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2 ¥IEFEESOEAHITNT B Gray Code

P EIGATET LT 0 DR & BIF A £ 35, T 0 2 DBIAFES PHRBHET
HBERLUTORNFZWGTEEk: P> Z Grank function L\1VD) DNEBTEDLELEDD,

rk(ﬁ)=0, rk(y) =rk(x)+ 1, if 2 <. (1)
FHC k(1) 2 rk(P) £, P(rk(P) = n &9 3) DMIASSK

M(P) = {( 6.:1?, Lo  Tnol. 1 |6 <Ly <Ty <+ <Iy1 < T} (2)

BEZ, 5A 6hﬁ.¥ﬂlﬁrﬂi P2 U THBABIDIE M(P) I Gray Code %ﬁﬂI&T%Q Lz

EX B, EDIWICM(P )kﬁ?f&&&l EEAT S, HiABx=0=<1 <22 < <2y < LR

Yy=0<th << <ty <1€ M(P)ICHLT x &y DIEME d(x.y) := |{i| 2; #£ v; }| LED
60 DEVBHEWHELAEVETDMBEBRA-LDTH S,

Remark 2.1. {4 £ CHISRATCT BR UL ICIET BRMAEMICE L& BV, AR
BOTRHEFRELRICHT 2RRZTH>HE L 1L,0BEANTV 5,

M(P)ICBUIBHHM,, Mz, - - M IR U T max{d(M;, Miy )| 1 <i< N -1} ZZDORHEICE
H’%Eﬁﬁﬁt W,

Definition 2.1. M(P)ICH1F B7% M,. Mz, --- Mn » Gray code TdH 3 &1&. FEED rk(P) Tk
FELAEVEEREVD, SVMANTLZ SNIERTHENMIZ 5N D X 5 XNEE%E M(P) D Gray
Code tll\ao

Problem 2.1. BERi{sh& BIEFFIRS PICHB 2 MIRBIORE M(P) IZH L TESXHEEANNIE
%% & 5% Gray Code ZHRE K,

COMMICH LT T 2l DHIETT Ta—F9 5,
o JEEIMAZL Gray Codes DMK T & % & 5 B MFFIE ORI Z - K EARDIT K
o Gray Codes DfifEtE 2RO K S & (ARE) LHIFREERZIL(TARDITX

MIFFIRBIC BT B Gray Code DATUIEE LT, HFESICHBIT 2REILKICET B Gray
Codes DO T 5N 5, BEELE (WhHT&E TH5 T LIZEBRUAL) BIRFERS X ISH L Torder
ideals 2fAIC inclusion order ZW N7 JIFES J(X) AR EMHEN AR & HlplEa L &
D ZDORIKRE M(J(X) 3. X DEEMLA L BRI | 01 SIS, T ORGSR KICET %

Hamming FE8E & BEASHIC O N TR E (D, MR HE LA IETHRE NS T AL h TV
20T, RERICHT 3 EROBYIL FIEFEEIC B 2 KoME L HiL k5, TR
KO —BOEERFZEZTWBEHIC, SEHERSRF DML SICHBIAATHRABL TWSE DI TR
A AN
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3 MHEEEA

3.1 162x10---62x1d1
JERSIC LR & LU T Ordinal sum D —#],

1GH2x1@ - B2x1B1:= {o,y|l <i<nz <Tig1, & < Yirr W < Yiw1 Yi < :E,-H}U{a,T} (3)

RHEZ B, Hasse KX Figure 1 ZBKD Y,

Figure [: A Hasse diagram of the M(162x1&---32x181)

COBM162x1@---®2x101) EET 2D 0-1 AOHEERTED B,

(6'(.'.]'<22-<""<2,.KT)HGIGQ"'(I,, (€))]
CTCszi=uxory D
] O (mi=ay)
“= { 1 (z=uyi) 5)
C OFSIEBAIOEHE L 0-1 51D Hamming FEEEZ £, Frank Gray iIcX O EE n D 0-1 I
L TUTOERIGENTN S,

Theorem 3.1. [3/
EE a0 13BN T00---0 B4, 10---0Z#AET BB DD 7LD Hamming HilEH 1 &
LB N%EDEFEET B,

BUICM(A192x16&---852x 16 1) ICHEHE 1D Gray Code BT E S T LMD,

i
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3.2 Boolean algebras

B, 72 [n] DM WE 2RI AEETHIFZ AN LD LT3, Tk B, XM £ EiFEREe L
&0, ot o ATt {1.2.--- 0} L3 k(X)) = |X| TH B, B, DEKEIE n XAERBES,
WKIZLLUF ORI D 3R 1 4 1 fsh3 5,

."](B,,) 3 ((‘") = ’\’Uy '\,l» X2~ Tt -\’n = {LQe R ”}) =Xy € S,,,;l',' = ‘\’i \ "\’i—l (6)
COFIEIE M (B) BT BHIEEL . S, ICHOTLL FISED BHIMR D0 n = 3D Figure
2 M0,

/{1’73}\
{1,2} {13} (2,3}

@ B

2 3

Figure 2: A Hasse diagram of the Boolean algebra of rank 3

d(7.7) ;== min{k|T = 0,0, - -0, 7}, where g;,.0i,,--- .05, € {(1.2).(2.3),---(n=1.0)} (7)

C i3 Weak Brohat order @ Hasse XM%&E 557 L iz 2D/ L 8025, —/T TS, (BEn
DFHARIA) D Gray Code ICE U TIL FOEEMSRISN TV S

Theorem 3.2. [4/ [10]
Sp & 12 n ZUGEL 213 n BREE LT, YOS RIS HELRTEY $H 5 &5 &%)
HEIFEET B,

COFESRE D M(B,) IEHEEN 1 L7523 Gray Code ZfFD T LA, BT THNEFN
EABE ROIERREMMEOWTERT 5,
4 EEPUNHSEFZIRDIBE
[n] DREFRNEIZIRD (0] KB B D BFLBOMES TR EWVBHIRGOIRED T, Thb
BIHRED [n] t&%&o&%d)%é”)o T & ZUE 156/247/3 3 [7) DA DR L LB, (Thid
{1 6}, {2,4.7}, {3} DILE D LRD) $HC [0 DO RIZUBID T EIREEEX S, HIAKE
n= 30)"3]‘!1 {1/2/3.12/3.13/2.1/23.123} THEil 5 2% %, n|DWAENHo.7ICHL T o <7 %
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12

Figure 3: A Hasse diagram of the Boolean algebra of rank 3

o DHINTHAHMELEDS T LICKY, [n] DFNEEEZLERAPRELRS I EMHINS, Th
%11, L, IETHENC BT 2 SR SHRIC DV T [9] 28D YL Figure 3 & 11, 0 Hasse [
TH5,

M(I1,) DB DV TROFRER S,

Theorem 4.1. M(11,) (XEEEE | D Gray code ZF§D

(1) 1/2/3/4 < 12/3/4 < 12/34 < 1234 (10) 1/2/3/4 < 1/24/3 < 124/3 < 1234
(2) 1/2/3/4 < 12/3/4 < 124/3 < 1234 (11) 1/2/3/4 < 1/24/3 < 1/234 < 1234
(3) 1/2/3/4 < 12/3/4 < 123/4 < 1234 (12) 1/2/3/4 < 1/24/3 < 13/24 < 1234
(4) 1/2/3/4 < 1/23/4 < 123/4 < 1234 (13) 1/2/3/4 < 13/2/4 < 13/24 < 1234
Example 4.1. (3) 1/2/3/4 < 1/23/4 < 1/234 < 1234 (14) 1/2/3/4 < 13/2/4 < 123/4 < 1234
(6) 1/2/3/4 < 1/23/4 < 14/23 < 1234 (15) 1/2/3/4 < 13/2/4 < 134/2 < 1234
(7) 1/2/3/4 < 14/2/3 < 14/23 < 1234 (16) 1/2/3/4 < 1/2/34 < 134/2 < 1234
(8) 1/2/3/4 < 14/2/3 < 134/2 < 1234 (17) 1/2/3/4 < 1/2/34 < 12/34 < 1234
(9) 1/2/3/4 < 14/2/3 < 124/3 < 1234 (18) 1/2/3/4 < 1/2/34 < 1/234 < 1234

5 ¥IBEFZEH#LE Gray code

FIUFREDHAYIUC Gray Code KT NIz &, ZOHE/FZLIE LIHFITONTE, JED

LIRS 354 B Gray Code DFHIZTIOCTRIZHORMKE#Z 2O EHRLIETH S, AT

;iﬂilz‘ < "Jgga)ﬂﬁﬂlﬁﬁ’;ﬁéﬁ‘ 2 Gray Code DIEFEZMRDT &, (HEEIZ Gray Code DWFAMIRERK
T) 23T 5,

5.1 HIFFESDER
PP REEMRE LTS EARNRE DL L THRDT 5N S, AT LB P,QICHIL T, iéfl
A P x Q:={(x,y)|x € P,y € Q} IR

(T1.0n) € (x2.40) =g 1 S T2, S W2 (8)

ZEDIZEDTH B, M(P) KU M(Q)IZ Gray Code HEZ SNz M(P x Q) D Gray Code
IZDOWTRDORENTF R B,
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Theorem 5.1. M(P) U M(Q) ICH\VTHEHED p.g D Cray code HHBE5HIE M(P x Q) IcBW
TIZHIED max{d, p, ¢} L7553 Gray Code BMEIES B,

T DEBUIAFUAC Frank Ruskey IZ & B RDOERICKIEL T B,
Theorem 5.2. [7/

(0,0) BUGEH E LT (mn,n) ZRE LT B, (1,0)-step (h kz&‘ﬁ'@'%) (0,1)-step (u LERT B)
SRBMTHREREEXS (ThE (") MH5) TONFED &S MO DY uuh & huu, hhu &
uhh B LI uh & hu THD XS YN ENGFEST B, DD, BO S5 BHAIETHERID 2LATT
H B & 5 EPNEIEHES B,

Mreeikicsnt, BELoOREEZZNSHIETHRE EHB L, BET SROMHA 2 LT
THHE I BIHEMD, B 5.1 ICHEE LTIHTL %41, BAROFIZEICRERNSH# 205 x
2o TV B, TOT LiZKOMNAitiic & 3.

Lemma 5.1. 0% E /oSS C AEERE » D Gray Code ZF$DEBET B, TORFHE
D2 reZEm B LU LI 556k 2r D Gray Code NMFHET B,

P 5.1 1B L TROMRMLD 71D,

Theorem 5.3. M(P) (resp. M(Q)) Wil p (resp. q) D Gray code 25 vk(P),rk(Q) € 2Z + 1
THIE G(P x Q) IXMIHEN {2, p,q} £755 Gray code ZF§D

Proposition 5.1. M(P) HEE8E p D Gray code 23§D L & M(P x B,) \3Hif p D Gray code ZFFD,
CCT B I&ET 27 kD Boolean algebru,

Corollary 5.1. M(B,) {Z85% 1 D Gray Code 2¥§D, Thid Johnson & Torotter I X DS NI
S, D Gray Code [§] [10] EAHMICRIL D LE B,

5.2 Interval Operator

RERAT 2 R ERERD PSR LT I(P) & P O Interval 2214 (FHESE3E) ICASEHRTIUFZ AN
REDLiEhd, TOEE (P ¢ ZIWNT, P ZRAICE T 3R & ERFEEG L 15, FiC
rk([z, y]) := rk(y) — vk(x) + 1, tk(¢) =0 &% 5B,

T DUFROFEBAIND 7D

Theorem 5.4. M(P) Wil p L33 Gray Code 3§D & & M(I(P)) 138 max{2,p} £7x% Gray
code 2 +§D,

EHIOGHRIC I RORAELNTH B, (ThiE PHLEE (n— 1) D chain THBMHHILT B)
Pattern avoiding permutations & ¥ 9 % Gray Codes DRIICDWTIE [6] Z2IROYL, FHT 132-231
avoiding permutations (6 UK IEFNEFIELL D) ICDOTIRAISNTHERVK S TH B,

Theorem 5.5. 12X n M 132-231 avoiding permutations DI U TROEEE AN D,

d{m,7) := min{k|r = 0;,05, - 0;, 7 }, where 0;,0i, - 03, € {(1,2),(2,3),---(n—1,n)} (9)
T DIFF 132-231 avoiding permutations (T HiHE 2 D Gray code Z2F§D,

6

85



References

[1] A. Bjorner, F. Brenti, Combinatorics of Coxeter groups, Graduate Texts in Mathematics, 231,
Springer. New York. 2005.

[2] P. J. Chase, Combination generation and Graylex ordering, Congressus Numeratium. 69.215-
242, 1989.

(3] F. Gray, Pulse code communications, U.S.Patent 2632058, March 1953.

[4] S. M. Johnson, Generation of permutations by adjacent transpositions, Mathematics of Com-
putation, 17,282-285. 1963.

[5] F. Ruskey, Adjacent interchange generation of combinations, Journal of Algorithms, 9, 162-180.
1988.

[6] S. Kitacv, Patterns in permutations and words, Springer Verlag (EATCS monographs in Theo-
retical Computer Science book series) 2011.

[7] F. Ruskey. Simple combinatorial Gray codes constructed by reversing sublists. In Proceedings.
4th ISAAC. Hong Kong, Lecture Notes in Computer Science, 762, 201-208. Springer-Verlag.
1993.

[8] Carla Savage, A Survey of Combinatorial Gray Codes, SIAM Review, v.39 n.4, p.605-629, Dec,
1997.

[9] R. P. Stanley, Enmnerative Combinatorics. vol.1, Cambridge University Press, Cambridge, 1997.
[10] H. F. Trotter, PERM(Algorithm 115), Communications of the ACM, 5(8), 434-435, 1962.

[11] M. Tomie, Gray codes for maximal chains of graded poscts, in preparation.

86



