark 2.2. W, EARE S A, MPRIPIA»S LROERIIFRT —LBELD
balanced generalized weiging matrix {ZHFR I 5 LiEMAH Y £ LI KB, £0i@9 I
PN TEOTHELL[E]) 2BML T3

3 Mutually unbiased weighing matrices

{3 C#HIZ mutually unbiased bases(MUB) (oW Tid<3 . {ir8kA3 d @ Hadamard matrices
Hy, Hy % unbiased Th 5 L {1, ﬁH. HI » Hadamard matrix {223 Z & & L, MUB &%
Hadamard matrices Hy,...,H; Toho T, {EEOMR/2 S i, j IC# L T H;, H; 53 unbiased
THhBHIL LTS,

MUB @& —fx{k. & LT, mutually unbiased weighing matrices 4% Holzmann, Kharaghani,
Orrick [ZX > TERD X 3 {CHFAHBN TV [2]. (¥ d, & k @ weighing matrices W, W,



H% unbiased TH B L4, VleIH{ M E k D weighing matrix (2725 Z & & L, mutually
unbiased weighing matrices (MUWM) & iZH & k @ weighing matrices Wy,...,W; Th -
T, EBOBRRD i, iz LT W;, W; 3 unbiased THHZ L LT 5.

MUWM (Cl3 5 2400 2 ML E d, B E & © mutually unbiased weighing matrices
Wi,..., W, ol f I3 % LIREZRETDHIZ L THD. Xo = {£er,....2eu}, Xi =
{2 dpwin,..., tJpwig} (wij W DE ) L, X =UoXi £5<. T5E X oMl
HFEIT AX) = (£1/VE,0,—-1} THEDOT, BBHEELZNVS 2L TRO L 5 ZFER
AHohs.

Proposition 3.1. {W:,..., W} 2{i# d, & k O mutually unbiased weighing matrices
15, bLE+1 <k THIE, f< U pign o,

B ORI ERORSR L W12 % % 5 22h > 7253, Best, Kharaghani, Ramp
KEBBED TV 7Y » k1) 121X E7, Eg M— FRETERIZEIXICHFE TS L TLR
DOFREXEERT HBINREGL 0TS,

MEUR, PSR & O LRAFR £l T MUWM 21572812 [5] Tid mutually quasi-
unbiased £ WIS EKROL I ITEHR L. UE d, [HX k D weighing matrices Wy, Wa
A% quasi-unbiased for parameters (d,k,l,a) T 5 Lik 1//aW W] 2B E | O weighing
matrix T$H 25 Z & & L, mutually quasi-unbiased & 2 E TEMERICERT S, EHEND
AHIZHA B X 512, mutually quasi-unbiased weighing matrices for parameters (d, k,/, a)
Wi, .., WeIlzH LT, (1/ Va)WoWT, .. (1/Va)W,WT i3 &E | O MUWMIZR 5. &5
12 [5) Tl (d, k,l,a) = (22+1,220+1 92t 22+2) (¢ [REDHER), (d,2,4,1) 12 LT mutually
quasi-unbiased weighing matrices Do LR & RE L=,

MUB 7 Yox—vayR3—L0RBRIIUTOLIIILTHEZLNS (3] (idD
MUB Hy,..., H; 56 dRTORKE S LOHBPE X ZUTFOL HIZLTHES. Xo =
{£ey,...,xeq}, Xi = {:!:7|§h,'.1,.. . i%ih'.'d} (hij i3 H; DFjFEL, X = U{=0Xi &
BL. ZoLy,

Ri={zneXxX|z.y=a} (i=0,1,....9)

EBLILET(X{RIL)RT Y vz —va vy A3 —AliiB.
MUWM I2xf LT, X; OSB3 0 ENE L TR ON OB E 5 ZIHBGREZ LT
DESIHRTS :

R; = {(z,y) € X x X | {z,y) = Bi}.

Ri=R; foric {0,1,2,3},

i?.‘ = an(X, X Xj),

i#j

Rs = Ry\ Ry.
IORRCEY T Y =L a vy AR —ARBETAERNEOND.
Theorem 3.2. (X, {R:},) BT VT —va R —AThiUL (X, (Ri}io}) b7V
T— a3V AX—AThD.
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ZDEBE Er, By V— FEDNLHBHNRD MUWM &35 2 —F (2241 92t+1 92t 92+2)
@ mutually quasi-unbiased weighing mnatrices "6 602 MUWM ICBAT5Z L T2
FAMSDT V= a r AX—ANBHB{ONRE

4 SEOWMRFEE
BB MUWM IZOWTER L-WVHIB L 3T 5 Z L THGEL R 2B,

(1) Porposition 3.1 CTIRRE&H S+ 1 <kDFT fOLRABEXONTVS. $+1> kD
B&1Z1% [4, Theorem 3.3] 124 Y, f < M’éd—_a BELNS. ZOFREXEETH
REES 202

(2) Mutually quasi-unbiased weighing matrices (d, ¥, {, a} ? weighing matrices iZx}4 %
FEOLREFEZ L. Zhho B on s MUWM IS L THREHEILITER I LA,
LVEBVWRERNRUONDIZEMNEENS.

SEXR

{1] D. Best, H. Kharaghani, and H. Ramp, Mutually Unbiased Weighing Matrices,
preprint, arXiv:1307.8161.

[2] W. H. Holzmann, H. Kharaghani and W. Orrick, On the real unbiased Hadamard
matrices, Combinatorics and graphs, 243-250, Contemp. Math. 531, Amer. Math.
Soc., Providence, RI, 2010.

[3] N. LeCompte, W. J. Martin, W, Owens, On the equivalence between real mutually
unbiased bases and a certain class of association schemes, Europ. J. Combin, 31, no.
6 (2010) 1499-1512.

[4] H. Nozaki and M. Shinohara, On a generalization of distance sets, J. Combin. Theory
Ser. A 117 (2010), no.7, 810-826.

[5] H. Nozaki and S. Suda, Association schemes related to weighing matrices, preprint,
arXiv:1309.3892.



